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Abstract

We show that Norbury’s McShane identity for nonorientable cusped
hyperbolic surfaces N generalizes to quasifuchsian representations of 7r; (N)
as well as pseudo-Anosov mapping Klein bottles with singular fibers
given by N.

1 Introduction

The influence of Teichmiiller theory permeates through moduli space theory,
complex analysis, complex dynamics, low-dimensional geometry and topol-
ogy to representation theory, and lies at the confluence of much of modern
mathematics. In representation theory, the Teichmiiller space T(S) of a finite-
area hyperbolic surface S manifests as the character variety for discrete faithful
(i.e.: Fuchsian) representations from the surface group m;(S) to PSL(2,R). Yet
another representation theoretic avatar of Teichmiiller space arises when de-
scribing the character variety QF(S) of characters for quasifuchsian representa-
tions of m; (S) into PSL(2, C). Specifically, Bers’s simultaneous uniformization
theorem says:

Theorem (Corollary to Bers’s simultaneous uniformization [5]). The space QF(S)
of quasifuchsian representations for an oriented surface S is biholomorphic to T(SUS).

Here, the space QJF(S) is rendered a complex manifold when regarded as an
open subset contained in the character variety of representations from 7t (S)
to PSL(2, C). In comparison, the space T(S U S) is given the standard complex
structure on [1], or equivalently, the complex structure from Bers’ embedding
of Teichmidiller space as an open domain in the complex vector space of holo-
morphic quadratic differentials on S[6, 7].

Akiyoshi-Miyachi-Sakuma[3] take advantage of this complex structure and
invoke the identity theorem for holomorphic functions to show that McShane’s
identities[20, 21] for cusped hyperbolic surfaces extend to the space of quasi-
fuchsian representations. Given a finite-volume cusped (possibly nonorientable)
hyperbolic surface F with a distinguished cusp p, let S(F) = §;(F) U 8,(F) de-
note the union of the following (possibly empty) sets:
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o let 8;(F) be the collection of embedded geodesic-bordered (open) 1-holed
Mobius bands on F which contain cusp p. We denote an arbitrary 1-
holed Mobius band M by the unordered pair {o, 31} of simple closed
1-sided geodesics contained in M; and

o let $;(F) be the collection of embedded geodesic-bordered (open) pairs
of pants on F which contain cusp p. We denote an arbitrary pair of
pants P in 8,(F) by the unordered pair {o, 32} of simple closed 2-sided
geodesics on F, which, together with cusp p, bound P.

Note 1. We regard cusps as 2-sided geodesics of length 0, and thus allow «; or (3,
to be cusps. And in the special case when F is a 1-cusped torus Sy, the boundary
geodesics o and (3, are both the same curve.

Note 2. We regard pairs of pants embedded within 1-holed Mobius bands M € 81(F)
as elements of 8(F). In particular, each embedded 1-holed Mdobius band contains
precisely two embedded pairs of pants Py, Pp € 8,(F) respectively obtained by cutting
M along o« and (1 (see Figure 1). To clarify, the pair of pants Py in Figure 1
corresponds to {o?,v} and the pair of pants Pg corresponds to {B2,v}. The choice
to use the non-primitive simple closed geodesics o and B3 are to uniformize our
McShane identities summands, but this is the only context in which our simple closed
geodesics are permitted to be non-primitive.

Figure 1: (left to right) a 1-holed M&bius band M; a pair of pants P, C M; the
other pair of pants Pg C M.

Theorem (Orientable quasifuchsian identity[3]). Consider an orientable cusped
hyperbolic surface S with a distinguished cusp p. For any p € QJF(S), we have the
following absolutely convergent series
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where Ly (p) here denotes the complex length (see §2.4) of « taken with respect to p.

Note 3. In the special case that S is a 1-cusped torus, the above result is first given in
Bowditch[10]. His strategy of proof is wholly algebraic, employs trace-based cluster
algebraic structures corresponding to complexifications of Penner’s A-lengths[29] and
precedes Akiyoshi-Miyachi-Sakuma’s complex analytical approach.

Quasifuchsian surface groups occupy a dense open subset of the set of
all Kleinian surface groups|[26, 27]. Correspondingly, on the PSL(2,C) char-
acter variety for m;(S), quasifuchsian representations continuously interpo-
late between holonomy representations for hyperbolic surfaces (i.e.: Fuchsian



representations) and restrictions to 7;(S) of the holonomy representation for
complete finite-volume hyperbolic 3-manifolds. This latter collection of rep-
resentations constitute boundary points of QF(S), and parameterize objects
such as pseudo-Anosov mapping tori. Bowditch[9] studies this interpolation
so as to obtain a McShane-type identity for pseudo-Anosov mapping tori with
once-punctured torus fibers, and describes the cusp geometry of these map-
ping tori in terms of summands of the identity. Akiyoshi-Miyachi-Sakuma
generalize Bowditch’s work for pseudo-Anosov mapping tori with surface
fibers of general type.

Theorem (Identity for pseudo-Anosov mapping toril2, 3, 9]). Given a pseudo-
Anosovmap @ : S — S, the pseudo-Anosov mapping torus M, = (Sx[0,1])/(x,0) ~
(¢@(x), 1) is which is topologically a fibre-bundle over S' with fiber S. Thurston shows
that M, is always a hyperbolic 3-manifold [34]. Denote its holonomy representation
by ¢ : m(My) — PSL(2,C), and let 8, denote the collection of unordered pairs
{aa, B2} of simple closed geodesics in M, homotopic to an unordered pair of simple
closed geodesics in 8,(S), then the following series converges absolutely:
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We have, so far, considered the scenario when our reference surface S is
orientable. In[25], Norbury considers Fuchsian holonomy representations for
nonorientable hyperbolic surfaces via the fact that the group PGL(2,R) is a
double cover of PSL(2,R) and acts as the group of (potentially orientation-
reversing) isometries on H? (see, e.g. §3 of[25]). Let N denote a nonorientable
hyperbolic surface and dN an orientable double cover, we observe that the
fundamental group m;(dN) of the oriented double cover dN of N may be
regarded an index 2 (normal) subgroup of 711 (N).

Definition 1 (Fuchsian for nonorientable surfaces). We say that a discrete faithful
representation p : 1 (N) — PGL(2,R) is Fuchsian iff. p is discrete, faithful and
p(m (N) —m(dN)) c PGL(2,R) —PSL(2,R).

Since p is a representation and 11 (dN) is an index two subgroup of m;(N), the final
condition here is equivalent to requiring that a single homotopy class in m(N) —
m1(dN) be sent to PGL(2,R) — PSL(2, R).

Theorem (Norbury’s nonorientable cusped surface identity[25]). Given a nonori-
entable cusped hyperbolic surface N with Fuchsian holonomy representation p,
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Note 4. Denote the geometric intersection number of two geodesics o and 3 by oc- 3.
Then, the summand for each of the partial sums in the above identity may be expressed
as:

(e%(ea(mwa(p)) n (_1)oc~f5>71.

We henceforth adopt this notational convention for succinctness.



Note 5. The above identity is implicitly in[25], which has a McShane identity for
bordered nonorientable surfaces. This cusped surface version of the McShane identity
may be derived from Theorem 2 of Norbury’s paper by a limiting procedure. We give
the explicit derivation in Appendix A as well as an alternative expression.

There are known extensions of Norbury’s identity to quasifuchsian repre-
sentations when the underlying nonorientable surface is sufficiently topolog-
ically simple:

e the once-punctured Klein bottle in[25],
e the thrice-punctured projective plane in[13, 15] and
e the thrice-bordered projective plane in[23].

In each of these cases, the proof strategy is based on algebraic methods akin
to Bowditch’s strategy in[10].

1.1 Main results

Consider a nonorientable cusped hyperbolic surface N with an oriented dou-
ble cover dN, and let t : dN — dN denote the involution inducing the quo-
tient map from dN to N = dN/x ~ ((x). The primary goal of this paper is to
extend Norbury’s McShane identities to quasifuchsian representations, much
like how Akyoshi-Miyachi-Sakuma generalized McShane’s originial identities.
To begin with, we need to clarify the notion of a quasifuchsian representation
when the underlying surface N is nonorientable. In fact, unlike when the
underlying surface S is orientable, there are actually two character varieties
of representations of 7t;(N) that we must concern ourselves with, and corre-
spondingly two (homeomorphism) types of hyperbolic 3-manifolds which we
must regard.

Definition 2 (Quasifuchsian representation of nonorientable surface groups).
A quasifuchsian representations p : 711 (N) — PSL(2, C) of a nonorientable surface
group m1(N) is a discrete faithful representation whose limit set is quasicircle.

The group p(m;(N)) is a Kleinian group, and its associated quotient hyper-
bolic 3-manifold H>/p is an orientable hyperbolic 3-manifold referred to as a
twisted I-bundle:

(AN xR} /(x,t) ~ (u(x), —t) = (dN x [0,00))/(x,0) ~ (1(x),0).

Twisted I-bundles are so-named because they are interval bundles over N. In
particular, they are not product bundles, but resemble a dN-fiber bundle over
(—o0, 0], albeit with a (non-canonical) singular N fiber over {0}.

The other natural geometric generalization of an orientable surface quasi-
fuchsian representation is a nonorientable hyperbolic 3-manifold homeomor-
phic to N x R. Since PSL(2,C) only allows for orientation-preserving au-
tomorphisms on H?, the holonomy representation for this second class of
quasifuchsian representation generalizations instead maps to a Z,-extension
of PSL(2,C) = Aut"(H?) = SO*(1,3) isomorphic to the group Aut®(H?) =
0%(1,3) of orthochronous Lorentz transformations. By regarding PSL(2,C) =



SO*(1,3) as an index 2 subgroup of O*(1,3), it is apparent that every quasi-
fuchsian representation may be regarded as a O*(1, 3) representation, we now
consider a class of representations which do not arise in such a manner.

Definition 3 (Transflected-quasifuchsian representation of nonorientable sur-
face groups). A transflected-quasifuchsian representations p : 711 (N) — O*(1,3)
of a nonorientable surface group 11 (N) is a discrete faithful representation whose limit
set is quasicircle, such that

p(m(N) —m(dN)) € 07 (1,3) —SO™(1,3).

Proposition 1 (Quasifuchsian space). The space QF(N) of quasifuchsian represen-
tations of N, as a holomorphic slice of the PSL(2, C) representation variety for m; (N),
is complex analytically equivalent to the Teichmiiller space T(dN). Moreover, the Te-
ichmiiller space T(N), regarded as the Fuchsian locus in QF(N), is a connected and
maximal dimensional totally real analytic submanifold of QF(N).

Note 6. Proposition 1 actually gives an algebraic approach for describing the com-
plex structure of the Teichmiiller space of oriented surfaces (as every orientable surface
arises as the double cover of some nonorientable surface). We expect the space QF(N)
to be defined by infinitely many algebraic conditions, and hence is not a variety or a
quasivariety. Nevertheless, QF(N) is a very concrete algebraic object with its bound-
ary corresponding to representations of N-fibers in various hyperbolic 3-manifolds. In
Corollary 7, we (virtually) characterize the group of all biholomorphisms of QF(N) as
the extended mapping class group T*(dN) on dN. It seems possible to write down al-
gebraic expressions for biholomorphisms corresponding to extended mapping classes of
N (regarded as elements of T+ (N) < T(dN)), but expressions for general elements
are unclear.

Proposition 1 is a combination of a special case of the main theorem of
Bers’[8] (see Theorem 10.8 of[24] or Theorem 3.3 of[19] for a more modern
statement, or see Sullivan’s work[30] for an even wider-reaching generaliza-
tion) and general facts to do with antiholomorphic involutions on complex
manifolds. Bers’ proof of the equivalence of complex structures relies on very
general topological arguments; we furnish a slightly different proof in §2.3
utilizing cross-ratios, and in-so-doing introducing objects used in the proofs
of our main results. The upshot of establishing this complex structure on
QF(N) is to pair it with a version of the identity theorem for multivariate
holomorphic functions so that we may prove the following;:

Theorem 2 (Identity for quasifuchsian representations of nonorientable sur-
face groups). Given a nonorientable cusped hyperbolic surface N and a quasifuch-
sian representation p : 1;(N) — PSL(2,C), define S(N) to be the set of embedded
pairs of pants and 1-holed Mobius bands containing cusp p (as per Note 4). Then,
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where £, (p) is the complex length of v (see §2.4).

Similar results hold for transflected-quasifuchsian representations (see, e.g.:
Theorem 3.3 of[19]):



Proposition 3 (Transflected-quasifuchsian space). The space TQF(N) of transflected-
quasifuchsian representations of N is real-analytically equivalent to T(N) x T(N).

Theorem 4 (Identity for transflected-quasifuchsian representations of nonori-
entable surface groups). Given a nonorientable cusped hyperbolic surface N and a
transflected-quasifuchsian representation p : m(N) — O%(1,3), define S(N) to be
the set of embedded pairs of pants and 1-holed Mobius bands containing cusp p (as
per Note 4). Then,

Y Re (e%(e,x(pwﬁ(pn I (_1)oc-f3) =
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where £, (p) is the complex length of v (see §2.4).

Note 7. Strictly speaking, for transflected-quasifuchsian representations, the length
€, (p) is only well-defined up to conjugation (§2.4). Thankfully, it is clear that

Re (e (=1)) " =Re (e + (1)) " = (5 + (1) T+ (e (-1 ),

and hence every summand in Theorem 4 is well-defined. This comment applies also to
Theorem 6.

Just as there are two topologically distinct generalizations to the notion of
a quasifuchsian representation in the nonorientable setting, we consider two
generalizations of pseudo-Anosov mapping tori. The first is geometrically
(and topologically) natural: pseudo-Anosov mapping tori with fiber N. To
begin with, a pseudo-Anosov map for a nonorientable surface is the same as
for the orientable setting:

Definition 4 (Pseudo-Anosov map for nonorientable surfaces). Given a nonori-
entable hyperbolic surface N, we call a cusp-fixing homeomorphism ¢ : N — N
pseudo-Anosov if there is a pair (F*,F“) of measured foliations of N such that:

o the stable measured foliation F° and the unstable measured foliation F* are
transverse outside of the singular loci;

e the map @ preserves the underlying foliations for F° and I“, and acts on F*
as multiplication by k1 < 1 and on F* as multiplication by x > 1.

See[4, 17, 28, 31] for examples and potential constructions.

Note 8. To clarify, we only consider cusp-fixing pseudo-Anosov homeomorphisms
(i.e.: they do not permute different cusps) in this paper.

Note 9. A homeomorphism ¢ : N — N is pseudo-Anosov if and only if it lifts to a
pseudo-Anosov map de : AN — dN which commutes with the orientation-reversing
involution v : AN — dN. Therefore, by replacing ¢ with ¢ o v if necessary, we may
choose d¢ to be orientation-preserving.

Given a pseudo-Anosov map ¢ : N — N, its induced pseudo-Anosov map-
ping torus M, is again defined as M, := N x [0,1]/(x,0) ~ (¢(x),1). Unlike
the orientable fiber setting, the pseudo-Anosov mapping torus for a nonori-
entable fiber N is not an orientable 3-manifold, and so its holonomy repre-
sentation ¢ does not map to PSL(2,C) = SO*(1,3) but to the orthochronous



Lorentz group O"(1,3). The group ¢(m;(Mg)) cannot be the limit of quasi-
fuchsian groups but is instead the limit of transflected-quasifuchsian groups

p(rm(N)).

Theorem 5 (Identity for pseudo-Anosov mapping tori with nonorientable
fiber). Given a pseudo-Anosov map ¢ : N — N let ¢ : m(My,) — O07(1,3)
denote the holonomy representation for the mapping torus M,. Then,
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where S, = S(N)/ ({ox, B} ~ {9+, ©.B}) denotes the set of homotopy classes in M,
of of pairs of pants (containing cusp p) lying on a fiber N. See §2.4 for clarification
on what length should mean in this context.

The final type of hyperbolic 3-manifold we consider is orientable, com-
plete, finite-volume and arises as a limit of quasifuchsian (rather than transflected-
quasifichsian) groups p(m;(N)). To begin with, we need a slight twist on the
notion of a pseudo-Anosov map:

Definition 5 (Twisted-pA pair for nonorientable surfaces). Given a nonori-
entable hyperbolic surface N, and its orientable double dN such that N = dN/L
We call a pair of homeomorphisms (de, 1) : AN — dN a twisted-pseudo-Anosov
pair (twisted-pA pair) if there is a pair (F°, %) of measured foliations of N such that:

e the stable measured foliation F° and the unstable measured foliation I are
transverse outside of the singular loci;

o the (orientation-reversing) involution map 1 exchanges I* and J*.

o the map d¢ : AN — dN is a orientation-preserving pseudo-Anosov homeomor-
phism, takes F* to kF“ and takes F* to Kk 1Fs for some k > 1,

Note that the foliations for I and F** identify to the same transversely self-intersecting
“foliation” on N.

Note 10. Since v exchanges F* and F*, therefore Lo d@ o  takes F* to k1F* and
TS to kFS. This means that Lo de o = d@~ !, which in turn asserts that de o L is
(also) an (orientation-reversing) involution on dN.

Definition 6 (Pseudo-Anosov mapping Klein bottles). Given a twisted-pA pair
(de, 1) : AN — dN, we define the (d, )-induced pseudo-Anosov mapping Klein
bottle K4, a5

K(ap, = (AN x [0,2]) / ((x,0) ~ (ux),0) and (x, 1)~ (dpou(x),1)).

The name mapping Klein bottle owes to the fact that K4, is a cyclinder dN x
[0, 3] its ends respectively identified by orientation-reversing involutions vand dgo'.
1

The analogous construction for St x [0, 31 results in a Klein bottle.

Theorem 6 (Identity for pseudo-Anosov mapping Klein bottle). Given a twisted-
pA pair (de, 1) : AN — dN let ¢ : m(K(g¢,)) = PSL(2,C) denote the holonomy
representation for the pA mapping Klein bottle K q,.). Then,
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where the set 8(q¢p,) = S8(N)/ ~ is defined by the equivalence relation generated

as follows: {o, B} ~ {a’, B’} if there are simple closed curves &, B,&’,p’ on dN
respectively lifting «, 3, &', 3’ on N such that

{&/r B/} = {d(p*&/ d(P*B}

Put simply, 8(4¢,.) denotes the set of homotopy classes, in K(4¢,.), of pairs of pants
(containing cusp p) lying on either of the two twisted N-fibers in K q4,.). We again
refer to §2.4 for clarification on what complex length means in this context.

In §5, we also show how McShane identities may be used to obtain ge-
ometric information about cuspidal tori for pA mapping Klein bottles. This
result is significantly more technical in nature and we delay its statement for
Theorem 16.

2 Character varieties for 7 (N)

2.1 Generalized quasifuchsian representations of nonorientable
surface groups

Let pg : 11 (N) — PGL(2, R) be a Fuchsian representation for the nonorientable
hyperbolic surface N. We regard 71 (dN) as a index 2 subgroup of 711 (N), and
denote the restriction representation to 7r; (dN) by

dpo = p0|m(dN) : ﬂl(dN) — PSL(Z,R) < PGL(Z,R)

Fix an arbitrary 1-sided curve o € 711(N) —7m(dN) and set Ag := po(otp). Since
71 (dN) is an index 2 subgroup of m;(N), it is necessarily a normal subgroup
and hence 7 (dN) = o - 711 (dN) - oco’l.

We concern ourselves with two generalized notions of quasifuchsian rep-
resentations for 7 (N). The philosophy that we take is that:

1. a generalized quasifuchsian representation should be a representation p :
m(N) — Aut(H*) = O"(1,3) into the group of (potentially orientation-
reversing) isometries of H>.

2. the limit set needs to be a p(7r;(N))-invariant Jordan curve C,. In this
language, the representations we consider are known as fype I quasi-
fuchsian representations.

3. one should be able to deform from pg to any generalized quasifuchsian
representation along a continuous path of such generalized quasifuch-
sian representations.

These are all necessary conditions for quasifuchsian representations, but
condition 1 is a strictly weaker condition than the usual requirement that a
quasifuchsian representation should map only to orientation-preserving isome-
tries Aut® (H®) = PSL(2,C). The usual condition means that every element
po(v) € PGL(2,R) extends uniquely to an orientation-preserving isometry of
H?, namely, by regarding PGL(2,R) as a subgroup of PGL(2,C) = PSL(2,C).
This approach leads to quasifuchsian representations p : m;(N) — PSL(2,C)



as per Definition 2. We denote the space of characters for quasifuchsian repre-
sentations p : 711 (N) — PSL(2, C), regarded as a subset of the character variety

Hom(m;(N),PSL(2, C))/PSL(2, C),

by QF(N). Fuchsian representations are a special class of quasifuchsian rep-
resentations, and we refer to the subset of QF(N) occupied by Fuchsian rep-
resentations as the Fuchsian locus in QF(N).

Utilizing the relaxed form of condition 1 means that each element py(v) €
PGL(2, R) has two potential extensions to Aut(H?). For 2-sided non-peripheral
essential curves vy € m1(N), we know that pg(y) is a hyperbolic isometry on
H? and hence extends either to a hyperbolic isometry (translation) on H?*
or a transflection (glide-plane operation) on H®. The former is orientation-
preserving (i.e.: po(y) € PSL(2,C)) whereas the latter is orientation-reversing
(ie: poly) € O*(1,3) —SO*(1,3)). Similarly, for 1-sided essential curves
v € m1(N), which are necessarily non-peripheral, we know that py(y) is planar
transflection (glide-reflection) and extends either orientation-preservingly to a
loxodromic isometry (with 7-twist) or to an orientation-reversing transflection
of H®. This added level of flexibility means that there are finitely many distinct
representation varieties (and character varieties) of generalized quasifuchsian
representations depending upon the choice of orientation-preserving or re-
versing for the generators of m; (N). Of these many choices, we shall consider
the choice which identifies H3/pg(mr; (N)) with N x R, which is that all 1-sided
curves map to orientation-reversing isometries and all 2-sided curves map
to orientation-preserving isometries. This in turn implies that po(7m;(dN)),
which is generated by 2-sided curves, must lie inside Aut™ (H3). Since py is a
representation and r;(dN) is an index 2 subgroup of m;(N), the existence of
the 1-sided curve oy € m;(N) mapping to an orientation-reversing isometry
Ay = po(op) would then ensure that

polog - 1 (dAN)) = po(m (N) — 71 (dAN)) C Aut(H?) — Aut™ (H?),

hence Definition 3. We denote the space of characters for transflected-quasifuchsian
representations p : 7 (N) — O™ (1, 3), regarded as a subset of the character va-
riety

Hom(’nl (N )/ O+ (1/ 3) )//O+ (1/ 3)/
by TQF(N). We again refer to the subset of TQF(N) occupied by Fuchsian
representations as the Fuchsian locus in TQF(N).

All in all, we consider quasifuchsian representations (Definition 2) because
they are natural from the perspective of Kleinian group theory, and we fo-
cus also on transflected-quasifuchsian representations (Definition 3) for their
topological and geometric naturality in the setting of quasifuchsian hyperbolic
3-manifold theory.

2.2 The geometry and topology of generalized quasifuchsian
3-manifolds

For an orientable surface S, the quasifuchsian 3-manifold H?/p(7t; (S)) is home-
omorphic to S x R (see Theorem 10.2 of[14]). This is easily seen when p :



m(S) — PGL(2,R) is Fuchsian: the foliation of H® into equidistant (non-
geodesic) “planes” from the central geodesic plane H?> C H? is preserved
by the action of p and hence descends to a foliation of H?/p(m(S)) into
equidistant surfaces surrounding the central copy of S. Uhlenbeck[35] showed
that H3/p(m(S)) for almost Fuchsian representations similarly admit a global
equidistant foliation from a (unique) central minimal surface. Wang[36] later
showed that any almost Fuchsian H?/p(m;(S)) also admits a unique foliation
into constant mean curvature surfaces. These canonical foliations give con-
crete identifications between the quasifuchsian 3-manifold H?/p(m;(S)) and
S x R. Note however that these particular foliations do not generalize for
arbitrary quasifuchsian representations.

For a quasifuchsian representation of a nonorientable surface N, denote
Pl (an) by dp and observe that dp is quasifuchsian because p and dp share
the same Jordan curve C, at infinity. Thus Theorem 10.5 of[14] ensures that
the quasifuchsian 3-manifold H®/p(7t;(N)) is homeomorphic to a twisted in-
terval bundle over N, which contains N as a 1-sided embedded surface. Gen-
erally speaking, the O-section N of this interval bundle is not canonical. How-
ever, when dp is an almost-Fuchsian representations, we obtain two different
canonical fibrations of H3/p(7;(N)). The first fibration extends Uhlenbeck’s
result to the nonorientable context and consists of equidistant dN fibers cen-
tered around a minimal surface fiber N. The second is a family of constant
mean curvature dN surrounding the same embedded copy of N.

Similarly, for a transflected-quasifuchsian representation p : 71;(N) — 07 (1, 3),
the restriction representation dp := pl, (an) may be regarded as a quasi-
fuchsian SO (1,3) = PSL(2, C)-representation of 7t;(dN). In this case, The-
orem 10.2 of[14] asserts that the quasifuchsian 3-manifold H®/p(m;(N)) is
homeomorphic to the product interval bundle N x R. Again, this fibration
structure is not canonical. Although when dp is almost Fuchsian, there are
canonical fibrations via either Uhlenbeck’s approach or via a family of con-
stant mean curvature N.

2.2.1 Pseudo-Anosov limits of generalized quasifuchsian 3-manifolds

We consider two distinct types of “pseudo-Anosov” 3-manifolds in this paper,
let us begin with the more familiar: pseudo-Ansov mapping tori M. Let
us study a pseudo-Anosov mapping torus M, by “unwrapping” M, with
respect to its @-monodromy to produce N x R, where ¢ acting by (x,t) —
(p(x),t + 1) lifts to a Z-action. We may lift this whole picture to dN x R,
with a lift de acting by (x,t) — (@,t+ 1). In particular, we see that M, is a
Zy-quotient (fiberwise by  since 1 commutes with d¢) of the mapping torus
Mg, with orientable fiber dN. Since Mg, is an orientable 3-manifold, its
monodromy representation is a PSL(2, C)-representation, and we shall make
use of this fact for some of our arguments and constructions.

Similarly, we may unwrap a pseudo-Anosov mapping Klein bottle K44, )
with respect to the involutions t and ¢ o t. This again results in dN x R where

e 1 :=tacts by (x,t) — ((x), —t);

o 1 :=dpotactsby (x,t) — (1(x),1—1).

10



The above two conditions imply that d¢ acts by (x,t) — (de(x),t+ 1), and
one may generate a Z-family of involutions

= (d@)* ot =10 (de) ¥, which acts on dN x R via (x,t) — (1c(x), k —1t).

Note again that Mg, is a 2-cover of K(44,), where the quotient is induced
by the t action on dN x R (in particular, the quotient cannot be the fiber-wise
action of ¢ on each dN fiber). Note also that although the 1, regarded as
involutions on dN X R, acts in an orientation-preserving manner.

2.3 Double uniformization for nonorientable surfaces

The aim of this section is to describe the quasifuchsian space QF(N) and the
transflected-quasifuchsian space TQF(N) for a nonorientable surface group
71 (N). We have already seen in Theorem 3 that:

Proposition 3 (Twisted-quasifuchsian space). The space TQF(N) of transflected-
quasifuchsian representations of N is real-analytically equivalent to T(N) x T(N).

We next consider the quasifuchsian space QF(N). Fix three arbitrary hy-
perbolic elements Yo, V1, Yo € m(dN) and normalize every character [p] €
QF(N) to be the representation p where the attracting fixed point of p(y.) in
dH® = C is z. This is an embedding of the quasifuchsian character variety
QF(N) as a slice within the PSL(2, C) representation variety for m; (N). In par-
ticular, the embedding is algebraic and hence induces a complex structure on
QF(N). We choose to renormalize pgy so as to lie on this slice.

Proposition 1 (Quasifuchsian space). The space QF (N) of quasifuchsian represen-
tations of N, as a holomorphic slice of the PSL(2, C) representation variety for m;(N),
is complex analytically equivalent to the Teichmiiller space T(dN). Moreover, the Te-
ichmiiller space T(N), regarded as the Fuchsian locus in QF(N), is a connected and
maximal dimensional totally real analytic submanifold of QF(N).

Note 11. In specifying the complex structure on T(dN), we orient dN as the upper-
half plane conformal end H C C/po(m1(AN)) rather than the lower-half plane con-
formal end H/po (711 (AN)).

Proof. Given an arbitrary quasifuchsian representation p € QJF(N), orient the
limit curve C, so that 0,1,00 € C,, are in increasing order, the Jordan domain
w, bordered counterclockwise by C, gives a marked conformal structure on
dN given by the action of m; (dN) on w, via p. This gives a well-defined map

@ : QF(N) — T(dN).

We first show that @ is surjective. Given the Beltrami differential p corre-
sponding to an arbitrary marked conformal structure in T(dN), define a new
Beltrami differential given by:

u(z), if z € H;
ma(z) =< w(Ag-z), ifzel; 3)
0 otherwise.

Since ||p#llo < 1, up to Mobius transformation, there is a unique homeomor-
phism 1, : C — C satisifying the Beltrami equation for .

Consider an arbitrary v € m;(N), if y € 1 (dN), then py o (po(y)) = 1

11



e on H because u is 711 (dN)-invariant;
e on H because Ag - pg(Y) -Agl is in pg(7t1 (dN)).
Similarly, if y € 1 (N) — 7y (dN) = ocal - (dN), then ps o (pg(y)) = 1
e on H because Ag - po(y) is in po(7r1 (dN));
e on H because py(y) ~A51 is in po(7r1(dN)).

Thus, for any vy € m;(N), the maps P, and P, o po(y) both satisfy the Bel-
trami equation. The uniqueness of solutions to the differential equation, up to
Mobius transformation, tells us that there is an element A, € PSL(2,C) such
that

Ay oy, =y, o po(Y)- )

Define a map p, : m(N) — PSL(2, C) that takes y to A. The fact that this is a
representation is due to (4). Since ., is a homeomorphism, we see that p is
a quasifuchsian representation and hence ® is surjective.

To see that @ is injective, consider (equivalently normalized) quasifuchsian
representations pi, p» such that ®(p;) = @ (p2). By Bers’ original arguments,
the two respective conformal ends of the quasifuchsian representations dp;
and dp; are equivalent, and hence dp; = dp; as representations and the Jordan
curves C,,, C,, are equivalent. This in turn means that the attracting and
repelling fixed points of p;(xg) and py(c) must be the same. Moreover, since
o3 € 1 (dN), the real part of the translation lengths for p1 () and pa(eg) must
agree and their imaginary components are equivalent up to addition by either
0 or irt. Howover, we know that these two transformations exchange the two
components of c-cC 0, and this ensures that p;(o) = p2(g). Therefore, the
representations p; and p, are equivalent on o - 711 (dN) and hence on all of
us| (N)

We next show that @ is a holomorphic map. Putting this with the bijec-
tivity of @' and Hartog’s theorem ensures the biholomorphicity of ®. Let
1(-) be a complex analytic family of Beltrami differentials in T(dN) around
i = u’. By examining equation (3), we see that L} is also a complex analytic
family of Beltrami differentials. Then, by the holomorphic dependence of the
family {ip* := ,;; } of quasiconformal mappings (see, for example, the imme-
diate Corollary to Theorem 4.37 of[16]), we know that for any z € C, the point
Pt(z) € C varies holomorphically with respect to t € C. We also know from
the bijectivity of @ that

O (k') = pur =Wyp 0 po o . (5)

To show that ® ! is holomorphic, it suffices to show that p,+ varies holomor-

phically with respect to t. Now, given any non-peripheral element y € 7;(N),
the cross-ratio

(Put (V) o (V)52 0t (v) - 2), of (6)

e the attracting fixed point p,.« (y)™ of py«(v),
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e the repelling fixed point p,«(y)~ of p,«(y),
e an arbitrary point z away from p,«(y)* and
e its image p,«(v) - z under the action of p,«(v),

varies holomorphically with respect to t. This cross-ratio suffices to recover
the trace of p,,« () up to sign, and since T(dN) is a simply connected domain,
we may choose the correct sign for the trace by making the desired choice
on the Fuchsian locus and analytically continuing over the entire character
variety. By Hartog’s theorem, the composition of ®~! and any trace function
tro p(y) (for non-peripheral v) is a holomorphic function on T(dN), and since
trace functions give global coordinates on the character variety QF(N), we
obtain the desired holomorphicity of @ ! and hence the agreement of complex
analytic structure on QF(N) and T(dN).

Finally, we show that the Fuchsian locus T(N) C QF(N) = T(dN) is a
maximal dimensional totally real analytic submanifold. To clarify, we need
to show that T(N) is half-dimensional and that for every point x € T(N), we
have

TXT(N) N J(TxT(N)) = {0},

where ] denotes the almost complex structure on QF(N) (see, for example,
Definition 5.2 of[18]). To show this, we consider the antiholomorphic invo-
lution ¢ on T(dN) given by flipping the underlying orientation of dN. This
action, when interpreted as an action on QF(N) = T(dN), is equivalent to
precomposing a given Beltrami differential p € QF(N) by the complex con-
jugation map on C. The fixed-point locus of t is precisely the Fuchsian locus
T(N). By a general characterization of maximal totally real analytic submani-
folds (see, for example, Prop 6.3 of[18]), we conclude that T(N) is a connected
half-dimensional totally real analytic submanifold of QF(N). O

Note 12. By combining Proposition 1 with the classical quasifuchsian character va-
riety obtained from Bers’ simultaneous uniformization theorem, we see that Propo-
sition 1 holds true even after replacing N with a (possibly disconnected) complete
finite-area hyperbolic surface F and AN with an oriented double cover dF of F.

Corollary 7 (Characterization of biholomorphisms of QF(N)). The (orientation-
preserving) mapping class group T (dN) of the oriented double cover dN is the group
of biholomorphisms of QF(N); except when N is Dyck’s surface (the sphere with
three cross-caps), in which case the automorphism group is T (dAN) modulo the Z,
generated by the hyperelliptic involution on dN.

Proof. This is an immediate consequence of Proposition 1 and Royden’s the-
orem, which asserts that the automorphism group of T(dN) is the mapping
class group ' (dN); except when dN is the genus 2 oriented closed surface
(and hence N is Dyck’s surface), in which case we need to take I't (dN) mod-
ulo the hyperelliptic involution. O

Corollary 8. Elements within the mapping class group T=(N) act on QF (N) either
biholomorphically or anti-biholomorphically. In particular, the index 2 (normal) sub-
group TH(N) of '+ (N) which acts biholomorphically on QF(N) is also known as the
twist group — the subgroup generated by Dehn-twists along 2-sided curves.
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Proof. Homeomorphisms on N lift to homeomorphisms on dN and this em-
beds the mapping class group ' (N) as a subgroup of the (possibly orientation-
reversing) mapping class group ' (dN) of the oriented double cover dN. First
note that the action of '*(N) on T(dN), regarded as a subgroup of ' (dN),
is precisely the action of I'*(N) on QF(N) = T(dN). This is easy to see on
the Fuchsian locus, and hence holds true in general because of the topolog-
ical nature of this action. Since 't (dN) acts holomorphically on T(dN) and
I'(dn) = I'*(dN) —T'""(dN) acts antiholomorphically, we obtain the holomor-
phic/antiholomorphic nature of the action of I+(N).

Next note that cross-cap slides (see[32]) lift to orientation-reversing map-
ping classes, and so T*(N) does not embed as a subgroup of I'"(dN). In
particular, this means that the subgroup I'*(N) N T'"(dN) of holomorphically
acting mapping classes has index at least 2 in I'*(N). However, the twist
group ' (N) is a subgroup of '+ (N) N T+ (dN) because Dehn twists along 2-
sided curves lift to orientation-preserving mapping classes. Since I'*(N) has
index 2 in I'*(N), we conclude that the twist group 't (N) is the holomorphic
subgroup I'*(N) N T+ (dN). O

2.4 Complex lengths
2.4.1 For quasifuchsian representations

Theorem 2 of this paper regarding quasifuchsian representations are stated in
terms of the complex lengths £, of curves y. Given a quasifuchsian represen-
tation p, the real component of the complex length €, (p) of a curve vy is defined
as the translation length

Re(ty(p)) := inf dgs(x,p(v) - x) @)
x €M

of p(y). For non-peripheral v, this is equivalent to the length of the unique
geodesic representative of y in H3/p(m; (F)). When p(y) is loxodromic (includ-
ing hyperbolic), the imaginary component Im({, (p)) of the complex length
€, (p) is defined in terms of the rotation angle 0 + 2nZ € (R/2nZ) of the loxo-
dromic transformation p(y) around its invariant axis. If v is a 2-sided curve,
then Im({, (p)) := 0+2nZ. If vy is a 1-sided curve, then Im(¢ (p)) := 86 —n+2nZ.
This normalization for the complex length of 1-sided geodesics y by subtract-
ing im yields the unique holomorphic function ¢, : QF(N) — C/2inZ that
agrees with the translation length of y on the Fuchsian locus. And if vy is
parabolic (this arises when 7y is peripheral) we set its imaginary component to
be 0, and hence its total complex length is 0.

We have defined complex geodesic length £, (p) to be functions from QF(N)
to C/2miZ, but this is insufficient for our purposes, as we always exponentiate
half of these lengths in our identities, thereby leading to an ambiguity of sign
in the summands. Thankfully, as we are dealing with quasifuchsian represen-
tations, it is possible to invoke the simply-connectedness of QF(N) (Proposi-
tion 1) to lift these length functions to maps of the form ¢, : QF(N) — C via
analytic continuation, such that ¢, is equal to the translation length of y on
the Fuchsian locus.
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We now provide a more algebraic formulation of the complex length func-
tion for quasifuchsian representations. Fix a lift of py to a GL(2,C) repre-
sentation pp : ™ (N) — GL(2,C) so that 2-sided curves have determinant 1
and 1-sided curves have determinant —1 and use the simply connectedness of
QF(N) to continuously extend this lift over all of QF(N). Having done so, we
may define complex length as follows:

Definition 7 (Complex length for quasifuchsian representations). When vy is
1-sided, its complex length is defined to be 2arcsinh (|3tro p(y)|) of the trace of
p(v) along the Fuchsian locus, and the analytically extension of this function else-
where on QF (N); when vy is a 2-sided geodesic, its complex length {, is defined to
be 2arccosh (|tr o p(v)|) along the Fuchsian locus, and the analytic extension of this
function everywhere-else.

Note 13. The fact that our previous geometric description and the above algebraic
definition agree may be shown using the holomorphic identity theorem (see, for exam-
ple, Proposition 6.5 of[18]): both the geometrically defined length functions and its
algebraic counterpart yield holomorphic functions on QF (N) and agree on the Fuch-
sian locus — a maximal dimensional totally real analytic submanifold, and therefore
must be the same function.

2.4.2 For pseudo-Anosov mapping Klein bottle

The definition of complex lengths given in Definition 7 also extends to holon-
omy representations of pseudo-Anosov mapping Klein bottle, and are uti-
lized in Theorem 6 and Theorem 16. To begin with, we may restrict the
holonomy representation ¢ : 71(Kq4,)) — PSL(2,C) for a pseudo-Anosov
mapping Klein bottle K 4, to the fundamental group 7;(N) of the (non-
canonical) singular surface fiber homeomorphic to N. We can further re-
strict to 7 (dN) < m(N), to define a representation dd = |, an) Which
is a limit of quasifuchsian representations of 7r;(dN). Lemma 3.8 (along with
Claim 3.9 and Definition 3.10) of[3] suffice to ensure that complex lengths are
well-defined for simple curves on dN. This in turn means that the complex
lengths of 2-sided simple curves on N are well-defined, because they lift to two
distinct simple closed curves on dN with the same complex length — the fact
that these two complex lengths are the same owes to them being related by the
action of an orientation-preserving involution on H?/d¢ (7 (dN)). For an arbi-
trary 1-sided simple curve « € 7;(N), its double o? € 7t;(dN) lifts to a simple
closed curve on dN and hence has a well-defined complex length. We define
{«(p) as %ﬂdp(o@) to produce a holomorphic length function £ : QF(N) — C
on quasifuchsian space which evaluates to standard hyperbolic length on the
Fuchsian locus.

2.4.3 For transflected-quasifuchsian representations

Theorem 4 regards transflected-quasifuchsian representations. However, the
notion of complex length we require in this context is less well-defined. Clearly,
translation lengths (7) are still well-defined and constitute the real compo-
nent of the complex length {, of a curve y with respects to a transflected-
quasifuchsian representation p : m(N) — O7(1,3) as for the quasifuchsian
case. The imaginary part is more problematic, however, and we first consider
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the case when & € m;(N) — 711 (dN). In this case, the isometry p(«) is going to
be orientation-reversing and non-periheral. Therefore, its double o* € 71 (dN)
must correspond to a non-peripheral orientation-preserving isometry p(o?),
which is to say that p(a?) is loxodromic (including hyperbolic). This in turn
implies that p(«) must be a transflection as it cannot have an fixed points in H?
and hence cannot be a reflection, an improper reflection or a point inversion.
However, this then means that p(«?) € PSL(2,C) = SO*(1,3) is a hyper-
bolic transformation and any representation theoretically compatible notion
of complex length for p(«?) must have imaginary component in miZ. Since
this is a discrete set and TGF(N) is simply connected, there is only one choice
which result in a continuous function {4 : TQF(N) — C whilst evaluating to
the usual length function on the Fuchsian locus, namely { is always real.

Now consider 2-sided curves vy € m;(dN) < m(N). We know that each
curve v lifts to two curves y1,v2 on dN. The complex lengths for y; and
Y2 are both well-defined but are different. In particular, since y; and vy, are
related an orientation-reversing involution on H®/dp(7t;(dN)), their complex
length are related by complex conjugation. Fortunately, the summands for
Theorem 4 depend only on Re{,, = Rel,, and [Im{,,| = [Im{,,|. Specifically,
this can be seen from the fact that:

Re (e + (~1)) " =Re (e*+ (~1)%) " =4 ((e*+ (-1%) "+ (eF+ (-1)%) )

= e cosfy| + (~1)* where z = x +yi
e +2(—1)kexcosly| + 1’ TxTy

—1

2.4.4 For pseudo-Anosov mapping tori

Finally, we need to contend with a notion of complex length for the statement
of Theorem 5. Again, the expression of the summands means that we only
need the length to be well-defined up to complex conjugation. The strategy
here is essentially what we have seen so far:

e restrict the holonomy representation ¢ : m(M,) — PSL(2,C) for a
pseudo-Anosov mapping torus M, to the fundamental group 7 (N)
of the circle-bundle fiber N;

o further restrict to 7;(dN) < m;(N), to define a representation d$ =
&l (an) Which is a limit of quasifuchsian representations of 71 (dN);

e invoke Lemma 3.8 (along with Claim 3.9 and Definition 3.10) of[3] to
ensure that complex lengths are well-defined for simple curves on dN;

e use the same arguments as in §2.4.3 to show that the lengths of 1-sided
simple closed geodesics are well-defined real functions equal to its trans-
lation length and that the lengths of 2-sided simple closed geodesics
v are well-defined up to complex conjugation and equal the complex
lengths of either lift of y in dN.

3 Simple geodesics on N

Let m, € m(N) denote a peripheral homotopy class going around cusp p
once. Normalize every p € QF(N) so that p(m,) = + [(1) %] Consider the
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holonomy representation py for N. The restriction of its limit curve C,, to
C—{oc0}is precisely the real axis R C €, and R/pg (mp,) = R/Z canonically iden-
tifies with the set S}, of complete (oriented) geodesics in N emanating from p.
On the other hand, Proposition 1 tells us that for an arbitrary quasifuchsian
representation p, there are quasiconformal maps which 7 (N)-equivariantly
identify C,, with C;, and hence identify (C, —{o0})/p(m,) with S},. We pay

particular attention to two subsets of S},

e A: the set of oriented bi-infinite simple geodesics on N with both source
and sink based at p;

o G: the set of oriented simple complete geodesics on N with source based
at p.

The set A is contained in G, and we may topologize both of these spaces via
the subspace topology on Sj,.

Definition 8 (Ideal geodesics). Let A denote the set of unoriented ideal geodesics
on N with both ends at cusp p. We say that that an ideal geodesic o in A is a 1-sided
(or 2-sided) ideal geodesic if, upon filling in the cusp p on the surface N, o completes
to a 1-sided (resp. 2-sided) curve. We denote the collection of 1-sided ideal geodesics
by A1 and the collection of 2-sided geodesics by /\,.

3.1 Fattening simple geodesics

Any (simple) ideal geodesic o0 € A may be fattened up into an (open) geodesi-
cally bordered surface as follows: any sufficiently small e-neighborhood of a
2-sided o is a pair of pants (Figure 2 — left), whereas any small e-neighborhood
of a 1-sided o is topological equivalent to a 1-holed Mobius band (Figure 2 —
right). Isotoping the boundaries of these e-fattened surfaces until they are
geodesically bordered results in elements of 8;(N) for i-sided ideal geodesics
o € A;. This fattening procedure is well-defined as any two sufficiently small
e-neighborhoods are related by a deformation retract, and this gives us an
injective function Fat : A — §(N).

Proposition 9. The Fat map gives a topologically defined bijection between S(N) and
the collection A\ of (simple) ideal arcs on N with both ends up p, such that each of
the two curves {«, B} € 8(N) is freely homotopic to its corresponding ideal geodesic
o0 € A when o, 3 and o are regarded as simple closed curves on N U {p}, that is: the
surface N with cusp p filled in.

Proof. The descriptions of « and 3 are simple topological consequences of
the fattening procedure and we only prove the statement that Fat is a bijec-
tion. The fact that Fat is a surjection is clear from Figure 2 and the existence
of geodesic representatives for homotopy classes of ideal arcs on hyperbolic
surfaces. The fact that Fat is an injection on A, follows from the fact that
for every embedded pair of pants P € 8,(N) there is a unique simple ideal
geodesic, with both cusps up p, which lies completely on P. For injectivity on
A1, we remark that for any embedded 1-holed Mobius band M with cusp p,
there are precisely three (unoriented) simple ideal geodesics on M with both
ends going up p (Lemma 10). Two of these are 2-sided and hence correspond
to elements of A\, and only one is 1-sided. O

17



Figure 2: (left) fattening a 2-sided ideal geodesic to a pair of pants; (right)
fattening a 1-sided ideal geodesic to a 1-holed Mobius band.

Note 14. Thanks to the above result, we may regard elements of A triples as {, B; €},
where {o, B} is an element of S(N) and e € {—,+} = {£} (arbitrarily) specifies the
orientation of the bi-infinite ideal geodesic.

Note 15. The fattening procedure is a fundamentally topological construction, and
hence every homeomorphism @ : N — N acts equivariantly on A and S(N) with
respect to the fattening map Fat : A — §(N).

Lemma 10. There are precisely fourteen elements of G C Sy, on any (open) 1-holed
Mobius band M containing cusp p and one other geodesic border. Moreover,

these fourteen oriented geodesics are naturally grouped as seven pairs of geodesics,
where each pair is related by the reflection involution on M.

three of these pairs are of elements of A and each pair consists of the same ideal
geodesic with its two opposing orientations. The inner pair {\~, A"} of geodesics
are oriented versions of the 1-sided geodesic A shown in the top left diagram in
Figure 3. The outer two pairs {Ay, Nt} and {AB,AE} are oriented versions of
the two 2-sided ideal geodesics Ay and Ag depicted in the bottom left diagram
in Figure 3.

the remaining four pairs are of elements of G — A (blue geodesics in Figure 3)
consisting of simple bi-infinite geodesics with one end spiraling to some simple
closed geodesic. Specifically, two of the pairs {1, i} and {ug, w g} spiral to the
two interior (1-sided) simple geodesics «, 3 on M and two of the pairs {v, v{}
and {v, v} spiral to the (2-sided) non-cusp boundary of M.

the four pairs of geodesics in G— /2 and the three pairs of geodesics in A interlace
each other as elements of S}, as per Figure 4.

as per Figure 4, each of the six elements of {A\*, AL, ?\g} C A is adjacent to two

open intervals which constitute connected components of S}, — G. All twelve
such open intervals are distinct.

Proof. The existence of these seven pairs of oriented geodesics is due to the
existence of unique geodesics representatives of curves on hyperbolic surfaces.
Provided that we believe that these are all the simple ideal geodesics on M,
all five placement properties stated in the lemma are easily deduced from
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Figure 3: (left column) all three unoriented (hence six oriented) simple ideal
geodesics on M with both ends up the cusp p; (middle column) all the simple
ideal geodesics which do not intersect «; (right column) all the simple ideal
geodesics which do not intersect (3.

+
Ag

Figure 4: A depiction of all fourteen oriented geodesics in G which lie on M,
as a subset of the set S}, of all directions emanating from cusp p.

e Figure 3,

e the uniqueness of geodesic representatives for homotopy classes of ideal
paths, and

e the fact that these geodesics do not intersect if they have homotopy
equivalent representative paths which do not intersect.

Therefore, the only thing that we need to prove is that there are no other
ideal geodesics on M. First note that since {AZ, 7\?3[} lie on pairs of pants con-
tained in M, the eight open intervals adjacent to these four oriented 2-sided
geodesics all correspond to self-intersecting geodesics (see Theorem 9 of[21]).
The remaining four intervals correspond to geodesics which are launched in
between A~ and , or A~ and pg or A* and pf or A* and pg. These four
intervals have equivalent roles to one another, and so we only consider one of
them.
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Figure 5: The shaded gray region represents one of the four intervals of direc-
tions considered in the previous paragraph.

Figure 6: The geodesic v must self-intersect.

Any geodesic v launched within one of these four intervals (gray region in
Figure 5) will necessarily hit « (without loss of generality) at an angle 6 < 6y,
where 6y is the angle between o and A. We see in Figure 6 that a lift ¥ of y is
launched from a lift P € 9., H? of cusp p, hits a lift & of « and re-emerges on &
as ¥ shifted by a distance of £y along &. Denote the point of re-emergence by
Q. A little hyperbolic trigonometry (one may use, for example, Theorem 2.2.2
of[12]) suffices to show that the angle 0 between the geodesic PQ and & is
strictly greater than 6y. Since ¥ re-emerges from Q at an angle 6 < 6y < 0¢
within the triangle bordered by &,y and PQ it must eventually hit one of the
sides of this triangle. It cannot hit PQ or & as that would form hyperbolic
2-gons, and therefore must intersect ¥. This intersection descends to a self-
intersection point on y. O

3.2 The classification of simple geodesics

Theorem 11 (Classification of simple geodesics). The following three types of
behaviors partition G:

1. vy is an isolated point in G iff. either y has both ends up cusps or if it spirals to
a 1-sided geodesic;

2. vy is a boundary point of § iff. <y spirals towards a 2-sided simple closed geodesic;
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3. v is neither a boundary nor an isolated point of G iff. vy spirals toward a
(minimal) geodesic lamination which is not a simple closed geodesic.

Proof. The proof of this result is fairly similar to its orientable-case counterpart
and we only outline most of the necessary steps. To begin with, we know that
the w-limit set of the constant speed flow along an oriented geodesic ray v is
either a minimal geodesic lamination or empty (i.e.: Y goes up a cusp).

Observe that when the w-limit of y € G is a 2-sided geodesic «, the
geodesic y fattens up to a geodesically bordered pair of pants homotopy
equivalent to any sufficiently small e-neighborhood of yv. Thus, by Lemma 10,
there is at least one open interval in S%, — G adjacent to y and hence v is either

an isolated point or a boundary point in §. Let ¢ be a simple ideal geodesic
which intersects «, then the sequence of ideal geodesics obtained by Dehn-
twisting o along o is a sequence in G approaching y. Therefore, any geodesic
v which spirals to a 2-sided geodesic is a boundary point of §.

Next we consider the case when the w-limit of y is a geodesic lamination
w(y) which is not a simple closed geodesic. We follow Mirzakhani’s proof
(Theorem 4.6 of[22]) and show that v is not an isolated point by approximating
it by a sequence of geodesics {yi} in § which each spiral to a distinct simple
closed geodesic. Construct a sequence of quasigeodesics 91 € G as follows:
fix a sequence of positive numbers {€;} converging to 0. For each €;, traverse
along y until you come to a point y(t;) along v within distance €; of a previous
point y(to) on y so that

o the geodesic arc 1 between y(tg) and y(t;) does not intersect y|(_s 1]
(except at its ends),

e the arc 1 is within e; radians of being orthogonal to v at its two ends,
and

e the unit tangent vectors y’(tp) and y’(t1) are almost parallel; i.e.: the
parallel transport of v/ (t1) to y(to) is within e; radians of v’ (to).

Take the quasigeodesic ¥; to be the path which traverses along y until time
tp and then indefinitely traverses the broken geodesic loop formed by joining
n and Yl ¢, and let y; € G be the simple geodesic representative of §;. The
sequence {y;} approaches y. Moreover, depending on whether n is chosen
to to turn clockwise or anticlockwise when one goes from y(t1) to y(ty), we
may construct {y;} to approach vy from both sides. Therefore vy cannot be a
boundary point either.

The previous two paragraphs tell us that the only possible isolated points
in § are ideal geodesics y with both ends up cusps or geodesics y which
spiral toward 1-sided simple closed geodesics. Conversely, any such v is an
isolated point. If v is an ideal geodesic with both ends up the same cusp
(we may assume cusp p wlog), then it is isolated by Lemma 10. If vy goes
between different cusps, then it fattens to an embedded pair of pants and by
McShane’s original proof (Theorem 9 of[21]), it must be an isolated point. If y
spirals to a 1-sided simple closed geodesic «, then y fattens to an embedded
cusped Mobius band, and is isolated by Lemma 10. This proves statement 1.
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Since geodesics y which spiral to a geodesic lamination which is not a closed
geodesic cannot be boundary points, this proves statement 2 and hence state-
ment 3. O

Corollary 12. The set G — A is a Cantor set of measure .

Proof. This follows as a consequence of Theorem 11 because § — A is a (non-
empty) perfect, compact, totally disconnected metric space. The fact that
it has measure 0 is a consequence of the Birman-Series geodesic sparsity
theorem[11]. O

Note 16. The set G — A may be obtained by iteratively process of removing open
intervals surrounding A. In particular, no remnant (i.e.: unremoved) closed interval
at any given finite step in this process remains unperturbed — it will, at some stage,
have some open interval removed from its “center”. In fact, it is possible to order the
removal of these open sets in much the same way as one might when constructing
the usual Cantor set, and in this regard, the fact that G — A is a Cantor set is very
natural.

Note 17. Theorem 11 tells us that every isolated point in G is surrounded by two
intervals (one on the left, one on the right) of “directions” in S, where geodesics shot
out in those directions must self-intersect. In fact, every summand in the Fuchsian
McShane identity may be interpreted as the measure of some such interval-pair.

4 Identities for quasifuchsian representations

We begin by proving the McShane identity for quasifuchsian representations
of nonorientable surface groups by first showing that the series constituting
one of the sides of our McShane identity yields a holomorphic function, and
then invoking a version of the identity theorem for holomorphic functions on
complex manifolds to assert that the identity holds over the entire quasifuch-
sian character variety.

4.1 McShane identity for quasifuchsian representations
Proposition 13. The series
. -1
H(p) := Z (ez(?—a(p)ﬂrs(p)) + (_1)oc-[3) (8)
{o,prEeS(N)
defines a well-defined holomorphic function on QF(N).

Proof. We use the fact that a pointwise convergent sequence of holomorphic
functions that is uniformly convergent on all compact sets converges to a holo-
morphic function. To begin with, we specify an ordering on the summands
for (8) and consider the sequence of partial sums for this series.

Let R ¢ H = N be a fundamental domain for N such that R is a finite

sided geodesic ideal polygon. The boundary 0R of R projects to a collec-
tion of disjoint ideal geodesics 7t(0R) on N, and every essential simple closed
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geodesic pair {y1,v2} € 8§ = 8 U 8, intersects m(0R) transversely and non-
trivially. Thus, to any collection of geodesics {y1,..., vk}, we may assign a
positive integer ||{y1, ..., Yk}|| denoting the total number of geodesic segments
that {y1,...,vx} splits into when cut along 7(0R). Order the elements of 8
as a sequence ({y1,Vv2}i)ien with nondecreasing |{y1,v2}i|| and consider the
function Qo : N — N counting the number of {1, y>} with [[{y1, v2}|| < n:

Qo(n) == Card{{y1,v2} € 8| [{y1, v2}l < n}.
It is clear that Qp(n) is bounded above by Py(n)?, for
Po(n) := Card {y - (the image of) a simple closed geodesic on dN | |[{y}|| < n}.
The function Py is in turn bounded above by polynomial (Lemma 2.2 of[11]),

and therefore Qo(n) is bounded above by a polynomial in n.

Consider the following sequence of partial sums:

. -1
H, (p) == Z (eg(eyl(p)Hyz(p)) n (_1)Y1~Y2) ' )
{yiv2h
for i<n
Since the length functions ¢, are holomorphic on T(dN) = QF(N), each partial
sum H;, is a holomorphic function on QF(N).

It remains to show that for any compact set C C QF(N), the sequence of
functions (Hi)ien is uniformly absolutely convergent. We utilize the follow-
ing fact (Lemma 5.2 of[3]): let pg be a Fuchsian representation for N, then for
every compact set C C QF(N), there exist C-dependent constants ¢ > 0 and
k > 0 such that forally € Sand p € C,

€yl < L2,(po) < Re(ty(p)).

Therefore, we obtain the following comparisons:

>

{yviv2h {yiv2hi m=1
for all 1 for all i

oo

(cbtenter+trate) +(_1)vm)1‘ < Y (el _1)’1 <y Qo(m) — Qo(m —1)

exx™ — 1

(10)

The fact that (10) converges ensures that H(p) = limn_,o Hn(p) is well-
defined and that the sequence (H;) is uniformly absolutely convergent. Fi-
nally, the absolute convergence of this series ensures that this limit is inde-
pendent of the ordering we placed on § when summing the series. O

Theorem 2 (Identity for quasifuchsian representations of nonorientable sur-
face groups). Given a nonorientable cusped hyperbolic surface N and a quasifuch-
sian representation p : 71(N) — PSL(2,C), define S(N) to be the set of embedded
pairs of pants and 1-holed Mobius bands containing cusp p (Note 4). Then,

Z (e%ua(p)wﬁ(m) +(71)cx-ﬁ)_l = %
{o,BIES(N)

where £, (p) is the complex length of v (see §2.4).
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Proof. By Proposition 13, we know that H(-) defines a holomorphic function
on QF(N). Moreover, we know that H = % on the Fuchsian locus of QF(N),
which is a totally real analytic submanifold of maximal dimension. Thus, the
identity theorem (see, e.g.: Proposition 6.5 of[18]) tells us that H(p) = % for

every p € QF(N), giving us the desired identity. O

4.2 Identity for horo-core annuli

Given a quasifuchsian representation p : m;(N) — PSL(2,C), consider the
convex core of its corresponding quasifuchsian 3-manifold H/p(m;(N)). Any
sufficiently small horospherical cross-section of the cusp p in H/p(m;(N)) is a
flat annulus.

Definition 9 (horo-core annulus). The conformal structure of this annulus is inde-
pendent of the chosen horosphere (given that it is sufficiently small). We refer to this
flat annulus, up to homothety, as the horo-core annulus of p at p.

Let m, € m(N) denote a peripheral homotopy class going around cusp
p once. Normalize every p so that p(m,) = + [(1) H, since the limit curve C,
is invariant under translation by 1 (i.e.: the action of p(m;)), there must be
points on the limit curve C,, realizing the minimum and the maximum height

(i.e.: imaginary component) of C, on C.
Definition 10 (Width partition of A). Let Z_ and z, respectively be a lowest point

and a highest point on C, and let z_, z. denote their projected images on S%, =C,/Z.
The points z.. define a bipartition of /A as follows, let:

o A+ (p) denote the subset of /A composed of simple bi-infinite geodesics with
launching directions in the half-open interval [z_,z, ) (oriented with respect to
mp);

o A~ (p) denote the subset of A composed of simple bi-infinite geodesics with
launching directions in the half-open interval [z_,z. ) (also oriented with re-
spect to my,).

We call any bipartition (A+(p), A (p)) obtained from such a process a width par-
tition.
The main result of this section is the following identity for the modulus of

the horo-core annulus of a quasifuchsian representation:

Theorem 14 (Horo-core annulus identity). Given a width partition (At (p), A (p)),
the modulus mody, (p) of the horo-core annulus at p of a quasifuchsian representation
p is given by:

1
mody(p) =lm 3~ (edtelert N g (1)F) a1

{o,B;e}eL™(p)

— Im Z (e%(fa(p)%g(p)) + (_1)00[3)71 ) (12)
{o,BereL—(p)

In order to prove this, we first establish a mild nonorientable generalization
of Akiyoshi-Miyachi-Sakuma’s Theorem 2.3 in[3].
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4.2.1 Width formula

Let £, € G — A denote two oriented simple bi-infinite geodesics emanating
from the cusp p, then the pair {¢,n} bipartitions the set A, composed of all
oriented simple bi-infinite geodesic arcs on N with both ends at p, into the
following subsets:

. ﬁf] consisting of all the geodesic arcs in A which are launched (along
the orientation of m,) between & (inclusive) and 1 (exclusive), and

o ﬁg consisting of all the geodesic arcs in A which are launched (along
the orientation of m;,) between n (inclusive) and & (exclusive).

We have hitherto regarded £ and n as oriented simple bi-infinite geodesics
on N emanating from the cusp p, and we now introduce an alternative inter-
pretation of these symbols for the remainder of this paper. This is a mild form
of notation abuse introduced for the sack of notational simplicity.

Note 18 (Reinterpretation of geodesic rays). Given a quasifuchsian representation
p, there is a natural identification between the limit curve C, of p and the limit curve
Cy, of po via the quasiconformal uniformization map on the ideal boundary of H> (this
can also be done via the ideal boundary for relatively hyperbolic groups). Moreover,
this identification is is equivariant with respects to the action of m,, € m(N), and so
we have:

Ene§—ACS, =R/Z=(Cy—{00})/po(my) = (Cp —{oo})/p(my),

thereby allowing us to regard &,m as geodesic rays on (C, —{oo})/p(my,). There are
Z-lifts, {&x } and {ny}, respectively of & and n on C, — {oo} ordered so that {&y} and
{nx} interlace each other along C, — {0} as

ce E—Z/n—Z/ 5—1/1'1—1/ E»OrTIO/ E»lrnl/ E»ZrTIZ/ s
The segment of C, —{oo} going from &y (inclusive) to &; (exclusive) is precisely one
lift of (Cp —{o0})/p(my,) and we identify
° ﬁﬁ with all the lifts on C,—{oo} of elements ofﬁ% lying between &y (inclusive)
and ng (exclusive);

. 52 with all the lifts on C, —{oco} of elements ofﬁg lying between m (inclusive)
and &; (exclusive).

This re-interprets the elements of ﬁ% and ﬁg as geodesic rays in H> going from {oo}
(which is a lift of p) to points in C, — {oco}.

Lemma 15 (Width formula). Given a quasifuchsian representation p normalized so
that the boundary holonomy of my, is given by = [{ 1]. The function w§ : QF(N) —
C given by

wi(p)i= Y (e%(em(pws(pnH_l)oc-ﬁ)*l (13)
{oBielelf

—1- ¥ (e%wa(p)wmm)+(_1)oc-r5>’1 (14)
(o Bic)e A}

is well-defined, holomorphic and gives the complex distance between the (non-oo)
endpoint x of & and the (non-oo) endpoint y of .
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Proof. Since w} is a subseries of (8), our proof of Proposition 13 ensures that
w§ is a well-defined and holomorphic function. To show that w§ satisfies
(13), (14) and may be interpreted as the complex distance between x and vy,
we show that these properties are satisfied on the Fuchsian locus and invoke

the identity theorem.

We first observe that x and y may be regarded as holomorphic functions
on QF(N) as follows: given an arbitrary element p € QF(N) = T(N), let n
be a Beltrami differential on dN representing p and consider the canonical
u-quasiconformal mapping ¥, : € — C. Even though 1,, is dependent on
the representative 1 chosen, the restriction of \,, to R is independant of p
as P, must take the attracting fixed-points of py(y) to the corresponding at-
tracting fixed points of p(y) for every y € m(N). We denote this restricted
function by {,. The holomorphic dependence of 1, with respect to p (see,
e.g.: Theorem 4.37 of[16]) ensures that the function .(-) : QF(N) x R C
that takes (p, z) to P, (z) is holomorphic in the first coordinate. Take x¢ and yo
to be the points in R = C,, U {00} which constitute the respective non-co end-
points of & and 1 with respect to py. Then, define the holomorphic functions
x(p) :==YP,(x0) and y(p) :==P,(yo). The function wf] : QF(N) — C defined by

Wy (p) = 1o (x0) —Wp(yo) = x(p) —y(p) (15)
is therefore also holomorphic.

When p is in the Fuchsian locus, the number wf] (p) is equal to the length of
the horocyclic segment on the length 1 horocycle truncated by & and 1 (as mea-
sured in the direction along m,, from & to ). The Birman-Series theorem tells
us that the length of this horocyclic segment is equal to the sum of all of the
McShane identity “gaps” lying on this segment. This is precisely expressed
by the following identity as a consequence of the geometric interpretation of
the usual Fuchsian identity:

—1
wi(p) =wh(p):= Y (e%ua(pwﬁ(p))+(_1)oc-r5> ‘ (16)
{o,Bie}elf

As with the proof of Theorem 2, the identity theorem extends the above Fuch-
sian identity (16) over the entire quasifuchsian character variety. Replacing
S8(N) by 8(N) x {£} = A = ﬁﬁ U ﬁg in the expression of Theorem 2 doubles
the 1 on the right-hand side to a 1, hence giving us equation (14). The com-
plex distance interpretation is because w5 = w§;, and the former is defined to
be the complex difference between x and y. O

4.2.2 The horo-core annulus identity

We now prove Theorem 14.

Proof. Letz_ and z, respectively be lowest and highest height points inducing
the width partition (At (p), A= (p)), we first assume that z4 correspond (as
described in the paragraph before Definition 10) to simple bi-infinite geodesics
(4 € G — A. Then, we may set & = (. (i.e: x =z;)andn={_ (ie:y=2z_)
in the context of Lemma 15, which in turn means that ﬁﬁ = A*(p) and
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ﬁg = A~ (p). Then, by taking the imaginary component of equations (13) and
(14), we obtain that

-1
Im(wi(p)) =Im Y (e%(tza(pwﬁ(pn n (71)005)
{a,Bie}en™(p)

=—Im Z (e%(ea(9)+f[5(01) + (_1)oc~[3)
{o,B,eten—(p)

—1

To show that Im(wﬁ(p)) = mod, (p), observe that the horo-core annulus is
bounded above by the two hyperbolic planes Pl C H? with respective ideal
boundaries given by

{u+iv|v =Im(zy )} U{oo} c C.

Thus, it is conformally equivalent to a flat annulus obtained by gluing a rect-
angle of length 1 and width Im(z;) —Im(z_) = Im(wﬁ(p)). It is well-known
that this width also the modulus mod,, (p) of this flat annulus.

So far, we have established the result in the case when (4 € G — A. To
complete our proof, we consider the case when at least one of . is either self-
intersecting or in A and show that it is possible to replace them with simple
bi-infinite geodesics which spiral to simple closed geodesics (i.e.: elements of
G — A).

Let us assume without loss of generality that (. ¢ § — A. Since z, is a
highest point on the limit curve C,, the geodesics {; must lie on the bound-
ary of the convex core. This in turn means that it must not (transversely)
intersect the pleating locus. If not, curve shortening near the pleating locus
would show that there is a curve homotopy equivalent to, but locally shorter
than, the geodesic (... Thus, ¢, lies on a geodesic-bordered (smooth) hyper-
bolic subsurface X, within the top boundary of the convex core. In particular,
the fattening of any sufficiently small e-neighborhood of the subsegment of
C+ up to its first point of self-intersection (on the convex core boundary) is
topologically a pair of pants (it cannot be a 1-holed M6bius band because the
pleated geodesic boundary of the convex core of H?/p(m;(N)) is topologically
equivalent to an orientable surface dN). Since X is geodesically convex, it
must therefore contain a geodesic bordered pair of pants which contains ¢,
up to its first point of self-intersection. Since § — A is a Cantor set (Corol-
lary 12), this means that ¢ is launched between within a gap region bounded
by simple bi-infinite geodesics v1 and v; (lying on X ) which spiral to simple
closed geodesics (Theorem 11).

It should be noted that Pl contains a lift of the universal cover of X, and
therefore lifts of v, v, emanating from co must have the same height as a lift of
C+ emanating from co. This means that the complex distance between the v;
is strictly real, and replacing ¢, with v; (or v;) does not affect equations (11)
and (12). Therefore, we may assume without loss of generality that + € G—A,
as desired. O
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5 Identities for pseudo-Anosov mapping Klein bot-
tles

The goal of this section is to prove the McShane identity (Theorem 6) for
pseudo-Anosov mapping Klein bottles, as well as to use these summands to
describe the cusp geometry of any given pseudo-Anosov mapping Klein bottle
K(ap,)- Recall from §2.2.1 that the mapping torus Mg, is a double cover of
K(dg,).- We shall make use of the interplay between these two hyperbolic 3-
manifolds. To begin with, let us clarify some notation. Given cusp p on N,
there are two cusps on dN which cover p and we denote them by q and q’.

5.1 The statement of the cuspidal tori identity

Any embedded horospheric cross-section of cusp p in Kiqq,) is the same
Euclidean torus T(44,) up to homothety. Given a pair of generators [«], [3]
for m(T(ae,)) (i.e: a marking on Ti44,.)), we define the marked modulus of
(Trap,) e, [B]}) to be the Teichmiiller space parameter for this marked torus
in the Teichmiiller space Teich;y = H?> C C (see, for example, §1.2.2 of[16]).
The cusp torus T(g4¢,.) C K(ae,) at p lifts to two distinct cusp tori in dN, with
one based at q and the other at q’. We shall at times study T4, Via its lift
at the cusp p in dN.

Figure 7: (left to right) the stable foliation J* around cusp q; the unstable foli-
ation F* around cusp q; singular foliations as points in the set S}q of directions
emanating from q on dN.

Definition 11 (Signature of an orientation-preserving pseudo-Anosov map).
Given an orientation-preserving pseudo-Anosov map de : AN — dN, the singular
leaves {\, ..., N} of its stable foliation around cusp q in AN and the singular leaves
(AT, ..., A} of its unstable foliation around cusp q in dN interlace one another as
illustrated in Figure 7. The pseudo-Anosov map d¢ preserves each set of singular
leaves and acts on (NE,..., A} by cyclic permutation, shifting the index by some
s €{0,...,t —1}. We refer to the pair (s,t) as the signature of the pseudo-Anosov
map de at q. When s = 0, we say that de has simple signature at q.

Given any twisted-pA pair (dg, ), where d¢ : dN — dN has simple sig-
nature at q (and hence at q’). There is a canonical marking on the cusp torus
T(ae,) at p by taking the pair (m;,1,), where the meridian m, is a loop
around cusp p and the longitude 1, may be constructed as follows:
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Definition 12 (longitude). Recall that K(q4,.) may be constructed by taking dN x
[0, 3] and identifying AN x {0} via v and AN x {3} via ¢ o .. Choose an arbitrary
point x lying on an arbitrary singular leaf A at q on dN x {t # 0,1}, the intervals
{x} x [0, %] and {L(x)} x [0, %] join up to form a path on K(qe,.) because (x,0) ~
(u(x),0). Moreover, it makes sense to assert that both end points (x, %) and (u(x), %)
lie on the same singular leaf on N x {1} because:

o do o exchanges the stable and unstable foliations on N and hence the foliation
structure decends to N x {%} =dN/dpoy

o since dp ot = to (de)~!, hence ((x),3) = (1o (de) ' o (de)(x),3) ~
(de(x), 3);

o do having simple signature means that (de(x), %) and (x, %) descend to the
same singular leaf on N x {1}.

Joining these end points along the singular leaf then results in a simple closed loop
1, that is, up to homotopy, independent of our choice of A and x. We call 1,, the
longitude of the cusp torus Tiq,) C K(ae,) at cusp p.

Note 19. The lifts 14,14+ of the longitude 1, to either cusp torus in AN agrees with the
notion of longitude given in Definition 3.4 of[3] for cuspidal tori on pseudo-Anosov
mapping tori.

The singular leaves A" are singular only at cusp q, and thus form simple
bi-infinite paths on dN. The geodesic representative for A (resp. A{) has
one end at cusp q and the other end spirals towards a leaf of the unstable
(resp. stable) measured lamination of d¢, and we endow each ?\ii with the
orientation going from the cusp q to the measured lamination. We regard
the cyclically ordered set {A;,A{,...,A{,A{} of interlacing singular leaves as
a cyclically ordered set of “directions” in the circle’s worth of “directions” S}q
emanating from cusp q (see Figure 7) on dN. We use these singular leaves on
dN to partition A, the set of unoriented ideal geodesics on N with both ends
at p (see Definition 8) via a partitioning algorithm.

Every unoriented ideal geodesic o0 € A on N is covered by 4 oriented ideal
geodesics on dN, of which precisely 2 have their sources at q. We refer to
these two oriented ideal geodesics as the q-source lifts of o.

o Aj: the set of ideal geodesics o € A where both p-source lifts of o are
launched within an interval of the form (A ,A}) C Sz ;

e Ay: the set of ideal geodesics o where both p-source lifts of o are

launched within an interval of the form (A{, A, ;) C S;

e A: the remaining set of ideal geodesics consisting of those with one
g-source lift launched within each of the two interval types.

Proposition 9 translates the above partition of A into the partition §(N) =
ST(N)LUSY(N) LS~ (N). Since d fixes the singular leaves {7\?}, this partition
is -invariant and descends to a partition

_ Qe+
S(d(PrL) =3 (de,v)

0
(do,0) HSlagu US

do,t
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of the collection of K4, -homotopy classes of pairs of pants on either of the
two exceptional N fibers of K4,

Note 20. Since there are two q-source lifts for each ideal ideal geodesics in A\, and
each such lift emanates from q in a different direction, the set of all q-source lifts of
ideal geodesics in A\ naturally identifies with A — the set of oriented simple ideal
geodesics on N with both ends at p. This identification by no means a coincidence
and comes from the simple fact that the set of directions S]lJ emanating from p natu-
rally agree with the set of directions Sy, emanating from q. This natural bijection of
directions is useful for the proof of Theorem 16, where we will be working with ideal
geodesics on AN emanating from p but gather corresponding summands indexed by

ideal geodesics in A\ which are emanate from p on N.

Theorem 16. Given a twisted-pA pair (de, L) where the pseudo-Anosov map @
has simple signature (0,t), the marked modulus mod,, (de, 1), with respect to the
marking (mp, 1), of the cusp-p torus T 44 ) of the pseudo-Anosov mapping Klein
bottle K q,.) is given by:

mod,, (de,t) = % Z +% Z (e%(ea(dnurs(dm+(_1)oc-f5> 1,
{oBYeST p,y  {BIEST,
17)
-2 ¥ ¥ (e%umwﬁ(m)H_l)oc-rs)*l.
t t
{BYES 4,y  {BIEST
(18)

Note 21. Theorem 6 for the special case that d¢ has simple signature is an immediate
corollary of Theorem 16.

For a pseudo-Anosov map d¢ with general signature (s, t), the pseudo-

Anosov map d¢ := (de) w50 and all of its integer powers have simple sig-
nature at q. We use this in §5.3 to extend Theorem 16 to the general signature
case.

5.2 Proof for the simple signature case

Consider a twisted-pA pair (de, ) where ¢ is a pseudo-Anosov homeomor-
phism of simple signature. Instead of working with the cusp p torus T 44,
on the pseudo-Anosov Klein bottle K44, we shall work with the cusp g
torus on the pseudo-Anosov mapping torus My, which doble-covers K44,
Let ¢ : m(Mg,) — PSL(2,C) denote its holonomy representation. The longi-
tude 14 of d¢ is a candidate for the stable letter 1 for the fundamental group
71(Mae) as a HNN-extension. This means that the meridian m4 and the lon-
gitude 14 define a canonical Z-basis (mg, l4) for the fundamental group of the
cusp torus at q. We use this basis as a marking basis for the cusp q lift of the
cusp p torus Tigep,)-

Proof. Given the pseudo-Anosov map dg, there is an associated collection of
oriented simple geodesics

AL, LA C S
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consisting of geodesic representatives for the singular leaves, at g, of the stable

and unstable foliations of dp. We fix a (Cantor set) boundary point & €
(A7, A7)NG and a boundary point & € (A7, A7 ;)NG for each i. Since & (resp.
&) is a boundary point of G, the underlying oriented simple geodesic spirals

to some oriented simple closed 2-side geodesic on dN, which we denote by
i (resp. v{).

Let Fix* (A) denote the attracting fixed point of a loxodromic Mébius trans-
formation A € PSL(2,C). Since ¢(14) acts on C = 9, H® — {0} via translation,
it is explicitly expressed as an addition by some complex number modq(d¢)
and fory = yl we have:

modg (de) = ¢(1) - Fix " (d(v)) — Fix" (¢ (v))
= Fix" (¢(lyl™")) — Fix" (d(v))
= Fix" (¢ (de.v)) — Fix" (¢(v)).

Furthermore, the restriction of ¢ to 71;(dN) < m1(M,,) is the strong limit
of a path {p+} of quasifuchsian representations of m; (dN), therefore

modg (@) = lim (Fix" (p<(de@.y)) — Fix" (p<(y))) .

T—00

By construction, we know that n;” := d¢.& comes after & on the interval
(A{,A{). Identifying S}, and S}, as per Note 20 then lets us view n{” and &; as
elements of S}, and Lemma 15 then tells us that:

- 1 .
W%(pT) - ¥ (ez(ea(pawﬁ(pm + (=1 ra)

N
[{oc,B;e}]eAiLr

i

-1

Since Fix" (p-(d¢.y{)) and Fix" (p(v;)) are the respective non-co end-
points for n{ = de.&" and &, the series wig(pT) is precisely given by
Fix" (p<(d@.v{)) — Fix" (p(v{)) and hence

-1
modg(de) = lim 3 (edlbelettelen 4 pB) T (19)

T—>00
gt
HooBiedlel &y

i

On the other hand, we know by construction that n; := d@.&; comes

before £ on (A{",A{,;) and so:
i —1
w’;z,(pT) — Z (e%(ea(pmeﬁ(pmHfl)a.fs)
{oBielle AT

&5

This time, the width w (pT) is equal to Fix" (p-(y;)) — Fix" (p(¢@.y;)), and
we instead obtain:

1 —1
modg(de) = — lim Z (ei(ea(pmm(pmH_l)(x.ﬁ) . (0)

T—r00 -
(o Bie €A ]

31



-t -+ - — o —
We now turn to the summation index sets Aih PR Ait. and AEL, cee, AQL.
1 t 1 t
Since A{" are attractive fixed points of the action of dg on S =S}, and A are
the repelling fixed points, the interval [£,n]) is a fundamental domain for

the action of d¢ on (A;,A{"). This in turn means that de. induces a bijection

— 5%
between A% and

i

(A0 AN &) /de.(0) ~ ¢,

where A C S, is regarded as a subset of S}, when it comes to the d. quotient
(see Note 20). Likewise, we get a bijection between 52:: and ((?\{*, AN A) /d@,
and hence the following bijection:

ArU AR UAT UL VAT = (A —{)\;t}) Jde. = AJde,. (1)

The latter equivalence in (21) utilizes the fact that the stable and unstable
leaves A cannot have both ends up q. This can be demonstrated by contra-
diction: the fattened pair of pants or Mobius band of a stable or an unstable
leaf A must be (topologically) fixed under the homeomorphic action of d¢ (see
Note 15), this in turn means that d¢ preserves the homotopy class of one of
the simple closed geodesic boundaries of the fattening of A. This is impos-
sible for a pseudo-Anosov map d¢ according to the classification of surface
homeomorphisms.

By Note 15 and Note 20, we know that AJde, naturally identifies with
8(agu) X {£}, where + are arbitary assignments of orientation. Thus, by sum-
ming (19) and (20) over i, replacing the indices and invoking Proposition 7.6
of[3] to ensure term-by-term convergence as p. tends to ¢, we obtain:

—1
Z (e%(la(cb)wﬁ((b)) + (71)01.6) =t modq(de) — t mod4(de) = 0.
{o,B;e}€8 (aq, ) x{£}

Since the actual summands are independant of e € {#}, we may halve the
above expression and replace the index set by 8(44,,). Note that this suffices
to prove Theorem 6 when d¢ has simple signature.

Sp+
Instead of summing over 8(4,,,) {3}, we may instead sum only over A%y
, n

.U A]‘:{ This is equivalent to summing over the collection of all oriented
ideal geodesics ¢ € A/ d@, which shoot out from p within some interval
(& N UJ{:1 (AL, ?\-l*)) /d@.. This is tantamount to summing over Aa“/d(p* (and

hence 8, )) twice and A§ (and hence 87, ) once, and yields

t-modg(de) = |2 Z + Z (e%u“w)uﬁw))+(71)a46)—11

{“’B}Esrdtp,t) {cx,B}ES%d%L)

which in turn gives us (17) as desired. Equation (18) is either similarly derived

by summing over 521: U...u ﬁgg or by applying Theorem 6.
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Finally, since the marking generators (mp,lp) for the cusp torus at p are
respectively sent to + [ 1] and + [1 modgq [ } The marked modulus for the

cusp q lift of T4, with respect to the marking generator set (mg,lq) is
modg(de). But by the since the two Euclidean tori are conformally equiva-
lent, the marked modulus for T 4 ) with respect to the marking (m,,1,) is
mod,;, (de, 1) = mod4(de) as desired.

5.3 Identities for the general signature case

We conclude this section by addressing what happens when the pseudo-
Anosov map de in a twisted-pA pair (de, ) has general signature. Assume
that dg : AN — dN has signature (s, t), then the map

do = (d@) &0 : AN — dN

is also pseudo-Anosov but of simple signature (0,t). Then My, is an order
e d(s 77 finite cover of Mg, via a covering map TT: My, — Md(p We denote
the respective holonomy representations for these the two pseudo-Anosov
mapping tori Mg, and M g, by ¢ and $. Let us now prove Theorem 6.

Proof of Theorem 6. We first observe that (de, 1) is in facta twisted-pA pair, and
its corresponding pseudo-Anosov mapping Klein bottle is a order 2 quotient
of the pseudo-Anosov mapping torus M 4. Since d has signature, the proof
of Theorem 16 tells us that

Y (@@ Cpes) g, (22)

{&rﬁ}es(d}p,l)

Since My, is an order finite cover of My, for each pair of geodesics

gcd(s t)
{, B} correspondmg to a pair of pants or a 1-holed Mdébius band in 84,

there are m isometrically configured pairs of geodesics {& B} covering it
in 8(4,,)- This means that we may simply divide (22) by & d (s and replace
®, &, B and ¢ with ¢, «, p and ¢ to obtain the desired result. O

Finally, we turn to the geometry of the cusp p torus T(4¢, on Kige,0),
or equivalently the cusp g torus on Mgy,. Unlike the simple signature case,
the longitude 1, (or equivalently, l4) does not pair with the meridian m;, (or
equivalently, mq) to give a Z-basis for m(T(4¢,.)). Hence, we instead choose a
Z-basis (mq, 1) for the cusp q torus of Mg, covering T(4,..), and let (1hg, 1q)
denote the (meridian and longitude) marking generators for the cusp g torus
of M To- Since (mg, 1) is a Z-basis, there is a unique integer k; so that

~

M, (1q) = kMg 23)

gcd
as homotopy classes in the fundamental group of the cusp q torus of Mg,.
Since the cusp q torus covering T(4¢,) is identical to Ti44,), we abuse no-
tation slightly and use (m,, 1) to denote the homotopy group generators for
71 (T(ag,)) corresponding to (mg, 1).

33



Corollary 17. The marked modulus mod, (de, ;1) for the cusp p torus T(qe,.) of
K(ae,), With respect to the basis (my, 1), is given by:

mody, (de, ;1) = 2 > +% > (e%wmwmn+(_1)<x~rs)

{0 BYES (1) {o,BYEST 401

(24)

Proof. For the remainder of this proof, we shall simply work with mod(dg;1)
instead of mod, (dg,;1), the former being the modulus of the correspond-
ingly marked cusp q torus covering T(4¢,). Thanks to our normalization
condition that

d)(mq) = &)(mq) == [(1) H ’

we know that ¢ (1) and dA)(fq) respectively act on C = 9,,H>—{co} as translation
by modq(de;1) and mod, (do). Coupling this with (23), we obtain that:

modq(de) = ;g - modq(de; 1) + k. (25)

Rearranging equation (25) to make modq(de;1) the subject, invoking Theo-
rem 16 to replace mody(d¢) and employing the same index replacement trick
as used in the proof of Theorem 6 then yields (24). O

6 Identities for Aut(H?) = O™ (1,3)-representations

The orthochronous Lorentz group O*(1,3) is the disjoint double cover of
SO*(1,3) and P-SO*(1,3), where P is the diagonal matrix diag(1,—1,—1,—1)
with determinant —1. This obviously enables us to endow O*(1,3) with a
complex structure, but there is a choice, because one can assign to each com-
ponent either the complex structure of SO*(1,3) = PSL(2,C) or its complex
conjugate. We choose to endow O*(1,3) with the complex structure such
that it acts complex analytically on C = 3., H®. This means that the SO* (1, 3)
component is simply identified with PSL(2,C) and inherits the “standard”
complex structure, whereas the P - SO*(1,3) component is endowed with the
conjugate complex structure because P acts anti-holomorphically on §? = C
as the antipodal map.

is a complex manifold, this means that O* (1, 3) is also a complex manifold,
and this in turn allows the transflected-quasifuchisan space TQJF(S) to inherit
a complex structure.

6.1 Identity for transflected-quasifuchsian representations

6.2 Identity for pseudo-Anosov mapping tori
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A McShane identity for nonorientable cusped hy-
perbolic surfaces

We now give the derivation for the cuspidal form of Norbury’s nonorientable
identity from Theorem 2 in[25]:

Theorem (McShane identity for nonorientable surfaces with borders). Con-
sider a nonorientable hyperbolic surface N with geodesic borders (31, ..., pn. For

cosh ¥ 4 cosh *£=
cosh § + cosh *5=

R(x,y,z) =x—1In (26)

and
D(x,y,z) = R(z,y,z) + R(x,z,y) — %, E(x,y,2) =R(x,2z,y) — (27)

on a hyperbolic surface with Euler characteristic # 1 the following identity holds:

D DLy ta )+ D RIyL4)+) E(ly,6,4)=01L (28
o,

j=2 v Wy

where the sums are over simple closed geodesics. The first sum is over pairs of 2-sided
geodesics « and [ that bound a pair of pants with (31, the second sum is over boundary
components B, j = 2,...,m and 2-sided geodesics 'y that bound a pair of pants with
B1 and 5, and the third sum is over 1-sided geodesics w and 2-sided geodesics v that,
with 31 bound a Mobius band minus a disk containing .

As we deform the hyperbolic structure on N so as to approach that of a
cusped hyperbolic surface, the lengths of the boundaries 31, 3, all tend to-
ward 0. To obtain a McShane-type identity for a cusped hyperbolic surface, it
suffices to divide both sides of (28) by L; and take the limit as L; goes to 0. The
are two standard approaches to showing that the resulting term-by-term limit
convergences correctly to an identity (as opposed to an inequality with < 1 on
the right hand side). The first is to use hyperbolic geometry directly to com-
pute the cuspidal identity and then to compare with the term-by-term limit.
The second is to show that (28) divided by L; is a uniformly convergent series
along the path (on the character variety) deforming the hyperbolic structure
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on N to our desired cuspidal hyperbolic structure. We take this second route,
and begin by verifying that Norbury’s summands take the desired form in the
L; — 0 limit.

We first observe the following limit:

R(Li,y,z)  cosh¥ + e 7

li = , 29
Lllglo L cosh 3 + cosh 5 (29)
which in turn gives us the following:
i 1 . — 3(0+2) —1
Ll!{rjn_m LlR(LlfLJ'Z) =2(e2"™* +1)7", and (30)
dim £D(L1,y,2) = £ (R(Ly,y,2) + R(Ly,z,y) — L)
=2(e2lvt=) L 1)1, (31)

The above calculations are standard and omitted. Now, since geodesic length
functions are continuous over the character variety Rep(N) of all Fuchsian
characters (with with parabolic or hyperbolic boundary holonomy) of 7r;(N),
the existence of the above limits tells us that the functions

ﬁ(l—lrl—j/e’y) = %R(Llrl—)re’y) and D(Llrecxreﬁ) = %D(Lll galeﬁ)

extend uniquely to continous functions on all of Rep(N). We employ the same
notation to denote their extensions.

Note 22. Our notation differs a little from Norbury’s here for R(x,y,z). To clarify,
our R(x,y, z) is equal to Norbury’s D(x,y,z) + R(x, z,y).

Already we are beginning to see that summands in the first two series of
Norbury’s identity are taking the form given in the cuspidal identity. For the
final summand, we need to do a little rearranging first. For any embedded 1-
holed Mébius band M bounded by 31 and v, there are precisely two interior
1-sided geodesics p and p’. Therefore, each summand in the third term of
Norbury’s identity arises in a pair E(Ly, ¢+, £,) + E(Ly, £, {,/). Therefore, we
consider the limit

lim % (E(Llrevr eu) + E(Lll Evzgu’)) (32)

L—0 -1

= lim & (R(Ly,2€,, &) + R(Ly, 20,0, 6,) — Ly) (33)
]_14)0 1

_q sinh & (2cosh & + cosh {,, + cosh {,,/) (34)
B (cosh %V + cosh {,,)(cosh %V +cosh€,/)’

Using the following trace relation (Equation (6) of[25])
cosh % + cosh %V = 2sinh %" sinh %, with L; set to 0, (35)
we can show that

(cosh %” + cosh {,,)(cosh %V + cosh ¢u") (36)
= (1+ cosh %)(Zcosh%v + cosh {,, + cosh (/). (37)
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This then tells us that

inh &
sinh 5

im L (E(Ly, &y, €) + E(Ly, &y, 60) =1 — =2(e* +1)7" (38)

1 Y
=0 L1 cosh %V +1

The fact that this expression should be independent of {,, and {,/ is, perhaps,
somewhat surprising. However, there is a geometric argument for this term
which involves cutting up the orientable double cover of M (which is a hy-
perbolic sphere with two cusps and two geodesic borders of length {.) along
the two “shortest” ideal geodesics joining its two cusps and regluing each of
the two resulting connected components into a pair of pants with two cusps
and one boundary of length £, (see Figure 8, but replace geodesic boundaries
B1, B and BP with cusps as appropriate). We leave this as an exercise for
interested readers.

Equation (27) allows us to break up E(Ly, ¢y, ¢.) + E(Li{y,£,/) even more
finely as the following summands:

E(Lll evr eu) + E(le\// zu’) :D(Llr e\/r qu) + D(I—ll EV/ Zeu’) (39)

+ I—l - R(I—lz ev; zeu) - R(‘-l/e\// 2eu’)‘ (40)

We already know what the limit, as [; tend to 0, of (39) divided by L; is.
Therefore, we only need to consider

dim £ (L= R(Ly, 6, 260 = R(Ly, by, 2000) (41)
Z'V —XLpu ev — /
1 cos};7+e ¢ cos};7+e Cu ' @)
cosh - +cosh{,  cosh 5 + cosh(,,

As before, the existence of this limit means that
E(Llr eHI gp.') = %1 (Ll - R(Llr E\// zgp.) - R(Ll, eVI Zeu/ )) (43)

extends to a continuous function over all of Rep(N). We again invoke (35) to
show that

cosh & + e~ =2sinh(t,) (—e~* +sinh %4*) , and (44)

cosh & + cosh ¢, = 2sinh(¢,/) (sinh % sinh 2‘2") . (45)
Incorporating these two identities into (42), we obtain:

dim £ (L = R(Ly, 6, 260 = R(L, 6, 260)) (46)

_ _ b

_ e ; +e 2@ :z(e%““”’u’)—l)_l. (47)
sinh 4 + sinh =

Therefore, we see that the limit of L%(E(Ll,fv,fu) + E(Li, £y, L,/)) takes the
form of three distinct terms, and we get:

(e%ev _’_1)71 _ (e%(e"+2€“) _’_1)71 + (e%(EVjLZBu/) _’_1)71 + (e%(@qu(lu/) _1)71‘
(48)
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There are precisely two pairs of pants embedded on M, and they may be
obtained from M by cutting along p and p’. One of these pairs of pants has
B1, v and the 2-sided double-cover of p as its boundary, and its corresponding
gap term is (e2(tv+2tw) 1 1)1, The other pair has 1, v and the 2-sided double
cover of p’ as its boundary, with corresponding gap term (ex(&v+2tur) L 1)1,
The remaining third term is associated to the Mobius band M. Putting all of
this data together with our previous two expressions tells us that the term-by-
term limiting identity as L; tends to 0 is indeed the one we gave as Norbury’s
nonorientable cusped surface identity.

Note that (48) suggests an alternative statement of the cuspidal case iden-
tity:

Theorem (Alternative cuspidal identity). Let 8;(N) denote the set of 2-sided
geodesics y on N which, along with cusp p, bound an embedded 1-holed Mobius
band and let 85(N) denote the set of unordered pairs of 2-sided geodesics {, B} which,
along with cup p, bound an embedded pair of pants, which does not lie on an embedded
1-holed Mobius band, on N. Then,

Yy (e%“ + 1)71 + ) (e%“m”ﬁ) + 1)71 - % (49)

{y}es{(N) {o,B}ES;(N)

Note 23. It is possible to double the cuspidal version of Norbury’s identity and give a
probabilistic interpretation of the resulting series in the Fuchsian case. The summand

—1
2 (e%(&xz—%gz) + 1) ,

for the index {ay, 2} € 82(N), is the probability that a geodesic launched from cusp
p will self-intersect before intersecting either o or 3. The summand

-1
2 (e%“aﬁ“m) — 1) ,

for the index {1, 1} € 81(N) corresponding to a 1-holed Mobius band M containing
a1, 31 with boundary vy, is the probability that a geodesic launched from p will first
intersect both & and (31, and then self-intersect before hitting 'y. For the alternative
formulation of the cuspidal case identity, the summand

-1
2 (e%‘zY + 1) ,

for the index {y} € 8](N), is the probability that a geodesic launched from p will
self-intersect before hitting y. Summands for 8;(N) have already been discussed as
85(N) is a subset of $7(N).

So far, in taking the term-by-term limit of Norbury’s bordered surface
identity gives us the following inequality:

1

Yo (e o)y (i) e L e

{oar,B1}€81(N) {o2,B2}€82(N)
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To show that this is in fact an equality, we study the behavior of D(Ly, Ly, €g),
R(Ly, Ly, €y) and E(Ly, £, ¢, ) as the hyperbolic structure on N deforms to a
cuspidal structure. A little algebraic manipulation suffices to show that:

N 2 2sinh % 4sinh %
D(X,y,z)(l—i— - yiz) <—— 2. (51)
X ez +e 2 x(ez +e"2 )

Therefore, when L is sufficiently close to 0, we have
D(Ly, b, £p) < 62 (Lt ls),

For R(Ly, L, £y), we utilize an alternative expression (see, e.g.: Equation (1.7)
of[33]):

R( ) = 2tanh ! sinh 3 sinh 3 D | -
xX,yY,z2) = an XY,z
i cosh % 4 cosh X34 Y
1 2sinh % sinh ¥ A
-1 1 2 2 B
X 0og ( cosh % + cosh % cosh % ) + (X/ Yy, Z) (53)

2sinh 5 sinh 121

< D(x,y,z). 54
cosh%—i—cosh%cosh%+ by, 2) (54)

Therefore, when x and y are sufficiently close to 0, we have
R(Ly, L, ¢,) <3e 28 43¢ 2(Lith) < ge2ty,

For (L, €y, £,/), we employ a small geometric argument. Firstly, we know by
construction that I:Z(Ll,fw(’,u/) < %(E(Ll,ﬁv,fu) + E(Li4y, ¢,/)) and we bound
this larger expression instead. On the 1-holed Mébius band M bounded by 31
and v, there is a unique simple 1-sided orthogeodesic o with both endpoints
based on ;. Cutting M along o results in an annulus, and we may reglue
the two sides of this annulus along o in an orientation preserving way (see
Figure 8) so as to obtain a pair of pants with boundaries v, p7* and B of
respective lengths {,, L* and LP such that L}* + LE = L;.

Figure 8: A Mobius band M (left) cut along o (center) and reglued to form a
pair of pants (right).

In particular, we can see from Figure 9, which lifts M to its orientable

double cover dM, that the gaps corresponding to E(Ly, ¢y, {.) + E(Ly, £y, £,/)
actually equal the sum of the two gaps on 7' and B with total measure

R(LY, LY, &) + R(LP, L7, €y)
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because the cutting and regluing procedure does not affect the positions of
the four (red) geodesics spiraling to v. Thus, we see that when L, (hence L}
and LP) is sufficiently close to 0,

- (E(Ly, &y, 80) + E(Ly, &y, 60)) = £ (R(LY, LP, )18 + R(LP, L7, 6)LF)

1 1

< Lo L e 1) — e it (59)

Figure 9: The red shaded region on the left diagram has length E(L;, {, £,,) +
E(Ly, ¢y, €y ) along f1; the two red shaded regions on the right half respec-
tively have lengths R(L{\, L?, ¢,) and R(LP, L', £y ).

At this point, we may invoke the same argument as used in the proof of
Proposition 13 to obtain a similar polynomial divided by exponential type ex-
pression as (10) for the tail of Norbury’s identity (upon appropriate rearrange-
ment of the series). This ensures the uniform convergence of the bordered case
identity as the hyperbolic structure on N deforms to a cusped structure, thus
allowing us to conclude that the term-by-term limit is in fact an equality.

Note 24. The above arguments obviously apply when the underlying surface is ori-
entable, thus furnishing the nitty-gritty details for the proof of Mirzakhani’s Corol-
lary 4.3.

Note 25. Our uniform convergence arguments also apply when an interior simple
closed geodesic deforms to a cusp. Therefore, starting with a McShane identity for a
surface with greater topological complexity, we may take these limits to derive iden-
tities for surfaces with lower complexity simply by taking term-by-term limits. In
particular, simple geodesics which intersect the shrinking geodesic(s) must tend to
length oo and summands expressing their lengths therefore tend to 0 and are excluded
from the identity. This was previously noted in the special case when a pair of simple
closed geodesics o, 3, which bound a pair of pants with (31, deform to cusps (Exam-

ple 2.2 (2) of[2]).
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