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Abstract

We study a local multiplicity problem related to so-called generalized Shalika models.
By establishing a local trace formula for these kind of models, we are able to prove a
multiplicity formula for discrete series. As a result, we can show that these multiplicities
are constant over every discrete Vogan L-packet and are related to local exterior square
L-functions.
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1 Introduction

Let G be a p-adic reductive group, H a closed subgroup of G and x a character of H
(potentially the trivial one). To every smooth irreducible representation 7 of GG, we associate
a multiplicity

m(m, x) = dim Homg (7, x)

If the subgroup H is spherical (that is it admits an open orbit on the flag variety of G) then
we expect these multiplicities to always be finite (this is already known in a certain number
of cases see [10] Theorem 4.5 and [31I] Theorem 5.1.5) and to roughly detect certain kind
of functorial lifts. For a good references on this circle of ideas, that has come to be called
the relative local Langlands program, we refer the reader to [30] and to the monograph [31]
which set forth a general formalism ’a la Langlands’ for these kind of problems.

In the foundational papers [35], [36], Waldspurger has discovered a new way to attack
these questions by proving a certain integral formula computing the multiplicity m(7, y) in
the case of the so-called orthogonal Gross-Prasad models which, together with some twisted
version of it related to epsilon factors of pair, has found a remarkable application to the local
Gross-Prasad conjecture for orthogonal groups (see [37], [29]). This line of attack has then
been adapted by the first author [4], [5] to deal with the local Gross-Prasad conjecture for
unitary groups and by the second author [39], [40] in the setting of the so-called Ginzburg-
Rallis models. Subsequently, in [6] the first author has also find another application of this
method to a conjecture of Prasad concerning Galois pairs. In all these cases the basic tool



to prove the aforementioned multiplicity formulas has been some new kind of local (simple)
trace formulas in the spirit of Arthur [2]. However, the proofs of these trace formulas,
and particularly of their geometric sides, has each time been done in some ad hoc way
pertaining to the particular features of the case at hand. It makes now little doubt that such
trace formulas should exist in some generality and we provide here another example for the
‘generalized Shalika models’ in the hope that it can shed some light on the general features
of a potential generalization.

1.1 Main results

Let I be a p-adic field and A be a central simple algebra over F' of rank n (i.e. A = Mat,,,(D)
where D/ F is a division algebra of degree r and n = mr). We will denote by Tr4/p : A = F
and Na/p : A — F* the reduced trace and norm respectively. Set G := G'Ly(A) and define
the following subgroups of G:

. 1, ;_{(A A) A e A}

oN::{(l )f)]XG.A};
e H:=Hyx N.

Fix a continuous character w : F'* — C* that we identify with a character of Hy through
composition with Ny p : Hy — F*. Let ¢ : ' — C* be a nontrivial character and define
&N — C* by

5(1 f) = p(Trar X), XeA

Then ¢ is invariant under the Hy-conjugation and thus extends to a character, again denoted
&, of H trivial on Hy. Similarly, we consider w as a character on H by composition with the
projection H — Hy and we denote by w ® £ the product of these two characters of H. We
refer to the triple (G, H,w®¢) as a generalized Shalika triple. In particular, if A = Mat,, (F'),
we recover the usual Shalika model for GL,,. For all irreducible admissible representation
7 of G, we define the multiplicity m(m,w) to be

m(m,w) = dim Hompg (7,w ® &).

By Theorem 4.5 of [10], we know that this multiplicity is always finite. The goal of this
paper is to study the behavior of the multiplicity m(m,w) inside the discrete local Vogan
L-packets i.e. under the Jacquet-Langlands correspondences.

Remark 1.1. In fact, by [22] and [8], we even know the multiplicity m(m,w) is less or equal
to 1 (i.e. the generalized Shalika models are Gelfand pairs). But we don’t need this result in
the proof of the main theorem.



Let A’ be another degree n central simple algebra over F. Set G’ := G Ls(A") and define
subgroups H), N', H' := H| x N’ analogous to the subgroups Hy, N and H of G. We also
define similarly characters characters &, w ® & of N’, H' respectively and for all irreducible
admissible representation 7’ of G/, we set

m(r’,w) := dim Homy (7', w ® ).

The main result of this paper is the following theorem which says that these multiplicities
are constant over every discrete Vogan L-packet.

Theorem 1.2. Let 7 (resp. 7') be a discrete series of G (resp. G'). Assume that m and 7’
correspond to each other under the local Jacquet-Langlands correspondence (see [9]). Then

m(m,w) =m(7', w).

Assume one moment that wl (the trivial character) and set for simplicity m(n) =
m(m,1). Then, by work of Kewat [23], Kewat-Ragunathan [24], Jiang-Nien-Qin [20] and
the multiplicity one theorem of Jacquet-Rallis [22], in the particular case where A = M, (F')
we know that for all discrete series 7 we have m(m) = 1 if and only if L(s,m, A?) (the Artin
exterior square L-function) has a pole at s = 0 (i.e. the Langlands parameter of 7 is symplec-
tic) and m(7) = 0 otherwise. Actually, to our knowledge, a full proof of this result has not
appeared in the literature and thus for completeness we provide the necessary complementary
arguments in Section [6.1] Together with Theorem this immediately implies

Theorem 1.3. For all discrete series representation m of G, we have m(n) = 1 if and only if
the local exterior square L-function L(s,m, A*) has a pole at s =0 and m(w) = 0 otherwise.

We will prove Theorem in Section [6.1] The key ingredient of our proof is a certain
integral formula computing the multiplicity m (7, w) that we now state. Recall that following
Harish-Chandra, any irreducible representation 7 has a well-defined character ©, which is a
locally integrable function on G locally constant on the regular semi-simple locus. Moreover,
Harish-Chandra has completely described the possible singularities of ©, near singular semi-
simple elements leading to certain local expansions of the character near such point. Using
these, we can define a certain regularization = +— c,(z) of O, at all semi-simple point by
taking the average of the ’leading coefficients’ of these local expansions (see Section
for details, actually for the groups considered in this paper there is always at most one
such leading coefficient). Given this, our multiplicity formula can be stated as follows (see

Proposition

Theorem 1.4. For all essentially square-integrable representation m of G- with central char-
acter x = w™ (seen as a character of Ag = F* ), we have

m(rw)= Y |W(HO,T)|—1/ D (t)ex (t)w(t)dt

TeTen(Ho) AG\T



where Toy(Hy) stands for a set of representatives of elliptic maximal tori in Hy, W(Hy, T) =
Normy,(T)/T is the corresponding Weyl group, D (t) is the usual Weyl discriminant, the
measure on the tori Ag\T are chosen to be of total mass one and the expression on the right
hand side is absolutely convergent.

Theorem is then an easy consequence of Theorem and the characters relations
characterizing the local Jacquet-Langlands correspondences (see for details).

Remark 1.5. In Appendiz A, we will prove a slight generalization of a result of Maeglin
and Waldspurger a consequence of which is that the multiplicity formula above holds more
generally for all irreducible admissible representations of G when A = D is a division algebra.
On the other hand, if A is not a division algebra, the multiplicity formula will only hold for
discrete series (see Remark[3.4] for more details).

For its part Theorem is a consequence of a certain local simple trace formula for the
generalized Shalika models of the same kind as the local trace formulas developed in [5], [6]
and [39]. To be specific, let f € °C(G) be an Harish-Chandra cusp form (see Section [2.5| for
the definition of these) and for all z,y € G, set

Kyt = [ 16 w0 €)(0) dn.

We define a distribution J on the space of cusp forms by

J(f) = Ky(z,z)dx.
H\G
In later sections, we will show that both integrals above are absolutely convergent.
The aforementioned trace formula gives two expansions of J(f): one geometric and one
spectral. The geometric side is given by

Jgeom(f) = Z |W(H0,T)|_1/DH(t)cf(t)w(t)_ldt

T€Teu(Ho) T

where T.;(Hy) denotes a set of representatives of conjugacy classes of maximal elliptic tori in
Hy, W(Hy, T) stands for the corresponding Weyl group, D is the usual Weyl discriminant
and cf(t) is a certain weighted orbital integral of f in the sense of Arthur (see for a
precise definition). The spectral side, on the other hand, is given by the following expression

T f) =Y m(mw) Trr(f)

melly (G»X)

where II5(G, x) denotes the set of (isomorphism classes of) discrete series of G with central
character y = w™ seen as a character of Az = F* and 7" stands for the contragredient of 7.
Then the trace formula we proved in this paper is just (see Theorem [3.1])



Theorem 1.6. For all f € °C(G), we have

Jspec(f) = J(f) = Jgeom(f)- (1.1)

More precisely, the spectral side of the trace formula will be proved in Section |4 and the
geometric side will be proved in Section [5 Moreover, Theorem is, by standard means,
an easy consequence of this trace formula (see .

In Section 6.2, we will discuss another application of the multiplicity formula. By applying
Theorem together with another multiplicity formula for the so-called Ginzburg-Rallis
model proved in the previous papers [39] and [40] of the second author, we are able to
establish some relationship between the two kind of multiplicities (cf. Theorem and
Theorem [6.7). This will also allow us to prove the epsilon dichotomy conjecture for the
Ginzburg-Rallis model in some cases. We refer the readers to Section [6.2] for details.

Finally, in Section [7] guided by the idea of beyond endoscopy, together with Theorem
1.3|relating the multiplicities for generalized Shalika models to poles of local exterior square
L-function, we restate our trace formula in the form of a (local) 'r-trace formula’ for r = A?
the exterior square representation of the L-group LG = GLo,(C).

1.2 Organization of the paper and remarks on the proofs

In Section [2, we introduce basic notations and conventions of this paper. This include
some extended discussions of (6-)weighted orbital integrals, germ expansions and the Harish-
Chandra-Schwartz space. In Section , we state our (simple) local trace formula (Theorem
and prove that the multiplicity formula (Theorem is a consequence of it.

Sections [] and [5] are devoted to the proof of the trace formula. More precisely, in Section
[ we prove the spectral side of the trace formula. It is the easy part and moreover the
arguments are very similar to [6] §3. Section |5 contains the proof of the geometric side
which is more involved. The general idea is inspired by the work of Waldspurger ([35], [36])
and the first author ([5], [6]) on the Gan-Gross-Prasad and Galois models. However, due
to significant differences between generalized Shalika models and the previous cases, our
proof of the geometric side is quite different. Indeed, as in the Gan-Gross-Prasad cases,
singular orbits are contributing to the geometric side and these contributions are reflected in
singularities of the original expression. Due to the fact that the generalized Shalika models
are usually not strongly tempered in the sense of [31], we were unable to linearize the problem
in order to perform a Fourier transform as in [35],[5] where it had the effect of killing the
problematic singularities. As a result, we have to deal with them directly and for that
we have in particular computed explicitly certain singular weighted (or rather 0-weighted)
orbital integrals (see §5.5).

Sections [6] and [7] contain applications of the trace formula and multiplicity formula. In
section we prove the two main theorems (Theorem and Theorem of this paper
and in section [6.2] we study the relations between the multiplicities for the generalized
Shalika model and the Ginzburg-Rallis model. Using this, we will prove new cases of the
epsilon dichotomy conjecture for the Ginzburg-Rallis model. Finally, in section [7| we rewrite
our local trace formula as some kind of ’local r-trace formula’.



Finally, Appendix [A] contains a slight generalization of a result of Moeglin and Wald-
spurger concerning (generalized) Whittaker models.
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2 Preliminaries

2.1 Groups, measures, notations

Throughout this paper F' will denote a p-adic field (i.e. a finite extension of Q, for a certain
prime number p) with ring of integer O and normalized absolute value |.|p. We will denote
by vr the normalized valuation on F', by g the cardinal of the residue field of ' and by log
the logarithm in base ¢ (so that vp(\) = —log|\|p for all A € F'*). Moreover, for all finite
extension K of F' we will set vg(A\) := vp(Ng/p(N)) for all A € K where Ng/p : K — F
stands for the norm. We fix throughout a nontrivial additive character ¢ : FF — C*. We
will slightly abuse notations and denote algebraic groups and Lie algebras defined over F
and their sets of F-points by the same letters.

Let G be a connected reductive group over F. We will denote by A¢ its maximal central
split torus and set

AG = X*(Ag) &® R

whose dual naturally identifies to

where X,(Ag) and X*(Ag) stand for the groups of cocharacters and characters of Ag re-
spectively. There is a natural morphism Hq : G — Ag characterized by

x, Ha(g)) = log(|x(9))

for all x € X*(G). We set A p := Ha(Ag). It is a lattice in Ag. The same notations will
be used for the Levi subgroups of G (i.e. the Levi components of parabolic subgroups of G):
if M is a Levi subgroup of G, we define similarly Ay, Ay, Hy and Ay p. For such a Levi
M, we will set

.AG = .AM/.AG, A]\G/[’F = AM,F/AG,F.

We will also use Arthur’s notations: P(M), F(M) and L£(M) will stand for the sets of
parabolic subgroups with Levi component M, parabolic subgroups containing M and Levi
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subgroups containing M respectively. Let K be a special maximal compact subgroup of
G. Then, for all parabolic subgroup P with Levi decomposition P = MU, the Iwasawa
decomposition G = MUK allows us to extend Hy; to a map Hp : G — Ay defined by
Hp(muk) := Hpy(m) for all m € M, w € U and k € K. The Lie algebra of G will be
denoted by g and more generally for any algebraic group we will denote its Lie algebra by
the corresponding Gothic letter. We will write Ad for the adjoint action of G on g. We
denote by exp the exponential map which is an F-analytic map from an open neighborhood
of 0 in g to G. We define G,., as the open subset of regular semisimple elements of G.
The notation 7 (G) (resp. Teu(G)) will be used to denote a set of representatives for the
G-conjugacy classes of maximal tori (resp. elliptic maximal tori) in G.

Let H be an algebraic group over F. For any subset S C H, we write Centy(S) (resp.
Normpg(S)) for the centralizer of S in H (resp. the normalizer of S in H). If S = {x} we
will write H, for the neutral connected component of Centy(x) := Centy({x}). The Weyl
discriminant D is defined by

DY (x) := |det(1 — Ad(z)y, )|

for all semisimple element z € H. For every subtorus 7" of H, we will denote by

W(H,T) := Normy(T)/Centy(T)

the corresponding Weyl group. If A C H is a split subtorus which normalizes a unipotent
subgroup U C H we will write R(A, U) for the set of roots of A in u.

If T is a torus over F', we will denote by T its maximal compact subgroup.

In this paper, we will assume that all the groups that we encounter have been equipped
with Haar measures (left and right invariants as we will only consider measures on unimodular
groups). In the particular case of tori 7' we normalize these Haar measures as follows: we fix
on Ag the unique Haar measure giving AS. volume 1 and we choose on 7" the unique Haar
measure such that vol(T'/Ar) = 1. For any connected reductive group G, we equip Ag with
the unique Haar measure such that vol(Ag/Agr) = 1. Thus this requirement also fixes
Haar measures on Ay, for all Levi subgroup M of G. If M C L are two Levi subgroups then
we give Ak, ~ A,/ Ap the quotient measure.

We will adopt the following slightly imprecise but convenient notations. If f and g are
positive functions on a set X, we will write

flz) < g(z) for all z € X

and we will say that f is essentially bounded by g, if there exists a ¢ > 0 such that
f(z) < cg(z) for all x € X.

We will also say that f and g are equivalent and we will write

f(z) ~g(x) for all z € X

8



if both f is essentially bounded by ¢ and g is essentially bounded by f.

In this paper we will freely use the notion of log-norms on varieties over F'. The concept
of norm on varieties over local fields has been introduced by Kottwitz in [25] §18. A log-
norm is essentially just the log of a Kottwitz’s norm and we refer the readers to [5] §1.2
for the definition and the basic properties of these log-norms. We will assume that all the
algebraic varieties X over F' that we encounter have been equipped with log norms ox.
And for all C' > 0, we will denote by 1x<c (resp. 1lxs¢) the characteristic function of
{r € X;0x(x) < C} (resp. {z € X;0x(x) > C}).

For any connected reductive group G over F, we will denote by Z¢ the Xi function of
Harish-Chandra on G (see [5] §1.5 for the definition and basic properties of this function)
and we will denote by C(G) the Harish-Chandra Schwartz space of G. This space consists
of functions f : G — C which are biinvariant by a certain compact-open subgroup J C G
and such that for all d > 0, we have an inequality

1f(9)] < E%(9)oc(g)™

for all g € G. Let x be a unitary character of A, then we will denote by C(G, x) the space
of functions f : G — C which are biinvariant by a certain compact-open subgroup J C G
such that f(ag) = x(a)f(g) for all a € Ag and g € G, and such that for all d > 0, we have
an inequality

1f(9)] < E9(9)ac\c(9) ™

for all g € GG. There is a natural surjective map

C(G) = C(G.x): [y
given by

filg) = : f(ag)x(a)*da, feC(G),geq.

For any set S we will denote by 1g its characteristic function.

2.2 Representations

Let G be a connected reductive group over F'. We will write Irr(G) for the set of isomorphism
classes of (complex-valued) irreducible smooth representations of G. We will identify any
element of Irr(G) with one of its representative. For 7 € Irr(G), we will also write 7 for the
space on which 7 acts. We will denote by Ily(G) C Irr(G) the subset of essentially square-
integrable representations. And if x is a character of Ag, we will denote by Il2(G, x) C
I15(G) the subset of representations with central character y. When y is unitary, the matrix
coefficients of any representation 7 € Ily(G, x) lie in C(G, x). For 7 € Irr(G), we will denote
by 7V its smooth contragredient; and for 7 € IIy(G), we will denote by d(m) the formal



degree of m. It is the unique positive real number (depending on the Haar measure on G)
such that

v % Y% —Lv oV (. 1Y
[ o 7 oty = o ) i)

for all vy, vy € m and vy, vy € 7¥. For any f € C°(G) and 7 € Irr(G), we write

w(f) = /G f(9)(g)dg.

When 7 € IIy(G, x) where the character y is unitary, the map f — 7(f) extends by conti-
nuity to C(G) and C(G, x™!). In all cases, the operator m(f) has finite rank. If f is a matrix
coefficient of 7 € Ily(G, x) (with x unitary), we have

(1) Tra’(f) = d(m) " (1),

Moreover, for any 7 € Irr(G), Harish-Chandra has shown ([I4] Theorem 16.3) the existence
of a locally integrable function ©, on G which is locally constant on G, and such that

Ten(f) = /G £(9)0(g)dg

for all f € C°(G). We shall refer to O, as the Harish-Chandra character of w. Fixing a
G-invariant symmetric bilinear pairing (.,.) : g x g — F. Near every semi-simple element
x € G, there is a local expansion (see [14] Theorem 16.2)

Or(zexp(X)= Y crol2)j(0,X)

OeNil(gy)

for X € g, ¢4 sufficiently close to 0 and where
e Nil(g,) stands for the set of nilpotent G,-orbits in g, (for the adjoint action);
® ¢, o(z) are complex numbers;

e For all O € Nil(g.), 50, .) is the unique locally integrable function on g, (whose
existence is guaranteed by [14] Theorem 7.7. and Lemma 7.9) which is locally constant
on gz req, and such that

[ exiio.x00x = [ G2z, torallg e C2(a)
9z @]

where dX is any Haar measure on g,, ¢ € C°(g,) — @ is the Fourier transform given
by §(Z) :== ‘[Gx o(X)Y((Z,X))dX and dZ is the G,-invariant measure on O associated
to the self-dual Haar measure on F' corresponding to ¢ and the volume form on O
derived from the symplectic form descended from (.,.) (see [2§] 1.8 for more details on
this).
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For every semisimple element x € GG, we set

() = —Wilr;(gm)‘ ZOGNUW(QI) cro(z), if G, is quasi-split;
e otherwise

Y

where Nil,.,(g,) denotes the subset of regular nilpotent orbits in g, (this set is empty if
G is not quasi-split). This value does not depend on the choices of (.,.) and ¢. If G, is
quasi-split and we fix a Borel subgroup B, C G, and a maximal torus 7} ;4 C B,, then by
Proposition 4.5.1(ii) of [5], we have

(2) D () 2ep(z) = [W(Gy, Trga) ™t lim  DC(2")20,(z).

/€Ty ga—x

2.3 (G,M)- and (G, M, 6)-orthogonal sets

Let G be a connected reductive group over F' and M be a Levi subgroup of G. For all
Q € F(M), we will denote by Ug the unipotent radical of @), Lg the unique Levi component
of () such that M C Lg and Q= LqUg the parabolic subgroup opposite to ¢ (with respect
to Lg). Let Ay be the split center of M. For all P € P(M), denote by Ap (resp. X})
the set of simple roots (resp. of all roots) of Ay in P. For all « € ¥F, we shall denote by
aV € Ay the corresponding coroot and we set AY, := {a¥; v € Ap}. We recall the notion of
(G, M)-orthogonal set due to Arthur: a family Y = (Vp)pepr is a (G, M)-orthogonal set
if for all P, P' € P(M), we have

Yp—Vp € Z Ra".
aesin-xt,
Moreover, if the stronger relation
Yp—YVp € Z Ria’
aesin-xt,

is satisfied for all P, P’ € P(M), then we say that the (G, M)-orthogonal set Y is positive.
To a (G, M)-orthogonal set ) we can associate a smooth function vy (.,)) on A3}, defined
by (see Lemma 1.9.3 of [26])

A Y) = > vol(AG/ZIAR) ] (v a") g™ e Ay,

PeP(M) aEAp

where Z[AY] C A§; denotes the lattice generated by AY. And we set

v (Y) =1 (0, D).
More generally we can associate to a (G, M)-orthogonal set ) smooth functions %%[(., Y) on
Aﬁf and complex numbers v () == 42 (0, ) for all Q € F(M) with 45 (., V) = (., V)
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(see [26] §1.9). If the (G, M)-family Y is positive, then v%()) is just the volume of the
convex hull of the projection of (Yp)pep(m),rco onto Aif. Also to a (G, M)-orthogonal
set J we can associate a certain function T'§;(.,Y) on Ay (see [26] §1.8) which is just the
characteristic function of the sum of the convex hull of Y with Ag if )V is positive.

An easy way to construct (G, M)-orthogonal sets is as follows. Let My C M be a minimal
Levi subgroup with split center Ay and pick Py € P(M,). Fix Y € Ay,. For all P € P(M),
define Yp to be the projection of wY onto Ay where w € W (G, Ap) is any element such
that wPy C P. Then (Yp)pepu) is a (G, M)-orthogonal set.

Another way to construct (G, M)-orthogonal sets is as follows. Choose a maximal special
compact subgroup K of G and use it to define maps Hp : G — Ay as in §2.1] Then for
all g € G, the family Y (g) := (Hp(9))pepm) is a positive (G, M )-orthogonal set. In this
situation, we define

um(g) =vm(Vul(g), ge€CG

and more generally

vi(g) =5 Vulg), g€C
for all Q € F(M).

Assume now given an algebraic involution 6 of G. Then we recall that a parabolic
subgroup P of G is said to be #-split if §(P) is opposite to P; and a Levi subgroup M of G
is said to be #-split if there exists a #-split parabolic subgroup P such that M = P N 6(P).
Also, a torus T' C G is said to be §-split if 0(t) = ¢t~ for all t € T. We refer the reader to [6]
§1.7.1 for a recapitulation of the basic structure of these -split subgroups. For M a 6-split
Levi subgroup, we shall denote by P?(M), resp. F(M), resp. L°(M), the sets of #-split
parabolic subgroups with Levi component M, resp. 6-split parabolic subgroups containing
M, resp. 6-split Levi subgroups containing M. For all Q € F%(M), we define

POY(M) :={P € P"(M); P CQ}.

This set is in bijection with the set of -split parabolic subgroups of Lq with Levi component
M by the map P — PN Lg. We will denote by Ay the maximal split and 6-split central
subtorus of M and set

Arrg = Xo(Anmp) ® R,

Aﬁm = Apng/ Ao, L€ LY(M).

Then for all #-split Levi subgroup M, there is a natural decomposition

Ay = Anrp ® A%,

where A9, denotes the subspace of f-invariant vectors and we define an homomorphism
Hpyp: M — App as the composition of H)y, with the projection Ay, — Aprg. There is also
a natural decomposition
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AM79 = A%ﬁ b AG,Q

and more generally a natural decomposition

.AMﬂ = ALM79 ) AL79

for all L € L%(M). Set Arpr := Haro(Anr). We equip Ajrp with the unique Haar measure
such that vol(Anre/Aner) = 1 and Af;, for L € LP(M) with the quotient Haar measure
(where the Haar measure on Ay g is defined similarly).

To every P € P?(M) is associated a cone Af,, C Ay defined by

A;e = {A € AM’Q; <Oé,A> > (0 Va € R(AMﬁ, Up)}

We shall denote by AJIS,G the closure of AJISﬁ and by ng the characteristic function of A;ﬂ.
For all Q € F?(M), we will also consider the function 75, as a function on Ay via the
projection Anrg — Ar.0-

In [6] §1.7.2 was defined a notion of (G, M, §)-orthogonal set which generalizes Arthur’s
classical notion of (G, M)-orthogonal set and we refer the readers to loc. cit. for basic
definitions and properties of these. A (G, M, #)-orthogonal set is a family Y = (Vp) pepo )
of points of Ay ¢ satisfying certain compatibility conditions. There is also a notion of positive
(G, M, 6)-orthogonal set. If Yp € A}, for all P € P?(M), then the (G, M, #)-orthogonal set
Y is positive. To any (G, M, 0)-orthogonal set ) is associated functions

I, Y), LeL’(M),QeF (L)

L
on A;% and complex numbers

which are related by

For simplicity, when Q = G, we will write vy, () 1= v{4(¥). When Y is positive, I'{; (., V)
is the characteristic function of the sum of Ag with the convex hull of J; and more generally,
for @ € FO(M), Ff“(., Y) is the characteristic function of the sum of A, g with the convex
hull of (Vp)pepeor). We have the basic relation (see [26] Lemme 1.8.4 (3) for the case of
(G, M )-orthogonal sets, the proof being completely similar for (G, M, #)-orthogonal sets)

(1) > TEsAITGHA=Vo) =1, A€ Ay
QEFI (M)
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where for all Q € F?(M), we have denoted by Vg the projection of Vp onto At for any
P € PYY(M) (the result does not depend on the choice of P). One basic property of the
function Ffw(.,y) that we shall use repeatedly is the following (see [26] Corollaire 1.8.5,
again for the case of (G, M)-orthogonal sets):

(2) Let |.| be a norm on Ay. Then, there exists a constant ¢ > 0 independent
of the (G, M, 0)-family Y such that for all A € Ay in the support of T'; 4(., V),
we have |[A%] < CSUp pepo(ar)|Yp| where A% is the projection of A onto Af,.
In particular, this implies

3) There exists k > 0 (for example k£ = dim(.A$, ,) would work) such that
M0

k
Ivﬁ,o(y)l<<< sup Iypl)

PeP9(M)
for all (G, M, 0)-orthogonal set ).
We will also need the following property:

(4) Let Q € F(M) and P € P?(M). Then, for all (G, M, 6)-orthogonal set ) such
that Vp: € Af, , for all P’ € P?(M), the restriction of the function

A F?/[,G(Aa y>Tqu,e(A o)
to AJISﬂ only depends on Vp.

Proof: Since Y is positive, the function T’ M@( V)756(. — Vo) is the characteristic function
of the sum of Ag o with the convex hull of (Vp/)prepasnn. In particular, for all A in the
support of this function, we have (a, A) > inf prepo.aar (o, Ypr) > 0 for all @ € R(App, UQ)
This implies that if P is not included in @), the restriction of I' M’e(., V)15(. — Vo) to AP,@
is just identically zero. Assume now that P C (). Then, by adapting Lemma 3.1 of [2] to
the case of (G, M, #)-orthogonal sets, we see that the restriction of F%[’e(., V) to Ap, only
depends on Vp. On the other hand, Tgﬂ(. — Yo) only depends on Vg which is the projection
of Yp onto Ar, . The claim follows.

Let Vi and ), be two (G, M, 6)-orthogonal sets. Then, we have the following splitting
formula (see [I] Corollary 7.4 for the case of (G, M)-orthogonal sets, the proof being again
similar for (G, M, 6)-orthogonal sets)

(5) voVr+2) = Y dSp(L, La)viy (V1) vz (D)

Ly, LoeL? (M)

where for all Ly, Ly € L(M), Q; and Q- are elements of P?(L;) and PY(Ly) respectively,
which depend on the auxiliary choice of a generic point £ € Ajrp, and dJ\GM(Ll,Lg) is a
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nonnegative real number which is nonzero if and only if Afm =AM @ A2 Moreover, we
have d; ,(G, M) = 1.

As for (G, M)-orthogonal sets, there is the following easy way to produce (G, M,0)-
orthogonal sets. Let My C M be a minimal 6-split Levi subgroup and pick Py € PY(M,).
Let Ag be the maximal split and #-split central subtorus of M, and set

Wg = NOI'IIlG‘<A0)/M0

for the little Weyl group of My. Then, the natural action of Wy on PY(M,) is simply
transitive (see [17] Proposition 5.9). To every point Y € Ay 9, we can now associate a
(G, M, 6)-orthogonal set (Yp)pepoar) as follows: for each P € P?(M), set Yp to be the
projection of wY to Aprg where w € Wy is any element such that wF, C P.

Let K be a maximal special compact subgroup of G. Then by using the Iwasawa de-
composition G = PK, we can define maps Hpg : G — Aprg for all P € P’(M) by setting
Hpg(muk) := Hyrp(m) for all m € M, u € Up and k € K. Then for all g € G, the family
Yro(g) == (Hp p(9)) pepoary is a positive (G, M, 0)-orthogonal set and we will set

uao(9) = vme(Vmpe(g), g€G

and more generally

v]gQ“(g) = 111?479(371\/1,9(9)), ged

for all Q € FY(M). We have the following descent formula which is a special case of a general
result of Arthur (see [I] Proposition 7.1 and [6] 1.7.2 (4))

(6) violg) = Y dSig(L)vSi(g), g€
LeL(L)

where for all L € L(M), @ is a certain parabolic subgroup with Levi component L which
depends on the choice of a generic point £ € Ay, and dJ\G/w(L) is a coeflicient which is nonzero

only if AG = AS? @ AL Moreover, if ASY =0, then S 6(G) = 1.

2.4 Weighted and 0-weighted orbital integrals

Let G be a connected reductive group over F', M be a Levi subgroup of G and f € C(G).
Fix a special maximal compact subgroup K of G that we use to define weights g — v]%(g),

for Q € F(M), as in the previous section. Then, for all x € M N G,, and Q € F(M) we
define, following Arthur, a weighted orbital integral by

% (z, f) ¢=/ flg ' zg)v5i(9)dg.

G \G

In the particular case where Q = G, we simply set @y, (x, f) := ®F,(x, f).
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Assume now given an algebraic involution 6 of G and that M is #-split. Using the same
special maximal compact subgroup K we associate, as in the previous paragraph, to any
Q € F'(M), a weight g € G v]?/w(g). Then for all z € M N G,y and Q € FO(M), we
define a f-weighted orbital integral by

9, oz, f) = / 15~ 20)0%, 5 (0)dg.
Ga\G

In the particular case where @) = G, we simply set ®pro(z, f) := @f“(x, f).

2.5 Cusp forms and #-strongly cuspidal functions

Let G be a connected reductive group over F'. Following [35], we say that a function f € C(G)
is strongly cuspidal if for all proper parabolic subgroup P = MU of GG, we have

/ f(mu)du =0
U
for allm € M. By [B] Lemma 5.2.1 (i), if f € C(G) is strongly cuspidal, M is a Levi subgroup
of G and Q € F(M) is different from G, then we have
Oz, f) =0

for all x € M N G,¢, where the weighted orbital integral (ID%(:E, f) is defined by using any
special maximal compact subgroup K of G.

Let 6 an algebraic involution of G. We say that a function f € C(G) is 8-strongly cuspidal
if for all proper 6-split parabolic subgroup P = MU C G, we have

| #tg mug)du=o0
U

for all m € M and g € G. By a standard change of variable, f € C(G) is #-strongly cuspidal
if and only if for all proper 6-split parabolic subgroup P = MU, all m € M N G, and all
g € GG, we have

/ f(g 'u"'mug)du = 0.
U
By a proof similar to [5] Lemma 5.2.1 (i), if f € C(G) is 6-strongly cuspidal, M is a 6-split
Levi subgroup of G and Q € F?(M) is different from G, then we have
(I)?Lﬂ(xv f) =0

for all z € M N G,ey where the 0-weighted orbital integral @%’g(m, f) is defined by using any
special maximal compact subgroup K of G.

To a strongly cuspidal function f € C(G) we associate a function Of on G,., defined by
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O(x) := (1)1 "9 0F, . (z, f)

where M (z) := Centg(Ag,) (i.e. the minimal Levi subgroup containing x), a¢g, := dim(Ag, ),
ag = dim(Ag) and the weighted orbital integral @AG/[(w)(x, f) is defined by using any special
maximal compact subgroup K of G (the result is independent of this choice, see [35] Lemme
5.2). Then, by [35] Corollaire 5.9, ©; is a quasi-character in the sense of loc. cit.. This
means that for all semi-simple element x € G, we have a local expansion

Oy (vexp(X)) = Z cro(2)j(0,X)

OeNil(gz)

for all X € g, ¢, sufficiently near 0, where ¢ (z), O € Nil(g,), are complex numbers and
the other notations have been defined in §2.2] For all semi-simple element = € G, we set

1 . . . ..
Cf<gj) = { (|)Nil7“eg(gz)\ ZOeNilreg(ga;) Cf,O(x), lf Cflx 1S quas1—sp11t,
, otherwise

where we recall that Nil,.,(g,) denotes the subset of regular nilpotent orbits in g,. This
value does not depend on the choices of (.,.) and v. If G, is quasi-split and we fix a Borel
subgroup B, C G, and a maximal torus T}, ,4 C B,, then by Proposition 4.5.1(ii) of [5], we
have

(1) D) Pep(z) = [W(Go, Toga)| ™ lim  D(a')!20(a").

' €Ty ga—

Moreover, by [5] Proposition 4.5.1 (iii), the function (D%)!/2¢; is locally bounded on G.

Let x be a unitary character of Ag. We say, following Harish-Chandra, that a function
feC(@G)or fel(G,x)is a cusp form if for all proper parabolic subgroup P = MU of G,
we have

/Uf(:cu)du =0

for all z € G. Of course, for functions in C(G) being a cusp form implies being strongly
cuspidal. We shall denote by °C(G) and °C(G, x) the spaces of cusp forms in C(G) and
C(G, x) respectively. For each 7 € II5(G, ), the matrix coefficients of 7 belong to °C(G, x)
([14] Theorem 29). And if f is such a matrix coefficient, we have (see [6] 1.6(3))

2) 6, = d(x)" f(1)O.
Moreover, any element in the space °C(G, x) can be written as a finite linear combination of

matrix coefficients of representations inside II5(G, x). As a special case of Harish-Chandra-
Plancherel formula ([34] Theorem VII1.4.2), for all f € °C(G, x), we have an equality

17



(3) f= > dmf
where we have set f;(g) := Tr(7¥ (g 1)V (f)) for all € II(G, x).

3 A multiplicity formula for generalized Shalika mod-
els

3.1 Generalized Shalika triples

From now on and until the end of the paper we fix a central simple algebra A over F' of
rank n (i.e. A = Mat,,xm(D) where D/F is a division algebra of degree r and n = mr).
Try/p: A— Fand Nyp: A— F will stand for the reduced trace and norm respectively,
and we will set v(.) := |N4/p(.)|r. We also fix a maximal order O4 of A. Set G := GLy(A)
and define the following subgroups of G:

o K :=GLy(O,4) (a maximal compact subgroup of G);

o= (M) 1re A

v ((* ) 1xean

OHI:H()KN;

L:= {()\ M) | A\, p € A%} (a Levi subgroup of G);

e Q:=LN = {<)\ f) | A\, e A, X € A} (a parabolic subgroup of G).

Note that by combining Lemme I1.1.5 and Proposition 11.4.5 of [34], the subgroup H has the
following property (we shall say that H is strongly discrete following [13]):

(1) There exists d > 0 such that the integral / =%h)og(h)"*dh converges.
H

We fix a continuous character w : F* — C* that we identify to a character of Hy through
composition with Ny p : Hy — F*. We then define a character £ : N — C* by

5(1 )1(> = 1/}<TI“A/FX), X e A
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Then £ is invariant under the Hy-conjugation and thus extends to a character £ of H trivial
on Hy. We can also consider w as a character on H by composition with the projection
H — Hjy and we will denote by w ® & the product of these two characters of H. We refer to
the triple (G, H,w ® &) as a generalized Shalika triple. In particular, if A = Mat, (F), this is
the usual Shalika model. For all 7 € Irr(G) we define the multiplicity m(m,w) to be

m(m,w) := dim Hompg (7, w ® ).

By [10] Theorem 4.5 we know that this multiplicity is always finite.

3.2 A simple local trace formula for the generalized Shalika mod-
els

Here we assume that the character w is unitary. Let f € C(G). For all z,y € G we set

Kyt = [ 7 w0 )0 d

This integral is absolutely convergent by (1) Moreover, whenever convergent, we define
the following expression

J(f) := Ky(x,z)dz.

One of the main results of this paper is the following theorem which might be seen as some
sort of simple local trace formula in the setting of the generalized Shalika models.

Theorem 3.1. Assume that f € °C(G) and w is unitary. Then, the expression defining
J(f) is absolutely convergent and we have the following two expansions of it:

S W(H T / DH (st tdt = J(f) = 3 mmw) TrrV(f)

T€eTen(Ho) mella(G,x)

where Toy(Hy) is a set of representatives of conjugacy classes of mazimal elliptic tori in Hy,
cr(t) is defined in Section and x = w" seen as a character of Ag = F*.

Note that the summation on the right hand side of the equality above is a finite sum
(by [34] Théoreme VIII.1.2), hence it is convergent. The integrals on the left hand side are
absolutely convergent by the following lemma.

Lemma 3.2. With the same assumptions as in Theorem[3.1], the integral
/ D (t)cp(t)w(t)dt
T
is absolutely convergent for all T € Ty (Hp).
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Proof. We can rewrite the integral as

D" (t)ey (Hw(t)'dt
AG\T

where we recall that f,(g) = fAc f(ag)x(a)~*da. Since T is elliptic, Ag\T is compact.
Together with the assumption that w is unitary, it is enough to show that the function

t € Treg — DY (t)cy (1)

is locally bounded on 7'. This just follows from the fact that the function (D) 2¢; is locally
bounded on G (Proposition 4.5.1 (iii) of [5]), and D (t) = D(t)Y/? for all t € T}, O

The proof of this Theorem will occupy Sections [4] and [f] entirely. In section [d we will prove
the absolute convergence of J(f) when f € °C(G) together with the spectral expansion (that
is the second equality of the Theorem). It is the easy part and moreover the arguments are
very similar to [6] §3. Section [5| on the other hand contains the proof of the geometric side
(i.e. the first equality of the Theorem) which is more involved than that of the spectral side.

3.3 The multiplicity formula
The main interest of Theorem [3.1]is the following consequence of it.

Proposition 3.3. Let y = w" seen as a character of Aqg = F*. Then, for all m € Ily(G, x),
we have

mimw)= Y W (Ho T)[ / DH (t)en (#)w(t)dt

TeTen(Ho) Ac\T

where we recall that the Haar measures on the tori Ag\T, T' € Tau(Hy), are chosen so that
vol(Ag\T) = 1 (see §2.1). By a similar argument as in Lemma we know that the
integrals on the right hand side are absolutely convergent. Moreover, if A =D is a division
algebra, then the same formula holds for all m € Irr(G, ).

Proof: The case when A is a division algebra directly follows from Corollary [A.2] Assume
now that m € Ily(G, x). The absolute value |x| of x extends uniquely to a positive valued
character on G that we shall denote the same way. Then, up to multiplying w by |x|~! and
replacing 7 by 7 ® | X]’ﬁ we may assume that y is unitary and then so is w. We can then
use the equality of Theorem which may be rewritten as

S W(H T / Dty () Mdt = S m(r,w) T ()

TETon(Ho) Ac\T 7 €lla(G )

for all f € °C(G). Let m € II1(G, x). We choose f € °C(G) so that f, is a matrix coefficient
of m with f, (1) # 0. Then by Schur’s orthogonality relations, the spectral side reduces to
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m(m,w) Tr¥(f,) = d(m) " 'm(r,w) fi(1).
On the other hand, by [2.5(2), the geometric side equals

A1) Y WHDT [ D ettt

TeTeu(Ho) AG\T

This proves the proposition. ll

Remark 3.4. In general, if A is not a division algebra, then the multiplicity formula will
not holds for all tempered (or generic) representations. For example, let A = Mat,xm(D)
with m > 1, and let m be a tempered representation of G = Gliy, (D) with central character
X. Assume that 7 is the parabolic induction of some discrete series T = T4 ® -+ @ To, Of
the minimal parabolic subgroup Py = MyNy of G (here My = (GLy(D))*™). By Lemma 2.8
of [36]], the right hand side of the multiplicity formula is always equal to zero. On the mean
time, we can choose some nice T such that m(mw) # 0 (e.g. when the character w is trivial,
we just need to let T =1 @+ + @ Toy, with To;_1 ~ 75, for 1 <i <m).

4 The spectral side

In this section we prove, following [0] §3, the absolute convergence as well as the spectral
side of Theorem [B.11
For m € II1(G, x), let

B,:mxn’ = C

be the bilinear form defined by

B.(v,0") ;_/A ) e s )

for all (v,vY) € m x . Note that the integral above is always absolutely convergent by
3.1(1). Obviously B, descents to a bilinear pairing

B : Tuge X 7T2/w®£)_1 — C

where 7, and (-1 denote the (H,w ® &)- and (H, (w ® £)™1)-coinvariant spaces of 7
and 7V respectively. As in [6] §4 the main ingredient of the proof is the following proposition
which is a variation of [3I] Theorem 6.4.1 (a similar idea also appears in [36] Proposition

5.6):
Proposition 4.1. B, induces a perfect pairing between 7, g¢ and W(Vw@)g),l.

This proposition can be proved by the exactly the same way as [6] Proposition 3.21 once we
establish the next lemma.
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Lemma 4.2. For all{ € Hompy(m,w ® &) and all v € w, we have

/ [0(7(x)v)|*dr < .
H\G

Moreover, for all f € C(G), the integral

/ £(9)e((g)v)dg
G

is absolutely convergent and equals ((m(f)v).

Proof of Lemma : Let £ € Homy(m,w ® &) and v € m. Set G; := A* and embed G; in

g

G via g — . Let P, = L U; C G be a minimal parabolic subgroup and A; C L; the

1
maximal split torus. Let A; be the set of simple roots of A; in P; and set

Af :={a € Aj;|ala)] < 1Va € Ay},

Aft:={a e Af; |a(a)] < 1Va € R(A;,N)}.

Then, by the Iwasawa decomposition G = QK and Cartan decomposition for Gy, there
exists a compact subset Cy C G such that

(1) G = HAFC,.

Moreover, there exists a compact subset C4 C A; such that for all a € A} with £(m(a)v) # 0,
we have

a € AIHFCA.

Indeed, it suffices to show that for all & € R(A;, N), there exists ¢, > 0 such that for all
a € Ay with {(m(a)v) # 0, we have |a(a)| < ¢,. Let a be such a root and note that the
character £ has a nontrivial restriction to the corresponding root subspace N,. Let K, C N,
be a compact-open subgroup which leaves v invariant. Then, there exists ¢, > 0 such that
for all a € A; with |a(a)| > c,, the restriction of ¢ to aK,a™' is nontrivial which easily
implies that ¢(m(a)v) = 0. This proves the claim.

Thus there exists a compact-open subset C' C G such that

(2) The function g € G — {(7(g)v) has support in HA{"C.

Let P, = LU, be the parabolic subgroup opposite to P, and introduce the following
parabolic subgroup of G:
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pi 0 -
P = :m€E€EPL,1€GL,XeEAL.
{(X 91) D1 1,91 1 }

It has a Levi decomposition P = LpUp where

_J(h 0Y,
Lp -—{(O gl),l1€L1,91€G1}

0 _
UID;:{(g“(1 1); uleUl,XeA}.

Note that A; is contained in the center of Lp and

and

(3) AT ={a € Ay; |ala)] > 1Va € R(A,Up)}.

Moreover, we have

(4) HP is open in G.
Define a function Z7\¢ on H\G by

=EM\C(z) := volpn(zC) M2, 2 € H\G.

Then as in Proposition 6.7.1 of [5], we can show in turn that
(5) EM\G(zk) ~ EM\Y(2) and omg(zk) ~ ome(z) for all 2 € H\G and all k € C;

(6) There exists d > 0 such that Z%(a) < Z#\%(a)og(a)? for all @ € AT (this uses (3) and

(4));

(7) oma(a) ~ og(a) for all @ € Ay (this is because the regular map G; — H\G is a closed
embedding);

(8) There exists d > 0 such that the integral

/ =G ()20 06 (2) e
H\G

converges (this uses decomposition (1));

(9) For all d > 0, there exists d’ > 0 such that

/ =0 (hx)oq(he) ¥ de < 2\ (2)om o () ™
H
for all x € H\G (this uses (4) together with decomposition (1)).
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Finally, by the above points and (2), in order to prove the lemma, it remains to show that

(10) For all d > 0, we have |((7(a)v)| < Z(a)oc(a)™ for all a € AT,

Let K, C G be an open subgroup which stabilizes v. Then, from (3) and (4) we deduce the
existence of a compact-open subgroup J of G such that J C HaK,a ! for all a € AT+, Tt
follows that

Um(a)v) = (m(a)v, ey * )

for all a € AT where e; x £ denotes the element of 7V defined by

(w,ey* L) :=vol(J /6 w)dk, w € .

(10) now follows from standard estimates for coefficients of square-integrable representations.
|

We now prove the absolute convergence and the spectral side of Theorem Let f €
°C(G). Then, we have

K(z,y) = / G @ @ an

for all x y 6 G where we recall that X denotes the restriction of w to Ag and f,(g) :
fAG )~!da for all g € G. By |2 , we may assume that there exists m € IIy(G,
such that fx is a matrix coefficient of 7, 1.e. there exist (v,vY) € m x 7" such that f,(g)
(m(g)v,vY) for all g € G. In this case, we have

||é||

Ky(z,y) = Be(m(y)v, m(x)v")
for all z,y € G. Let N := m(m,w) and let vy,...,vy be vectors in m whose images in 7,

form a basis. Let vy, ..., vy be vectors in 7" whose images in 7 -1 form the dual basis
with respect to B,. Then, we have

y) = ZBW(W(Z/)U, U;/)BW(UD W(x)vv)

for all z,y € G. From there and Lemmawe deduce the absolute convergence of J(f). Now
the rest part of the proof is the same as that of [6] Theorem 3.11: using Schur’s orthogonality
relations we have




5 The geometric side

The goal of this chapter is to prove the geometric side of Theorem This proof will be
given in Section [5.90 We will continue to use the notations introduced in Chapter [3 and
we will assume as in Theorem that w is unitary. We will also need the following extra
notations:

o 0:= Ad (1 1) (an involution of G);

o G =A%, K, := 0} and gy := A (the Lie algebra of (i), note that we have a natural
identification L ~ G x Gy;

e There is a natural open embedding G; — g; and we will denote by gj its image.
Similarly, for any maximal torus T" of G| the previous embedding restricts to an open
embedding T < t, where t denotes the Lie algebra of T', and we will denote by t* its
image (i.e. the open subset of all X € t such that v(X) # 0);

e (.,.): g1 X g1 — F the bilinear pairing given by (X,Y) := Try/p(XY);
Recall that in this paper we are assuming that every algebraic variety X over F' that we
encounter has been equipped with a log-norm ox. For simplicity we will assume, as we may,

that g, and oy are both left and right invariant by K. Also, by Proposition 18.3 of [25],
we may, and will, assume that for all maximal torus T of G; and all g € GG, we have

(1) or\a:(9) = inf o, (tg).

Let T' C G be a maximal torus, then we recall the following inequality from [6]1.2(2):

(2) ona(g) < oalg'tg)log (2+ DE(1) ™)
for all g € G and all t € T'N Gg. We will also need the following easy-to-check lemma:

Lemma 5.1. Let K be a finite extension of I' and set vg := vpo Nk p. Then for all k >0,
the inequality

/ max(1, vk (y))*dy < C* x vol{y € K; vg(y) > C}
yeK; vk (y)=C

holds for all C' > 0.
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We now describe roughly how we will prove the geometric side of Theorem In Section
we will introduce a sequence of truncations (Jy(f))ns1 of J(f) such that ]\}im In(f) =
—00

J(f) whenever J(f) is absolutely convergent. Then, in Section [5.8] we will show that Jx(f)
admits a limit whenever f is 0-strongly cuspidal (see and we compute this limit. In the
particular case where f is strongly cuspidal (in particular if f is a cusp form), we prove in
Section [5.9that this limit is equal to the geometric side of Theorem [3.1] The bulk of the proof
is contained in Section [5.6), where we show that we can replace certain weights appearing
naturally from our truncations by other weights that are related to certain (singular) 6-
weighted orbital integrals.

5.1 Definition of a truncation

Fix a maximal split torus A; of G; such that K; is the fixator of a special point in the
apartment associated to A;. Let M; := Centg, (A1) and P; be a minimal parabolic subgroup
with Levi component M;. Let A; denotes the set of simple roots of A; in P;. We have a
Cartan decomposition

G1 == KlMlJrKl
with M = {m € M;{a, Hy,(m)) > 0 Va € Ay}, Let N > 1 be an integer and let
Ty € Afth be the point characterized by (o, Ty) = N for all « € A;. In [2[§3, Arthur
has defined a certain characteristic function u(., Ty) associated to T. More precisely, if we
denote for all a« € A; by @, € Aj,, the corresponding simple weight and set
M} (N):={m e M{"; (Hy,(m) — Ty, @,) <0Va € Ay}

Then u(., Ty) is the characteristic function of K;M; (N)K; (see [2] Lemma 3.1). Because of
the center, the set K;M; (N)K, is not compact and we define another truncation function
kn @ G1 — {0, 1}, this time of compact support, by setting

kn(9) = g~ v (v(9))ulg, Tn), g€ G

where 1j,-~ .~ stands for the characteristic function of the segment [¢~",¢"]. The next
lemma summarizes some basic properties of the sequence (ky)y>1 that we will need.

Lemma 5.2. (i) There exist ¢y, c2 > 0 such that for all g € Gy and all N > 1, if 0c(g) <
c1N, then kn(g) = 1; and if ky(g) = 1, then og(g) < coN.

(i) Let T C Gy be a maximal torus. Then, there exist ¢ > 0 and Ny > 1 such that for all
N = Ny and all g,h € Gy with max (o1\g, (9), 0m\c, (h)) < N, the function

a €T kn(htag)

15 invariant by the mazimal compact subgroup T¢ of T.
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Proof:

(i) is obvious;

(ii) Up to conjugating 7" we may assume that 7° C K; and Ay C A;. Since the property

we want to prove is invariant by left translation of both g and h by T, by (1) we may
replace the condition max (o7\c,(9), oma, (h)) < ¢N by the seemingly stronger one

max (0g,(9),0a6,(h)) < e¢N. Also, there exists a finite family (¢;);—1.. x of elements of T
k

such that T' = |_| ArT*t;. Hence, it suffices to show the existence of ¢ > 0 and Ny > 1

-----

=1
such that for all N > Ny and all g, h € G; with max (0¢,(g), 06, (h)) < ¢N, we have

ky(h~'tag) = kn(h™'ag)

for all ¢ € T¢ and all a € Ap. This property is obviously satisfied by the function
g = 1-~ ovy(v(g)) and thus we may replace sy by u(.,Tw). Set M := Centg, (Ar) and
define the maps Hp : Gy — Ay, P € P(M), by using the maximal compact subgroup
K. These maps are T“-invariant on the left. As o¢, is also T“invariant on the left
(since we are assuming 7° C K7), it suffices to show that for some ¢ > 0 and Ny > 1,
the following holds: for all N > N, and g, h € G with max (0, (9), 06, (h)) < ¢N, the
function

a € Ar— u(htag, Ty)

only depends on the families (Hp(h))pepr) and (Hp(g)) pep(amy- Such a property is
provided by the proof of Lemma 4.4 of [2]. Indeed, by the equation on the last line of
p.38 of loc. cit., there exists ¢ > 0 and Ny > 1 such that for all N, g and h as before,
we have

u(h™tag, Ty) = F]\Gj (Hy(a), Ya(h, g,Tn))

for all a € Ap(F) and where the (G, M)-orthogonal set Yis(h,g,Tn) is defined
by yM(h,g,TN)p = TN,P + Hp(h) — Hﬁ(g), P e P(M) ObViOUSIy this (Gl,M)—
orthogonal set only depends on the sets (Hp(h))pepuy and (Hp(g))pep(n) and this
proves the claim. W

Choose Haar measures on 1, g; and K such that

and

oo o [ 1))
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o= [ Lo ((7 ) (5)) v

for all ¢ € C.(G) (resp. for all p € C.(H)).

For every integer N > 1 and every function f € C(G), we define the following expression:

A (G TGN 1 ) R

where we have set

(@)= [ 0 ghyar
K
for all g € G. Note that if the integral defining J(f) (see §3.2) is absolutely convergent, then

we have

J(f) = Lim Jy(f).

N—oo

By Weyl’s integration formula, we have

(1) In(f) = Z (W (G, T)| ™ v (f)

TeT(G1)

for all N > 1 and all f € C(G) where T(G) is a set of representatives of the Gy-conjugacy
classes of maximal tori in G, and for all T' € T(G1) we have set

Ina(f) :z/TDGI(t) /TxT\Glel /glfK <(g_1 h‘1> (t t) (1 )1() (g h))

dg n —1
HN,T,ﬁ(gv h’v X)Xm/(g)n V(h) thJ(t) dt

with

knTe(g, h, X) :—/Tf(aX)l/iN(hlag)da.

From now on and until the end of section we fix a torus 7' € T(G;). Without loss of
generality (i.e. up to conjugating 7' by an element of GG;), we may assume that Ap C Ay
and T'N K; = T°. From Lemma [5.2{i) and [p[1) we easily infer that there exists & > 0 such
that the following estimate

(2) lknre(g, b, X)| < ome, (9) one, () N*
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holds for all N > 1, all g,h € G; and all X € g;. More precisely, there exists & > 0 such
that

(3) / kn(h~tag)da < om, (9) ora, (h)*N*
T
for all N > 1 and all g, h € G;.

5.2 Concrete description of 7' and of related objects

Set M, := Centg, (Ar) (a Levi subgroup of G1), M := M; x M; (a Levi subgroup of G).
Then, the Levi M is 6-split. Moreover, there exist field extensions K7, ..., K; of F' such that
(1) To~Kx...xKJ.
More precisely, there exist:

e A division algebra D, central over F' and of degree r dividing n;

e A right D-module V free of rank n/r;

e An isomorphism of F-algebras

inducing an isomorphism
G1 ~ GLD(V)

e For all 1 <1 < d, adegree r subextension F; of K; together with an embedding F; <— D
and an isomorphism of (right) D-modules
(2) VoK@ De...0 Ko, D

through which the action of 7" is given by multiplication by K. on the i-th factor.
We fix such data (and isomorphisms) once and for all and we fix a basis of V' compatible
with the decomposition (2). Doing so we will identify G (resp. G) with GL,/(D) (resp.
G Layr(D)). Besides (1), we also get identifications
(3) t~ K ... oK,
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and

(4) M ~ GLy, (D) x ... x GLy, (D) x GLy, (D) x ... x GLy,(D)

where we have set k; := [K; : Fj] for all 1 < i < d. We will denote by t* the orthogonal of
t in g; with respect to the symmetric bilinear form (.,.) and by X — X (resp. X — X1)
the projection g; — t (resp. g1 — t*) relative to the decomposition g; = t @ t*.

5.3 An estimate
For all f € C(G), all t;,t2 € T'N Gy ,eq and all k > 0, we define the following expressions:

Li(f s b)) = /TxT\Gle1 /glf ((g_l h—l) (tl tz) (1 )1() (9 h))

d
1,61 (0)1 7116, (1) (7 X (9 X)X

and

It (f) ::/TDGl(t)Ik(f,t,t)dt

where we recall that for all X € g;, X; and X1 stand for the projections of X onto t and t*
respectively with respect to the decomposition g; = t @ t+. Similarly, for all f € C(G), all
t1,t2 € TN Gypeg, all k>0 and all C' > 0, we define the following expressions:

In<c(f t1,t2) 3:/TxT\Gle1 /glf ((gl h1> <t1 tz) (1 )1() (9 h>)

ora:(9) o, (R)Fog: (g7 Xih) o, (97 X h)*

d
1T\Gl7<c(g)1T\G1,<c(h)1g7,<c(g_1Xth)1gl,<c(g_1XtLh)ergg)nV(h)"dh

and

Iry<c(f) ::/DG1<t)Ik,<C(f,t,t)dt.

T

Proposition 5.3. (i) Forall f € C(G), allty,ta € TNG1 ey and all k > 0, the expressions
defining I (f,t1,t2) and Ipx(f) are absolutely convergent.

(i1) For all f € C(G), allty,t € TN G yey, all k >0 and all r > 0, we have inequalities

[Ie(f,t1,t2) — I <c(f, t1,t0)| < C7F
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and

\Irk(f) = Ik <c(f)] < C7"

for all C' > 0.

Proof:

(i) Fix f € C(G), t1,t2 € T N Girey and k > 0. Up to replacing f by its absolute value,
we will assume that f only takes nonnegative values. By Corollary 2 of [7], to prove
the absolute convergence of Iy(f,t1,ts), it suffices to prove that for all » > 0, we have

<%)"/glf<(g‘l h—1> (tl t2> <1 X)( )2 ora: (9) oma, (h)*

agf(g_lXth)kcrgl( X k)X < Z9 (g7 (R~ oh)oq, (g7 g) "oq, (W k)T

for all g,h € Gy. Since o\, (9) < 06, (97 tg) and opg, (h) < og, (R t2h) for all
g,h € G (this is because g € T\G, + g~ 't;g € G, is a finite morphism and similarly
for t5), we are reduced to prove that for all r > 0, we have

(%)n/glf ((9_1 h‘1> (tl t2> <1 )1(> <g h)) Ug;(g_lXth)kagl(g_lthh)"/‘dX

K E9 (g7 Mg)Z (W ah)oe, (97 tg) oG, (k) Mo, (9) T or g, (h) O

for all g, h € G1, where we recall that d denotes the rank of Ar (see . As the left
hand side of the above inequality is invariant by left translations of both g and A by
T, by (1) we see that we may replace op\¢,(g9) and op\g, (h) by o¢,(g) and og, (h)
respectively in the right hand side of the inequality. Moreover, we have

Og; (gileh')Ugl( Xti-h < log (2 +v Xt 1)) 091( ) oG, (g)2UG1(h)2
< log (2+ (X ") 04, (97 X1)%06,(9) 0, (R)*
< lOg (2+V Xt 1)) UGl( ) O'Gl(h>4

o) () D)

for all g,h € G| and all X € g;. Thus, as the function v € G — f(v)og(v)?* is again
Harish-Chandra Schwartz, up to replacing f by this function, we just need to show
that for all » > 0, we have
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) L) () () (0 ) s vonfox

< E’Gl (g_ltlg)EGl (h_1t2h)OG1 (g_ltlg)_raGl (h_lch’)_ro—Gﬁ (g)dkOG1 (h)dk

for all g,h € G;. Similarly, by using Lemma 1.8.4 of [6] (together with the same
reductions as before), we see that the absolute convergence of It (f) is implied by the
following stronger inequality for all r > 0:

() L (7w () () (7 ) et vontox

n/2
via — _ —_ _ - —r — —r
< (—Vgaji) =9 (g7 a19)E9 (h ash) oG, (97 arg) "o, (W ash) "og, (9) %o, (R)™

for all g,h € G7 and all a;,a5 € T. Fixr >0and forallY e t,let Y =Y, +...+ Y],
be the decomposition of Y according to the identification [5.2}(3) (so that ¥; € K; for
all 1 <i < d). Then, we have

d

log (2 + V(Y_1)> < Hmax(l, v, (Y3))

=1

for all Y € t*. By Holder inequality, we have

L7 ) () () () ety
(L ) () ) o)

Hence, we just need to establish that for all 1 < i < d, we have

(1) (%)n/gf ((g_l h_l) (“1 @) (1 f) (9 h)) max(1, v, (X)) dX

n/2
via - — - — — —r — —r
< (L) 20 (g g = 0 eaho, (0™ 1) o (1 aah) o, (0o, ()

for all g,h € G and all aj,as € T. Fix 1 < ¢ < d and let {; be the subspace
of t corresponding to K; via the identification [5.2}(3). Denote by t the orthogonal
complement of t; in g; with respect to the bilinear pairing (.,.). We can write
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/91f ((gl h_1> <a1 a?) (1 )1() (g h>) max(1, vi, (Xi:)) *dX
B /t%/uf ((g_l h‘l) (al a2) (1 XTY) (g h)) max(1, vg, (Y))™dY dX

for all g,h € Gy and all a;,a3 € T. Let J C G be an open subgroup by which f is

-1
Ly 1Yh ¢ Jforall g,h € Gy and

all Y € t; with vk, (Y) > Aog,(9)og, (k). For all g,h € Gy, set

biinvariant. Then, there exists A > 0 such that

ti[<>g> h] = {Y et | UKi<Y) < A0G1 (g)OGl (h)}7

ti[>7ga h] = {Y SR ¥ ‘ vKi(Y) = AUGI (g)UGl(h)}'

Then by further decomposing the above integral, we have

/glf <(g_1 h_l) (al az) <1 )1() <g h)) max(1, v, (X)) " dX
B /f# /ti[<,g,h]f ((9‘1 hl) (al ag) (1 XJer) (g h>) max(1, v, (V)" dY dX
+/t# /t'i[?h‘]vh]f (<gl h_1> (al a2) (1 )1() (9 h)) max(1, v, (Y))*dY dX

for all g,h € Gy and all ay,a; € T. By applying Lemma [5.1] we see that this last
expression is essentially bounded by the product of og,(g)%*0oq, (h)% times

Lo ) )0 )
L ) e
S (GO IR T

for all g,h € Gy and all a;,as € T. Finally, it follows from Proposition 11.4.5 of [34]
that
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() L0 ) () ()0 0)) o
L ) (1))

n/2
v(a — _ .
< ( ( 2)> 2 g a19)E9 (h agh)og, (9 arg) " oc, (R azh)

v(ay)

for all g, h € G and all ay,as € T. This proves inequality (1) and ends the proof of (i).

(ii) We prove the first inequality, the proof of the second one being similar. Fix f € C(G),
t1,to € TN Gipeg, k> 0and r > 0. For all C' > 0 we have

\Le(f t1, t2) — In<c(fotr, to)| <Ip oo (| f1 6, t2) + L s (I f] 1o to) + 12 oo (1 f ]t t2)
+[£,>C(’f|7t17t2)

where

et =[S ) () (3 0)

orai (9) o, () og (97 Xih) oy, (97 Xwh)"
dg n
1T\G1,>C<g) l/(g)ny(h) dh‘7

and 12, (11,1, 82), Tocllf1,t1,t2) and T2 o fl,tr, 1) ave defined similarly by re-
placing 1nq, >c(9) by 1ra,sc(h), 1gr (g™ Xih) and 14, ~c(97 ' XL h) respectively.
Then for all 1 < 7 <4 and all C > 0, we have

]lz,>C(|f|7t17t2) < C_le+r(|f|7t17t2)-

By (i) Txtr(|f], t1,t2) is absolutely convergent. This proves the claimed inequality and
finishes the proof of the Proposition. B

5.4 Computation of certain (G, M, #)-orthogonal sets

Recall that we have fixed a basis of V' compatible with the decomposition [5.2] (2). In this
basis, the maximal (6, F')-split central torus Ao of M is the subgroup of matrices of the
form
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M1y,

Aalr,
AN,
N,
where \; € F* for all 1 < i < d and we recall that k; := [K; : F;]. Thus we have an
identification of Ay with R? such that for all m = (my,...,meq) € M (decomposition

according to the identification [5.2}(4)), we have

Hyyo(m) (W(NMk1 (o)1) — Vp(Nay (p)/FMat1) vF (N, ()/Fa) — UF(NMkd(D)/FmM))
M,0 = PSS
’ 2 2

where for all 1 < i < d, N, (py/F M;(D) — F denotes the reduced norm. For all
X = (Xy,...,Xy) € t*, we will also set

V(X) = (vk, (Xq),...,vk,(Xq))

where vk, := vp o N,/ for all 1 < < d. Note that we have

) Huo () yh) =v0)

for all X € t*. We extend the map Hprg : M — App to the maps Hpp : G — Aprp for all
P € PY(M) by using the maximal compact subgroup K.

Set W .= (Z/ QZ)d. We identify W with a subgroup of G' by sending the i-th element e;
of the canonical basis of W to the element of G which switch the two copies of K; ®p, D in
V @ V. By the assumption that T¢ C K;, we have W C K. Conjugation by W preserves
M and commutes with §. Hence it induces an action on the set F?(M) of §-split parabolic
subgroup containing M and also on Az that we shall simply denote by (w, P) — wP and
(w, X) = wX respectively. We have

(2) PIM) = | | wP"(M)

weW

where we recall that P?(M) is the set of #-split parabolic subgroups with Levi component
M and P%Q(M) is the subset of P € PY(M) such that P C Q.

Proof of (2): It suffices to show that
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U 4

PePQ(M)

is a fundamental domain for the action of W on A,;p. With the identification above, we
have

U Afy = {X € Aug; (0, X) > 0Va € R(Ayg, Ug)} = RY.
PePI:Q(M)

Now the claim follows easily from the fact that the action of W on Ajpsg is given by sign
changes of the coordinates.

Lemma 5.4. There exist ¢ > 0 and Ny > 1 such that for all X € t*, allY € t*, all g, h € G,
and all N € F* satisfying

[ ] ’UF(/\) 2 NQ,'
* 06,(9) < cvr(A), 06, (h) < cvr(A), 0w (X) < cor(A) and oq,(Y) < curp(A),

we have

R T R G R e

for all P € PPQ(M) and all w € W.

Proof: Let P € P%?(M), w € W and fix Ny > 1 and ¢ > 0. Let X,Y,g,h, \ satisfying
the conditions of the lemma. We will show that the claimed equality is true provided N is
sufficiently large and ¢ sufficiently small. For simplicity, we will set z = A7,

Since W C K, we have

e (0 ) () = (o () (7))

Up to reordering the K;’s, we may assume that w = e; + ...+ ¢; for some 1 <t < d. In this
case we have

O, O Iy O
0 Im—k: 0 Om—k
I, 0 0 O
0 Omfk 0 [mfk

w =

w Ym—k
(Xk,Yk) S Mk(D)Q, (mekaymfk> c Mm,k(D)2, W e Mmfk,k(’D) and Z € Mk,m,k(lj) Note

where k := k1+...+k; and m = n/r. Write X = (Xk D% ) andY = (Yk 4 ) where
m—k
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that if Ny is sufficiently large and ¢ sufficiently small, the matrix 2 X;+Y; = sz(]k—k)\Xk_lYk)
is invertible. Direct computation then gives

(1 zX—i—Y)
w ! =

—(ZXk—l—Yk)_l I, _(ZXk+Yk) A
Imfk Imfk W Zmek + mek
ZXk + Yk Ik
]m—k; ]m—k;
I 0 O 0

—W(ZXk + Yk)il I O —VV(Z)(;C + Yk)*lZ
(ZX]C—{—Yk)il 0 I, (sz+Yk)*1Z

X

For Ny sufficiently large and ¢ sufficiently small, the matrix

Ox 0 O 0
—W(ZXk + }/}g)_l Omr O —W(ZXk + Yk)‘lZ
(ZXk—f—Yk)_l 0 Og (ZX]C+Y}C)_12
0 Opm—r O Om—k

is so small compared to g and h that

Iy 0 O 0
g_l —W(ZXk -+ Yk)_l I O —W(ZXk + Yk)_IZ q
( h_1> (ZXk + Yk)_l 0 1, (ZXk + Yk)‘lZ ( h)
0 Op—r O Lok

belongs to K. Hence, for Ny sufficiently large and c sufficiently small, we have

1

) R (S

Imfk

Once again, for Ny sufficiently large and ¢ sufficiently small, the matrix 2~ X, 'Y} is so small
compared to g and h that we have

“1y—ly \-1 1yl
g ((Ik + 27X ) ) ge K, h! (Ik T2 X Y ) he K.
—k

Im Im—k

So finally we get that
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1y -1
-2 X,

12X +Y I
prﬂ(( X )(9 h)):wﬂw . . Hpg (9 h)

[m—k
for Ny sufficiently large and ¢ sufficiently small. Now, from (1) we easily check that

—Z_le_l
Iy V(zX) —wV(zX)

'Z,U.HM’Q ZXk = 2

and this ends the proof of the lemma. W

5.5 Computation of certain singular #-weighted orbital integrals

To all g,h € Gy and X € t* @t we associate a (G, M, 0)-orthogonal set Z(g,h, X) =
(Z(g,h, X)p)pepear) defined by

Z(g,h, X)p = wHpg (g h) - %(V(Xf) —wV (X))

for all P € P*?(M) and w € W where we recall that X, denotes the projection of X onto
t. The fact that Z(g,h, X) is indeed a (G, M, #)-orthogonal set easily follows from Lemma
.4l We define

wMﬁ(Q, h7 X) = UM,G(Z(.Q’ ha X))

for all g,h € Gy and X € t* @ t-. Note that wys(g, h, X) is NOT always the volume of the
convex hull of the set Z(g, h, X) (this is because this (G, M, §)-orthogonal set is not always
positive). However, there exists £ > 0 such that

(1) ware(g: b, X)| < oma,(9) ora, (h) og (97 Xih)*
for all g,h € G; and X € t* @ t+. Indeed, by (3), there exists k > 0 such that

lware(g, b, X)| < 06,(9) 0c, (h)fow(X)" < 06,(9) 0c, () og (g Xh)*

for all (g, h, X) € G2 x (t* @ t+). We easily check that wyre(t1g,tah, t1 Xt5 ") = ware(g, hy X)
for all t1,t5 € T and thus we get

|wM,9 (g? h? X)| <og (tlg)kaGl (tQh)kag’{ (gilX’th)k

for all g,h € G1, X € t* @t and t,t, € T. Taking the infimum over ¢; and t, of the right
hand side yields the desired inequality by [5(1).
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Recall that in §2.4] we have defined a 6-weighted orbital integral f € C(G) — ®prg(x, f) for
all v € M NG,y (where we again use the maximal compact subgroup K to define the maps
Hpp : G — Aprg for P € PY(M)). For all t € T N Gy 4ey, we define a f-weighted orbital

integral at the non-regular point t) by

() [ L ) (DD )

dg
waro(g, b, X)dX -2y (h)"dh
M,G(g ) I/(g)n ( )

for all f € C(G). Note that this integral is absolutely convergent by (1) and Lemma [5.3(1).

Proposition 5.5. For all 0-strongly cuspidal function f € C(G) and allt € T N G ey, we

have
1/2
(1) (1)) ))

(In particular the limit exists).

Proof: Recall that by definition

({1 ))~ ot € )i

where for g € G, Y(g) is the (G, M, 0)-orthogonal set defined by

V(g)p = Hpylg), P eP'(M).
For all z € F*, we define a (G, M, 0)-orthogonal set X' (z) = (X (2)p)pepo(ar) by

1

X(2),p = §(V(z) —wV(z)), for all P € P9?(M) and all w € W.

Then for all A € F*\{1}, we have

() ()

Indeed, this follows from [2.3{5) and the equality

(1))

for all Q € F9(M) with Q # G, which is a consequence of the fact that f is f-strongly
cuspidal.
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Now by the Iwasawa decomposition G = (G; x G1)NK, we can write

sl ) o () DI DE )
() ) 0 n)ertra

After the variable change X + (1 — AAd(t™1))~! X, for ) sufficiently close to 1, we get

pe () o (1) 1) -
DE (1) /T o /g A ((g_l h_l) (t At) (1 )f) (9 h)) @(g,h, X, )\)de(d;nV(h)”dh

where we have set

@(g,h, X, \) = varo (y <(1 (1= AAle))lX> (9 h)) X1 - )\)) .

By [2.3|(3), there exists k& > 0 such that

(2) |{D(ga hv X7 /\)| < OT\G4 (g)kJT\Gl(h)ngl (g_th)kUF(l - /\)k

for all (g,h, X,\) € G2 x (t* ®t') x F* with X sufficiently close to 1.

For all C' > 0, set
~1/2
) ( ) DY (1)

e (1)
/TxT\Glxc;l o < ’ 1)( At) (1 )1(> (g h))@(g,h,X,)\)

d
16y ,<c(9)1me<c(M)1gr<c(g Xih) 1y, <c(9™' X h)dXngylu(h)”dh

and

o)) [ L)) DE )

d
war (9,0, X) 1mva,.<o(9)1nen <o (M) <o(g™ Xih) 1y, <o(g™ X h)dX ,/(gg)n v(h)"dh.
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Fix 0 < e < 1. By (1), (2) and Proposition [5.3(ii), we have (Note that for A sufficiently close

to 1, fX is invariant by ) on the left):

A

. G t 1/2 t ¢
(3) }\L}II%D ( /\t> ((I)M,e (( )\t) ,f) — @0, <op(r—1)c (( )\t) Mf)) =0,
. t ¢
(4) }\gq (I)M,Q <( t> 7f> - CI)M,9,<11F()\—1)6 (< t) 7f) = 0.

Moreover, it follows from Lemma that for all X sufficiently close to 1 and all g, h € Gy,
X € g1 with o, (9) < vr(A = 1), ong, (h) < v(A = 1), Jg»{(g_lXth) < vp(A — 1) and
04, (g7 X h) < wvp(X — 1), we have

y ((1 (1— )\Adgt‘l))‘lX) (g h)) L X(1—)\) = Z(g.h X),

and so
@(g7haX7 )\) = wM,@(g7h7X)‘

Since f¥ is left invariant by ()\ ) for X\ sufficiently close to 1, it follows that

1

t 1/2 [ t
D¢ ( )\t) P, <oir—1)e (( )\t) ,f) = D ()2 ®pr 0 <o(r1)e (( t) ,f)

for A sufficiently close to 1 and hence, by (3) and (4),
t N\ t t
e _ G2
o (1) " un (1) =0 ((*)-1)

5.6 Change of weight

Choose a minimal #-split Levi subgroup Mj, contained in M and fix Fy € PQ(MO). Using
these data we can associate to any point Y € Ay, a (G, M, 0)-orthogonal set (Yp) pepo ()
as in . For every Y € Ay, every g,h € Gy and every X € t* @ t, we define a
(G, M, 8)-orthogonal set Z(g,h, X,Y) := (Z(g,h, X,Y)p) pepo(ar) by setting

Z(ga h7X7Y>P = YP _Z(g7 th)P

for all P € PY(M) where Z(g,h, X)p was defined in section To such a (G, M,0)-
orthogonal set is associated a function Ff/[ﬁ(.,Z(g,h, X,Y)) on Ay (see . If the
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(G, M, 0)-orthogonal set Z(g,h, X,Y") is positive, this is just the characteristic function of
its convex hull.

For all Y € Ay, 0, we define a new weight waz4(.,.,.,Y) on G; x Gy X g by setting
wM,O(gv hv X7 Y) = / F%,Q (HM79(Q>, Z(ga ha X7 Y)) da
T

where for simplicity we have written Hysp(a) for Hpp (a 1). A proof similar to that of
5.51(1) shows that for some k& > 0, we have

(1) [War0(g, 1, X, Y| <€ o6, (9) o, () og (97 Xih)* (1 + [V ])!

and even

(2) /|F1\G/1,9 (Huo(a), Z(g,h, X, Y))|da < or\¢, (9) ome, (W) og: (g7 Xeh)" (1+ [Y])
T

for all g,h € Gy, X € t* @ t- and all Y € Ay, 4, where |.| denotes a norm on Ay, g. Using
this weight we define a new expression

i f L)) DE )

d
Waso(g, h, X,Y)dX (g) v(h) dhw(t)"1dt
v(ig n

which is absolutely convergent by (1) and Proposition [5.3[(ii).

Let Ay be the maximal central (0, F')-split subtorus of My and let Ag be the set of simple
roots of Ag in Fy. The goal of this section is to show the following:

Proposition 5.6. Let 0 < €1 < €3 < 1 and assume that f € C(G) is 6-strongly cuspidal.
Then for all r > 0, we have

Inr(f) — %JY,T(f) < N7

forall N >1 and allY € A;Oﬁ satisfying the following two inequalities

€ <
(A) N < alenAfo a(Y),
(B) sup oY) < N2,
aEAg
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Proof: Forall C' > 0,all N >1and all Y € A}Smo, we set

wasetv= [ [ L () )0 )0 0)

d
kne(9, b, X)lT\Gl,go(g)1T\G1,<c(h)1g§,<c(g_1Xth)dXy(;])n v(h)"dhw(t)""dt
and
-1 t 1 X\ (g
waet)= [oo () () C 1))
YT<C< ) T () TXT\G1><G1 g1 h ! t 1 h
_ . d § )
ware(g, h, X, Y)1rar,<c(9)1m\cr <o (h)1g <c(g lXth)dXng)nV(h) dhw(t)~"dt.

We fix henceforth an € > 0 satisfying € < €;. It follows from (1), [5.1.(2) and Proposition
5.3((ii) that for all » > 0, we have

|InT(f) — Ingane(f)] K N7

and

|y (f) = Jyrene(f)| <K N7"

for all N > 1 and all Y € A}, , satisfying inequality (B). Thus it suffices to establish that
for all » > 0, we have

1

(3) Ing<ne(f) — 5d

Jyr<ne(f)| <N

for all N > 1 and all Y € Ajp, , satisfying inequalities (A) and (B).
For all g,h € Gi, X € * & t+ and Y € Ay, 0, we have the identity (see (1))

(4) > TR A Z(g, b, X, Y)TH (A= Z(g,h, X, Y)g) = 1

ReFO (M)
forall A € Aypp. We are going to modify this decomposition slightly by taking its convolution
with a function with integral 1 and of small support (relative to N') in C°(T"). The function
we need is provided by the next lemma. Before we state the lemma, we need to introduce

some more notations. For ¢ € C(T'), we define its “Fourier transform” (a function on t)
by

o(X) = /Tgo(a)é(aX)lda, X e t.
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We also define a function L € C2°(t) by

L(X) = LKl(Xl)'--LKd<Xd>7 X et

where X = X; + ... 4+ X is the decomposition of X according to the identification [5.2,(3),
and for all 1 <4 < d, the function L, (-) is defined to be

1, if UKi(Xi) > 0;
0, otherwise.

Note this function factorizes through the map X € t — V(X) € Ay introduced in §5.4]
Thus we can define L(V(X)) := L(X) for all X € t. A crucial property of the function L is
that it satisfies the identity

(5) S L(wX) = 1

weW

for all X € t, where W is the subgroup of the normalizer of M that was introduced in §5.4]

Lemma 5.7. There exists a sequence of nonnegative functions (pn)nsn, in C2°(T/T¢) with
the following properties

o Supp(pn) C{a €T; or(a) < N} for all N > Ny;
° /@NzlforallN>No;
T

e There exists ¢ > 0 such that |py(X) — L(X)| < e for all X € t and all N > Nj.

Proof: The Fourier transform ¢ — § extends to an isomorphism betweem the space of
functions f : T'— C such that v~ f extends to a smooth function with compact support on
t and C2°(t). Let L be the inverse of L for this isomorphism. Then L is Tinvariant and we
can write

L=) Mlgr
el
where (a;);er is a family of distinct elements of T/T¢ and (\;);es is a family of positive real
numbers (this is because L is a positive linear combination of characteristic functions of
lattices in t) summing to vol(T¢)~! (since L(0) = 1). Moreover, there exists ¢; > 0 such
that \; < e=197(%) for all 4 € T (this follows from the fact that v~'L extends to a smooth
function with compact support on t). Set

-1

pn = [vol(T?) Y N > Ailgre

;o7 (a;)<NE ;o7 (a;)<NE

44



for all positive integer N big enough so that Zi'aT(ai) <ve Ai # 0. Then this sequence of
functions obviously satisfies the first and second point of the lemma. Moreover, denoting by
|.||lsc the sup-norm on t, we have

-1

”SBN - LHoo < VOl(TC) Z Ai -1 Z )‘i“laiT“Hoo + Z )‘inlaiTc o0
;07 (a;)<N€ i€l;0r(a;)<N€ i€l;or(a;)>N¢
< 2V01(TC) Z €—c1aT(ai) < 26—c1N€/2/ e—claT(a)/2da
T

iEI;UT(ai)>N6

for all N > 1. Since the last integral above is convergent, this shows the last point of the
lemma for ¢ < ¢1/2 and Ny large enough. W

We choose a sequence of functions (¢n)nsn, as in the lemma. For all g,h € Gy, all X €
t' @ th all Y € Ay, and all R € FO(M), we set

AR(Aaga haXv Y) = Fﬁ,f)(AvZ(ga h7X7 Y))Tlg9<A B Z(g?h7X7 Y)R)7 Ae AM:Q'

And for all ¢ € C°(T'), we define the convolution ¢ * Ag(., g, h, X,Y) as usual by

e x Agr(A,g,h, X,Y) := / o(a)Ar(A — Hyp(a),g,h, X, Y)da, A € App.
T

By (4) and the second property satisfied by the sequence (¢n)n=n,, We have

(6) Z SON*AR<Aagah:X7Y):1
ReF9(M)

for all N > Ny, all A € Ay and all (g,h, X,Y) € G x (t* D t1) x A;0,9~
Set

Inr<c(f) iI/TDGl(t) /TxT\Glel /gl * <(gl h—1> (t t) (1 )1() (g h))

d
knre(9: 7 X) 16y <c(9)1ma,<o (M) g <o (g7 Xih)dX V(;])n v(h)"dhw(t)" dt

for all N > Ny, all Y € Ay g, all R € F/(M) and all C' > 0, where
ﬁﬁ’fo’g(g, h,X):= / E(aX) ey (R rag)pn * Ar(Hye(a), g, h, X, Y )da
T
for all g,h € G; and X € t* @ t-. Then, by (6) we have
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RY
InT<c(f E JNT<C
ReFo (M

for all C' > 0, all N > Ny and all Y € Ay . Thus in order to prove (3), it suffices to
establish the following two facts

(7)  There exists ¢ > 0 such that

1 _NE
Jﬁ%«ve(f) 2dJYT<N€(f)‘<<€ N

forall N > Ny and all Y € A;Oﬁ satisfying inequality (B).
(8)  Forall R e F(M) with R # G and all r > 0, we have

TR (] < N
for all N > Ny and all Y € A;Sme satisfying inequality (A).

From now on and until the end of the proof, when N > 1 is fixed, we will say that (g, h, X) €
G3 x g1 is in the good range if X € t* @ t- and we have the inequalities o\, (g) < N,
o, (h) < N°and o (97" Xth) < N°.

Proof of (7): By Proposition [5.3(i), it suffices to show the existence of ¢ > 0 and k > 0 such
that

(9)

1 _eNe _
K%?ﬁ(g’ h X) - ﬁwMG(%h?X’ Y) <e N OT\G4 (g)kUT\GH(h)kUgi‘ (g 1X’th)k<1 + ’Y’)k

for all N > Ny, all Y € .AIJSO’G satisfying inequality (B) and all (¢g,h, X) € G; x G} X g; in
the good range.

By (2) and the first property satisfied by the sequence (¢n)nsn,, there exists C' > 0 such
that for all (g,h, X,Y) € Gy x Gy x (t* @ t") x A}, ;, and all N > 1, we have
en*Sro(Huo(a), 2(9,h, X,Y)) # 0= 06,(a) < C (06,(9) + 06, (h) + 05 (97" Xih) + [Y] + N°)

for all @ € T. Hence by Lemma [5.2{i), together with the inequality € < e, < 1, for N
sufficiently large, we have

ON * FJ\G/[’Q(HMﬂ(a),Z(g, h,X,Y)) #0= /{N(h_lag) =1

forall Y € AJISO’Q satisfying inequality (B) and all (g, h, X)) € G; X G X g; in the good range.
This implies, again for N sufficiently large, that
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KX (g, b X) = / £(aX) o # TG, (Haro(a), Z(g, b X, Y))da

= / @N(aXt)Ff/w(HMﬂ(a), Z(g,h,X,Y))da
T

forall Y € A}CO,@ satisfying inequality (B) and all (g, h, X) € G1 X G X g; in the good range.
By (2) and the third property satisfied by the sequence (pn)n=n,, there exist ¢ > 0 and
k > 0 such that

/ @N(aXt)rﬁﬁ(HMﬁ(a),Z(g,h,X,Y))da— / L(aXt)P%ﬁ(HMﬁ(a),Z(g, h,X,Y))da
T T

<e / TS0 (Haro(a). Z(g, b, X, Y))lda < o6, (9) o, (1) og; (97 Xh) (1 + Y ])*
T

for all N > Ny and all (g,h, X,Y) € Gy x Gy x (£ ®t-) X Apg, 6. Thus in order to show (9),
it only remains to establish the following identity

1 _
(10) / L(aXf)FJ\G/I,Q(HMﬁ(a)? Z(gv h7 X7 Y))da’ - _wM 9(97 h7 X? Y)
T

2d
for all (g,h, X,Y) € G1 x Gy x (t* @ t+) x Ay . Fix such (g,h, X,Y). After the variable
change a — aX, !, we get

1
/ L(aX)T$; o(Hure(a), Z(g,h, X,Y))da = / L(a)T$; o(Haro(a), Z(g, h, X, Y)+§V(Xt))da
T T
(Note that Hye(X,) = 3V (Xi)). Moreover, we easily check from the definitions that the
(G, M, 0)-orthogonal set X(g,h, X,Y) := Z(g,h, X,Y) + %V(Xt) has the property that
X(g,h, X,Y)wp = wX(g,h, X,Y)p for all w € W and all P € P?(M). This implies that the
function T'; »(., X (g, h, X,Y')) is W-invariant and by (5) it follows that

/TL(a)rm(HMﬁ(a),X(g,h X,Y))da = — ] Z/ wa)T'§; o(Haro(a), X(g, b, X, Y))da

weWw

1
= 50 [ TSioHaraa), X(g.h, XY ))do
1
2d F]\G/IG(HM9< ) Z(g,h,X,Y))dCL

where to get the last equality we have performed the variable change a — aX;. This proves
(10) and ends the proof of (7).
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Proof of (8): Let R € F?(M) with R # G. We will need to rewrite slightly the weight

RNTg(g, h,X). By Lemma (ii) and since the functions (¢n)nsn, are T-invariant, for N
big enough, all Y € Ay ¢ and all (g, h, X) € Gy x Gy X g; in the good range, we have

mﬁ};é(g, h,X) = vol(T¢)~* / E(apaX) tdagkn (R rag) oy * Ar(Hup(a),g,h, X,Y)da
T J1e
or equivalently

Iiﬁ?f(.%h?X) = /TS/O;(G’XQ’%N(h10’9)()0N*AR(HM,0(G’)797 h,X,Y)dCL

where ¢° := vol(T¢) 1.

In what follows, for all a € T, we will write a = (ay,...,aq) for the decomposition of a
according to the identification (1) (so that a; € K/ for all 1 < i < d). Recall that we
have identified Ayro with R? (see §5.4)), the identification being so that

HMﬁ(a) = §<UK1 (a’l)v s 7UKd(a’d))

for all a € T where vg, 1= vp o Nk, /p for all 1 <1 < d. Moreover the set of roots of Apsg in
Uq, identified to a subset of A}, can be explicitly described as
R(App, Ug) ={— i —\; |1 <i,7 <d}

where for all 1 < i < d, we have denoted by \; the functional Ay = RY — R given by
Ni(Z1, ..., 2q) = fla:Z Wlth fi=[K;: F].

Write R = LrUp for the unique Levi decomposition of R with M C Ly and let R = LzUg
be the parabolic subgroup opposite to R (with respect to Lg). We now distinguish two cases:

e First assume that Uz is not included in the parabolic subgroup ). Then, we will
actually prove that for N big enough, we have

forallY € AR’Q satisfying inequality (A) and all (g, h, X) € G; X G X g; in the good
range. This would implies that
J]I\?¥<N6(f) =0

for N big enough and all Y € AJISO’Q satisfying inequality (A).

By our assumption, we have UpNUg # {1} which implies that R(Ans e, Ur)NR(An e, Ug) #
0. Let @« € R(Aprp,Ur) N R(Apg,Ug). Then, by the previous concrete description of
R(Anp,Ug), there exist 1 < 4,5 < d such that
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_Jivg (@) + fivk, (a))

(1) (o Hyrla)) = .

for all @ € T. As € < €3, there exists ¢; > 0 such that for all N sufficiently large, all
Y e A;Oﬁ satisfying inequality (A) and all (g, h, X) € G; x G X g1 in the good range,
we have (3, Z(g,h, X,Y)p) = ¢; N for all P € P’(M) and all 8 € R(Anp,Up). In
particular, Z(g,h, X,Y)p € .Ajgﬁ for all P € P?(M) and the (G, M, 6)-orthogonal set
Z(g,h, X,Y) is positive. This implies that Ag(., Z(g,h, X,Y)) is the characteristic
function of the sum of A}, ; with the convex hull of the family (Z(g,h, X,Y)p)pcr and
hence that

Ar(A, Z(g,h, X,Y)) #0= (a,\) = ¢, N

for all A € Aprp. Again since € < € and by the first property satisfied by the sequence
(ON)N=Ny, it follows that there exists ¢ > 0 such that

PN * AR<A7Z(Q7 h7X7 Y)) # 0= <Oé,A> > C2N61
for all A € Ay, all N sufficiently large, all Y € Aj, , satisfying inequality (A) and

all (g,h,X) € G1 x Gy X g1 in the good range. On the other hand, since the function
©° is compactly supported on t, by (11) there exists ¢3 > 0 such that

©°(aX,) # 0= (a, Hyp(a)) < csN°©

forall N > 1, all a € T and all (g,h, X) € G; X G X g; in the good range. As € < €y,
it follows that for IV sufficiently large, the supports of the functions

a€Tl — YN * AR(HM,H(G)72<97 h7X7Y))

and

a €T p°aXy)
are disjoint and hence
"QJIEI’,?{(ga h> X) =0

for all Y € A}, , satisfying inequality (A) and all (g,h, X) € G1 x Gy x g1 in the good
range. This proves the claim and ends the proof of (8) in this case.
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e Now assume that Uz C @ or equivalently Uy C R. Let V& and VEl be the subspaces
of g; such that
1 X
URQUQ:{( 1)|X€VR},

LRmUQ:{(l f) yXeVRl}

(we can show that VﬁL is the orthogonal of Vi with respect to (.,.) but we won’t need
it). Let U, Uy be the unipotent subgroups of G; such that Uz N L = U; x Uy and
let Ly be the Levi subgroup of Gy such that Lr N L = Ly x Ly (that Lr N L is of
this form follows from the fact that R is 6-split). Then, we have g; = Vz @ V= (this
follows from the fact that Ug = (Lgr N Ug)(Uz N Ug)) and u; Xuy' — X € V- for all
(ur,us) € Uy x Uy and all X € VﬁL (this follows from the fact that [~lulu™! € Uy for
all (I,u) € Lg x Ug). We will denote by X +— X the projection g; — Vz relative to
the decomposition g; = V@ Vﬁl.

For all (g,h,Y) € Gi x Gy x A}, 5, we introduce a new (G, M, 6)-orthogonal set
Z(g,h,Y) defined by

Z(ga h7 Y)w? = Ywﬁ - wHP’9 (g h)

for all P € P%Q(M) and all w € W (that it indeed defines a (G, M, §)-orthogonal set
follows from Lemma . As before, we set

AR(A,Z(Q, h,Y)) = F]\R/[,O(Aaz(ga haY))Tlg,G(A - Z(g’ h’Y))’ A€ AM,Q‘

For all N > Ny and all Y € A;Sme, we define a new weight by

KR (g7, X) = /T £(aX) " rn(hag)on * An(Hars(a), Z(g, h,Y))da

for all (g, h, X) € G1 x G x g1. We will now need the following lemma whose proof is
postponed to the next section:

Lemma 5.8. For N big enough, we have

/1]1\%7:17/“,5(“111 k1, ualaks, X) - Rﬁ:?’z(h’ b, X%)

fOT’ all (ul,ug) < U1 X UQ, (ll,lg) € L1 X Ll, (kl,kz) € Kl X Kl; X e g1 andY € AJlgoﬂ
such that Y satisfies inequality (A) and (uiliky, ugloks, X) is in the good range.
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Assuming the above lemma, by the Iwasawa decompositions G; = Uy L1 K; = Uy L1 K,
and since K; x K7 C K, for N sufficiently large, we have

RY _ G
JN,T,<NE(f) —\/]:D (t) LxT\leLl /[:[1><U2 /gl
(1! PO (b
f 5! t 1 uale

Kﬁ’};’;(ll, lg, X%)]-T\Gl <Ne (ulll)lT\GlygNE (u2l2)1g1‘,<N€ (ll_lul_lXtUQZQ)

dl
dX duyduydp, (1)~ u(zl) Spy (1)~ w(ly)"dlow(t) ' dt

for all Y € .AIJSO’G satisfying inequality (A) where we have denoted by dp, and dp,
the modular characters of the parabolic subgroups P, = LiU; and P, = L1U; of G,
respectively.

Introduce the following expression:

T ()= [ D LXT\leLI/KfleQ/gl
(T ) (D )

" _, dl n _
/{ﬁ?s(ll,ZQ,X%)dXduldugépl(ll) 11/(1 1) 5p, (1) "t (ly)"dlow(t) ~Ldt

for all N > Ny and all Y € A}, ,. By 5.1}(3), for some k > 0, we have

/ffz?z(ll,b,X )‘ < o\, (unliky) o a, (ualaks)F

for all (I1,1s) € L1 X Ly, (u1,us) € Uy xUs and (ky, ks) € K1 x K;. Hence, by Proposition

(and using the Iwasawa decompositions G; = Uy L1 K7 = Uy Ly K; backwards), the
expression defining Jﬁ:}/’*( f) is absolutely convergent. And for all » > 0, we have

Intene(f) = Ing™(f)| < N7

for all N > Ny and all Y € Aj, , satisfying inequality (A). Thus to prove (8) in this
case, it suffices to establish that

I (f) =0
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for all N > Ny and all Y € "4;0,0‘ This vanishing follows from the fact that f is
f-strongly cuspidal by the following sequence of equalities:

I ! t 1 X\ [(uil .
/U><U /g fK((l 1 121 _1> < t) ( 1) < - U212)) ﬁxT/E(ll’l2’XL)dXGhHOWQ

= k([ uy g 1 X\ (L RY % 1
B /leUg /g1 / (( lz_l uz_ltUQ 1 ly NTs(llv la, X5 )dXdulduQ

-1
s [ () W) )
1XUz2 Jg1
—1 1
= A(t) /VL /URfK ((ll l2_1) (t t) U (1 XiR) (h b)) kel b, X )dUd X5

for all N > Ny, all t € TN Gy e, all 1,1y € Ly and all YV € AP 0> Where A() :=
D& (t)_lDLl( ) and where the first equality follows from the variable change X
ur Xuy' (recall that (u;Xu; 1)% = X), the second equality is a consequence of the
classical change of variable inverse to (uy, us) = (t~ uy 'tuy, = u; tuy) (whose jacobian
equals DE/F1(t)~1 because 6p, (t) = dp,(t)7!), in the third equality we have merge an
integral over U; x U, and an integral over V5 into an integral over Uz, and finally the
1 X
last equality follows from the fact that f is f-strongly cuspidal (note that ( 1R)
belongs to Lg) so that the inner integral already vanish identically. This finishes the
proof of (8) in this case and the proof of the proposition. l

5.7 Proof of Lemma [5.8

For convenience we recall the statement here.

Lemma 5.9. Let 0 < e < ¢; <1 and let R € F?(M) with Uz C Q. Then, for N big enough,
we have

KT (unlikr, usloka, X) = wiesie(ly, Lo, Xb)

fOT’ all (Ul,UQ) € U1 X Ug, (ll,lg) c L1 X Ll; (kl,k2> € K1 X Kl; X € g1 and 'Y € AJ]goﬂ
satisfying the inequalities

o N Linfaen, a(Y);

o op\g, (uil) < N¢, opg, (u2ls) < N¢;

o o (17w Xeuoly) < N-.
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Proof: We will use all the notations already introduced in the proof of Proposition [5.6 In
particular, we have a decomposition g, = V7 @ VFL. Recall that the linear map X — X%
is just the projection onto VEL relative to this decomposition. We will set Vg, = VxNt
and Vg := Vg Nt Then, we have t = Vg, & Vz (this follows from the fact that the
adjoint action of 1" preserves the decomposition g; = Vz @ VEL). For all X € gq, we will set
Xﬁt = (X%)t = (Xt)%. Note that we have X — X%‘}t € Vg, for all X € g;.

By the definition of /ﬂﬁ’};’f, it is invariant by right translation by K; in both the first and
the second variables. Thus, we just need to prove the lemma in the case where k; = ky = 1.
Moreover, since H]]\{,”XTfyg(g, h,X)= mﬁ%’g(tlg, toh, t; Xt; 1) for all (g, h, X, t1,t5) € G2 x gy x T2,
by (1) we may replace the conditions that op\q, (uil;) < N€ and op\g, (u2lz) < N€ by the
conditions that ¢, (u1l1) < N and o, (u2ly) < N€. Note that there exists ¢ > 0 such that
for all (I1, Iy, uy, us, X) € L3 x Uy x Uy X gy, the inequalities og, (u1l;) < N€, 0g, (usly) < N€
and og: (17 'y Xqualy) < N€ imply that

max (0G1 (ll)7 e (l2)7 el (ul)v 0G, (u2)7 O (Xt)) < eN“

Fix such a ¢. From now on and until the end of the proof, for a fixed N, we will say that
(11, lo,up, u9, X, Y) € L3 x Uy X Uy X gy X Aj;oﬂ is in the good range if it satisfies the inequality
above and moreover N < inf,ea, @(Y). Then in order to prove the lemma, we just need
to establish the following fact:

(1)  For N big enough and all (I1, 2, u1,us, X,Y) in the good range, we have
Iiﬁ:};’g(ulll, Uglg, X) = :‘iﬁi?;(ll, lg, X%)
First of all, by Lemma [5.2{ii) and since the functions (pn)n=n, are TC-invariant, for N

sufficiently large and all (14, 2, uq, u2, X, Y') in the good range, we have

/iﬁ’ég(ulll,uglg,X) = / 0 (aX)rn (I3 uy taundy oy * Ar(Hyrg(a), Z(uily, usly, X, Y))da
T

and

mﬁ’é’g(ll, Iy, X%) = /Tg/oz(aXﬁt)nN(lglall)goN x Ar(Hprg(a), Z(lh,12,Y))da

where ¢° := vol(T¢)"'17.. Therefore, (1) is a consequence of the two following facts:

(2)  For N sufficiently large and all (11, ls, us, us, X,Y) in the good range, we have

rn (15 My taug b)) = kv (13 taly)
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and

g/pz(aXt) = &(aXﬁt)
for all a € T with oy * Ar(Hare(a), Z(11,1s, X, Y)) # 0.

(3)  For N sufficiently large and all (I, ls, uy, ug, X,Y’) in the good range, we have

PN * AR<HM,0<CL>7 Z(Ullla usala, X, Y)) = PN * AR<HM,9(CL>7 Z(lh l2, Y))
for all a € T such that ©°(aX,) # 0.
Proof of (2): As R is 0-split, the parabolic subgroups P, = LUy and P, = LyU, of G4 are
opposite to each other. Therefore, R(Ar,Us) = —R(Ar, Uy). Let us denote by R(Ar, Vi)

the set of roots of Ar in Vg for the linear action (a, X) = aX. Then, we will need the
following

(4)  For all root o € R(Ar,Uy) (vesp. o € R(Ar, Vg,)), there exists a root
B € R(Anp, Ug) such that

(a, Hr(a)) = 2(B, Hup(a)) (vesp. (o, Hr(a)) = (B, Huo(a)))
foralla € T.

Let uy o (resp. V) be the root subspace corresponding to a. Then, we easily check that
Ay = A x Ar acts on this root subspace by a character vy (in the case where

a € R(Ar, V), we consider the action given by (a1, a2).X = a1 Xa;y' = aya; ' X).
Denoting by £ the restriction of v to Apre (so that in particular § € R(Ane, Ug)), we have

(B, Hypla)) = %<B;HM,9 ((a 1) 0 <a 1) _1>> = %(@HM,G (a a_1>> = %bg B (a a—l)‘

for all @ € T. On the other hand, the action of (a e (resp. V) coincides

a

with the action of a (resp. a?). Hence, 3 (a 1) = «(a) (resp. (a a1> = a(a)?) and
this shows the claim.

Now, since € < €7, there exists ¢; > 0 such that for N sufficiently large and all

(I1, 13, u1, u9, X,Y) in the good range, the (G, M, #)-orthogonal set Z(ly,15, X,Y) is positive
and (B, Z(ly, 1y, X, Y)p) < —c; N for all P € PY(M) with P C R and all 3 € R(Arp, Ug).
Since the (G, M, 6)-orthogonal set Z(l,ls, X, Y) is positive, the function

Ag(., 2(l, 12, X,Y)) is the characteristic function of the sum of Ay, , with the convex hull
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of (Z(l1,15, X,Y)p)pcr and it follows that (5, A) < —¢; N for all A € Ay in the support
of this function and all 5 € R(A g, Ug). Again by using the fact that € < €, we deduce
from this and the first property satisfied by the sequence (¢n)n>n, (see Lemma , that
there exists co > 0 such that for N sufficiently large and all (i1, l2, u1,u2, X, Y") in the good
range, we have (3, A) < —coN for all A € Ay in the support of the function

on * Ar(., Z(l1,12, X,Y)) and all 8 € R(Ayg, Ug). By (4), it follows that we have, again
for N sufficiently large and all ({1, s, uq, us, X,Y) in the good range,

(o, Hr(a)) < —cgN®
for all « € R(Ar,Ur) U R(Ar, V) and all @ € T such that

on * Ar(Hapla), Z(l1, 12, X,Y)) #0

Still assuming that (I1,ls, uq, us, X,Y) is in the good range, this implies (recall that
R(AT, UQ) = —R(AT, U1> and Xt — X%t € Vﬁ,t)

15 uy faura tugly € Ky, I7ta tuytaly € Ky and a( X, — X]%‘t) eL
for N sufficiently large, where L is a lattice in t by which g/OB is invariant. Hence, we get

1

k(I3 My taurly) = ky(ly uytaly) = ky(lytaly)

and

P°(aX) = p*(aXz)

for all N sufficiently large, all (I3, 15, u1, us, X,Y") in the good range and all a € T such that
on * Ar(Hprp(a), Z2(11,1, X,Y)) # 0.

Proof of (3): Since the function ¢° is compactly supported on t, there exists ¢3 > 0 such
that for all N, all (1,3, uq,us2, X,Y) in the good range and all a € T, if g/oz(aXt) = 0, then
vg,(a;) = —e3N€ for all 1 < i < d (recall that we are denoting by (ay,...,aq) the
decomposition of a according to the identification [5.2}(1)). These last inequalities mean
that Hyg(a) € Ri + c3Zn where Zy := (=N, ..., —N°) (recall that we are identifying
Anrg with R? as in . Moreover, by the first property satisfied by the sequence
(oN)N=N, (see Lemma [5.7)), there exists ¢, > 0 such that, for all N > Ny and all function
A on Ay, the restriction of the function ¢n * A to csZy + Ri only depends on the
restriction of A to e, Zn + Ri. Note that

d _ +
Ry = U Aﬁ,e
PePQO(M)

(this follows from the fact that RY = {A € Ayp | (o, A) < 0V € R(Auyp,Ug)}). Hence,
it suffices to show that for all P € P%%(M), all N sufficiently large and all
(1,15, u1,uz, X,Y) in the good range, the two functions
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Ar(., Z(urly, ugly, X,Y))

and
Agr(., Z(l1,15,Y))
coincide on ¢y, 2 + A% 5" Or equivalently that the two functions
AR(., Z(Ulll, UQZQ, X, Y) — C4ZN)

and

AR(., Z(ll, lg, Y) — C4ZN)
coincide on .,4%9. Fix P € PY9(M). As € < ¢, for N sufficiently large and all
(1,13, u1,uz, X,Y) in the good range, we have

Z(ulll, UQZQ, X, Y)p/ —cdy € A;’,G and Z(Zl, lg, Y)p/ —cdyN € ‘A]t’,@

for all P’ € P?(M). By [2.3(4), it follows that the restrictions of the functions

AR(., Z(ulll,Ung,X’ Y) — C4ZN) and AR(.,Z(Z1,127Y> — C4ZN>

to "4%9 only depend on Z(uyly, usls, X,Y)ps and Z(ly, l2,Y)p respectively. Returning to the
definitions, we see that

I I
Z(wly, usls, X,Y )5 = Y — Hpy (“l ! u2l2) = Y5 — Hpy ( ! 12) = Z(l,1,Y)p

for all (11,1, u1,us, X,Y) € L2 x Uy x Uy X g1 X A;Oﬂ. Hence, for N sufficiently large and
all (I3, 1o, u1,uz, X,Y) in the good range, the functions Ag(., Z(uily, usly, X,Y) — c4Zy)
and Ag(., Z(l4,12,Y) — ¢4Zx) indeed coincide on ‘A%,e' This finishes the proof of (3) and
the proof of the lemma. W

5.8 Computation of ]\%im Jyr(f) for f-strongly cuspidal functions
—00

Proposition 5.10. Let f € C(G) be a 0-strongly cuspidal function. Then, we have
i () = 0 [ Do wran (1)) )t
N—o00 ’ 2d T ’ t]’

where Parg ((t t) ,f) 18 the ‘singular 0-weighted orbital integral’ introduced in .
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Proof: By the same argument as in the proof of Proposition 4.4.1 of [6], except that we
replace Lemma 1.8.4 and Proposition 4.3.1 of loc. cit. by Proposition [5.3] and Proposition
[.6] of this paper, we have

Jm =g [ 090 [ o f () )OO0 )

varo(—Z(g, h, X))dX Vgl;)ny(h)"dhw(t)‘ldt

ool LA )N

d
waro(g b X)dX - g) v(h)"dhw ()~ dt
vig)"

Spek /T D ()2 ((t t) , f) w(t)dt.

5.9 Proof of the geometric side

The geometric side of Theorem [3.1] now follows immediately from [5.11), Proposition
and the following proposition:

Proposition 5.11. Assume that the function f € C(G) is strongly cuspidal. Then,

(1) If T is not elliptic in Gy (i.e. d > 1), then
t
() )

(i1) If T is elliptic in Gy (i.e. d =1), then

forallt € TN Gy ey

forallt € TN Gy pey-

Proof:

(i) By Proposition [5.5] it suffices to show that

() )
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for all (tl ; ) € (T' x T) N Gyey. This follows from the descent formula (6) which
2

gives
IM,@ (<t1 tz) ) f) e E dGM,Q(L) iQM ((tl t2> ’ f) )
LeL(M)

and the fact that for @) # G, since f is strongly cuspidal, we have (see

(")) =

for all (tl tg) € (T x T) N Gyey (Note that here df; o(G) = 0 since ASP #£0).

(ii) By Proposition [5.5 and [2.5(1), it suffices to notice that

t t gt V2 G142
s (0 ) ) = (0 )2) 07 ()= 0907 s G =

for all (tl ; ) € (T'xT)NGyey and all t € T'N Gy g where we have set x = (t t>'
2
[ |

6 Applications

In this section, we will give applications of the multiplicity formula we proved in
Proposition [3.3] In Section we study the behavior of the multiplicities under the local
Jacquet-Langlands correspondences (i.e. over Vogan L-packets). We will show that the
multiplicities are constant on every (extended) discrete L-packet. Then in Section , we
will study the relations between the generalized Shalika model and the Ginzburg-Rallis
model. We keep the notations introduced in Section

6.1 The multiplicities over L-packets

In this subsection, we are going to prove the main theorems (Theorem and Theorem

of this paper. Let A’ be another degree n central simple algebra over F. Set

G’ := GLy(A') and define subgroups Hj, N, H' := H{ x N’ analogous to the subgroups
Hy, N and H of G. We define a character ¢ : N’ — C* in the same way as the character £
of N and we extend it to a character of H' trivial on H|. We also identify the character
w: F* — C* with a character of H' by composition with projection H — H/, and the
reduced norm. This gives us a character w ® & of H'. For all 7’ € Irr(G’), we set
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m(r’,w) := dim Homp (7', w ® £').
We want to prove the following theorem.

Theorem 6.1. Let m € II2(G) and 7’ € IIy(G') which correspond to each other under the
local Jacquet-Langlands correspondence (see [9]). Then, we have

m(m,w) =m(r', w).

Proof. 1f the central characters of m and 7’ does not coincide with w”, then by looking at
the action of the center, we see that m(m,w) = m(n’,w) = 0. Assume now that the central
characters of 7 and 7’ are equal to w". Set G| := A* and G := (A')*. Then, by the
multiplicity formula of Proposition [3.3], we have

mre) = ¥ WG [ ooz ()l

T€Teu(Gr) Aay \T
/
m(ﬂ'/,w) = Z |W<G/1, T/)|1/ DGI (t/)QCﬂ-/ (t t/> w(t/)ildt/.
T'€Teu(GY) A \T”

There is a natural bijection T, (G1) ~ Teu(GY) which sends T' € T, (G1) to the unique
torus 7" € Tou(GY) such that T'~ T’. Moreover, such an isomorphism can be obtained as
conjugation by an element in G (F) ~ G (F) where G(F) and G,(F) denote the groups
of points of G, G over a fixed algebraic closure F of F and the isomorphism

G1(F) ~ G4(F) is induced by an F-isomorphism A ®p F ~ A' @ F. Let T € To;y(G1) and
T' € Tau(G)) corresponding to each other and fix an isomorphism 7'~ T as before (i.e.
induced from conjugation by an element over the algebraic closure). Then, conjugation by
the same element induces an isomorphism W(G,,T) ~ W(G',T"). Let t € T and denote by
t' its image in T". We easily check that D% ()2 = D% (#')? and w(t) = w(t'). Moreover, if

t € TN Gyeg, then t’ € T"'NGY .5 and by (2), we have

1,reg’

t o\ 1o/t aflt N7t
“n ( t) =3P < t) e, D a) O )
tl B 1 G’ t, _1/2 ) G’ t/ 1/2 tl
C“'( t’) —2” ( t') remity D w) O )

Once again we can easily check that

gt e (T gt e (T
(" )= () ()= (o

for all A € F*. Furthermore, by the relations of the distribution characters under the local
Jacquet-Langlands correspondence (see [9]), we also have
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t t
() =0 (" )

for all A € F'*. This shows that
t o\ [t
Cr ()= Cr E

WG [

Ag,\T

All in all, we get the equality
Gipz,. (U -1
D™ (t) cﬂ< t) w(t) dt
e [

Ag\T"

/
DY (') (t t,) w(t)dt.
Summing this over all T € T¢;(G1), we get the desired equality. O]

Then we study the relations between the multiplicity and the local exterior square
L-function. Assume that A" = M, (F), 7" € [I5(G") and w = 1 is the trivial character of H|
in which case we will simply set

m(r’) == m(x', 1)

The following theorem seems to be well-known but apparently only half of its proof has
appeared in the literature (by combining results of different sources). For sake of
completeness, we provide a proof of the other half. The exterior square L-function
appearing in the statement is the Artin local L-function defined through the local
Langlands correspondence of Harris-Taylor [15], Henniart [18] and Scholze [32].

Theorem 6.2. With the notations above, the local exterior square L-function L(s,n’, \?)
has a pole at s =0 if and only if m(n’) = 1.

Proof. By the multiplicity one result of [22] (see [§] for a more general result), in order to
prove the theorem, it is enough to show that the local exterior square L-function

L(s, 7', A?) has a pole at s = 0 if and only if m(7’) # 0. This has been proved in [20] when
7" is supercuspidal. When 7' is a discrete series, by Theorem 4.3, Corollary 4.4 of [23] and
Corollary 1.4 of [24], we know that if the local exterior square L-function L(s, 7, A?) has a
pole at s = 0, then m(7’) # 0. Hence it remains to prove the other direction. We will
follow the method introduced in [20].

Assume that m(n’) # 0. Then, of course, the central character of 7’ is trivial. Let SOy, (F')
be the F-split special orthogonal group of rank 2n, and let P = M N be a Siegel parabolic

subgroup of SOy, (F') with Levi component M isomorphic to G L, (F). For s € C, let

II(s) = 1504"(” (7" ® |det|®) be the normalized parabolic induction of 7’ ® |det|® to

SOy, (F). By Theorem 3.1 of [21] and Proposition 2.3 of [20], together with the assumption
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that m(7’) # 0, we know that the representation II(1) of SOy, (F) is reducible. Hence it
remains to prove the following lemma.

Lemma 6.3. With the notations above, the representation H(%) is reducible if and only if
then the local exterior square L-function L(s, 7', A?) has a pole at s = 0.

Proof. Let Njp; C M be the unipotent radical of a Borel subgroup of M and set

Ny := Ny x N. Then, Ny is the unipotent radical of a Borel subgroup of SOy, (F). Let &,
be a generic character on Ny and set &y := &g |n,, for the restriction of { to Nys. As 7' is
square-integrable it is in particular generic with respect to (Nys,&y). By Lemma B.2 of
[11] and the Standard Module Conjecture [I6], we have that II(1) is reducible if and only if
vh(2s, 7', A2,1) has a pole at s = 1/2 where v*"(s, 7', A%,9)) denotes the gamma factor
defined by Shahidi (with respect to any non-trivial additive character 1 since it doesn’t
change the existence or not of a pole at s = 1/2). Since 7’ is square-integrable, L(s, 7, A?)
has no pole with positive real part and in particular at s = 1. Hence, by the main result of
[19], TI(3) is reducible if and only if L(s, 7', A%) has a pole at s = 0. O

]

As the Jacquet-Langlands correspondence preserves L-function, we get a Corollary from
the two theorems above which proves Theorem [I.3]

Corollary 6.4. For all m € TIy(G), the local exterior square L-function L(s, 7, A?) has a
pole at s = 0 if and only if m(m) = 1.

Remark 6.5. If w is the square of a character of F*, then by twisting ™ by a suitable
character of G together with the above corollary, we see that for m € ly(G), the local
twisted exterior square L-function L(s,m,A* @ w™t) has a pole at s = 0 if and only if
m(m,w) = 1. The same should be true in general although it would necessitate to redo the
works of [20], [21)], [23] and [2])] by introducing this twist. However, note that in the case
where n = 2, this more general result has been proved in Theorem 1.5 of [12].

6.2 The relations between the generalized Shalika model and the
Ginzburg-Rallis model

In this subsection, we will consider the particular cases where A = My (F') or a non-split
quaternion algebra D over F'. More precisely, we will give some relations between the
multiplicities for the Ginzburg-Rallis model of GL3(D) (resp. GLg(F')) and for the
generalized Shalika model for GLy(D) (resp. GL4(F)).

Assume w unitary. Let mp be a tempered representation of GLy(D) with central character
w? and let IIp be the normalized parabolic induction of the representation mp XM w™! of the
Lei subgroup GLy(D) x GL1(D) to GL3(D) (where again we have identified w™! with a
character of GL1(D) by composition with the reduced norm). Then IIp is a tempered
representation of GLg(D) with trivial central character. Let mgr(Ilp) be the multiplicity
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of the Ginzburg-Rallis model (with trivial character). We refer the readers to the previous
papers [39] and [40] of the second author for the definition of the Ginzburg-Rallis model.
The following theorem tells us a relation between the Ginzburg-Rallis model for GL3(D)
and the generalized Shalika model for GLy(D).

Theorem 6.6. With the notations above, we have
m(mp,w) = maer(Ilp).

Proof. In Section 8.1 of [40], we proved a multiplicity formula mgr(Ilp) = mgeom(Ilp) for
the Ginzburg-Rallis model. By the definition of mgey, (Ilp) in [40], together with the
definition of IIp above and Lemma 2.3 of [36], we can easily show that

Mpanllp) = 30 WELDLTI [ Do, (U )ut

TG'TGZZ(GLl(D)) T/AG
Hence by Proposition 3.3 we get m(mp) = m(Ilp), and this proves the theorem. ]

Next, we will prove a relation between the Ginzburg-Rallis model for GLg(F") and the
Shalika model for GL4(F). Let 7 be a discrete series of GL4(F) with central character w?,
and let mp be the Jacquet-Langlands lift of 7 to GLy(D). Let St(w™') be the Steinberg
representation of GLy(F) twisted by the character w™! and let II be the normalized
parabolic induction of the representation 7 X St(w™') of the Levi subgroup

GL4(F) x GLy(F') to GLg(F'). Then II is a tempered representation of GLg(F") with trivial
central character. Let mggr(I1) denote the multiplicity of II relative to the Ginzburg-Rallis
model (with trivial character) of G'Lg(F").

Theorem 6.7. With the notations above, we have
m(m,w) + mgr(Il) = 1.

Proof. Let I1p be the Jacquet-Langlands lift of IT to GL3(D). Then I is the parabolic
induction of the representation mp ® w™! of the Levi subgroup GLy(D) x GL;(D). By
Theorem [6.6] and Theorem [6.1] we have

mer(Ilp) = m(np,w) = m(m,w).

On the other hand, in [39] and [40], we have proved that mgr(Il) + mgr(Ilp) = 1. The
theorem follows. O

For the rest part of this section, we are going to prove some partial results for the epsilon
dichotomy conjecture of the Ginzburg-Rallis model. Let II be an irreducible generic
representation of GLg(F') with central character 32 where (3 is some character on F'*, and
let mgr(Il) be the multiplicity relative to the Ginzburg-Rallis model with character 5. We
first recall the epsilon dichotomy conjecture from [40)].
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Conjecture 6.8. With the notations above, we have

mer(ll) =1 <= €(1/2,(N°I) @ 47" =1,

mer(ll) =0 <= €(1/2,(N*T) @ ) = —1.
In [40], we have proved the conjecture when II is not a discrete series, or the parabolic
induction of a discrete series of GL4(F') x GLy(F). Now we are going to prove the
conjecture when II is the parabolic induction of a discrete series © X 7y of
GL4(F) x GLy(F') with 7y being a twist of the Steinberg representation of GLy(F).
Let 1y = St(a) for some character a: F'* — C*. Then the central character of 7 is a?,
which implies that the central character of 7 is a™23%. Let ¢, (resp. ¢r,) be the Langlands
parameter of 7 (resp. mg). Then the Langlands parameter ¢y of 11 is just ¢, @ ¢r,-

Proposition 6.9. With the notations above, we have

€(1/2, (NI @ B71) = €(1/2,N*(¢x) ® my @ B7). (6.2)
Proof. Since ¢ = ¢ & ¢r,, we have

N (¢n) = (N (9r) @ Pry) B (6r @ det(dny)) & (A*(¢r)).

Since the central character of 7 is a~23? and the central character of 7 is o
(AN(pr) @)Y =0, ®a*® B! = ¢ @ det(dy,) ® 7. This implies that

«(1/2,(NNID @ B7Y) = €(1/2,A*(¢n) ® 6y ® B71)e(1/2, ¢r @ det(dr,) ® B7)
e(1/2,N(¢x) ® B7)
= det(A*(dr) ® B (1) x €(1/2,A*(¢r) @ 6y @ B7)
(det(d))*(=1)B7(=1) x €(1/2, A*(¢n) ® b, @ )
= €(1/2,A\*(¢r) ® ¢r, ® B7).

This proves the proposition. ]

2 we have

Now up to twist 7y by the character 37!, we may assume that 8 = 1. This is allowable
since twist by characters will not change the multiplicity and the epsilon factor. In fact, by
the proposition above, we know that the epsilon factor will not be changed if we twist 7
by characters. As for the multiplicity, by Corollary 5.15 of [40], the multiplicity mgg(II) for
the Ginzburg-Rallis model is equal to the multiplicity m (7 ® mp) of the middle model
(we refer the readers to Appendix A of [40] for the definition of the middle model). But it
is easy to see from the definition that the multiplicity of the middle model will not be
changed if we twist my by characters.

Assuming that § = 1, by Theorem , we have mggr(Il) + m(m,a™') = 1. Let mp be the
Jacquet-Langlands lift of m to GLo(D). By Theorem [6.1], we have m(m,a™!) = m(mp,a™?).
Combining with the proposition above, we see that in order to prove the epsilon dichotomy
conjecture for II, it is enough to prove that

m(rp,a ) =0 <= €(1/2,A\*(¢r) @ bry) = 1,
m(rp,a ) =1 <= €(1/2,A*(¢r) @ ¢ry) = —1.
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But the above relations have already been proved in Theorem 1.5(2) of [12]. This finishes
the proof of the epsilon dichotomy conjecture for II.

7 A connection to the local r-trace formula

In this section, we will rewrite the local trace formula for the Shalika model in terms of the
local r-trace formula. In Langlands’ proposal [27] for beyond endoscopy, one of the most
important ingredient is a global r-trace formula (the name “r-trace formula” was first
introduced by Arthur in his note [3] for beyond endoscopy). To be specific, let G be a
connected reductive group defined over a number field k£, and let r be a finitely dimensional
algebraic representation of the L-group of GG. For any automorphic representation 7 of
G(Ag), let L(s,m, 1) be the global automorphic L-function. For a given test function f on
G(Ag), we let SL _(f) be the cuspidal part of the stable Arthur-Selberg trace formula.

cusp
Then we let S7,,,(f) be a generalization of S}, (f), in which the stable multiplicities of
representations 7 that occur in Siusp( f) are weighted by the order of poles

my () := —ords=1(L(s,m,7))

at s = 1 of the automorphic L-function L(s, 7, r). The goal of the r-trace formula is to find
a decomposition of Sy, (f) in terms of stable distributions on some smaller groups G".
Here G’ should run over elliptic “beyond endoscopic data”. Like the theory of endoscopy,
the most important step is to find a geometric expansion for the distribution ST, ,(f).
Guided by the same philosophy, we can also consider the local r-trace formula. Let G be a
connected reductive group defined over a local field F. We still let  be a finitely
dimensional algebraic representation of the L-group of GG, and let L(s,m,r) be the local

L-function. For a test function f on GG, we can define the local analogy of the distribution

Sgusp(f) to be
Lise(f) = ) my(m) Te(n(f)) (7.3)
well2(G)
where m,(m) := —ords—o(L(s,m, 1)) is the order of the poles at s = 0 of the L-function

L(s,m, 7). Note that if G has non-trivial split center, we need to include the central
character in the trace formula. Same as the global case, we want to find a geometric
expansion for 17, .(f).

For the rest part of this section, we will discuss a special case of the local r-trace formula.
We consider the case when F is a p-adic field, G = GLy,(F), and r = A? is the exterior
square representation of the L-group G = GL,,(C). For f € °C(G, 1), by applying the
local trace formula of Theorem in the case where w is trivial, we will give a geometric
expansion for I}, .(f). Let us denote by Is,e.(f) and Iyeom(f) the spectral and geometric
sides of this trace formula respectively. Then the spectral side becomes

Loec(f) = Y Tr(a(f)m(x").

mell2(G,1)
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where, fo simplicity, we have set m(7") := m(xn",1). As every 7 € II5(G, 1) is unitary, it is
easy to see that m(m¥) = m(m). Moreover, by Theorem [6.2] the multiplicity m(n) is
nonzero if and only if the exterior square L-function L(s, w, A?) has a pole at s = 0. Since 7
is a discrete series, the order of the pole of L(s,m, A?) at s = 0 is either 0 or 1. In the mean
time, we know that m(7) <1 (see [22]). Therefore, for all discrete series m € II5(G, 1), we
have

m(rm’) = —ords—o(L(s,m, 1)) = m, ().

This implies that

[spec(f) = Z TI'(’/T(f))mr(’]T)

w€llz(G,1)

In particular, we have
]gisc(f) = ]Spec(f) = Igeom(f)-

To conclude, the geometric side I eom(f) of the local trace formula for the Shalika model
gives a geometric expansion for 17, .(f).

Remark 7.1. In general, the local multiplicity problem for many spherical pairs are closely
related to the Langlands functoriality and the poles of some L-functions L(s,m,r). Hence if
we can prove the local trace formula for these models, we can find the geometric expansion
of the corresponding local r-trace formulas.

A Slight generalization of a result of Moeglin and
Waldspurger

Let F' be a nonarchimedean field of characteristic zero with ring of integer Op and
normalized absolute value |.|. We fix henceforth an uniformizer wp € Op. As in the core of
this paper, we will abuse notations by denoting algebraic groups over F' and the
corresponding group of F-points by the same letter. We will do the same for Lie algebras.

Let G be a connected reductive group over F' with Lie algebra g. Fix a G-invariant
nondegenerate symmetric bilinear pairing (.,.) : g X g — F' and a nontrivial additive
character ¢ : F' — C*. Let Py = MyNy be a minimal parabolic subgroup of G with
unipotent radical Ny and a fixed Levi component M. Let Py = MyN, be the opposite
parabolic subgroup and Ay C M, the maximal central split torus. Let ng, ny and p, denote
the Lie algebra of Ny, Ny and Py respectively. Let A, be the set of simple roots of A, in ny
and for all a € A fix a nonzero vector Y_, in the root subspace g_, corresponding to —a.
Set Y :=3  ca, Yoo € Ng. It is well-known that

(1) Y, po) = To.

The exponential map induces a regular isomorphism exp : ng >~ Ny. Let log : Ny — ng be
its inverse and set
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£(n) :=v((Y,logn)), n € Np.

Then ¢ is a character of Ny which is generic (i.e. with a stabilizer in My of minimal
dimension). We will denote by My the stabilizer of £ in My (i.e. the centralizer of ¥ in
My).

Let m be a smooth irreducible representation of G and O, its Harish-Chandra character.
Recall that for all semi-simple element « € G there is a local expansion (see [14] Theorem
16.2)

Or(zexp(X) = Y crol2)j(0,X)

O€eNil(gz)

for X € g, ¢ sufficiently close to 0.

For all x € My, denote by O, the G,-adjoint orbit of ¥ in g,. Theg O, is an element of
Nil(g,) which is maximal for the order defined by O’ < O & O' C O where O denotes
closure of O for the F-analytic topology.

Let W be the space of m and let W (Ny, &) be the subspace generated by all vectors of the
form 7w(n)v — &(n)v for v € V and n € Ny. The coinvariant space W/W (Ny, &) carries a
natural representation of My, that we shall denote by mn,¢. In [28] it was shown that (see
[33] for the case of residual characteristic 2)

dim 7, ¢ = ¢r0,.(1)

The goal of this appendix is to extend slightly this result by using the same techniques.
More precisely we will prove:

Proposition A.1. For all x € My, we have
Tr g () = DM () 2er 0, (1)

where we have set
DE/Mo(g) .= DY () DMo(2)7!,

Proof: In order to include the case of residual characteristic 2, we will use [33] as our main
reference (which however follows very closely [28]). Let x € My¢. Note that Ad(x) is
semi-simple and compact (indeed this follows from the facts that My is anisotropic modulo
Ay and My N A is contained in the center of G). To agree with the conventions of [33], we
will assume that v is unramified (i.e. its conductor is Or). This is no loss in generality
since we can always scale ¢ so that it become unramified and up to scaling (., .) by the
corresponding inverse factor the character £ doesn’t change and the same holds for the
coefficient ¢, o, (z) as we easily check from our normalizations. Let ¢ be the sum of the
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positive coroots of Ay with respect to Py. Then we have ¢(s)Y p(s)™t = s72Y for all
s € F*. Set t := p(wpr). The adjoint action of p(F*) on g induces a decomposition

g= @ 9i
€L
where g; ;== {X € g; ¢(s)Xp(s)"' =5'X Vs € F*}. Set g~ := P, 9; and g* := P, 9.
Then we have g = g~ @ g2 and ng = g?(this is because g; = 0). Let Y* be the centralizer of
Y in g and V be a complement subspace to Y* which is invariant by ¢(F*)My¢ (in

particular it is invariant by ¢(F*)). By ¢(F*)-invariance, we have a decomposition
V=V-"®V?where V- :=V Ng and V?:=V Ng% Note that

(2) V2 = g2 = Nng.
Indeed, this follows from (1) and the fact that (.,.) induces a perfect pairing between 1y

and ng.

Since Ad(z) is semi-simple, we have a decomposition g = g, @ g* where g, and g* stand
respectively for the kernel and the image of Ad(xz) —1in g. As V is Ad(x)-stable, we have
a similar decomposition V' =V, @& V*. The bilinear form

By : (Z,X) €gx g+ By(Z,X) :=(Y,[Z,X])

is alternating M ¢-invariant and nondegenerate when restricted to V. Moreover, the
decomposition V =V, @ V* is orthogonal for this alternating form. Set V7 :=V, Ng~,
V2=V, Ng? V> :=V?Ng and V»? := V®Ng>% Then we have V, = V,” & V2 and

V& =V®" @ V*»? (indeed this follows from the facts that V' is p(F*)-stable and =
centralizes ¢(F*)). Moreover, the form By induces a perfect pairing between V,~ and V2
on the one hand and between ¥V~ and V*? on the other hand. Since Ad(z) is compact
and commutes with Ad(¢(F*)), we can find a lattice of L™~ of V*~ which is Ad(z)-stable
and such that

=@ L ng.
i<0
Let L®? be the dual lattice of V*? with respect to By, that is
L*?:={X e V*? By(Z,X)€ OpVZ € L*"}.
Similarly, we fix a lattice L, C V- with the property that
L, =L, Nna
i<0

and denote by L2 C V2 the dual lattice. Finally, we also fix a lattice Ly C Y# which is
Ad(x)-invariant and such that Ly = @,., Ly Ngi, Ly = Ly N g, ® Ly N g*. We set
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L=LyoL,oLl20 L ¢ L
Then, L is a lattice of g which is Ad(z)-invariant and satisfies properties (i) and (ii) of §3
of [33]. Moreover, by construction we have

L=L,aL"

where L, :== LNg, and L* := LN g".
For all integer n sufficiently large we set

G, =exp(whl), G, =t"G,t"
When n is large enough, these are compact-open subgroups of G. Again for n sufficiently

large, we define two characters &, : G,, — C* and ¢, : G, — C* by

Eu(exp(X)) 1= Y@ (Y, X + X, X ])), X € whL;

&) =&, veG,
where X — X_ and X ~ X, denote respectively the projections onto g~ and g? relative
to the decomposition g = g~ @ g?. These characters are Ad(z)-invariant (since z is in the
centralizer of both Y and ¢). Moreover, we can easily check, using the Campbell-Hausdorff
formula, that for n large enough, the character &, coincide with the character y,
constructed in Lemma 6 of [33]. For all n for which G/, and &, are defined, we set
W, ={veW| r(y)v=E§(vVyeG,}

These subspaces are invariant by 7(z) and by Lemma 8 and Lemma 9.(b) of [33], when n is
large enough, the natural projection W — W /W (N, &) restricts to an isomorphism
W/ ~W/W(Ny,§). From there it easily follows that

(3) Tr Ty e(x) = Trm(x)w,

for all n large enough. Fix a Haar measure dg on GG and for n sufficiently large, let
©On, @), € CP(G) be the functions defined by

1 —1 . .
_ | wieaéa (), ity € Gy
en() { 0, otherwise.

Pu(7) 7= on(t"7").
Then 7(¢y),) is a projection onto W, and thus

(4) Trr(x)w, = Tra(z)r(¢),) = Tra(z)m(t™")m(n)7(t") = Tra(L(z)e,)

where (L(z)@,)(7y) := @n(z71y) for all v € G.
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Fix open neighborhoods w C g and 2 C G of 0 and 1 respectively such that the exponential
map induces an F-analytic isomorphism exp : w ~ ). Let log : {2 — w denote the inverse of
this map. We fix a Haar measure on g such that the exponential map preserves measures
locally in a neighborhood of 0 and Haar measures on g* and g, whose product is equal to
the Haar measure on g. Choose e > 1 such that (1 — Ad(z™"))L* D @%L® and

(Y,L) C wr°Op. We can find an integer B > 0 satisfying the following conditions:

(5) The map

(WBL") x (wpLy) = G (Z,X) s exp(—2 ' Zx) exp(X) exp(Z)

is an F-analytic isomorphism onto an open neighborhood of 1 contained in €2 and the
Jacobian of this map is constant equal to D (z).

(6) For all m,m’ > B, all Z € @ L* and all X € @ L, we have

_ 1 1 /
log (e’x 1ZIeXeZ> EX+Z—a ' Zx+ §[X, Z+x ' Zx) + Q[Z’ v Zx) + gt L.

(7) [L, L] C 2=t —PL.
Assume n is large. By (3) and (4), we have
T, e(r) = /G Or(27)n(7)dy.
And by (5), this equals
DG(JE)/BL /BL O (wexp(X))pn(exp(—z~ ' Zx) exp(X) exp(Z))dX dZ.
By (6) and (7), we check th;t for Z € @wBL* and X € wPL,, we have

exp(—2 ' Zz) exp(X)exp(Z) € G,

if and only if X € wiL, and Z — 2~ 'Zz € @t L* and that in that case, we have

Enlexp(—2 1 Zz) exp(X) exp(Z)) =1 (w;2”<Y,X +Z—a ' Zx+ %([X, 7+ x Za)+

(Z,a ' Za)+ Xy + Zy — 27 Zow, X+ Z_ — 27 Z_x)) >)

Since z centralizes Y, we have (Y, g%) = 0 and thus Y is orthogonal to Z — 27 Zx,
(X, Z + 2 Zx], [ Xy, Z_ — 27 'Z x] and [Zy — 2 ' Z 2z, X_|. Similarly, (Y, g;) = 0 for i # 2
so that Y is orthogonal to [Z_,27'Z_z] and [Z4, 2 'Z, z]. Finally, since (.,.) is
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Ad(x)-invariant and z centralizes Y, we have (Y, [z~ 'Z 27 'Z_x]) = (Y,[Z,, Z_]). From
all of these, we get by direct computation that the above expression equals
Eulexp(X))6 (w52 By (Z_, 2" Zoz — 7))
So that finally we end up with
Tr e (2) =D () vol(L¥) ™" / U (By(Z_,a ' Zox — Zy)) dZ
(1—Ad(z=1))~1L*

X Vol(w%Lz)l/ En(exp(X))O, (xexp(X))dX.

ngx
Note that the lattice L, of g, satisfies the assumptions (i) and (ii) of §3 of [33], that is
o Ly =@,z La N gs; where goi := g, N gs;
e The lattice L,/(L, NY?) is self-dual with respect to v o By.

Hence, the same computation as that of the proof of Lemma 7 of [33] shows that
vol(w}i L) / £.(exp(X))O (z exp(X))dX = cr 0, (2)
w%Lz
when n is large. Thus, it only remains to show that

(8)  D%z)vol(L*)™! / O (By(Z_,a ' Zyx — Z1)) dZ = DM ()12,

(1—Ad(z—1))~1L=

By construction, we have a decomposition L* = L% & L®~ @ L*? where L% := L*NY*. Fix
Haar measures on g& := g* N Y* V= and V*? whose product gives the (already fixed)
Haar measure on g” through the decomposition g* = g% & V*~ @& V2. Up to scaling all
these Haar measures, we may assume that

vol(L*) = vol(LY) = vol(L* ™) = vol(L*?) = 1.

Then, as the function Z € g+ ¢ (By(Z_,x~'Z,x — 7)) is invariant by translation by Y*,
we have

/(1Ad( I Y (By(Z_,a ' Zyx — Z1)) dZ

— vol((1 — Ad(z~))"'L%) /

(1-Ad(z—1))~1L#~

N U (By(Z.,2,))dZ,d7-
(1—Ad(z=1))-1L#~ J w2

/ b (By(Z_, (1 - Ad(x™))2,)) dZ.dZ
(1=Ad(z—1))~1L#2

= ‘det(l — Ad(x))|g QVe.2

x
Y
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where to get the last line we have used the fact that if ¥V is an F-vector space, L CV a
lattice and 7" an endomorphism without the eigenvalue 1 such that 7L = L, then
vol((1 = T7H71L) = |det(1 — T)| 7' vol(L). Since L2 is the lattice dual to L*~ with
respect to By and 1 unramified, we have

1, ifZ e Lo
Le2 V(By(Z2-,24)) dZy = { 0, otherwise

for all Z_ € V*~. Thus, we have

/ V(By(Z-,24))dZdZ- = vol(L") =1
(1-Ad(a1)) -1 Lo J w2

and consequently

-1

DS(x) / W (By(Z-,a7 " Zx — Zy)) dZ = D(x) |det(1 — Ad()) gz v
(1—Ad(z=1))~1L=

= |det(1 — Ad(z))y=-|

where for the last equality we have used the fact that

D%(z) = |det(1 — Ad(x)) g

— |det(]_ - Ad(x))lgf/@‘/z,2@‘/z,f| .

Furthermore, since V%~ and V%2 are in duality under the form By which is
Ad(x)-invariant, we have

|det(1 — Ad(z))yv=—| = |det(1 — Ad(z™")) =2

= |det(1 — Ad(x))y=2

= |det(1 - Ad(x))jgerm,|

where in the second equality we have used the fact that Ad(x) is compact and in the last
one we have used (2). Similarly, since g* Nng and g” N1y are in duality under the form (., .)
which is Ad(z)-invariant, we have

1/2
|det(1 — Ad(m))|gmn0| = {det(l — Ad(2)) g (noawo) | /2 = pG/M (z)Y2.
This shows (8) and ends the proof of the proposition. B

The following corollary is a direct consequence of the last proposition.

Corollary A.2. Set H := My¢ x Ny. Let 7 be a smooth irreducible representation of My ¢
(necessarily of finite dimension) and let x, be its character. Assume that the central
characters of ™ and x. coincide on the split center Ag of G. Then, we have

dim Hompy (7,7 ® §) = / DEMo () 2¢ o (2)xr(z7")dx
Moe/Ac

where the Haar measure on My¢/Aq is chosen so that vol(My¢/Ag) = 1.
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