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ABSTRACT. We calculate a Ge-period of a Fourier coefficient of a cuspidal Eisenstein series on the
split simply-connected group Eg, and relate this period to the Ginzburg-Rallis period of cusp forms
on GLg. This gives us a relation between the Ginzburg-Rallis period and the central value of the
exterior cube L-function of GLg.

INTRODUCTION

Let F be a number field and A its ring of adeles. Let m be a cuspidal automorphic representation
of GLg(A) with trivial central character. For ¢ € m, we define the Ginzburg-Rallis period as

Pcr(p) = / / ® 0 I y 0 h O Y(tr(x) 4 tr(y)) dedydzdh
QLo (F)\ GLa (A)! (Ma(F)\Ms (A))? 00 A

where GLa(A)! is the subgroup of elements with norm of determinant 1, My is the space of 2 x 2
matrices and ¢ : F\A — C* is a non-trivial character.

In fact, one can also define the quaternion version of the Ginzburg-Rallis period for cusp forms
on GL3(D)(A) where D/F is a quaternion algebra. Let us denote this period by PSr. In [GRO0],
Ginzburg-Rallis made the following conjecture about the relation between this period and the
central value L (%, , A3) of the exterior cube L-function L(s,, A3).

Conjecture (Ginzburg-Rallis). Let m be a cuspidal automorphic representation of GLg(A) with
trivial central character. The following are equivalent:

(1) L(L.m A%) £ 0.

(2) There exists a unique quaternion algebra D over F (which may be split) and a cuspidal
automorphic representation wp of GL3(D), equivalent to m at almost all places of F (i.e.,
the global Jacquet-Langlands correspondence of m from GLg(A) to GL3(D)(A)), such that
7’53 does not vanish on the space of Tp.

The purpose of this paper is to prove the following theorem which confirms one direction of the
Ginzburg-Rallis conjecture in the split case.

Theorem 0.1. Let w be a cuspidal automorphic representation of GLg(A) with trivial central

character. Assume that the exterior cube L-function L(s,7,A3) is nonzero at s = %; this is always

the case if 7 is everywhere tempered. If there exists p € m with Par(p) # 0 then L(%,TF,A?’) #0.

0.1. The strategy of the proof. Our proof relies on the fact that the exterior cube L-function for
GLg is a Langlands-Shahidi L-function for the split, simply connected group of type Eg. The idea
is to relate the period Pgr to a suitable period of a residual representation on Eg whose existence
relies on the non-vanishing of L(1/2, 7, A%). This idea has been used in multiple works of Ginzburg,
Jiang, Rallis and Soudry, see [Jia98| I(GJR04, [GIJR05) (GJRO9] to cite a few. The reference [GJS10]
contains a comprehensive account of the method and results that can and have been obtained
through it. See also [IY] IGLO7|] for different approaches.
1
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Let us describe the method in more detail. Let @) be the parabolic subgroup of the split, simply
connected Eg whose Levi subgroup is of D4 type. In section [I.6] we define a certain generic character
& of the unipotent radical N of ) and we define a subgroup H of () to which the character extends.
This group turns out to be isomorphic to N x Go, where Gq is the split exceptional group of type
Gso. We can thus define the period

Peu(f) = / F()E(h) dh
H(F)\H(A)

where f is an automorphic form on Eg(A). Let now P denote the maximal parabolic subgroup
of Eg with Levi factor of type As. Given a cuspidal representation 7 of GLg(A) we can consider
the Eisenstein series F(¢, s) which realizes the induction from 7 ® | det |® to Eg(A) (see for
unexplained notation). By the Langlands-Shahidi theory, the non-vanishing of the residue at s =
1/2 of E(¢,s) implies that L(3,m, A%) # 0. The idea is to study Pg, (Ress—1/2E(¢, s)) and relate
it to the Ginzburg-Rallis period. In fact, we essentially show the two are equal.

More specifically, one starts by computing the orbits P(F)\ E¢(F')/H(F). This problem is chal-
lenging when working with exceptional groups and we do this using the explicit realization of Eg
as determinant preserving linear transformations of the 27-dimensional exceptional Jordan alge-
bra. These computations allow us to compute Pg, (AT E(¢,s)) explicitly. Here AT is the Arthur-
Langlands truncation operator [Art80]. The truncation operator brings us to the next difficulty in
this approach, namely convergence issues. In fact, these can be quite daunting, especially when
dealing with non-reductive periods. Indeed, unless we’re dealing with compact periods, then even
for cusp forms, convergence of periods requires a non-trivial argument, see for example [JS90]. In
[IY], Ichino and Yamana handle this using a truncation procedure adapted to their period. How-
ever, their case is reductive. Here, we do not introduce any new truncation. Instead, we extend the
analysis introduced in the appendix of [BP16] which is based on norms on adelic points of linear
algebraic groups and their quotients. In fact, as noticed in loc. cit., the key property is for the
quotient to be quasi-affine. We believe this approach should generalize to other periods.

The computation of Pq,(ATE(¢,s)) allows us to easily deduce the following theorem.

Theorem 0.2. Let m be a cuspidal automorphic representation of GLg(A) with trivial central
character. Suppose that the Ginzburg-Rallis period Par(p) is non-zero on the space of w. Then,
there exists ¢ in the induced space of m such that Res,_1FE(¢,s) # 0.

2

Corollary 0.3. Theorem implies Theorem [0.1].

Proof. By Theorem the intertwining operator associated to P has a pole at s = 1/2. By 2.5.3
in [Kim05], the normalizing factor of the intertwining operator is
L(s,m, A%)(p(25)
L(s+1,m,A3)(p(2s 4+ 1)
where (r(s) is the Dedekind zeta function. By Theorem 4.11 of [Kim05], the normalized intertwin-

ing operator is holomorphic at s = 1/2. Since we have assumed that L(3/2, 7, A%) # 0 it follows
that the numerator L(s, 7, A%)(r(2s) has a pole at s = 1/2, which implies that L(%,ﬂ, A3)#£0. O

Remark 0.4. The L-function L(s, 7, A3) is the completed L-function as defined by Shahidi [Sha90)].
Ginzburg-Rallis [GROQ] prove that the partial L-function L(s,m, A®) is holomorphic at s = 1/2.
Unless m is assumed everywhere tempered, it is unknown if the completed L-function is holomorphic
at s = 1/2. The non-vanishing statement makes sense in either case nonetheless.

0.2. Structure of the paper. In section [I| we introduce the groups we are working with together
with their natural realizations. The following section computes the orbits of H on a flag variety of
Eg associated to the parabolic subgroup of type As. Then in section [3] we set up notations relating
to Eisenstein series and truncation. In section [4f we prove the main theorem (i.e. Theorem by
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assuming the absolute convergence of certain integrals (i.e. Proposition [4.2)). Finally in section
we prove Proposition [.2]

0.3. Acknowledgments. Throughout the course of this work, we have benefited from the warm
hospitality of the Institute of Advanced Study. We thank the TAS for providing an atmosphere
conducive to research, and for making this collaboration possible. While at the TAS, A.P. has been
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1. PRELIMINARIES ON EXCEPTIONAL GROUPS AND THEIR EMBEDDINGS

In this section we define the various reductive groups and parabolic subgroups involved in our
period calculation. We begin with the definitions of the octonions © and G,. We then discuss
the exceptional cubic norm structure J = H3(©) and the group Eg. After defining Eg, we discuss
parabolic subgroups of Go and Eg. We then define the formal period that we study. Throughout
this section, F' denotes an arbitrary ground field of characteristic 0.

1.1. The octonions and Gs. In this subsection we recall the split octonions ©® and Go. The
reader may see [SV00] for more background information pertinent to this subsection. We first
recall the Zorn model of the octonions, and then the Cayley-Dickson construction. The group Go
is defined as the automorphisms of ©.

1.1.1. Zorn model. We recall the Zorn model of the octonions © over F'. Denote by V3 the standard
three-dimensional representation of SL3, and V3’ the dual representation. So, V3 comes equipped
with an isomorphism A3V3 — F where F is the ground field. We fix a standard basis e, ea, e3 in
V3, so that e; A eg A ez — 1 under the identification A3V3 ~ F, and denote by e}, e5, e the dual
basis in V3'. The indentification A3V3 ~ F induces an isomorphism A%V3 ~ V3’ and A2V, ~ V.
Under these identifications, e1 A ex — €3, ea A e3 — €], €] A e5 — e3, etc.

In the Zorn model, an octonion x is represented by a 2 X 2 matrix z = (g q) where a,d € F,

v € Vg and ¢ € V3'. One sets z* = (jd) _a“) and n(x) = ad — ¢(v) the conjugate and norm of
x, respectively. The trace of x, tr(z), is defined to be tr(x) = a + d. One defines the symmetric
bilinear form (, ) on © by (x,y) = n(x +y) — n(z) — n(y). This form is non-degenerate.

The multiplication on © is given by the formula

:c-a:':<a v>'<a’ v’>:< aa’ + ¢'(v) av’+d’v—¢A¢’)
¢ d ¢ d ado+de +vAd o(v') + dd '
This multiplication is neither commutative nor associative, but satisfies the following three impor-
tant identities:
(1) n(e - 2) = n(@)n(a’);
(2) tr(zy(zoxs)) = tr((x122)23);
(3) z*(zy) = (z"x)y = n(z)y.
In fact, the subalgebra generated by any two elements z,y of © is associative.

1 .
For later reference, we denote €1 = (0 8) and €y = <8 (1)> in ©, so that 1 = €1 + €5. We
sometimes abuse notation and write e; or e; for the corresponding element (8 e({ ) or (% 8) of ©.

1.1.2. Cayley-Dickson construction. One can also construct the octonions by “doubling” a quater-
nion algebra. This is called the Cayley-Dickson construction.

In general, if D is a quaternion algebra and v € GL{(F), then ©p, = D @ D is an Octonion
algebra, with addition defined component-wise and multiplication given by

(x1,y1) - (x2,92) = (T122 + YY5Y1, Y21 + Y125).
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The conjugate of (z,y) is (z*, —y) and the trace of (z,y) is trp(z). The norm of (x,y) is np(x) —
ynp(y). Here np and trp are the reduced norm and trace on D.

The octonions ©p ., are split precisely when v is a (reduced) norm from D*. In particular, if
either D = My(F) is split, or if v = 1, then ©p , is split.

1.1.3. The group Ga. The linear algebraic group Go is by definition the automorphisms of the
octonion algebra ©. That is, if g € Ga(F), then gl = 1, and for all z,y € O, g(z*) = (gz)*,
(9z) - (gy) = g(x-y). In fact, it can be shown that the first two statements follow from the last one.

1.2. The exceptional cubic norm structure J and the group Eg. In this subsection we recall
the definition of the exceptional cubic norm structure J = H3(©) and the split simply-connected
group Eg. We will also recall some facts about the Lie algebra of Eg, which we will need later.

1.2.1. The exceptional cubic norm structure J. Define J = H3(©) to be the F vector space of
elements

c1 az ab
X=| a3 co
ax aj c3

where c¢1,c9,c3 € F and a1, a9,a3 € ©. Thus, J is 27-dimensional.
The space J comes equipped with a cubic norm map n : J — F and a quadratic adjoint map
# :J — J. The norm of X, n(X), is defined to be

(1.1) n(X) = c1cacs — cin(ar) — can(az) — csn(as) + tr(ajazas).

Polarizing the norm form, one obtains a symmetric trilinear form J ® J ® J — F, normalized by
the identity (X, X, X) = 6n(X).

This symmetric trilinear form gives rise to a bilinear map, denoted x, from J® J to JV. Namely,
if x,y,2 € J, then x x y € JV is by definition the linear form given by (z x y)(z) = (z,y,2). For
x € J, one sets 27 = %x x x. If one puts on J the pairing (, ):J ® J — F given by

(1.2) (X, X") = c1d) + cady + cacy + (a1, d)) + (az,a5) + (as, af),

then this pairing induces an identification JV ~ .J. Under this identification, the quadratic map
# . J — J and the bilinear map x can be written simply in the coordinates of J. Namely, one
obtains
cacz3 —n(a1) asai —csaz  asa; — 205
X# = ajag — c3al  czcp —nlaz) alal —craq
ajai —cpas  agaz —cial  cica —n(as)

and X x Y = (X +Y)# — X# - Y#,

1.2.2. The algebraic group Eg. The linear algebraic group Eg is by definition the linear automor-
phisms of J that preserve the norm form. We let Eg act on the right of J. That is,

E¢ = {g € GL(J) : n(Xg) = n(X) for all X € J}.
Equivalently, Eg is the subgroup of GL(J) fixing the symmetric trilinear form on J:
Eg = {g € GL(J) : (29,y9,29) = (z,y,2)V2,y,2 € J}.

Note that Eg does not fix the pairing ; the subgroup of Eg that also fixes this pairing is Fy.
If g € GL(J), denote by g € GL(J) the unique map satisfying (Xg,Y) = (X,Yg) for all X,Y.
If g € Eg, one has (Xg) x (Yg) = (X xY)g~! for all X,Y € J. In other words, g — g~ ! is an
involution on Eg, whose fixed point set is Fy.
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1.2.3. The Lie algebra of Eg. Below we will need a few facts about the Lie algebra of Eg, specifically
some nilpotent elements of it. The Lie algebra of Eg consists of the elements ¢ € End(J) satisfying

(0(x),y,2) + (2, 0(y), 2) + (z,y,0(2)) =0
for all z,y,z € J. If y € JY, and v € J, define @, € End(J) as

(I)'y,v(z) =X (U X Z) + (’73 Z)v + (’77”)2
and @, , =&, — %('y, v). One has the following well-known proposition.

Proposition 1.1. Suppose v € JY and v € J. We have the following facts.
(1) For~ve€ JY andv € J, one has

(Dr0(2),9,2) + (2, Py0(y), 2) + (2,1, D4,0(2)) = 2(0,7) (2,9, 2)
for all x,y,z € J. Consequently, (I),%v € Lie(Eg).
(2) If y# =0 and (y,v) = 0, then P, = D, satisfies P2 ,(2) = —2(7,2)y ¥ v and P, =0.
Consequently, exp(®~ ) is a unipotent element of Eg.
(3) Similarly, if v =0 and (y,v) = 0, then ®.,, = @’ , satisfies 2 (2) = —2(y* x v, 2)v and
<I>?7’7v = 0. Consequently, exp(®,,) is a unipotent element of Eg.

Proof. The first item is essentially [Rum97, Equation (9)]. The second and third items are essen-
tially contained in [Spr62, Lemma 1 and Proposition 5. O

1.3. Parabolic subgroups of Gs. We will need some facts about parabolic subgroups of G and
Eg. We begin with parabolic subgroups of Gs. Let V7 C © be the subspace of traceless elements of
0, ie.,

Vi ={x €O :tr(x) =0}.
Equivalently, V7 is the perpendicular space to 1 € ©.

The parabolic subgroups of G2 can be defined as the stabilizers of certain subspaces or flags
in V7. To setup the statement of this fact, we require a definition pertaining to two-dimensional
isotropic subspaces of V7.

Thus, suppose €2 C 0 is a two dimensional isotropic subspace. Note that if x,y is a basis of €,
then the line spanned by x* - y is independent of the choice of basis. Similarly, the line spanned by
x - y* is independent of the choice of basis.

Definition 1.2. Suppose that 2 C © is a two-dimensional isotropic subspace, and x,y is a basis
of Q. Call Q left null if x* -y = 0 for a basis x,y of Q2. Similarly, call Q right null if z-y* =0
for a basis x,y of Q. If Q C Vz, then Q is left-null if and only if it is right-null. We say € is null
(with no-modifier) if it is both left and right null.

For general isotropic €2, it could be left-null but not right-null, right-null but not left-null, both,
or neither. We now have the following well-known proposition.

Proposition 1.3. The group Ga has three conjugacy classes of parabolic subgroups: two mazimal
ones and a Borel. These parabolic subgroups and their flag varieties are characterized as follows.

(1) The group Ga acts transitively on the set of isotropic lines ¢ C V;. The stabilizer P({) of
such a line is a maximal parabolic subgroup of Go, with reductive quotient isomorphic to
GL2, and whose unipotent radical N (€) is a 3-step unipotent group.

(2) The group Go acts transitively on the set of null isotropic two spaces Q C Vz. The stabilizer
P(Q) of such a two-space is a maximal parabolic subgroup of Ga, with reductive quotient
isomorphic to GLga, and whose unipotent radical N () is a 2-step unipotent group.

(3) The group Gg acts transitively on the set of pairs (¢,) with £ C Q C Vz an isotropic line
contained in a null isotropic two-space of Vz. The stabilizer B(£,)) of such a pair is a Borel
subgroup of Go.
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1.4. Singular subspaces of J and parabolics of Eg. We now recall facts pertaining to two of
the conjugacy classes of parabolic subgroups of Eg that we will compute with below. For more on
parabolics of Eg and their flag varieties, see [Gar0I]. If V' C J is a subspace, following [Gar01]
one says that V is totally singular if v# = 0 for all v € V, or equivalently, if v; x vy = 0 for all
v, € V.

1.4.1. The As parabolics. We now describe the flag variety of the maximal parabolics P C Eg whose
reductive quotient are of Dynkin type As.

Proposition 1.4 ([SV68],[Gar01]). One has the following facts regarding the conjugacy class of
mazximal parabolic subgroups of Eg of type As.
(1) The group Eg acts transitively on the totally singular 6-dimensional subspaces V' of J, and

the stabilizer P(V') of such a V is a maximal parabolic subgroup of Eg.
(2) The reductive quotient M (V') of P(V') is isomorphic to the group {(\,g) € GL1 x GL(V) :

A3 =det(g)}.
Proof. The first item is [Gar0Ol, Theorem 7.2], for which loc. cit. references [SV68, Proposition
3.14]. The second item follows from, for instance, [Kim05, 2.5.3]. O

For example, suppose 2 C V7 C O is a null-isotropic two space. Then

0 wuz u3
(1.3) VQ)=<az=| uy 0 wu |:up,uzug€f
up uy 0

is a six-dimensional totally singular subspace of J.

1.4.2. The Dy parabolics. We now describe the flag variety of the (non-maximal) parabolic sub-
groups @ C Eg whose reductive quotients are of type Dy. If £ C J is a one-dimensional totally
singular subspace, and ¢/ € JV is a one-dimensional totally singular subspace, one says that ¢ and
¢ are incident if ® =0 for v € £ and y € /'.

Proposition 1.5 ([SV68],[Gar01]). The group Eg acts transitively on pairs (£,0") of incident one-
dimensional singular subspaces of J, JV. The stabilizer Q(¢, ') is a parabolic subgroup of Eg whose
reductive quotient is of type Dy.

Proof. This proposition is contained in [Gar0ll Theorem 7.2]. See also [SV68, Section 3|. To
compare with [GarQ1], the singular line ¢/ C JV gives a subspace ' x JV C J which is a “6-space”,
in the parlance of loc. cit.. ]

For i = 1,2,3, denote e;; the element of J with a 1 in the (i,47)-th place. Then, if v = e;; is
considered as an element of JV via the pairing (, ) on J, and v = eg3 € J, then the lines Fej;
and Fless are incident. Denote by () the parabolic subgroup that stabilizes these lines. Defined in
terms of flags of J, @ is the subgroup of Eg that fixes the chain of subspaces

0 00 00O
Vi=[ 00 0 |C| 0 *x x | =WV
0 0 = 0 * =

Below we will use the fact that @ stabilizes a larger flag of J. We now describe this flag. We
begin with a piece of notation. Suppose V is a subspace of J, and [ is a subset of the indices
{c1,c2,¢3,a1,a2,a3}. We define V(I) to be the subspace of V' consisting of elements x so that all
the nonzero coordinate entries of x are labelled by indices in I. Put another way, c1, c2, c3 define
linear functionals J — F', and a1, as, a3 define linear functions J — ©. Then

VI):={x eV :a(x)=0for all o ¢ I}.
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With this notation, we define two increasing filtrations on J:
FL:0C J(ez) C J(es,a1) C J(es,ay,a2) C J(es,a1,az,¢2) C J(cs, ay,a0,¢,a3) C J
and
F2:0C J(c3) C J(es,a1) C J(es,a1,c2) € J(es,a1,c2,a2) C J(cs,a1,c2,a2,a3) C J.

That is, define Fa(J) = 0, Fi(J) = J(es), Fa(J) = J(cs,a1) etc, and similarly for F2(J). For a
subspace V of J, set F/ (V) = F/(J)NV for ? = 1,2.
The parabolic @) fixes both of these flags on J. To ses this, note that since @) fixes V7, it fixes

0 0 =«
Vie=1 0 0 =
* % %
since Vi7 is the set of elements X € J with X x V4 = 0. Since @ fixes Vg, it fixes
0 * *
V26 = * k%
* % %

since Vag consists of the X € J such that (Vig, Vip, X) = 0. One finds that @ fixes the flags above
by taking intersections of the spaces V;; above.

As a Levi subgroup L of @@, we take the subgroup of g € Eg so that g fixes each of the spaces
J(c1), J(c2), J(c3), J(a1), J(az) and J(as).

1.5. The unipotent radical of ). In this subsection, we describe explicitly the unipotent radical
N of Q. The material in this subsection is surely well-known. However, we are unaware of a
reference, so we include some sketches of the proofs.
First, denote by N(©) the “Heisenberg” group of ©. By this we mean that elements of N(©)
consist of triples (x,y; z) with z,y, 2 € © and multiplication is given by
(,y:2)(2", v 7)) = (x + 2",y + ¢ 2 + 2" + 2y).
Then the inverse of (z,y; 2) is

(x,y;2) "' = (=, —y; 2y — 2).
The unipotent radical N is isomorphic with N(©), as we now explain. First, we explain how
N(O) acts (on the right) of J. Namely,

c1 a3z a; 1 c1 az a; 1 z =2
(1.4) ajy c2 a e A | aj c» ay 1y
ax aj c3 Z oyt 1 az aj c3 1

Since the multiplication in © is not associative, it is not a priori clear that the element above is in
H;3(0©), that this defines an action of N(©) on J, or that this action preserves the norm. However,
all these facts are true, as we now explain.

First, multiplying the second and third terms, and then multiplying with the first term, one finds
by simple explicit computation that the resulting matrix is still Hermitian, i.e., is in H3(©). We
denote by n(z, y; z) the element of GL(J) prescribed by (L.4)). To see that this matrix multiplication
defines an action, we require the following lemma, which describes the matrix product in
coordinates.

Lemma 1.6. Under the matriz product , the ¢; and a; transform as follows:
® C|+—Cq.
e ¢y — o+ (x,a3) + cn(x).
o c3— c3+ (a1,y) + con(y) + (a3, z) + cin(z) + tr(z*asy).
o a1 — ay + ey + ajz + xtas + x*(azy) + z¥cr 2.
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® ax — az +yraz + z¥cy.
® a3+ a3+ cCcix.

Proof. This is a direct computation. O

Using this lemma, one can check that the map N(©) — GL(J) given by (z,y; 2) — n(x,y; z)
defines a right-action of N(©) on J:

Lemma 1.7. If Z € J, then (Z -n(z,y;2)) -n(2',v;2") = Z -nx + 2,y + ;2 4+ 2/ + x/).

Proof. This is almost entirely a simple direct check, using Lemma [1.6| For the reader checking
this themselves, note that it is easy to see that ci,ce, a2 and ag transform as required. To see
that c3 transforms in the right way, one must use the identity tr((zize2)xs) = tr(xi(zoxs)) =
tr(xs(z1xe)) for x1,29,23 € O. To see that a; transforms in the right way, one must use the
identity z*(asy’) + a3(zy’) = (x,a3)y’, which comes from (z* + af)((z + a3)y’) = n(z + a3)y’ by
linearizing. O

We now explain why the n(x,y;z) are in Eg, and make up the unipotent radical N of @. For
x,y,z € O, write

0 = =z
Y(z,y,2)=| =¥ 0 y | €J.
zZ oyt 0

Recall the elements eq1, e33 defined above.

) and n(x,0; z) = exp(P’

Lemma 1.8. One has n(0,y;2) = exp(q)’v(ow) 611"/(367072)).

,€33

Proof. One computes easily how the coordinates a; and ¢; transform under the map q)l\/(o,y,z),egg’

and the same for @éu’v(%o’z). That n(0,y;2) = exp(@'v(&y’z)’ess) again follows directly from this
computation, by comparing with Lemma and similarly for n(zx,0; 2). ]

We thus have the following corollary, which explicitly describes the unipotent radical N of Q).
Corollary 1.9. The elements n(z,y;z) are in N C Eg, and the map N(©) — N is an isomorphism.

Proof. Since n(x,y; z) = n(0,y; z)n(x,0,0), to check that the n(z,y; z) are in N it suffices to check
that the n(0,y;2) and n(z,0;z) are in N. By Lemma these elements are exponentials of
nilpotent elements of Lie(Eg). Hence it suffices to check the corresponding Lie algebra statement.
Now, one immediately has <I>’V(07y7z)’€33(e33) = 0. Furthermore, if ®¥ , denotes how ®. , acts on the

dual representation, then

Y (1) = v x (v x p) = (v, )y — (v,7)p

for p € JY. Using the fact that ezs x (V(z,y,2) x e;1) = 0, one sees that <I>$(0yz) ess(€11) = 0.
Thus, q)a/(o’%z)’egg is in the Lie algebra of N. One similarly finds that (I)/eu,V(a:,O;Z) is in the Lie

algebra of N. Thus the map N(©) — Eg lands in N, as claimed.

To see that N(©) — N is an isomorphism, note that it is clear from Lemmathat N(©) — Eg
is injective. But N(©) and N are each unipotent groups of dimension 24, so the isomorphism
follows. O

1.6. The period. In this subsection we define the period that we study in this paper. Recall the
Levi subgroup L of @, which acts on J fixing the “coordinate spaces” J(a;), J(¢;), i = 1,2,3. We
map Go — L C Eg by letting Go act diagonally on the spaces J(a;) and trivially on the J(¢;). That
is, if g € Gg then

c1 asg CL; C1 9_1(a3) 9_1(615)

a5 ¢ a1 |-g=| g'a}) e g

az aj c3 g M a2) g7 Ma}) e
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It is clear that this action preserves the norm on J, and thus Gy C L C Eg.
Fix an additive character ¢ : F\A — C*. We put on N ~ N(0) the character { : N(F)\N(A) —
C* defined by &(n(x,y;2)) = ¥(tr(x +y)). Note that if g € Gg, then

(1.5) gn(z,y;2)g~" = n(gz, gy; 92).

It follows that Gg stabilizes this character on N(©). In fact, one can show that Gg is the full
stabilizer in L of this character on IV, but we do not need this fact, so we omit it.
If ¢ is an automorphic function on Eg(F')\ Eg(A), then the period we study is

(1.6) Poalp) = / / E(n)p(nr) dn dr,
G2(F)\ G2(A) JN(F)\N(A)

assuming that the integral converges. To simply the notation, we will sometimes use H = HoN to
denote the group Go NV with Hy = Go and we will extend the character £ to H by making it trivial
on H().

2. ORBITS OF H ON A FLAG VARIETY OF Eg

Let V be the variety of six-dimensional totally singular subspaces of J. The group Eg acts on
the right on V and Proposition shows that this action is transitive with stabilizers being the
As parabolic subgroups of Eg. As explained in the introduction, we want to compute the period
Pg, of a truncated Eisenstein series of Eg induced from an As parabolic subgroup. To this end, we
study in this section the orbits of H = Gy N on V and we analyze the stabilizers of each orbit.

2.1. The @ orbits on V. Since @) preserves the filtration F = F', it is easy to write down an
invariant of the orbits of Q on V. Namely, if V is a six-dimensional totally singular subspace of
J, then the dimensions JF;(V)/F;_1(V) are Q-invariants. Here recall that F} (V) = F1(J) N V;
see subsection We will see that there are 7 orbits, and that these dimensions completely
characterize the orbits.

We will first produce representatives for these seven orbits, and then explain why they are only
orbits. Now, and below, we will use the following notation. If W is a subspace of O, set

Anmmp(W)={2 €0 :w-z =0 for all w e W}

and similarly

Ann,(W)={z€©:2-w=0 for all we W}

the right and left annihilators of W. Note that the identity z*(zw) = n(x)w implies that if W
is nonzero, then Anny (W) is isotropic. Similarly, if W is nonzero, then Anng (W) is isotropic. If
W C Vi, then w* = —w for every w € W. It follows that Anng(W) = Anng(W)* when W is
traceless. If W is not contained in V7, then Anng(W) need not be related to Anny,(W).

Suppose (V1, Va, V3) in ©3 satisfies V; - V;;1 = 0 (indices taken modulo 3) and each Vj is two-
dimensional. Furthermore, suppose that ¢ C O is an isotropic line. In this case, Anng(¢) = (*©,
Anny (¢) = ©¢*, and both are four-dimensional. With this notation, the seven orbits of @) on the
totally singular six-dimensional subspaces of .J are represented as follows.
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0 Vg =«
(2.1) V=1 = 0 W
V2 * 0
0 0 =*
(2.2) V= 0 0 ¢
Anng(¢) * x
* Anng(¢) *
(2.3) v=_[s+ 0 o0
l 0 0
0 ¢ 0
(2.4) V=1 % x Anng(0)
0 x 0
0 Annz(¢) 0
(2.5) V=1 x * 14
0 * 0
0 0 *
(2.6) V=0 0 Annz(¢)
{ x *
* l x
(2.7) V= £ 00
Annz(¢) 0 0

It is clear by considering the dimensions F;(V')/F;—1(V) that the above V are in different Q-

orbits. We call spaces of the form a “(2,2,2)” orbit, spaces of the form , , and
“right (4,1,1)” orbits, and spaces of the form , , and “left (4,1,1)” orbits.

We now show that these are the only orbits. Note that the V' above are all direct sums of their
intersections with the coordinate space J(a;), J(¢;). The Bruhat decomposition implies that every
@ orbit on V has such a representative.

Lemma 2.1. Suppose V is totally singular siz-dimensional subspace of J. Then there exists ¢ € Q
so that Vq is a direct sum of its intersections with with the coordinate spaces J(a;) and J(c¢;),
i=1,2,3.

Proof. Let P be the stabilizer of V' in Eg. Denote by T” the diagonal maximal torus of GL(V), and
set T = {(\,t) € GLy xT" : A3 = det(¢)}. Tt follows from Proposition [L.4|that T is a maximal torus
of a Levi subgroup of P, and thus a maximal torus of Eg. By the Bruhat decomposition, there
exists ¢ € Q and w € N(T), the normalizer of T', so that Vg = V(Q)w := V’. Here V() was the
singular space used to define P. Suppose t € T'. Since w normalizes T and T fixes V(Q2), V't = V'.
It follows that V' is a direct sum of its T-eigenspaces. But the subtorus Ty C T consisting of the
(1,diag(t1, t1, ta, to, t3,t3)) with t1tats = 1 has the coordinate spaces J(a;), J(¢;) as its eigenspaces.
The lemma follows. ]

Using Lemma the fact that the seven spaces V' above represent all orbits of @ on V is now
an easy exercise using the following two well-known lemmas.

Lemma 2.2. Suppose V1, Vo C O are nonzero subspaces, and V1-Vo = 0. Then both V; are isotropic,
and (at least) one of the following three things are true:

(1) Vi is one-dimensional, and Vo C Anng(Vy), which is four-dimensional. In particular,
dim(V4) + dim(V3) < 5.



A G2-PERIOD OF A FOURIER COEFFICIENT OF AN EISENSTEIN SERIES ON Eg 11

(2) Va is one-dimensional, and Vi C Annp(Va), which is four-dimensional. In particular,
dim(Vy) + dim(V2) < 5.

(3) Neither Vi nor Va is one-dimensional. In this case, V1 is two-dimensional, Vo = Anng(V1) is
two-dimensional, and there is a unique two-dimensional subspace V3 C © so that V;-Vi1 =0
fori=1,2,3 (indices taken modulo 3). In particular, dim(V7) + dim(Va) = 4.

The lemma is an avatar of triality for the group Sping. To setup the second lemma, re-
call that Sping can be defined to be the subgroup of triples (gi,g2,93) € SO(©)3 such that
tr((g121)(g222)(g3xs)) = tr(zizoxs) for all xy,z9,23 € ©. As such, Sping sits naturally inside
the Levi subgroup L of @, by acting trivially on the coordinate spaces J(¢;) and by g; 1 on the
coordinate spaces J(a;).

Lemma 2.3. One has the following facts regarding the Sping orbits on isotropic subspaces of ©.

1) Via any of the three projections Sping — SO(O), the group Sping acts with one orbit on the
8 8
isotropic lines £ C O.
2) Via any of the three projections Sping — SO(0O), the group Sping acts with one orbit on the
8 8
isotropic two-dimensional subspaces of ©.
(3) If i € Z/3 is an index, Vi, Viy1 are subspaces of © with V; - Viy1 =0, and g = (g1,92,93) €
Sping, then (g:Vi) - (gix1Vig1) = 0.

2.2. The H-orbits on V. In this subsection, we discuss the H = Gy N orbits on the flag variety
V. Note that the Levi subgroup L (see subsection of ) takes each of the types of orbits
above to themselves, but moves around the isotropic two-dimensional subspaces V; in item (2.1))
and moves around the isotropic line ¢ in items (2) to (7). Thus to compute the Go N orbits on V,
we need to compute the Gg orbits on isotropic two-dimensional subspaces (2 C © and on isotropic
lines ¢ C ©.

Proposition 2.4. The group Go acts with two orbits on the set of isotropic lines in ©. These
orbits are characterized by whether the line ¢ is traceless or not, i.e., whether £ C V7 or not. In the
Zorn model, the two orbits are represented by the lines ¢ = F (3 8) with v # 0, and Fe; = (g 8).
The stabilizer of the line ¢ is the parabolic subgroup P({) of Go, while the stabilizer of the line Fe;
is the subgroup SL3 acting component-wise on the Zorn model.

Proof. 1t is clear that the two lines £ and Fe; are in different Go orbits, since £ C V7. That all the
isotropic lines in V7 are in one Go orbit, and their stabilizer is a parabolic subgroup was stated in
Proposition [I.3] Thus we must only check that all the isotropic lines not contained in V7 are in one
orbit, and the stabilizer statement for the line Fle;.

We first check that isotropic lines £ that are not traceless are in one Gs-orbit. For this, suppose ¢
is such a line, and take y € ¢ with tr(y) = 2. Then y = 1+ y;, with y; € V7 and n(y1) = —1. Since
G2 acts transitively on isomorphic quadratic étale subalgebras of Go, we may move y; to (1 ,1).
Thus we can assume / is spanned by €1, as desired.

It is clear that SLg is contained in the stabilizer S(¢). To see that it is exactly the stabilizer, note
that S(¢) must fix €; (since it preserves the trace), and must furthermore fix Anng(€;), Anng(€;)
for ¢ = 1,2, since it commutes with conjugation on ©. Taking the intersection of various of
these subspaces shows that S(¢) fixes the components V3 and V3’ of the Zorn model. Since S(¢)
preserves the bilinear form on O, the action of S(¢) on V3’ is determined by that on V3, and
thus S(¢) € GL3 = Aut(V3). Finally, the trilinear form tr(x;(zoz3)) on © restricted to V3 is the
determinant: (vy,vg,v3) — v1 A vy A vs. Since S(¢) must stabilize this, we get S(¢) ~ SLs, as
desired. O

We now discuss the Go-orbits on the isotropic two-dimensional subspaces Vo C ©.

Lemma 2.5. There are five orbits of Gg on isotropic two-dimensional subspaces Vo of ©, which
are characterized as follows:
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(1) Vi traceless and null

(2) Va traceless and not null

(3) Vi not traceless and is left-null, but not right-null
(4) Vi not traceless and is right-null, but not left-null
(5) Va not traceless, and neither right nor left-null.

Suppose v € V3, ¢ € V3' and ¢(v) = 0. Then examples of such spaces are, in order,
(1) V4 spanned by ¢ and v;

(2) V4 spanned by e and eg;

(3) Vi spanned by ({9) and v;

(4) Va spanned by () and ¢;

(5)

Vs spanned by (§9) and v + ¢.
Proof of Lemma[2.5 Tt is clear that the examples are spaces of each kind, and thus the five types
of spaces V5 exist. Furthermore, it is clear that the characterizing features of these orbits, e.g.,
“traceless and null”, etc are Go-invariants. Thus there are at least five orbits of Go on the two-
dimensional isotropic subspaces of ©®. That these are the only five orbits can be checked directly.
However, that there are only five orbits follows from [Jia98 Lemma 2.1], so we omit this aspect. [

The stabilizers in Go of these two-dimensional isotropic subspaces Vo C © were also computed in
[Jia98, Lemma 2.1], so we simply state the result. Recall that eq, e2, e3 denotes our standard basis
of V3, and e}, €5, e} the dual basis of V3'. For the next proposition, define

* 0 Fey,Fe N F 0 " 0 0
e = (o 0 ) e = o) e =( p g )

Proposition 2.6. Denote Va(closed) the space spanned by Fej, Fey and Va(open) the subspace
spanned by €1 and e1 + e3. We have the following stabilizers:
(1) The stabilizer in Go of Va(closed) is the Heisenberg parabolic P(Fej + Fe}).
(2) One has Vj(e3)-Vjyi1(e5) = 0 (indices taken modulo 3), and thus each has the same stabilizer.
Denote by P(e3) the parabolic subgroup of Go stabilizing the line spanned by e3. Then
P(e3) = M(e3)U(e3), with M(e3) ~ GLa the Levi subgroup fizing the decomposition
Vi=Fe;® (Fey1 + Feg) ® F(e1 — €2) ® (Fel + Fe3) @ Fes
and Ul(es) D U(el) D U(es)” the three-step unipotent radical. The stabilizer of the Vj(e3)
is M(e3)U(es).
(3) The stabilizer of Va(open) is contained in the Heisenberg parabolic P(Fey + Fej). Define

Ul(ei,e5) to be the unipotent radical of P(Fey + Fe}), and set M(ey,e}) ~ GLg the Levi
subgroup fixzing the decomposition

Vo = (F61 +F6§) D (Feg —i—Fe;‘ +F<€1 —62)) D (FGT +F63).
The unipotent radical U (e1, €3) is spanned by 3 long roots and two short roots. The stabilizer
of Va(open) is GLy U%(eq, €4) where U%(eq, e3) is a certain subgroup of U(ey,e}) defined by
a linear relation on the two short roots in U(e1, e3) and GL1 C M ey, e3) is the subgroup of
GL2 acting as ey — tey, e3 — tej, t € GLy.
Proof. That these are the stabilizers is essentially [Jia98, Lemma 2.1]. O
Putting it all together, we have the following proposition.

Proposition 2.7. The group Go N acts on the flag variety V with 17 orbits. The 17 orbits are as
follows:

(1) Five (2,2,2) orbits, with representatives given by the isotropic two-space Vi equal to each
of the five isotropic two-spaces in Lemma[2.5
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(2) Siz right (4,1,1) orbits, with representatives given by the isotropic line ¢ in each of the
coordinate spaces J(ay1), J(az) and J(a3), and ¢ equal to each of the two isotropic lines in
Proposition [2.7).

(3) Six left (4,1,1) orbits, with representatives given by the isotropic line ¢ in each of the
coordinate spaces J(ay),J(a2) and J(as), and £ equal to each of the two isotropic lines in
Proposition [2.7).

Denote by V' one of the totally singular spaces above, and Hy its stabilizer in H = Go N = HygN.
Then Hy = (Hy N Ge)(Hy N N), and the stabilizers Hy N Go = Hy N Hy are given by Proposition
in the case of the case of the five (2,2,2) orbits, and given by P(v) and SL3 in the case of the
(4,1,1) orbits.

Proof. The only thing that we have not yet proved is that Hy = (Hy NGg)(Hy NN) for the above
spaces V. But this is clear by considering the fact that the V' above are a direct sum of their
intersections with the coordinate spaces J(¢;), J(a;), i = 1,2, 3. O

2.3. N-stabilizers of totally singular spaces. We will require the following lemma.

Lemma 2.8. Suppose Vi, Vo, V3 are a triple of (2,2,2) spaces with Vj-Vj1 = 0. Then Vj Vit Cvg
and Vi - V3 C V¥ (and cyclic permutations of these).

Proof. This is surely well-known, so we don’t give a detailed proof. However, the reader wishing
to check this themselves can simply check it for each of the five cases of Lemma [2.5] since the
statement of the lemma is Go-invariant. O

If (z,y;2) € N(O), recall that we denote n(x,y, z) the corresponding element in Eg as defined
above. Also recall that if V' is one of the totally singular six-dimensional spaces in J, V(a3) =
Vnd(as), V(ar) =V N J(ar), ete.

Lemma 2.9. The conditions for n(z,y,z) to stabilize one of the (2,2,2) orbits are the following:
oz V(a)t,
o z* € Viag)™t.

If v € V(ag),y € V(a1) and z* € V(ag), then n(x,y, z) acts trivially on the (2,2,2) space.

Proof. One checks immediately that if z € V(a3),y € V(a1)* and 2* € V(az)*, then n(z,y, 2) acts
as 1 on the (2,2,2)-space. Also, one sees quickly that for n(z,y, z) to stabilize a (2,2, 2)-space, it
is necessary that x € V(az)*,y € V(a1) and 2* € V(az). But now by Lemma these “perp”
conditions are also sufficient. This completes the proof. [l

We now consider the N stabilizers for the (4, 1, 1)-orbits.

Proposition 2.10. Suppose V' is one of the (4,1, 1)-orbits.

(1) Suppose V is one of the orbits with ¢y = ca = a3 = 0. Then n(x,y, z) stabilizes V' if and
only if V(az)-x C V(a1)*, and acts trivially on V' if and only if V(az)-x =0, (V(a1),y) =0,
and (V(az),z*) = 0.

(2) Suppose V' is one of the orbits with ¢; = c¢3 = ag = 0. Then n(x,y, z) stabilizers V if and
only if y € V(a1) and V(az)*z C V(a1). The element n(z,y, z) acts trivially on V if and
only if x € V(az)*, y =0, and 2*V (a3z) = 0.

(3) Suppose V is one of the orbits with co = c¢3 = a1 = 0. Then n(x,y, z) stabilizes V' if and
only if v € V(as), z* € V(az) and V(az) -y C V(az)*. Such a n(x,y, z) acts as the identity
onV if and only if z=x =0 and V(a3) -y = 0.

Proof. The proof of the first item is immediate from the formulas for the N(©) action. For the
second item, to see that y € V(ay), look at how the aj-coordinate in V' changes. Since y € V(aq),
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it follows that V(a3)y = 0 automatically, and the rest of the stabilizer claim follows immediately.
The conditions for n(x,y, z) to act as the identity are similarly immediate.

Finally, consider the third item, and the claim about the stabilizer. Looking at the as-coordinate,
one sees right away that z* € V(ag) and V' (as)y C V(ag)*. Looking at the aj-coordinate, one sees
V(ag)x = 0, which happens if and only if z € V(a3). Now with these conditions, one checks easily
that n(x,y, z) does indeed stabilize V.

For n(x,y, ) to act as the identity on V', one sees that z = 0 by looking at the as-coordinate, and
that * = 0 by looking at the as-coordinate. By looking again at the as-coordinate, one concludes
that V(ag) - y = 0. When these conditions are satisfied, it follows immediately that n(zx,y, z) acts
trivially on V. This concludes the proof. ([

3. EISENSTEIN SERIES AND RELATED OBJECTS

3.1. General notations. For the rest part of this paper, F' is a number field, F is the algebraic
closure of ', A = A be the ring of adeles.

Let G be a connected reductive algebraic group over F'; X (G) be the group of rational characters
of G. We fix a maximal F-split torus Ag of G. Let Py be a minimal parabolic subgroup of GG defined
over F' containing Ag, My be the Levi part of Py containing Ag and Uy be the unipotent radical of
Py. Let F(Py) be the set of parabolic subgroups of G containing Py. Elements in F(FP,) are called
standard parabolic subgroups of G. We also use F(Ay) to denote the set of parabolic subgroups of
G containing Ay (these are the semi-standard parabolic subgroups).

For P € F(P,), we have the Levi decomposition P = MU with U be the unipotent radical of P
and M be the Levi subgroup containing Ag. We use Ap C Ag to denote the maximal F-split torus
of the center of M. Put

OSZX(AQ)(@ZR:X(M())@ZR

and let ag be its dual vector space. Let Ay C aj be the set of simple roots of Ay acting on U.
The subsets of Ay are in a natural bijection with F(Py). For P € F(F), we use A}’ to denote the
subset of Ag corresponding to P. In particular, we have AOG = Ag. Set ap to be the kernel of A(I; .
It P = Py, we write agp = ap, and similarly in other contexts.

The inclusions Ap C Ay and My C M identify ap as a direct factor of ag, we use aéj to denote
its complement. Similarly, a}, = X (Ap) ®z R is a direct factor of af and we use aéj ™ to denote its
complement. The space aéj ™ is generated by Aéj .

Let Ay C aOG be the set of simple coroots given by the theory of root systems. For o € Ay we
denote a¥ € Ay the corresponding coroot. We define 30 C ag’* to be the dual basis of Ay, i.e.
the set of weights. In particular, we get a natural bijection between Ay and 30 which we denote
by a + we. Let Kp - ﬁo be the set corresponding to Ag A(]]D.

For any subgroup H C G let H(A)! denote the common kernel of all continuous characters
of H(A) into R . Fix K a maximal compact subgroup of G(A) adapted to My. We define the
Harish-Chandra homomorphism Hp : G(A) — ap via the relation

(x; Hp(z)) = [x(p)la, Vx € X(P) = Hom(P,Gp)

where x = pk is the Iwasawa decomposition G(A) = P(A)K and |- |a is the absolute vaule on
the ideles of A. Let A% be the connected component of Resp/gAp(R). Then M(A)! is the kernel
of Hp restricted to M(A) and we have the direct product decomposition of commuting subgroups
M(A) = A M(A)L

For any group H we use [H] to denote H (F)\H(A). Moreover, if H is reductive, we use (assuming
the compact subgroup of H(A) is clear from the context) [H]' to denote H(F)\H(A)!.
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3.2. Haar measures. We fix compatible Haar measure on G(A), G(A)! and A¥. For all unipotent
subgroups U of G, we fix a Haar measure on U(A) so that [U] is of volume one. On K we also fix
a Haar measure of volume 1. For any P € F(Ay), let A}, be the set projections of {av}aer\Ag

onto ap. Then A} is a basis of ap/ag. We use this basis to define a Haar measure on ap/ag. This
choice induces a unique Haar measure on A% /A such that

(3.1) /Qmﬁwfﬂ}ﬁ%a»dazi/ F(H)dH,  f e C=(ap/ac).

ap/ag
Together with the measure on AZ, we get a Haar measure on A% .
Let pp € ap be the half sum of the weights of the action of Ap on Np. The above choices induce
a unique Haar measure on Mp(A)! such that

/ ﬂM%z// / /ewm%@WWWMWWMk
P(F)\H () K JM]t J A U]

for f € C(P(F)\G(A)). We fix this measure on M (A)! as well.

3.3. The computation of pp when P is maximal. Let P € F(Fy) be a maximal parabolic
subgroup corresponds to the simple root «, i.e. {a} = Ag ~ A(I; . Let w be the corresponding
weight. We have pp € ag’*. Since P is maximal, a]GD’* is one dimensional. Hence there exists a
constant ¢ € R such that pp = cow. We want to calculate this constant.

Write o = a" + D year a,v" with respect to the direct sum decomposition a§ = a% @ af. Tt
is known that po = pp, = > .z, @ Hence

c={pp,a”) = (pn,a") =1— > a.
yeAl
We are reduced to calculating the constants a,v. Let n = |Ag| be the rank of G. Let C' be the
Cartan matrix of G, it is an n x n matrix with entries ¢, gv = (o, 8Y) where o € Ag and Y € Ay.
Let C, be the (n — 1) x (n — 1) matrix obtained from C by removing the a-row and a"-column
(the Cartan matrix of the root system of M). If we denote v, € R"~! the column vector (a'yv)weAg

and w, € R"~! the column vector ({7, av>)7€A6D, we clearly have

Vo = C’;lwa.

We specialize to two cases that will be needed in later sections. Let G be the split, simply
connected reductive group of type Eg. Let Ag = {ai}ie{l 6} be the set of simple roots whose
Cartan matrix Cy; = (a;, ) is of the form

-----

0
0o o0 0 -1 2 0
0O 0 -1 0 0 2

Let P be the standard parabolic subgroup corresponding to Ag \ {ag}. Its Levi subgroup is then
of type As. We have that

5/6 2/3 1/2 1/3 1/6 0
2/3 4/3 1 2/3 1/3 0
Coo=11/2 1 3/2 1 1/2|, we=|-1
1/3 2/3 1 4/3 2/3 0

1/6 1/3 1/2 2/3 5/6 0
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Consequently, we get
11

PP = EWG

where wg € A( corresponds to ag.

Remark 3.1. We know that M = {()\,g) € GL1 xGLg | \> = detg}. Let \ denote the character of
M corresponding to the projection on the first factor. Let’s fix this isomorphism so that X\ restricted
to Ap acts via a positive powers on U. Since Eg is simply connected, wg is an indivisible character
of Ay and we conclude that A\ = wg.

Let G be the split reductive group of type Gy. Let Ag = {a1, a2} be the set of simple
roots whose Cartan matrix Cj; = (a;, af) is of the form

C= (_23 ‘21>.

In particular, as is the long root. Let P be the standard parabolic subgroup corresponding to
A ~\ {ag}. Its Levi subgroup is of type A; and the unipotent radical is a two-step unipotent

subgroup. Obviously Coj; = % and wqa, = —1 which imply that

3

PP = 5@2

where twy € Ag corresponds to as.

Remark 3.2. Note that M = GLo and we can fix this isomorphism so that the determinant
character det acts via positive powers on U. Through this identification we then have we = det.

3.4. Eisenstein series. Let P = MU be a parabolic subgroup of G. Given a cuspidal automorphic
representation m of M(A), let A, be the space of automorphic forms ¢ on N(A)M (F)\G(A) such
that M(A)! 3 m — ¢(mg) € LE([M]!) for any g € G(A), where L2([M]') is the m-isotypic part of
L*([M]'), and such that

dlag) = PP g(g) Vg e G(A), a € AF.

Suppose that P is a maximal parabolic subgroup. Let w € A p be the corresponding weight. We
then define
E(g,¢,5)= >, $(dg)el=Hr0 secC, geG(A).
deP(F)\G(F)

The series converges absolutely for s > 0 and admits a meromorphic continuation to all s € C.

Suppose moreover that M is stable for the conjugation by the simple reflection in the Weyl group
of G corresponding to P. We have in this case the intertwining operator M (s) : Ar — A; that
satisfies E(M(s)¢p, —s) = E(¢, s) and

E(g,¢,5)p = ¢(g)e*=HPO) 4 5= P (5)g(g), g € G(A)
where E(-, ¢, s)p is the constant term of E(-, ¢, s) along P
E(g) ¢7 S)P = 0] E(Ug, d)v 5) du.
U

When the Eisenstein series E(g, ¢, s) has a pole at s = s, the intertwining operator also has a
pole at s = sg, we use Ress—s,E(g, ¢, s) (resp. Ress—s,M(s)) to denote the residue of the Eisenstein
series (resp. intertwining operator). Recall that the Eisenstein series, their derivatives and residues

are of moderate growth. Moreover, for s in the domain of holomorphy of E(¢, s) we have for all X
in the universal enveloping algebra of the complexification of the Lie algebra of G a bound

X % E(g,¢,5) <c(s)(_inf |yzlle)Y, g€ G(A)
YEG(F)
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for some N > 0 and some locally bounded function ¢ on C where ||z||¢ is a norm on G(A). This
last fact allows for bounds uniform in s as long as it is confined to compact sets.

3.5. Truncation operator. We continue assuming that P is maximal. We identify the space ag

with R so that T' € R corresponds to an element whose pairing with @ € ap is 7. We will assume
this isomorphism is measure preserving. Let Tp be the characteristic function of

{Hcap | w(H)>0Vwe Ap}.

Given a locally integrable function F' on G(F)\G(A) we define its truncation as follows

AR =Fg)— Y #p(Hp(dg) —~ T) / Flusg)du, g€ G(F)\G(A),
seP(F)\G(F) vl

where T' € R and the sum is actually finite.

4. COMPUTATION OF Pg,(ATE(¢,s)) AND PROOF OF THEOREM

In this section we compute formally the period Pg, (AT E(#,s)) defined in section where
E(¢,s) is an Eisenstein series on Eg associated to the maximal parabolic subgroup of type As
and a cuspidal representation of its Levi subgroup. The computation is performed in sections
through [£.5] culminating in Proposition This proposition is then used to prove Theorem [0.2]
in section [£.6] The results depend on Proposition [4.2] which will be proven in next section.

4.1. The Eisenstein series. We first single out the parabolic P that we use to define the Eisen-
stein series E(¢,s). To do so, consider © as formed by the Cayley-Dickson construction out of
D = M(F) and v = 1, in the notation of section[1.1.2] Then, define Q C © as the two-dimensional
subspace consisting of elements (x,y) = (0, (§ §))- It is clear that Q@ C V%, and one checks immedi-
ately that € is null. Thus, the six-dimensional space V(Q2) C J, see (1.3)), is totally singular. We
define P = P(V (1)) to be its stabilizer inside Eg. From Proposition P has reductive quotient
of type As.

We now explicitly describe a Levi subgroup M of P. Set D = My(F'), so that © = D@ D as in
the Cayley-Dickson construction. To describe the Levi subgroup M of P, it is convenient to write
J = H3(0) as a direct sum of two pieces, which corresponds to the direct sum © = D@ D. Namely,
J = H3(D)® D3, with this D3 = My ¢(F) considered as 1 x 3 row vectors in D, or 2 x 6 matrices over
F. In this decomposition, if (X,v) € H3(D) @ D3, then one finds n((X,v)) = n(X) + vXv*. Here
the notation is as follows. The n on the left-hand side is the norm on J, the n on the right-hand
side is the norm cubic norm on H3(D) (given by the same formula as in , and v* is the column
vector in D? given by applying transpose-conjugate to v. Thus vXv* is an element of D fixed by
the conjugation *, so it is in F.

In this decomposition, the six-dimensional subspace V(Q2) becomes the set of (X,v) = (0,v),
v € My g(F'), where the bottom row of v is 0. Now, recall from Proposition that M ~{(\g) €
GL; x GLg : A3 = det(g)}. We let M act on J via

(4.1) (X,v) — ()flg*Xg, (1 )\) v(*gil)) )

Here *g is the transpose conjugate of g considered as an element of M3(D) = Mg(F'). Note that this
action of M on J preserves V(Q2), and one checks immediately that this action preserves the norm.
Thus M C P C Eg, and we use this M as a Levi subgroup of P. We have a natural homomorphism
from M to GLg given by (A, g) — ¢. Under this normalization, the modular character is given by

p((X.g)) = A"
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4.2. First step. Given a cuspidal automorphic representations 7 of GLg(A), we can view it as a
cuspidal automorphic representation of M (A) via the natural homomorphism M — GLg described
above. For ¢ € A and s € C let E(¢, s) be the corresponding Eisenstein series on Eg.

Lemma 4.1. For all $ € A, and s € C the integral defining the period Pa,(ATE(¢,s)) converges
absolutely and uniformly for s in a compact subset of the domain of holomorphy of E(¢, s).

Proof. Note that the function x — AT E(z,¢,s) equals the truncated Eisenstein series via the
operator introduced in [Art80]. This is because E(¢, s) is a cuspidal Eisenstein series induced from
a maximal, self-dual Levi subgroup of Eg. It follows from Lemma 1.4 of loc. cit. that the function
x — ATE(z, ¢, s) is rapidly decreasing on [G] = [Eg]. The lemma is thus a direct consequence of
Proposition A.1.1(ix) of [BP16] together with the fact that Go N\ Eg is quasi-affine. O

Let V be the flag variety as in the section [2| Identify V/H with a set of representatives so that
the subspace defining the parabolic subgroup P is one of them. Let V € V/H. Fix vy € Eg(F') such
that V = V(Q)yy. Let P(V) be the parabolic subgroup of Eg stabilizing V', U(V') the unipotent
radical of P(V'), and M(V) the reductive quotient of P(V'). By definition, the group Hy, the
stabilizer of V' in H, is contained in P(V'). We set Uy (V) = U(V) N Hy, and My (V) the image of
Hy in M (V). We sometimes abuse notation and also write M (V') for the Levi subgroup of P(V)
equal to 7‘;1M vy, where M is the Levi subgroup of P specified above.

Let V € V/H. Set

Iv(¢,8) := (1 — 7p(Hp(wh) — T))p(ywh)es=HrOvhie ) dn

/Hv(F )\H (A)
and

Jv(9,s) = Fp(Hp(ywh) — T)M(s)(yh)el == Hrvme(h) dh.

/Hv(F)\H(A)

The proof of the following proposition will be given in the next section.

Proposition 4.2. For all s € C such that Re(s) is sufficiently large and all T € R sufficiently
large, the integrals defining Iy (¢, s) and Jy (¢, s) converge absolutely.

Unfolding the Fisenstein series and taking the above proposition for granted we get

(4.2) Pa,(ATE(¢,8) = Y Iv(¢,s)+ Jv(¢,s)

Vev/H
which justifies the introduction of the integrals Iy and Jy . In the following subsections [4.3] and [4.4]
we show that Iy (¢, s) = Jy(¢,s) = 0 unless V =V (Q).

4.3. Vanishing of most orbits. In this subsection, we show that 14 of the 17 integrals Iy (¢, s)
and Jy (¢, s) vanish. More specifically suppose that the character ¢ is nontrivial on Uy (V)N N. It
follows that the integrals Iy (¢, s) and Jy (¢, s) vanish. In this subsection we check that 14 of the
17 integrals Iy (¢, s) and Jy (¢, s) vanish for this reason.

Lemma 4.3. Suppose that V is one of the (2,2,2) orbits (cf. , which is not the closed orbit,
i.e., V.#V(Q). Then the integrals Iy (¢, s) and Jy (¢, s) vanish.

Proof. An element of N is in Uy (V) N N if and only if it acts trivially on V. By Lemma
it follows that there is always an element n(x,0;0) or n(0,y;0) acting trivially on V with either
tr(z) # 0 or tr(y) # 0. Thus the character £ is nontrivial on Uy (V)N N and the lemma follows. [

Lemma 4.4. Suppose V represents one of the (4,1,1) (cf. orbits with either V(c3) # 0 or
V(ea) #0, i.e., V is of the form (2.2)), (2.4), (2.5) or (2.6). Then the integrals Iv (¢, s) and Jy (o, )

vanish.
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Proof. Suppose first V' is such that V(c3) # 0. Then by Proposition n(0,y;0) acts trivially on
V so long as y € V(a1)*. But V(a1)* contains a 4-dimensional isotropic subspace, so the trace is
not identically 0 on it. Hence Iy (¢, s) and Jy (¢, s) vanish. Similarly, if V' is one of the orbits with
V(c2) # 0, then n(z,0;0) acts trivially on V so long as € V(a3)*, and one again gets vanishing
for the same reason. O

Lemma 4.5. Suppose V is one of the (4,1,1) orbits with V(c1) # 0. If V(ag) = £ is an isotropic
line, then the integrals I (¢, s) and Jy (¢, s) vanish.

Proof. From Proposition the element n(z,y; z) acts as 1 on such a V if and only if 2 = 2 =0
and V(ag) -y = 0. If V(ag) = ¢, then the set of such y is Anng(¢), which is a four-dimensional
isotropic subspace of ©. Thus the trace is nonzero on it, which implies that Iy (¢, s) and Jy (¢, s)
vanish. g

4.4. Formal vanishing of another two orbits. In the previous subsection we showed that 14 of
the 17 integrals Iy (¢, s) and Jy (¢, s) vanish. In this subsection, we show that the integrals Iy (¢, s)
and Jy (¢, s) also vanish for another 2 orbits. More specifically, the V’s we consider are the two
(4,1,1) orbits with V(c1) # 0 and V(az) an isotropic line. We begin with the following lemma.

Lemma 4.6. Suppose V is one of the (4,1,1) orbits with V(c1) # 0 and V(az2) = £ an isotropic
line. Then the subgroup of N acting as the identity on V is trivial.

Proof. From Proposition the element n(z,y; z) acts as 1 on such a V if and only if 2 = 2 =0
and V(a3) -y = 0. If V(ag) = ¢, then V(a3) = Anng(¢). But Anng(¢) only has a left annihilator
(namely, /); its right annihilator is 0. Thus only the identity in N acts trivially on V in these
cases. ([l

For the rest of this subsection, V' denotes a representative of one of the (4,1,1) oribts with
V(e1) # 0 and V' (a2) = ¢ an isotropic line. As we mentioned before, we extend the character £ on
N to N Gy by making it trivial on G,. By Lemma the integrals Iy (¢, s) and Jy (¢, s) have an
inner integral over (Mg (V)(F)\Mg(V)(A))'. Hence in order to show the integrals Iy/(¢,s) and
Jv (¢, s) vanish, it suffices to show that the integral

Ky (p):= §(z)p(z) do

/(MH(V)(F)\MH(VMA))1
vanishes for any cusp form ¢ on M (V). The purpose of the rest of this subsection is to prove the

vanishing of Ky (¢). The following lemma computes the image of N in Mg (V).

Lemma 4.7. Suppose V is as above, a (4,1,1) orbit with V(c1) # 0, and V(az) = ¢ an isotropic
line. Then n(z,y;z) stabilizes V' if and only if x € Anng(¢), z* € ¢, and y € Annp (¢).

Proof. The statements about  and z* were proved in Proposition [2.10} The condition on y was
determined to be V(as3) -y C V(a2)*, or, in other words, Anng(¢) - y C ¢*. However, the subset of
y € O satisfying this condition is precisely Anny,(¢). This completes the proof of the lemma. ([l

Suppose x,y, z are as specified in Lemma ie., r € Anng(¢), z € £*, and y € Anny(¢). Then
n(x,y; z) acts on

V =V(a1)®V(az) ®V(a2) = F ® Anng({) & ¢

as matrices of the form

o
—
S

*
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More precisely, recall that N acts on the six-dimensional space V on the right. We order a basis
of VasV = F @ Anng(¢) @ ¢, for some ordered basis of Anng(¢). For y € Annp(¢), denote by
¢y € Hom(Anng(?),£) the map ¢,(az) = (azy)*. Then, n(x,y; z) acts on V via the matrix

1|z |2z*
0|14 @y
0/ 0|1

We now check that the integral Ky (¢) vanishes for each of the two cases, ¢ being traceless or not.
Lemma 4.8. Suppose that the isotropic line € is contained in V. Then Ky (¢) vanishes.

Proof. For concreteness, assume ¢ = e € ©. Then Annpg(¥) is spanned by €z, €1, e2 and e3. Recall
that the parabolic subgroup P(¢) C Gg stabilizing ¢ has Levi subgroup GLgo. With this ordered
basis of V', one computes that My (V') acts on V' as the subgroup of elements of the form

1 x = * *
1 0 * *
(4.3) g * * ;
det(g) o'
det(g)
for ¢ € GLy. The character ¢ on such an element is only a function of z and 2. Thus Ky (p)
vanishes in this case by constant term of ¢ along the upper right 4 x 2 block of . (]

We now consider the case in which the isotropic line is not contained in V7, but instead spanned
by €1. Then Ky (p) again vanishes. To see this, first note that Anng(¢) is spanned by e, €3, e and
€2. Using these elements to form an ordered basis of Anng(¢) and thus V, one finds that Mgy (V)
acts on V by elements of the form

8%

(4.4) R =<{r"= :g €8SL3

— 8
e O *

_ %

Define a character £’ on such an element by &'(r') = ¢ (x + ). Then the character £ on N induces
the character ¢ on R'.

Lemma 4.9. Suppose ¢ is a cusp form on GLg(A). Then the integral

/ € (ol dr’
RI(F)\R'(A)

vanishes. Consequently, Ky () = 0.

Proof. By changing bases, this integral over R’ becomes an integral over the subgroup

g 0 0 =x
* 1 = =
R = Y :g € SLs
1 W
Set
g 0 0 =« \
pod| 100 e,
1

/
Here the * is a 3 X 1 block. In fact, one has that the integral of a cusp form ¢ over [R"’] vanishes,
from which the lemma follows.
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To see that f[ R @(r) dr = 0, one proceeds as follows. Denote by N’ the abelian unipotent group
consisting of matrices of the form

13 x1 ® @3

1 0 0
n(l‘l,fCQ,x:{) = 1 0
1

Here z1,z9,73 are 3 X 1 column vectors. Denote by N” the subgroup of N’ consisting of those
matrices with #; = 0, and denote by N the subgroup of N’ consisting of those matrices with
Tr1 = X9 = 0.

For ry € F? a column vector, define

©ry(9) = [ }w(mxz)w(n(oam,wz)g)d962d963-
N//

Then we have

/[Nm] plng)dn=polg)+ 3> p00n(19):

vEP},\ SLs(F)
Here P ; is the subgroup of SLj consisting of matrices of the form () with g € SLp and * a2 x 1

column vector, and SLj is embedded in GLg as g — (g 103).

By Fourier expanding ¢o(g) along the x; coordinates, and letting SLs act on the Fourier co-
efficients, one verifies immediately that f[SLg} ©vo(g) dg = 0, using the cuspidality of ¢ along the
unipotent radical of the (3,3) and (2, 4) parabolics. Thus, we are reduced to showing the vanishing

of

(4.5) /[S

To show the vanishing of the right-hand side of (4.5)), Fourier expand @(0’071)(9) along the two-
dimensional unipotent subgroup consisting of matrices n(x1,0,0) where the last entry of x; is 0.
Then, the SLy(F') in Py, acts on these Fourier coefficients with two orbits, corresponding to the
constant and nonconstant terms. Now, one proceeds as above: the integral of the constant term
over [PQ’J] vanishes by the cuspidality of ¢ along the unipotent radical of the (2,4) parabolic. The
integral of the nonconstant terms vanish by the cuspidality of ¢ along the unipotent radical of the
(1,5) parabolic. This completes the proof of the lemma. O

©0,0,1)(79) dg = / ©0,0,1)(9) dg-

Lsl yepy | (F)\SLs(F) P} | (F)\SLs(A)

4.5. The last orbit. Finally, we consider the integrals Iy (¢, s) and Jy (¢, s) associated to the orbit
V =V (Q2). We continue assuming that Re(s) is large so that Proposition holds. Recall that
in this case, @ = {(0,(¢5))} € © in the notation of the Cayley-Dickson construction of © from
D = M,(F'). Furthermore, the stabilizer Hy N P of V() inside Gy is the Heisenberg parabolic
P(€), and we have HyN P = (HyN M)(Ho N U) with Hy N M ~ GLg being a Levi of P(Q).
GL2o >~ HyN M acts on © via

(4.6) g.(z,y) = (gwg*l, (det(“’) 1) yg’l) , 9 € GLy, (z,y) €©
in the notation of the Cayley-Dickson construction.

Lemma 4.10. Set Q = {(0,(29))} C O, and define V = {n(z,y;2) : x,y,2 € Q}.
(1) The inclusion V. — N induces an isomorphism V ~(PNN)\N.

(2) The character & is trivial on HNU and on V. ) B
(3) Denote by dv the Haar measure on V. Then for v € HyN M C P(Q) C Go, 2Va ! =V

with the Jacobian d(%zil) = |det(z)| 2 = Spy(z)~!.
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Proof. The stabilizer of V() inside of N was computed in Lemma[2.9 to be the elements n(z, y; 2)
with z,y,2z € O+ C ©. With our choice of , Q+ = {(z,y) : * € Ma(F),y € (§§)}. Thus,
HNN = {n(x,y;2) : ,y,2 € Q*+}. The first item follows from this.

For the second item, again from Lemma one has that the elements of N that act trivially
on V(Q) are the n(z,y; z) with z,y,z € Q. Thus HNU = {n(z,y;2) : z,y,z € Q}, and the second
item is clear.

Finally, the third item follows immediately from , and the last part of the paragraph
B3l O

Denote I1(¢,s) = Iy (¢, s) and I2(¢,s) = Jy(¢,s). Let
Yi(@) = (1= 7p(Hp(x) = T))$(2)e "= PO () = Tp(Hp(x) = T)M (s)¢(x)e =P,

As we discussed before, we have H NP = (HyNP) x (NN P), N = (NN P) xV, and
HoNP = (HyNnM) x (HyNN) with GLy ~ HyNM. Moreover, since both P and () are semistandard
parabolic subgroup and M is a semistandard Levi subgroup, we also have NNP = (NNM)x(NNU).
Combining with Lemma, for i = 1,2, we have

Li(p,s) = Yi(h)&(h)dh

/(HWP)(F)\H(A)

HoNP)(F)\Ho(A) J (NNP)(

5 7 [HonM] J[HoNU] JV (A) J[NNM] NmU]
/K / / / ¢ (nmvhk)f(nm)ép(m(h) 1dnmdvdhdk
Gy Y [HoNM] JV (A) JINNM]

KG [HoNM] NﬂM
Here du = dnudnmdvduhdhdk

Lemma 4.11. Under the isomorphism M ~ {(g,\)| g € GLg, X € GL1, det(g) = A3} specified in
the proof below, we have the following facts:

(1) HoN M ~ {(diag(h, h, h),det(h)) € GLg x GL1 | h € GLo};

—

Kg

L, = =z
(2) NN M ~ 0 I y|,1||zyzeMyy;
0 0 I
I = =z
(3) the character & of N N M is given by & 0 I, y = (tr(x) + tr(y)).
0 0 Iy

In particular, up to modulo the center, the integral f[Hoﬂ M f[Nm M gives us the period integral of
the Ginzburg-Rallis model defined in the introduction.

Proof. We first chose a basis of V. To do so, fix the ordered basis by = (0, (§9)) and by = (0,(J{))
of 2. We have

V =V(Q) = V(Q)(a1) ® V(Q)(az) & V() (az) = Q2 QD Q.
This basis of by, by of © thus gives an ordered basis 0", 55", 6,65, 6% Y of V(€), with b
meaning the element b; considered in V(2)(ay) = 2.

The map M — GL(V) ~ GLg comes from the action of M on V = V(), together with the
identification GL(V) ~ GLg given by the above ordered basis of V. More precisely, suppose an
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element g € M acts on the right of V by an element m = m(g) of GL(V). Then, under the
identification of M with {(\,h) € GL1 x GLg : A*> = det(h)} the image of g in GLg is *m™!; see
(1)

With these identifications, the first item of the lemma is clear using . We now prove the
second and third items of the lemma.

Thus suppose © = (wy, %),y = (wy, %),z = (w,,*) € QL C 6. Via Lemma one computes
that in the above ordered basis of V', n(z,y; z) acts on V via the matrix

15 0 0
ﬁ)(x7y) Z) = —’U}; 1a 0
* —w; 1o

and that the image of Hy N N inside My (V') contains all matrices in the unipotent radical of the
lower-triangular (2,2,2) parabolic of GL(V'). Here w — w™* is the conjugation on the quaternion
algebra D = My(F).

Thus the image of n(z,y;z) € HN P in GLg is

1o w, *

w(z,y,z) =1 0 12 w,
0 0 1o
Since {(n(x,y;2)) = Y(tr(x + y)) = Y(tr(wz + wy)), the lemma follows. O

By the lemma above, we have

4N Ii(¢p,s) = i (N hok) € (1 )6 h)~2dn,,dhdvdk
anie.s = [ . /. N /[HOQM} /[NmMﬁ“” UR)E (M) (e () ~2dnmdhdy

_ / / / / 1 (anm hOR)E () 3p(cy) (a)~2dadny dhdvdk
Kay JV(a) JiHonM)t Jivonn) Jass

Proposition 4.12. For all T € R sufficiently big we have the following equality of meromorphic
functions on C

M pr(vk)>
d(npmhvk)& () dnpydhdodk  +
—1/2 Jke, [HonM]! NOM]

—s—1/2)T
/ / / / G HP R N (5)¢ (i hk)€ () diidhdodk.
512 Kay [HonM]! NmM

Proof. It is enough to prove the equality when Re(s) is large. Let Re(s) be large. Using the
decomposition and the vanishing results of section and we get Pa,(ATE(¢,s)) =
Ii(¢,s) + I2(¢, s). We first study the term I;(¢,s). Using the expression and the definition
of the function 11, we have

/ / / / / (1 #p(Hp(avk) — T))
Ka, JV(A) J[HonM]Y JINAM] J A

(s e (avk) 5 p (a) Y26 p oy (a) ™ 2q§(nmhvk)§(nm)dadnmdhdvdk
By Lemma together with the computation of the modular characters in section we have

Pa,(ATE(¢, 5)) =

, Op(y(a) = eB=HP@) g e A

/ / / / / (1 —7p(Hp(avk) —T))
Ka, JV(a) HomM]l N J Az

(sw Hp(avk))— w HP(G“))(;S(’/I hvl{;)g(nm)dadnmdhdvdk’

Therefore, we get
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We can change the integral on A% to the integral on ap, this implies that

hig.s) = /KG /V(A /HOmM]l /NmM / (A =7p(X + Hplvk) = 1))

sz+HP vk))—(3 wX>¢(n hvk (nm)danmdhd’Udk

e o o
Kg, J V(&) J[HonM]! J[NNM]

e 2@ HPOR) g, hok)E (N ) dX dnndhdvd

where the second equality is by the change of variables X + Hp(vk) — X. The integral on ap
yields

) . NET o(s—1/2)T
/aP(l—TP(X—T)) dX = / 2 dX—m.
This implies that
e(s—1/2)T

L(¢,s) = ——— / / / / 2@ HP(0R) gy hok)€ () dnumdhdvdk.
s —1/2 Jkq, JV) Jiena Jivom

Similarly, we can also show that

(=s=1/2)T
Ig,s) = / / / / 2 HP(OR) N (8) (1 ok )€ () dmdhdvd.
=5 =1/2 Jxq, Jvw) Jiona Jivaan
This finishes the proof of the proposition. ([l

4.6. The proof of Theorem We are ready to prove Theorem [0.2] Taking the residue at
s = 1/2 of the equality in Proposition we get

/ / / / (5= PR (0 hok) € (npn) dnmdhdodk = Py (AT Res,—y 2 E(, 5))
KG2 HonM NﬁM]

r / / / / 5P HPC) Res 1 1y M (5)(nmhvk)€(nm) dnmdhdudk,
Ka, JV (&) J[HonM]! J[NOM]

The interchange of the residue with truncation can be justified as in [Art82], pages 47-48, given
that the period is absolutely convergent. By Lemma the inner integral f[Hom ML f[Nﬂ M is
the Ginzburg-Rallis period. Hence if the Ginzburg-Rallis period is nonzero on the space of the
representation 7, one can always find a ¢ € A, such that the integral

/ / / / 2@ HP(OR) 8y hok)€ (nm) dnmdhdvdk
Ka, JV(A) J[HonM]t J[NNM]

does not vanish. This is a standard argument that can be proved as in [IY], Lemma 5.8. As a result
we can always find ¢ € A, such that the left hand side (hence the right hand side) of the equality
above is nonzero. Since Res,_1/2F(¢,s) # 0 if and only if Res,_;/,M(s) # 0 we must have that
the former is non-zero for some ¢. This completes the proof of Theorem under the assumption
of Proposition

Remark 4.13. We expect that the period Pg,(Ress—1/2E($,s)) is absolutely convergent. To put
it differently, the period Pg, is absolutely convergent on the space of the square integrable repre-
sentation Il generated by Resszl/zE(qb, s). It would then easily follow from the identity above that
Pa, | # 0 if and only if Parlz # 0. Since we do not need this result to prove the relation between
Par and the central value of the exterior cube L-function of GLg we didn’t pursue this goal here.
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5. THE PROOF OF PROPOSITION

In this section, we will prove that the integrals associated to each orbits are absolutely convergent.
We first reduce the proof to some statement of norms on adelic variety. Then we introduce a notion
of good pair and we show that it is enough to prove that (H, Hy) is a good pair for all V € V/H.
Finally, we will show that (H, Hy ) is a good pair for all V € V/H.

5.1. Notations. If f; and fo are two positive functions on a set X, we write
1< fo

if there exists C,d > 0 such that f;(z) < Cfao(z)? for all z € X. We write
fi~ fo

if fi1 < fo and fo < f1.

If X is an algebraic variety defined over F', we use || - ||x to be the norm on X(Az). Here
X(Ap) = UgX(Ag) where E runs over all the finite extension of F. We refer the readers to
Appendix A of [BP16] for the definition and basic properties of the norms on adelic varieties.

5.2. Some reduction. Let ||-||¢ be the norm on G(A). We first study the majorization of constant
terms.

Lemma 5.1. For all n € N, there exist ¢ € R and Ty € R large such that for all s € C and T € R
with Re(s) > ¢ and T > Ty, we have:

1—7o(H -7 (sw,Hp(x)) < : 5 -n
(1 =7p(Hp(x) = T))¢(x)e < (i ozl

and

7p(Hp(z) — T)M (s)¢(z)e' =P < (;onin fjow])™

for all z € G(A).
Proof. This follows from the fact that cusp forms are rapidly decreasing. O
Proposition 5.2. For all V € V/H, there exists D > 0 such that the integral

(5.1) / (inf  ||6h||g)~4dh
Hy (F)\H(A) 0€Hy (F)

is absolutely convergent for all d > D.

Proof. Since

(int  Ionll)“an < [ > lsntan = | I,

/HV(F)\H(A) deHy (F) Hy (FO\H (&) sc i (F)

we only need to show that the integral

R
H(A)

is absolutely convergent for all d > D. This just follows from Proposition A.1.1(vi) of [BP16]. O

Combining the lemma and the proposition above, in order to prove Proposition it is enough
to prove the following proposition.
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PI'OpOSitiOIl 5.3. For allV € V/H we have
561H 167 hlla Elﬂ v éhlla

for all h € H(A). This is equivalent to show that for all V € V/H, we have

inf HéhHG ~ inf H(ShHH
seP(V)(F) SeHy (F)

for all h € H(A). Recall that P(V) = fy‘;leyV is the parabolic subgroup of Eg stabilizing V' and
Hy =HnNP(V).

The goal of the rest part of this section is to prove Proposition [5.3]

5.3. Some abstract theory. In this subsection, let G be a linear algebraic group defined over F,
H and P are two closed subgroups of G also defined over F' with Hp = H N P. Assume that G/H
is quasi-affine. We use i to denote the natural embedding P/Hp — G/H. We say (H,Hp) is a
good pair if

(5.2) it Il < int bl
YEHP( yEHp

for all h € H(A).

Lemma 5.4. i(P/Hp) is open in its closure i(P/Hp). In particular, this implies that P/Hp is
quasi-affine since we have assumed that G/H is quasi-affine.

Proof. By Theorem 1.9.5 of [Spr98], i(P/Hp) contains an open subset U of its closure i(P/Hp).
This implies that i(P/Hp) = J,cpp- U is open in i(P/Hp). O

Proposition 5.5. Assume that (H, Hp) is a good pair. Then for all h € H(A), we have

f hllg ~ inf hl|g.
it bl ~_inf Jlhlls

Proof. One direction is trivial, we only need to show that
inf Ihlle>> it livhlla.
YEHp(F)
Since P/Hp is quasi-affine, by the proof of Proposition A.1.1(ix) of [BP16], there exists a set
theoretic section s : (P/Hp)( ) — P(F) of the projection map pry : P — P/Hp such that

ls(@)lle < l2lp/m,

for all z € (P/Hp)(F). We will use pra to denote the projection map G — G/H and use i to
denote the natural embedding P/Hp — G/H. Then for all v € P(F'), we have i(pri(y)) = pra(7).
By Proposition A.1.1(ii), (iv) of [BP16] and Lemma |5.4] above, we have

(5.3) 61l p/ap ~ liO)lG/m
for all § € P/Hp(F). Then by applying Proposition A.1.1(ii) of [BP16] again, we have

pri ) prap ~ lieri())lle/a = llpra(Vlle/a < llvhlle
for all v € P(F) and h € H(A). This implies that

nf £ 1V hlle < llstpri() " yhlla < ls@eri())lcllvhlle < llpri ()| e/l Ivhlle < 1Rl o

for all (y,h) € P(F) x H(A). If we take inf over v, we get
inf ]|7h||g >> inf ||yh]|H
~yEP(F €Hp(F)
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Since (H, Hp) is a good pair, we have

inf hllg > inf h||m.
Lt Jhlle > inf |l

This proves the proposition. O
Remark 5.6. If we only want to prove

inf_ bl ~ it [1hll
for all h € H(Afp), we don’t need to assume that (H, Hp) is a good pair.

The following corollary is a direct consequence of the proposition above, it reduces the proof of
Proposition to the proof of some good pair arguments.

Corollary 5.7. In order to prove Pmposition it is enough to show that (H, Hy') are good pairs
for allV € V/H.

For the rest part of this subsection, we will discuss some abstract theory for good pairs.

Proposition 5.8. (1) (H,H) is a good pair.
(2) If there exists a closed subvariety H' of H defined over F such that the morphism
Hp x H — H: (hl,hz) — hlhg
is an isomorphism, then (H, Hp) is a good pair.

(3) If H = Hy x U with Hy reductive and U unipotent, and Hp = Hyp x Up with Hyp =
HoNHp and Up = UNHp. Assume that there exists a closed subgroup Hy of Hy such that
Ho = Hyp x Hy, then (H, Hp) is a good pair.

(4) If H = Hyo x U with Hy reductive and U unipotent. Assume that there exists a parabolic
subgroup Q = L x N of Hy such that Hp C Q x U and (Q x U, Hp) is a good pair, then
(H,Hp) is a good pair.

Proof. (1) has been proved in Proposition A.1.1(ix) of [BP16]. For (2), let h € H(A). Then we can
write h as hihe with hy € Hp(A) and he € H'(A). We have

Aller ~ || e |2 |-

Then for all v € Hp(F'), we have

lvhlle ~ [Ivhallap |l hellEs
which implies that

inf hllg ~  inf h hollgr >  inf h hol| v
we}i(ﬁ’)“7 |1 ye}ﬁ@)‘h 1| mp|h2| o ’ye}{r;(F)H’y mpllh2|H

ve;};(F)H’Y 1he||H ve;};(F)H’Y ||

Here inf ¢y, () [[VP1[|mp > inf ey r) [[vha || p follows from (1). This proves (2).

(3) is a direct consequence of (2). For (4), we just need to use the Iwasawa decomposition
H(A) = Q(A)U(A)K together with the fact that elements of K will not change the norm. O

Corollary 5.9. Let H = Hyx U with Hy reductive and U unipotent. Assume that Hp = Hpox Up
with Hpg = HyN Hp and Up = U N Hp. Moreover, assume that there exists a parabolic subgroup
Q = Lx N of Hy such that Hp70 cQ ande,g = Lpx Np with Lp = LQHRO and Np = NQHR().
Finally, we assume that there exists a closed subgroup L1 of L such that L = Lpx Ly. Then (H,Hp)
18 a good pair.

Proof. By the Iwasawa decomposition, it is enough to show that (L x (N x U), Hp) = (L x (N x
U),Lp x (Np x Up)) is a good pair. This follows from Proposition [5.8)3). O
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5.4. The good pair (Gg,SL3). In this subsection, G = Gy x N where Gy = Gy and N is some
unipotent group. Let H = Hy x N’ be a subgroup of G with N’ being a subgroup of N and
Hy = SL3s C Go = Ggy. Our goal is to prove the following proposition.

Proposition 5.10. The pair (G, H) is a good pair.

We need some preparation. First we recall the embedding of SL3 into Go. The positive roots of
Go is {a, B,a + B, + 28, + 33,2 + 38} with «, 8 be the two simple roots. The positive roots
of SL3 is a, Bo, ag + By. We embed SL3 into Gg via

ag = a, Bog— a+38, ag+ By — 2a + 385.

Let P, = M,U, be the maximal parabolic subgroup of Go associated to a. Then M, ~ GLso
and U, contains the roots {f,a + 5,a + 23, + 36,2a + 35}. Let Uy be the center of U, which
is generated by {a + 33,2a + 38}. Then we can write U, as UpU; where Uj is a closed subvariety
of U, generated by {3,a + 5,a + 23}. Note that U; is not a group! Moreover, we know that
M,Uj is a parabolic subgroup of SLs.

Lemma 5.11. For all h € SL3(Ap) and u; € Ui(A), we have
[lhurlla ~ (bl |uallc-

Proof. By the Iwasawa decomposition, it is enough to consider the case when h = mugy with
m € My(Ap) and up € Up(Ag). Since U, = UpU1, Py = MU, is a parabolic subgroup of Gy and
M,Uj is a parabolic subgroup of Hgy, we have

lhurlla = [Imuou|la ~ [lmollalluoulla ~ lImollalluolllluilla ~ [Imouollalluille = [Ihllalluillc-

This proves the lemma. O
Now we are ready to prove Proposition For g € G(A), we want to show that

inf g > inf G-
76H(F)H'YQH 7EH(F)HVQH

By the Iwasawa decomposition, it is enough to consider the case when g = nmugu; with n €
N(A),m € My(A),up € Up(A) and uy € Uy(A). Since MUy € SLs = Hyp, we can write g as nhouy
with n € N(A),hy € Hyo(A) and uy € Ui(A). In order to prove Proposition it is enough to
prove the following proposition.

Proposition 5.12. For alln € N(A),hg € Hyo(A) and uy € Ui (A), we have

(5.4) inf |lvynhou || >

. inf [lvynhoui||G-
YEH(F),veN'(F) YEH(F),veN'(F)

Proof. For all v € Hy(F') and v € N'(F), we have
|lvynhour|la = ||(vyny ™) - (Yho)ualle > ||(vho)u1llc-
Combine with Lemma [5.11] we have
|[vynhoutllc > [Juill-
This implies that

(5.5) inf _|[lvynhourlle > [Julle
~vEHo(F)weN'(F)

for all n € N(A), hg € Hy(A) and uy € Uy (A).
From the properties of norms it follows that there exists Ny, Cy > 0 such that for all g1,g2 €
G(Ap) we have

(5.6) Co gl ™llgzll " < llgrgall < Collga | ™ llg2l™.
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Fix N; and C sufficiently larger than Ny and Cp respectively. For a given n € N(A), hg € Ho(A)
and u; € Uy (A), if

inf vynh < Oyllug||M
76HO(F)WeN,(F)|| ynholle < Cillullg

then ([5.4]) follows from (j5.5)). If not, then we have

5.7 - e “
(5.7) WEHo(Fl)r,lueN’(F)HVyn oll > Ciljun||Y

Since (Ho X N, Hy x N') is a good pair by Proposition [5.8(3), we also have

. N,
inf lvynhollg > Cillullg
yEHo (F),veN'(F)

for some C7, Nj > 0 large. This and ([5.6) imply that

(5.8) inf _||lvynholla < Cs inf B |]V’ynh0u1]|g3
~eHo(F),veN'(F) ~eHo(F)veN'(F)

for some C3, N3 > 0. On the other hand, using (5.6) and (5.7)) we have

5.9 C inf vymhouy| [N < inf vynh

( ) 47€HMFUWEN%FUH it 1HG __weHbUUWGN%F)H 7 OHG

for some Cy, Ny > 0. Here C5,Cy, N3, Ny only depend on Cy, Cy, C], No, N1, N{, not on n, hg, u1.
Invoking once more the fact that (Hy x N, Hy x N’) is a good pair, the inequality (5.4]) follows
from (5.8)) and (5.9). This finishes the proof of the proposition and hence the proof of Proposition
0. 10 ]

5.5. The proof of Proposition In this subsection, we finish the proof of Proposition [5.3
and hence the proof of Proposition We go back to the usual notations: G = Eg, H = Hy x N
with Ho = G2, {v }vey/m are representatives of the double coset P\G/H. For V € V/H, we have

defined P(V) = 4y, Pyy and Hy = HN P(V). By Corollary in order to prove Proposition
it is enough to prove the following proposition.

Proposition 5.13. For all V € V/H, (H, Hy) is a good pair.

Proof. For each V' € V/H, by the computation in Section [2, we have Hy = Hyy x Ny with
Hoyv = Hyn P(V) and Ny = NN P(V). The groups Hyy are described in Proposition
We know that for 10 out of the 17 orbits, Hyy is contained in a maximal parabolic subgroup of
Hy = Gg and Hj y contains the Levi subgroup of this parabolic subgroup (which is isomorphic to
GL3). Hence we know that (H, Hy) is a good pair for these 10 orbits by Corollary For the
other 6 orbits, Hyy is isomorphic to SLs. Then we know that (H, Hy) is a good pair for these
6 orbits by Proposition Finally, for the last orbit, Hyy = Ty No,v is contained in the Borel
subgroup B = T'Ny of Go with Ty, = T'N Hypy and Noy = No N Hpy. Moreover, there exists a
subtorus Ty C T such that T'= Ty x Ty. Then we know that (H, Hy) is a good pair for this orbit
by Corollary This finishes the proof of the proposition and hence the proof of Proposition [5.3
and 4.2 O
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