DYNAMICAL MORDELL-LANG CONJECTURE FOR
BIRATIONAL POLYNOMIAL MORPHISMS ON A?

XIE JUNYI

ABSTRACT. We prove the dynamical Mordell-Lang conjecture for birational
polynomial morphisms on AZ.

1. INTRODUCTION

The Mordell-Lang conjecture proved by Faltings [9] and Vojta [21] says that
if V' is a subvariety of a semiabelian variety G' defined over C and I' is a finitely
generated subgroup of G(C), then V(C) (I is a union of at most finitely many
translates of subgroups of I'.

The following dynamical analogue of the Mordell-Lang conjecture was proposed
by Ghioca and Tucker.

Dynamical Mordell-Lang Conjecture ([13]). Let X be a quasiprojective vari-
ety defined over C, let f : X — X be an endomorphism, and V' be any subvariety
of X. For any point p € X (C) the set {n € N| f"(p) € V(C)} is a union of at
most finitely many arithmetic progressions.

An arithmetic progression is a set of the form {an + b| n € N} with a,b € N
possibly with a = 0.

Observe that this conjecture implies the classical Mordell-Lang conjecture in
the case I' >~ (Z, +).

The Dynamical Mordell-Lang conjecture has been proved by Denis [6] for au-
tomorphisms of projective spaces and was later generalized by Bell [2] to the case
of automorphisms of affine varieties. In [3], Bell, Ghioca and Tucker proved it
for étale maps of quasiprojective varieties. The conjecture is also known in the
case where f = (F(z1),G(z2)) : AZ — A2 where F,G are polynomials and the
subvariety V' is a line ([14]), and in the case f = (F(xy), -+, F(z,)) : A% — A%
where F' € K|[t] is an indecomposable polynomial defined over a number field K
which has no periodic critical points other than the point at infinity and V is a
curve ([4]).

Our main result can be stated as follows.

Theorem A. Let K be any algebraically closed field of characteristic 0, and
[ A% — A% be any birational polynomial morphism defined over K. Let C' be
any curve in A%, and p be any point in A*(K). Then the set {n € N| f*(p) € C'}
is a union of at most finitely many arithmetic progressions.
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In the case the map is an automorphism of A% of Hénon type (see [11]) then
this result follows from [3]. Our proof provides however an alternative approach
and does not rely on the construction of p-adic invariant curves.

Recall that the algebraic degree of a polynomial transformation f(z,y) =
(fi(x,y), fo(x,y)) is defined by deg f := max{deg fi,deg fo}. The limit A\(f) :=
lim,, o (deg ™)/ exists and we refer to it as the dynamical degree of f (see
(7, 8]). Our proof shows that when A\(f) > 1, then Theorem A holds for fields of
arbitrary characteristic.

Note however that our Theorem A does not hold when charK > 0 and A(f) =1
(see [2, Proposition 6.1] for a counter-example).

To explain our strategy, we fix a birational polynomial morphism f : A% — A%..
By some reduction arguments, we may assume that K = Q.

We may compactify A? by [10] to a smooth projective surface, such that f
extends to a birational transformation on X fixing a point Q in X \ A?, and f
contracts all curves at infinity to @ (see [10] and Section 6.1).

The key idea of our proof is to take advantage of this attracting fixed point and
to apply the following local version of the Dynamical Mordell-Lang conjecture.

Theorem 1.1. Let X be a smooth projective surface over an arbitrary valued
field (K,|-|) and f : X --+ X be a birational transformation defined over K.
Let C be any curve in X. Pick any K -point p such that f"(p) € X \ I(f) for all
integers n > 0, and f™(p) tends to a fized K -point Q € I(f~')\ I(f) with respect
to a projective metric induced by | - | on X.

If the set

{n eN| f*(p) € C}
is infinite, then either f"(p) = Q for some n >0 or C is fized.

To complete the proof of Theorem A we now rely on a global argument. When
the curve C is passing through the fixed point @ in X, we cover the Q-points of
the curve C by the basin of attraction of () with respect to all absolute values
on Q. If the point p belongs to one of these attracting basins, then the local
dynamical Mordell-Lang applies and we are done. Otherwise it is possible to
bound the height of p and Northcott theorem shows that it is periodic.

Finally when neither the curve C nor its iterates contain the fixed point @), we
are in position to apply the next result which allows us to conclude.

Theorem 1.2. Let X be a smooth projective surface over an algebraically closed
field, f: X --+ X be an algebraically stable birational transformation and C' be
an irreducible curve in X such that f™ does not contract C' for any n.

If f"(CYNI(f) # D for all n, then C is periodic.

We show mention that our approach seems difficult to deal with arbitrary
endomorphisms of surfaces. The key point of our proof is to take advantage of
an attracting fixed point in some suitable model. But such a point does not exist
for a general surface endomorphism.
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The article is organized in 8 sections. In Section 2 we give background infor-
mations on birational surface maps and metrics on projective varieties defined
over a valued field. In Section 3 we prove Theorem 1.2, which is a criterion for a
curve to be periodic. In Section 4 we prove some basic properties for the maps
satisfying the conclusion of dynamical Mordell-Lang conjecture. In Section 5 we
prove Theorem 1.1. In Section 6 we prove Theorem A in the case the dynamical
degree A(f) = 1. In Section 7 we prove a technical lemma which gives a upper
bound on height when A(f) > 1. In Section 8 we prove Theorem A.
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2. NOTATIONS AND BASICS

2.1. Basics on birational maps on surfaces. See [5, 7, 10] for details.

In this section a variety is defined over an algebraically closed field k. Recall
that the resolution of singularities exists for surfaces over any algebraically closed
field (see [1]).

Let X be a smooth projective surface. We denote by N'(X) the Néron-Severi
group of X i.e. the group of numerical equivalence classes of divisors on X and
write N1 (X)g := N} (X)®R. Let ¢ : X — Y be a morphism of smooth projective
surfaces. It induces a natural map ¢* : N'(Y)g — N'(X)g. Since dim X = 2,
one has a perfect pairing

Nl(X)R X Nl(X)R — R? (577) - (6 ’ 7) €eR
induced by the intersection form. We denote by ¢, : N}(X)gr — N'(Y)g the dual
operator of ¢*.

Let X,Y be two smooth projective surfaces and f : X --» Y be a birational
map. We denote by I(f) C X the indeterminacy set of f. For any curve C' C X,
we write

f(C) = F(CN\I(S))
the strict transform of C.

Let f: X --+ X be a birational transformation and I' be a desingularization
of its graph. Denote by 7 : ' = X, 7 : I' — X the natural projections. Then

the diagram
r
x---1__.x

is commutative and we call it a resolution of f.

(%)

Proposition 2.1 ([15]). We have the following properties.

(i) The morphisms 7y, T are compositions of point blowups.
(ii) For any point Q € I1(f), there is a Zariski open neighborhood U of p in X
and an injective morphism o : U — T such that m o o = id.
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Then we define the following linear maps
fr=mums NY(X)r = N (X)g,
and
fo = Tt NY(X)g — N (X)g.
Observe that f, = f~!*. Note that in general we have (f o g)* # g* f*.
For any big and nef class w € Ng(X), we set

deg,,(f) == (f"w-w),
the limit lim,,_,. deg,(f™)"/" exists and does not depend on the choice of w (see
(7, 8]). We denote this limit by A(f) and call it the dynamical degree of f.

Definition 2.2 (see [7]). Let f : X --» X be a birational transformation on a
smooth projective surface. Then f is said to be algebraically stable if and only
if there is no curve V' C X such that f"(V) C I(f) for some integer n > 0.

In the case X = P?, f is algebraically stable if and only if deg(f") = (deg f)"
for any n € N.

Theorem 2.3 ([7]). Let f: X --» X be a birational transformation of a smooth
projective surface. Then there exists a smooth projective surface X, and a proper

modification T : X — X such that the lift of f to X s an algebraically stable
map.

By a compacti fication of A%, we mean a smooth projective surface X admitting
a birational morphism 7 : X --» P? that is an isomorphism above A? C P2, see
[10].

The theorem follows from [10, Proposition 2.6] and [10, Theorem 3.1], and
provides us with a good compactification of A2

Theorem 2.4 ([10]). Let f : A* — A? be a birational polynomial transforma-
tion with \(f) > 1. Then there exists a compactification X of A? satisfying the
following properties.
(i) The map f extends to an algebraically stable map f on X.
(ii) There exists a f-fived point Q € X \ A% such that df*(Q) = 0.
(iii) There exists an integer n > 1 such that f*(X \A%) = Q.

2.2. Branches of curves on surfaces. [12, 16] Let X be a smooth projective
surface over an algebraically closed field k. Let C' be an irreducible curve in X
and p be a point in C.

Definition 2.5. A branch of C at p is a point in the normalization of C' whose
image is p.

Let ]Cp be the prime ideal associated to C' in the local function ring OXp at p
and Icp be the completion of I¢, in the completion of local function ring Ox, X.p-

Let i : C — C is a normalization of C' and p a point in i~}(p). Let s be
the branch of C' at p defined by the point p. The morphism i : C — C induces
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a morphism ¢* : 6); — 65\ 5 between the completions of local function rings.
The map s +— pg := ker:* gives us a one to one corresl%)gdence between the set
of branches of C' at p and the set of prime ideals of Oy, with height 1 which
contains TC;.

Given any two different branches s; and s, at a point p € X, the intersection
number is denoted by

(81 82) == dimg Oxp/(ps, + Ps,)-
For convenience, we set (s - s9) := 0 if s; and s, are branches at different points.

Let Z be a smooth projective surface and f : X --+ Z be a birational map. If
f does not contract C' then we denote by f(s) the branch of f(s) defined by the

point P in the normalization f oi: C — f(C) and call it the strict transform of
s. Observe that f(s) is a branch of f(C) and when p & I(f), we have that f(s)
is a branch of curve at f(p).

If f is regular at p, we write

fos = { f(s), when f does not contract C;

0, otherwise.

Let Y be another smooth projective surface and 7 : Y — X be a birational
morphism. Denote by n#s := 7 !(s) the strict transform of s. Let E;, i =
1,---,m be the exceptional curves of m. There is a unique sequence of non
negative integers (a;)o<i<m such that for any irreducible curve D in Y different
from 7#C, we have (s- D) = (7#s+ >.i" a;F; - D). Denote by m*s := n%'s +
> a;E; and call it the pull back of s.

Proposition 2.6. We have the following properties.

(i) We have m,m*s = s.
(ii) For any irreducible curve (resp. any branch of curve) D in'Y different
from ©#C (resp. ©%s), we have

(t*s- D) = (s-mD).
(iii) For any curve (resp. any branch of curve) D in X different from C (resp.
s) then we have
(s-D) = (n%s-7*D).
2.3. Metrics on projective varieties defined over a valued field. A field
with an absolute value is called a valued field.

Definition 2.7. Let (K, |- |,) be a valued field. For any integer n > 1, we define
a metric d, on the projective space P"(K) by

MaxXo<i j<n |TiYj — Ti¥ilv

MaXo<i<n | il MaXo<j<n [Yj v

do([ro: - an [yo s o 1 yn]) =

for any two points [xg : -+ @], [yo : -+ i ya] € P(K).
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Observe that when | - |, is archimedean, then the metric d, is not induced by
a smooth riemannian metric. However it is equivalent to the restriction of the
Fubini-Study metric on P*(C) or P*(R) to P"(K) induced by o,.

More generally, for a projective variety X defined over K, if we fix an em-
bedding ¢ : X — P", we may restrict the metric d, on P"(K) to a metric d,,
on X (K). This metric depends on the choice of embedding ¢ in general, but for
different embeddings ¢; and ¢9, the metrics d,,, and d,,, are equivalent. Since we
are mostly intersecting in the topology induced by these metrics we shall usually
write d, instead of d,, for simplicity.

3. A CRITERION FOR A CURVE TO BE PERIODIC

Our aim in this section is to prove Theorem 1.2 from the introduction. Let us
recall the setting:

(i) X is a smooth projective surface over an algebraically closed field;
(ii) f: X --» X is an algebraically stable birational transformation;
(iii) C' is an irreducible curve in X such that f" does not contract C' and

(YN I(f) # 0 for all n.

Our aim is to show that C' periodic. Let us begin with the following special case.

Lemma 3.1. Let x be a point in I(f)(\C. If there exists a branch s of C at x
such that f"(s) is again a branch at x for alln >0, then C' is fized by f.

Proof of Lemma 3.1. Since f is birational, we may chose a resolution of f as in
the diagram (x) in Section 2.1.

If C is not fixed, we have f(s) # s so that A := (s- f(s)), < oo. By Proposition
2.1, my is invertible on a Zariski neighbourhood of x. Let F, be the fiber of m
over x.

For any m > 0, we have,

((f™(s) - f™*1(s))e = Z (7 Fm(s) - 7 (9)),y

> (7 fm(s) - T fmH(s)) )

(7F 7 (s) - 7l F ) e r iy + (AT F7(5) - F) )
() S (8))a + (7T F7() - Fa) gt
(F™ () - ™2 (s))g + 1.

It follows that A = (s- f(s)). > (f™(s) - f™(s)), +m > m for all m > 0 which
yields a contradiction. Il

\/

I\/

S .

~——  —

We now treat the general case.

Proof of Theorem 1.2. Recall that f™ does not contract C' and f™(C)(I(f) # 0
for all n. By Lemma 3.1, it is sufficient to find a point x € I(f)()C such that
the image by f™ of the branch of C' at x is again a branch of a curve at x for all
n > 0. By contradiction we suppose that C' is not periodic.



To do so, we introduce the set
P(f)={x € I(f)| thereis n; > ny > 0 such that f™™(z) = f"(z)}
and the set
O(f) ={f"(x)] x € P(f) and n > 0}.
By definition, O(f) is finite. Since f is algebraically stable, O(f) = O(f™) for all
n > 1. Replacing f by f! for a suitable [ > 1, we may assume that O(f) = P(f).
Set N(f) =1I(f)\ P(f)

First, we prove
Lemma 3.2. For alln >0, f*(C)NO(f) # 0.
Proof of Lemma 3.2. We assume that I(f) = {p1, - ,pm} and define the map
F=(f1  fhH: Xxm-——Xx™
Denote by 7; the projection onto the i-th factor and set

D= Uw;l(cy

Pick a point ¢ = (p1, -+ ,pm) € X™. Since f*(C)NI(f) # 0 for all n > 0 by
assamption, we have F"(q) € D for all n > 0. Let Z’ be the Zariski closure
of {F™(q)|n > 0}. Then we have Z’ C D. Let Z be the union of all irreducible
components of Z’ of positively dimension. If Z is empty, then p; is f ~!-preperiodic
for all 7+ and we conclude.

Otherwise since {F™(q)|n > 0} (" I(F) = 0, the proper transformation of Z by
F' is well defined and satisfies F'(Z) = Z, hence all irreducible components of Z
are periodic. Let [ be a common period for all components of Z. Observe that
any irreducible component of Z is included in some 7; }(C) fori = 1,--- ,m. In
other words, there exists k > 0 and i € {1,---,m} such that f~"%(p,) € C
for all n > 0. If p; is not f~l-preperiodic, then C is the Zariski closure of
{f~=k(p;)Jn > 0} which is f~'-invariant. This implies C' to be periodic which
contradicts to our hypothesis. It follows that p; is f~!-preperiodic.

Repeating the same argument for f*(C), we have f"(C)O(f) # 0 for all
n > 0. U

Denote by D(n) the number of branches of f™(C') at points of O(f). Since
FHO(f)) C O(f), we have D(n) is decrease and by Lemma 3.2, we have D(n) >
1. Replace C' by fM(C) for some M > 0, we may assume that D(n) is constant
for n > 0. It follows that for any branch of curve of f*(C) at a point in O(f), its
image by f is again a branch of f"*1(C) at a point of O(f). Set

S = {x € O(f)] there are infinitely many n > 0 such that x € f"(C)}.
By the finiteness of O(f), we may suppose that

ey o) = e s

for all integer n > 0.
We claim that
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Lemma 3.3. Replacing f by a positive iterate, there exists a point x € C'(\S for
which there is a branch s of C' at x such that f™(s) is again a branch of curve at
x for allmn > 0.

According to Lemma 3.1, we conclude. U

Proof of Lemma 3.3. Pick a resolution of f as in the diagram (x) in Section 2.1.
For any point x € S, denote by F the fibre of m over x and E, = my(F,)[)S.

We have E, # (. Otherwise, there exists n > 0 for which z € f*(C) and a
branch s of f(C) at x. The assumption E, = () implies that f(s) is not a branch
at any point in S. This shows that D(n+ 1) < D(n) and we get a contradiction.

On the other hand, let z1, x5 be two different points in S. If E, (| E,, # 0,
there exists y € S such that y € mo(F,,) (| m2(Fy,). By Zariski’s main theorem,
75 ' (y) is a connected curve meeting F,, and Fy,. So (7, (y)) is a curve and it is
contracted by f toy € S C I(f). This contradicts the fact that f is algebraically
stable. So we have

Ey, ﬂExl = my(F%,) ﬂﬁ2(Fw2) ﬂS = 0.

Set T' = Hzes E, C 5. Since #E, > 1 for all x, we have #T > #S5. It follows
that T'= S and #FE, = 1 for all x € S. This allows us to defineamap G : S — S
sending z € S to the unique point in E,. Then G is an one to one map. For all
n > M, f sends a branch of f*(C) at a point x € S to a branch of f"*(C) at
the point G(x). By replacing f by f#%' we may assume that G = id. Then for
any z € S[)C and s a branch of C' at z, we have f"(s) is again a branch at z
for all n > 0. ]

4. THE DML PROPERTY
For convenience, we introduce the following

Definition 4.1. Let X be a smooth surface defined over an algebraically closed
field, and f : X --» X be a rational transformation. We say that the pair (X, f)
satisfies the DML property if for any irreducible curve C' on X and for any closed
point p € X such that f"(p) & I(f) for all n > 0, the set {n € N| f"(p) € C} is

a union of at most finitely many arithmetic progressions.

In our setting the DML property is equivalent to the following seemingly
stronger property.

Proposition 4.2. Let X be a smooth surface defined over an algebraically closed
field, and f : X --+ X be a rational transformation. The following statements
are equivalent.
(1) The pair (X, f) satisfies the DML property.
(2) For any curve C on X and any closed point p € X such that f"(p) &
I(f) for allm > 0 and the set {n € N|f"(p) € C} is infinite, then p is
preperiodic or C' is periodic.

Proof. Suppose (1) holds. Let C' be any curve in X and p be a closed point in X
such that f™(p) & I(f) for all n > 0. Assume that the set {n € N| f"(p) € C}
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is infinite. The DML property of (X, f) implies that there are integers a > 0
and b > 0 such that f®**(p) € C for all n > 0. If p is not preperiodic, the set
Oup = {f™TP(p)| n > 0} is Zariski dense in C' and f*(Oup) C Oup. It follows
that f*(C') C C, hence C' is periodic.

Suppose (2) holds. If the set S := {n € N| f"(p) € C} is finite or p is
preperiodic, then there is nothing to prove. We may assume that S is infinite
and p is not preperiodic. The property (2) implies that C' is periodic. There
exists an integer a > 0 such that f*(C) C C. We may suppose that fi(C) € C
for 1 < i < a— 1. Since p is not preperiodic, there exists N > 0, such that
I"(0) & (Ujcjcq JHC)NC for all n > N. So S\ {1,---,N — 1} takes form
{an +b| n > 0} where b > 0 is an integer, and it follows that (X, f) satisfies the
DML property. U

Theorem 4.3. Let X be a smooth surface defined over an algebraically closed

field, and f : X --+» X be a rational transformation, then the following properties
hold.
(i) For any m > 1, (X, f) satisfies the DML property if and only if (X, f™)
satisfies the DML property.

(ii) Suppose U is an open subset of X such that the restriction fiy : U — U
is a morphism. Then (X, f) satisfies the DML property, if and only if
(U, fiv) satisfies the DML property.

(iii) Suppose m : X — X' is a birational morphism between smooth projective
surfaces, and f : X --» X, f': X' -—» X' are rational maps such that
wo f = fom. If the pair (X, f) satisfies the DML property, then (X', f)
satisfies the DML property.

(iv) Suppose m: X — X' is a birational morphism between smooth projective
surfaces, and f : X --+ X, f': X’ -=-» X' are birational transformations
such that wo f = f'om. If f' is algebraically stable and the pair (X', )
satisfies the DML property, then (X, f) satisfies the DML property.

Definition 4.4. Let X be a smooth projective surface defined over an algebraical-
ly closed field and f : X --» X be a birational transformation. We say that
(X', f') is a birational model of (X, f) if there is a birational map 7 : X’ --» X
such that

ff=rtofom.

Corollary 4.5. Let X be a smooth projective surface defined over an algebraically
closed field and f : X --+ X be an algebraically stable birational transformation
such that (X, f) satisfies the DML property. Then all birational models (X', f")
of (X, f) satisfy the DML property.

Proof of Corollary 4.5. Pick Y a desingularization of the graph of f and set mq, o
the projections which make the diagram
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to be commutative. Since f is algebraically stable, its lift to Y satisfies the
DML property by Theorem 4.3 (iv). We conclude that (X', f) satisfies the DML
property by Theorem 4.3 (iii). 0

Proof of Theorem 4.3. (i). The "only if” part is trivial, so that we only have to
deal with the 7if” part. We assume that (X, f) satisfies the DML property. Let
C' be a curve in X and p be a point in X such that f"(p) &€ I(f) for all n > 0.
Suppose that the set {n € N| f"(p) € C} is infinite. Since

(neN ') €0y = JtneN () € ),

then for some i, the set {n € N| f*™(fi(p)) € C} is also infinite. Since (X, f™)
satisfies the DML property, C' is periodic or fi(p) is preperiodic. It follows that
C' is periodic or p is preperiodic.

(ii). If (X, f) satisfies the DML property, since fjy : U — U is a morphism,
(U, fiv) satisfies the DML property.

Conversely suppose that (U, fiy) satisfies the DML property. Let C' be an
irreducible curve in X, p be a closed point in X such that f*(p) & I(f) for all
n > 0 and the set {n € N|f"(p) € C} is infinite. The set £ = X — U is a proper
closed subvariety of X. If p € U, then we have that C' ¢ E. Since (U, fj) satisfies
the DML property, we have either p is preperiodic or C' is periodic. Otherwise,
we may assume that for all n > 0, f"(p) € E, then the Zariski closure D of
{f™(p)| n > 0}, is contained in E. We assume that p is not preperiodic, then
C C D. Since D is fixed, we have that C' is periodic.

(#73). 1t is sufficient to treat the case when 7 is the blowup at a point ¢ € X'. Let
C’ be a curve in X', p’ be a point in X’ such that (f")"(p') € I(f’) for all n > 0
and the set {n € N| (f)"(p') € C'} is infinite. We assume that p’ is not a periodic
point, so that for n large enough, f"(p') # q. Replacing p by f™(p') for some m

large enough, we may assume that f™(p') # ¢ for all n > 0. Set p = 7—'(p) and
C =7 YC"), then we have f*(p) € I(f) for all n > 0 and the set

{n eN| f*(p) € C}
is infinite. This implies C' and then C” to be periodic.

(iv). Let C' C X be a curve, p be a point in X such that f"(p) € I(f) for all
n > 0 and the set {n € N| f*(p) € C} is infinite. We may assume that C is
irreducible. Let E be the exceptional locus of 7.

Lemma 4.6. If C C E and 7(C) is a point in I(f'), then (iv) holds.

Proof of Lemma 4.6. Set q := 7(C) € I(f’). Since f’ is algebraically stable, we
have ¢ & I((f)™") and

T(f(C) = (f)"(a)
for all n > 1. It follows that f~"(C) is a point or an exceptional curve of 7 for
n>1.
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If there exists [ > 1 such that f~!(C') is a point, we pick two integers n; > ny > |
such that f™(p), f*2(p) € C. Then fm~Y(p) = f12=Y(p), which implies p to be
preperiodic.

Otherwise f~"(C) is an exceptional curve of 7, for all n > 0. Since there are
only finitely many irreducible components of E, we have that C' is periodic. [

Denote by K = 7= Y(I(f")).

Lemma 4.7. If there are infinitely many n > 0 such that f™(p) € K, then (iv)
holds.

Proof of 4.7. There is an irreducible component F' of K such that the set {n >
0| f*(p) € F} is infinite.

If F is a point, then p is preperiodic.

Otherwise F'is a curve, then F' C E and n(F') C I(f’). Suppose that p is not
preperiodic, Lemma 4.6 shows that F' is periodic. Then F' = |J,-, f*(F) is a
curve and f(p) C F' for all n > 0. If C C F’, then C is periodic. If C ¢ F',
then C'() F’ is finite, and this shows that p is preperiodic. O

Lemma 4.8. If C C E, then (iv) holds.

Proof. By Lemma 4.7, we may assume that there exists an integer N > 0, such
that f"(p) & K for all n > N.
Set ¢ := m(C). By Lemma 4.6, we assume that ¢ ¢ I(f’). Then we have

T(fN ) = [ (= (fY ()

for | > 0. It follows that there are infinitely many [ > 0, such that f*(7(fV(p))) =
q. Then ¢ is preperiodic and the obit of fV(g) does not meet I(f'). Since
m(f"(C)) = f™(q) for all n > 0, we have f*(C) C U,y 7 (f*(q)) for all
n > N. Hence ether C is periodic or for some n > 1, f*(C) is a point. In the
second case, we conclude that p is preperiodic. O

Let L= K|JE.

Lemma 4.9. If there are infinitely many n > 0 such that f™(p) € L, then (iv)
holds.

Proof of Lemma 4.9. There is an irreducible component F' of L such that {n >
0| f"(p) € F} is infinite.

If F'is a point, then p is preperiodic.

Otherwise F'is a curve, then F' C E. Suppose that p is not preperiodic, Lemma
4.8 shows that F' is periodic. Then F' = J,., f*(F) is a curve and f"(p) C F’
for all n > 0. If C C F’, then C is periodic. Otherwise C' € F’, we have that
C'() F’ is finite and then p is preperiodic. O

We may assume that there is an integer M > 0, such that f"(p) ¢ L for all
n > M.
If CZ E, n(C) is a curve. For all [ > 0 we have

() = (M) & 1(f).



12 XIE JUNYI

Since (X, f’) satisfies the DML property, either 7(C') is periodic or 7(p) is prepe-
riodic. When 7(C') is periodic, we have C' is periodic. Otherwise 7(p) is prepe-
riodic. For any [ > 0, 7 is invertible on some Zariski neighborhood of the point
fYUr(f™(p))) and then we conclude that p is peperiodic. d

5. LOCAL DYNAMICAL MORDELL LANG THEOREM

The aim of this section is to prove Theorem 1.1. We are in the following
situation:

(i) X is a smooth projective surface defined over an arbitrary valued field
(| -)-

(ii) f X --» X is a birational transformation defined over K;

(iii) @ is K-point of X such that Q € I(f~") N I(f) and f(Q) = Q;

(iv) p is K-point of X such that f"(p) & I(f) for all n > 0;

(v) f"(p) — @ as n — oo with respect to the topology induced by | - |;

(vi) C'is a curve in X such that the set {n € N| f"(p) € C} is infinite.

We want to prove that C' is fixed by f.

Proof of Theorem 1.1. Pick a resolution of f as in the diagram (x) in Section 2.1.
Recall Proposition 2.1. Assume that for all n > 0, f™(p) # Q. There is an infinite
sequence {ny }r>o such that ™ (p) € C\{Q}. It follows that f™~"(p) € f~™(C)
for k large enough. Setting k — oo, we get @ € f~™(C) for all m > 0.

If C # f~1(C), then we have f~™(C') # f~™ 1(C) for all m > 0. By computing
local intersection at ), we get

(5.1) (f™C)- O = Y. (mf™MC)af O,

ac67r2_1 (Q)

> ((ﬁf‘”@+Zin<f‘m<c>>Ei>-w#f—m*(c))

mEﬂgl (Q)

where F;, 1 <1 < s are irreducible exceptional curves for m,. Since

S

Supp(3 " ve(F(CONE) = | B - 7'

=1 1<i<s

we have

1= > (Wffm(C)-Wffm1(0))x+<<zva(fm(@)ﬁ)-ﬁ ’“(0))
> > (@O A ). + 1

wGﬂ'Q_l(Q)
= (o(F ")) o (F 0N gy +
= (O SO 1
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It follows that
0<(f™C)-fHC))g < (fTTHO)-fFT™M(O)g=1<--- < (C-fHC))g—m

for all m > 0, which yields a contradiction. So we have C' = f~!(C') and then
f(o)==C. O

Observe that our proof of Theorem 1.1 actually gives

Proposition 5.1. Let X be a projective surface over an algebraically closed field
and f : X --» X be a birational map with a fived point Q € I(f~)\ I(f). Then
all periodic curves passing through QQ are fized.

6. THE CASE A(f) =1

In this section, we prove Theorem A in the case A(f) = 1. Denote by K an
algebraically closed field of characteristic 0.

Recall from [7] and [10], that if A(f) = 1, then we are in one of the following
two cases:

(1) there exists a smooth projective surface X and an automorphism f’ on X
such that the pair (X, f’) is birationally conjugated to (A%, f);

(2) in suitable affine coordinates, f(z,y) = (ax + b, A(z)y + B(z)) where A
and B are polynomials with A # 0 and a € K*, b € K.

The case of automorphism has been treated by Bell, Ghioca and Tucker. The-
orem A thus follows from [3, Theorem 1.3] in case (1) and in case (2) where
deg A = 0. So in this section we suppose that f takes form

f(z,y) = (ax + b, A(z)y + B(x)) (%)
with A, B € K[z], degA>1,a€ K* and b € K.

6.1. Algebraically stable models. Any map of the form (x*) can be made
algebraically stable in a suitable Hirzebruch surface F, for some n > 0. It
is convenient to work with the presentation of these surfaces as a quotient by
(G,n)?, as in [17]. By definition, the set of closed points F,(K) is the quotient of
AYK)\ ({1 =0 and x5 = 0} U{z3 = 0 and 24 = 0}) by the equivalence relation
generated by
(3317352,3?3,934) ~ (Mﬁl, )\932>H$3,M/>\n$4)
for A\, p € K*. We denote by [z1, 2, 73, x4] the equivalence class of (x1, 22, T3, 74).
We have a natural morphism 7, : F,, — P! given by 7, ([x1, T2, T3, 74]) = [ : 22]
which makes [F,, into a locally trivial P! fibration.
We shall look at the embedding

in: A2 Ty (2,y) = [2,1,9,1].

Then F,, \ A? is union of two lines: one is the fiber at infinity F,, of 7,, and the
other one is a section of 7, which we denote by L.

Recall that f has the form (xx). For each n > 0, set d = max{deg A, deg B—n}.
By the embedding i,,, the map f extends to a birational transformation

d+

fo [0, 02, 3, 24] v [azy + b2y, 9, A2y /20) 2823 + B(21/29) 24 d

"xy, 5Ty
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on [F,,. For any n > deg B —deg A + 1, we have d = deg A and
](fn) = {[$1,$2,$3,$4] € IF7Z|$2 = T3 = 0}

The unique curve which is contracted by f, is Fip, = {22 = 0} and its image is
fu(Fs) = [1,0,1,0]. It implies the following;:

Proposition 6.1. For any integer n > deg B — deg A + 1, f, is algebraically
stable on T, and contracts the curve Fy, to the point [1,0,1,0].

6.2. The attracting case. In the remaining of this section, we fix an integer
m such that the extension of f to I, is algebraically stable. For simplicity, we
write f for the map f,, induced by f on F,,.

Proposition 6.2. Let | - | be an absolute value on K such that |a| > 1. Then
(Fn, f) satisfies the DML property.

Proof. Since a # 1, by changing coordinates, we may assume that f = (ax, A(x)y+
B(z)). Since f contracts the fiber Fi, to O := Lo () Fw, the point O is fixed
and the two eigenvalues of df at O are 1/a and 0. Since |a| > 1, there is a neigh-
bourhood U of O, such that UNI(f) =0, f(U) C U and f™ — O uniformly on
U.

Let C' be an irreducible curve in P% and p be a point in A% such that the set
{n € N| f*(p) € C} is infinite. By Lemma 4.3, we may assume that p € A% and
CZ LoUFs.

If C( Fx = {0}, there is an open set V of Pk, such that [1 : 0] € V and
71 (V) C C U. Since |a|] > 1, for n large enough, f*(p) € 7 1(V). So there is
an integer ny > 0 such that f"(p) € U. Theorem 1.1 implies that the curve C is
fixed.

We may assume now that f"(C) (] Fx # {O} for all n > 0.

If CN Fy =0, then C is a fiber of the rational fibration m,, : F,, — P'. Since
{n € N| f"(p) € C} is infinite, the curve C' is fixed.

Finally assume that f"(C) [ Fx # 0 for all n > 0. Since f contracts Fi, to O,

we have
RO #0,
and we conclude by Theorem 1.2 that C'is periodic in this case. U

6.3. The general case.
Proposition 6.3. The pair (F,,, f) satisfies the DML property.

Proof. Let C be a curve in F,,, and p be a point in A% such that the set {n >
0|f™*(p) € C} is infinite. We may assume that the transcendence degree of K
is finite, since we can find a subfield of K such that it has finite transcendence
degree and f,C' and p are all defined over this subfield.

In the case f acts on the base as the identity, the proposition holds trivially.
Assume that it is not that case. Let O = Ly () Fo. As in the proof of Proposition
6.2, we only have to consider the case C'() Fix = O.

If a is a root of unity, we may replace f by f™ for some integer n > 0 and assume
that @ = 1 and b = 1. Since the transcendence degree of K is finite, we may embed
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K in the field of complex numbers C. Let | - | be the standard absolute value on
C. Since f contracts Fi, to O, there is a neighborhood U of O with respect to the
usual euclidian topology such that for all point ¢ € U ({(z,y) € C?| Re(z) > 0},
we have lim,, ., ["(q) = O. Since C'() Fx = O, there exists M > 0, such that
CN{(x,y)| Re(z) > M} C U and we conclude by using Theorem 1.1 in this case.

If @ is an algebraic number over QQ and is not a root of unity, by [20, Theorem
3.8] there exists an absolute value | - |, (either archimedean or non-archimedean)
on Q such that |a|, > 1. This shows that (F,,, f) satisfies the DML property by
Proposition 6.2.

If a is not an algebraic number over QQ, we claim that there exists a field
embedding ¢ : K < C such that |¢(a)| > 1, and we may conclude again by using
Proposition 6.2.

It thus remains to prove the claim. There is a subring R of K which is finitely
generated over Q, such that f,C and p are all defined over R. There is an integer
I > 0, such that R = Q[ty,--- ,t]/I, where I is a prime ideal of Q[t,--- ,t]. It
induces an embedding Spec R :=V C Af@. We set

Ve =V Xgpeeg OPecC C AL

For any polynomial F' € Q[t;,---,t] \ I, we also define Vi := {F = 0}. Then
Ve \ Vi is a dense open set in the usual euclidian topology. Since Q[t1,--- , ;]\ [ is
countable, the set Ve \ (Upcgy, .. 4\ V) 1s dense. Interpreting a a nonconstant
holomorphic function on V¢, we see that there exists an open set W C V¢ such
that |a] > 1 on W.

Pick a closed point (s1,--+,s1) € W\ (Upegp,,.. 4y V) and consider the
unique morphism ¢ : R = Q[t,--- ,t]/I — C sending t; to s;. This morphism is
in fact an embedding. We may extend it to an embedding of K as required. [J

7. UPPER BOUND ON HEIGHTS WHEN A(f) > 1

7.1. Absolute values on fields. (]20]) Set Mg := {|-|oc and |-|, for all prime p}
where |- | is the usual absolute value and |-|, is the p-adic absolute value defined
by |z| := p~o %@ for z € Q.

Let K/Q be a number field. The set of places on K is denoted by Mg and
consists of all absolute values on K whose restriction to QQ is one of the places in
M. Further we denote by M the set of archimedean places; and by MY the
set of nonarchimedean places.

When v is archimedean, there exists an embedding o, : K < C (or R) such
that | - |, is the restriction to K of the usual absolute value on C (or R).

Similarly, we introduce the set of places on function fields.
Let C' be a a smooth projective curve defined over an algebraically closed field
k and L := k(C) be the function field of C. The set of places on L, denoted by
M consists of all absolute values of the form:
| |p:x— Ordr(®)

for any x € L and any closed point p € C'.
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Let K/L be a finite field extension. The set of places on K is denoted by Mg
and consists of all absolute values on K whose restriction to L is one of the places
in M. In this case, all the places in M are nonarchimedean. Set M% = Mg
and M = () for convenience.

Let K/L be a finite field extension where L = Q or a function field k(C') of a
curve C. For any place v € M, denote by n, := [K, : L,] the local degree of v
then we have the product formula

IT 1zl =1

vEMEK
for all x € K*.
For any v € M, denote by O, := {z € K| |z|, < 1} the ring of v-integers. In
the number field case, we also denote by O := {z € K| |z|, < 1 for all v € MY}
the ring of integers.

7.2. Basics on Heights. We recall some basic properties of heights that are
needed in the proof of Theorem A, see [18] or [19] for detail.

In this section, we set L = Q or k(C) the function field of a curve C' defined
over an algebraically closed field k. Denote by L its algebraic closure.

Proposition-Definition 7.1. Let K/L be a finite field extension. Let p € P"(K)
be a point with homogeneous coordinate p = [xg : - - - : x,] where xq,--- ,z, € K.
The height of p is the quantity

Hpn(p) == ( H max{|zg|,, - - - "xn‘v}nv)l/[K:L]_
vEMEK

The height Hpn(p) depends neither on the choice of homogeneous coordinates of
p, nor on the choice of a field extension K which contains p.

When L = k(C), we have a geometric interpretation of the height Hpn(p).
Observe that P} is the generic fiber of the trivial fibration 7 : Pg :=P" x C' — C.
We set s, : D — P the normalization of the Zariski closure of p in P¢. Then we

have |
Hpn (p) — edeg(spopg(l))/deg(msp)‘

Proposition 7.2. Let f : P73 --» P7 be a rational map and X be a subvariety of
P2 such that I(f) (X is empty and the restriction f|x is finite of degree d onto
its image f(X). B
Then there exist A > 0 such that for all point p € X (L), we have
1
T Hen(p)" < Hen (f(p)) < AHen (p)".

Proposition 7.3 (Northcott Property). Let K/Q be a number field, and B > 0
be any constant. Then the set

{p € P"(K)| He~(p) < B}

s finite.
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Remark 7.4. The Northcott Property does not hold in the case K = k(C') when
k is not a finite field. For example, the set

{p € P"(k(t))| Hen(p) =0} = {[z : y]| (x,9) € k*\ {(0,0)}}
is infinite.

7.3. Upper bounds on heights. Let K be a number field or a function field
of a smooth curve over an algebraically closed field k'. Let f : A% — A% be any

birational polynomial morphism defined over K and assume that A(f) > 1.
According to Theorem 2.4, we may suppose that there exists a compactification
X of A% , a closed point @ € X \ A% such that f extends to a birational

transformation fon X which satisfies the following properties:

(i) f is algebraically stable on X; N N
(i) there exists a closed point @Q € X \ A? fixed by f, such that df(Q) = 0;

(iif) f(X\A?) =Q.
To simplify, we write f = f in the rest of the paper. We fix an embedding
X C IP%. Let C be an irreducible curve in X whose intersection with A% is non
empty.

Proposition 7.5. Suppose that C' is not periodic and C\ A% = {Q}. Then
there exists a number B > 0 such that for any point p € C(K) for which the set
{n € N| f"(p) € C} is infinite, we have Hpn(p) < B.

Proof. Assume that X, f,C' and @ are all defined over K and @ =[1:0:---:
0] € P¥. We can extend f to a rational morphism on PV which is regular at

Q. Then there exists an element a € K* and F; € (xq,--- ,zn)K|xg,- - ,zn] for
1=20,---, N such that

f((loay - cay])=la+Fo: Fy:---: Fy]
for any [1: 2y :---:xy] € X. Since f is regular at @ and a # 0, there is a finite

set S C MY, such that for any v € MY% \ S, we have |a|, = 1 and all coefficients
of f are defined in O,. Recall that we may endow X with a metric d,,, see Section
2.3.
For any v € M% \ S, set r, := 1 and U, := {z € X(K)| d,(z,Q) < 1}. Since
df (Q) = 0, we see that for all x € U, d,(f(x),Q) < d,(z,Q)?, hence
lim f*(z) = Q.
n—oo
For any v € S, set r, := |a|, and U, := {z € X(K)| d,(x,q) < r,}. We see
that for all z € U,, d,(f(x),Q) < d,(z,Q)?/r,, and again it follows that
lim f*(z) = Q.
n—oo
For any v € M, since df (Q) = 0, there is r, > 0 such that for any = € U, :=
{z € X(K)| dy(z,q) < r,} we have f(xz) C U, and

lim f*(z) = Q.
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If peUye My Uvs Theorem 1.1 shows that C' is periodic and this contradicts
our assumption. In other words, we need to estimate the height of a given point

peC(K)\ |J U..

VEMK

If C' intersects the line at infinity only at the point @), then we may directly
estimate the height of p given by the embedding of C' into P¥. Since we do not
assume that this is the case, we shall work first with a height induced by a divisor
on C given by the divisor ), and then estimate hp~ (p) using Proposition 7.2. To
do so, let i : C' — C' C X be the normalization of C' and pick a point Q' € i1(Q).
There is a positive integer [ such that ((Q)' is a very ample divisor of C'. So there
is an embedding j : C' < PM for some M > 0 such that

Q’:[le:--~:O]:Hmﬂ6’
where H, = {x); = 0} is the hyperplane at infinity. Let
g:C =P
be a morphism sending [zq : -+ : xp] € C to [zg : 23] € P Tt is well defined

since {xg = 0} () Hoo [)C = 0. Then g is finite and
g [1:0) =Hoo()C=1[1:0---:0].

By base change, we may assume that 5’, 1,7, 9 are all defined over K.

In the function field case, there is a smooth projective curve D such that
K = K/(D); and in the number field case, we set D = Spec Ok

We consider the irreducible scheme € C PY over D whose generic fiber is C
and the irreducible scheme X C P} over D whose generic fiber is X. Then i
extends to a map ¢ : C --» X over D birationally to its image. For any v € MY,
let

p, = {x € O,] v(z) > 0}

be a prime ideal in O,. There is a finite set T' consisting of those places v €
MY such that ¢ is not regular along the special fibre éov /oo at Py, € D or

For any v € MY% \ T'|J S, observe that we have
Vy={[l:ay: - :ay] € CEK)| |z < 1,i=1,--- , M}
={[L a1t ay] € C(K)| Jauly < 1} = g7 () [ C(K)

with Q, := {[1: 2] € PYK)| |z|, < t,} and t, := 1.
For any v € T'|J S| M$, by the continuity of 4, there is s, > 0 such that

i(V,) € U,
where V, = {[1 : 2y : -+ 1 xpy] € C(K)| |2y < $p,4=1,-+- M}. Since g (1 :
0))={[1:0:---:0]}, there exists ¢, > 0, such that

g () CCV,
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where Q, = {[1 : 2] € PYK)| |z|, < t,}.

We need to find an upper bound for the height of points in C(K) \ U,cuy,. Uo-
Since the set Sing(C) of singular points of C'is finite, we only have to bound the
height of points in C'(K) \ (Sing(C) U,cp,. Us)-

Let p be a point in C(K) \ (Sing(C) U, Us)- Observe that i~ (p) € C(K)
and z := j(i~!(p)) is also defined over K. We have z & V,, hence y := g(x) & Q,
for all v € M.

For any y = [yo : y1] € P(K)\ (Uyenm,. ), we have [y1/yols > t, for all v. We
get the following upper bound

Hpr ()% = T max{|yolv, [y1],}™

vEMK

< TT max{lvnlo/to. ]}

vEME

= II lml ] max{1,1/t,}™
vEMK vEMK

= H max{1,1/t,}" =: B’ < .
VEMK

By Proposition 7.2 applied to g : C < PM and i : C — PV, we get Hpn(p) < B
for some constant B independent on the choice of p as we require. U

8. PROOF OF THEOREM A

Let C be a curve in A%. We want to show that for any point p € A%(K) such
that the set

{neN| f*(p) € C}
is infinite, then p is preperiodic.

According to Section 6, we may assume that A(f) > 1. As in Section 7.3, we use
Theorem 2.4 to get a compactification X of A%. For simplicity, we also denote
by f the map induced by f on X. There exists n > 1 such that f" contracts
X \ A% to a superattracting fixed point @ € X \ A%. We extend C' to a curve

in X. Suppose that C is not periodic. By Theorem 1.2, we may assume that
C(K)\ A%(K) = {Q}. Finally we fix an embedding X — P¥ for some N > 1.

We first treat the case K = Q.

There is a number field K’ such that both f and p are defined over K'. Then
f™(p) € A*(K’) for all n > 0.

Proposition 7.5 and the Northcott Property imply that the set {f™(p)| n >
0} C is finite. Since the set {n € N| f*(p) € C} is infinite, there exists n; >
ny > 0 such that f™(p) = f"(p). We conclude that p is preperiodic.

Next we consider the general case of an algebraically closed field K of charac-
teristic 0.
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By replacing K by an algebraically closed subfield over which p, C' and f are
all defined, we may suppose that the transcendence degree tr.d.K/Q of K over
Q is finite. We argue by induction on tr.d.K/Q.

If tr.d. K/Q = 0, then K = Q and we are due by what precedes.

If tr.d. K/Q > 1, then there is an algebraically closed subfield k of K such that
tr.d.k/Q = tr.d. K/Q — 1.

There is a smooth projective curve D over k, such that X, f,p,@ and C are
defined over the function field k(D) of D. Observe that K = k(D).

We consider the irreducible scheme

T:XCPY =D

over D whose generic fiber is X and C C P the Zariski closure of C' in X.

The map f extends to a birational map f': X --» X over D. For any x € D,
denote by X, and C, the fiber of X and C at x respectively, and denote by f,
the restriction of map f’ to the fiber X,.

Proposition 7.5 implies that there is a number M > 0 such that for all n > 0
either f™(p) € C or Hpn (f"(p)) < M.

A point s € X (k(D)) is associated to its Zariski closure in X which is a section
of m: X — D. For simplicity, we also write s for this section. Then the height of
s is

Hpn (s) = D)

where L := Opy(1).
For any section s, observe that 7 induces an isomorphism from s to the curve
D. We may consider the Hilbert polynomial

X(L®" s) =1—g(s)+n(s-L)=1—g(D) +nlog H(s).

It follows that there is a quasi-projective k-variety My that parameterizes the
sections s of m such that Hpn(s) < M (see [5]).

Let T} be the set of points x € D such that f, is birational and I(f, ") (" I(f.) #
(). Observe that T; is finite. Let Ty be the set of the points x € D\ Ty, such that
C, is fixed. Since C' is not fixed, T3 is finite. Because k is algebraically closed,
D\ (Ty U T3) is infinite. For any point « € D, denote by p, : My — X, the map
sending s to s(z). Pick a sequence of distinct points {z;};>0 C D\ (T} U T3). For
any [ > 1, let

l l
pr=]]pe: Mu — [ Xa-
=1 =1

Observe that any two points sy, so € My are equal if and only if p;(s1) = pi(s2)
for all 7+ > 0.
We claim the following lemma, and prove it later.

Lemma 8.1. Let X be any reduced quasi-projective variety over an algebraically
closed field k. For anyt > 1, let m; © X — Y, be a morphism. If for any difference
points x1,x9 € X, there exists i > 0, such that m;(x1) # m;i(x2), then for 1 large



21

enough the map

! !
:Hm:X—>HYi
i=1 i=1

s finite.

By Lemma 8.1, there is an integer L large enough, such that the map pg is
finite. By Proposition 5.1, C,, is not periodic for all ¢ > 1. The set N := {n >
0|f™(p) € C} is infinite, enumerate N = {n; < ny < --- < n; < nggq < -}
For any i > 0, there exists s; € My such that s; = f"(p). By the induction
hypothesis, we know that s,,(x;) = f"(p)(x;) is a preperiodic point of f,. for
any 1 <4 < L. Then the orbit G; of p(x;) in Xm, is finite. So the set

{5 'L>0 g H
=0

is finite. Since py, is finite, then we have {Si}iZO is finite. Then there is i1 > iy
such that s;, = s;,, and f™1(p) = f™2(p). Then p is preperiodic. O

Proof of Lemma 8.1. We prove this lemma by induction on the dimension of X.
If dim X = 0, then the result is trivial.
If dim X > 0, we may assume that X is irreducible. We pick any point x € X,
and let F} be the fiber of p; which contains x. Observe that

E+1 g Ea
so that there is an integer L' > 1, such that for any L > L/,

&:ﬂﬂ

1>0

Since for any point 27 € X — {x}, there exists i > 0, such that m;(x;) # m(z),

we have
Fp=()F = {z},
1>0
so that
dim X — dimp;(X) < dim F, = 0.

In particular py is generically finite. It means that there exists an open set U of
pr(X), such that py, : p;'(U) — U is finite. Set X’ = X — p;'(U), then we have
dim X’ < dim X — 1.

By the induction hypothesis, there is L” > L', such that for any L > L", pp|x:
is finite and then p;, is finite. O
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