MIXED-SPIN-P FIELDS OF FERMAT POLYNOMIALS

HUAI-LIANG CHANG!, JUN LI?, WEI-PING LI3, AND CHIU-CHU MELISSA LIU*

ABSTRACT. This is the first part of the project toward an effective algorithm to
evaluate all genus Gromov-Witten invariants of quintic Calabi-Yau threefolds.
In this paper, we introduce the notion of Mixed-Spin-P fields, construct their
moduli spaces, and construct the virtual cycles of these moduli spaces.

1. INTRODUCTION

Explicitly solving all genus Gromov-Witten invariants (in short GW invariants)
of Calabi-Yau threefolds is one of the major goals in the subject of Mirror Symmetry.
For quintic Calabi-Yau threefolds, the mirror formula of genus-zero GW invariants
was conjectured in [CAGP] and proved in [Gi, LLY]. The mirror formula of genus-
one GW invariants was conjectured in [BCOV] and proved in [LZ, Zi]. A complete
determination of all genus GW invariants based on degeneration is provided in
[MP] and plays a crucial role in the proof of the GW /Pairs correspondence [PP].
However, the mirror prediction on genus g GW invariants for 2 < g < 51 in [HKQ)]
is still open, even in the g = 2 case.

The mirror prediction in [HKQ)] includes both GW invariants of quintic threefolds
and FJRW invariants of the Fermat quintic. In this paper, we introduce the notion
of Mixed-Spin-P fields (in short MSP fields) of the Fermat quintic polynomial,
construct their moduli spaces, and establish basic properties of these moduli spaces.
This class of moduli spaces will be employed in the sequel of this paper [CLLL]
toward developing an effective theory evaluating all genus GW invariants of quintic
threefolds and all genus FJRW invariants of the Fermat quintic.

The theory of MSP fields, for the Calabi-Yau quintic polynomial

Fs5(x) =af + - + a2,

provides a transition between FJRW invariants [FJR] and GW invariants of stable
maps with p-fields [CL]. It is known that the FJRW invariants of the Fermat quintic
is the LG theory taking values in [C®/us] (via spin fields), and the GW invariants
of stable maps with p-fields is the LG theory taking values in the canonical line
bundle Kps (via P-fields). Our idea is to use the master space technique to study
the two GIT quotients [C5/us] and Kps of [C®/G,,], which led to the notion of
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MSP fields, providing a geometric transition between the LG theories of the two
GIT quotients of [C®/G,,].

In this paper, we will introduce the notion of MSP field for the Fermat polynomial

(1.1) Fp(x)=a]+ - +a.
With F, , understood, an MSP field is a collection
(1.2) £=(2¢C e LN, ppv)

consisting of a pointed twisted curve ¢ C C, fields ¢ € H°(C,L®™) and p €
HO(C,LVE" @ wy®), and a gauge field v = (v1,12) € HO(C,L ® N @& N). The
numerical invariants of € are the genus of €, the monodromy ~; of £ at the marking
¢ (of £¢), and the bi-degrees dy = deg(£ ® N) and do, = degN.

For a choice of g, v = (y1,-++,7) and d = (dp,ds), we form the moduli
Wy ~.a of equivalence classes of stable MSP fields of numerical data (g,v,d). It is
a separated DM stack, locally of finite type, though usually not proper. The stack
Wy y,d admits a T' = C* action, via

t- (Ee CC LN o, p,v1,10) = (Ee C C LN, p,p,try, ).
It comes with a perfect (relative) obstruction theory, of virtual dimension (in case
v=0)
vir.dimWy y—pa = (14+n—7)do+ (1 =n+7)ds + (4 —n)(g — 1).
Theorem 1.1. The moduli stack Wy ~.a (of stable MSP fields of the Fermat polyno-
mial F,, ) is a separated DM stack, locally of finite type. It has a cosection localized
T-equivariant virtual cycle Wy~ al}k, lying in a proper substack W ya C©Wyd:

[Wg,%dmg € AI (Wg_,'y,d

)T

In the sequel [CLLL], for the quintic Fermat polynomial F; 5 we apply the virtual
localization formula to derive a doubly indexed polynomial relations among the GW
invariants of quintic threefolds and the FJRW invariants of the Ferman polynomial
F5 5. These relations provide an effective algorithm in evaluating all genus GW
invariants of quintics in terms of FJRW invariants of F5 5 (with the insertion 2/5),
and provide a collection of relations among all genus FJRW invariants of F5 5 (with
the insertion 2/5).

This work is inspired by Witten’s vision that the “Landau-Ginzburg looks like
the analytic continuation of Calabi-Yau to negative Kahler class.” (See [Wi, 3.1].)
One interpretation of his proposed transition of theories is that the LG theory of
[C5/Zs) and that of Kpa differ by a fields version of “wall-crossing”. The MSP fields

introduced can be viewed as a geometric construction to realize this “wall-crossing”.

Around the time of the completion of the first draft of this paper, there have been
other approaches for high genus LG/CY correspondence [CK, FJR2]. Since then,
there are a few notable further developments based on the theory of MSP developed.
In [CLLL], the virtual localization formula of the C* equivariant moduli of MSP
fields were developed, and the mentioned recursion relations among GW and FJRW
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of the quintic Fermat polynomial is derived. In [GR], Guo-Ross proved the genus-
one Landau-Ginzburg/Calabi-Yau conjecture of Chiodo and Ruan. In [CGLZ], the
explicit formula of the genus one GW invariants of the quintic CY threefold has been
recovered using the recursion relations. Recently, it is shown that the localization of
the genus two MSP theory recovers the genus two BCOV’s Feyman rule of the GW
invariants of the quintic Calabi-Yau threefolds [CGL]. Along the way, the finite
generation conjecture of Yamaguchi-Yau and the holomorphic anomaly equation
for ¢ = 2 GW invariants of the quintic Calabi-Yau threefolds is establised. (cf.
[BCOV, YY, ASYZ, LP].)

This paper is organized as follows. In Section one, we will introduce the notion of
Mixed-Spin-P fields of the Fermat quintic polynomial; construct the moduli spaces
of stable Mixed-Spin-P fields, and construct the cosection localized virtual cycles
of these moduli spaces. These cycles lie in the degeneracy loci of the cosection
mentioned. In Section two and three, we will prove that these degeneration loci are
proper, separated and of finite type.

Acknowledgement. The third author thanks the Stanford University for several
months visit there in the spring of 2011 where the project started. The second
and the third author thank the Shanghai Center for Mathematical Sciences at
Fudan University for many visits. The authors thank Y.B. Ruan for stimulating
discussions on the FJRW invariants.

2. THE MODULI OF MIXED-SPIN-P FIELDS

In this section, we introduce the notion of MSP (Mixed-Spin-P) fields, construct
their moduli stacks, and form their cosection localized virtual cycles. We introduce
the T-structure on it. The proof of the localization formula of cosection localized
virtual cycles will appear in [CKL].

2.1. Twisted curves and invertible sheaves. We recall the basic notions and
properties of twisted curves with representable invertible sheaves on them. The
materials are drawn from [ACV, AJ, AF, AGV, Cad].

A prestable twisted curve with /-markings is a one-dimensional proper, separated
connected DM stack €, with at most nodal singularities, together with a collection
of disjoint closed substacks X1, - , 3, of smooth locus of € such that €™ — U,;3;
is a scheme, and node are balanced.

Here an index r balanced node looks like the following model

V. = [Spec(((:[u,v]/(uv))/ur] . ¢ (u,v) = (Cu, ¢ o).
Similarly, an index r marking of a twisted curve looks like the model
U, == [SpecClu]/p,], ¢-u=u
Denote by
(2.1) T2V =V, = Spec(Clz, y]/(zy)) and m : U, = U, := A

defined by = — «" and y — v", the maps to their coarse moduli spaces. Note that
V, contains two subtwisted curves V,.; and V, s, each isomorphic to U, in (2.1).
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This process V, — U, [[ U, is called the decomposition of V, along its node.
The reverse process is called the gluing, which can be defined via a push out.

We comment on out convention on invertible sheaves on a twisted curve € near
a stacky point. In the model case C = V,, an invertible sheaf on € is a p,-module
M, for 0 < m < r, so that

My, :=u~ "7 Clu) Gpoj v "Clo] = ker{u~(""™Clu] ® v"™C[v] = Cp},

where the arrow is a homomorphism of p, -modules, and p, leaves 1 € Clu] and
1 € C[v] fixed and acts on 1 € C,,, = C via -1 = (™1, and both u~"~™C[u] — C,,
and v~"Clv] — C,, are surjective. When m = 0,

Mo := Clu] @[ C[v] := ker{Cl[u] & C[v] — C},

where maps are defined similarly as the case of m # 0. Note that the isomorphism
classes are indexed by m € {0,--- ,r — 1}. Further, in the convention (2.1)

(2.2) e M = Clz] @ C[y].

Similarly, invertible sheaves on € near an index r marking in the model case
C = U, looks like the p,-module

(2.3) My, = u” " Clu.

Let ¢, = exp(2mi/r) € p,. Under u — (.u, the generator u="1, ~ ¢ mu~"=™1,,
we call (the inverse of (, ™) (™ the monodromy of M,, at the marking, and call m
the monodromy index at the marking. Note that for M,,, over V,., M, restricted to
V.1 and to V, o have monodromies ;™ and (;”*, at their respective stacky points.

Definition 2.1. We call M,,, representable if (m,r) = 1.

Example 2.2. Let C = Al/u,. be the obvious global quotient twisted curve; let
p € Al be its origin. Then we use Oc(™p) to denote the sheaf (2.3), having
monodromy index m.

2.2. Definition of MSP fields. We fix a Fermat polynomial (1.1). We denote by
g < C* the subgroup of the d-th roots of unity. We let

ﬂ'j :/’LTU{(17P)7(1’<)0)}7 and ﬂ'r:ﬂ’;r_{l}

For a € fuf, we let (a) < G,, be the subgroup generated by «; for the two
exceptional element (1, p) and (1, ¢), we agree that ((1,p)) = ((1,¢)) = (1).
We fix the Fermat polynomial F;, ,; we let

9>0, v=(v, %) € ()" and d=(do,ds)€ Q"2

and call the triple (g,7,d) a numerical data (for MSP fields), and call (g,7v,d) a
broad numerical data if v € (f1,7)** instead.
For an /-pointed twisted nodal curve ¢ C €, denote wlé,)fsz = w@/s(Ze), and

for a € 1,7, let B¢ = | 1 B, .
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Definition 2.3. Let S be a scheme, (g,7v,d) be a numerical data. An S-family of
MSP-fields (of Fermat type F, ) of type (g,7,d) is a datum

(C,2¢, L, N, ¢,p,v)
such that

(1) UL, 3¢ = 5C C € is an -pointed, genus g, twisted curve over S such that
the i-th marking X is banded by the group (v;) < Gu;

(2) £ and N are representable invertible sheaves on C, and L @ N and N have
fiberwise degrees dy and ds. respectively. The monodromy of L along Eie 18

i when (vi) # (1);
(3) v = (r1,12) € H(L®N)@® H°(N) such that (v1,vs) is nowhere vanishing;
(4) ¢ = (p1,...,0n) € HO(L)®™ s0 that (p,v1) is nowhere zero, and %0‘2(@1 =
0.

(5) pe H° (L’T®wle°/gs) such that (p, v2) is nowhere vanishing, and p\z(el = 0;
P

In the future, we call ¢ (resp. p) the p-field (resp. p-field) of the MSP-field.!
(Here we abbreviate £L=" = £V®T))

Definition 2.4. In case (g,7,d) is a broad numerical data, a similarly defined
(C, ¢, L,N,¢,p,v) as in Definition 2.3 is called an S-family of broad MSP-fields.

We remark that in this paper we will only be concerned with MSP fields.

Definition 2.5. An arrow
(€, =%, LN, ¢, p' V) — (€,2%, L, N, 0, p, )
from an S'-MSP-field to an S-MSP-field consists of a morphism S' — S and a
3-tuple (a,b,c) such that
a: " c — C Xg 1s an S'-1somorphism of pointed twiste
1 ¢ ce »ece S’ S’ h f d d
curves;
(2) b:a*L — L' and c: a*N — N’ are isomorphisms of invertible sheaves such

that the pullbacks of i, p and v; are identical to @), p' and v}, where the
pullbacks and the isomorphisms are induced by a, b and c.

We define Wp'" 4 to be the category fibered in groupoids over the category of
schemes, such that the objects in Wp ~.d over S are S-families of MSP-fields, and
morphisms are given by Definition 2. 5

Definition 2.6. £ € W7 (C) is stable if Aut(§) is finite. £ € Wy 4(S) is stable

if €|s is stable for every closed point s € S.

Let Wy 4.a C W, 4 be the open substack of families of stable objects in W™ 4
We introduce a T = Gy, action on Wy 4.4 by

(2.4) t-(2%,C,L,N, ¢, p, (v1,1n)) = (£¢,€,L,N, ¢, p, (tv1,10)), teT.
Theorem 2.7. The stack Wy y,a is a DM T-stack, locally of finite type.

IWe call (€,%¢,L,N,v) satisfying (1)-(3), and Z?’l o C (v1 # 0) and E(el ) C (v2 #0), a

gauged twisted S-curve.
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Proof. The theorem follows immediately from that the stack Mtg‘j} of stable twisted
{-pointed curves is a DM stack, and each of its connected components is proper and
of finite type (see [AJ, Ol]). O

In this paper, we will reserve the symbol T = G, for this action on W, , 4.

Example 2.8 (Stable maps with p-fields). A stable MSP-field £ € Wy 4.a having
vy = 0 will have N = O¢, vy = 1. Then & = (8¢,€, ) reduces to a stable map f =
[¢] : B¢ C € — P! together with a p-field p € HO(f*Opn—1(—7) ®wle°g). Moduli
of genus g {-pointed stable maps with p-fields will be denoted by M, (P"~1, d)P.

Example 2.9 (r-Spin curves with p-fields). A stable MSP-field £ € W, a4 having
vy = 0 will have N = LV, vy = 1. Then & reduces to a pair of a r-spin curve
(2€,C,p: LT = wg’g) and n p-fields ¢; € HY(L). Moduli of r-spin curves with fived
monodromy v and n p-fields will be denoted by M;{,:’np
2.3. Cosection localized virtual cycle. The DM stack W, , 4 admits a tauto-
logical T-equivariant perfect obstruction theory.

Let Dy, be the stack of triples (C, »¢ L£,N), where ©¢ C € are /-pointed genus
g connected twisted curves (i.e. objects in Mg‘f’z), L and N are invertible sheaves on
€ such that the monodromy of £ along the marked points are given by . Because

vaz is a smooth DM stack, D, , is a smooth Artin stack, locally of finite type
and of dimension (3g —3) + ¢4 2(g — 1) = 5g — 5 + ¢, where the automorphisms of
(%€ C €, L,N) are triples (a, b, c) as in Definition 2.5.

Define

(2.5) q:Wgyd — Dgy

to be the forgetful morphism, forgetting (¢, p,v) from points ¢ € W, ,a. The
morphism ¢ is T-equivariant with 7" acting on D ,, trivially. Let

(2.6) 1:%¢CC—W,ypa with (LN, 0,p,v)

being the universal family over W, 4. Let 0 < m; < r — 1 be so that v; = (™.
For convenience, we let £, = #{i|v; = (1,¢)}, and let ¢, = #{i|v; € pn,.}. We
abbreviate

_ p-r log
P=LT"® Werw, . a-
Proposition 2.10. The pair q : Wy a4 — Dy, admits a tautological T'-equivariant
relative perfect obstruction theory taking the form
v
C n C .
(R?r* (L(=X(,0) " @ P(=21,,) © (LON) @ N)) — Ly, /D,

The virtual dimension 6(g,v,d) := vir.dim Wy 4 q s

(L+n—7)do+ (1 =n+7r)de+(@A—n)(g—1)+L+1—n)(l, + > —).

=1
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Proof. The construction of the obstruction theory is parallel to that in [CL, Prop
2.5], and will be omitted. We compute its virtual dimension. Let £ = (£¢,€,£,---)
be a closed point in W, , 4. Observe that when (v;) # {1}, ¢|ge = 0. Thus by that

(¢, v1) is nowhere vanishing, we see that v1|ge # 0, and the monodromy of £L ® N

along ¥¢ is trivial. Therefore, let 7 : € — C be the coarse moduli morphism, the
degrees of 1, (L&N), m,.L and m, N are dy, do—dw—Zf‘;l = and doo—fo—l—z:f":l L
respectively. Since the relative virtual dimension of Wy ya — Dy 5 is

X(L(=% )% @ LV (=3 ,)) @wE @ LN @ N).

Here we insert 28 o) and Eg,p) because of (4) and (5) in Definition 2.3. Using
that dim Dy, = 59 — 5 + ¢, applying Riemann-Roch theorem to x(£) = x(m.L),
we obtain the formula of §(g,,d), as stated in the proposition. O

The relative obstruction sheaf of Wy , 4 — Dy is
Oby, _ a/p,., = R (L(=50 ) ®" @ P(=3( ) @ (L@ N) & N),

and the absolute obstruction sheaf Obyy, _ , is the cokernel of the tautological map
¢ Tp, ., — Oby, . 4/p, ., fitting into the exact sequence

(2.7) ¢Tp,., — Obw, . a/D,, — Obw, 4 — 0.
We define a cosection
g,v.d

(28) (o (’)by\;g)%d/'Dgy,Y — Oy

by the rule that at an S-point £ € W, ., a(S), (in the notation & = (€,%¢,---) as
in (1.2)),

(29)  o(&)(@ pn,00) =1pY @ it p Y @f € H (wess) = H(0e)Y,
where
(@, 01, 2) € HY (L(=2( ,))®" © P(=Z( ) ® LON B N).

(Here P = LV® © wg)/gwgmd.) Note that the term 7p > ¢} ', + p > ¢! a priori
lies in H' ((‘Lwlg/gs(—E(eLp))). However, when (v;) # (1, p), ¢jlxe = 0. Thus it lies

in Hl(G,w@/S).

Lemma 2.11. The rule (2.9) defines a T-equivariant homomorphism o as in (2.8).
Via (2.7) the homomorphism o lifts to a T-equivariant cosection of Obyy, _ .

Proof. The proof that the cosection o lifts is exactly the same as in [CLL], and
will be omitted. That the homomorphism o is T-equivariant is because T acts on
Wy v,d Via scaling 11 and o is independent of v;. O

As in [KL], we define the degeneracy locus of o to be
(2.10) W, a(C) ={& € Wy,.a(C) | oe = 0},

endowed with the reduced structure. It is a closed substack of W, , a.
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Lemma 2.12. The closed points of W, 4(C) are £ € Wy .a(C) such that
(2.11) (p=0U(pf+- -+, =p=0)=C.

Proof. We consider individual terms in (2.9). Taking the term pgpf_lgbi, by the
vanishing along ©¥ recalled before the statement of Lemma 2.11, we conclude that
poit € HO(LY @ wd(—2)) = HO (LY @ we).

By Serre duality, when p(pffl # 0, there is a ¢; € H'(L) so that p(pfl - #0 €

]{1 (OJ@).
Repeating this argument, we conclude that o] = 0 if and only if

pei == =y, =0
This is equivalent to that (¢ =0)U (p] +---+ ¢ =p=0)=C. -

Note that (2.10) makes sense for ¢ € W;r,id((C) as well. For convenience, we
denote
WP 4(C) = {€ e WP 4(C) | (2-10) holds for &};

g 9
Applying [KL, CKL], we obtain the cosection localized virtual cycle

Woraliae € AZW, 4, 6=0(g,7,4).

2.4. MSP invariants. Using the universal family (2.6) we define the evaluation
maps (associated to the marked sections X¢):
evi : Wy ya — X =P"U(u,)

as follows. In case (v;) # 1, we define ev; to be the constant map to (v;) €
s in case v, = (1,¢), we define evi(v;) = 1 € p,. In case v, = (1,p), for
si : Wyya — Cg.a the i-th marked section of the universal curve, by (2) of

Definition 2.3 we have s} p = 0. Thus s} v; is nowhere vanishing, and s;N = Oy, _ .

Therefore, sf(p,v1) is a nonwhere vanishing section of stEB(""'l), defining the
desired evaluation morphism

(2.12) evi = [57 1,7+ 5 85 Py si11] : Wy ya — P

such that eviOpn (1) = s} L.
Let T act on P™ by

t- [9017--~790n71/1] = [@h"'a(pnvt’/l]v
and let T" act trivially on p,. It makes ev; T-equivariant.

We introduce the MSP state space. As a C-vector space, the MSP state space and
the T-equivariant MSP state space are the cohomology group and the T-equivariant
cohomology group of the evaluation space X =P" U (u,.):

HMSP = H*(X;C), and HMSPT = Hi(X;C).

In terms of generators, we have

Hy(P";C) = C[H,{/(H"(H + 1)), and Hi(u,;C)=PCH1,
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and the (non-equivariant) MSP state space is by setting t = 0, while the grading is
given by
2(n—1)

(2.13) deg H=2, degt=2 and degl; = —=j.
G r

We formulate the gravitational descendants. Given
a17"'aaZ62207 ¢17"'7¢ZEHMSP:H*(X;(C)3

we define the MSP-invariants
¢

(2.14) (Tay 1+ Ta, Ge) 3o 0 = / _ H wrevigy € C.
Wg,e.alice k=1
where
[ng,d]rolz = Z [ngd]ﬁii-
ye(,)*
Similarly, we define T-equivariant genus g MSP-invariants to be
‘

(2.15)  (Ta, @1 Ta,be)gpa :=/[ y [ v eviow € B*(BT;Q) = Ql,
Wy, e.alioe k=1

where ¢; € HMSPT and

[Wg,é,dmz: Z [ngd]f/oif;-
ve(f,)*

vir

(Here we use the same [-]y1

are homogeneous, and let

ela.,d.):= Zi:l (ak + %)—
—((1+n—r)do+ (1 —n+r)de+ (4 —n)(g—1) +£).
By the formula of the virtual dimension of Wy ; 4, we see that
(i -+ T T € i),

In case e(a.,¢.) < 0, we have vanishing
(2.16) |:t_e(a.7¢.) ’ <Ta1 ¢1 T Ta/¢€>24€SE,T} =0,
) " 0

where [-]o is the dimension 0 part of the pushforward to Ho(pt).

By virtual localization, we will express all genus full descendant MSP invariants
in terms of (1): GW invariants of the quintic threefold Q@ C P*; (2): FJRW in-
variants of the Fermat quintic; and (3): the descendant integrals on M, ,,. The
invariants in item (1) has been solved in genus zero [Gi, LLY] and genus one for all
degrees [LZ, Zi], and in all genus for degree zero, those in item (2) has been solved
in genus zero [CR], and those in item (3) have been solved in all genera. One of
our goals to introduce MSP invariants is to use vanishing (2.16) to obtain recursive
relations to determine (1) and (2) in all genus. This will be addressed in details in
the sequel [CLLL).

to mean the T-equivariant class.) Suppose ¢1,...,d;
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3. PROPERNESS OF THE DEGENERACY LOCI

In this section, we will prove that W;,Y 4 is proper over C.

3.1. The conventions. In this section, we denote by 1y € S a closed point in an
affine smooth curve, and denote S, = S — 7y its complement.

In using valuative criterion to prove properness, we need to take a finite base
change S’ — S ramified over 7. By shrinking S if necessary, we assume there is an
étale S — Al so that 1 is the only point lying over 0 € Al. This way, we can take
5" to be of the form S’ = S xu Al, where Al — Al is via ¢t + t* for some integer
k > 2. This way, ny € S’ lying over 1y € S is also the only point lying over 0 € Al
One particular choice of S’ is the degree r base change: S, = S xu Al — S, where
Al — Al is via t — t7.

To keep notations easy to follow, for a property P that holds after a finite base
change S — S of a family £ over S, we will say “after a finite base change, the
family £ has the property P”, meaning that we have already done the finite base
change S’ — S and then replace S’ by S for abbreviation of notations.

In this and the next section, for £ € WP 4(C) or WI'2 (S), we understand

(3.1) = (ZC,G,L,N,@,/}, v) € WP L.

97,

Similarly, we will use subscript “+” to denote families over S,. Hence &, € W™ 4(Sx)
will be of the form

(32) 5* - (26*76*,5*7N*5<P*7P*7V*)~

We first prove a simple version of the extension result we need.

Proposition 3.1. Let &, € W;%d(S*) be such that p. = 0. Then after a finite
base change, &, extends to a & € W;%d(S).

Proof. Since p, = 0, vo, is nowhere vanishing and N, = O,. Thus (@, Vi) I8
a nowhere vanishing section of H°(L®" & £,), and induces a morphism f, from
(£¢,€C,) to P", such that (f.)*Opn(1) = L,. By the stability assumption of &,,
this morphism is an S,-family of stable maps. By the properness of moduli stack
of stable maps, after a finite base change we can extend (X¢+,€,) to (X, €) and
extend f, to an S-family of stable maps f from (X, @) to P". Let £ = f*Opn (1),
which is an extension of £,. Then f is provided by a section (¢,11) € HO(L®"@® L),
extending (¢.,v1.). Since [f, %€ €] is stable, the central fiber Gy is a connected
curve with at worst nodal singularities. Define N = Qe and v5 to be the isomor-
phism N & Q¢ extending vo,. Define p = 0. Then & = (Ze, C,L,p,p, 1/) is a desired
extension. O

The case involving ¢, = 0 over some irreducible components is technically more
involved. We will treat this case by first studying the case C, is smooth. For this,
we characterize stable objects in W;ﬁ 4(C). We say that an irreducible component

& C C is a rational curve if it is smooth and its coarse moduli is isomorphic to P!.
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Lemma 3.2. Let p; # pa € P! be two distinct closed points, G < Aut(P!) be the
subgroup fizing py and py, and L be a G-linearized line bundle on P* such that G
acts trivially on Ll|,,. Then the following holds:

(1) any invariant s € H°(L)S with s(p1) = 0 must be the zero section;
(2) suppose G acts trivially on L|,,, then L = Op:.

Proof. Both are well-known. O

Lemma 3.3. Let ¢ € Wﬁ;f;(@), It is unstable if and only if one of the following
holds:

(1) € contains a rational curve & such that EN (XU Cgng) contains two points,
and L®T‘g = O¢;
(2) € contains a rational curve & such that €N (3¢ U Cqng) contains one point,
and either L|e =2 Nle =2 Q¢ or ple is nowhere vanishing;
(3) € is a smooth rational curve with ©¢ = (), dy = do, = 0.
(4) € is drreducible, g =1, ¢ =0, and LZ" = O¢ and LY = N.
Proof. We first prove the necessary part. Let £ € W;rf:i((C) be unstable. For
each irreducible &€ C C, let Autg(§) be the subgroup of Aut(§) mapping € to
itself. There exists an & such that Aute(€) is of infinite order. If the image of
Aute(§) — Aut(€) is finite, then for a finite index subgroup G’ < Auteg(§), G
leaves C fixed, thus G’ acts on £ by acting on the line bundles £ and N via scaling.
However, by Definition 2.3, that G’ leaves (¢, p, v) invariant implies that the image
of G — Aut(L) x Aut(N) is finite. Since this arrow is injective, it contradicts to the
fact that G’ is infinite. Thus the group G = im(Aute(§) — Aut(€)) is of infinite
order.

We now consider the case where £ has arithmetic genus zero (thus smooth). We
divide it into several cases. The first case (when g,(€) = 0) is when &N (¢ U
Csing) contains one point, say p € €. Suppose ple = 0, then w,|e is nowhere
vanishing, implying N|e = Og. Thus (¢, v1)|e is a nowhere vanishing section of
HO(£L®M+D]e). Since G is infinity and (p,v1)|e is G-equivariant, this is possible
only if L]e & O¢ and (p,11)]|e is a constant section. This is Case (2).

The other case is when ple # 0. We argue that p|eg is nowhere vanishing.

Otherwise, v2|e # 0, and then degN|e > 0. Since £ € WP'™>(C), we have ¢[e = 0,
log

thus v1]e is nowhere vanishing and £V|e = Nl|¢. Because ple # 0 and degwg®|e =
—1, we must have deg £]¢ < 0. Thus vo € H*(N|g) = H°(LY|e) must vanish at
some point. Let p; and py € & be such that p(p;) = 0 = va(p2). Since (p,1s) is
nowhere vanishing, we have p; # ps. Furthermore, since G fixes p, p; and p3, and
is infinite, p = p; or ps.

Suppose p = p1, a similar argument shows that £~" ®wle°g|g = Og, contradicting
to p # 0 and vanishing somewhere. Suppose p = ps, we conclude that deg L|e = 0,
contradicting to deg L|e < 0. Combined, we proved that if p|e # 0, then ple is
nowhere vanishing. This is Case (2).

The second case is when €N (X€ U Csing) contains two points, say p; and ps € £.
Then G fixes both p; and ps. A parallel argument shows that G acts trivially on
L7, and £7|,,. Applying Lemma 3.2, we conclude that £" = Og¢. This is Case
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(1). The third case is when &N (3¢ U Cgng) = 0. A parallel argument shows that in
this case we must have £ = N = O¢. This conclude the study of the case g,(€) = 0.

The remaining case is when g,(€) = 1, then ENX® = (), and a similar argument
shows that it must belong to Case (4). Combined, this proves that if £ is unstable,
then one of (1)-(4) holds.

We now prove the other direction that whenever there is an € C C that satisfies
one of (1)-(4), then & is unstable. Most of the cases can be argued easily, except
a sub-case of (2) when p|e is nowhere vanishing, which we now prove. Since €& N
(¥e U Cging) contains one point, say p € C, we have degwg)g|g = —1. Since plg
is nowhere vanishing, we have deg L"|¢ = —1. Thus p must be a stacky point.
Hence € = Py, as stacks. Let Py, = Proj(k[z,y]) where degz =1 and degy = r.
Then p corresponds to the point [0,1]. Let G = C (the additive group) acts on
Py, viaz — 2, y = Az" +y for A € G. The G-action on P , lifts to an action of

wleog|g as well as £Y]¢ = Op, , (1). One can check via local calculations that G acts
trivially on (wg®|e)|p as well as (£71¢)]p, thus trivially on (£~ ® wg®)],. Since
L-r ®w?g|g >~ ¢, and since G, = C has no non-trivial characters, by Prop.1.4 in
[FMK], G acts on (£L7" ® w?g)|g trivially as well. Hence G acts trivially on p|e.
Therefore the group G is a subgroup of the automorphism group of &|¢. O

Corollary 3.4. Let & € Wy 3(C). Let 7 : € — C be the normalization of C,

let ¢ = a1(z¢u Csing), and let (E,N7@,ﬁ, v) be the pullback of (L, N,p,p,v)
via . Write C = [], €, the connected component decomposition, and let &, be
(%€ NCq, éa) paired with (E,N, @, p, V)|, - Then & is stable if and only if all &, are
stable.

Proof. If £ is unstable, then it contains an irreducible & satisfying one of (1)-(4)
in Lemma 3.3. This € (or its normalization) will appear in one of &,, making it
unstable. The other direction is the same. This proves the Corollary. ]

3.2. The baskets. We will first studying a special case.

Special type: Let {&, € W, 4(Si) be of the form (3.2) such that C. is smooth
(and connected), . = 0, va, # 0 and p, # 0.

Proposition 3.5. Let &, over S, be of special type. Then after a finite base change,

(al) (X%+,C.) extends to a pointed twisted curve (X, €) over S such that @—X°
is a scheme, C is smooth, and the central fiber Cy is reduced with at worst
nodal singularities and smooth irreducible components;

(a2) L. and N, extend to invertible sheaves L and N respectively on C so that
vy extends to a surjective v = (v1,13) : LV @ 0 — N;

(a3) p. extends to a p € T(LVES ®wlgfs(®)) for a divisor D C C contained in
the central fiber Cqy such that p restricting to every irreducible component of
Co is mon-trivial;

(ad) (px =0)N (2. =0) =0, (p. =0) and (vax = 0) intersect Cy transversally.
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Proof. First, possibly after a finite base change, we can assume that (p. =0) U
(v24 = 0) is a union of disjoint sections of C, — S, and that if we let £¢* be the
union of those sections of (p, = 0) U (v2, = 0) that are not contained in X+, then
Y% is disjoint from X¢+. If (X€+ U X, C,) is a stable pointed curve, let 2" = §).
Otherwise, let 2" be some extra sections of C, — S,, disjoint from X¢ U X, so
that after letting ¥.°™P = %1€+ U X U ¥2, the pair (£™P | C,) is stable.

Since (X¢°™P @,) is stable, possibly after a finite base change, it extends to
an S-family of stable twisted curves (X°™P €’) such that all singular points of
its central fiber C{, are non-stacky. Thus after blowing up €' along the singular
points of Cf if necessary, taking a finite base change, and followed by a minimal
desingularization, we can assume that the resulting family (£¢,€) is a family of
pointed twisted curves with smooth € satisfying Condition (al). Condition (ad) is
satisfied due to the construction.

Since ¢, is identically zero, vy, is an isomorphism. We can extend N, to an
invertible sheaf N on € so that vs, extends to a section v5 of N. Let £ =2 NV. We
extend v1, to an isomorphism v;: £Y — N, and extend p, to a section p satisfying
(a3), for a choice of D. This proves the proposition. a

We will work with the coarse moduli C of C.

Definition 3.6. An S-family of pre-stacky pointed nodal curves is a flat S-family
(3, C) of pointed nodal curves (i.e. not twisted curves) so that each marked-section
Y (of ¥) is either assigned pre-stacky or assigned regqular. We call it a good family
if in addition C' is smooth, and all irreducible components of the central fiber Cy =
C xgmno are smooth.

Note that if we let C be the coarse moduli of the € in Proposition 3.5, let ¥; C C
be the image of ©¢ C € under € — C, and call ¥; pre-stacky if ©¢ is stacky, and
call it regular otherwise, then (X, ) with this assignment is a good S-family of
pre-stacky pointed nodal curves.

Given an S-family of pointed twisted curve (£¢, €) so that the only non-scheme
points of € are possibly along ¥.¢, applying the procedure described, we obtain a pre-
stacky pointed nodal curve (X, C). We call this procedure un-stacking. Conversely,
applying the root construction (cf. [AGV, Cad]) to the S-family of pre-stacky
pointed nodal curves (X, C) obtained, we recover the original family (3¢, @); we
call the later the stacking of (X, C).

Definition 3.7. Let (X,C) be a good S-family of pre-stacky pointed nodal curves,
and let D;, i € A, be irreducible components of Cy. A pre-basket of (X,C) is a data

(33) B ES (B + ZieAliDi’ A + ZieAmiDi)’
where

(1) A= Zf;l a;A;, where Ay, -+ A, are disjoint sections of C — S such
that for any pair (i,7), either A;,NYE; =0 or A; = %;, a; € %Z>0 when
A; =X for some pre-stacky X;, otherwise a; € Zxo;
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(2) B= Zfil b;Bi, whereb; € Z~q, By, -+ , By, are disjoint sections of C — S
such that for any pair (i,7), either B NY; = 0 or B; = %, and when
B; = %;, X must be assigned regular;

(3) Ay, ,Ag,,B1, -+, B, are mutually disjoint and intersect Cy transver-
sally;
(4) rm; €Z and l; € Z;
such that
(3.4) Oc(B+ ) LiD;) = 0c(rA+ Y rmiD;) ® wif.

We call B a basket if in addition it satisfies [; > 0, m; > 0 and l;m; =0 for all i.
Definition 3.8. We say a basket B final if it satisfies
(i). for everyi € A, BND; =0 if m; #0, and AND; =0 if l; #0;
(ii). for distinct i # j € A such that l;m; #0, D; N D; = 0.

Let (C,L,N, p,v) and D be given by Proposition 3.5. Let {D; |i € A} be the set
of irreducible components of Cy. We form

(35) A= (12.=0), B=(p.=0), (z=0)=A+> mD;, D= 1;D;,
where the summations run over all # € A. By the construction, v5 and p induce
isomorphisms N = O¢(A+>_m;D;) and O = L7 ®wg°f5(D —B). Using LY & N,
we obtain an isomorphism

(3.6) Oc(B + Z 1iD;) = Oe(rA + Z rm;D;) @ wleo/gS'

Let (X, C) be the good S-family of pre-stacky pointed nodal curves that is the
un-stacking of (¢, €) as explained before Definition 3.7. Let D; C Cy be the image
of D;. Since € away from (v = 0) is a scheme, and by the construction carried out
in the proof of Proposition 3.5, we have B = Zfil b;B;, where B; are sections of
C — S and b; € Z~q, and for any (i, 7) either B; N ZJC =0orB; = Zf, and in the
later case E? is a scheme. We let B; C C be the image of B;. For A, it can also be
written as A = Zf;l a;A;, where A; are sections of € — S. Let A; be the image
of A;. We form

ko
@
S ade Y %awa 5o

A;¢{pre-stacky ¥, } A;€{pre-stacky X, } =1

Lemma 3.9. Let (X,C) be as before, let B in (3.3) be such that the coefficients l;
and m; are given in (3.5), and let A and B be given in the identities above. Then
B is a pre-basket.

Proof. That B satisfies (1)-(4) in Definition 3.7 follows from the proof of Proposition
3.5. For the isomorphism (3.4), we notice that by our choice of A and B, we have

Oc(B+ > LDi) = 0c(B+ Y 1iDi) ®o. Oc
and
Oc(rA + Z rm;D;) ® wlé)/gs =~ (Oc(rA+ ZrmiDi) ® wlg%) R0 Oc.
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Therefore, (3.4) follows from (3.6). This proves the Lemma. O

3.3. Restacking. In this subsection, we fix an S-family of pre-stacky n-pointed
nodal curves (¥,C) and a final basket B on it in the notations of Definition 3.7
and 3.8. Let ¢ be a uniformizing parameter of R, where S = Spec R, that is the
pullback of the standard coordinate variable of A via the map S — Al specified at
the beginning of §3.1. Let R, = R[z]/(2* —t), and let S, = Spec R,,.

Lemma 3.10. Let C be a flat S-family of nodal curves, let N be the singular points
of the central fiber Cy, and let M be an (integral) effective Cartier divisor on C' such
that M = rMj, + My, where My (resp. My ) is an integral Weil divisor contained
in Cqy (resp. none of its irreducible components lie in Cy). Then there is a unique
S,-family of twisted curves C such that

(1) let N C Cqy be the singular points of Co, then € — N 2 (C' — N) x5 Sy;

(2) let ¢: C— N — C be the morphism induced by (1), then ¢*(M) is divisible

by r, and %q;*(M) extends to a Cartier divisor on €, denoted by M% ;

(3) each ¢ € N is either a scheme point or a p,-stacky point of €, where alr,
such that the tautological map Aut(¢) — Aut(Og(Mu)l|¢) is injective.

Proof. Let p € N be a singular point of Cy. Pick an étale open neighborhood
q: V — C of p € C so that V is an open subscheme of (zy = t*) C Spec(R[z,y]),
as S-schemes. Let Dy and Dy in V be (x =t = 0) and (y = t = 0), respectively
(Example 6.5.2 in [Har]). When k # 1, D, and D, are Weil but not Cartier divisors.
Write ¢ 7'M = rA 4+ ny Dy 4 noDy, where A = ¢~ ' M), is an integral Weil divisor
with no irreducible components contained in Dy U Dy. Let CL(V) (resp. Car(V))
be the Weil (resp. Cartier) divisor class groups of V respectively. It is known that
CL(V)/Car(V) = Z/kZ, generated by Dy (or Ds). Thus A is linearly equivalent
to [Dy + B for an integer [ and a Cartier divisor B. Since M is a Cartier divisor,
we have rl +n; —ng = 0(k) (i.e. = 0 mod (k)). Here we used the fact that
Dy + Dy =0¢€ CL(V)/Car(V).

Consider the base change C := C' xg S, — C. Let p be the node in the central
fiber of C corresponding to p. Let V=VxgS,and §:V — V be the projection.
It is an étale neighborhood of p € C, and is an open subsheme of (zy = 2™%) C
Spec(R, [z, y]). ) )

Let A be ¢71(A), D1 = (x = 2 =0), and Dy = (y = z = 0). Since ¢ 1(D;) =
rD;, the pullback ¢~ (M) = rA + rny Dy + rnaDs, and 1g~'(M) away from p is
Cartier. Since A = (D, € CL(V)/Car(V), A = I(rD;) € CL(V)/Car(V). Thus

G YUM) =rA+rniDy +rnoDy = (2l + 1y — rng) Dy € CL(V)/Car(V).
Let o’ be defined by
(3.7) (rl +ny —nao,rk) =d'k, d €[1,r],

and let a = r/a’. Since k|(rl + n1 —n2), a € Z and a|r. Thus 1§-1(M) is Cartier
only when a = 1.

To make it Cartier when a > 1, we introduce p,-stacky structure at p as follows.
Consider (uv = 2¥) C Spec(R,[u,v]) and the morphism (uv = 2F) — (zy = 29%)
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via 2 — u® and y — v® Let U C (uv = z*) be the open subscheme mapped
onto V, and let ¢ € p, act on U via ¢ - (u,v) = (Cu,('v). Then the quotient
Ulp, = V. Let ¢ : U — V be the induced prOJectlon let D; = (u= 2z = 0) and
Dy = (v=2=0). Then ¢~ 'D; = aD; and hence (/5 YM) = A+nyDy +noDo,
where A = ¢~1(M},), and is p,-invariant. Since A = IDy € CL(V)/Car(V),
A=1¢p"1(D1) =alD; € CL(U)/Car(U), and is p,-invariant. Hence

1
Ls1(a) = (rl +mn1 —na)
r

a’
because of (3.7). Thus is Cartier.

Therefore, if a = 1, we do nothing at p; otherwise, we introduce a stacky structure
at p by replacing a neighborhood of 5 € C' by the quotient stack [U/pu,] (cf. [AV])
and denote the resulting stack by e. By repeating this over all p € N, we obtain
(/) € — C such that ]\[1 = ;d) L(M) is an integral Cartier divisor satisfying the
requirements of the Le mma. ([

Dy =0¢€ CL(U)/Car(U),

Corollary 3.11. Let C be a flat S-family of nodal curves, let N be the singular
points of Co, and v € H°(C — N, M) be a section of an invertible sheaf M on
C — N so0 that M®" extends to an invertible sheaf on C. Then there is a unique
S,.-family of twisted nodal curves € such that

(1) let N C @y be the singular points of Co, then € — N = (C N) xg 5;;
(2) there is an invertible sheaf M on € and a section © € H°(M) so that, letting
¢ :C— N — C be the morphism induced by (1), then M|e N = ¢*M, and

U‘G—N - ¢j 5 5
(3) each p € N is either a scheme point or a p,-stacky point, a|r, of C, and
the tautological map Aut(p) — Aut(M|z) is injective.

Proof. Since C is normal, and M®" extends to an invertible sheaf on C, v" extends
to a regular section over C, thus M = (v" =0) is a Cartier divisor on C. As
M|c—n = r(v = 0), we can write M = rMj, + My, where My is supported on Cy
and no irreducible components of My, lie in Cy.

Let ¢~> : @€ = C be the S,-family of twisted curves constructed in the previous
Lemma for the Cartier divisor M = rMj, + My, and ]\Zf% be the Cartier divisor so

that ¢~ (M) = rM.. Let M = Op(M y ) Then M is invertible, with a tautological
section & € HO(M) so that (¢ = 0) = M. Because

(2=0)N(C-N)= (v=0) szr)ﬂ(éfN),
we conclude that we have isomorphism J\~/[|é_ = q;*./\/”é_ & so that D|g_5 =
q@*v|é7 5+ This proves the corollary. (Il

Let (X, C) be a good S-family of pre-stacky pointed curves, and let B be a final
basket, in the notation of Definition 3.4 and 3.6. We shall provide a procedure to
construct a family in W™ ().

We first restacking the pre-stacky pointed curve (X xg Sy, C xg S,) to obtain

an S-family of pointed twisted curve (X¢, €). Let C be the coarse moduli of €; let
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q: C—(Co)sing — C be the projection. Let M =rA+ )" rm;D;, which is a Cartier
divisor on C' so that D; are supported along Cj and no irreducible component of
A lies in Cy. Thus %q*M is a Cartier divisor. We then apply Lemma 3.10 and
Corollary 3.11 to (2, @) to obtain an S,-family of pointed twisted curve (€, €)
such that it is isomorphic to (X¢, €) away from the singular points of the central
fiber, and there is an invertible sheaf M on € with a section ¢ so that M is the
extension of OG*(Go)smg(i *M) and 0 is the extension of the tautological section of
the latter.

Let é : € = C be the tautological morphism, let N = M, and let 7, = v €
HO(N) = HO(M). Let 7, : £ 2= NV. By (3.4), we conclude that

5 * . log
("(B+ > LiD;)) =L~ "W

Let p e I‘(L "® wg’/gs) be induced by the above isomorphism and the tautological

inclusion O C Og (d)*(B +>°1;D;)). Because p, vanishes along E(el*p), p lifts to a

section in T'(£~ ®wleofs( 28 »))- This proves
Lemma 3.12. Let notations be as stated. Then & = (Eé,é,ﬁ,ﬁﬂcﬁ = 0,p,7)

constructed based on a final basket B belongs to W;”:/ed( ) for a choice of (g,7,d).

3.4. Modifying brackets. In the following subsections, we will perform a series
of blowups, base changes and stablizations to obtain an extension in W, 4(5).
Let (X, C) be a good S-family of pre-stacky pointed nodal curves.

Definition 3.13. Let B be a pre-basket of (X,C). We say B’ is a modification of
B if there is a finite base change S' — S, a good S'-family (X', C") of pre-stacky
pointed curves so that B’ is a basket of (X/,C"), (X',C") xg S, =2 (X,C) xg S, as
pre-stacky pointed nodal curves, and under this isomorphism B’ xg: S, = B xg S.,.

We first show that we can find a basket B’ that is a modification of B on (X, C).
Indeed, let 7; = min(rmi, l;), and let

(3.8) =B+ (Il —7)Di, A+ _(m; —7/r)Dy).

It is easy to see that B’ is a modification of B.
In the following, we assume B is a basket as in Definition 3.13. We will construct
modifications of the basket B that will reduce the Z>-valued quantities

ViB) = > rmy, Ve(B)= > L, and V5(B)= > rlm;.

BﬂDj?é@ AﬂDrL?f@ DiﬂDj#@

Lemma 3.14. Let (X,C) and B be as stated. Then there is a modification B’ of B
such that V1(B') = 0.

Proof. Let j be such that mj; >0 and p € BN D; # (). Since B is a basket, [; = 0.
By the definition of basket, Cy is smooth at p and p ¢ A. We let 7: C = C be
the blowup of C' at p, let E be the exceptional divisor, and let 7: C' — S be the
induced projection. In the following, for any Cartier divisor G C C, we denote by
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G its strict transform in C. Because B is an integral divisor, 7*B = B + [E with
1 <l € Z. By the blowing up formula, we have wlgfs = T*wlg%(eE), where
(3.9) e=0whenped; e=1whenp¢X.
We give 3 the pre-stacky assignments according to that of ¥. Form
B=(B+)Y liDi+(+eEA+> m;D;+m;E).

We claim that it is a pre-basket of (X, ). Indeed, the conditions (1)-(4) in the
Definition 3.7 can be easily verified. It remains to verify the isomorphism (3.4).
Obviously we have

TO0c(B+Y D) = 0a(B+Y IE+Y 1;D),
™ ((0Oc(rA+ Z rm;D;) ® wlc?}gs) = Os(rd + Z rm;D; +rm;E) @ T*wlg%’

and T*wlcofs = wlcf,)fs(—eE). Combined, we get

O@(B + Z(l +e)E + ZliDi) >~ Oé(rﬁ + ZrmiDi + rij) ®W1(§§S-

Thus B is a pre-basket. Then (B) given in (3.8) is a basket. By construction, it is
a modification of B.
We check that Vi ((B)') < Vi(B). In fact,

. . _ o . 7

(B) = (B —|—ZliDi +(+e— r)E,A—FijDj + (m; — ;)E),
where 1 < 7 = min{rm;,l + ¢} € Z since 0 # rm; € Z. Since BN D; = () and
0 <mj; —7/r < mj, we have

~ 7 ~ ~

Vi((B)') = ) ~Z rmj—l—r(m;—;): Z rm; — 7 = Vi(B) — 7 < Vi(B).
BND;#0,j#j5 BND;#0

The lemma is proved by induction. (I

Lemma 3.15. Let (3,C) and B be as stated with V1(B) = 0. Then there is a
modification B’ of B such that V1(B') = Vo(B') = 0.

Proof. Suppose there is an I; > 0 such that AND; # ). Since B is a basket, m; = 0.
Pick p € AND;. Let 7: C — C be the blowup of C' at p. If p lies on a marking %;,
let 3; € C be the strict transform of ¥;. By transversality, 7% A = A+ mE where
m € %Z>0. Consider

B=(B+Y LD+ (l;+€EA+> m;D;+mE),

where € is as in (3.9). We have BN E = 0, AN D; = 0, and A intersects E
transversally. Like in the proof of the previous Lemma, it is direct to verify that B
is a pre-basket. Like in (3.8), let

B'=(B+) LiDi+(;+e—F)E,A+> m;D;+ (m— ;)E)7
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where 7 = min{rm, ; + ¢}. We claim that ¥ > 1 + e¢. Indeed, when p ¢ ¥, m > 1;
when p € &, then rm > 1 but e = 0. Thus 0 <I; + € — 7 < [3, and Vo(B') < Va(B).
Repeating this construction, we prove the Lemma. [
Lemma 3.16. Let (X,C) and B be as stated with V1 (B) = Vo(B) = 0. Then there
is a final basket B’ which is a modification of B.

Proof. Suppose there are pairs D; # D; such that p € D; N Dj, and £; > 0 and
m; > 0. Take a base change So — 5, and let C" = Sy xgC. Then near every node of
the central fiber of C’, C' is locally of the form 2y = ¢2. Minimally resolve C’ to get
a smooth C with a (—2)-curve corresponding to each node. Let E be the (—2)-curve

. . . . log _ ~x log _ _x, log
corresponding to the point p mentioned earlier. Then Ways, =T Worys, =T Wojs

where 7 is the minimal resolution morphism C — €’ and 7 is the composition of 7
with the base change map 7: C' — C.

Let B= (B+)_¢;D;, A+ m;Dj). Since A and B do not intersect D; N D3, we
have 7*A = A and 7B = B. From the base-change and the minimal resolution,
we get a new pre-basket on C: (B + 3 6;D; + E, A+ Y m;D; + m;E). Then let

B=(B+> 6D+ (t;—7)E, A+ Y m;D;+ (mj —7/r)E),

where 7 = min{rm;, {;} as in (3.8). It is a basket. Furthermore, we have m; —7/r <
m;j and £; —7 < {;, E intersects D; and f)j at the nodes, and D;ﬂf)j = (). It is clear
that V3(B) < V3(B). Also note that the central fiber of C' is reduced. Repeating
this procedure, we prove the Lemma. O

3.5. Existence of extensions. In this subsection, we prove

Proposition 3.17. Let &, € W;%d(S*) be such that C, is smooth. Then possibly

after a finite base change of S, & evtends to a & € W74 (S).

Proof. Let &, = (Ze*, Cy,-++). We distinguish several cases. The case p, = 0 is
proved in Proposition 3.1. The next case is when ¢, = 19, = 0. In this case
(pr = 0) =0 and LY =2 N,. So we get a d-spin twisted curve (C,,L.). By [AJ],
we can extend (Cy, L) to a d-spin twisted curve (€, L) over possibly a finite base
change of S. Here the extension & is in W 4(S5).

The last case is when ¢, = 0, p, # 0 and o, # 0. This case is proved by the
combination of Proposition 3.5, Lemma 3.9, the finalization of baskets in §3.4 and
the restacking Lemma 3.12. a

3.6. Stabilization. Let ¢ € W;”r,id(S) be such that &, = € xg S, € W;%d(S*).

We will show how to modify £ along Co to obtain a new family £ € W, 4(5),

possibly after a finite base change, such that &, = ¢, € W;%d(S*).
Lemma 3.18. Let § € Wy 4(S) be such that §. € W, 4(S.). Suppose the central

fiber Cq is irreducible, then &y € W_%d(no).

9,
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Proof. Suppose & is unstable. Since C is irreducible, by Lemma 3.3, either Cy is
a smooth rational curve satisfying one of (1)-(3) in Lemma 3.3, or Cy satisfies (4)
of the same Lemma.

In case @ is a smooth rational curve and satisfies one of (1)-(3) mentioned, since
the properties in (1)-(3) are deformation invariant, for general s € S, C; satisfies
the same property, forcing £, unstable, contradicting to that &, is a family of stable
objects.

Therefore, €y must be the Case (4) in Lemma 3.3. Therefore, for a closed point
s€8,, X% =0, and deg £, = deg N, = 0. Here £% = 2¢ N €, ect. By the non-
vanishing assumption on (p, v»), (¢, 1) and (v1,12), as in the proof of Lemma 3.3,
when ple, # 0, we conclude that £L&7|e, = O¢, and L]§ = Nle,; when ¢le, # 0,
we conclude that L]e, = Nle, = O¢,. Therefore, & for general s € S, belongs to
Case (4) of Lemma 3.3, thus must be unstable. This proves the Lemma. O

We prove the desired existence for the general case.

Proposition 3.19. Let £ € WP ((S) be such that & € Wy .a(Ss) and C, is

9,7,d
smooth. Then possibly after a finite base change, we can find a & € W__ 1(S) such

g,7.d
that &, = &L

Proof. Suppose & is not stable, and € is irreducible, by Lemma 3.18, we are done.
In case @ is reducible, then by Lemma 3.3, we can find a rational curve &€ C € so
that either (1) or (2) of Lemma 3.3 holds.

Let € C € be of Case (1). We divide it into two subcases: Case-(1a) when both
ENXCand &N Co,sing consist of one point, and Case-(1b) when € N Cg ging consists
of two points. We look at Case-(1a). Let p € € be the node of €y that lies in €. Let
(E C C,%) be the coarse moduli of (& C €,X¢). Then F is a (-1)-curve of C. Let
g : C' — C’ be the contraction of E, let p’ = ¢(F) € C" and ¥/ = ¢(X). We then
introduce the stacky structure along ¥’ and (C{)sing to obtain a family of twisted
curves €' — S so that ¢ introduces an isomorphism ¢ : ¢’ —p’ = € — €.

We claim that ¢*(L, N, p, o, ) extends to (L', N, p/, ¢, v’) on €. Indeed, since
€’ is smooth at p/, ¢*L and ¢*N extends to invertible sheaves £ and N’ on ¢,
respectively, and the sections ¢*p, ¢*p and ¢*v extends to regular sections p’, ¢’
and v/'.

We now check that (p,v4) is nonzero at p’. Indeed, since degL|e = 0 and
wg’/gs|g >~ Og, if ple # 0 then it is nowhere vanishing. By (4) of Definition 2.3,
at least one of pl|e and 1s|e is nontrivial, thus at least one of ple and wsle is
nowhere vanishing. Consequently, at least one of p'(p) or v4(p') is nonzero. By
the same reason, we conclude that both (¢, )|, and (v, 4)|, are nonzero. This
concludes that ¢ = (¢, ¢, L',---) € WIS 4(S). Finally, since € € WP (5), we
have & € Wy0 4 (5).

We next consider then & C € is of Case (2). As in Case-(la), we form the
coarse moduli (E C C,%) of (€ C €,%°), contract E to obtain C' — C’, and then
reintroduce the stacky structure on C” to get € so that ¢ ¢ € —p’ is isomorphic
to ¢ C @ — &. Next, we extend the pullback of £, etc. from € —p’ to €, and

show that the extensions give a new family £ € Wi 4 (S5).
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The new family ¢’ has the property that &, =2 ¢, € is smooth, and the number
of rational curves & in € listed as Case-(la) or (2) is one less than that in C.
Therefore, after iteration, we can find a & € Wy (S) so that & = &, € is
smooth, and no rational curve & in € belongs to Case-(1a) or (2) in Lemma 3.3.

Therefore, to prove the Lemma, we only need to consider the case where the
rational €& C € that makes &, unstable characterized by Lemma 3.3 are all in Case-
(Ib). Let D = & U---U &, C € be a maximal connected chain of Case-(1b)
rational curves for the family £. As before, let (D C C, %) be the coarse moduli of
(D C €,%¢). Then D C C is a connected chain of (-2)-curves. Let ¢ : C — C’ be
the contraction of D, p’ = ¢(D) € C" and ¥’ = ¢(X). Note that p' N X" = (.

We distinguish two cases. The first is when £|p = Op. We claim that then
Nlp = Op as well. Indeed, since { € W] (no), when p|lp # 0, then p|p = 0,
which forces v1|p nowhere vanishing,. Thus N|p =2 LY|p = Op. When p|p = 0,
then vs|p is nowhere vanishing, implying that N|p = Op. Note that by (2) of
Definition 2.3, € is a scheme along D.

We then introduce stacky structure on C” along ¥’ and (C{)sing to obtain a
family of twisted curves €’ so that the contraction morphism ¢ : C' — C” induces a
contraction morphism ¢ : € — €’ so that ¥|e_p : C—D — €’ —p' is an isomorphism
of pointed twisted curves, and that p’ is a scheme point of €. Let (L', N, ¢, p/, V') =
V. (LN, @, p,v). Tt is direct to check that & = (2, L/,.--) € Wi 4 (S) and
satisfies &, = &/

The other case is when Lle % Op. In this case, since degLle, = 0 for all
&; C D, we have p|p = 0. Thus p|p and vi|p are nowhere vanishing, implying
that N|rD = L\/|,D'

To proceed, we introduce stacky structures on C’ along ¥’ and (C})sing — P’ t0
obtain a family of twisted curves €’ so that the contraction morphism ¢ : C' — C’
induces an isomorphism ¢ : ¢’ —p’ =2 € — D. (For the moment we keep p’ a scheme
point of €'.)

Let (£,N, p, @, 7) be the pullback of (£, N, p, p,v) via ¢. Since L"|p = Op, LET
extends to an invertible sheaf on €’. As £ is isomorphic to NV near p’, N®" extends
to an invertible sheaf on €.

We now consider 7, € H2(€' — p/,N). Since N®" extends to an invertible sheaf
on €, we can apply Corollary 3.11 to (72, N) to introduce a p,-stacky structure at
p’ € € if necessary. After a finite base change, we continue to denote by €’ the
resulting family of twisted curves. Then N extends to an invertible sheaf N’ on €’
so that 7y extends to a regular section v of N’. Since £V is isomorphic to N near
p, we extend £ to an invertible sheaf £’ on €’ so that £’V is isomorphic to N’ near
p’, and extend the known isomorphism between £Y and N. Because €’ is normal
near p’, we can extend @, p and 7y to regular sections ¢, p’ and v/} over €.

We claim that & = (2¢,¢,L',--) e W 4(S). For this, we only need to
check that (¢',v])|y, (0',v5)|, and (vf,v4)], are nonzero. Indeed, since (p = 0)
and (1 = 0) are disjoint from D, the closures of (p' = 0) — p’ and (v; = 0) — p
do not contains p’. Since (p’ = 0) and (v} = 0) are pure codimension one closed
subsets of €', we conclude that p’ and v are nonzero at p’. This proves that
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(@' v)lprs (p'sv5)|p and (v],14)|, are nonzero. Therefore, £ € WP (S) and
satisfies &, = £..

We repeat this contraction and introducing stacky structures at the contracted
point if necessary to all connected chains of (-2) curves € C Cq as argued, possibly
after a finite base change, we obtain a family § € W74 (S) so that & = &, and
that there are no rational curves & C € belongs to the list in Lemma 3.3. This
shows that ' € W~ 4(5) is a desired extension. O

3.7. Proof of properness. We prove the properness by gluing the extensions
constructed in the previous subsections, using the construction in [AGV, Appendix]
(cf. [AF, Def. 1.4.1]).

Let X be an S-family of not necessary connected twisted nodal curves with two
markings I'y and I's which are p,-gerbes over S, X be the moduli of X with the
natural projection 7: X — X, s1,82: S — X be two sections such that s;(S) =
7(T;). The line bundle Nl@f/x descends to the normal bundle of 7(T;) in X.
Lemma 3.20 ([AF, Def. 1.4.1)). With notations and assumptions as above. As-
sume s’{lel/x > S;N;;/x Then possibly after o finite base change, we can find
an S-family of not necessary connected twisted mnodal curves X' together with an
S-morphism o : X — X' that is the gluing of X via (an appropriate S-isomorphism)
'y =T,

Proof. Possibly after a finite base change, we can find an S-isomorphism v : 'y —
I'y and Nr,/x ® v*Nr,/x = Or, that induces the given isomorphism sj

T ~

r/x —
s3Np, T/x In case I'; and I's lie in different connected components of X, the gluing
is given in [AF, Definition 1.4.1]. The case I'1 and I's lie in the same connected
component of X can be deduced by adopting the construction in the Appendix of
[AGV]. O

We can also glue the sheaves and sections. Let the situation be as in Lemma
3.20, and let v : 'y — I's be the isomorphism given in its proof.

Corollary 3.21. Suppose we have an invertible sheaf L on X and an isomorphism
v*(L|r,) = L|r,. Then the sheaf L glues to get an invertible sheaf L' on X' via the
exact sequence

0— L' — .l - a.(Llr,) — 0,
where the arrow € takes the form

(@) Ir = aul(Llr,) ® o (£]ry) 5 an(Lry),

where €1 is the identity o, (L|r,) = a.(L|r,), and e is the isomorphism o, (L|r,) =
. (L|r,) induced by the isomorphism ~v*(L|r,) = L|r, given. Furthermore, suppose
s € H(a. L) is a section so that €(s) = 0, then s lifts to a section s’ € H(L').

Proposition 3.22. The degeneracy locus W;%d is a proper, closed substack of
Wor.d-
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Proof. The closedness follows from the criterion (2.10). We now prove the proper-
ness.

Let &, = (X¢+,C,,---) € W, a(Sx). Possibly after a finite base change, we can
assume that every connected component of the singular locus (Cy)sing is the image

of a section of C, — S,. Let
m: e =] Car — €.

be the normalization of C,, with every C,, connected. After a finite base change,
we can assume that C,. — S, have connected fibers. Let 7ox : Cox — G be the
tautological morphism. For each C,., we endow it with the markings the (disjoint)
union of 7,1(X¢) and 7,1 ((Cs)sing)- Let Lax, etc., be the pullbacks of L., etc.,
via Ty«. By Corollary 3.4,

'fa* = (Eea*vea*v'ca*vNa*asOa*;pa*aVa*) 6 Wg:“na,da(s*)v

for a choice of (gu,na,da)-
Applying Proposition 3.19, after a finite base change S, — S, we can extend
Cax tO 2 &, €W (Sa). We then pick a finite base change S — S, factoring

JasNa,da
through all S, — S, and form &, = £, xg, S. Therefore, after denoting S by
S, we conclude that possibly after a finite base change, every £,. extends to a
éq € Wg;nmda(S).

We now glue &,’s to a € that is a stable extension of &,. Let € = [I1Cu, T, CC,
be a section of (Cy)sing, and Yy, [[ Y2, C €¥°" be the preimage of Y,. Using
(C,)"°r — C,, they are markings in é* Since markings in C,. extend to markings
in C,, after a finite base change, we can assume that all T, extend to sections Y;
in C such that the Si-isomorphisms T;, 2 T, = Ty extend to an S-isomorphisms
[0 Tl =~ Tg.

Then possibly after a finite base change, we can find an isomorphism "Ny, e®

o~

N"rl/é 2 O, whose restriction to Yy, is consistent with the isomorphism Ext!(Qe, , O¢, )

Oe¢,. Applying Lemma 3.20, we obtain a gluing C of € along Y1 = Y5, resulting
a family of twisted pointed nodal curves. After performing such gluing to all sec-
tions of (C4)sing, We obtain an S-family of twisted nodal curves € — S that is an
extension of C, — S,. We denote by

(3.10) B:C—¢e

the gluing morphism.

We next glue the sheaves and fields. Let (Z]7 N7 @, p, ) be the sheaves and sections
on € so that its restriction to G, is part of the extension &,. We will show that
possibly after a finite base change, we can find (£,N, ¢, p,v) over € together with
isomorphisms (£, N) 2 5*(£,N) and (@, 5,7) = 8*(¢, p, V)

Without loss of generality, we can assume that (C,)sng consists of a single S.,-
section. Thus € is the gluing of € along T1 = Y. Let

LiZT—>é
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be the composite T = T; — € of the tautological maps. We first consider the case
where (74 # 0. Then necessarily 3¢ # 0. Since {&o € W, 4 (S), p=01in a
neighborhood Uof Y1 UY, in (3, thus 75, which is nowhere vanishing in ﬂ, induces
an isomorphism J§f|1~L = Of, hence inducing 1N 2 Oy so that 1*0, = 1. Note that
in this case, € is a scheme along ;.

For ¢ = 1 or 2, we consider (¢1@,(f1), which is a nowhere vanishing section of
HO(x L) Tt induces a morphism 3; : T — P™. Because fBi|r, = (2
have 81 = 2. Consequently, we have a unique isomorphism ¢ : ¢} = L;E« so that
(3.11) O™ (138, 1371) = (118, L101).

Using L;‘N >~ Oy and (i = 1, we have isomorphism ¢’ : N _ L2N so that
@150 = L.

Applying the scheme version of Corollary 3.21, we obtain invertible sheaves £
and N on € with isomorphisms g*L{ = £ and BN = N whose restrictions to T
are ¢ and ¢’ respectively. By (3.11) and Corollary 3.21, we also obtain sections
© € H°(L)®" and v € H°(N) that are liftings of 3. and B,7s, respectively, which
thus satisfy 8*¢ = ¢ and B*vy = s, under the given isomorphisms.

It remains to check that 7; and p can be glued to sections over C. In this case,
since C is a scheme along (T ) B(T3), using that £ glues to £ we conclude that
L7 ® wlo/g glues to L7 ® ""e/s Since p vanishes along Y, U Yy, 8,p lifts to p so

T,, We

that p|g(r,) = 0. The gluing of #; is similar. This proves the existence of gluing in
this case.

The other case is when ¢ p # 0, which implies that ¢5p # 0. In this case, we must
have |y = 0 over a neighborhood U of T1UT5 in €. Consequently, 1]g is nowhere
vanishing, forcing Lv|u = N|u. In particular, we have the induced isomorphism
(L ®@N) =2 Oy and ¢i7; = 1 under this isomorphism.

To proceed, we use the canonical isomorphisms Liwé/gs >~ O~ due to that T; C @

is a section along smooth locus of fibers of e — 5. Using this isomorphism, we can
view 1*f as a section in HO(1:*L£~"). Using 1LY =2 1*N, 15Dy is a section in HO(1*LV).
Because (¢ p,;72) is nowhere vanishing, it defines a morphism 3; : T; — P, 1.
Because f1 xg Sy = B2 Xg S«, we have 1 = f2. Thus there are isomorphisms

¢/ : LT [ = BTOP(TJ)(l) = B;OP(TJ) (1) = Lzz

so that t3p = t5p and (i = 1509 (with the known ¢ wg’fs > Oy).

Like before, using ¢’, and applying Corollary 3.21, we can glue £ to get £ on C
so that, letting ¢ : T = a(Y;) C € be the tautological inclusion, the isomorphisms

L >0 L induce the isomorphism ¢’. We next glue N. Let U be the i image
of U under € — @, which is a neighborhood of T C €. Then using Lv|u = N|u, we
see that N glues to get N on € so that N|y = LV|q, consistent with the isomorphism
LY = Nlg-

As before, applying Corollary 3.21 and using that tje = 505 and t1p1 = (559
under ¢ : L’{Z) = L§ZZ, we conclude that o and p glue to v5 and p of N and
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L7T7® wleo/gs, respectively. Since g%|u = ON, it glues to ¢ such that ¢|y = 0. For
1, since it induces isomorphism Ny = Lv|ﬂ, and this isomorphism descends to
Nl = L1, we see that 71 glues to get v1. Finally, we let ¢ be the image of
Ze - (Tl U Tg), Then

£=(2%C,L,N,p,p,v) €W, 4(S).

This proves the Proposition. O
As the proof doesn’t use the condition ] + ...+ ¢) =0, we have

Corollary 3.23. Let W". 4 C Wy y,a be the reduced closed substack where close
points are & € Wy ~.a(C) such that (o =0)U (p =0) = C (c.f. Lemma 2.12). Then
W;md is proper.

4. FINITE PRESENTATION OF THE DEGENERACY LOCUS

In this section, we prove that W, . q is separated and W;v_d is of finite type.

4.1. Separatedness. In this subsection, we prove that W, , q is separated. As
before, 19 € S is a closed point in a smooth curve over C, and S, = 5 — 1.

Lemma 4.1. Let £, & € Wy 4.a(S) be such that &. = &, € Wy a(Sx). Suppose €,
is smooth. Then £ = ¢,

Proof. Let ¢ = (X¢,C,L,---) and ¢ = (2@/,6’,13’,.-.)7 let C' (resp. C') be the
coarse moduli of € (resp. €'), and let 7 : X — C (resp. @ : X’ — C’) be the
minimal desingularization. Thus 7 and 7’ are contractions of chains of (—2)-curves.

Let f: X --» X’ be the birational map induced by &, = &, let Uy C X be the
largest open subset over which f is well-defined. Suppose Uy C X, then X — Uj is
discrete. Let X7 be the blowing up of X at X — Uy. Inductively, suppose X — X
is a successive blowing up along points, let Ur C X} be the largest open subset over
which the birational f : Xj --+ X' is well-defined, then let Xj11 be the blowing
up of X, along X}, — Uy. After finite steps, we have X = Up, thus X = Xz, for
large k. Denote Y = X}, for large k with

7:Y —X and f:Y — X'

the induced projection and birational morphism.

Let E C Y be the exceptional divisor of 7. Write E = )", ., E}, where E}, C E is
the proper transform of the exceptional divisor of X, — X;_1 when k& > 2 and the
exceptional divisor of the map X; — X when k = 1. Let E/ C Y be the exceptional
divisor of f. By our construction, E and E’ share no common irreducible curves.
Let Yo = U7 D; be the irreducible component decomposition of the central fiber Yj.

Furthermore, by our construction for V.=Y — E’, fly : V. — f(V) is an
isomorphism, and by the blowing up formula, we have

lo, ~ —x* lo . lo, ~ r*x lo
(4.1) wy/gs >7 wX%(Zin) and wY§S|V >~ f wxg/sh/.

(2
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Let L and N (resp. L’ and N’) be the line bundles on X (resp. X') that are the
pullbacks of the descents of L& and N®" (resp. L£'®" and N'®") to C (resp. C”).
Using &, = £/, we can find integers a; and b; so that

(4.2) FU=aL() aD;) and f*N'=a*N(>_ bD;).

Let wi, us and hj; be the pullbacks of the descents of v{, v4 and %, which are
sections of L® N, N and L, respectively. Denote by u}, uj and &/ be the pullbacks
of the descents of 11", vy" and ¢ similarly. By the same reason, we will view p and p’

as sections in H°(X, L_1®wl§§s) = H°(C, L‘T®wg)f5), and in HO(X", L’_1®wl§§/s)
respectively.

We now show that E' = (), namely, f is a morphism. Suppose not, let D; C E be
an irreducible component with z = 7(D;) € X. We first remark that z is a smooth
point of Xy. Indeed, that = is a singular point of X, implies that V), =V xg ng
is not reduced. On the other hand, since f|y : V — X’ is an S-isomorphism onto
its image and since X}, is reduced, we conclude that Vj is reduced too. This proves
that z is a smooth point of Xj.

Let © = 7(D;) be as before. Then by the construction of #, #7!(z) is a tree of
rational curves. By reindexing Yo = U7_;D;, we can assume that Dy + --- + Dy,
form a maximal chain of rational curves in 7~1(x), namely, D; C E; for i < k,
and D; N D;yq # 0 for i < k, thus Dy C Y is a (—1)-curve. Therefore by our
construction of (7, f), f(D1), -, f(Dg) is a chain of rational curves in X', and
f(Dy) is a (—1)-curve in X’ since z is a smooth point of Xy. In particular, the
image of f(Dy) in Cp, denoted by D', is a rational curve. Let z € Dy be a general

point and let y = f(z). Note x = 7(z).
Sublemma 4.2. Let the situation be as stated. Then we have uz(x) = 0.

Proof. We prove by contradiction. Suppose us(x) # 0. We claim that ay = by, = 0.

We divide it into two cases. The first is when uy(z) # 0. Since T*us €
H°(V,7*N) and non-trivial along V' N Dy, and since f*u), € H°(V, f*N'), using
(4.2) and that T ua|yxgs, = fublvxss,, we conclude that by > 0. Similarly,
using that wu;(x) # 0, we conclude that ay + by > 0.

We claim that ap + b, = 0. Suppose not, then by (4.2), we have u}(y) = 0,
thus u5(y) # 0 and (h}(y)) # 0, which forces by < 0 and aj < 0, contradicting to
ax + br, > 0. This proves ay + by = 0.

We now prove aj = by, = 0. Suppose not. Since ax +br = 0 and b, > 0, we must
have by, > 0. Then a; < 0 and u5(y) = 0. Note that because of (4.1) and (4.2), for
any i < k and a dense open U C D; that is disjoint from the nodes of Y,

(4.3) P ewed Olu 27 (L7 @ weke)((i — ai) D)o

Applying to ¢ = k, we conclude that p’(y) = 0, contradicting to u5(y) = 0. Thus
ap = bk =0.

The other case is when u; (z) = 0. Since u;(z) = 0, we have (h;(x)) # 0. Similar
to the argument above, using h;(z)) # 0 (resp. uz(z) # 0), we conclude that ar > 0
(resp. by > 0).
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We now show that by = 0. Suppose not, that is by > 0, then we must have
f*ublp, = 0, which forces f*p'|p, # 0. Applying (4.1) and (4.2), we must have
k —aj <0, thus ay > k > 1, which forces f*u}|p, = 0, violating that (u},u}) is
nowhere vanishing. This proves by = 0.

A similar argument shows that a; > 0 would lead to f*h}|p, = f*ui|p, =0, a
contradiction. Therefore, ax = by, = 0 in this case, too.

Let D’ C € be the irreducible component whose image in C’ is the same as the
image of Dy, under Y — X’ — C’. Since f(Dy) is a (-1)-curve, D’ is a smooth
rational curve in €’ and contains exactly one node of Cf, and at most one marking
of u¢.

Next, we use (4.1) and ar, = b = 0 to conclude that p'|pr = 0. Therefore,
Nlp = Opr, and (@), -+, L, v)|p defines a morphism 3’ : D' — P". Let
¢ € D’ be the node of €). By (4.2) and that ay = by = 0, we conclude that the
pullback of (¢}, -, ¢}, v1)|D—¢ to Y equals to the pullback of (1, -, ¥n, 2)|a,
thus 8/ : D’ — P™ is a constant map. Since D’ contains one node of €, and at most
one marking in ¢, adding that p'|p = 0, by Lemma 3.3 we conclude that &, is
unstable, a contradiction. This proves the Sublemma. ([l

We continue to denote by Dy + - -+ + Dy a maximal chain of rational curves in
7~ Y(z) with D; € E;.

Sublemma 4.3. We have ay, =k, a; < a;41 — 2 fori <k, and a; + b; =0 for all
1 < k.

Proof. First, we have (4.3). We claim that for ¢ < k,
(4.4) i—a; >0 and a; +b; =0.

In fact, by the previous Sublemma, we know us(z) = 0, thus p(x) # 0 and 7*p|p, #
0. Adding that f*p’ is regular along V and coincides with 7*p over V xg S,, we
obtain the first inequality in (4.4). Similarly, using u;(x) # 0, we obtain a; +b; > 0.

We now show a; + b; = 0. Suppose not, say a; +b; > 0, then f*u|p, = 0, which
forces f*h;-|Di = 0 for some j, and by (4.2), we obtain a; < 0. As a; +b; > 0, we
obtain b; > 0, and hence f*ub|p, = 0, contradicting to (u}(y),u4(y)) # 0. This
proves (4.4).

We next prove ar = k. Suppose not, by (4.4) we have k — ap > 1. Then
f*p'|p, = 0, which forces f*ub|p, nowhere vanishing. By (4.2), we have b, < 0;
adding ax + b, = 0, we have az > 0.

We claim a; > 0. Suppose not, i.e., ap = 0. Let D’ C €', as before, be
the irreducible component whose image in C’ is the same as the image of Dy
under Y — X’ — C’. As argued in the proof of the previous Sublemma, D’ is a
smooth rational curve in €’ and contains one node ¢’ of C. As ar =0, p'|p =0,
N'|pr = Opr, and (@], - -+, L, v1)|ps defines a morphism 3’ : D’ — P™ which turns
out to be constant, as argued before. Therefore, as D’ contains at most one marking
of 2@/’ &, becomes unstable, a contradiction. This proves that ay is positive.

Therefore, by the property f*p’|p, = 0, etc., we conclude that p'|p = ¢'|p = 0,
and both v{|p, and v4|n, are nowhere vanishing. Because D’ contains one node
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and at most one marking of €, &, becomes unstable, a contradiction. This proves
that a, = k.

Finally, we prove a; < a;41 —2. Let A = {1 < i < k| a; € ajy1 —2}. The
intended inequality is equivalent to A = (). Suppose A # (), and let i be the largest
element in A. Suppose i = k — 1. Since ax = k, we have ap_1 > ap —1=k—1. By
(4.4), we conclude that aj,_; = k — 1, which implies deg f*L'|p, = —1.

Consequently, using (4.3), we conclude that f*p’|p, is nowhere vanishing. Like
before, let D’ C €f be the irreducible component associated to D, C E, viaY — C”
and ¢’ — C’. Then D’ is a rational curve, contains one node of €j, and with
¢'|p = 0, p'|p nowhere vanishing and deg £'|pr = —%. By Lemma 3.3, this makes
&, unstable, a contradiction. Therefore, i < k — 1.

Since i + 1 € A, (i + 1) — aj41 > 1, which forces f*p|p,,, = 0, and then
f*ub|p,,, is nowhere vanishing and f*N’'|p,,, = Op,,,. We claim that f*L'|p,,, =
Op,,,- SInce f*N'|p,,, = Op,,,, (f*hi, -+, f*h,, f*u})|p,,, defines a morphism
B : D1 — P". By the second inequality in (4.4) and (4.2), it is a constant map.
Thus f*L/‘DiJrl = oDi+1'

Now let D;, D12, Dy, , - - - , Dg, be the irreducible components in E' that interest
with D;11. Since i +1 € A, a;+1 < a;4+2 — 2. Possibly by changing to a different
maximal chain of rational curves in 7~ !(z), we can assume without loss of generality
that a;41 < ag, — 2 for all 2 < s < [. Because f*L’ Dy = Op,,,, we must have
(a; — ait1) + > (ak, — a;y1) = 0. Therefore, a; — a;41 < —2, a contraction. This
proves A = (0, and the Sublemma follows. O

We continue our proof of Lemma 4.1. We keep the maximal chain of rational
curves Di, -+ ,D, C E. We claim k = 1. Otherwise, £ > 2 and a1 < as —2 < 0.
By (4.3) we obtain f*p'|p, = 0 and thus f*ub|p, is nowhere vanishing. Since
uz(z) = 0 by Sublemma 4.2, we get T*uz|p, = 0. Thus from (4.2), we get by < 0
and hence a; = —b; > 0, a contradiction to a; < 0. Thus k = 1.

Next we prove that every Dy C Yy not in E that intersects one of D; C E must
be contracted by f. Indeed, if f(D;) is not a point, since 7(Dy) is not a point as
well, we must have ap = by = 0 and D,NV is dense in Dy. Since D; is a (—1)-curve,
the combination of (4.1), (4.2) and p(z) # 0 (since ug(x) = 0) implies f*p'|p, is
nowhere vanishing. From (4.2), we also have deg(f*L’|p,) = —1 since a; = 1 and
ag = 0. Thus &) satisfies the condition (2) in the Lemma 3.3 and hence is not stable,
a contradiction.

In conclusion, we have proved that E is a disjoint union of (-1)-curves, likewise
for E’, and that every irreducible component in Yy not in £ must be in E’. Since
Y — X is by first blowing up smooth points of X, and since Y} is connected, this
is possible only if both E = P!, and then Y is the blowing up of X = S x P! at a
single point in Xj.

Then a direct analysis shows that this is impossible, assuming both &y and & are
stable. (As this analysis is straightforward, we omit the details here.) This proves
that F = 0 and f : X — X' is a birational morphism. By symmetry, f~!: X' = X
is also a birational morphism. Therefore, f : X = X’ is an isomorphism.
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Knowing that f is an isomorphism, a parallel argument shows that
(4.5) frr=L, f*N'=N, and (o', by, ui) = (p, e, i)

We prove that this implies C = C’. Indeed, it is easy to show that a D; C X
is contracted by pr : X — C if and only if D, C X is a (-2)-curve and L|p, =
N|p, & Op,. Therefore, D; is contracted by the map X — C' if and only if f(D;)
is contracted by the map X’ — C’. This proves that f : X = X’ induces an
isomorphism ¢ : C' = C".

Let A (resp. A’) be the set of singular points of Cy (resp. Cj). Let p: € — C
and p’ : @ — C' be the coarse moduli morphisms. Then the isomorphisms ¢ and
(4.5) (with a; = b; = 0) induce isomorphisms

(4.6) G PL(ZC,LIOD NP5 o2 ol wl%) 22 p, (B°, L85 NP, o p, v);
and isomorphisms
(47) ¢: €= A€ = A, ¢L' =L, ¢N =N, ¢* (¢, 0, 1)) = (¢, 1),

extending &, = &L.

Now let p € A be a point and let p’ € A’ be the corresponding point. Pick an
open subset U C € of p € € so that UN A = p. Let W C € be the open subset of
p’ € € sothat W NA"=p" and ¢(U —p) =U —p'. If p is a scheme point, then ¢
extends to a morphism ¢ : (€ — A)UU — (€ — A’) UW so that (4.7) extends to

(4.8) oL =L, SN ZN, (¢, 0 V) = (p.p, 1)

However, by (2) in Definition 2.3, this implies p’ is also a scheme point, and q~5 is
an isomorphism. If p’ is a scheme point, the same conclusion holds by switching
the role of € and €’. Finally, when both p and p’ are stacky points, then both are
p-srtacky points for an a|r. Thus a local argument shows that ¢ extends to an
isomorphism ¢ : (€ — A)UU — (€' — A’) UW so that (4.7) extends to (4.8). By
going through this local extension throughout all points in A, we conclude that ¢
extends to an isomorphism ¢ : € — €’ so that (4.7) extends to (4.8). This proves
that £ = ¢’. O

Proposition 4.4. Lemma 4.1 holds without assuming that C. is smooth.

Proof. Let € = (X¢,C,---) be as before, and let &,, a € Z, be families constructed
as in Corollary 3.4. Let & = (2¢,€,--.) and likewise £,, a € Z, be the similar
decomposition. Here both &, and &/, are indexed by the same set Z because &, = &..
By Corollary 3.4, all &, and &/, are stable families of MSP-fields.
Because &, = &, we have &,. = £,. By Lemma 4.1, {,. = &/, extends to
o = &, Then a direct argument shows that as the isomorphisms &, = &, are
consistent with the isomorphism &, = £, they induce an isomorphism & = &',
extending &, = £/, As the argument is straightforward, we omit the details here. [

Applying valuative criterion of separateness of DM stacks, Proposition 4.4 proves

Proposition 4.5. The stack W, ., q is separated.
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4.2. W, 4is of finite type. Let { € W, _ ;(C) be of the presentation (x¢,e,---),
let Co =CN (1 = 0)reds Coo = CN (2 = 0)yed, and €1 = CN (p = ¢ = 0)rea be as
before . Let Cp; (resp. Cis) be the union of irreducible components of € in (p = 0)
(resp. (¢ =0)) but not in Cy U €y U Ce.

Lemma 4.6. We have

(1) The curves Cy, C1 and Co are mutually disjoint;
(2) no two of Cp, Co1,C1, C10o, Coo share common irreducible components;
(3) E=CpUCH ULy UCie UCx.

Proof. For £ € W, 4(C), (1) follows from their definitions. Furthermore, any
irreducible component A C Cp; has |4 # 0. Likewise, any irreducible A C €10
has pla # 0. Since (¢ = 0) U (p = 0) = €, we conclude that Cp; and €. share
no common irreducible components. The other parts of (2) are similar. Finally, by
the same reasoning (¢ = 0) U (p = 0) = €, we have (3). O

We derive some information of the degrees of £ and N along C,. First, since
valesueq,ue, is nowhere vanishing, N|e,ueue; = Oegueq,ue, - Thus

(4.9) doo = degN = degNle,__ue.. -
Similarly, since v restricted to €1 U C1o U C is nowhere vanishing,
L ® Nle,ue,uer = 0le,ue,uen -
Combined, we get
(4.10) deg Lle,ue,, = do, deglle, =0, deglle, uve., = —doo-

For ¢ € W;%d((C), let T¢ be the dual graph of ¢ C €. Namely, vertices of Y¢
are associated to irreducible components of C, edges of T¢ are associated to nodes
connecting two different irreducible components of €, and legs of T¢ are associated
to markings X¢. Let V(Y¢) be the set of vertices, and E(Y¢) be the set of edges.
Furthermore, each vertex v € V(Y¢) is decorated by g, := ¢(C,), the arithmetic
genus of the irreducible component €, associated to v.

Given a decorated graph T as above (i.e. a connected graph with legs, vertices
v decorated by ¢, € Z>o, and without circular-edges), we say v € V(YT) is stable
(resp. semistable) if 2g, — 2+ |E,| > 1 (resp. > 0), where E, is the set of legs and
edges in T attached to v.

Proposition 4.7. The set © ;== {Y¢ | €W

7.d(C)} is a finite set.

Proof. Let £ € W, 4(C). As the curve (¢ C €) may not stable, knowing the
total genus and the number of legs of T¢ is not sufficient to bound the geometry of
Te¢. Our approach is to use the information of line bundles £ and N on C given by
& to add legs to T¢ to form a semistable Tg

First, let T = {0,01,1,100,00}. Using (3) of Lemma 4.6, for a € I we define
V(YTe)a = {v e V(Y¢) | €, C C,}. By the the stability criterion Lemma 3.3, we
know that all v € V(Y¢)1 UV(Y¢)s are stable.
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We now add new legs to vertices in V(Y¢), called auxiliary legs. For every
v e V(Te)oUV(Ye)or, we add 3deg L|e, auxiliary legs to v. By (4.10), the total
new legs added to all vertices in V(Y¢)o UV (Y¢)or is 3do.

We next treat the vertices in V/(Y¢)100. We first introduce

By (v, =1e € E(T¢) | e € E, for some v € V(T¢)oo}-
For v € V(Y¢)100, we define
(411) 6(1}) = Tdeng|@v — |EU N EV(T.;:)OOI S Zzo.

Here it takes value in Zx>( because v, is non-vanishing along C, and vanishes at
Cy N Coo. To every v € V(YT¢)100, we add 26(v) number of auxiliary legs to v.

We now show that the number of new legs added to V(Y¢)100 is bounded by
2rds + 4g + 2. Let CL ..., G35 be the connected components of C.,, m; be
the number of markings on €’ . Because p ei_ is nowhere vanishing, using the
discussion leading to (4.10), we have

0= —rdegLle:_ +degwi§g|@fx:rdegN\@fm+(29(Géo)—2+\€éoﬁeloo|+mi).

Therefore, using that degN|e, = 0 unless v € V(Y¢)100 U V(T¢)oo, and using that
Zvev(rg)lw |Ey N Eyvire | =i 1 €L N Cio|, we obtain

s 1 _ '
doo = degN = E ;(2—29((3;0)—|Clooﬂ€100|—m1)—|— Z deg Nle,
i=1 veV(Te)ioo

25 1 ; 1

=, ;(mi +2g(€%)) + - Z 5(v).

=1 vEV(YTe)1oo
Thus the total number of auxiliary legs added to vertices in V(Y¢)100 is bounded
by 2rd. + 4g + 2¢; the number s of connected components of Cy, is bounded by
the same number too.

Let Tg be the resulting graph after adding auxiliary legs to v € V(Y¢) according
to the rules specified above. We now study the stability of vertices of TE. Let
v € V(T¢) be a not-stable vertex. Then v € V(Y¢)10 and |E,| =1 or 2. In case
|E,| =1, by (4.11) we have degN|e, = 1|E, NEvry.l= 1. By Lemma 3.3, ¢ is
not stable, impossible. Thus |E,| = 2, and v is a strictly semistable vertex of T¢.

We now show that Tg contains no chain of strictly semistable vertices of length
more than two. Indeed, suppose vy, v2,vs € V(Tg) with edges e; and e; forming a
chain of unstable vertices in Tg, where e; connects v; and vy, and ey connects wvg
and vs. By our construction, all v; € V(Tg)loo. Since £ is stable, by Lemma 3.3,
degNle,, > 1. Since both v; and v3 are not in V(Y¢)oo, Ey, N Ey(ry., =0, a
contradiction.

Let = be the set of connected graphs with legs and whose vertices v are deco-
rated by non-negative integers g,. For a T € =, we define its genus g(Y) to be
%dimHl(T,Q) + ZUE‘/(T) gy. For a pair of integers (g,1), let =4 ; be the set of
genus ¢ graphs in Z having exactly [ edges. We say T € = quasi-stable if all its
vertices are semistable and that there is no chain of strictly semistable vertices in
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T of length more than two. Let EZ? be the set of quasi-stable graphs in Z, ;. Since

the subset of stable T in =, is finite, we see easily that Eg'ls' is also finite.

By our bound on the legs added to T¢ to derive Tg, we conclude that
{Teleew,a©rc T =7,

1<30+2rdoc+4g

where the later is finite. Consequently, © ={Y¢ | €W, 4(C)} is finite. O

Proposition 4.8. The collection W, 4(C) is bounded.

Proof. Since O is finite, we only need to show that to any T € O, the set Wy =
{€ew,  4(C) | Te =T} is bounded.
Let £ € W, 4(C) and let T¢ be its decorated dual graph. The information of

indeed provides us three more assignments
Lg : V(Tg) — 1 and dL,E; dj\r’g : V(Tg) — Z,

where 1¢(v) = a if €, C Cq, dg¢(v) = deg Lle,, and dy ¢(v) = deg Nle, .
We show that given T € O, the set

(412) {(Tg,bg,d[,’@dmé) | ¢ e W!;%d(C) and T§ = T}

is finite. First, since I is finite, the possible choices of t¢ : V(T) — I are finite.
Once ¢ is chosen, the map dy ¢ has the following properties: dy,¢ takes value 0
on Lgl({0,0L 1}), forv € Lgl(oo)7 dn¢(v) = 1(2— 29, — |E,|), and d¢ restricted
to Lgl (100) takes values in %Z>0. Since ), dn¢(v) = ds, the choices of dy ¢ are
finite.

For the assignment dg ¢ : V(T) — 17, as d ¢ takes positive values on Lgl ({o0,01}),
takes 0 on Lgl(l), and that dg ¢ + dn ¢ takes value 0 on Lgl({loo7 o0}), the possible
choices of d¢ ¢ are also finite. Combined, we prove that the set (4.12) is finite.

Finally, fixing a £’ € W, 4(C), it is direct to check that the collection

{€eW, ,a(C) | (Te,tede e, de) = (Terste,de e, dne)}

is bounded. This proves the proposition. ([l
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