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We construct the Gromov-Witten invariants of moduli of stable maps to P* with fields.
This is the all genus mathematical theory of the Guffin—-Sharpe-Witten model, and is a
modified twisted Gromov-Witten invariant of P*. These invariants are constructed using
the cosection localization of Kiem-Li, an algebro-geometric analog of Witten's perturbed
equations in Landau-Ginzburg theory. We prove that these invariants coincide, up to

sign, with the Gromov-Witten invariants of quintics.

1 Introduction

The Candelas et al. genus zero generating function [3] of the Gromov-Witten invariants
of quintic Calabi-Yau three-folds was proved by Givental [12] and Lian et al. [21]; the
genus 1 generating function of Bershadsky et al. [2] was proved by Zinger [26]. Both
proofs rely on the “hyperplane property” of the Gromov-Witten invariants of quintics,
which expresses the invariants in terms of “Euler class of bundles” over the moduli of
stable maps to P%. The hyperplane property for genus 0 was derived by Kontseviech [17];
the case of genus 1 was proved by Li and Zinger [20]. This paper is our first step to build

such a theory for all genus Gromov-Witten invariants of quintics [19], and beyond.
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In this paper, we introduce a new class of moduli spaces: the moduli of stable
maps to P* with fields. These moduli spaces are cones over the usual moduli of stable
maps to P%; they are not proper for positive genus. We use Kiem-Li's cosection localized
virtual cycle to construct their localized virtual cycles, and thus their Gromov-Witten
invariants. Applying degeneration, we prove that these invariants coincide (up to signs)
with the Gromov-Witten invariants of the quintics.

We briefly outline our construction and the main theorem. Given nonnegative
integers g and d, we form the moduli My (P*, d)P of genus g degree d stable maps to P*
with p-fields:

Mg(P*, )P ={[u, C, plllu, Cle My(P*, d), pe I'(C, U Ops(=5) ® wc)}/ ~ .

Here mg(ﬂ”‘*, d) is the moduli of degree d genus g stable maps to P%.
It is a Deligne-Mumford stack; forgetting the fields, the induced morphism

My(P*, d)P — My(P*, d)

has fiber HO(u* Op<(—5) ® wc) over [u, Cl e Mg(]P’“, d). When g is positive, it is not proper.

The moduli space /Vg(IP“, d)? has a perfect obstruction theory, and thus has
a virtual class. To overcome its nonproperness in order to define its Gromov-Witten
invariant, we construct a cosection (homomorphism) of its obstruction sheaf. The choice
of the cosection depends on the choice of a degree 5 homogeneous polynomial, like
W =x + --- + x2. The nonsurjective locus (called the degeneracy locus) of the cosection

associated to w

o: Obﬂg(ﬂ»‘*,dw > ﬁﬂg(w,d)p

is

Mg(Q,d) c My(P*, d)P, Q=(x> +---+x2 =0) C P*,

which is proper. Applying Kiem-Li cosection localized virtual class construction, we

obtain a localized virtual cycle

[My(P*, d)PI7™ € ApMy(Q, d).
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We define the Gromov-Witten invariant of MQ(IP"*, d)? to be
Ny(d)P, = deg[My(P*, d)PI7".

(We also call them the Gromov-Witten invariants of the space (Kpz, w).)

This relates to the Gromov-Witten invariants the quintic Q:

Theorem 1.1. For g>0 and d>0, the Gromov-Witten invariant of ﬂg(P‘*,d)P (or
(Kps, w)) coincides with the Gromov-Witten invariant Ny(d)q of the quintic Q up to
a sign:

Ny(d)f, = (=D**'Ny(d)a. O

When g=0, this is derived in Guffin and Sharpe [13] using path integral. This
identity also is the same as Kontsevich's formula for g =0 Gromov-Witten invariants of
quintics. If one views the localized virtual cycle of ﬂg(P‘L, d)? as “Euler class of bun-
dles”, this theorem is a substitute of the “hyperplane property” of the Gromov-Witten
invariants of quintics in high genus.

We believe that this construction will lead to a mathematical approach to Wit-
ten’s Gauged-Linear-Sigma model for all genus. In [24], Witten constructed a (gauged)
topological field theory (for g = 0) whose target is the stacky quotient [C®/C*] (of weights
(1,1,1,1, 1, —5)) with a superpotential, say w. This theory has two GIT quotients: one
is (Kps, w), called the massive theory; the other is ([C®/Zs], w) called the linear Landau—
Ginzburg model. (Linear Landau-Ginzburg model means the space is the orbifold quo-
tient of an affine space.) Witten proposed to A-twist both models: the A-twist of (Kps, W)
likely is a theory of moduli of stable quotients, and the resulting theory is of Landau-
Ginzburg type. The A-twist of ([C°/Zs], w) is related to the generalized Witten conjecture
[25] for A, = (C, x°).

The program proposed in [24] provides a possible road map toward an all
genus mathematical theory linking the Gromov-Witten theory of quintic to the Landau-
Ginzburg model of ([C%/Zs], w). A bolder speculation is that there is a geometric mirror
construction identifying the A-twisted topological string theory of ([C®/Zs], w) with the
B-side invariants of its Landau-Ginzburg Mirror.

In [10], Fan et al. constructed the virtual cycle of the A-twisted topological string
theories of the linear Landau-Ginzburg model of ([C%/Zs], w); their construction is via
analytic perturbation of Witten's equation. Later, Ruan and Chiodo proved [6] the genus

zero mirror symmetry for ([C%/Zs], w) and its mirror.
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For massive theory of (Kps, w), Marian, Oprea and Pandharipande constructed
the moduli of stable quotients [23], which is believed to be an example of massive
instantons. It is interesting to see how the invariants of A-twisting the construc-
tion in [23] relate to the invariants of the massive instantons in (Kp:, W) in Witten's
program.

Using Super-String theories, Guffin and Sharpe constructed a special type of
genus 0 Landau-Ginzburg model for (Kps, w), and equated it with the genus 0 Gromov—
Witten invariants of the quintic Q [13]. The notion of p-fields was introduced in this
work. Using nonperturbative localization of path-integral, they reduced this theory to
the genus 0 Gromov-Witten invariants of quintics. Since this follows Witten's Gauged-
Linear-Sigma model program, we call this construction the Guffin-Sharpe-Witten (GSW)
model.

Our work is an algebro-geometric construction of the GSW model for all genus.
The moduli of stable maps with p-fields is the algebro-geometric substitute of the phase
space of all smooth maps with smooth fields. The cosection localized virtual cycle is
the analog of Witten's perturbed equation. Theorem 1.1 shows that the Gromov-Witten
invariants of the algebro-geometric GSW model of all genus coincide up to signs with
the Gromov-Witten invariants of quintic three-folds.

Our construction applies to global complete intersection Calabi—Yau three-folds
of toric varieties. In the subsequent papers, we apply the techniques developed to the
moduli of stable quotients (cf. [23]) to obtain all genus invariants of massive theory
of (Kps, W) [4]; we shall also apply it to the linear Landau-Gingzberg model to obtain an
alternative algebro-geometric construction of Fan—-Jarvis—Ruan-Witten invariants [5]. In
the later case, the resulting invariants are equal to those defined using perturbed Witten
equations [10].

We believe the new invariants and their equivalence with the Gromov-Witten
invariants of quintics provide the first step toward building a geometric bridge estab-
lishing the conjectural equivalence of Gromov-Witten invariants of quintics and the
Fan-Jarvis—-Ruan-Witten invariants of ([C®/Zs], w). Constructing such a bridge will be
the long-term goal of this project.

Conventions. In this paper, the primary focus is on moduli of stable maps with
fields to P*, on a smooth quintic Calabi-Yau Q C P* defined by }_ x° =0, and on a defor-
mation of P* to the normal cone to Q C P*.

Throughout the paper, we fix homogeneous coordinates [x,..., xs] of P*, with
x; € HO(P*, 0(1)) and (1) := Op+(1). We denote by N the normal bundle to Q in P*. Using

the defining section ) xf =0, we obtain a canonical isomorphism N = & (5).
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In this paper we fix positive integers g and d throughout. We use (f,C) with
subscripts to denote the universal families of various moduli spaces. For instance, after

abbreviating P = M,(P‘*, d)P, the universal curve and map of P is denoted by
(fp.mp):Cp — P* x P.

For any locally free sheaf ¥ on C, we denote by Vb(¥) the underlying vector
bundle of .Z; namely, the sheaf of sections of Vb(.¥) is .Z.

In this paper we use fonts E, etc. to denote derived objects (of complexes). We
reserve Lx/y to denote the cotangent complex of X — Y; we denote by T,y its derived
dual TX/Y=L}(/Y, called the tangent complex of X — Y. We use ¢x/v:Tx/;y = Ex/y to
denote a relative obstruction theory of X — Y, following Behrend and Fantechi [1].

Without causing confusion, all pull-backs of derived objects (respectively

sheaves) are derived pull back (respectively sheaves pull back) unless otherwise stated.

2 Direct Image Cones and Moduli of Sections

In this section, to a locally free sheaf £ over a family of nodal curves = :C — 2 over an
Artin stack 2(, we construct its direct image cone C(mw.£), and its relative obstruction

theory.

2.1 Direct image cones

Let 2 be an Artin stack, 7 :C — 2 be a flat family of connected, nodal, arithmetic genus

g curves, and .Z be a locally free sheaf on C.

Definition 2.1. For any scheme S, we define C (,-Z)(S) to be the collection of (p, p) so
that p:S— 2 is a morphism and pe H°(Cs, p*.¥), where Cs= S x9 C and p*.¥ =% x ¢,
Oc.

An arrow from (p, p) to (o', p) in C (7,.-£)(S) consists of an arrow t:Cs— Cs in
20(S) such that under the induced isomorphism t*p*.¥ = p*.¢, p=1t*p'. Given S— S, we

define C (7,..£)(S) — C(7..Z)(S) by pull-back. O

We show that C (7,..%) is a stack over 2. Given a module F, we denote by SymF
the symmetric algebra of F.
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Proposition 2.2, Let the notation be as in Definition 2.1. We have a canonical
2A-isomorphism

C(n.%) = Specy SymR' 7, (£ ® wc ). O
Proof. For any scheme S and a morphism p:S— 2, we let
Cw.L)p)={(p. p) | P H (Cs. p* L) =T (Cs, p*2).
We define a transformation
C(m..Z)(p) — Homg(S, SpecQ‘Sylezr*(.,i’v ® weya) Xa S) (2.1)

as follows. We let .7 = R'm. (%Y ® weyn). Given a p:S— 2, an S-morphism S—
/

Specy Sym.# xg S is given by a morphism of sheaves of 0y-algebras
Sym.% — O,
which is equivalent to a morphism of sheaves of ¢y-modules
R'7t5.( %5 ® weg/s) = F ®py Os — Os.

Here we have used the base change property of R!m,.
Applying Serre duality [9] to the complete intersection morphism ng5:Cs— S, we

obtain

Homg(R' m5.(Z5 ® wey/s), Os) =I' (Cs, Ls).

This defines the transformation (2.1). It is direct to check that this is an isomorphism,

and satisfies the base change property. This proves the Proposition. [ |

2.2 Moduli of sections

One can also construct the direct image cone via the moduli of sections. Let C — 2 be
as in Definition 2.1; let Z — C be an Artin stack such that the arrow Z — C is repre-
sentable and quasi-projective. We define a groupoid & (with dependence on Z implicitly

understood) as follows.
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For any scheme S — 2, we define Cs=C xg S and Zs5=Z x¢ Cs; we view Zg as a

scheme over Cs via the projection ns: Z5 — Cs. We define
&(S)={s:Cs— Zs|s are Cs-morphisms}.
The arrows are defined by pull-backs.

Proposition 2.3. The groupoid & is an Artin stack with a natural projection to 2. The

morphism & — 2 is representable and quasi-projective. |

Proof. This follows from the functorial construction of Hilbert scheme and that Z — C

is representable and quasi-projective. |

Corollary 2.4. Let 7 :C — 2 be as in Definition 2.1, and let Z=Vb(¥), which is the
underlying vector bundle of the locally free sheaf .#. Then canonically C (7,.%2) =& as

stacks over 2. O

2.3 The obstruction theory

We give the perfect obstruction theory of &. Let Z — C — 2 be as in Proposition 2.3. Let
s :Cs — 6 be the universal family of & and ¢:Cs — Z be the tautological evaluation
map; namely, (7g, ¢) :Cs — & x Z is the universal family of &.

As mentioned at the end of the introduction, we let T's /o be the tangent complex

of & — %, which is the dual of the cotangent complex Lg /.

Proposition 2.5. Let the situation be as stated. Suppose Z — C is smooth; then & — 2

has a perfect relative obstruction theory:
¢G/Ql : TG/QL — ]Eg/gl = R‘TL’G*Q*Q}/C. 0

Proof. By our construction we have the commutative diagrams

G Cs

l l l (2.2)
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where the left one is Cartesian. Applying the projection formula to
ﬂéTg/g;Tce/c —> Q*TZ/C ZQ*QE/C, (23)

and using

Ts/a — R'mengTe/a,

we obtain

(ﬁe/m : Tg/m —> E@/Q{ = R.ﬂg*e*g\é/c. (24)

We claim that ¢g,9 is a perfect obstruction theory.
We prove this by applying the criterion in [1, Theorem 4.5]. Given an extension

T C T’ by ideal J with J? =0, and a commutative diagram

T 568

l l (2.5)

T 2

we say that m lifts to an m’: 7" — & if m’ fits into (2.5) to form two commuting triangles.

By standard deformation theory, the diagram (2.5) provides a morphism
m*Le/o — Ly — L7 = JI11,
which gives an element
@ (m) € Extr.(m*Lg o, J) = H(T, m*Ts 4 @g, J). (2.6)
Using the morphism ¢, in (2.4), we obtain the homomorphism
¢ :HY(T,m*'Tg,9 ®o, J) — HY(T,m*Eg /o ®a, J).

We define
ob(T, T/, m) :=¢'(w(m)) € H(T, m*Eg ) g, J).

To prove that ¢g,o is a perfect relative obstruction theory, by the criterion in

[1, Theorem 4.5 (3)], we need to show

(1) ob(T, T',m) =0 if and only if m in (2.5) can be lifted tom’: T’ — ¢;
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(2) when ob(T, T/, m) =0, the set of liftings m’: T — € forms a torsor under
HYT, m*E¢/a Qoy J).

We now verify (1) and (2). Pulling back C to T and T’ via m and n, respectively,
we obtain two families nr:Cr — T and 7y : Cr — T’; pulling back ¢ to T, we have the

evaluation map er:Cr — Z. Let
Kt H(T, m*Ee 5 ®p, J)—> HY(T, R'rr. (6525 ® 73J))

be the canonical isomorphism defined by the definition of Eg,o (cf. (2.4)).

Using the standard property of cotangent complex, the commuting square

CTLZ

l l (2.7)

CT'—ﬁ——>C

where 1 is the lift of n in (2.5), induces homomorphisms
epRz/c = eylzic — Legje, =m3lyyr — LG o, =73 J[1].
Their composite associates to an element
w(er, Z,C) e H (Cr, ;2% @ 75 J) = H(T, R*7r.(e7.2% 0 @ 17.J)).

By Lemma A.5, w (er, Z,C) =0 if and only if (2.7) admits a lifting Cr — Z.

As (2.7) is the composition of (2.5) with (2.2), w(er, Z,C) =k (¢'(w (m))). Thus
ob(T, T’, m) =0 if and only if (2.7) has a lifting, which is equivalent to the fact that m
lifts to an m’': 7" — & in (2.5). This verifies criterion (1).

Finally, when ob(T, T’, m) =0, any two liftings Cr — Z differ by a section in
H°(Cr, erf23,c ® nyJ), and vice versa [14, Theorem 2.1.7]. This proves the criterion (2).

These complete the proof of the Proposition. |

2.4 Moduli of stable maps

Using the stack ®4 of curves with line bundles, this construction provides a different

perspective of the moduli of stable maps to a projective scheme.
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Definition 2.6. We define ©, to be the groupoid associating to each scheme S the set
Dy(S) of pairs (Cs, Zs), where Cs — S is a flat family of connected nodal curves and %s
is a line bundle on Cs of degree d along fibers of Cs/S. An arrow from (Cs, -£s) to (Cg, -£%)

consists of a pair (p, ), where p:Cs — Cg and 1 : p*.£{ — £ are S isomorphisms. O

It is easy to show that ®, is a smooth Artin stack. By forgetting the line bundles,
one obtains an induced morphism ©4 — 91y, where 91, is the Artin stack of all connected
nodal curves of genus g. For any £ = (C, L) € ®,4 the automorphism group of & relative to
My, (i.e., automorphisms of L that fix C) is C*. We denote by (Co,, Lo,), with 7o, :Co, —
9, implicitly understood, the universal family of D,.

We now let X C P" be a projective scheme. For the integer d given (the integer d
is fixed throughout this paper), we have the moduli of genus g and degree d stable maps
to X: HQ(X, d). We now present it as the moduli of sections. We keep the homogeneous
coordinates [xi, ..., X, 1] of P" mentioned in the introduction. The choice of [x;] provides

a presentation

P = ArH—l*/C*7 An—H* — An—&-l —0. (2.8)

We form the bundle
Vb($§;n+l))* — Vb(zgg(rwrl)) _ chg ,

where Oc,,, is the zero section. Using the C*-equivariance of the projection AMLx s P

induced by (2.8), we obtain a canonical morphism
1 :Vb($§;"+l))* — P

We let
Zy= Vb(fg‘fg("*”)* xpn X C Vb($§;"+”)*.

We let &x be the stack of sections constructed in Section 2.2 with Z replaced by Zx.

Proposition 2.7. There is a canonical open immersion of stacks mg(X,d)—> Sy, as

stacks over 9. O

Proof. For notational simplicity, in the remainder of this Section, we abbreviate
Yzﬂg(X,d), and denote by (fy,ny):Cy — X x Y the universal family. Pulling back

0(1), we obtain %y = f;0(1); pulling back the homogeneous coordinates x; (viewing
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x; € HO(P™, Opn(1))), we obtain uy; = fyx%. Since fy has degree d along fibers of Cy/Y,
(Cy, %) defines a morphism

A Y =My(X,d) — Dg; (2.9)

since fy(Cy) C X, (uy, ..., Uy 1) defines a section Y — Vb(fgg("“)) Xp, Y (of Y) that factors

through a section

g:Y—)ZXXQgY.

This defines a morphism ¥ — &y.
It is direct to check that this is an open immersion, and is a morphism over 9.

This proves the Proposition. |

It is worth comparing the relative obstruction theory ¢y, of mg(X, d) — Dy
constructed using Section 2.3 with the relative obstruction theory ¢y/om, of /Vg(X, d) —
My given in [1].

Following the notation before Proposition 2.5, we have an evaluation map ey :

Cy — Zx. The induced morphism 73Ty, =Tey/co, = €5 Tz, 0o, induces
(/J)y/fgg . Ty/;gg — Ey/fgg = R'ﬂ’*e;']rgx/c@y.
Applying Proposition 2.5, ¢y, is a perfect relative obstruction theory of ¥ — D,.

Lemma 2.8. Suppose that X is smooth. The relative obstruction theories ¢y;», and

¢y m, are related by a morphism of distinguished triangles:

° +1
R ﬂy*ﬁcy —_— Ey/@g —_— Ey/gmg —

TH T¢y/9ﬁg Tqﬁy/@g

+1
)»*T@g/gmg[—ll — Ty/@g E—— Ty/gﬁg —

Proof. Let Con, be the universal curve on 9Miy; let

XMIZX—>CgmgXX

TT0Z ‘TE 4000100 U0 ABOJoUyDs | pUe 80Us10S Jo A1SIeAlun Buoy BuoH e /610°'sfeuinolpio xo-uiwi//:dny wo.j pepeojumoq


http://imrn.oxfordjournals.org/

12 H.-L. Chang and J. Li

be the morphism so that its first factor is the composite Zx — Cp, — Con,, and the second

factor is the natural projection. Let
fiCy —> Cop, x X

be the compost of ey :Cy — Zx with xu: Zx — Con, x X. Note that the first factor of fis
the canonical projection induced by ¥ — ©4 — 9M,; its the second factor is fy.

Taking the tangent complex relative to 91, we obtain

myTyjom, = Tey/comy — F Tem,xx/Com, = Sy Tx-

This induces

qby/gmg . Ty/gmg — Ey/gmg = R.H*f;TX,

which is the perfect relative obstruction theory of Y — 91, defined in [1].

We let xp : Zx — Co, x X be defined similarly to xu, and let g:Co, x X — Cop, x X
be the projection. Note that go xp = xu. By the construction, we have the commutative
diagrams

Zx L)C@ng—g>C;mng

JPO lm l (2.10)

C’Qg _ C@g —— Cgmg

It induces an exact sequence of locally free sheaves
0—> Tzy/co,xx — Tzy/co, — XpTto,xx/Co, —> 0.

Since xp is a C*-principal bundle, 0z, = Tzy/CoyxX- Also we have canonical isomorphism
XD Teo,xX/Co, = Xff/[Tcmng/cmg- Let Ac :Cy — Cp, be induced by 2. The above sequence fits

into a morphism of distinguished triangles,

+1
* * * L,k ~
ey Tz /Co,xx  — 5Tz 00, — Xy Tem,xx/Cmy = J3xTx ——

1 1 T

AeTen,/eom, =11 —— Teyco, — Tey/com, —
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where the left vertical arrow is the composition

* ~ _k * * ~ %k * *
Mg, /Cony = €y XDT1 Teny /Cony = €7 XD TCoyxX/Congx X — €y Tzy/Co, xx(1],

where the last arrow is given by the distinguished triangle of cotangent complexes asso-
ciated to the top row of (2.10). Here the commutativity of squares in the above diagram
can be checked by diagram chasing using (2.10).

Therefore we have a homomorphism of distinguished triangles

. +1
R ﬂy*ﬁcy —_— ]Ey/@g _— Ey/zmg _—

T T¢Y/®g Tqu/ng

+1
X*T@g/gﬂg[—ll —— Ty/@g —— TY/‘.ITIQ ——

By the property of cotangent complex of Picard stacks the left vertical arrow of the above

diagram is an isomorphism. |

Let [Y/D "' and [Y/9M,]"" € A.Y be the virtual cycles using the respective perfect

relative obstruction theories.
Corollary 2.9. We have an identity

[V/D " = [V/M,]"" € A, Y. 0
Proof. Applying [1, Proposition 2.7] to Lemma 2.8, we obtain a diagram of cone stacks

W/ R(R*my.Oc,) ——> RY/H(Eyjn,) ——> R/ hO(Eyjom,)

H T(‘PY/Dg)* T(¢Y/mfg)*

h'/ R’ (W To, o, [—1) —— h'/R°(Ty),) LN h'/ R (Ty)om,)

of which the two rows are an exact sequence of abelian cone stacks. Applying an
argument analogs to the second line in the proof of [16, Proposition 3], one checks
(0int)*(Cyjon,) = Co,/om,. Hence 6 is a quotient of bundle stacks such that 6*(Cy/m,) =

Cy/o,. By the projection formula

[V/D " = [Y/9M,]"" € A,Y.
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This proves the Corollary. n

We remark that this construction is parallel to the construction of Ciocan-
Fontanine and Kim [7, 8] on the obstruction theories of the moduli spaces of maps to
toric varieties [8, Theorem 3.2.1]; and to the comparison result with the perfect obstruc-

tion theory relative to M, in the same paper [8, Secttion 5].

3 Gromov-Witten Invariant of the GSW Model

In this section, we construct the moduli of stable maps to P* coupled with p-fields. We
construct its localized virtual cycle, using Kiem-Li's cosection localized virtual cycles.
We define its degree to be the virtual counting of stable maps to P* with p-field. This

class of invariants is a generalization of the genus 0 GSW model (Kps, wp+) [13].

3.1 Moduli of stable maps with p-fields

Let ﬂg(}P"*, d) be the moduli of genus g degree d stable maps to P%. For the moment,
we denote by (fu, Cu, 7u) the universal family of mg(IP"‘, d), and by 2y = f;;0(1) the

tautological line bundle. We form
Py = Ly° ® wey s

and call it the auxiliary invertible sheaf on /Vg(IP"*, d).
We define the moduli of genus g degree d stable maps with p-fields to be the
direct image cone
P i=My(P*, AP :=C (mu Pu)- (3.1)

(We abbreviate it to P, as indicated above.)
Like before, we can embed P into the moduli of sections for a choice of Z — D.

Let [x;, ..., x5] be the homogeneous coordinates of P* specified in the Introduction. Let
(fp.7p):Cp > P* x P

be the universal map of P. We let .Zp = f50(1) be the tautological invertible sheaf;

Pp =25 ¥ ® wc,p be the auxiliary invertible sheaf; and

pel'Cp, Pp) and w; = frx,el'(Cp, Lp) (3.2)
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be the universal p-field and the tautological coordinate functions, respectively. Note that
(Cp, Zp) induces a morphism P — ®, so that (Cp, £p) is isomorphic to the pull-back of
(Co,, Lp,).

Using the line bundle %5, on Cp, and its auxiliary invertible sheaf

— —®5
Po, =Ly, @ wey, /o,

we form the bundle

Z:=Vb(L5° ® P»,)
over Cp,. Then the section ((u; f’zl, p) defines a section of
Z Xng Cp — Cp.

This section induces a Cp,-morphism Cp — Z X¢,, Cp. Composed with the projection

Z x9, P— Z, we obtain the evaluation morphism over Cp,:
i:Cp— Z. (3.3)
Proposition 3.1. The pair P — ©, admits a perfect relative obstruction theory

op/,  Tr/o, — Epjo, = Rnp. (L5° ® Pp). O

Proof. The proof follows from Proposition 2.5 applied to the (evaluation) morphism ¢,
using that 27, = L3 ® Po,. |

3.2 Constructing a cosection

We define a multilinear bundle morphism

5
h:Vb(Z5° @ Pp,) — Vb(wey,0,), iz p=p-) 7, (3.4)
i=1

where (z, p) = (z%)2_,, p) € Vb(fgf ® P9,). This map is based on the dualpairing .fgj ®

e@@g — a)cgg/@g.
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The morphism h; induces a homomorphism of tangent complexes

. * 1k OV
dh1 : Ty 2280 25,)/C0, — M Tvbweg 20)/C0, =M $S2b(we,109)/Coq°

In explicit form, for any closed & € Cp and (z, p) € Vb(fgf’ ® Po,)le, dhi|(zp) sends

S, o \Vi _ D5
((Zl)v p) € QVb(fgr;@y@g)/ng |(Z,p) - (ggg @ ’@Dg) ®ﬁc®g k(é)
to

5
i=

5
dhi |z p (2. 15)=< Zf’) -p+ p~Z5Z§L-Z’. (3.5)

1 i=1

On the other hand, by pulling back dh; to Cp via the evaluation morphism ¢

(cf. (3.3)), one has (homomorphism and canonical isomorphisms)

s Lk AV ~k 1k yV
¢"(dhy) e ‘QVb(ﬁf%Z@@@g)/ng —> ¢ hlgvb(wcgg/gg)/Cz)g.

Because the right-hand side is canonically isomorphic to wc,,», applying R*mp,, we

obtain

o7 1 Epjo, —> R'ps (€M Rupuc,, 10,)/00,) = B TPe(0Cr/P)- (3.6)

We define

o1:=H'(07):Obp,p,=H' (Ep/n,) — R'wp.(wc,p) = Op. (3.7)

By Proposition 3.1, 0 is in the form (of homomorphism of sheaves)
o1 . Obp/@g = Rlﬂp*cfgﬁ D Rlﬂp*gzp —> ﬁp.

3.3 Degeneracy locus of the cosection

We give a coordinate expression of the cosection o,. We define by u; = f5x; and let p e I”
(Cp, Zp) be the tautological section of P. Take any étale chart T — P, and let Cr =Cp xp
T. For

peH'(Cr, #p) and 4= (&)}, € H' (Cr. £5°).
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we define

5 5
;(ﬁ,&):=5p-2u§*-i¢+<2u§’)-ﬁ (3.8)

=1 =1

where p and y; are the pull-back of p and u; to Cr, respectively. The expression (3.8) is an
element in R'np.(we,/p) Qo Or = Or.

One checks that this defines a homomorphism
¢: Rlﬂp*gé% (&) Rlﬂ'p*@p — Op.
Lemma 3.2. The two homomorphisms ¢ and o; coincide. |

Proof. This follows from the explicit expression of dh; in affine coordinates

generalizing the expression (3.5). It is straightforward. |
Definition 3.3. We define the degeneracy locus of o; to be
D(o1) ={& € Ploy |g : Ob‘p/@g Rop k(%') — k(%') vanishes}. O

Following our convention, we denote by Q C P* the quintic three-fold defined by
> x*=0. We let My(Q, d) be the moduli of genus g degree d stable maps to Q. Using
Mgy(Q, d) C My(P*, d), we obtain an embedding

Mg(os d) Cmg(]P)AL’ d) C Pv
where the second inclusion is by assigning zero p-fields.
Proposition 3.4. The degeneracy locus of o) is Mg(a, d) C P; it is proper. O

Proof. Let&=(C,L,¢, p)eP, where ¢ = (¢;);_; € H*(C, L#®°). The restriction of o1 =¢ to
¢ takes the form oy | (P, $) =5p Y ¢t + 3 o7 p.

Suppose Y ¢? #0; then, by Serre duality, we can find p € H(C, L™®° ® w¢) so that
P> ¢5#£0€ H'(C. we). Letting ¢; = 0, we obtain o |¢ #0.

Suppose Y ¢? =0 and p# 0. Then, since ¢; have no common vanishing locus, for
some k, p- ¢} #0. By Serre duality, we can find a ¢ so that p- ¢f - ¢ #0€ H'(C, w¢). By

choosing other $; =0, we obtain the surjectivity of o|;. This proves that the degeneracy
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locus (i.e., the nonsurjective locus) of o, is the collection of (C, L, ¢, p) such that > q)? =0
and p=0. This set is My(Q, d) C P.
We comment that though this argument is set-theoretic, it is easy to see that the

identification given is as closed substacks of P. [ |

3.4 The cosection factorizes

Let g: P — Dy be the tautological morphism. We form the distinguished triangle
q*]]_,@g — Lp —> Lp/@g—5>q*ng[1]. (39)

Composing ¢p/o, : Tp/o, — Ep;o, with the dual of § in the above distinguished triangle,

we obtain the morphism
¢p/o, 08" :q"To, —> Tpp,[11 — Ep g [1].
Defining n = H%(¢p/9, 0 §*), we obtain the composite
n:q*To, — H' (Tpn,) — H'(Ep/n,) = Obp/s,. (3.10)

Following the construction in [15, (4.3)], the cokernel of (3.10) is the absolute obstruction
sheaf of P, which we denote by Obp.

In this subsection, we show the following proposition.
Proposition 3.5. The cosection o} : Obpn, — Op lifts to a 61 : Obp — Op. O

We continue to use the notation developed in the proof of Proposition 3.1.
Lemma 3.6. The following composition is trivial:

0=H'(0] o pp/p,) : H (Tpn,) — H'(Epo,) — R'mp.we,/p. L

Proof. Using the universal curve np, :Co, — D4 of Dy, we introduce the direct image

cone €, = C(mwey, /0,);i We denote by Vb(wcgg/gg) the underlying bundle of Wep, /0, Let

Ce¢, =Cop, X9, €, be the universal curve over ¢,, and n¢, : C¢, — &, be the projection.
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Continue to denote by (fp,Cp, Zp) the universal family of P, and using
w = f3x; e I'(Cp, £p) and p € I'(Cp, #p), the universal coordinate functions and p-field,

respectively, (cf. (3.2)), we form
e:=p-+--+ud) € I'Cp, wep ).

It defines a morphism @, : P — ¢, so that if we denote by @, :Cp — Ce, the tautological
lift of @, using that both C» and C¢, are pull-backs of Co , and denote by ¢ and ¢’ the eval-
uation morphisms as shown, we have a commutative diagram of morphisms of stacks
over Cop,:

Cp —— VB(ZS® @ Ps,)

l@ lhl (3.11)

Ce, —— Vb(we,,/2,)

Here h; is defined in (3.4). This shows that the square below is commutative:

TET T —_— Q*Qv
pTp/o, Cp/Coy Vb(Z5©P,)/Coy

| | Lan (3.12)

\2
Vb(veg, /Dg)/Cog

5D Te, 0, === P Tee, /co, — P2
Applying R'zp, to the lower horizontal arrow, we obtain the obstruction assign-
ment homomorphism

(0=) H (®}pe,/0,) : H (P} T¢,/0,) — P! R'me 000, /¢ (3.13)

w?

which is trivial since €, is a vector bundle over ®4 and C¢, — Cop, is smooth.

Therefore, using the Cartesian squares

¢E
Cp —2 s Ce,

l’”’ lm (3.14)

PL)QU

and the commutativity of (3.12), applying R'wp,, we see that the composite

1 1 * OV 1 *1k YV
H (TP/DQ) R mp.e QVb(f%i@@gg)/ng Rimpye thVb(wC@g/Dg)/cDg

1TO0Z ‘TE Jo00100 Uo ABojouysa ] pue aaus1os Jo Alseniun Buoy BuoH e /61o0sfeulnolpiojxo uiwi//:diy wolj papeojumoq


http://imrn.oxfordjournals.org/

20 H.-L. Chang and J. Li

coincides with the composite

0
HI(TP/QDH) — HI(CD:TQ(U/@g) — @:RIT[Q‘[U*Q

v
Vb(@eg  /09)/Coqg "

Since the composite in the second line is trivial (cf. (3.13)), the composite in the first line

is trivial. Using

* Tk \v ~
[4 hl vb(wcgg/gg)/cgg =WCp /P>

this is exactly the vanishing desired by the Lemma. |

Proof of Proposition 3.5. The composition of o with (3.10) is the H! of the composition

oP/D oy o
To,[-11— Tp/n, — Ep/o, —> R*mp.wcy /P,

where the first arrow is the §¥ in (3.9). Lemma 3.6 implies the H! of the above composi-

tion is trivial. [ |

Here we comment the background of this construction in Super-String Theories.
Let Kp« be the total space of the canonical line bundle P*. The quintic polynomial } x°
defines a regular map wp € I"(0k,,). Its critical locus is the quintic three-fold Q C P*. In
physics literature, the pair (Kps, wp:) is called a Landau-Ginzburg model (nonlinear). In
[13], Guffin and Sharpe constructed a path integral for genus 0 A-twisted theory of the
Landau-Ginzburg space (Kps+, Wp+) [13]. In this paper, we have constructed a mathemat-

ical theory generalizing it to all genus.

3.5 The virtual dimension

We calculate the virtual dimension of P. Let &£ = (f, C, L, p) € P be any closed point. The

virtual dimension of P/®, at £ is
dim H*(Ep)», ® 6, k() — dim H' (Ep/p, ®op k(§)).
By the expression of Ep o, , the above term equals to

RO(L®®%) + hO(L™®° @ we) — hY (L) — hY(L™®° @ w¢) = 4 — 4g.
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Because
dim Dy = dimDy/My + dim My = (h°(G¢) — 1) + 3g — 3 =49 — 4,

the virtual dimension of P at & is zero.

3.6 Localized virtual cycle

We recall the notion of kernel-stack of a cosection. Let E =[E! — E!] be a two-term
complex of locally free sheaves on a Deligne-Mumford stack X; let f: H!(E) — Ox be
a cosection of H!(E). We denote by D(f) the closed subset of x< X such that f|,=0:
HY(E)|x— Cx. Let U= X — D(f).

Definition 3.7. Let the notation be as stated. We define the kernel stack h'/h°(E) 7 be
h'/R°(E) f:= (h'/ h°(E) xx D(f)) Uker{h!/h°(E)|y — H'(E)|y — Cy}. O

Here h'/h°(E)|y — H'(E)|y is the tautological projection and H!(E)|y — Cy is
flu. Since f is surjective over U, the composite in the bracket is surjective, thus the
kernel is a bundle-stack. Clearly, the union is closed in h!/ h°(E); we endow it the reduced
structure, and call it the kernel-stack of f.

We apply the theory developed in [15]. As o; is a cosection of Hl(]Ep/@g), we can

apply the preceding construction to o; to form the kernel subcone-stack
h' /R (Ep/o,)e Ch' /R (Epp,). (3.15)

Proposition 3.8. The virtual normal cone cycle [Cp/@g]EZ*hl/hO(]E'p/gg) lies inside
Z*hl/hO(Ep/gg)al. O

Proof. The smoothness of the morphism from Cp/», to Cp(the intrinsic normal cone
of P) and Propostion 3.5 reduces the claim to the absolute case, which is proved in [15,

Proposition 4.3]. u
In [15], Kiem and the second-named author constructed a localized Gysin map
0y, 100 Ak /B2 (Ep/o,)0 —> AinD(o1),

o1,loc

where —nis the rank of Ep /o, .
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Definition-Proposition 3.9. We define the localized virtual cycle of (P, o;) to be
[P]Zir = [Mg(IPA, d)p]zir = O(!rl,loc([CP/Dg]) € Aomg(a, d).
We define the virtual enumeration Ny(d)Z, := deg [My(P*, d)PI¥". O

The number Ng(d)é;4 is the virtual counting of the GSW model (P, o1). We call it
the Gromov-Witten invariants of the moduli of stable maps to P* with p-fields, or of the

Landau-Ginzburg space (Kps, Wps).

4 Degeneration of Moduli of Stable Maps with p-Fields

In the second part, we use degeneration to prove that Ny(d)2, coincides up to a sign with
the Gromov-Witten invariants Ny(d)q of the quintic three-fold Q.

The degeneration we use is to degenerate the moduli P to the moduli of stable
maps to the normal bundle to Q C P* coupled with p-field. After constructing a cosection
of its obstruction sheaf, the degeneration admits a localized virtual cycle that provides

the proof of the equivalence of two classes of invariants.

4.1 The degeneration

We let V be the total space of the deformation of P* to the normal bundle of Q C P?; it is
the blow-up of P* x A! along Q x 0, after taking out the proper transform of P* x 0. Let

qu:V— A" and gp:V—P* (4.1)

be the two projections. Then the fiber of g} over c¢#0 is P*, and the central fiber (over
0 € A!) is the normal bundle N to Q C P*. We define the degree of a morphism u:C — V
to be degu=deg(qgp: o W*O(1).

We form the moduli of genus g and degree d stable maps My(V, d). For the

moment, we denote by

(f,ﬁ):é—)meg(V,d)

the universal family of Mg(V,d). Since gu is proper away from the central fiber
N =V x4 0, and since A! is affine, the composite gu o f:C — A! factors through a map
Mgy(V, d) — Al Its fibers over c#0 e Al are My(P*, d); its central fiber is My(N, d).
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We now couple the stable maps with p-field. Let £ = f*¢(1) and Z =2 % ®
O 7, (v.d) be the tautological and auxiliary invertible sheaves, respectively. Like before,

we define the moduli of stable maps coupled with p-fields the be
Vi=My(V, d)P :=C (7, 2),

the direct image cone. It is over A!, and its fibers over c#0cA! and 0cA! are,
respectively,
Vxp c=EP, Vxp 0:=My(N,dP.

Here /\_/lg(N, ad)P is the moduli of stable maps to NV coupled with p-fields.

Following our convention, we denote by
(fo,mv):Cy — V xV (4.2)
the universal map of V.

4.2 The cone over V

We construct the tautological cone C (V) over V that will be used to construct the eval-
uation morphism e, of Cy.. The evaluation map will be used to construct the obstruction
theory of V.

We let B = Vb(0(5)) be the underlying line bundle of ¢'(5) over P4; let

qps:BxA' - B—>P* and qu:B x A — Al

be the (composite of) projection(s). We let t € I' (1) be the standard coordinate function

of Al. We introduce tautological sections over B x Al:
% =qux el(qud1), t=qutel(Opwu), and yel(qpd(5)), (4.3)

where 7 is the section so that the morphism B x A! — Vb(£'(5)) induced by y is the
projection B x A! — B =Vb(£(5)). (i.e., yis the pull-back of the identity map B — B.)

Lemma 4.1. We have a closed immersion

VZGBE=0CBxA, §=3+...+2-1.7 O
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Proof. This is proved in [11, Remark 5.1.1]. We only add that the isomorphism is given
by extending

@:V—Vxu0— BxA!

to V, which is defined via @*(%) = qp.(x), D*(%) =q;t, and Y=t . (X+--- +Xg),
where gp« : V — P* is the projection, etc. (cf. (4.1)). [ |

In the following, we view V C B x Al using this isomorphism. We next construct
the desired cone C (V). We let W5 = C, (respectively W, = (Cj‘if) be the trivial line bundle

(respectively rank 5 trivial vector bundle) over Al. We consider the rank 6 bundle
Pry: Wy xu W —> A

with the C*-action: C* acts on the base A! trivially and acts on fibers of W; (respec-
tively Ws) of weight 1 (respectively weight 5); namely, for ze W) and ye Ws, 22 =0z and
V' =0y

We let W) = W, — Oy, , where Oy, is the zero section of W;. We introduce

C(V):(E:O)CT/VI*XNVV& €=Z?+"'+Zg—t-y.

It is smooth and is C*-invariant.
Sine the C* acts trivially on the base A!, and acts on the fibers of W} x5 Ws — Al
with weights (1,1,1,1,1,5), (Wj xa Ws)/C* is isomorphic to B =Vb(£(5)), and under

this isomorphism we have the following commuting (horizontal) quotient morphisms:

W sy Ws ——> B x Al

Tu Tu (4.4)

cvy S5 v
which is also a fiber diagram.
For a later purpose, we describe the tangent bundles Ty (y)/ar and T¢(v). Using the
defining equation of C(V), they fit into the exact sequences

d/
0 — Tewym —> ﬁ?(r}/) ® Ocvy—> Ocwy—> 0, (d't=0), (4.5)
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where d’ is the relative differential and d'e| (), sends ((%), y) to Y522 — ty;
d
00— TC(V) —> ﬁ(i‘?fV) (&) ﬁc(v) b ﬁC(V) —€> ﬁC(V) e O, (46)

where de| () .0 sends ((%), 7, ) to Y. 52z — ty — yi.
Together they fit into the exact sequence

00— TC(V)/AI — TC(V) — ﬁc(v) —> 0. (47)

4.3 The evaluation maps

We now construct the evaluation morphism of Cy. Since V is a family over A!, it is natural
to construct the obstruction theory of V relative to D, x Al.
To this purpose, we introduce f)g =94 x A!, viewed as a stack over A'; denote by

Cs,=Co, x Al — Dy x A' =9,

the universal curve, and denote by %% the pull-back of £, via C5, — Co,.
We form Vb(fé‘f‘)* = Vb($§5) — 05, and consider the bundle over Co,:

Vb(Z5")" Xco, VD(LE") — Cs,. (4.8)
Note that, for each & € Cp,, the fiber of (4.8) over & x Al ’59 is isomorphic to
(L% —0) x L®® x A=W} xu Ws, L:= ng ®co, k(§),

where the isomorphism is uniquely determined by an isomorphism L = C, and two dif-
ferent isomorphisms are equivalent under a scaling of (C° —0) x C by a ce C* with
weights (1,..., 1, 5) on the factors of (C® —0) x C.

We let C* act on the bundle (4.8) fiberwise with these weights. We obtain the
quotient Al-morphisms (the A! is the base of W — A! and of ®, =D, x Al — A})

Vb(ggj)* Xcs, Vb(ggj) — (Vb(fgf)* Xcs, Vb(ggf))/c* — (W xp Ws)/C*,

We define
z = (Vb(fgj)* XCs, Vb(fgj)) X Wi, wy/c Vs (4.9)
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it is the preimage of V C (W; xn Ws)/C* of the morphism above (4.9). We define
Z2=2Z Xcs, Vb(Z3,). (4.10)
We now construct the evaluation morphism
ey :Cy — Z. (4.11)

We let A, = f0(1), where (fy, Cy) is the universal family of V (cf. (4.2)), let %y, = f\;@‘r’ ®

wc,,,v be the auxiliary invertible sheaf, and let
pel(Cy, Py), wi=f3%el(Cv,A) and n= fiye(Cy, L3°) (4.12)

(cf. (4.3)) be the universal p-field and the tautological coordinate functions, respectively.
Note that (Cy, %) induces an Al'-morphism V — ’}59 so that (Cy, %)) is isomorphic to the
pull-back of (C5 . Z5).

Then the definition of V C B x A! implies that the sections in (4.12) satisfy

W+l +ui+ud—t-n=0,

where t is the coordinate function of A! mentioned before. Therefore the section

((u))?_,, v, p) defines a section of
Z Xcﬁg CV — CV.

This section induces a Cy-morphism Cy, — Z Xcs, Cy. Composed with the projection

Z x5,V — Z, we obtain the evaluation morphism over C5_in (4.11).

4.4 The obstruction theory of V/ D g

We will build the obstruction theories to carry out the degeneration for virtual cycles.
We first construct the relative obstruction theory of V — 359. The restriction of this
obstruction theory to fibers over ce A! will give the relative obstruction theories of
Ve=V xu c— Dy.

We begin with a description of the tangent bundle Tz 5 . Let 0: 2’ — 53g be the

tautological projection. Using the explicit description of T¢(y,u given in (4.5), and the
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\

construction of Z’ in (4.9), we see that QZ’/’)S fits into the exact sequence
9

0_)9\/ - _)Q*$§5®Q*$§5E>Q*$§5_)O’
9 g9 g9

ZD g

where d€ restricted to ((z), y, t) € Z’ sends ((%), y) to Y_52'% — ty. (cf. (4.5).) Using that
2Ly = f;0(1), we obtain

e’gﬂg/cﬁg = fy¢ and eﬁQ}/cﬁg = o @ Py, (4.13)
where 7 on B x A! is defined by the exact sequence
0—> A —> g0 @ qa6(5) > gt 0(5) —> 0,
where d’s is the differential of § in Lemma 4.1, after setting d't=0. (Recall that V C

B x A! by Lemma 4.1.) Namely, for § € B x A' with (%) € g5 0(1)®°|¢ and y€ ¢ 0(5)[s, we

set

d'3le (%), ) =5u1(§)°% + -+ + 5us(§)°Xs — U(E) - Y€ g O(5) ;.

We have a similar description
eijQé,/CDg = fo#  and eij[)é/c@g = 5 @ Py, (4.14)
where % is defined by the exact sequence
0— # -5 gt 61 & g2 0(5) ® qh 6 > gL 6(5) —> 0, (4.15)
where ds is the differential of § in Lemma (4.1).
Proposition 4.2, The pairV — 359 admits a perfect relative obstruction theory
dvi5,: Ty, — Bys, = Rmv (500 @ Pv).

Its specialization at ¢# 0 € Al (respectively 0 € A!) gives the perfect relative obstruction

theory ¢p /o, (respectively ¢ v ap/o,)- -
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Proof. We fit ¢, :Cy — Z (cf. (4.11)) into the commutative diagrams

€y

v < 0y z
L] Jo 10
~ ﬂﬁg
Dy Cs, C3,
where the left one is Cartesian. Using
' Tys, =Teyjes, — & Tz/es, =6y Tz/cs, (4.17)
and applying the projection formula, we obtain
¢V/’£~)g :TV/’EN)Q —> R.nV*e*VTZ/ng- (4.18)

Let & be the moduli of section of Z — 5g constructed in Section 2.2. Because
the evaluation morphism ¢, induces an open immersion V — &, using Proposition 2.5
implies that ¢, 5 is a perfect relative obstruction theory.

Finally, the fiber product of every stack in (4.16) with c¢# 0 € A! gives the dia-
gram used to construct ¢p,n,. Using (c: V xu ¢— V, the functoriality of the construction

ensures that ¢p /o, is the composition of Tp,o, — L:Tv/i—“)g with
L:(¢V/5g) : LZTV/ﬁg — L’C‘Ewﬁg =Ep/o,-

In case ¢=0, we define Exz y /0, = 5Ey/5, and let ¢ y gp/o, be the composition
of Txg,w.ap/m, = toLv/d, With 15(#y5 ). This defines a perfect obstruction theory for
ﬂg(N, ad)?/Dg by [1, Proposition 7.2]. This proves the Proposition. |

4.5 The obstruction theory of V/®,

To compare the virtual cycle of V, with V.., we need the relative obstruction theory of
Y — Dy.

We use the ¢y, 5 just constructed. We let

%—)qﬁ;ﬁwgﬁBxN (4.19)
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be the composition of i in (4.15) with the projection to the last factor. We form
M R.ﬂv*ﬁ% — R.nV*ﬁﬁV -— Rln\)*ﬁcv [_1],

where the first arrow is R*my, of (4.19), and the second arrow is the tautological homo-
morphism from a two-term complex to its H'.

We let C(u") be the mapping cone of 1", and let C(n")" be its dual. It fits into
the distinguished triangle

R'7y, 00, 1-21 — C (1)’ —> Ry, f5 > Ry, O, [-11. (4.20)
We define
EYp, =R av (5 & Pv) and Eyjp,:=Cu")" & R'my, Py.
Then one has
Rmy,0c,[-2] —— By, —— Ey/o, —+Ml_) R'my.Oc, [-1]. (4.21)

By construction Ey, is a derived object representable by a two-term complex of locally

free sheaves; its H! is
H'By)o,) =ker(H'(n) : R'myu (58 @ Pv) — R'mp.Oc, ).

Since (4.19) is surjective, H!(u) is also surjective.
We now derive the perfect relative obstruction theory of V — . Substituting D
and é@g in Proposition 4.2 by ©, and Cs,, respectively, and following the recipe in the

proof of Proposition 4.2, we obtain a morphism
Py, Tvo, — RivieyTzico, = Ry (58 @ Py) =Ky 5 . (4.22)

Since moduli of sections of Z — 359 is isomorphic to the moduli of sections of Z — Dy,
where Z — ®, is via the composite Z—>’59—>©g, both are V, thus Proposition 2.5

implies that ¢, /9, is a perfect relative obstruction theory.
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According to Proposition 4.2, the obstruction sheaf of ¢, ;, has an extra factor
R'my, Oc,, compared with that of ¢p/0, and of WQ(N’d)p/gg. Our solution is to lift it to a
new obstruction theory (cf. (4.21))

dvio,:Tyo, — Ey/o,, (4.23)

whose obstruction sheaf is parallel to that of ¢p/o, and of ¢77 (v gr/0,-
We denote by t:Cy — Cz, the tautological morphism covering the tautological

projection v shown in the Cartesian square

Cy —— Cs,

P

y — ’)59
Applying T /¢, to the evaluation Cp -morphism ¢, :Cy — Z (in (4.16)), the identity
T=proe, :CV&ZgC@

provides us a commutative square

Vv vV ~
e’;QZ/C% —— (pro e\’)*QC5g/CDg = 0c

I I

~ _% ~x OV ~ kL k
ch/cgg —ﬂVTV/Qg — Tt Qc5g/ng =mytis2

v

Y
Dy/Dy

applying projection formula to both vertical arrows, we further obtain the commutative
diagrams

E)p, — Rmw0c, —— R'my,0c,[-1]

Td)’w@g T T (4.24)

Y

Dg/’sg:ﬁv — 0

Tv/gg — Q2

This shows that u o ¢{,/©g =0 (cf. p is in (4.21)). Applying Hom(Ty,s,, -) to (4.21), we con-
clude that the morphism ¢>{,/®g (in (4.21)) lifts (nonuniquely) as stated in (4.23) such that

no¢vm, =Py, (4.25)
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Proposition 4.3. The homomorphism ¢y,5, is a perfect relative obstruction theory of
V— Dy O

Proof. We only need to check the criterion of perfect obstruction theory stated in the
proof of Proposition 2.5; namely, we need to show that to any square zero extension

T C T’ of affine schemes by J, and a commutative square

T 25V

L

T/—n)gg

the arrow ¢y/o, assigns an element w(m) € HY(T, m*Eyp, ® J) (cf. (2.6)) such that there
is a lifting m’: T — V of the square above if and only if @ (m) =0.

Recall that ¢, /9, is also a perfect relative obstruction theory. We let @ (m)’ €
HY(T, m*E/W@g ® J) be the associated obstruction class. Since ¢y/o, is a lift of ¢{,/®g,

@ (m) is the image of @ (m) under the homomorphism

H'(n): H(T. m'Ey)0, ® J) — H'(T.m* (R*7,E), 0 ® J)
induced by the 7 in (4.21). Because of the distinguished triangle (4.21), H!(n) is injective.
This proves that @ (m) = 0 if and only if @ (m)’ = 0. Since the later is the obstruction class,
the former is too.

The other part of the criterion follows from the same reason. This proves the

Proposition. |

4.6 Comparison of obstruction theories

Let ce A! be any closed point. We denote the restrictions to fibers over ¢ by
LCSVCZV XAl C;V and enc=en|cvc ZCVCZCV Xy VC—>ZC=Z XAl C.

Recall by Proposition 4.2 that composing the tautological Ty, o, — 1z Ty, 5, With ¢y 5,

gives the perfect relative obstruction theory

v, Tvgn, — Evyo, =t Ey )5,
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(Note that for c#£0, V.= Mg(IP"‘, d)P, and this obstruction theory coincides with the one
constructed in Section 3.1.)
We now compare the obstruction theory ¢y,o, with ¢y, /5,. Using the tautological

exact sequence

0— Tzc0, — Tz/co,lz. —> Oz, —> 0, (4.26)

we obtain a morphism of distinguished triangles (the top line is an exact sequence of

sheaves):

+1
* Vv * A\ * ~
%CQZC/C% - %C(QZ/C%|ZC) — ebcﬁzc_ﬁc\)c > 0

1 1 1 (4.27)

+1
Tev, /o, — Teven,ler. ——  Teyeylll ——

By projection formula, we have a morphism of distinguished triangles

o B +1
ang*ﬁvc[_ll —_— Eyc/gg —_— E/V/Qgh}c —_—

T bevc/@g T%;/Dg\vc (4.28)

Yo +1
Tv,v — Tyyo, —— Typ,lv, ——

(Here and later, we use (-)|y :=¢}(-) to denote the derived restriction.) Applying the map-
ping cone construction (4.21) to the top row of (4.28), and using the octahedral axiom,

we obtain a compatible diagram of mapping cones

Rlmy,. O, [-11 —— R'my.0c,, [-1]

R i

R.JTVC*ﬁC\;C[—ll —_— ]EVC/Qg L) ]E,V/’Dgh}c —_ Ry Oy, (4.29)

I [ o [

s
TyxOcy, [-11 —— By n, ——  Eyp,lv, Ty Oy,
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Restricting the perfect obstruction theory ¢y,o, (cf. Proposition 4.3) to V., we obtain the

following (not necessarily commuting) homomorphisms:

Bo
Ey, o, — Ey/p,lv.
T(?Vc/gg Td’wmg [ve (4.30)

Yo
Ty o, — Tym,lv,

We consider

d=¢y/o,lv.ov0— Boodvy o, Tv o, — Ev/o,lv,-

Applying the commutative diagrams (4.25), (4.29), and (4.28), we conclude that

nly, 08 =nly, o dy,o,lv, ©v0 — nlv, © Bo © Py, /o, =¢§;/@g|vc oy — B o ¢y, =0.

Therefore, § factors through R'ny,. 0y, [—2] = Ey /o, v,
Because of this, after applying the truncation functor 7-; to (4.30), we obtain a

commutative square

Ey,/o, SN Ey/o,lv.
quii/gg T«ﬁibggm (4.31)
TS0, —— Tv/o,l5)
On the other hand, applying the truncation functor r<; to the left square in (4.28), we

obtain another commutative square

v Ocy =11 —— Ey o,
T Taﬁmg (4.32)

<1 <1
TVC/V TVC/Qg

Combined, we have a commutative diagram

~ B +1
ﬁvc[—llzﬁyc*ﬁcvc[—ll —_— Evc/gg —0> Ev/ggh;c —_—

T %ng %‘/@g Ive (4.33)

<1 <1 Yo <1
TS, v — Ty, 0, — Tva,ly,

TTOZ ‘T J00o100 Uo ABojouyss | pue 8ous1dS Jo AlsiBAIUN Buo BuoH e /610'sfeunolploxouiwi//:dny woij papeoumoq


http://imrn.oxfordjournals.org/

34 H.-L. Chang and J. Li

By (4.29) the top row is a distinguished triangle (but not the lower one).

We comment that applying results in [16], this diagram implies that the virtual
cycle of V, is the pull-back via (.: V. — V of the virtual cycle of V. In our case, we are
using localized virtual cycles via cosections of the obstruction sheaves, thus we need to

construct a cosection of the obstruction sheaf
Obv = coker{ng ®ﬁ®g Oy —> H! (Ey/@g)}.

4.7 Family cosection

We first construct a cosection of the obstruction sheaf Ob,, 5 . The construction is par-
allel to the case P = My(P*, d)P.

First, we define a bi-linear morphism of bundles
h:Vb(Z5° @ £5° & P5,) — Vb(LS") xc5, VD(P5,) — Vb(ocy /5,).

Here the first arrow is (pr,, prs), where pr; is the ith projection; the second arrow is
. . ®5 - - i
induced by tensoring of sheaves of 0¢; -modules .i%g ® P55, > Wes /B, Using that the

family Z — C3, in (4.10) is a subfamily
Z CVD(Z5)" xe5, VD(LSY) xe5, VD(P5,) CVD(LS° © 25° ® P35 ).
composing with h, we obtain a 3 -morphism

Z— Vb(wc5g/35g)- (4.34)

Lemma 4.4. The homomorphism (4.34) induces a homomorphism
lond :EV/’}Sg —> Rlﬂ’v*ﬁcv [—1]

whose restriction to V xg ¢=P, c#0, is proportional (by an element in C*) to o}
in (3.7). O

Proof. The proof is exactly as in Section 3.2. We omit it here. [ |
We define

o=H'(c"): Oby, 5, = HI(IEJV/f,g) — Rlmy,we, v = Oy (4.35)
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Let E|:V—>’E)g be the projection. The distinguished triangle ¢*Lz — Ly —
g
Lys,— a"T,[1] gives a morphism q*Tz, — Ty 5 [1], which, composed with ¢, 5 :
’]I‘V/f)g — wa)g, gives

n:q"Ts, — Ey 5, [11.
Taking the cokernel of the H? of this arrow, we obtain the absolute obstruction sheaf
Oby, := coker{H’(n) : a*(z%g — H'(Ey5,)}. (4.36)
Lemma 4.5. The following composite vanishes:

- HO() o
02y — H'(Ey,5,) — R'my.oc, v (4.37)

O
Proof. The proof is exactly the same as that of Proposition 3.5, and will be omitted. W
This immediately gives the following corollary.
Corollary 4.6. The cosection o : Obv/ﬁg — O lifts to a cosection o : Oby — 0. O
Lastly, we describe the degeneracy (nonsurjective) locus of o. As before, we say o
is degenerate at £ € V if o|¢ is not surjective (i.e., is trivial). Let £ € V be any closed point;
& is represented by
((¢1). b, p) € HY(L®®*) x H*(L®°) x H(L™®° ® wc)
for (C, L) € ®,4 the point under £. Then o ¢ : Obw,g)gL; — C is identical to the composite of

the inclusion
ObV/ﬁglé C HI(L®5) o) HI(L®5) ey HI(L—®5 ® wC)

with the pairing
HY(L®®) @ H'(L®®) @ HY(L ®° ® wc) — H'(wc)

defined via ((¢;), b, p)—~ b- p+b- p. Like the proof of Proposition 3.4, this description

shows that the degeneracy locus of o is mg((), d) x Al ¢V, where the inclusion is via
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vanishing p-fields and the inclusion M,(Q, d) x Al € My(V, d) induced by the tautologi-

cal inclusion Q x Al C V.

Lemma 4.7. The degeneracy locus of the cosection ¢ is /\_/lg(O, d) x Al CV; it is proper

over Al. O

Proof. We first need to verify that o is as given. The proof of this is exactly the same
as that of Lemma 3.2. Using this description, we argue that the degeneracy locus of the
cosection o : Obyp, — Oy is /Vg(a, d) x Al CV, and thus is proper over Al. Since & is a

lift of o, the degeneracy locus of & coincides with that of o. This proves the Lemma. H

4.8 The constancy of the invariants

By direct verification, the virtual dimension of V is 1. Using Lemma 4.7 and Corollary 4.6,

following the convention introduced in Section 3.6, we denote by
hl/hO(vag)a C hl/hO(Ew@g)
the kernel of a cone-stack morphism h'/h®(Ey,»,) - Cy induced by & defined as in

Definition 3.7.
Let

[Cp/o,] € Z.h' /K (By)o,)

be the intrinsic normal cone embedded using the obstruction theory ¢y,o,. Because of

Lemma 4.7 and Corollary 4.6, applying [15, Theorem 5.1] we conclude that
[Cp/o,] € Z.R' /WO By )0,)s5-
We then apply the localized Gysin map [15]
0 100 : Ah' /B2 (Byo,)s —> A.(Mg(Q, d) x A").

Definition 4.8. We define the localized virtual cycle of (V, &) to be

VIE" =0}, 1, (ICy/o,]) € A1(My(Q, d) x AY). O
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Now let ce A! be any closed point and let j.:c— A! be the closed inclusion. We
define A/ :=V xu 0. By the compatibility stated in diagram (4.33) and Corollary 4.6, we
apply [15, Theorem 5.2] to obtain the following proposition.

Proposition 4.9. Under the shriek operation of cycles (c+ 0),
JeVIED =[PIEF € ApMy(Q, d),  jo(IVIE") = INTSF € AgMy(Q, d). O

Here [NV ]gjf is the localized virtual cycle using the obstruction theory of N
induced by the restriction of ¢w5g(Proposition 4.2) and the restriction of the cosection

00 =0|n-

5 Gromov-Witten Invariant of (Ky, wy)

We continue to denote by
r:N— Q

the normal bundle to Q in P*. Let Ky be the total space of the canonical line bundle of N,
which is isomorphic to the underlying line bundle of the pull-back r*¢(—5). The dual-
ity paring 04 (5) ®¢, Oa(—5) — Oq defines a regular function wy € I'(0k,,). The degree
deg[NV gjf are the Gromov-Witten invariants of the Landau-Ginzburg space (Ky, wy).

We denote by ./Vg(N, d) the moduli space of genus g degree d stable maps to N,
where the degree is measured by their images in P* via N — Q c P%. Because N =V x4 0,
canonically /\_/lg(N, d) = /\_/lg(V, d) x u 0. The moduli of stable maps coupled with p-fields
is identical to A/

N:i=V xpu 0=Mg(V,d)? xp 0= My(N, d)?.

We let
(fxv,mn):Cy — N x N

be the universal map of A. By definition, it is the restriction of (£, 7y, Cy) to the fiber

over 0 € Al.

5.1 The invariants and the equivalence

As indicated in the beginning of Section 4.6, we have evaluation morphism

en:Cn—> Z90=2Z xu 0.
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By construction in Proposition 4.2,

dno,  Tayo, — R rnwen Tz 0o, ' =Enyp, (5.1)
is a perfect relative obstruction theory of A'/®g4, which is identical to the restriction of
¢v,5, to the fiber over 0 € A'.

We let o( be the restriction of o to N:

o0 =0|n:0bno, — On. (5.2)

Proposition 5.1. The cosection oy lifts to a cosection 6y : Obyr — 0. The degeneracy

(nonsurjective) locus of the cosection 4y is Mg(a, d) C Mg(N, d)?, and thus is proper. [
Proof. This follows directly from Lemma 4.7. [ |

Because the virtual dimension of V is 1, the virtual dimension of A is 0. By
Proposition 3.4, applying a cosection localization Gysin map [15, Theorem 5.1], we obtain

the following proposition.
Definition-Proposition 5.2. We define the localized virtual cycle of My(N, d)® to be
[My(N, P17 := 0, 100 ((Caz, .07 j0,)) € AdMy(Q, d);
we define N,(d)k,,, = deg[My(N, d)*Iy". O
We call Ny(d) K, the formal Landau-Ginzburg model.
Theorem 5.3. For any positive d, the invariants coincide: Ng(d)£4 = Ny(d) Kuy - O
Proof. The proof follows directly from Proposition 4.9. |

5.2 Comparing with the GW invariant of Quintics

We now show that the formal Landau-Ginzburg model gives the same invariants as the

Gromov-Witten invariants of Q up to signs.

TT0Z ‘TE 4000100 U0 ABOJoUyDs | pUe 80Us10S Jo A1SIeAlun Buoy BuoH e /610°'sfeuinolpio xo-uiwi//:dny wo.j pepeojumoq


http://imrn.oxfordjournals.org/

GW Invariants of Stable Maps with Fields 39

We first construct a perfect relative obstruction theory of N'— Q. In the fiber

product over D,

N —— €:=C(10,.(L5° & Pa,))
lu l (5.3)
Q:=My(Q,d —— Dy

where C(n@g*(iﬂgf ® Pp,)) is the direct image cone constructed in Section 2.1, the

morphism y pulls back the relative perfect obstruction theory
Te/p, — Ee/o, (5.4)

to the morphism

onie:Taje — Bnyo =7y Ee/o,.
If one uses the usual convention to define £y = f{-0(1), where
(fv, in) :Cny —> N x N (5.5)
is the universal family of A" and let 2y =.%2y*° ® we,,/n, then one has
En/o E R in (L @ P).
By Proposition 2.5, ¢/ is the perfect relative obstruction theory associated with the
direct image cone stack N = C(ng*(XSS @ Po)) relative to Q = Mg(a, d).

We define
Q=Vb(Z5))" xpm Q. (5.6)

The evaluation maps of N and Q fit into the diagram

Cn —2 2, Vb(Z5%) xco, VO(Ps,)
e I
CQ = Q ng

where the right square is a fiber product of smooth morphisms, and v is induced by the

vertical arrow v in diagram (5.3).
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The diagram associates a morphism between distinguished triangles

+1
e\ Tz,/0 ej';\/'TZO/Cbg Uée*Q TQ/CQg

1 1 T

*
Teyico — Tenweo, — veTegien, —

Identifying E o with R*my€3,Tz,/a, by the projection formula we have

h +1
IEN/Q e EN/@g —_— U*]EQ/@g —_—

wa/g T(ﬁ/\f/@g Tv*ﬂﬁg/@g

n +1
TN/Q —_— TN/©9 —_— U*Tg/gg —_—

(5.7)

Now let U :=N — Q; it is open in NV, and has the property that both o and o are

surjective on U. By the octahedral axiom, we have a commutative diagram

Oyl—11 —— 0Oyl-1]

[ r

+1
En/oly —— Enyp,lv —— v'Egio,ly ——>

] I

o o hy:=hlyox ‘R +1
U/Q > By, —— V'Eqm,lv ——

(5.8)

where all rows and columns are distinguished triangles, and the two vertical arrows to

Oyl—1] are induced by o and ¢}, respectively. We show that the perfect obstruction the-

ories of N'— Q and N — D4 restricted to U can be lifted to E;,, and ]E’U/@g, respectively.

Lemma 5.4. There are perfect relative obstruction theories qbi,/g of U/Q and qﬁ{]/@g of

U/®g, that fit into a compatible diagram

0 h
Eyq —— Ey/o, —— (WEgm,)lu

’ 1
TQSU/Q TQ)/U/QQ TU*¢§2/;99|U

<1 6 1 ni=n=l|y <1
Ty > Ti/sag — (' Tg/n )y

(5.9)

1TO0Z ‘TE Jo00100 Uo ABojouysa ] pue aaus1os Jo Alseniun Buoy BuoH e /61o0sfeulnolpiojxo uiwi//:diy wolj papeojumoq


http://imrn.oxfordjournals.org/

GW Invariants of Stable Maps with Fields 41
and whose composition with the lower row of arrows in (5.8) is the > truncation of

(5.7) restricted over U. O

Proof. Applying the truncation functor 7 to ¢ /o,|v, we obtain

<1

1
‘/’f//@g lv:Tx/o,lv — Enyo,lu-
Then arguing similarly to Lemma 3.6, we conclude that in the commutative diagram

¢/§\,}/D lv
1 g
T/S\//@glU —> Enyo,lu

l !

H'(Tynyo,lu) —— Obpyo,lu

the composition of ¢f}/®g|y with Ex/e,lv — Oyl—1] vanishes. Hence ¢f}/©g|y =yxo ¢£,/©g

for some
sl
¢b/®g . TU/QQ - E/U/z>g~
It is direct to check that ¢, /9, is a perfect obstruction theory, and the middle square of

the diagram (5.9) commutes.

By similar reason the 7-; truncation of ¢, olu,

<1
dnsolu Ty 0 — Enyolus

has the property that its composition with E,o|ly — Oyl—1] vanishes and lifts to a
=1
by/0:Tg/0 — Euya,,

such that ¢n/oly = xa o ¢;]/Q. The map A:=6go ¢>;]/Q — q&;,/@g o6 in (5.9) thus satisfies
x o A=0, hence A factors through a morphism 0y[-2] — Eb/gg? because after applying
the truncation functor t<;, we have 7-;(A) = A and 7, (Oy[-2]) =0, and we conclude

A =0. This proves that the left square is commutative. |

To proceed, we apply the work of Kim-Kresch-Pantev on deformation of intrinsic
normal cone [16]. (It is recalled in the Appendix.) Let h! / h%(cy(h)) be the bundle stack over
N x P! introduced in Lemma A.3. Following [16], it is a deformation of hl/hO(EN/@g) to
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h'/ R (v*Eg/o,) xn h'/h°(Exr/o) (cf. Definition A.1). By (A.5) and Lemma A.3, the diagram

(5.7) induces an inclusion of cone-stacks
Covxe/m, o, C '/ (o) C B/ B (co(R). (5.10)

thus giving a cycle
[CNX]PI/MOQ/%]ez*hl/ho(co(ﬁ)). (5.11)

We next introduce a cosection of H!(c(h)). Composing the cosection
ap - Ob/\//@g — ﬁ_/\/ (Cf (52)) with IT[1 (EN/Q) — HI(E/\//@g), we obtain

0 :Obprjo = HI(EN/Q) —> Oyr. (5.12)

Arguing similar to Proposition 5.1, one sees that the degeneracy locus of o equals
Q Cc N, and the same argument as in Lemma 3.6 shows that the composite of o, with
HY(Ty0) — H'(Eyr) is trivial. Thus o lifts to a cosection of Oby.

We remark that the oy defined earlier is the extension of ¢} by sending elements

in v*Obg,p, to zero:
(70:HI(EN/Q)QU*ObQ/Qg@Ob_/\[/g—)ﬁN. (513)

Since v*Obgo, ® Oby /o = Hl(U*EQ/Qg ® En/o,), by Definition 3.7, we have the

kernel cone-stack
K /R (v Eg/n, ® Exyo,)e C W' /R (V*Eq)n, ® Enyo,)- (5.14)
Using the construction after (A.3), we have the distinguished triangle
co(h) — v*Eojo, ® Exjo, > v*Egyo, (1) 5. (5.15)

We define
on: H' (co(h) —> Opnrvpr, (5.16)

to be the composite of H(cy(h) —> Hl(u*Eg/gg ® En/o,) induced by the first arrow in
(5.15) with oq. By

H'(En/0) Zv*Obgn, ® Obyq,
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we have a canonical isomorphism
H' (co(R) = pjr(v* Obgyo, ® Obn o)
of O w1 -modules, where py : N x P! — A is the projection, and under this isomorphism
oy, is the pull-back of oy.
Using that oy, is a cosection of H!(cy(h)), we form the kernel cone-stack
R/ K (co()o, € B/ K (co(h))
as defined in Definition 3.7.

Lemma 5.5. The cycle [Cprl/MoQ/g lin (5.11) is a cycle in Z,h'/ hO(cy(h))s,. O
g

Proof. Applying Lemma A.3 to the n in (5.9), and to the restriction nj;, in (5.7), we have
h'/ RO (co ()| = h' / KO (co (7). Let

Z.(h' /K (o)) —> Z.(h'/ KO (co(R)) ue) (5.17)
be the composite of Z,(h'/h(co(7))) — Z.(h' /K (co(hy))) induced by (5.9) with the tauto-
logical embedding Z,(h!/h%(cy(hy))) — Z.(h'/ K (co(R)) ) induced by the lower two rows

of (5.8).
By Lemma 5.4, the morphism

Z. (R 2 (co(®) ) —> Z. (K / R (co () |ur)

induced by (5.7), factors through (5.17). (The induced homomorphism between the cycle
groups Z,h!'/h°(cy(§)) and Z,h'/h°(cy(k)) does not depend on the choice of morphisms

between mapping cones ¢;(g) — ¢o(k).) Since we have
R/ RO (co(hy)) = B!/ RO (Co(h)) o s

we conclude that [CJ\/XPI/MOQ/D ] lies inside (hl/ho(co(fz))(,h)m. This implies that
[Corurt /g, 1 € ZuB /B (C0(R)) m
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We now quote the virtual pull-back construction of Manolache in [22, Section 2.1,
Construction 1]. First the compatibility diagram (5.7) fits into the condition 2 in the
construction of Manolache [22]. Let C /o be the intrinsic normal cone of N relative to Q
and let

i ICN/Q — hl/hO(EN’/Q)

be the inclusion by the relative perfect obstruction theory ¢,r,o. Using the cosection ¢}

(cf. (6.12)) and following Definition 3.7, we form the kernel cone-stack
h'/ R’ (Bp/0)o; C B/ B (Bnr)o).

It is direct to check that in diagram (5.3) the cosection o} is the composi-
tion of a cosection o¢ of H'(E¢/p,) with H'(Ex, o) =y*H'(E¢/n,). By the same argu-
ment as in the proof of Proposition 3.8, the cycle [C¢/p,] lies inside hl/hO(Ec/gg)w (cf.
[15, Proposition 4.3]). Since the diagram (5.3) implies that the support of Cxr/¢ lies inside

the support of y*C¢/o,, we have
L[Cnol € Zh /O (Enr/Q)o (5.18)

In the following, we define G =h'/h°(Exr/q)s;. Generalizing the intrinsic pull-

back of [22], we construct a virtual pull-back morphism of cosection localized classes
U!G tAQ— AQ

defined as follows. We let ¢ be the map that sends a cycle Y n;[Vi] € Z,. Q to the cycle class
> 1[Cyx a7 v;]- It preserves rational equivalence, and defines a map ¢ : A,Q — A.Cy0.
Because of (5.18), the push-forward i, factors through A.G C hl/ho((EN/Q). We then let
be the localized Gysin map defined in [15]. The v, is the composite

|

Oaé,loc
1 ¢ iy /OE’(/J‘10C

v A Q— A.Cynjo — AG — AQ. (5.19)

We prove an analog result to [22, Theorem 4 and Corollary 4].

Theorem 5.6. We have vy, ([Q"") = [My(N, d)PIV" € 4Q. O
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For convenience, we define C:= CNXpl/MoQ/Dg. The proof of [22, Theorem 4] can be
applied here without change except that we need to use the cosection localized Gysin
map Oﬁ,h, applied to the cone cycle [C]. In order to prove that the identities in [22] hold
after replacing the ordinary Gysin map by the localized Gysin map, we need to check
that the rational equivalences used all lie in the kernel of the (family) cosection o}, over

N x P, For x € P! we define Cx=C xp X.

Proof. Lemma 5.5 shows the first rational equivalence C used in the proof of [22,
Theorem 4] lies in the kernel of o,. We analyze other rational equivalences now.

Let pp : N x P! — P! be the projection. We first extend oy, to
Gn: H' (co(R) @ Py ot —> Opm

by setting &h|p;1 r,, =0. The degeneracy locus D(dp)=Q x P!. Restricting &, to
N x xC N x P!, we obtain

&h|X . HI(CO(B)L/\[XX) @ Lx—> ﬁ./\fxx’
where Ly = p;, Tpi | v xx. Over a= 1[0, 1], 64|, is the extension of op to
00 :=0hlq: U*Obg/@g @ Obyjog®Ly— On

by setting 6|z, =0. The kernel cone-stack of &y (as defined in (3.15)) takes the form
(cf. (5.13) and (5.14))

R/ 2 (Co(M) | nrxa ® Lal—1Ds, = v*h'/ B (Eg/0,) X nr B/ KO (Enr/@)e; XA La.

For convenience, in the following we call a cycle in hl/ho(co(fl)wxxea Ly[-1)])
annihilated by &y|y if it lies in h'/h°(co(A) |\ xx @ Lxl—1])5,,. Over N x x, the normal cone
Cc,/c CCx X Lxto Cx:=C X nxpt (N x x) in C) is annihilated by 63|,; applying the local-
ized Gysin map

0

Ghlxsloc

: Z.h RO (co(M) | nxx @ Lyl—1]) — A, Q,

we obtain the cosection localized class

0, (ICc,cl) € A(Q). (5.20)

Ghlxsloc

For x#aeP!, C is flat over P! near xeP!, Cc c=Cx xn Ly, which implies that
the class (5.20) is [ﬁg(N,d)p)]Zir. For x=a the class (5.20) is OE}O’M([CCQ/C]). Applying
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[15, Theorem 4.5], the classes (5.20) are independent of x € P!. Hence we have
(Mg, )P)T5" =05, (Ccyc) =05 (Cc,/ch) € A:(Q).
By [15, 18] we have a rational equivalence R € W,(C, X L) that gives
dR=I[Cc,/cl = [Cn/co/o, XN Lal € Z:(Ca X nr La). (5.21)

Lemma 5.5 implies that C, is annihilated by oo. Hence C, xr L, is annihilated by &y,

which implies that
Re W.h'/h2(co(R) | xrxa ® Lal—1])a,. (5.22)

Since the localized Gysin map preserves rational equivalences in (5.22), (5.21) implies
0500 ([Ccurc) = 05, ICN/Co 0, Xar LaD) = 0g, (Cr/co o, D)
It remains to show that
0100 (CA /G0 0, D) = v ([QI'). (5.23)

For brevity we define K = hl/hO(EQ/@g). We let s: Q — K be the zero section. We have

morphisms

N o5k, (5.24)

and, by Cg/x = K, we obtain a canonical embedding
i,,ZCN/KCCN/Q XN U*KChl/hO(EN/Q) xg K (5.25)

(denoted by i”).
We define (cf. 5.14)

G":=h'/K’W*Eg/0, ® Ex/o,)o)-

By (5.18) we have
(i”)*[CN/K] S Z*G”.
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Mimicking the definition of v;, we define
(so U)!G/, ALK — AQ

to be the composite o
;vo,loc

¢ i: 7
AHg — A,Cyxyp, — AG" — AQ, (5.26)

where N — K is via (5.24); 0’ is the localized Gysin map; and ¢” sends cycles > n;[V]

09p,loc

to the cycle classes ) m[Cy,« A7/ v;]. In this way, the left-hand side of (5.23) is

O (CA/Co 0, ) = (S0 V)6 (Coyo,).
Since [Q]'I is zero-dimensional, we can write [Q]" = > rilple Ao(Q), ri €Q, and
pi are closed points in h'/h(Egp,). Let m: K — Q be the projection to the base, and
denote by m~!p; =K x¢ p;. Since [Q]VI' = 0'[Co/p,l, we have a rational equivalence R’ €

W, (K) such that
IR =[Cq/m,]— Y rlm ' ple Z.(K). (5.27)

Hence
(s 0 ) ([Coym,)) = (s 0 V)G <Z ri[mflpi]) = Z 110, (Gt pyxceA’/m1 )

=0}, . (Yo nlCpuannl) = vp Q™).

where N — K is via (5.24), and the third identity follows from
Crt kN /m-tp = CpxoNyp X M7 i C Cyo, X UK.
This proves the theorem. u
Remark: Our proof can be generalized to show
(sov)p (@) =v; os'(@), ae€ AHo, (5.28)

where s': A,(K) — A,(Q) is the shriek operation by the regular embedding s in (5.24).

The above formula (5.28) is the analog of [22, Theorem 4] for cosection localized virtual
pull-back.
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Theorem 5.7. We have

Ny(d)f: = Ng(d)k,, = (—1D**'79 - Ny(d)o. O

Proof. We first compute the degree of the zero cycle v ([€]) € AyQ, where £ is any closed
point in Q. Let & be [u, C] € Q. We define

V, =H°(C,u0(5), V,=H°C,uW0(-5Quwc), V=V& V.

Note that when & varies, the dimension of V;, V also varies. The fiber of v: N — Q can be
described as

V=N XgEXV, Gl =V x VYV,

where the action of V on V x VV is via the zero homomorphism 0: V — V x VY. One also

checks that the cosection o] restricted to v—'¢ is induced by
o Vx V=W xVWaer,)—C,

given by dual parings V; x V¥ — C.
Applying the composition (5.26) step by step, from

¢([€]) = [Cyjel € A(G'e),

we have

g (D) =0} 1,0(Cyje) = (=™ V[E] = (=1)>T9[E] € 4)Q.

Here the second equality follows from
Cri =V x0/VICIV x VY/V]=G|y1¢,
and [15, Example 2.9]. The third equality follows from
rankV = x (u*0(5)) + 2h' (W 0(5))=5d+1 —g mod 2.

Taking degrees,
deg vg([£]) = (—1)°*1 9.
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Since both [Q]V' and [ﬁg(N, d)p]j,’(i)r in Lemma 5.6 are zero-dimensional, taking degrees,

we obtain
deg [My(N, d)PI7" = deg vg([£]) - deg [QI"" = (—1)°*" "INy (d)q.

This proves the second identity in the statement of the theorem. The first identity is
Theorem 5.3. u
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Appendix A

We recall some useful facts known to the experts.

A.1 Kresch-Kim-Pantev's construction

Let S be a stack.
Convention. For a complex (derived object) G on S, we define G(k) without further

commenting to be

G(k) := piG ® ph O(k);

further, whenever we see a complex over S appearing in a sequence involving complexes

over S x P!, we understand the complex as its pull-back from S.

Definition A.1. Let E, LN E;, — E4 L bea distinguished triangle of objects in D(S)

with cohomologies concentrated at nonpositive degrees. Assume that [E; is of amplitude
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in [~1, oo]. Let [x, yl be the homogeneous coordinates of P!, and let
b:E,(-1)>E, ®E,

be defined by (x- 1, y- b). We form the mapping cone c(b) of b, which fits into the distin-
guished triangle
By (=1) -2 B, & By —> c(b) .

Applying the h'/h° construction to c(b)¥, we obtain h'/h°(c(b)¥), which is a cone-stack
over S x P! [1]. Following [16], we call it the deformation of h'/h°(E)) to h'/h°(EY) xs
h'/ hO(EY). O

Let i: X— Y and j:Y— Z be morphisms of relative Deligne-Mumford type,

between stacks. Let

. B 1
i"Ly;z — Lx/z — Lx/v = (A.1)

be the induced distinguished triangle of cotangent complexes. We quote the main
theorem of [16].

Proposition A.2. [16] We have a natural isomorphism

Nxxp /g, = R/ (e(B)Y). O
Now we state a truncated version which is dual to Definition A.1.

Lemma A.3. Let

<1 <1 k<1
Ty — Tx)z — l*TY/Z

be the truncation by 7<; of the dual of the distinguished triangle (A.1). (It is not a distin-
guished triangle.) Let cy(k) be defined by making

T ek < < ’;7 k<
colk) — i*T5), & T, — T3/, ® Op1 (1)

a distinguished triangle, where k= (x, y- k) as in Definition A.1. Then there is a natural
isomorphism

R'/ R0 (c(B)") = R/ K (co(K)). O
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Proof. Using the simplicial resolution of Illusie, we can represent 1*Ly,z and Lx,z by
perfect complex (over X globally) of amplitude [-oo, 0] such that 8 :i*Ly,z — Ly, is given
by a homomorphism between these two complexes. From this it is direct to show that
the canonical morphism

co(k) — c(B)” (A.2)

induces isomorphisms on H' and H° of the two complexes in (A.2). Hence their trun-
cations by 7.; are isomorphic under this arrow, which shows that the cone-stacks of
the h'/h° constructions of the two complexes in (A.2) are isomorphic under the arrow
induced by (A.2). [ |

A.2 Application

We recall the rational equivalence inside the deformations of ambient cone-stacks
constructed by Kim et al. [16].

Let Z be an Artin stack, locally of finite type and of pure dimension. Let Y be a
stack and Y — Z be a morphism of relative Deligne-Mumford type in the derived cate-
gory of coherent sheaves on X. Let EY (respectively FV, VV) be a perfect relative obstruc-
tion theory of X/Z (respectively Y/Z, X/Y).

Definition A.4. We say F and E are truncated-compatible (verses (V, s)) if there exists

a commutative diagram

\% E g Flx L)

| T | (A.3)

<1 <1
TX/Y TX/Z

Tyzl3 "

such that its top row is a distinguished triangle, and its bottom row is the first line in
Lemma A.3. U

Accordingly, the morphisms g and k in (A.3) induce homomorphisms § and &,

respectively, that fit into a homomorphism of distinguished triangle’s

@ — FlxoE —- Flx(1) SELLEN

[ [ [

7 < < k < 1
k) —— T5lx®Ty; ——> Tizlx ® Op(l) ——
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where ¢y(g) is to make the first row a distinguished triangle as ¢o(k) did in Lemma A.3.
We let Mg/z be the deformation of Z to the normal cone Cy,z, let CXXHM/M%Z be the normal
cone to X x P! in My, ,, and let Ny,p1/pg, be the normal sheaf of X x P! in My ,. By the

functoriality of the h'/h° construction, we have

D:=Cx.pms, C Nyp/mg,, = h /R (co(k)), (A.4)
where the isomorphism is proved in [16] and Lemma A.3. We also have the inclusion

h' /R (co(k)) C h'/ K (co(§)) = h' /RO (c(g")™). (A.5)

where h!'/h°(c(g¥)Y) is the deformation of h'/h°(E) to h'/h°(F|x) xx h'/h°(V) as in
Definition A.1. This shows that the truncated compatibility (A.3) is sufficient to apply

the Kresch-Kim-Pantev construction of rational equivalence.

A.3 Obstruction class assignments

Assume that there is a smooth morphism of Artin stacks H — W. Suppose T C T’ is a pair
of affine schemes such that J:=Ir/r and J?=0. Fix a morphism 7" — D4, which pulls
back g, :Co, - Dy to nr :Cr — T and 7 : Cr — T'. Assume that there is a commutative
diagram

Cr —— H

l l (A.6)

Crp —— W

Since the ideal sheaf of Cr C Cr is 73, J, it is a square zero extension. We define
Vri= e*.Q}I/W; then Vr is a locally free sheaf over Cy. The diagram (A.6) provides a
morphism

Vi Z 'Ly w — Le,je, =75l p — LE ¢, =311, (A.7)

(here ¢* denotes a derived pull-back) which defines an element
w(e, H, W) € Ext} (V) , 73J) 2 H (Cr, Vr @ m3.J).

Lemma A.5. w(e, H, W) =0 if and only if the diagram (A.6) admits a lifting C;» — H that

commutes with the diagram. O
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Proof. We form the diagram

Xo = CT —_— X .= CT'

&

Yo:=H xywCpr ——> YV:=H xyy Cp (A.8)
s |
CT ; S§:CT'

where i and j are extensions over S. By construction the associated homomorphism of

sheaves

U:E*Iyo/y—> IXO/XITL’;J

is an isomorphism. If ¢ lifts to a Cp-morphism ¢ :X — Y, then the X— Cp is an
isomorphism.

Following the steps in the proof of [14, Theorem 2.1.7], the obstruction to the
existence of such ¢ (in the notation of [14]) are constructed as follows. First one has a

sequence of cotangent complexes
L,/ [—1] — &Ly, /s — e Ly, vy — L3y — 77 J11], (A.9)

where the first (left) morphism comes from the triple Xy — Yo — S; the middle morphism
is induced bY ]Lyo/s — Lyo/y.

Using Lx,,v, = V7[1], this sequence associates an element
w(Z, ) € Exty (Lx, v, 73J) =Exty (Vy, 75.J) = H' (Cr, Vr @ 73.J).

The argument in [14, Theorem 2.1.7] shows that w(¢,j) =0 if and only if a lift ¢': X —> Y
exists in the diagram (A.8). Such a lift exists if and only if a lift ¢’ : C;+ — H exists in the
diagram (A.6). Hence we only need to verify that w(e, j) = w(e, H, W).

To this end, we verify the commutativity of the following diagram:

LXU/YO[_l] e E*]Lyo/s —_— E*]Lyo/y

F T T% (A.10)

eLyx, «—— ¢j'Lys —— Lxys

TT0Z ‘TE 4000100 U0 ABOJoUyDs | pUe 80Us10S Jo A1SIeAlun Buoy BuoH e /610°'sfeuinolpio xo-uiwi//:dny wo.j pepeojumoq
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where the first vertical arrow is an isomorphism because Ly, =0; the left square is
commutative because the canonical Ly,;s — Ly, x, induces a ¢*Ly,,;s — ¢*Ly,,x, that splits
the left square into two commutative triangles of cotangent complexes; the third ver-
tical arrow is composing Ly, s = ¢*A*Ly, ;s with the isomorphism A*Ly,,s = Ly, v. The
right square is commutative because one has a canonical pull-back ¢*Ly,;s — Lx,/s and

a commutative diagram
E*]Lyo/s — E*Lyo/y

! I

]LXO/S <; E*A*]LXD/S

The upper and lower rows of the diagram (A.10) are, respectively, sequence (A.7) and
(A.9). Thus the commutative diagram (A.10) implies w(e, j) = w(e, H, W). [ |
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