A VANISHING ASSOCIATED WITH IRREGULAR
MSP FIELDS

HUAI-LIANG CHANG AND JUN LI

ABSTRACT. In [CL31] and [CL32], the notion of Mixed-Spin-P fields is intro-
duced and their moduli space Wy -4 is constructed together with a C* action.
By applying virtual localization to their virtual classes [ngd]“r, polynomial
relations among Gromov Witten(GW) and Fan-Jarvis-Ruan-Witten(FJRW)
invariants of Fermat quintics are derived. In this paper, we prove a vanish-
ing of a class of terms in [(W,.a)S |*'". This vanishing plays a key role in
[CL32]’s proof that in Witten’s gauged linear sigma model for Fermat quin-
tics, the FJRW invariants with insertions 2/5 determine the GW invariants of
quintic Calabi-Yau threefolds through CY-LG phase transitions.

1. INTRODUCTION

In [CL31], the authors introduced the notion of Mixed-Spin-P fields (abbr. MSP
fields), and constructed the properly supported G,,-equivariant virtual cycles of
their moduli spaces. Applying virtual localization [GP], they obtained a vanishing
of the sum of the contributions indexed by the set of localization graphs.

The set of localization graphs are divided into regular and irregular graphs.
The contributions of regular graphs are polynomials of the GW invariants of
the quintic CY threefolds, and of the FJRW invariants of the Fermat quintics.
Provided that the contributions from the irregular graphs all vanish, the sum
of these polynomials (of the GW and FJRW invariants mentioned) indexed by
the regular graphs will provide relations ([CL32]) that determine, up to finite
ambiguity, the full GW (resp. FJRW) invariants of the quintic threefolds (resp.
the quintic singularities) via recursions on genus and degree.

Later in [NMSP1, NMSP2, NMSP3], built up on [CL3*1, CL32] and this ir-
regular vanishing property, it is proved that the GW potential F, of quintics
satisfies (i) the finite generation conjecture of Yamaguchi and Yau [YY], (ii) the
Yamaguchi-Yau (functional) equations, (iii) convergence with a positive radius,
and (iv) BCOV’s Feynman rules [BCOV] which determine every F, explicitly and
recursively, based on 3¢ — 3 initial data.

This paper sets out to prove such an “irregular vanishing” (Theorem 1.2).
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Recall that an MSP field is a collection of objects
(11) 52 (ZG,G,L,N,SO7IO,I/1,I/2),

consisting of a pointed twisted curve ¢ C €, invertible sheaves £ and N, and a
collection of fields (¢, p, v1,12) (cf. Definition 2.1). The MSP field £ comes with
numerical invariants: the genus g of C, the monodromy ~; of £ at the ¢-th marking
Eie, and the bi-degrees dyg = deg L ® N and do, = degN.

Given g, v = (71, -+ ,7) and d = (dop, dx), we let YW be the moduli of stable
MSP fields of numerical data (g,7v,d). W is a separated DM stack, locally of
finite type. (The data (g,7,d) will be fixed throughout this paper.)

As shown in [CL®*1, CL32], W is a T = G,, DM stack (cf. (2.3)), admits a
T-equivariant perfect obstruction theory and an invariant cosection oy : Obyy —
Oy, giving rise to a cosection-localized virtual cycle [KL]

Wi € AW,
where W™ is the vanishing locus of o. In [CL?1]), it is proved that W~ is proper
and of finite type.

Following [CL32], we decompose the fixed locus W' into disjoint open and
closed substacks

wh =11 W),
reafl
indexed by a set of (flat) decorated graphs Af'. By the virtual localization [GP,
CKL], after inverting the generator t € AL.(pt),
ir Wiolioc Tyr)—
1.2 = —_— A .
( ) [W]loc EF: e(NW(F)/W> € ( *W )t

We call a graph a pure loop if it has no legs and no stable vertices, and every
vertex has exactly two edges attached to it. In [CL32], we divided the set A" into
regular and irregular graphs (Definition 2.8).

Definition 1.1. Let Z C W' be a proper closed substack, viewed as a T-stack
with the trivial T action. We say o € AT Z is weakly trivial, denoted by o ~ 0,
if there is a closed proper substack Z' ¢ WT with Z C Z' so that o is mapped to
zero under the induced homomorphism AT Z — AT Z'.

We will prove Theorem 1.2 below.

vir

~Y
loc

Theorem 1.2. Let I' be an irreqular graph and not a pure loop. Then [W(p)]
0.

Let []o : ATW~ — Ag(pt) be the proper pushforward induced by W — pt.
Then Theorem 1.2 implies that for the I' as stated in Theorem 1.2, and for any
B e AW,

4Y vir
(N w) |,
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This vanishing theorem implies that the only quintic FJRW invariants that
contribute to the relations derived from the theory of MSP fields are those with
pure insertions 2/5 (see [CL32, Thm. 1.1]).

If one considers the MSP moduli for a general Fermat hypersurface which may
not be a CY threefold(quintic), one can determine the GW invariants of the Fer-
mat hypersurface using MSP recursions as in [CL32, (1.2)]. In these recursions,
irregular graphs will possibly have nonzero contributions. Calculating these con-
tributions requires a generalization of Theorem 1.2.

2. IRREGULAR GRAPHS

In this section, we recall the notions of MSP fields and decorated graphs associ-
ated with T-invariant MSP fields. These notions were first introduced in [CL32].

2.1. MSP fields. Let ps = (¢5) < G, be the subgroup of fifth-roots of unity,

generated by (5 = exp(%r) Let

”5 = {(Lp)v (1790)7C57 T 7C§} and ulgr = {(LP), (1790)} U ps.

Here (1, ¢) and (1, p) are symbols, and they function as the identity elements with
special properties; thus the subgroup they generate (1, p)) = ((1,¢)) = {1} < Gy,
is the trivial subgroup. Note that pup® obtained by removing 1 from u?r. The data
in pB® are called narrow, while the 1 in pb" is called broad.

Let

920, y=(y,- 7)€ @), d= (doa ) € Q7%
For an (-pointed twisted curve ¢ € €, and for a € ,u , we denote

wleo/gs = w@/S(ZG), and X% = H ¢

Definition 2.1 ([CL*1]). A (g,v,d) MSP field ¢ is (X% €, L,N,¢,p,v) (as in
(1.1)) such that
(1) Ué 126 »¢ C @ is an L-pointed, genus g, twisted curve such that the i-th
marking %5 is banded by the group (v;) < Gu;
(2) £ and N are invertible sheaves on C, LON is representable, deg LON = dy,
deg N = dwo, and the monodromy of £ along X% is v; when (v;) # (1);
(3) v=(vi,10) e HY (L @N) @ HO(N), and (v1,v2) is nowhere zero;

3
(4) o= (p1,...,05) € HY (L), (p,v1) is nowhere zero, and 4,0]2?:1 o= 0,

(5) pe HO(LV® wéo/gs), (p,v2) is nowhere zero, and p\ze =0.

We call € (or v) narrow if v € (u82)*. We call ¢ stable if | Aut( | < o0.

)
The definition of monodromy can be found, for example, in [FJR, CLL]. A
typical example of monodromy i is as follows. Consider C = [Al/u;], where p5 acts
on Al = Spec C[z] via (5-2 = (5 'z. Then the O¢-module z~2C[z] has monodromy
(2 at the stacky point.
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Throughout this paper, unless otherwise stated, by an MSP field £ we mean
£€=(%%¢C,L,---) as given in (1.1) with narrow 1.

By the main theorem of [CL31], the category W of families of MSP fields of
data (g,v,d) is a separated DM stack. The group T' = G,, acts on W via

(21) t- (euzea'ch?SOvp) V17V2) = (67 EG7L’N’ So)puchVZ)'

The structure of T-invariant MSP fields can be summarized as follows. Let
¢ € WT. Then there is a homomorphism 4 and T-linearizations (7, 7})

(2.2) h:T — Aut(€,2%), 7 :hul — L and 7 :huN— N
such that
(23) t- (80,[), 1, VQ) = (TthtI)(ht*SO7 ht*pat : ht*l/la ht*y2)7 teT.

(Here we allow fractional weight for the 7" actions on curves and bundles.) Since
¢ € WT is stable, such (h,7;,7}) is unique. We call h, 7,7/ the T-actions and
linearizations induced from ¢ € W7

Let Lj be the one-dimensional weight k T-representation. Let

(2.4) s = (=28 ) and P8 = L0 @wE(-25 ).
Then (2.3) can be rephrased as
(2.5) (@ pvi,ve) € H((L) P @ P o LoN@ L& N)”.

2.2. Decorated graphs of T-MSP fields. We describe the structure of W7,
following [CL32]. Let ¢ € W7, with domain curve G, etc., as in (1.1). We
decompose C as follows: Let

Co = (Vl = O)reda Coo = (VZ = O)reda C1 = (,0 =P = 0)red cG
let A be the set of irreducible components of € — Cy U €1 U Cy. Also let

Co= |J € C= |J ., Cu= U Ca-

Ca€A, P|€a:0 Ca€A, @l@azo Ca€A, p|@a7£07 <P|(?a760

We know that €y, €1 and C, are mutually disjoint, and the action h : T —
Aut(C, X% acts trivially on Gy, €; and C.,. We also know that every irreducible
component C, C Cp; (resp. €, C Cioo; resp. €4 C Cpoo) is a smooth rational

twisted curve with two T-fixed points lying on Cp and C; (resp. €1 and Cuo; resp.
Co and Co).

We associate a decorated graph with each € € WT. For a graph I, besides its
vertices V(T'), edges E(I") and legs L(I'), its set of flags is

F(T)={(e,v) e E(I') x V(') : v € e}.

Given £ € WT | let 7 : €™ — € be its normalization. For any y € 7 1(Cging), We
denote by v, the monodromy of 7*£ along y.

Definition 2.2. With ¢ € WT' we associate a graph I'¢ as follows:
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(1) (vertex) Let Vo(T'¢), Vi(T'¢), and Voo (L'¢) be the set of connected compo-
nents of Co, C1, and Co respectively, and let V(I'¢) be their union;

(2) (edge) Let Eyg(I'¢), Ex(I'e) and Eos(I¢) be the set of irreducible compo-
nents of Co1, Cioo and Cose respectively, and let E(I'¢) be their union;

(3) (leg) Let L(T¢) = {1,--- £} be the ordered set of markings of £¢ where
i € L(T) is attached to v € V(I¢) if £F € Cy;

(4) (flag) (e,v) € F(T¢) if and only if €. N C, # 0.

We call v € V(I'¢) stable if C, C C is one-dimensional, otherwise it is unstable.
We now specify the decorations. In the following, let V¥(I'¢) C V(I'¢) be the
set of stable vertices. Given v € V/(I'¢), let
Sy={2fee, |2 ex’} and E,={ecE(): (e,v) € F(T¢)},

consist of the markings on €, and of the edges attached to v, respectively.
For v € V3(T¢), we define

26) & =x¢ne, =& =(C-€,)NEe, and 2% =x& yxt

inn out — inn out?

called the inner, outer, and total markings of C,, respectively, and indexed by S,
E, and S, UE,.
We adopt the following convention: for a € V(I'¢) U E(I'¢), we define

doqg = deg L ® Nle,, dooa = degNle,, and d, =deglle, = dog — doca-

(This is consistent with dy = deg L ® N and do, = degN.) For e € E,, we assign
Y(ew) according to the following rule:

(1) when de & Z, assign v(c,p) = e~ 2mV/~1de,
(2) when de € Z and v € Vo (['¢) U Vi(T¢), assign y(e.) = (1, 9);
(3) when d. € Z and v € Vp(T'¢), assign vy = (1, p).

Definition 2.3. We endow the graph I'c with the following decorations:
(a) (genus) Define G: V(I'¢) = Z>o by g(v) = h(Oe,).

)
(¢) (marking) Define S : V(Te) — 28T by v s S, € L(Ty).
(d) (monodromy) Define 7 : L(T¢) — p2® by 5(X¥) = ;.
)

We form
(2.7) VO (Te) = {v € V(Te) = VI(Te) : [Sy| = a, | Ey| = b},

and adopt the convention Vjs(f‘g) = V;(L¢)NV3(T¢); we do the same for Vj“’b(l“g).
We say I'c ~ I'¢s if there is an isomorphism of graphs I'c and I'¢s that preserves
the decorations (a)-(e). We define

A={Te|¢e W}/ ~.
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2.3. Decomposition along nodes. We describe the decomposition of a T-MSP
field along its T-unbalanced nodes.

Definition 2.4. Let C be a T-twisted curve (i.e. a twisted curve with a T-action)
and q be a node of €. Let C1 and Cq be the two branches of the formal completion
of € along q. We call g T-balanced if T;,C1 @ T;C2 = Lg as T'-representations.

ForI' € A, we let
(2.8) N(D) = VO2(M) U {(e,v) € F(I) | v e VI(I)}.

(Recall v € VO(T') when €, is a node in €.) Note that every a € N(I'¢) has its
associated node g, of C.

Definition 2.5. We call a € N(T'¢) T-balanced if the associated node q, is a
T-balanced node in C. Let N(I'¢)™ C N(I'¢) be the subset of T-unbalanced nodes.

Clearly, if v € N(I'¢) is T-balanced, then v € V10’2(I‘§). Recall d, = deg Lle, .

Lemma 2.6 ([CL32, Lemm.2.14]). For v € V10’2(F§) with (distinct) (e,v) and
(e/,v) € F(T¢), and letting q, = Cc N Cur be the associated node, then q, is T-
balanced if and only if de + der = 0, and (C. U Cer) N Cx is a node or a marking
of C.

Although a T-balanced a € N(I'¢) is characterized by ¢, being T-balanced, the
previous reasoning shows that it can also be characterized by the information of
the graph I'¢c. Thus for any I' € A, we can talk about N(I')"" C N(I') without
referring to any &.

We now introduce flat graphs and regular graphs. We call a graph I" € A flat if
N(T)"™ = N(T). Let A" € A be the set of flat graphs. In case N(I')™ ¢ N(I'),
we will associate a unique flat T'f', called the flattening of T, as follows. For each
T-balanced v € N(I'), which lies in V,**(I"), we eliminate the vertex v from T,
replace the two edges e € E(I') and € € Ey(T") incident to v by a single edge ¢
incident to the other two vertices that are incident to e or €/, and demand that
€ lies in Epso. For the decorations, we set g(€) = 0 and (dpe, dooz) = (dooes dooe)
(since doer = doce, using dpe = dooer = 0), while keeping the rest unchanged. Let rf
be the resulting decorated graph after applying this procedure to all T-balanced
vin N(T'). Then T® is flat. We introduce

Al TeA}/ ~.
Indeed, it is easy to check that A = {I" € A | T is flat}.

Given a flat T € Afl| we define a I-framed T-MSP field to be a pair (¢, €), where
€: Fg >~ T is an isomorphism (of decorated graphs). As in [CL32], we can make

sense of families of T-framed T-MSP fields (cf. [CL32, Section 2.4]). We then
form the groupoid Wr of I'-framed T-MSP fields with obviously defined arrows;
Wr is a DM stack, with a forgetful morphism

o Wp — W,
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Let Wiy be the image of tr; it is an open and closed substack of WT. The
factored morphism Wr — Wy is an Aut(T')-torsor.

The cosection-localized virtual cycles [W(F)H’Oig are the terms appearing in the
localization formula (1.2). Because Wr — W) is an Aut(I')-torsor, the similarly

defined virtual cycle VY has ([CL32, Coro. 3.8])

loc

Wrlie = [Aut(D)] - Wiry e

loc loc*

For a vertex v € Vo (T') with v, = {¢5*,- - ,(5°}, we abbreviate v, = (0° - - - 4%),
where e; is the number of times i appear in {ai,--- ,a.}. (We require a; € [0,4].)

Definition 2.7. We call a vertex v € VI (T) exceptional if g, = 0 and v, =
(12+F4) or (1'1+23), for some k > 0.

Definition 2.8. We call a vertex v € Voo (T') regular if the followings hold:

(1) In case v is stable, then either v is exceptional, or for every a € S, and
e € Ey, we have 7o and () € {¢, 21

(2) In case v is unstable and C, is a scheme point, then C, is a non-marking
smooth point of C.

We call T regular if it is flat, and all its vertices v € Voo (I') are reqular. We call
T dirregular if it is not regular.

Remark 2.9. Suppose v € Voo (T') is an unstable scheme point, and assume v is
exactly the intersection q := Ce, N Ce, for e1,e2 € Exo(T). Then VL = 0 by
the following reason. We may assume C = C¢, UCe, by our factorization of virtual
cycles. Then degL\eei <0 fori=1,2 implies H(C,,, L) = 0, and thus Wr is

a gerbe and hence of dimension zero. Then we have an exact sequence
H(Ce,, £LP%) @ HO(Ce,, £LP%) 1 £, — H(C, L?).

Since HO((?@“L@E‘) = 0, r = 0. The sequence, after taking the invariant part,
becomes an inclusion

L), — H'(C,£%°)" = Ob],

whose family version exhibits a rank five subbundle and thus [WFHSE =0.

vir
loc

Theorem 1.2 states that for a non-pure loop irregular I', [Wr|{% ~ 0. We prove

an easy and useful corollary of Lemma 2.6.

Corollary 2.10. LetI' € AR be a flat graph that contains an e € Eoso(T). Suppose
Wry £ 0, then de =0 and C. N Cx is a node or a marking of C.

loc

Proof. Since Wrl{ir € AT(Wr N W), Wrl/ # 0 implies that Wp N W™ # 0.
Let £ € Wr N W™, then Ey(I¢) = 0. Thus the e € Eyoo(I') must come from
flattening a pair of edges in Ey(I'¢) and E(I'¢). By applying Lemma 2.6, the

corollary is proved. O
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3. THE VIRTUAL CYCLE [Wp]VIr

loc

We begin by recalling the construction of the cosection-localized virtual cycle
WrlyE. Let D be the stack of flat families of (3¢, €, £,N), where ¢ C € are
pointed twisted curves, and £ and N are invertible sheaves on €. The stack
D is a smooth Artin stack, with a forgetful morphism W — D. By [CL31],
we have a perfect relative obstruction theory Tyyp — Eyy/p and a cosection
o : Obyp — Ow. Let Ey = cone(Tp[-1] — Eyy,p) be the mapping cone,
and let @ be the lift of o. This way, we obtain a perfect obstruction theory and
cosection

qb‘v/v : Ty — Eyy and & : Oby = Hl(Ew) — Ow.l
Let ¢ : Wr — W be the tautological finite étale morphism, which factor
through an Aut(T')-torsor Wr — Wry, with Wiy C WT C W open and closed.

Taking the T-fixed part of the obstruction theory of W, and using the tautological
Ty, — Ty, we obtain another obstruction theory (c.f. [GP, Prop. 1))

(3.1) e Twp — Eny.
We then restrict (. to the T-fixed part of (.Obyy to obtain a cosection
LF@'T : Obwr = (L;Obw)T — OWF-

Let Wr = Wr N W™ be the degeneracy locus of ol
Applying the cosection-localized Gysin map in [KL|, we obtain

(32) VEle = Olocl@ne] € ATOVY),
where €y € h1/h°(Epy.) is the intrinsic normal cone.

In the remainder of this section, we assume that I' is an irregular graph with
Vi(T) = 0. To prove the desired vanishing Wr{X ~ 0, we will work with a
construction of [Wr}Il via the obstruction theories of Wr relative to the auxiliary
stack of I'-framed curves (G, X¢, £,N) (in D).

As we will be working with T-curves extensively, we set the following con-
vention. Let (X% @) be a pointed T-curve, meaning that T acts on the pointed
twisted curve (X¢ €). Denote by €74 the curve after decomposing € along all
its T-unbalanced nodes. Recall that given a flat I" and a (£,e) € Wr, where
§E=(C,L,N,p,---), etc., we not only have an identification of the T-unbalanced
nodes of € with N(I'), but also an identification of the connected components
of €Tdec with VS(I') U E(I'). Further the T-linearizations of € and of (£,N)

restricted to each component €, in €79 are specified by the data in T.

Definition 3.1. A T'-framed (twisted) curve is a T-equivariant (€, %% L, N) (in
D), together with an identification € identifying
(1) the marking X¢ with the legs of T,

+

las argued in [CL32, Section 3.1], ¢y} is an arrow in Dy o

(See [CL32, Section 3.1] for notation.)

(Ow/1); and & is T-equivariant.
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(2) the T-unbalanced nodes of € with N(I'), and
(3) the connected components of €14 with VS(T') U E(T),

s0 that these are consistent with the geometry of (C,£°), and the T-linearization
of £ and N restricted to each component Cq in €T3 as specified by the data in
L,

(4) when e € Eog(T), either C. is irreducible and then C. = P!, or G, is
reducible and then C, = Co_UC. is a union of two P'’s so that, Co_NCqy #
(Z), Cet N Coo # @, and L QN ® Ll‘ee_'_ = O@e+ and N‘CE_ = O@e_.

Because the conditions in these definitions are open, we can speak of flat families
of I'-framed curves. Let Dr be the stack of flat families of I'-framed curves,
where arrows are T-equivariant arrows in D that preserve the data of I'-framings.
Clearly, Dr is a smooth Artin stack, with a forgetful morphism Wr — Dr.

Definition 3.2. A I'-framed gauged twisted curve is a collection of T-equivariant
objects n = (C, X, L, N, v1,v2) with an identification e such that

(1) ((€,2¢ L,N),e) € Dr;

(2) (vi,1n) € HY (L @ N @ Ly)T @ HO(N)T, such that v1|e, = vale, = 0, and
vile,, and vale, are nowhere vanishing;

(3) in case of (4) in Definition 3.1, vi|e,, and vale, are nowhere vanishing.

Note that the conditions (2) and (3) are dictated by (3)-(5) of Definition 2.1
in the presence of the fields (¢, p). Because of (3), The T-action on the domain
curve of any { € Dr or Dr, are completely determined by I'.

Similarly we can speak of flat families of I'-framed gauged curves. Let Dr, be
the stack of flat families of I'-framed gauged twisted curves as in Definition 3.2.
This stack is a smooth Artin stack. By forgetting the v fields, the ¢ fields and
the p fields, we obtain the forgetful morphisms Dr, — Dr.

Let DFM C Dr be the image stack of the forgetful Dr, — Dr. Let

(3.3) Dr,, = Dr ) — Dr
be the induced morphisms.

Lemma 3.3. All stacks in (3.3) are smooth. The morphism py is smooth of DM
type and the morphism po is a closed embedding. Assuming Vi (') = 0, then the
fiber dimension of p1 is [V(I')|, and the codimension of image(pz) is 3_,cysr) 9o-

Proof. The proof that all stacks in (3.3) are smooth, p; is smooth and ps is a closed
embedding is straightforward and hence omitted. Let £ = (Ee, C,L,N,vy,12) be
a closed point in Dr,. In case Vi(I') = ), then the fiber dimension of p; at & is
the dimension of choices of locally constant sections v;|e, and v2|e, , namely the
number of connected components of CyU Cs, which is |V(T')| + | Voo ()| = [V(I)].

The proof of the codimension is similar, and hence omitted. O
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Let (C,X¢, L, N, ¢, p,v) with m : C — Wr be the universal family of Wr. Let
o 1) — lo

£log = (=% ), Plos = L5 ®wc/gwr(—2(cl7p>), and

(3.4) U= (L% P8 and V=LON L oN.

Using the T-invariant version of [CL2, Prop. 2.5], the standard relative obstruction
theory of Wr — Dr is given by

¢\/W[‘/DF : TWF/DF — EWF/DF = Rﬂz(u (&) V)’
the standard relative obstruction theory of Wr — Dr , is given by
T
¢VWF/DF,V : TWF/DF,V — EWF/DF,V =Rm, U.

Like the discussion before (3.2), using their respective standard cosections, we ob-
tain their localized virtual cycles [Wp]folgr of dyy,./p, and [Wr]fggp,, of dpwy/pr, -
Let W be the vanishing locus of the cosection of ¢y, mentioned before (3.2).
We will show that the vanishing locus of the cosections of ¢yy./p,. and of ¢y, py. ,

are identical to Wi .
Proposition 3.4. Let ' be irreqular. Then

Wrlie = Wrlioer = Wrler,, € AsWr
Proof. We will choose a relative perfect obstruction theory

vV . Y
¢WF/DF,[V] : TWF/DF,[V] EWF/DF,[V] ’

and show that its associated localized virtual cycle [WI‘HEE T fits with the iden-
tities
(3.5) Wrlioers = Wrliger,p) = Wrlioer = DWrlice:

We begin with constructing ¢y, /p,. oE
smooth, Tp.  /p. o) is a locally free sheaf. Let

First, because p1 : Dr, — Dr,) is

+1

(3'6) TWF/DF,U - TWF/DF,[V] — Q*TDF,V/DF,[V] -

be the d.t. associated with Wr — Dr,, — Dr ). Here ¢ is the forgetful morphism
from Wr to either Dr , or Dr |}, whose meaning will be apparent from the context.
We claim that this d.t. splits naturally via a

(3.7) T q*TDF,u/DF,[u] - TWF/DF,M'

Indeed, let € € Wr be any closed point, represented by (£¢ €, L, N, @, p,v1,10).
Let £ = (2% €,L,N,v1,12) be its image in Dr,. Then any x € TDF,V/DF,[V]‘g is
represented by an extension (71, 72) of (v1,12) as a section of (£, N) x By over
(2%, @) x By, where By = Spec Cle]/(e?). We define 7(£)(z) € Ty /Dy ¢ as the
family

((Ze, G, L, N, ®, p) X BQ, 131, 1;2).



A VANISHING 11

This definition extends in the family version and gives a homomorphism 7 as in
(3.7) that splits (3.6). It follows that ¢*Tp.  /p. v Ty pr, [1] is zero, and

(38) TWF/DF,[V] = TWF/DF,D ® q*TDF,V/Dr,[V] .
By the construction of Dr, — Dr |}, we see that canonically we have
=T
(3.9) Q*‘%r,u/Dr,m . q*TDF,u/DF,[u] — V.
This together with (3.8) gives us
v _ 4V ) . p. T T
¢WF/DF,[V] - ¢WF/DF,V © Q*¢DF,V/DF,[U] : TWF/DF,[V] — EWF/DF,[I/] =Rr,UDTV

that fits into the following homomorphism of d.t.s:

T +1
EWF/DF,U EWF/DF,[V] — TV I
(310) Td)vWF/’DF,V T \;VF/’DF,[U] Tq*qSDF,V/DF,[V]

+1
’]I‘WF/D[",, TW[‘//DF’[V] q*TDF,V/DF,[V] °
Note that by our construction, 72V is a locally free sheaf of rank |V(I')|. By
inspection, as ¢*Tp.  /p. o) is a sheaf, we can easily see that ¢*¢p,.  /p. o is an
isomorphism.
We form the following diagram:
+1

EWF/DF,[L/] ]EWF/DF ? RlﬂfV[—l] —

(3.11) T Wi/ Dr ) }%/DF Tc
+1
TWF/DF,[V] TWF/DF q*TDF,[u]/DF —

where the top line is induced by 71V — RrI'V — R7TV, and the bottom line
is induced by Wr — Dr ;) — Dr. The arrow ( is the one making the above a
homomorphism of d.t.s after we have shown that the left square is commutative.

We now show that the left square in (3.11) is commutative. Using the direct
sum (3.8), and the definition of gb;vr /Dy W See that the desired commutativity

follows from the commutativity of the following two squares:

Ewe/pr, — Bwp/or LY —— Rrlv
(3.12) TWVF/DF’” P%F/DF Tq*%r,u/vr,m Tp% °PVup/Dre
TWF/DF,V — TWF/DF q*TDm/DF,[D] — TWF/DN

where the horizontal arrow e is defined via the canonical

¢ Tpy,pp = H (@ Tpyp o1 ) = H(@ Ty, ypr) = H Ty o) = Tovepr-

We will prove that the left square is commutative in Proposition 7.2. For the other
square, by the construction of the obstruction theory ¢1v/vp /D and because both

Ri7I'V are locally free, we conclude that the second square is also commutative.
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We also need to show that ¢ is an isomorphism. We first check that for any
closed & € Wr, H'(Cl¢) is injective. Then because both HI(TDF,V/DF,[V]) and
R'7TY are locally free of identical rank, we conclude that H'(¢) is an isomor-
phism. Because H*7!(¢) = 0, ¢ is proved to be an isomorphism.

Let ¢ be any closed point in Wr, represented by (X%, €, £, N, ¢, p,v1,1v5). Let
r#0¢€H 1(q*TDF,[u] /prle), which is represented by a first-order deformation
of (£¢,€,L,N) so that (X°, €) remains constant, and (£, N) is deformed so that
(v1, ) cannot be extended. Then for the same first-order deformation of (3¢, €, £, N),
(¢, p,v1,v2) does not extend. Then by [BF, Thm.4.5], H1(¢VWF/DF|§)(9U) is the
obstruction to the existence of such an extension, thus

H (dyy,ple)(x) # 0 € H (Eyyypple).

On the other hand, because the existence of the extensions of these four fields
are independent of each other, and because extending (vi,1s) is already ob-
structed, by the construction of the relative obstruction theory ¢y pp.,

H'(Cle)(x) = pra(H' Sy, pple) () # 0 € H (Rl V[=1][e).
This proves that H'((|¢) is injective, thus ¢ is an isomorphism.
We now show the first identity in (3.5), namely Wrlyir ., = [Wr]VI w- We

loc,I',v
first apply [BF, Prop.2.7] to (3.10) to obtain a commutative diagram of cone
stacks
W RO(ETV[-1]) —— bR By py,) —— BB By )

Tg W;VF /o, )" T(%F 1))
h /R (xfV[-1]) —— h (T pp,) —— hl/hO(TWp/DFV[V])a
where both rows are exact sequences of abelian cone stacks. Let
Cwp/pr, © 0/ Eyyypy,) and  Supy, C AR Ewypy )

be their respective virtual normal cones [BF, LT]. Applying an argument analo-
gous to [CL2, Coro. 2.9] (see also [KKP, Prop. 3]), we conclude that A*(Cyyy. .. ;) =
Sy /pr, - Because the two cosections of Oby.p,. , and Obyy,. /Dy, Can be lift to
the same cosection of the absolute obstruction sheaf Obyy,., we conclude that the
first identity in (3.5) holds.

We prove the second identity in (3.5). By the same reasoning, from (3.11) we

obtain a commutative diagram of cone stacks

)\/
BB By oy ) —r BB By ) —— /RO(RIATV[-1))
[/ o) w706 o) =

hl/hO(TWF/'DF’[V]) E— hl/hO(TWF/DF) —_— hl/ho(q*T'DF,[V]/Dr)
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whose first row is exact. Notice that Dr ) — Dr is a smooth closed embedding

with normal bundle R'71V, and X is a regular embedding whose normal bundle
is isomorphic to R'w1'V.
By the normal cone construction [Ful], we see that X (h'/h%(Ey,. p,. M)) in-

tersects &y /p,. transversally, and )\’_I(GWF /or) = Sy E Because the two
cosections of Obyy,. /p,. wl and Obyy,./p,. lift to the same cosection of the absolute
obstruction sheaf Oby,., we conclude that the second identity in (3.5) holds.

Finally, we prove the third identity in (3.5). From the canonical diagram
Wr —f5 W
(3.13) s |a
Dr —2— D,

we have the following commutative diagram

* C *
Ewypr = (thEw/p)T —— 1 Ew)p
(3.14) P%F/DF T%/D
TWF /DF —_— LFTW/D'
By the construction of the cosection, oy /p. = (tfowp)’. Further (3.13) in-

duces an arrow ¢*Tp.[—~1] — Ty, p., which when composed with Qﬂﬁvr Jpp 0
(3.14) defines the arrow ¢ below:

1
— q*T'DF [— 1] ;> EWF /Dr — EWF +—>

(3.15) l l |
N

—— (£q"Tp)"[-1] —— (fEwp)" —— (fEw)" —— .

Let € be the tautological homomorphism. By the construction of Eyy. and Eyy,
both rows are d.t.s. We chose the third vertical arrow € to be the one making
(3.15) a homomorphism of d.t.s. It is an isomorphism after e is shown to be an
isomorphism.

The proof that € is an isomorphism can be achieved with the aid of the stack M,
which is the stack of pointed twisted nodal curves. Let Mt be the stack of pointed
twisted nodal curves together with T-actions. As the composites Dr Lph M
and Dr L Mp — M are identical, we obtain the following homomorphism of d.t.s:

T _+1

»*Tpm)T —— (*Tp)" —— P*f*Tm)T ——

(3.16) Tm Taz T%

1
Toojpty —— Ton  —— BTy —
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We can then easily verify that both «; and a3 are isomorphisms. By the five
lemma, aw is an isomorphism. This proves that € in (3.15) is an isomorphism.

By (3.14) and [GP, Prop.1], the composite Tyy. — Ty, — (fEyy lifts to an
obstruction theory qbl\fvr, making the following square commutative:

Ew./pr — Ewy

(3.17) }%/DF Wr
TWF/DF —_— TWF.

We then take H?! of the third column in (3.15) to obtain Oby, 2(150by)T. Fur-
ther we can easily check that the two cosections coincide, which implies that they
have identical vanishing locus Wy . By the same reasoning as before, we conclude
that the localized virtual class Vr]}r defined in (3.2) is identical to the class

0loc €y /pr] (also see [KKP, Prop. 3]). This proves the lemma. O

4. THE VANISHING IN NO-STRING CASES

We first prove a special case of Theorem 1.2. Let ' € Afl. A string of T is an
e € Eyo(I') so that the vertex v of e lying in V5(I") is unstable and has no other
edge attached to it.

Proposition 4.1. Let I' € Afl be irreqular and not a pure loop. Suppose it does

not contain strings, then [WFHSE. =0.

Remark 4.2. Recall the convention on flat graphs. Let & = (C,X°,---) € Wr
be any closed point. Note that I might be different from I'¢, which happens when
T'¢ is not flat, while T' is the flattening of T¢. In the case Vi(I') = 0, then this
happens when every v € Vi(I'¢) has two edges e,— and e,y attached to it, and
{v, ev—, vt} in L'¢ is replaced by a single edge e(v) € Eooo(I'). Our convention is
that Ge(v) =Ce,_ U €€v+ .

We say T is bare if Vi(I') = (). We begin with a special case.

Lemma 4.3. Let the situation be as in Proposition 4.1. Suppose V1(T') = 0 and
Vo(T) # 0. Then DVr[{™ = 0.

loc

Proof. Since T is fixed throughout this proof, for simplicity we will use V', E, etc.,
to denote V(T), E(T'), etc. Recall that for v € V(= V5(I")), E, is the set of
nodes Cy N (UeerCe), and Sy is the set of legs incident to v (cf. (2.6)).

We introduce more notations. Let & = (G,Ee, -++) € Wr be a closed point;
let v € V. For a € S, in case (y,) # {1}, let m, € [1,4] so that v, = (**.
Let S} C S, be the subset of legs decorated with (1,¢) or (1,p). (Since 7 is
narrow, no legs are decorated by 1.) We denote S' = U,eyS, SL = Uyer, SL,

etc. Similarly, we denote S7' = S, — S!, and S#! = U,eyS7'. By the definition
of MSP fields, S7! = () when v ¢ Voo, implying S7! = UvveSZﬂ.
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We calculate vir. dim Wr. Because the perfect obstruction theory of Wr is the
one relative to Dr, we have

(4.1) vir. dim Wr = vir. dim Wr /Dr + dim Dp

where

(42)  dimDr= Y (3gy =3+ |Eu| +[So]) + > 29, + 20 (T) — |E| — 2.
’UEVS ’UEVS

Here 3g, — 3 + |E,| + |S,| represents deformations of £% C €, (where X% is
defined in (2.6)). >, cys 290 represents deformations of £ and N restricting to Cg
and Coo. The term 2k (T) is the deformations of £ and N attributed to loops in
I'; | E| represents automorphisms of €C; and —2 is due to the automorphisms of £
and N.

Next, using the relative perfect obstruction theory of Wr/Dr, we know that
vir. dim Wr/Dr is the sum of (4.3) and (4.4):

(4.3) xr(£L @ N® L) + xr(N);

(4.4) X1 (L(=2( ) %) + xr (LY @ we® (=5 ,)))-

Next, since v1|e,, = 12le, = 1, as T sheaves we have Nl|e, = O¢, and L @ N ®
Lile, = O¢.. Let e € Egeo(I') be such that the associated curve €, = P!, and
let gp = Cc N Cp and g = Cc N Cs. Then using v1|y, = 0, the invariance of
vy implies that 7' acts non-trivially on C., thus forcing 7" to act non-trivially on
L &N ® Li|g. Then as 15|, =0, T also acts non-trivially on N|,. In case C.
is a union of two P!’s, a parallel argument shows that the same conclusion holds.
Thus as I' is connected,

(4'3) = X(L’ ON® L1|€oo) + X(N’C’o) = Z (1 - gv) + Z (1 - gv)‘
veVy V€V

Here when C, is a point, we set g, = 0.
To proceed, we let £ = (€, X, --.) € Wr as before. Let xr of a T-sheaf be the
T-equivariant y of the sheaf. We claim

(4.5) xr(L(=2f ) = x(£(=Zf1,)-

Indeed, let v € Vp(I'), then because ¢|e, # 0 and since T-acts trivially on C,, T
acts trivially on £|e,. For the same reason, for v € Vo (I'), T acts trivially on both
Cy and Lle,. On the other hand, suppose Eyoo(I') = {e} has only one element,
with the associated curve C.. In case G, = P!, by Lemma 2.6 we have Lle, = Oe,.
Then (4.5) follows. In case C. consists of two P'’s, write €, = C._ U €.y, with
¢ =0Ce NCet, y— = Ce_ NCp and y4+ = Cet N Coo. By Lemma 2.6, deg Lle, . =
—deg Lle,, > 0, thus

HE(L(=56 ) = H' (Llew (—yet)) & H (L(=3 ,)leo)
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and consequently (4.5) follows. The case where Epoo(I') contains many edges is
similar. This proves (4.5).

We next claim that (4.5) holds with £(— 28 »)) replaced by Lv®5®wéog( E% )
As before, we first consider the case Ey(I') = {e}. Because I' contains no strings,
Ce N Cp is a node of €. By Lemma 2.6, C. N Cy is also a node of €. Thus
deg LY€% @ wit|e, = 0. Then the proof of (4.5) shows that the claim holds in this
case. The case |Eps(I')| > 1 can be treated similarly. This proves the claim.

Consequently,
(44) =5 x(L(-2f ) + X (£ @ wP(-5f )

mq
—5|Sf ) +5(deg L +1—g— Y ?)—F
a€S#1
+ (29 -2+ 15| —5degL — [Ef | +1—g)

—4(1—g)— IS~ 3 (ma - 1).

aceS#1

Because T is bare, V5 = V UV because I has no string, Vo = (). Therefore

2(61,;;) = UperpSy = UyeysSy. Similarly, for any v € VY(= Ve — V) that has a
leg attached to it, v has exactly one edge e attached to it, which must lie in Fyso
as V1 = (). By Corollary 2.10, the leg of v must be a scheme marked point (i.e.
in ¥ ,)). Thus S7L = UveVOQ.S’Z"él is the same as UUGVO%SZH. Putting the above
together we obtain

(4.6) D 1Sl = =G, + ST+ D ISsl

veV'Ss veEVE

Assumption I. No leg of T is decorated by (1, p), and mg # 1 for every a € S71.

Under this assumption, we have the Euler equation |E| — |[V| = h(T") —
9= pevs 9o + A1), and E% ) = (. Using (4.1), and adding (4.2), (4.3) and
(4.4), we obtain

(4.7) vir. dimWr = (Y B[4S+ > 1S)-3(E- V)= D (ma—2).

veEVS veVs acS#!L

Note that when I' is a pure loop, it is zero. We now prove that under the as-
sumption of the Proposition 4.1, (4.7) is negative when WV # 0, which is
impossible.

We first consider the case where V° = (. Since I' is not a pure loop, C is a
chain of P'’s connecting two vertices v and v’. Since V; = (), E = Eys. Since I’
has no strings, both v and v € V. Then by Corollary 2.10, each v and v’ each
has one leg in ¥y ) attached to it. Thus [SL | =2 and |E| - VY| = —1, implying
that (4.7) is —4-2+3 < 0.
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We now assume V° # (). Our strategy is to divide the contribution in (4.7)
by looking at the maximal simple chains in I'. Here a simple chain in I' consists
of distinct edges FE1,--- , Ep and vertices vg,--- ,vg so that E; has vertices v;_1
and v;, and vg<j<) are unstable. Since I' is not a pure loop and |V°| > 0, if
{E1,- -+, Ex} is a maximal simple chain in I', then one of {vg, v} must be stable.

Clearly maximal simple chains give partitions of F and VY. Now let {E1,--- , E}
be a maximal simple chain in I". Suppose vy is stable but vy is not, then v € Vog
because I' contains no strings. Thus |S; | = 1 by Corollary 2.10. Therefore the

contribution to (4.7) from {E,- - Ex,v1,- - ,vg} is

(4.8) 1—4]8) | =-3.

The other case is when both vy and v, are stable in the maximal chain. Then the
contribution to (4.7) from {E,--- Ex,v1,- - ,vp—1} is

(4.9) 2-3=—1.

We now show that (4.7) is non-positive. Let I' be the graph resulting from
removing all edges, all unstable vertices, and all legs attached to unstable vertices.
Because every e € FE or v € VU is contained in exactly one maximal simple chain,
the previous argument shows that

vir. dim Wr < vir. dim Wy.

Applying formula (4.7) to vir.dim Wrs, we see that it contains terms of the fol-
lowing kind: (i) terms associated with elements in U,cysS2, each contributing
—4 +1 = —3; (ii) terms associated with elements in U,cyvSL, each contributing
—4; and (iii) terms associated with elements a € S7!, each contributing m,—2 < 0
since m, > 2 by our simplifying assumption. This shows that (4.7) is < 0.

When (4.7) is zero, we must have F = VY = S!' = (), and m, = 2 for every
a € S#1. But this is impossible because I is irregular. This proves that under the
simplifying assumption and when I' is not a pure loop, vir.dim Wr < 0, implying
[WF]Vlr —0.

loc

We now prove the proposition without making Assumption I. First, suppose
I' has a leg ig (ip-th leg) decorated by v;, = (5 attached to v € V4. We claim
that v is stable. Indeed, if v is not stable, it would have an edge e attached to
it. Since I' is bare e € Eyoo(I'); but by Lemma 2.6 d. € Z, which contradicts to
the assumption that iy is decorated by (5. Thus v is stable. We let I be the
graph obtained by removing the leg ig from I', as long as I is not an one vertex
graph with (gu,|Sy|) = (0,3). (Note that since I is irregular, (gy,|S,|) = (1,1)
is impossible.) Note that if g, = 0, |S,| + |Ey| = 3, and v has at least one edge,
then v in IV becomes unstable.

Following [CLL, Thm. 4.5], we have a forgetful morphism

f:Wr—)WF/

that sends £ = (X¢,€,---) € Wr to & = (2%,€,---) € Wy by forgetting the
marking and stabilizing.
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Marking forgetting and stabilizing. The curve € is obtained from C by for-
getting the marking Efo, making € scheme along EZQO, and stabilizing if necessary,
with @ as the resulting curve; £ is ¢ with Zgo deleted; let € : € — C' be the
resulting morphism, and let L' = €,£ and L' @ N’ = €,(L @ N), while ¢', etc., is
the pushforward of p, etc., respectively.

We next compare the virtual cycles DVl and W]\, First, by marking

forgetting and stabilizing, we obtain a morphism f : Dr — Dy, which fits into
the following commutative square:

Wr L) WF/

(4.10) l l

Dr L} Dr.

Let (C,XC,L,---) and (C',X%,L',---) be the universal families of Wr and
Wr, respectively, with 7 : C — Wr and 7’ : ¢’ — Wy their projections. The
stabilization defines the ¥ below

14 r
¢~ O, W P

N

WI‘ WI‘ L) WF/.
It is easy to check that we have canonical isomorphisms pr* £’ = W,L, and

R'W,L£ = 0. This implies
RrlL(-36,)) = RFTW,L(-36 ) = PRl L/(-56,),
(w)) replaced by £7° ®wC/WF(—E§1,p)), etc.

As in [CLL], the above shows that the relative obstruction theory of Wy — Dpv
is pulled back to that of Wi — Dr, and the cosection of Obyy,, /p,, is pulled back

to that of Obyy./p.. Thus, letting 0 = f]W; : Wr — Wy, we have

and similar isomorphisms with £(—,

(4.11) 0" [Wrlioe = Vrlioe.

In case I' has a leg decorated by (1,p), we remove this leg from I', resulting
in a new graph I"”. (In this case since I is irregular, I' cannot be a single vertex
graph.) Then we have a similarly defined forgetful morphism F : Wr — Wp
(with stabilization if necessary) and 6 as before so that (4.11) holds.

By repeating this procedure (of removing legs labeled by (5 or (1, p)), we obtain
a graph I" and morphisms F and 6 as before so that (4.11) holds. As I" is bare,
not a pure-loop and satisfies Assumption I, we have DV ]V = 0. By (4.11),

loc

[WrI' = 0. This proves the lemma. O

loc

Proof of Proposition 4.1. By a result proved at the end of [CL32, Section 3], we
know that Wrl}L = 0 if there is a v € V22(T) so that the two edges e in T

lo
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incident to v both lie in Eo(I') and have d. = degLle, € Z. We now suppose
that I" has no such vertices.

We next trim all edges of I in Ey(I') U Eo(I'). For e € Ep(I'), in case e is
incident to a stable v € Vi*(T), or in case e is incident to an unstable v € V(")
so that another edge in F(T") is also incident to v, we remove e and add a new leg
decorated by (1, p) and attach it to v; otherwise we remove e, v, and any other
legs incident to v.

For e € Eo(T), in case e is incident to a stable v € VZ(T'), or in case e is
incident to an unstable v € V{(I') so that another edge in E(T) is also incident
to v, we remove e and add a new leg decorated by ’y(e’v)z and attach it to v;
otherwise we remove e, v, and any other legs incident to v. After performing
these operations on all e in Fy(I") and Eo ('), and after discarding all vertices in
V1(T"), we obtain a new graph I''. Let {I';} be the connected components of T".

Applying the discussion [CL32, Section 3] to this situation, we conclude that if
W/ YE = 0, then [Wr|}¥ = 0. By our assumption on I', we know that all T; in

loc loc
{T";} are non-loop and bare; and at least one such I'; is irregular. Because

[WF’HSE = H [Wrznloliv

vir
loc

by applying Lemma 4.3, we have that [Wp/|}% = 0. This proves the proposition.

g

Corollary 4.4. In case I' consists of a single stable vertex v € Voo(I') such that
its legs are decorated by y1,--- ,ve € ps — {1} and that at least one ~; € {(g’,Cé},
then Wr[YE = 0 except when g, = 0 and v = (1'1%23) or = (12+%4), for a k > 0.

loc

5. REDUCTION TO NO-STRING CASES

The proof of the general case is by reduction to no-string cases. To this end,
we introduce the operation trimming a leaf edge from a graph.?

Definition 5.1. Let T' € A and let e € Eooo(T') be a string (thus a leaf edge).
Let v— € V(') and vy € Voo (') be its vertices. The edge e is trimmed from I' by
first removing e, v_ and all legs attached to v_, and then attaching a leg, called
the distinguished leg, decorated by (1,¢) to vy.

In the following, we will apply induction on the number of strings to prove
Theorem 1.2. We fix a I' with a string e, and its two associated vertices vy, as in
Definition 5.1. We assume [WrJ}L = 0, and shall derive a contradiction toward
the end. We denote by I the graph after trimming e from T.

As before, let Dr,, be the stack of I'-framed gauged curves ((C, ¥¢ LN, v),€).
For any family (C, X¢, £, N, v) (with e implicitly understood) in Dr,,, because e is
a string of I, the correspondence a = (e,v;) € F(I') is associated with a section

2We assign Y(,v) = (1,¢) in case de € Z, otherwise (e ) = e 2TV~ Tde (cf. before Defi. 2.3).
3A leaf edge is an edge so that one of its vertex is unstable and has only one edge attached
to it.
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of nodes R, C C that splits off a family of rational curves C¢ C C (associated with
e), called the e-tail of C.* We let

c°=Cc—-cecc

be the complement of C¢ in C.
We consider the family

(5.1) (C°, 2 NC° + Ry, Lo, Nco, v|co).

Together with the induced framing, (5.1) is a family in Drv . As this construction
is canonical, we obtain a forgetful morphism

DF,V — DF/J/.

We need another stack of elements in Dr ,, paired with fields on its e-tail. Given
(€,%¢ £,N,v) € Dr,, we abbreviate

Elog — 5(—25,@))7 and f})log — LV®5 ® wéog(_zgm))‘
Definition 5.2. Let (€, %% L, N,v) € Dr. A (o, p)-field on its e-tail is
(¢, 0) = (5, .95, 07) € HO(L%]ee) P @ HO(PGE).

A partial e-field on a T'-framed gauged curve consists of a ¢ € Dr,, and a (¢, p)-
field on its e-tail.

We let Vr . be the groupoid of families of partial e-fields on I'-framed gauged
curves. That is, elements in Yr . are (C, ¥¢ L,N, v, %, p°) (with the I-framing
implicitly understood) as in Definition 5.2.

Let (C,X€, L, N, ¢, p,v) to be the universal family on Wr. As before, the flag
a = (e,vy) € F(T') is associated with a section of nodes R, C C that splits C into
two subfamilies C¢ and C*°. The family

(C> Eca £>N7 v, (p|Ce’p|Ce)

then is a family in Vr , ., which induces a forgetful morphism 6 : Wr — Vr ...
Of course, by forgetting the fields on the e-tail, we obtain a forgetful morphism
¢: yF,l/,e — DF,V~

To proceed, let € be the graph which is an edge e with two vertices v_ and vy,
together with the decorations on e and the legs on v_ (if any), plus a new leg
decorated by 1 = (¥ attached to v;. Note that because of the decoration 1, € is
of the broad type (cf. the first paragraph in section 2.1).

Let Wr and Ws be the moduli stack of stable I and e-framed MSP fields,
respectively. By restricting the universal family of Vr , . to its e-tails, we obtain
a family on C¢, which induces a morphism YVr , . — We. We list these morphisms
together:

(52) Wr i> yF,V,e — We and yF,V,e i> DF,V-

4Fibers of C¢ can be one P!, or a union of two P!’s. See Remark 4.2.



A VANISHING 21

By restricting the universal family of Wr to C°, we would like to obtain a
family in Wy, thereby obtaining a morphism from Wr to Wrs. Unfortunately,
this in general is not possible because ¢|r, might not vanish identically, thus the
restriction does not necessarily induce a morphism Wr — Wrr. (Recall that R,
is associated with a marking of I labeled by (1, ¢).)

To remedy this situation, let W& = (Ws)req be W: with the reduced stack
structure; let

(5.3) yf‘w = yr’y,e X We Wg, and W{j = WF X We Wg.

Lemma 5.3. The stack Wz has pure dimension four; it has hypersurface singular-
ities, and is acted on by the group GL(5,C). The coarse moduli of WE = (Ws)req
is isomorphic to P4, and the induced GL(5,C) action on this coarse moduli is the
standard GL(5,C) action on P*.

Proof. We begin by classifying the closed points of Ws. Let € = (€, %¢,---) € Ws
be a closed point, and let I'c be its associated graph. We claim that I'c # I‘g.
Indeed, in case I'c = Fg, then € =2 P! and T acts on € with two fixed points, p_
and p., associated with the vertices v_ € Vy(I'¢) and vy € Vo (I'¢), respectively.
Because we have assumed that [Wr /X = 0, by Corollary 2.10, we have deg £ = 0.
Since py is a marking decorated by 1, and p_ is either a non-marking or a marking

decorated by (1, p), we have wleog(—E% »)

plp,. 7# 0. This proves I'¢ # F?.

When I'y # F?, I'c contains two edges: ey € FEoo(I'¢) and e— € Ey(I'¢). Let
G+ C C be the irreducible component associated with ex. Then € = C_UC, with
one node ¢ associated with the vertex in Vi(I'¢). Let p+ € €4+ C € be the two T
fixed points (other than ¢) as before. Then by the definition of MSP fields, N|e_
and £ ® Nle, are trivial. Adding deg £ = 0 and degN = ¢, where ¢ = doce, We
get Lle_ =2 O¢_(c), Lle, = Oc, (—c) and Nle, = O¢, (c). Consequently,

(5.4) ¢le, = ple_ =0,

and because ¢|,_ and p|,, are non-trivial,
ple. € H(Oe_(¢)™)' —0=C° -0, ple, € H'(0e ) —0=C-0.

Because v; and s are non-trivial and unique up to scaling (T-equivariant), we
see that £ is uniquely parameterized by

[o1(p-), -, ps(p-)] € PL.

Repeating a family version of this argument, we prove that the coarse moduli of
WE is isomorphic to P*.

The mentioned GL(5,C) action on Wz is an obvious one. Given any family
in W;, which is given by (C, %€, L, N, ¢, p,v), we define o - (C, %€, L, N, ¢, p, V)
to be (C, YC, L, N,0 -, p,v), where o - ¢ is the standard matrix multiplication
after viewing ¢ as a column vector with component ¢;, and viewing o as a 5 x 5

) =2 Op1(—1), forcing p = 0, contradicting
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invertible matrix. This defines a GL(5,C) action on Wk, and its action on the
coarse moduli of (Ws)eq = P* is the standard action of GL(5,C) on P*.

Finally, we prove that W; has hypersurface singularity. First, we calculate
the tangent space and the obstruction space of W; at its closed points. Let
£ =(€,x% L,---) be a closed point of Ws. As argued before, @ = €_ U €, with
deg Lle, = Fcforace Zy, degNJe_ =0 and degN|e, = c. A direct calculation
shows that

HI(L ® N® Ll)T — Hl(N)T — Hl(LlOg)T _ 07 and Hl(?log) — (C

This shows that the obstruction space to deformations of & € W; is always one
dimensional. Because W; has pure dimension 4, we conclude that dimTgWe = 5
and that W; is locally defined by one equation in a smooth 5-fold, and thus Ws
has hypersurface singularities. O

We now compare the stacks Wi, Y, etc. We first show that the family (5.1)
together with (¢, p)|ce defines a morphism

(55) Wu = WF Xyl",zl,e y#,l/,e — WFI
Indeed, by the prior discussion, it suffices to show that
(5.6) e

By the vanishing ¢|e, = 0 in (5.4), the ¢-field of any closed § € Wk restricted to
vy € € vanishes. This shows that (5.6) holds, and the morphism (5.5) exists.

Next, by definition, the composite morphism WE — Wr — Ws (cf. (5.2))
factors through Wi — WE. Pairing it with (5.5), we obtain a morphism § shown
as follows:

Wl/j ——B——) WF/ X Wg yF7V7€ Re Wé
(5.7) | [ l
y#,y,e o ? DF’,V X Wg DF,V _Te Dé7y-

The other arrows in (5.7) are as follows. Let Cy,.,. be the domain curve of the
universal family of Vr .. Because curves in the family Cy. ,_ are I'-framed, the
family contains a distinguished section of nodes R, C Cy,., ., where a = (e,vy),
which splits off the e-tails CS,FME of Cyr%e. The universal family of Vr , . restricted
to CS;F’V,S induces the morphism Re : Vr . — We. The similar construction gives
re as shown. Next, by removing the ¢® and p® from the universal family of
Yr e and then restricting the remaining part to C%F’V’E, we obtain a family in
Drv ,,, which defines a morphism y’ﬁ’y’ . = Drv,. Paired this morphism with the
tautological YA — W, we obtain the 8" in (5.7). By constructions, these two
squares are commutative.

Lemma 5.4. The horizontal arrows in (5.7) are smooth. The morphisms 3 is a
ps-torsor, and the square involving R. and r. is Cartesian.
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Proof. We prove that (8 is a pz-torsor. Following the construction, we see that [
is surjective. We now show that it is a ps-torsor. Indeed, given any closed point

2= (€, 8%, L,--), (€, 5%, L°, -1 )) € W x WE,

any point in S7!(z) is obtained by gluing € and €¢ along the markings in €’
and C° associated with (e4,v4), and gluing the £’s and N’s on €’ and €°. As
the markings are scheme points, the gluing of markings is unique. Because the
section 7 is non-vanishing at the markings, the gluing of £ ® N is also unique.
On the other hand, the gluing of £ is constrained by the non-vanishing of p’s.
When one restricts p to the marking to be glued, it becomes a section of £Y®° at
the marking. Thus the gluing of £ is unique up to ps. As this argument works
for the family, we have shown that /5 is a ps-torsor.

The other conclusions can be proved similarly and are thus omitted. (|

Following [CL2, Prop. 2.5] as before, we endow Wy and W; with their tautolog-
ical perfect relative obstruction theories, relative to Dr , and De, respectively. For
W, as it is proper by Lemma 5.3, we let [W;]"'' € A, W; be its virtual class. For
Wrv, like Wr, we form its standard cosection or , : Obyy,, /Dpr, = Ow,.,, which is
liftable to a cosection of Obyy,,. Let W, C Wi be its degeneracy locus (with the
reduced structure), and let V]V

loc
virtual class.
Let

€ AW, be its associated cosection-localized

Wi = WE X, Wiy € WE
where x : WH N W x WE 2L Wi is the composite. Let
(5.8) ROWE — Wi

be induced by k. Because ( is a pz-torsor, < is flat. Because WY is proper, & is
a proper morphism.

Proposition 5.5. The stack W¢ is proper, and contains Wr as its closed sub-
stack. Let 3 : Wy — Wy be the inclusion. Then there is a rational ¢ € Q such
that . '

JWrlioe = ¢+ & [Wr]jge € A-(OVF).

We prove Theorem 1.2 by assuming Proposition 5.5 is true.

Proof of Theorem 1.2. Let I' € Al be irregular and not a pure loop. In case I'
has no strings, then the vanishing follows from Proposition 4.1.

Now assume I" has strings. Let e be a string of I", and let I be the result after
trimming e from I'. In case IV = (), by Lemma 2.6, the marking €,, is a scheme
marking of type (1,¢). Thus virdim Wr = virdimW; — 5 =3 — 5 < 0, implying
Wrlige = 0.

Otherwise IV € Afl is irregular, not a pure loop, and has one less string than T.
Thus by induction, we have W/ ]VIr ~ 0. By Proposition 5.5, we get 2.[Wr]} ~ 0.

In other words, there is a proper substack Z', Wy, C 2’ C Wy, so that the cycle
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W/ ¥ pushed forward to A,Z’ is zero. Let Z = k~1(2’). Since & is proper, Z
is also proper. Also, W C Z. Then Theorem 5.5 implies that the pushforward
of Wr|VI' to A,Z is zero. This proves PVp[}i ~ 0. O

loc loc

6. PROOF OF PROPOSITION 5.5

We continue to denote by ¢ : Wr — YV, . the (representable) morphism in-
duced by restriction. The relative obstruction theory of Vr ,. — Dr, pullback
to Wr takes the form

\% . _ T
5*¢yF,V,e/DF,V : 5*Tyr,u,e/Dr,u — 6*EyF,V,e/DF,V = R, (Ulce).

Here C¢ and C°® C C are the two families of subcurves (of the universal curve C of
Wr) after decomposing C along R, where a = (e,v4); U is defined in (3.4). Let

Ewy/yr,.. = Bl (Ules(—Ra)).

Recall Eyy,./p;., = RnIU. Using the exact sequence U|co(—Rq) — U — Ulce
and the pair § : Wr — Vr ., we form the top and the bottom d.t.s

« B % +1
EWF/yF,u,e EWF/DF,V 0 EyF,V,S/DF,V
1 \ * LV
(6-1) T VWF/yF,I/,e T Wr/Dr,, Té ¢yr‘7y,e/DF,V

& B +1
TWF/))F,V,& TWF/DF,D 6*TyF,V,E/DF,V

where the second and the third vertical arrows are the perfect obstruction theories
constructed by direct image cones, and the square is commutative because of
Proposition 7.5. Let ¢1v/vp/yp be the one making (6.1) a morphism of d.t.s.

Applying the five lemma, gb)V,VF o is also a perfect obstruction theory.

Let or,, be the cosection of Obyy,. /Dr., mentioned after Definition 3.2; let
(6.2) &1 = or, 0 H' (@) : Obyyyy, . — Oy
Lemma 6.1. The degeneracy locus D(ér,) = {{ € Wr | 6ru|¢ = 0} is proper.

Proof. The construction of or , is as in [CLL], where it is proved that o, can be
lift to o1 : Obyy,. — Oy (cf. [CLL, Prop. 3.4]).

We now show that D (6t ) is proper. Let £ € Wr be a closed point, represented
by &€ = (G, X% - v). Let R, C € be the node associated with a = (e,v") €
F(T'), which decomposes € into subcurves C® and C°. By the description of the
obstruction theory of Wr — Vr . .,

Obyr /vy Je = H (£1%8co (—Ra)®® @ P20 (~R,))

where £1°¢ and P°8 are as defined before (3.4).
Let
€= (€%, 5% =N € + Ry, Lleo, -, v2lee),
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where the marking R, is decorated by (1, ). Then £° is a point in Wyv. Following
the construction of the obstruction theory of Wr/Dr ,,, we see that

> 1 © T
Obyyy, Dy oo = H' (Llee (=2 1) ®° @ LYo @ wel (=51 ) -
Because of the identities
1 O >
Plee = £e” ® we?, E?Lp)ICO - EEel,p)’ and E%m)‘@ +Ra = E?Lw)’

we have L(—E((?L@)ﬂeo(—ﬂza) = L|@<>(—Z?i<p)), and the exact sequence

(6.3) 0 — P%8feo (—Ra) — L|IE® @ weB(—Xf; ) — P%|z, — 0.
Therefore we get the induced surjective
(64) T ObWF/yF,V,e‘g —>ObWF’/DF’,V|£Q'

By the definition of the cosections or,|¢ and orv ,|¢o, we see that (cf. (6.2))

ObWF/yF,u,e|5 - (961/\/1—*//2)1—*/711‘5<>

lﬁr,ulg JUF',UQO

C _—— C
is commutative. Therefore, 1 ,|¢ = 0 implies that x(§) € D(or,). (cf. K :
WE — Wy is defined before (5.8).) This proves that

D(6ry) C £~ (D(o1))-
As D(orv,,) is proper ([CL1]) and & is proper, D(é7,) is also proper. O

Let
Q:Wr/yr,y,e - hl/ho (TWF/yF,u,e) - Q[R@ = hl/hO(EWF/yr,u,e)

be the virtual normal cone (cf. [BF]). Following [KL], the cosection o, defines
a bundle stack homomorphism &t : Ar e — Owy. Let Ar (61r,) C Ar e be the
kernel stack of o1, which is a closed substack of 2 . defined via

(6.5) Uro(dr,) = [] ker{orule : Arele — C},
EEWD

endowed with the reduced stack structure.
Lemma 6.2. We have (€ /y;. . )red C Are(ors).
Proof. Let
C/pr, © 0/ (Tyyypy,) € AUr = h' /h0 By, )
be the similarly defined virtual normal cone. By [KL],

(Q:W[‘//Dry,,)red C QLF(O-F,V)a
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where Ar(or,,) C 2r is the kernel stack of or . Applying the functoriality of the
h'/h® construction to (6.1), we obtain the commutative diagram

Q:WF/yF,V,e é hl/ho(r]rwl"/yl",u,e) L} er’e = hl/hO(EWF/yF,u,e)

(6.6) l l lhl/hO(a)

€WF/DF,V é hl/hO(TWF/DF,u) é Ap = hl/hO(EWF/DF,u)’
Because (€yy,./py. , Jrea C Ar(or,w), by the definition of o1, (cf. (6.2)) we conclude
that (QWr/yr,u,e)red (- Qll_‘,e(&r,u)- (]

Our next step is to use the virtual pullback of [CKL, Def.2.8] (also [Man,
Constr. 3.6]) to re-express the cycle [Wr]). For this, we need a description of the
virtual normal cone of YVr , . — Dr :

(67) Q:yF,IJ,E/DF,V g hl/ho (TyF,V,e/DF,V) g % = hl/hO(EyF,u,e/DF,u)'

We show that the identities in (6.7) hold.

Indeed, by Lemma 5.3, W; has pure dimension 4, equaling the expected dimen-
sion of W, and has local complete intersection singularities. The intrinsic normal
cone €y, /p,, equals the bundle stack 2z as shown below.

(6.8) CWe/pe, = Ue == h' /R (Ew, ., )-
Because the second square in (5.7) is a Cartesian square, we have
(6.9) €y e/Dry = CWe/pe, XWe Ve = Ae X, Vrp,e = B.
We form Cartesian products and projections as follows
Ar e = Are Xy, B —— Wrg =Wr xy., . B —— B

(6.10) l l”l l

B
Ql1",6 —— Wl" —_— yl",u,e-

Note that 7 is the pullback of 3 via 7. Viewing or, : /r. — Oy as a bundle
stack homomorphism, its pullback

T (0rw) : Arem — Onpy
is also a bundle stack homomorphism. Its degeneracy locus is then
(6.11) D(ni(ory)) = D(6ry) Xyr,.. B C Wrys,
and its associated kernel stack Ap oj3(776T,,) (cf. (6.5)) is
RArem(m10r0) = A1) Xwp Wris C Up ¢js-
We denote the inclusion by e

(6.12) L (€ /m)red C (Cwp /v, XVr,e Blred C Ar e (01,0),
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where the first inclusion follows from the definition of Wy and the second follows
from Lemma 6.2.

To proceed, let us recall the virtual pullbacks introduced in [Man]. Following
[Man]|, we form the composite

0! 0%
(6.13) oA A s —> AW — AV

Here the arrow € is defined as follows. Let € : Z,B — Z (€ /) be the
linear map defined via € ([V]) = [€V xWr/v]- Since Wr is a DM stack, both
Wr — Vrupe and Wris — B are of DM type. Applying the proof of [Man,
Thm. 2.31] to [Man, Constr. 3.6], we conclude that & descends to the € in (6.14).
Let 7, : Ax&y /s — Al o be induced by the inclusion (6.12). We define €
to be the composite

(614) €. A*% L) A*(QWF‘%/%) i) A*le’el%.
The arrows O!m and 0;2 in (6.13) are Gysin maps after intersecting with the zero

sections of the bundle stacks m; and o, respectively.

The version we will use is the localized analogue of (6.13):
E1r2,loc :

¢ x 0 x Ox .
(6.15)  floe : AB = A, (Ur o (n561,)) =5 Au(D(ni67,)) —> Au(D(51,))-

By (6.12), the € in (6.13) (cf. (6.14)) factors through A (Ap 2s(5r,.)), giving the
€ in (6.15). Since D(m}6r,,) is proper, the last arrow 0%, is the ordinary Gysin
map of the bundle stack 7.

Proposition 6.3. Let j: D(or,) — D(6r,) be the inclusion, then
flloc[ezyp,we/Dp,y] = ]*[WFHSE € A*(D(&FW)>

Proof. We quote the relative version of cosection-localized pullback in [CKL,
Prop. 2.11], stated in [CKL, Remark 2.12]. The proof of [CKL, Prop.2.11] ap-
plies word for word to our case, such as Wr/Yr ., . satisfies the “virtually smooth”
condition in [CKL, (2.1)] because of (6.1). The cosection setup is also consistent.
Proposition 6.3 follows. O

We are now ready to prove Proposition 5.5. Let
Q[g = Q[é X Ws Wg and B =9 Xyr,y,e y{f’l}’e.

By Lemma 5.3, 2% is a bundle stack over W, where the latter is irreducible.
Thus for a rational number ¢, [%] = ¢ - [21£]. Because the second square in (5.7)
is Cartesian, using (6.9), we conclude that

[B] = (€, ./pr, ) = [Be Xwe Vel = - [AE xw, Vo] = ¢+ [BY].
Therefore by (6.9),
(616) fl!OC([Q:yF,D,e/,DFJJ) = fl!oc([%]) =c- fl!oc([%u])'
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Let k : WH — Wp be induced by the 3 (in (5.7)); let & : W' — Wy, be that
induced by k, as defined in (5.8). Let

0: Q’lF,G‘W{f = hl/ho(}EWr/yr’y’e)‘Wl‘f — H*hl/ho(]EWF//DF/’V)

be induced by (6.3) and the identity before (6.3); it is a smooth morphism. We
claim that (as cycles)

(6.17) Cwe /v, ) = 01O py ) € Za(B /B0 By )

To prove (6.17), we introduce a new stack Drv , ., consisting of objects (, po),
where ¢ = (C, 3¢, L, N, ) € Drv,(S), and a nowhere vanishing p, € Ho(w(ljog ®
L£V®%)|3), where R C C is the section of the marking associated with the distin-
guished 1,-leg of I, (The distinguished leg is the one added after trimming the
edge e; see definition 5.1.)

For any family (C,%C, L, N, v, ¢°, p°) in ))#ME(S), let R C C be the section of
nodes that separate C into C® and C¢ (cf. (5.1)). Then by adding p|r to the family
(5.1) we obtain a family in Drv, . This defines the morphism ¢; below. Let o
shown below be the morphism defined similarly. They form the (left) commutative
diagram

K

Wll—f EE— WF/ ; WF/

019 1 |- 1

" G1 G2
yF,V,E DF/7V7O DF/J/

Let (5 be the forgetful morphism. This morphism fits into the right commutative
diagram above. Because for family (C,---,¢% p°) in yﬁy’e(S), ¢°|lr = 0, one
checks directly that the left square above is a fiber product.

By its construction, (s is smooth. Thus

Wi/ T O/,
(6.19) | |
W0 Ty, oy, ) — BY/RY(Twy, oy )
is a fiber product. This implies

(620) Twﬁ/y#,u,e = K:*TWF//IDF/,V,O and Q:WIH/y#,u,e = H*Q:WI"/DF’

S50

By (6.19) and (6.20), the following square is a fiber product:

v

*
Syvr ot — A VY7

(6.21) | |

hl/hO(TW’;/y*;yyye) — H*hl/hO(TWF,/DF/,,,)-
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We next look at their deformation complexes. To begin with, the family version
of (6.4) gives an exact sequence

(622) K‘*a*TDF’,u,o/DF’,u — Obwlg/yllf,u,e — H*Obwr//DrQy — 0.
Note that Tp_, /p, , is an invertible sheaf whose fibers are (wg’g ® LVO5)|x.

This sequence is the cohomology of the top row in
+1

Tprlvuvo/DrlaV [_1] Ewﬁ/y#,u,e K/*EWF’/'DF’,U E—
v
(6.23) H T WE/VE Td)‘v’vr//vr/,u
+1

T, oo [ = Ty —— & Ty oy, —

v

Here the upper row is induced by the derived push-forward of the family version
of (6.3) and the lower row by (6.18) and (6.20). Hence both rows are distin-
guished triangles. The arrow (;SVWF, /D is induced by the ordinary construction

and gbvwg o is induced by the same process which derives the first vertical arrow

in (7.11) using (7.10)’s blow up construction. Both vertical arrows use direct im-
age cone constructions. The commutativity of the second square in (6.23) follows
from the natural arrow between the two universal families and the two evaluations
maps directly.

Taking h'/h° of the diagram we obtain

o .
Tpy, , /Pr, — hl/hO(EW{;/yg,V,e) —— WD By, /o)
Thl/ho( wi L, ) Thl/ho(d’;vpr/vw,y

Tpy, , /Do, — hl/hO(ng/y;‘,y,e) — “*hl/ho(TWF,/DF,,V)-

(6.24) ‘

By [BF, Prop.2.7], both rows are exact sequences of cone stacks. Therefore the

second square of (6.24) is a fiber product. By Proposition 7.5, we know that

¢ku/yu (in (6.1)) is v-equivalent to ‘b;//v“/y“ (cf. [CL1, Def.2.9]), thus the
T I'v,e T T'v,e

cycle €y /y#’m] induced by (;3;//\}# is identical to that induced by d)%; e

/y#,u,e
(cf. [CL1, Prop.2.10] and [CL1, Lemm. 2.3]). Combining the above with (6.21),
the claim (6.17) is proved.

We consider 74" (compare with 7 in (6.10))

B CWH e W W B e
7T1 . — 7T|WF‘% . WF‘(B . — WF XyF,l/,e % — WF XWé Qlé WF’
where 205 = 20z xyy, WE. Let
CWWH N VYT
w . er% — WF XWé Qlé WF

be the first projection.
Then by the definition of € (cf. (6.15) and (6.14)),

€BH] = [y yn,  Xowp Al = 00" (€, )

)



30 HUAI-LIANG CHANG AND JUN LI

wi6p, docs We obtain

Applying 0
O!ﬁ&nu,loc (lﬁ*e* [CWF//DF/J,]) = d]*’%* (O!ffr/,,,,loc[Q:Wr//’Dr/,y]) = w*’%* [WF’H/oiz'

(Recall that & : W' — W[, is defined in (5.8).) By adding
0, (V"R Vi) = AW e € AV = A.D(Gr),

we have proven that

fioe[B"] = &* Wi liae € AuD(5r.0)-
This proves Proposition 5.5.

7. APPENDIX

Let X be an Artin stack; let 7 : C — X be a flat family of twisted nodal curves,
and let ¥V — C be a smooth morphism of quasi-projective type. We denote by
C(mV) the groupoid defined as follows: for any scheme S, C(7.V)(S) consists
of all (o,s), where o : S — X is a morphism, C, = C xx S and V, = V Xx¢ Cy,
and s : S — V, is an S-morphism (a section of V, — S). An arrow between two
objects (o,s) and (o, ) is an arrow between o and ¢’ so that s = s’ under the
induced isomorphism V, = V.

We abbreviate W = C(m.V). Let my : Cyy — W be the pullback of C — X,
and let ev : Cyy — V be the tautological evaluation map (induced by the section
s), which fits into the commutative diagrams

ev

W 22 Oy v
g Ll
X C C.
Applying the projection formula to 3, Tyy,x = T, c — ev*Ty /¢ and using
Tw/x — R?TW*TF;VT)/\;/X, we obtain
(7.2) Oy x : Twyx — Eyyx i= Rmwaev™ Ty .

By [CL2, Prop. 1.1], (7.2) is a perfect obstruction theory.

In the following, we assume V — C is a (fixed) vector bundle. We consider two
cases. The first case is when V = V; @ Vs is a direct sum of two vector bundles.
We continue to denote W = C(7.V). We introduce W; = C(m,V;). Then the
direct sum V = V; @ Vs induces a morphism W — W; X ¥ W, which by a direct
check is an isomorphism.

There is another way to interpret this isomorphism. Let Cyy, := C xx Wha; use
(the same) 7 : Cyy, — Wh to denote its projection; and denote V; yy, = Vi X¢Cyy,.

Lemma 7.1. We have canonical isomorphisms W = C(m.(Viw,)) = Wi x x Wa.

5This construction of dy /2 applies to arbitrary representable V — C. We restrict ourselves
to the bundle case for notational simplicity.
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Let g2 : W — W, be the projection, as in the above lemma. Let ¢VW/W2, (;SVW/X, ¢VW2/X
be similarly defined perfect obstruction theories shown as follows,

. +1
Ewmw, — Eywx —— GEwyx ——
(7.3) [me  Jowm R
+1
Tyww, —— Twx —— Ty ——

where the top line is the d.t. induced by V = V; & Vs, and the lower line is induced
by W — Wy — X.

Proposition 7.2. The diagram (7.3) is a morphism between d.t.s.
Proof. We form the diagram
Cw —— V —= )

z b

2 VQ C )

Cw,

where ~; are projections induced by the direct sum V = V| & Vs; and §s is the lift
of g2 : W — Ws. This diagram induces a homomorphism between d.t.s

- 1
ev*']I‘V/V2 —_— ev*']I‘v/C —_— qgevg'ﬂ'vz/c _*,

(7.5) Tw T T

~ +1
TCW/CWQ PJI‘CW/C } qSTCWQ /C .
As C — X is flat, the second row is equal to the pull back via my : Cyy — W of

the tangent complexes d.t. of the triple W — Ws — X. Applying the projection
formula to (7.5), we obtain the following morphism of d.t.s

RWW*GV*Tv/VZ E— RWW*QV*T];/C — Rﬂ'W*(_E(GVETVZ/C +—1>
Twl TIﬁQ TTZB
+1
Tww, — Ty x — T,/ x —

Note that by definition, Eyy,,x = Rmw.«eviTy, ¢ and Ey x = Rmpy.ev Ty c.
Because of the identity

RrwsgzevyTy, o = g3 Rmywwevy Ty, e,

we see that ¥y = Qb)\jv/x and 3 = q§¢VWQ/X'
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It remains to be shown that ¢ = gbVW Wy Observe that 1 is induced by the
left square in (7.4), and that square is identical to the left square in

ev’/ pr
Cw —— Viw, — V1

w Lo

CW2 CW2 — C .

Here ev’ is the universal evaluation associated with the canonical W = C(m, (V1w ))-
Thus we have proev’ = 71 o ev, where 1 : V — V) is defined in (7.4).

Since V; — C is a bundle and hence flat, we have Ty, = 7Ty, c; thus the
arrow 11 equals

(7.7 Tep e, — eV 1Ty e = pri(ev') Ty, e = (ev) Ty, . /ey, -

Here the last isomorphism comes from pr* Ty, o = Ty, Wy [Coyys 85 Vi — Cis
smooth. On the other hand, it is evident that (7.7) is induced by ev’. Therefore,

EW/WQ = R’]TW* (eV/)*TVLWQ/CWQ = R’/TW*GV*’]TV/VQ,
and ¢1 = ¢y, Jw,- This proves the proposition. O

Remark 7.3. The natural diagram (7.3) is commutative when Vi and Vo are
arbitrary Artin stacks representable and quasi-projective over C, and Vi — C is
flat. The proof is identical to the above.

The second case is when there is a (scheme) section of nodes R C C that
decomposes C into a union of two X-families C; and Ca. We denote the (same)
projection by 7 : C; = X. Let V; = V|c,(=V x¢ C;), and define W, = C(mV1).
Let

¢1V/v1/x ‘T — By yx

be the similarly defined perfect obstruction theory. Note that for any S-family
(0,8) in W(S), letting C1, = C1 X¢ Co, then the family (o, s|c, ,) is a family in
Wi (S). This defines a morphism

(7.8) T: W — W
To proceed, we rewrite 7 along the line of a similar construction. For i = 1 and
2, let
Ci,Wl = CZ Xx Wla and Vi,Wl = V’L X¢C; Ci,W17
with 7 : C;yy, — Wi to be the projection.
Let S € T'(Viw,) be the universal section of Wi. Let R = R x¢ Ciyy, be
the section (of Cyy, — W) associated with R C C. Then S|z is a section of

Viwlp. Using R = C1NCa, we have R x¢ C1y, = R xcCapy,. As Vi and Vs are
restrictions of V, 81z is also a section of Vo, |z = Viw,|s. Let ¥ C Vo, be
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the substack ¥ = S1|z € Vo, |z C Vaw,. Let Blg(Va )y, ) be the blowing-up of
Vo yy, along ¥. Let

(7.9) Va1 = Bls(Vaw, ) — {the proper transform of Vo, |5 C Vaw, }-
Let 7 : V1 — Wi be the induced projection; we define
(710) W2/1 = C(W*Vg/l).

Note that V5,1 is smooth over Cayy, .

We now construct a canonical (restriction) Wi-morphism 2 : W — W;;. Given
any ¢ : S — W associated with (o,s) € W(S), restricting s to C; xx S gives a
family (o, s|c,x,s) € Wi(S) associated with the morphism 7(¢) : S — W;. The
other part s|c,x s is a section of the bundle

Vo xx S = (7(6)" Vo) = Vo, Xz, S-

Because s|c,x,s and s|c,x s are identical along R xx S, the section s|c,x s
lifts to a section of (7(¢))*(Va/1). This defines a morphism (@) : S — W1,
commuting with ¢ : S — W, 7 : W — W, and the projection W5,y — W;. As
t(¢) is canonical, it defines a YWi-morphism ¢ : W — W ;.

Lemma 7.4. The morphism 1 is an isomorphism. Let pr : Wy,1 — Wy be the
tautological projection, then pror = 7.

Proof. The proof follows directly from the construction. O

In the following, we will not distinguish between W and W,/ because of 1.
Because W = W, ,; = Wi, W — X and W) — X all use the construction stated
at the beginning of the Appendix, we have perfect obstruction theories ¢} /o shown
as follows:

A A2 +1
Ewmw, —— Ewx —— 7By x ——

(7.11) MV oy T% x TT*W\@ I
. +1
TW/W1 E— Tw/x — T TW1/X _— .
Here the lower sequence is the one induced by W = W, ,; — Wy — X. The arrow

A1 is induced by the canonical composite Vy/1 — V, and A by the restriction of
sheaves (bundles) V — Vs.

Proposition 7.5. The two rows in (7.11) are d.t.s; the two squares in (7.11) are
commutative. Further, taking base change of (7.11) via any & € W(C) and taking
long exact sequences of cohomology groups of the two rows, the vertical arrows
induce a morphism between the two complexes of vector spaces.
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Proof. We denote by evy : C1yw — Vi and ev : Cyy — V the obvious evaluation
maps. We have the following obvious fiber diagram

evy

Ciw 1%t C1
[
Cw —— Y C,
where the vertical arrows are closed embeddings. This implies that the square
Tcl’w/cl d(ev1) ev‘f Vl
(7.12) lm l”

.
j*TCW/C —>J (GV) j*eV*V

is commutative. Since Ciyy C Cyy is the fiber product of C; C C with W — X,

that C and C; are flat over A implies that T¢, ,,/c, and T¢,, ¢ are pullbacks of

Tyy/x; thus uy is an isomorphism. Similarly, uz is an isomorphism. This implies

that the following square is commutative

TCw/C —>d(eV) eV*TV/C = ev*V

lufloj* lugloj*

. d(evi) . .
]*Tcl’w/cl —_— ]*GVTTvl/Cl :]*GVTVL

Let ¢ : Va1 — Vaw, — V2 — V be the composite of the obvious morphisms.
Then we have the commutative square

CQJ/\} = Cz Xy W ﬂ) Vg/l

! Js

Cwy NS

Here evy; is defined using the universal section of Wy /(= W).

The above two squares induce the following two commutative squares of objects
in Db(OcW): (letting 7o : C2)y — W be the projection, and letting j; : C1w, Xw,
W — Cy and j2 : C2 v — Cyy be the obvious inclusions)

]2*ev;/1TV2/1/02,w1 > ev' Ty e > Jievi Ty, e,

(7.13) | | |

]2*W§TW/W1 = r]I‘Czw/cz,wl r]I‘CW/C ]1*%*TC1,W1/C1’

where 7 : C1yy — C1,w, is the projection lifting 7 : W — Wy. (cf. (7.8).)
Taking 7 : Cyy — W and 7 : C1)»y, — W as the respective projections, letting
evy : C1w, — V1 be the evaluation using the universal section of W, and applying
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R, to (7.13), we obtain commutative diagrams

RWQ*BUS/lTVZ/l/ClWl — Rm.ev*'Ty,c —— 7"Rm.eviTy, /¢,

I | |

(7.14) RW?*WSTW/Wl E— RW*TCW/C B T*Rﬂ'l*Tchl /C1
TW/Wl — Tw/){ — T*’]TW1/X'

Note that the first row of (7.14) is identical to the first row of (7.11), and the three
composed vertical arrows in (7.14) are (bi\jV/Wl’ d’)v/v/)( and T*¢1V/VI/X in (7.11).

On the other hand, we have canonical ev; Ty, /e,y = ev*(Vle,(—R)) (due
to the blowing up construction). The first row of (7.13) equals

(7.15) 0 — ev*(V|e,(—R)) — ev™V — ev*(V|e,) — 0,

and thus is a distinguished triangle. Therefore, the first row of (7.14), which is the
first row of (7.11), is a distinguished triangle. Finally, the rest of the proposition
is implied by the commutativity of the following diagram

O By yxlre) —— M By le)
[, ale [ @ o

WO (Twy xlre) —— A (Twyw le)

which can be checked by Cech cohomology description of the obstruction class
assignment. We leave this to the reader. O
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