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ABSTRACT. This is the first part of the project toward proving the BCOV’s
Feynman graph sum formula of all genera Gromov-Witten invariants of quintic
Calabi-Yau threefolds. In this paper, we introduce the notion of N-Mixed-Spin-P
fields, construct their moduli spaces, their virtual cycles, their virtual localiza-
tion formulas, and a vanishing result associated with irregular graphs.

CONTENTS
1. Introduction 1
2. NMSP fields 4
3. Properties of the moduli of NMSP fields 7
4. G-fixed loci 10
5. Irregular graphs and their associated vanishings 15
6. Localization formula and separation of nodes 21
References 26

1. INTRODUCTION

This is the first of a three-paper series. In this paper, we introduce N-Mixed-
Spin-P fields (NMSP fields), construct their moduli spaces, construct their potential
functions, and prove that these potential functions admit a decomposition sepa-
rating them into a part that involves the Gromov-Witten (GW) invariants of the
quintic Calabi-Yau (CY) threefolds, and a part that involves the Fan-Jarvis-Ruan-
Witten (FJRW) invariants of the Fermat quintic polynomial.

In this three-paper series, we will prove several structural results of the GW
potential function F,. In [NMSP2], we will prove Yamaguchi-Yau'’s finite generation
conjecture for Fy, which implies the convergence of Fy;. In [NMSP3], we will prove
the Bershadsky-Cecotti-Ooguri-Vafa (BCOV) Feynman graph sum formula. One
of its consequences is the Yamaguchi-Yau Functional equation [YY, Sect. 3.3] (for
the proof see [NMSP3, Sect. 7]). Our method is expected to apply to any complete
intersection Calabi-Yau threefolds in products of weighted projective spaces.

The notion of MSP field was introduced in [CLLL, CLLL2] as a mathematical
theory to realize the phase transition for GW invariants of quintic CY threefolds
envisioned by Witten [Wi]. The relations derived from the vanishings via their
virtual cycles have produced, or reproduced, results on low genus GW invariants
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of the quintic CY threefolds and the low genus FJRW invariants of the Fermat
quintic polynomials (cf. [CGLZ, GR]).

In the current project, we modified MSP fields: we duplicate one of the fields
by N copies, and call the resulting field an NMSP field. Scaling each of the N
copies provides a G = (C*)N-equivariant theory, which! simplifies significantly
the structure of the generating series in the package: For one, when N is large,
the twisted class that appears in the localization formula at the quintic fixed loci
becomes the original quintic virtual class; secondly, it greatly simplifies the chain
and tail contributions in the localization formula (c.f. [NMSP2]), and realizes
BCOV Feynman propagators as NMSP two point functions (c.f. [NMSP3]). All of
these play a significant role in allowing us to prove the BCOV Feynman rules for
the GW potentials of quintic CY threefolds.

We now briefly outline the structure of the paper. In this paper, we focus on
the Fermat quintic 3 + -+ + 3. An NMSP field of numerical date (g,~,d) of the
Fermat quintic polynomial is

(1.1) §= (6,2 LN, 0,0, 1,0); = ()1, 1= (1)},

where ¢ C € is a genus ¢ (-pointed twisted curve; £ and N are invertible sheaves
of Oe-modules; the monodromy of £ along the i-th marking ¥; € X¢ is given by
~:; and @, p, i, and v are fields

pi € H(L), pe H'(L° @we(2%)), pj € H(L ®N), ve H'(N),
satisfying certain properties. It is called an NMSP field because p consists of IV
sections in the same space. When N =1 it is an MSP field (cf. Definition 2.1).

We fix N > 1, and let W, ,q be the moduli of stable NMSP fields of type
(9,7,d), where g is the genus of the domain curves, v = (;){_, is the monodromy
data, and d = (doy,ds) is the degree of L ® N and N. The moduli W, 4 is a
G-stack, via the standard action of G on the N-components of u.

Theorem 1.1. The moduli space Wy~ q is a separated DM stack, locally of finite
type. It has a cosection localized G-equivariant virtual cycle [ngd]Vir, lying in a
proper G-invariant substack Wg—v a S Wyra:

[ngd]Vir € Af(Wg_;y,d)'

We define the NMSP potential function. In this article, we will confine ourselves
to the case where the markings consist of n scheme markings decorated by (1, p),
meaning that the field p vanishes along the markings. Namely we shall always
choose v = (1,p)". We sometimes denote by W, , q the moduli of stable NMSP
fields W, q of numerical data (g, (1, p)",d).

Then for any £ € W, , 4, as in (1.1), and the i-th marking 3J; C ¥¢, the definition
of NMSP fields forces v|y, nowhere vanishing, and

0 7é (‘101|2¢7"' 5@5|Eia (Hl/y)|2ia" : 7(:U'N/V)‘E¢) € HO(L|21')€B(5+N)'

Thus it defines a G-equivariant evaluation morphism
(1.2) evi i Wypa — PV

where G acts on P4V by scaling the last N-homogeneous coordinates of P4+,

Lafter picking cyclic weights.
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Let t1,--- ,tn be the standard generators of AZ%(pt). For 1 < i < n, we let
7 € H5(PYN), and let ¢); € HE (W, -.a) be the ancestor psi-class (i.e. the pullback

from Mg,). We let (n = exp(m). We define

n

(1.3) Hmp >g,ndoo > 1)d+1—qu,/ vl

d>0 Wa,n, (d,doo) "™ i1
Convention. After equivariant integration, we will substitute t, = —(\t for a

formal variable t, where « is always understood to be an integer in [1, N].

Theorem 1.2 (Polynomiality of NMSP potential). We suppose all T; have pure
degree®; and let € = 3 (>0 (degm; + k; — 1) — doo). Then

(1.4) —(g—1+€)N HTl i gndoo

is a rational polynomial in q/tN of degree no more than g — 1 + .

Notice that (1.4) vanishes unless € € Z, as we have substituted ¢, by —(%t. In
[NMSP2], we shall apply the theorem for sufficiently large N so that the polynomial
(1.4) has degree < g — 1.

We will use virtual localization (cf. [GP]) to study the structure of this correlator

function. For a narrow (g,7,d), we will use flat decorated graphs © € GS7 q to
parameterize open and closed substacks of the G-fixed part

(ngd)G: H We)-

fl
SR

The virtual localization gives

i [W o ]vir
(1.5) [Wg,%d] = Z ﬁ?
A S
o¢€ Gg v.d

where [W(@)]Vir € AWy N Wﬁ d)-

We briefly describe these graphs A graph O € Gﬂ g.d q has its vertices possibly
lying in three different levels: level 0, level 1, and level co. In the virtual localization
formula, a level 0 vertex will contribute a GW invariant of the quintic threefold;
a level 1 vertex will contribute a Hodge integral on the moduli of pointed curves,
and a level oo vertex will contribute an FJRW invariant of the Fermat quintic
polynomial.

We find that, among all graphs, a subclass of “irregular graphs” contributes
zero numerically. In short, a graph © is irregular if it has an edge incident to two
vertices, one at level 0 and one at level oo, or has some special vertices at level oo
(c.f. Definition 5.2). We prove the irregular vanishing theorem.

Theorem 1.3. For an irreqular © € GS’Y 4 not a pure loop, [W(@)]Vir ~0.

Here a graph is called a pure loop if it has no legs, no stable vertices, and every
vertex has exactly two edges attached to it. And ~ means that for the purpose
of numerical applications, one can almost always treat any two classes A ~ A" as

20ur convention is that elements in H? has degree 1.
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identical classes. (See Definition (5.3).) We let G;?%, q be the set of regular graphs
in Gg,n, d

For the case when 7 consists of n (1, p)-type markings, we will use Wy, q4 =
Wyn.a. For classes 7; € HE(P4™Y), coupled with (1.5) and Theorem 1.3, we obtain

~ W) "™
1.6 (Wonal™ - (—)) = | ——==(—)) := «(Contg - (—)),
06 e (Wanal™ () = 3o (g () 1= 2o (Conte - ()
where the summation is over all © € G;?Tg%d, the map = : W;md — pt is the

projection, and (—) = ev{ﬁwfl e erLTndJﬁ". Namely when we calculate correlators
using (1.5), we only need to sum over regular graphs, due to Theorem 1.3.

In the end, we will use the knowledge of the localization formula to prove a
decomposition formula, relating Contg with the localization contribution from the
graph ©' obtained by dislodging an edge from one of its incidental vertex.

The organization of this paper is as follows. In §2 and §3, we will state the basic
properties of NMSP fields, and prove the basic properties of the moduli W, 4,
including Theorem 1.1. In §4, we will investigate the structure of the fixed loci
(Wy.4.a)¢. We will prove Theorem 1.3 in §5. In §6, we will provide the details of
the virtual localization formula. We will prove Theorem 1.2 in the end.

Acknowledgement. The authors would like to take this opportunity to thank
Yongbin Ruan for generously sharing his understanding of the insight from physics
on GW invariants of quintic CY threefolds. The authors also thank Melissa Liu
for her help to this project.

2. NMSP FIELDS

In this section, we introduce the notion of NMSP fields and prove their basic
properties. The proofs of most of the stated properties can be found in [CLLL].
We only consider NMSP fields of Fermat type a3 + - - - + 2 in this paper.

We let p5 < C* be the subgroup of the 5-th roots of unity. We let

ugr:“BU{(lﬂp)7(17@)}7 and “ga:“lgr_{l}‘
Forn € ps, we let (n) < C* be the subgroup generated by 7. For the two exceptional

elements (1, p) and (1, ¢), we agree ((1,p)) = ((1,¢)) = (1).
We call a triple (g,~,d), where

9>0, v=n, %) € @)™, and d=(do,dx) € Q%

a numerical data of NMSP fields. In case v € (u2?)**, we say that (g,7,d) or v is
narrow. Otherwise, when some 7; = 1 we say ~;, v, and (g,7,d) are broad.

Recall the convention on invertible sheaves on a twisted curve. An indexed
ps-marking of a twisted curve has a local model given by

[pt/ps) C W= [A!/ps] = [Spec Clu] / 5] -

The invertible sheaf of Oy-modules Oy (%p) has monodromy ¢§*, or index m € [0, 4],

2my/—1
where as always (s = e 5 .

For an S-family of pointed twisted nodal curves ¢ C €, we let wleo/gs = we, 5(2%);
for v € pb*, we let ¢ =[] »¢.

Vi=Q
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Definition 2.1. Let S be a scheme and (g,7,d) be a numerical data. An S-family
of NMSP-fields of type (g,7v,d) is
(2.1) §=(6,2%L,N,0,p,1,v)
such that
(1) UleZf = X¢ C @ is an (-pointed, genus g, fiberwise connected S-twisted
curve so that the i-th marking EZC is banded by (v;) < C*;

(2) £L and N are representable invertible sheaves on C; L @ N and N have
fiberwise degrees dy and do Tespectively; the monodromy of £ along Z‘f is
i when (i) # (1);

(3) = (1, ,pun), i € H(LON); v € HO(N), and (u,v) is nowhere zero;

(4) p € HO(L(-XC )))@5; and (p, ) is nowhere zero;

(Lp
(5) pe HO(L ® wéo/gs(—E?l p))); and (p,v) is nowhere zero.

We call & narrow (resp. broad) if v is narrow (resp. broad).

We define an arrow ¢ = (€/,%% L/ --.) — £ between two S-NMSP-fields to
be a 3-tuple (a, b, ¢) such that a : (2% c ) — (£¢ C @) is an S-isomorphism of
twisted curves, b and ¢ are isomorphisms of £’ and N’ with £ and N, respectively,
which preserve all fields (cf. [CLLL, Definition 2.6]).

We define W;ﬁ q to be the category fibered in groupoids over the category of

schemes, such that objects in Wgrf q(S) are S-families of NMSP-fields of type
(9,7,d), and morphisms are given as above.

Definition 2.2. We call £ € W;rvevd((C) stable if Aut(&) is finite. We say & €

W;ﬁd(S) is stable if &|s is stable for every closed point s € S.

It is direct to check that being stable is an open condition. Let W, , g4 C Wgrf d
be the open substack of families of stable objects in W, ;. The group G = (CHN

acts on W, q tautologically:

(2.2) t-(2%,0,L,N, ¢, p,p,v) = (25,6, L,N, 0, p, t - p,v), teaq,
where ¢+ (u1,--+ ,un) = (tipr, -+ ENLN).

Theorem 2.3. The stack Wy .a is a DM G-stack, locally of finite type.

Proof. The theorem follows immediately from that the stack Mg‘”g of stable twisted

{-pointed curves is a DM stack, and each of its connected components is proper
and of finite type (see [AJ, Ol]). O

In this paper, we will reserve the symbol G for this action on W, 4.

Example 2.4 (Stable maps with p-fields). An NMSP-field § € W, ~.a(C) having
pw = 0 will have N =2 O¢ and v = 1. Then £ is reduced to a stable map f =
[¢] : B¢ C € — P* together with a p-field p € Ho(f*O]pél(—i)@ wéog). Moduli of
genus g {-pointed stable maps to P* with p-fields, denoted by Mg,g(IPA, d)P, was first
introduced in [CL].

Example 2.5 (Stable 5-Spin maps with p-fields). An NMSP-field £ € Wy .4(C)
having v = 0 will have p : £° = wéog, and that p defines a degree dy morphism
(1] : € = PN=1 (dy = deg(L @ N)). This way, we obtain a morphism

(2.3) Wana N{E [ v =0} — MY 5 e Mg (PN dp).
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Here, M;,/,?’Sp is the stack of 5-spin curves (not necessarily stable) with fized mon-
odromy v and 5 p-fields, /\/l;f‘,’y is the moduli of genus g twisted nodal curves of
marking v, and Mg,,y(]P’N_l,do) 1s the moduli of stable morphisms. The G-action
on (2.3) is via its obvious action on M, (PNt dy). When p-fields are zero, this
moduli space was studied in [JKV].

2.1. Cosection localized virtual cycle. In the following, we will only consider
narrow NMSP fields unless otherwise mentioned.

The DM stack W, ,.q admits a tautological G-equivariant perfect obstruction
theory. Let D be the stack of data (€,%¢ £, N), where ¢ C € are pointed con-
nected twisted curves, and £ and N are invertible sheaves on €, with £ @& N repre-
sentable. Clearly, D is a smooth Artin stack, locally of finite type.

Let

(2.4) 1:56CC = Wyna with (L,N,0,p, 1 v)

be the universal family of W, ,q. Define ¢ : Wy, 4 — D to be the forgetful
morphism, forgetting the fields (¢, p, pt, ). The morphism ¢ is G-equivariant with
G acting on D trivially.

We adopt the following convention throughout this paper. We abbreviate P =

LT5® wlco/gwgmd. For 7; € ps, we set m; € [0,4] so that ; = ;. Let £, be the
number of v; so that v; = (1, p); likewise for £,. We let by =0 — £, —£,,.
We first construct its perfect obstruction theories [BF, LT].
Proposition 2.6. The pair q : Wy a4 — D comes with a G-equivariant relative
perfect obstruction theory
Ew/p — LWg,w,d/'D’
where

Eyp = <R7r* (£(—Ef17¢))@5 ® P(—E%,p)) ® (@E QN ®Ly) @J\/))

\%
)

where @y 1s a summation from o« = 1 to N, and Ly is the I-dimensional G-
representation where the a-th factor of G acts with weight one, while other factors
act trivially. Then the virtual dimension of Wy .4 is

Lo )
(2.5) 6(g,7,d) :=Ndo+doo+N(1—g)+£—4(£¢+2%).
=1

Proof. The proof is exactly the same as in [CLLL]. O
The associated relative obstruction sheaf of ¢ : W, , 4 — D is
Obyy,  o/p = R'm(L(=3( )P @ P(=X(, ) & (8aL @ N ® L) @ N);

9,7,d (L
the absolute obstruction sheaf Obyy, _ , is defined by the exact sequence

d
(2.6) q*TD — Ong,«/,d/D — Ong,w,d — 0.
We define a cosection (homomorphism), for narrow -,

(27) o Ong’%d/'D — OWg,w,d

by the rule that at an S-point & € W, ,,a(S) as in (2.1), and for

(16,0, 7) € H' (L(=51 ) @ L7° @ wefs(—51 ) © (Bal @ N @ L) & N),
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(2.8) a(E)(p, o) =5p > _pipi+p Y @ € H (weys) = H(0e).

Here the term 5p " ¢}p; + p > ¢? lies in Hl(G,w@/S) because when ~; # (1, p),
Sﬁj‘zgf =0.

Lemma 2.7. Let vy be narrow. Then the rule (2.8) defines a G-equivariant cosec-

tion o as in (2.7). It lifts to a G-equivariant homomorphism Obyy, 4 — Ow, _ 4.

We call the lifted homomorphism a cosection of Obyy, . ;. The proof of the
lemma is exactly the same as that of [CLLL, Lemma 2.12], and will be omitted.

As in [KL], we define the degeneracy locus of o to be the (reduced) substack

W, . a € Wyy,a whose closed points are

(2.9) Wy 1.a(C) ={§ € Wy1.a(C) | of¢ = 0}

We have the following criterion, whose proof is the same as in [CLLL, Lemma 2.13].

Lemma 2.8. Let v be narrow. A § € Wy 5,a(C) lies in W, 4(C) if and only if

(2.10) (p=0)U(p]+---+pi=p=0)=C.
Applying [KL, CKL], we obtain the cosection localized virtual cycle

Wyral™ € AF (W, 4), 6=26(g,7,d).

3. PROPERTIES OF THE MODULI OF NMSP FIELDS

In this section, we fix a narrow (g,,d); we abbreviate W = W, , 4, and conse-
quently abbreviate W~ = W;,Y a- We prove that W™ is proper.

3.1. Stability criterion. We denote by 79 € S a closed point in an affine smooth
curve, and denote S, = .S — 1 its complement.

In using valuative criterion to prove properness, we need to take a finite base
change S’ — S ramified over 79. By shrinking S if necessary, we assume that there
is an étale S — Al so that ng is the only point lying over 0 € Al. In this way, for any
positive integer a, we can form S, = S x u Al, where Al — Al is via ¢ — t®. Thus
ny € S, lying over ng € S is the only closed point lying over 0 € Al of ramification
index a.

We will use subscript “«” to denote families over S.. Hence & € WP™(S,)(=

WP 1(S.)) takes the form &, = (2%, €., L4, N, -+ ).

We first characterize stable objects in WP™(C). We say that an irreducible
component &€ C C is a rational curve if it is smooth and its coarse moduli is
isomorphic to P'. We say (g,7,d) is in the stable range if the following holds:
when g = 0 then £ > 3 or d # (0,0), and when g = 1 then ¢ > 1 or d # (0, 0).

Lemma 3.1. Let (g,7,d) be in the stable range and let & € WP~ (C). Then & is
unstable if C contains a rational curve € such that one of the following holds:
(1) €N (2% U Cying) contains two points, LL°|e =2 O¢, and L @ N|g =2 O¢;

(2) €N (2° U Cyng) contains one point, and either ple is mnowhere zero and
L ®N’g = Q¢, or L’g = :N‘g = O¢.
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Proof. Let £ € WP (C) be unstable. For each irreducible € C C, let Aute ()
be the subgroup of Aut(¢) leaving € invariant. As argued in the proof of [CLLL,
Lemma 3.3], there is an irreducible & C € so that the group Im(Aute(§) — Aut(€))
is infinite.

In case € = €, then it is easy to see that £ is not stable only when (g,7,d) is
not in stable range. Thus by assumption, € # €, and then € has arithmetic genus
zero (thus smooth), and € N Cgjng # 0.

We now consider the case when € N (X¢ U Csing) contains one point, say p € €.
Suppose ple = 0, then the same argument as in the proof of [CLLL, Lemma 3.3]
shows that vo|¢ is nowhere vanishing; N|e = O¢, and (¢, pt)|e is a nowhere vanishing
section of HO(LPG+N)|¢). Since G is infinity and (¢, p)|e is G-equivariant, this is
possible only if £|¢ = O¢ and (¢, it)|e is a constant section. This is (2).

Suppose ple # 0. We argue that £L ® N|¢ = O¢ and ple is a constant section.

Indeed, since & € W;)rf:i((C), we have ¢|g = 0, thus p|e is nowhere vanishing and

defines a morphism [u] : € — PN~L. Since G is infinite, [] : € — PV~ is not
stable, thus [u]|e is a constant map. This is possible if and only if £ ® N|e¢ = Oe.
Once £ @ N|g = O¢ is established, the same argument as in the proof of [CLLL,
Lemma 3.3] shows that this must be case (2).
For the case (1), by the similar argument in the proof of [CLLL, Lemma 3.3], we
obtain £2|¢ & O¢. If ple # 0, by the similar argument as above, we get £ ® N|g =
O¢. If ple = 0, v|¢ must be a constant. Thus N|g = Og and p € HO(LPNV|e).

Therefore we get a map & — P4V induced by the sections (¢1, ..., @5, ft1, .. ., AN ).
Since G is infinite, the map must be a constant resulting £|¢ & O¢. In any case,
we have £ ® N|g = O¢. This is case (1). O

3.2. Valuative criterion for properness. We begin with a simple extension
result.

Lemma 3.2. Let & € WP (S,) be such that p. = 0. Then possibly after a finite
base change, &, extends to a § € WP~ (5).

Proof. Since p, = 0, v is nowhere vanishing and N, = O,. Thus (¢, ) is a
nowhere vanishing section of H°(££°@®LPN), and induces a morphism (X, €,) —
P4 such that (fi)*Opasrn (1) =2 L,. By the stability assumption of &, this mor-
phism is an S,-family of stable maps. Thus the Lemma follows from that the
moduli of stable maps to P4V of fixed degree is proper. O

Lemma 3.3. Let & € WP (S,) be such that . = v, = 0. Then the conclusion
of Lemma 3.2 holds.

Proof. Let & = (Cy, X%, L,,---). Since v, = 0, p, is nowhere vanishing. Thus
(C., X%, L,) is an S,-family of spin curves. The section p. induces a morphism

S e, — pPN-1

such that ffO(1) = L, ® N,. This is exactly an S,-family of stable spin maps
studied by Jarvis, Kimura and Vantrob in [JKV]. By the diagram on page 519 and
Proposition 2.2.3 in [JKV], the moduli stack of stable spin maps is proper. Thus
we can extend the spin curve (C,, X%, £,) over S, to a spin curve (C, X¢ £) over S
with a stable map f: @ — PV~! extending the map f.. We define N = f*0(1)®L".

The family (C, YO LN, o =0,p,p,v= 0) is a desired extension of &,. O
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Lemma 3.4. Let & € WP (S,) be such that Cy is smooth, . =0, p, # 0 and
ve # 0. Then possibly after a finite base change, we can extend &, to & € WP (S).

Proof. Since ¢, = 0, the section p, is nowhere vanishing and defines a (not nec-
essariy stable) morphism [u] : €, — PV~!. By adding some auxiliary sections,
possibly after a finite base change, we can extend X% c €, to ¢ C @ over S,
and extend [u,] to a morphism [u] : € — P"~!. In this way, M := [u]*O(1) is an
extension of £, ® N, over € so that e € H°(Ly ® N,) extends to puo € HO(M),
and [p] is the map defined by (u1,- -, un).

Our next task is to extend (p«,vs). For this we follow the proof in [CLLL, §3].
Possibly after a further base change and desingularization, we can find an S-families
of pointed twisted curves ZG~C é, a birational morphism ¢ : e — G, such that ¢
induces an isomorphism of »¢ with Ee, and extend L, to an invertible sheaf £ on
€ so that, after letting M= ¢*M, v, extends to a regular section U € HD(J\?[®£V),

and p, extends to a meromorphic section of L5 ®w%°/gs, so that a parallel statement
of [CLLL, Proposition 3.5] holds.

After that, we follow the proof in §3 of [CLLL]. We form a basket B as in [CLLL,
(3.3)], using (p = 0) and (v = 0). Then the proof in [CLLL, (3.3)] can be line by
line copied to this case to show that we can choose a & € WP™ (S) extending &..

This proves the lemma. U

Lemma 3.5. Let § € WP (S,) be as in Lemma 3.4. Then possibly after a base
change, we can extend &, to a (stable) & € W(S).

Proof. Let € be an extension given by Lemma 3.4. In case &y is not stable, by
Lemma 3.1, we have those rational curves & C €y satisfying (1) or (2) of the
criterion. By the same Lemma, we know £ ® N|g¢ = Qg. Then we can apply the
arguments in [CLLL, §3.5] to show that, by blowing down and modifying fields, we
can make £ stable. O

The case where C, is not necessarily irreducible can be treated by gluing.

Proposition 3.6. Let S, be as before, and let §, € WP (S,). Then possibly after
a base change, we can extend &, to & € W(S).

Proof. The proof is the same as that in [CLLL, §3]. O

3.3. Proof of the properness. We continue to abbreviate W = W, q. We first
prove that W is separated. As before, 19 € S is a closed point in a smooth curve
over C, and S, = S — 1.

Lemma 3.7. Let &, & € W(S) be such that & = &, € W(S,). Then £ =2 ¢'.

Proof. Suppose C, is smooth. The proof of the valuative criterion for separatedness
in [CLLL, §4.1] line by line can be adopted to this case, after we replace vy (resp.
vo) by (1, , un) (resp. v).

Note that in [CLLL], whenever we know that D C € is an irreducible component
satisfying that vi|p is nowhere vanishing, we conclude that £ ® N|p = Op. This is
no longer true, as assuming (p1,- -, pun)|p is nowhere vanishing only provides us
a morphism [u]|p : D — PN~1 not necessarily constant. In [CLLL, §4.1], the fact
that v1|p nowhere vanishing implies £ ® N|p = Oy is used only at one place. It is
in the fifth paragraph of Sublamme 4.3.
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To adopt to our case, we can modify the argument as follows. Firstly, we adopt
the same notation for D’ and Dy used in Lemma 4.1 of [CLLL]. Using f*¢'|p, = 0,
we have p|pr = ¢|p = 0, thus (u;|D/)§y:1 and v'|ps are nowhere vanishing. Since
ap+by =0, f*1|o—g = T (ple)|p—q- (Compare (4.4) in [CLLL].) Thus (u;by);y:l
defines a constant morphism D’ — PN~!. Because D’ contains one node and at
most one marking of Cf, &, becomes unstable, a contradiction. This proves that
ap = k.

With this slight modification, the argument in [CLLL, §4.1] can be adopted here
to prove this lemma, assuming that C, is smooth.

Adopting the proof of [CLLL, Proposition 4.4], one proves that the lemma holds
without assuming that €, is smooth. This proves the lemma. O

Proposition 3.8. The stack VW is separated.

Proof. The proof is identical to that of [CLLL, §4]. Because W is locally of finite
type, to prove that it is separated we only need to show that any finite type open
substack Wy C W is separated. Then because W, is defined over C and is of finite
type, to show that it is separated we only need to verify the statement in Lemma
3.7. By Lemma 3.7, W is separated, therefore W is separated. O

Proposition 3.9. The stack W™ is of finite type.
This proposition will be proved in Subsection 4.3.
Proposition 3.10. The stack W™ is proper.

Proof. Assuming Proposition 3.9, as argued in [CLLL, §4], we only need to prove
the statement in Proposition 3.6. By the same proposition, we prove that W™ is
proper. O

4. G-FIXED LOCI

We fix a narrow (g,7,d) and an integer N. Let G = (C*)" act on W via (2.2).
We will characterize the fixed loci W&. As usual, a typical element £ € W is

(41) g: (G,EG,L,N,@,p,M, V)7 Y= (@i)?zla n= (:ul)'fil
We will use p = 1 to mean p is nowhere vanishing, and the same applies to other
sections.

4.1. Associated graphs. We associate a decorated graph to each & € WY, Recall
that a graph © is determined by its vertices V, edges E, legs L, and its flags
F ={(e,v) € E xV : v incident to e}. Our convention is that we will use V(0)
to emphasize the dependence of V on ©. If © is understood, we will use V for
simplicity.

Let £ € WC be of the form (4.1). Then G has an induced action on €. We let
@Y C @ be the closed subset fixed by G, and let €™ = € — C%. Then €F is proper
and not necessarily of pure dimension one; €™ is of pure dimension one with each
connected component smooth and not proper.

Definition 4.1. Let £ € W&, Let Co = €N (4 = 0)red, Coo = CN (¥ = 0)red,
C1 =CN(p=¢ =0)red; let Co1 (resp. Cix) be the union of irreducible components
of C—=CUCLUC in (p = 0) (resp. in (p = 0)), and Coso be the union of
irreducible components of € not contained in Cy U C1 U Coo U Co1 U Cloo-
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We let A = {00, 1,0}. Geometrically, €, consists of curves connecting €, and
Cy, and G, is the part of base curve having level a € A defined later.

Definition 4.2. Let £ € WC&. We associate to it a graph O¢ as follows:

(1) (vertex) V =V (O¢) is the set of connected components of C%;

(2) (edge) E is the set of the connected components of C™;

(3) (leg) L =A{1,--- L} is the ordered set corresponding to the set of markings
of ©¢, i € L is attached to v € V if Egj € Cy;

(4) (flag) (e,v) € F if €€, £ 0.

We call v € V' stable if C, is 1-dimensional; otherwise we call it unstable.

The set of vertices has a partition V = Vo U V3 U Vp, and v € V, if (the cor-
responding component) €, C C. for ¢ € A. The set of edges E has a partition
E = U cyenEe e, characterized by that e € E lies in E,., if the two G-fixed
points of (the closure of the component corresponding to e) C. lie in €., and C,,
respectively.

We characterize the structure of {|e, for a v € V. In the remainder of this paper,
a and (3 are reserved for integers in [1, N].

Lemma 4.3. The followings characterize vertices in Vo, V1 and Vj.

(a) We have partitions Voo = Ua VS, where v € V2 if the restrictions ple, =1,
tale, =1, pazale, =0, and vle, = 0;

(b) We have particition Vi = UV, where v € V* if the restrictions ple, =

ple, =0, pale, =1, pgzale, =0, and v|e, = 1;
(¢c) Forv €V, the restrictions ple, is nowhere zero, ule, =0, and v|e, = 1.

The proof of Lemma 4.3 is straightforward.

Lemma 4.4. We have partitions F1o = Uo BT, Eo1 = U ES,. Here e € Eg, if
and only if e € Fee, fale.ne, # 0, and pgzale.ne, = 0.

Proof. We characterize the set Ejoo. Let € € W and let E, etc., be the set of its
edges, etc.. Let e € F1o. Welet p € C. N Cy and p’ € C. N C;. We suppose p is

either a marking or a node of €, thus wéog lp = 1o is the trivial G-representation.
Then by the definition of NMSP fields, we have

(al): v|p =0, plp # 0, and pl, # 0;

(a2): ¢l = ply =0, ply # 0, and vy # 0.
By plp # 0 (vesp. ply # 0), there is an a (resp. ) such that pa|, # 0 (resp.
pgly #0). We claim that a = .

Suppose a # 3. We let G, < G = (C*)N be the a-th factor of G, and 1, be the
one-dimensional G-representation where G, acts with weight one and Gg., acts
trivially. Then by definition

p€ H(LTP @we®le,)?, s € H(L@N®1s)le,)?, ve H'(Ne,)C.

Therefore, as G-representations, we have

(b1): £®5], = 1¢, because p|, # 0, p is G-invariant, and w |, = 1.
(b2): N|, = —1,, because palp # 0, and o € HO((L @ N ® 1,)e, ).
(b3): N|p = 1p, because v, # 0.

(b4): L], = —14, because pgly # 0, and ug € HO((L @ N @ 15)le,)¢.
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Because a # 3, by looking at the G, action, the conclusions (b2) and (b3) imply
that the G action on C is non-trivial. Then (b1) and (b4) imply that deg £|e, = 0.
Since p’ is a scheme point, this forces £L&5|¢, = O¢,. Therefore, ple, is nowhere
vanishing, violating p|,y = 0. This proves that « # § is impossible.

We now suppose p is a smooth non-marking of C. In this case, (al) and (a2),
and (b2)-(b4) still hold, while (b1) must be replaced by

(b1"): L2 ® Oc, (—p)|p, = Lo.

Combined with (b4), we conclude that deg £#° = 1, which is impossible since
C. = P! a (non-stack) scheme. This proves that o # 3 is impossible in this case,
too. Since o = 3, we deduce that pale,ne, # 0, and pig2ale.ne, = 0.

For the statement on Ejyi, we note that for any e € Fp1, with p = €1 N &, and
p' = €o N Ce, we have p|y = 0 and pul, # 0. Thus by the G-invariance, there is a
unique a so that pa|p # 0 and pg2q|, = 0. This proves the statement on Ep;. O

Remark 4.5. We remark that for e € ES._, (b1)-(b4) (with o = () imply that
L ®Nle, = O,

Lemma 4.6. We have Eyy = (); we have partitions Fooso = UQ#E&BOO and F11 =
quggEf‘lﬁ, where e € ESP if and only if pale, # 0, pgle, # 0, and pszaple, = 0.

Proof. The proof uses the similar arguments as in Lemma 4.4. O

Recall the convention we adopt throughout: a vertex v € V is stable if dim €, =
1; otherwise called unstable. We let V¥ C V' be the set of stable vertices. For any
v € V, we let E, (resp. L,) be the set of edges (resp. legs) incident to v. We
introduce the convention that for any vertex v € V¥ and e € E,, we denote by
Q(ep) = G. N €, the associated node in C,.

To add decorations to ©¢, we assign monodromies to flags (e,v) € F.

Definition 4.7. Let (e,v) € F.

(1) In case e € Ep1, we assign Ye.) = (1,p);

(2) in case e € Eioo and v € Vi, we assign Ye) = (1,9);

(3) in case € € E1oo, v € Voo and deg Lle, = a + g, where b € [1,5], we assign

Yew) = Cg when b # 5, Y(ew) = (17 90) when b =5;
(4) in case e € Eoso, we assign Ye.) = 1.
For (3), by [CLLL, Convention 2.1] and the convention before Proposition 2.6,

this choice of b € [1, 5] makes v,y = b valid.

Definition 4.8. Let £ € WC&. We endow ©¢ with the following decorations:

(a) (genus) For a € VUE, we let g, = h*(O¢,);

(b) (degree) For a € VUE, we let (dog,doca) = (deg L @ Nle,,degNle,);

(¢) (monodromy) The monodromy of the bundle £ for a leg is that of the mark-
ing it represents (recall that L is representable);

(¢’) (monodromy) For (e,v) € F, we let ¥, be as in Definition 4.7;

(d) (hour) Forv e V&, we let oo, = v, called the hour of v; for e incident to v
we let e ) =

(e) (level) We say that elements of Voo and Eocso (Tesp. Vi and Eqy; resp. Vo)
have level 0o (resp. level 1; resp. level 0).

We use O to emphasize that it is associated with {. We caution that there may
exist & and & lying in the same connected component of W& while O¢ # Og,.
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4.2. Balanced nodes and flat graphs. We let GG, 4 be the set of all decorated
graphs of £ € WY, where W = Wy ~,a, modulo isomorphisms. We introduce the
procedure of flattening the graph ©¢ € G, q.

Definition 4.9. Let C be a G-twisted curve; let g be a node of C, with €1 and Cy the
two branches of the formal completion of C along q. We say that q is G-balanced
if T,C1 ® T4Co = Lo, the trivial G-representation.

There are nodes of £ visible from ©¢. For one, any flag (e,v) € F with v € Vs
associates to a node q(. ) that is G-unbalanced. The others are

(4.2) N(©¢) ={v € V(O¢) : Cy is a node of C}.

Equivalently, v € N(©¢) if v is unstable, |L,| = 0, and |E,| = 2. For v € N(O¢),
we denote by g, = C,, the associated node. We call v € N(0¢) G-balanced if ¢, is
a G-balanced node. We denote by N(O¢)P2! the set of G-balanced v € N(O¢). We
also denote d. := deg L|e, for convenience.

Lemma 4.10. Let v € N(O¢), and let e and €' be the two edges incident to v.
Then q, is G-balanced if and only if v € Vi, de +der = 0, and (C. UCe) N Co 1S a
node or a marking of C.

Proof. Let v, e and €' be as stated. Suppose v € Vi(O¢) and e € Ej, then by
Remark 4.5 we have p4|e, = 1, where the hour h, = a. Then the statement follows
from the proof of [CLLL2, Lem. 2.14].

It is direct to argue that when v € Vo, U Vy, v is not balanced. We omit the
details here. This proves the lemma. O

As in [CLLL2, §2], when the statement of Lemma 4.10 holds, one necessarily has
e € Fio,€ € Egy (or e € Epy, € € Ein) because de + dor = 0.

We now introduce the process of flattening a graph. We call a graph © € G a4
flat if N(©)P? = (. For a graph © € Gy, q with N(©)* £ (), we define its
flattening ©f, as follows.

Construction 4.11. For each v € N(©)% which has e € F15,(0) and ¢ €
Ep1(0) incident to it, we eliminate the vertex v from ©, combine the two edges e
and €' to a single edge é incident to the other two vertices (in Voo and Vp) that
are incident to e or €', and demand that € lies in Eys. For decorations, we let
ge =0, dog := doer, doce = doce (using de + der = 0 we know doer = dooe), applying
Definition 4.7 to assign ), while keeping the remainder unchanged. We apply
this procedure to every v € N(0) to obtain OF.

If © is flat, then O = ©. We let G’gmd ={0":0¢€G,,a}/ ~. We use G’gmd
to index an open and closed partition of WC.

Given a flat © € GS,%d, we define a ©-framed G-NMSP field to be a pair (§,¢€),

where € : @? = O is an isomorphism (of decorated graphs). As in [CLLL2], we can
make sense of families of ©-framed G-NMSP fields (cf. [CLLL2, §2.4]). We then
form the groupoid Weg of ©-framed G-NMSP fields with obviously defined arrows;
We is a DM stack, with a forgetful morphism

Lo : Wo — WE.
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Let W) be the image of tg. It is an open and closed substack of WE. The
factored morphism We — Wg) is an Aut(©)-torsor. Further, we have an open
and closed substack decomposition

(4.3) wé= T[] We)

A
6)GGgmd

The cosection localized virtual cycles [W(@)]Vir are the terms appearing in the
localization formula of [W]". Because Wo — W) is an Aut(©)-torsor, the
similarly defined virtual cycle [We]'™ has (cf. §5; [CLLL2, Coro. 3.8])

[Wel*™ = | Aut(©)] - Wie)]*™.

4.3. Proof of Proposition 3.9. We use the partition (4.3) to prove that W~ is
of finite type. We first prove

Lemma 4.12. The stack W ™) is of finite type.

The proof follows largely from that of [CLLL, §4.2]. The only necessary modifi-
cation is that, for an MSP field £ and for a v € Vo(©¢), we have £ ® Nle, = Og, .
When ¢ is an NMSP field, and for a v € Vo(O¢) and e € Euooo(O¢), we still have
L ® Nle, = O¢,, but will have deg L ® N|e, > 0

As in [CLLL, §4.2], we let T¢ be the dual graph of »¢ C €. (Dual graphs have
vertices, edges, and legs, decorated by genus.) As usual a vertex v of a dual graph
is stable (resp. semistable) if 2g, +n, > 2 (resp. > 2), where n, = |L,| + | E,| and
E, (resp. L) is the set of edges (resp. legs) in T¢ attached to v. We prove.

Lemma 4.13. The set I1:= {Y¢ | £ € W™)C(C)} is a finite set.

Proof. Our proof follows closely that of [CLLL, §n 4.2]. We will omit the reasoning
if it is a mere repetition.

Let € € ng%d((C)G. As the curve ¢ C € may not be stable, knowing the total
genus and the number of legs of its dual graph Y, are not sufficient to bound the
geometry of Y¢. Our approach is to use the information of line bundles £ and N
on € given by § to add legs to T¢ to form a semistable :fg

Let T = {0,01,1,100,00,000}. We continue to denote by Cp, Coi, etc., the
substack of stacks in € as defined in Definition 4.1. For a € I, we define V(Y¢), =
{veV(Ye)|CpCCu}. AsE € W)Y, V(Te)ooo = 0.

We then add auxiliary legs to vertices of T¢. For every v € V(Y¢) we add
3deg L ® Nle, auxiliary legs to v. (Note that we always have deg L ® Nle, > 0.)
The total new legs added is at most 3dp.

It is easy to show that, with the added auxiliary legs, all v € V/(T¢) — V(Y¢) 100
are stable. We now treat the vertices in V(Y¢)100. We let

Esw ={ec E(Y¢)|ec E, for some v € V(T¢)oo}-
For v € V(YT¢)100, we define
(4.4) (5(11) = 5degN\ev — |Ev N Eoo| € ZZO'

Since |E, N Ex| = 0 or 1, and since degNle, > £, 6(v) takes value in Zx( because
deg Nle, € £+Z. To each v € V(Y¢)100, We add 26(v) many auxiliary legs to v.

We show that the number of new legs added to V(Y¢)1o0 is bounded by 10d +
4g+2(. Let Dq,...,Dg be the irreducible components of €, and ¢; be the number
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of markings on D;. Because p|p, is nowhere vanishing, and using deg L @ N|p, > 0,
we have

0= —5degL|p, + degweg\@ < 5degN|p, + (29(@ ) — 24 |Chode N Dl —i—&).

Let CL,---CL be the connected components of Cy. Using UD; = UG@O, we get

S

t
D (2= 29(Di) = 1€node N Coc) = > (2-29(CL)) = Y |Crode N Cu-
7=1

i=1 vEV(T¢)100

Using deg Nle, = 0 unless v € V(T¢) 100 UV (T¢)oo, letting fog = >, ¢;, we have

t
1 , 4 foo
doo > degN =3  =(2-29(CL) — €L NCuoae) = 77+ > degNe,.
j=1 veEV(T¢)100

t
Adding Y~ |EyNEx| =) _|CL N Cisl, we obtain
0V (Te)100 j=1

2 2 loo 1
2559 -y D )

]:1 vEV(TE)lt)O

Thus the total number of auxiliary legs added to vertices in V(Y¢)100, which is
>24(v), is bounded by 10ds + 49 + 2¢; the number ¢ of connected components of
Cso 1s bounded by the same number, too.

Let Tg be the resulting graph after adding auxiliary legs to v € V(Y¢) according
to the rules specified above. As in [CLLL, §4.2], one shows that every vertex of
Tg is semistable, and that Tg contains no chain of strictly semistable vertices of
length more than two.

Finally, we let (Tg)St be the stabilization of Tg. Since the genus of (Tg)St is g
and the number of markings of (T¢)*t is bounded by a constant K,

I = {(T¢)™ | T € I0}

is finite. Since the contraction Tg ~ (Tg)St is by contracting chains of at most
length two strictly semistable vertices, II is finite. U

The proof of Lemma 4.12 follows from the finiteness of Lemma 4.13.

Proof of Proposition 3.9. Welet Z = {£ € W™ (C) | limy—(, ... 1y)—0t-€ € WG}
Since (W)@ is of finite type, Z is of finite type. By Proposition 3.6, Z = W~.
This proves the Proposition. O

5. IRREGULAR GRAPHS AND THEIR ASSOCIATED VANISHINGS

In this section, we continue to work with a narrow (g,7,d), and abbreviate
W =W, 4. We introduce the notion of regular graphs. We prove that the virtual
localization contribution associated to an irregular graph vanishes.
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5.1. Regular graphs. Let © € Ggmd and v € V2(0). We let

Yo =Am:1€ Ly} U {’V(e,v) re € By}
Following the convention adopted before Proposition 2.6, by abuse of notation, we
also use v, = mq € [0,4] if v, = " 74 = 5 if v, = (1,¢). We often write
Yy = (Oko e 5k5)'

Definition 5.1. We call a vertez v € V.2(0) (or (gu,Vv)) exceptional if (i) g, =0
and (i) either v, = (127*4), or 4, = (111%23), or v, = (0211+F).

We remark that since 7 is narrow, v, = (021'**) occur only if the (0%) are
associated to two nodes of C,.

Definition 5.2. We call a vertex v € Voo (O) regular if the followings hold:

(1) In case v is stable, then either v is exceptional, or ~y, = (1%12k2),
(2) In case v is unstable attached to an edge in E, then C, is a non-scheme
marking.
We call © regular if it is flat, all its vertices v € Voo (O) are regular, and Epso(©) =
(. We call © irregqular if it is not reqular.

Definition 5.3. Given two cycle classes A and A’ € AW~ we say A ~ A’ if there
is a proper G-invariant substack W' C W containing W~ , letting n : W~ — W' be
the inclusion, such that n, A = n,A’.

The vanishing result we will prove is Theorem 1.3, restated here.
Theorem 5.4. Let © € vad. Suppose © is irreqular, then [We]" ~ 0.

The proof of this theorem will occupy the remainder of this section. As we will
see, our proof follows closely the proof for the case of MSP fields in [CL2].

5.2. The trimming of graphs. Let © be as in Theorem 5.4. As in the case of
MSP fields, we first trim all edges and vertices of © in Ey; U E1 U Vi, resulting
a graph ©' with V1(0©') = (). We then trim all legs decorated with (5, and some
others to be specified shortly for simplification of our discussion.

We begin with the issue of various constructions of the virtual cycles. We recall
that the virtual cycle [Wg]"'* is constructed using the relative perfect obstruction
theory ¢, /p,;, relative to the stack of tuples of pointed twisted curves with in-
vertible sheaves (cf. [CL2, §3]). By [CLLL2], it equals the cycle constructed using
the G-invariant part (¢y)© of the absolute obstruction theory, as the later is what
appears in the virtual localization formula. In the following, we will work with the
obstruction theory ¢y, /Dg> knowing that it gives the desired class.

It is convenient to introduce the notion of webs. Given a © € Gg v We let Oy
be the graph (possibly disconnected) obtained as follows: we remove Eg; (= Ep1(0))
and V1 UVy from ©, and remove all legs attached to V3 UVy; we keep all legs attached
to V., and replace every e € F1oo U Egs by a new leg [, attached to the vertex
v € V5 to which e is attached.

For the decoration, we keep the decorations of Vo (O) and Fooeo(O); for a
leg | € L(Oy), we keep its decoration in case [ is from a leg in O; in case [ = [, is
from (replacing) an edge e € E1,(0), letting v € Voo (O) be the vertex to which e
is attached and letting ¢(2~* (a € [0, 4]) be the monodromy of £|e, along the node
Qew) = Co N Ce. If a € [1,4] we decorate [ by v := ¢27% if a = 0 we decorated
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[ by (1,¢). In case | = I is from an edge in Fyo(0O), we set v := 1, a broad
marking. Note that it is possible that some of the connected components of O
is degenerate, namely those connected components that has no stable vertex and
no edges. We call a connected non-degenerate component of O, a web of © at
infinity.

Similarly, for any © € Gfgl’ ~.a» we can form a graph ©’ resulting from trimming all
edges in Ep1 (O©)UE1(0), removing all vertices in V1 (0©), and discard all degenerate
connected components. Like before, when we trim an edge e € E1, from O, as we
are removing all vertices in V; at the same time, we only need to replace e by a leg
l. attached to the vertex v € V(©) of which the e was attached; the decoration
is the same as we did in forming the webs of ©. Trimming edges in Fy; is similar;
we add a leg decorated by (1, p) to v every time we remove an edge from v € Vj.

Lemma 5.5. Let O € Gg’%d be as before, and let © be the result after trimming all
edges and vertices in Eg1(0)U E15(0) UV4(O). Then Wel''™ = 0 if [We/ ' = 0.

Proof. The proof is a word by word repetition of [CL2, Proof of Proposition 4.1],
and will be ommitted. U

We now consider a graph © € vad with Fp U E1oo UV; = (0. To mimic the
proof of [CL2, Lemma 4.3], we need to do trimming of (5 legs, and others.

Definition 5.6. Let © be as before.

i. Let e € Eooo(©), and let v— and vy be its two vertices. Suppose q(eq ) =
Ce N Cy, is a node in C. We say e is of marking (resp. leaf-end) type if
go. =0, and |E,_| = |Ly_| =1 (resp. g, = |L,_| =0, and |E,_| = 1.)
We say e is of nodal type if q(c.,_) is a node in C.

ii. We sayl in L(©) is spare if l is decorated by (5 and is attached to a vertex
v € V(O) so that 2g, + n, > 3.

iii. We say v € V(©) is neutral if g, = 0, both E, and L, are non-empty,
|Ey| 4+ |Ly| = 3, and at least one | € L, is a (5-marking.

One simplification we will make is to trim all edges of marking or leaf-end type.
Let e € E(©) be of marking type, with g ,,) a node of €, and let [ be the leg
incident to v—. We construct a new web a, by removing e and v_ from a, and then
attaching [ to v4 with decoration unchanged.

In case e is of leaf-end type, deg L|c, = —1/5, thus the (only) node g ,+) on Ce
has £-monodromy (#; we let a. be the web obtained from removing e and v_ from
a and attaching a new (5-decorated leg [ to v4. We call a, the trimming of a by
its edge of marking type or leaf-end type, respectively.

Lemma 5.7. Let e be of marking or leaf-end type. Let a. be as constructed above.
Then there is a canonical morphism e : Wy — W, which is a gerbe banded by
Ws, where 6 = doe, such that

(5.1) W™ = ()" Wa ™
Proof. Let e € E(a) be an edge of leaf-end type. Let
(52) 5 - (652671:‘73\{7907/)7:“) € Wa((C)

We will construct a datum £ € Wi, (C) that provides the morphism ). as stated.
Let G, C € be the rational curve associated with e; let ¢_ € C. be the leaf-end



18 HUAI-LIANG CHANG, SHUAI GUO, JUN LI, AND WEI-PING LI

point of €, fixed by G. Since £L&%|¢, = wé°g|@e, we have deg Lle, = —1/5. As

@+ = q(e,v,) is the only stacky point on C., the monodromy of £|e, along ¢4 is Cé‘.
Let = € be the (sub)curve that is the closure of € — €, in €. The monodromy of
Ller along g4 is (5.

We let € = €. We declare dewvs) C € to be a new marking, decorated by (5; we
set L = Ller, and let p: L& = wléog be the restriction of p to €. For the other
data, we set i = pler, and set ¢ = @|er. Then

(53) é:: (éa 267275\1‘7 95757/1) € Wae(C)'

Clearly, the family version of this construction provides the desired morphism ).

We show that 1) is a gerbe banded by ps. Indeed, any t € C* acting nontrivially
on @, fixing both ¢_ and ¢, and trivially on ¢ C € induces an arrow & — ¢ in
Ws. Since § = deg £L @ Nle,, &€ = & if and only if t € pgs. This proves that v, is a
gerbe.

Finally, a repetition of the argument in [CLL, Theorem 4.10] shows that the
relative obstruction theory of W, and W, are identical under the morphism ).
Thus the identity (5.1) follows.

The case where e is of marking type is similar, and will be omitted. This proves
the Lemma. O

When [ is a spare marking, after removing [ from ©, the resulting graph ©’
remains a graph of NMSP fields.

Lemma 5.8. Let © be the resulting graph after removing a spare leg l from ©.
Then there is a canonical one-dimensional morphism ¥ : We — Wer so that

[Wel™ = ¢* We'™.
Proof. We omit the proof since it is parallel to that in [CLL, Theorem 4.10]. O

Let v € V(O) be a neutral vertex. There are two cases: one is when v has one
edge e and two legs, [; decorated by (5, and Iy decorated by Cg. We let ©' be the
graph obtained by removing v from O, replacing the edge e € E, by a new leg [
decorated by (g .

Lemma 5.9. Let the situation be as stated above, and let ©' be the resulting graph
after removing the neutral vertex v from ©, as constructed. Then there is a canon-
ical morphism v : Wa — Wer so that the conclusion of Lemma 5.8 holds.

Proof. We continue to use the notation introduced before the statement of the
lemma. For any £ € Weg,

§= (6727£7N7p7 22 V),
we let €’ be obtained from € with €. removed; let £ = Ller, X' = X U {q(e)},
P = pler, ete.. Since g, = 0, the monodromy of Ll|e, along its only node is Cgb.
Then
5/ — (e/, E,,L/7 Nl7pl7 SO/,/J/,,Z//) c W@/
This construction defines a morphism 1 : Wg — Wgr. Parallel to the argument in
[CLL, Theorem 4.10], we easily see that the conclusion of Lemma 5.8 hold. U

The other case for a neutral v € V(©) is when v has two edges e; and ey, and one
legs 1, decorated by (5. In this case, we let ©’ be the graph obtained by removing
I and make v unstable.
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Lemma 5.10. Let the situation be as stated above, and let ©' be the resulting
graph after removing the leg I, as constructed. Then there is a canonical morphism
¥ : Wo — Wer so that the conclusion of Lemma 5.8 holds.

Proof. The proof is similar, using that the monodromy of £|e, along the two nodes
of G, are inverse to each other. O

We first prove a special case of the desired vanishing Theorem 5.4. Recall a
string of © is an e € Fyso(0O) so that the vertex v of e lying in V(0) is unstable
and has no other edge attached to it.

Proposition 5.11. Let © € GS’%d be irreqular and not a pure loop (see after
Theorem 1.3). Suppose it does not contain any string, then [We]''" = 0.

Proof. Our proof follows exactly the proof of [CL2, Proposition 4.1]. First applying
Lemma 5.5, we can trim all edges and vertices of © in Ey; U E14 U Vi, and reduce
the proof to that when © has no edges in Ep; U F1. This way, we are reduced to
prove the analogous of [CL2, Lemma 4.3].

In the proof of [CL2, Lemma 4.3], one first trim the graph © so that there is
no leg decorated by (5. In our case, we first repeatedly trim all edges of marking
type and leaf-end type, trim all spare legs, and trim all neutral vertices, resulting
a graph ©’ with no marking type and leaf-end type edges, no spare legs, and no
neutral vertices. We remark that trimming a neutral vertex may create a new
marking type edge, thus this trimming may have to be repeated as necessary. By
Lemma 5.8 and 5.9, [We]'"' = 0 if [We/|"'' = 0. Thus we are reduced to prove the
Proposition when © has no spare legs and no neutral vertices.

Suppose © has no spare legs and no neutral vertices. We claim that, in case
Wae|'* # 0, the graph © has no legs decorated by (5. Indeed, by no spare legs and
no neutral vertices assumption, any leg [ decorated by (5 of ©® must be attached to
an unstable vertex v that has an edge e € Ep(©) attached to it. As [We]'™ # 0,
then Wg # 0, and then e must be the flattening of a pair of edges from Ey and
Fi+. By Lemma 4.10 C, must be a scheme point of C, contradicting to that [ is
decorated by (.

This way, to prove the proposition, it suffices to consider the case where © has
no vertices in V; and no legs decorated by (5, which is the result of the following
Lemma. This proves the proposition. O

Lemma 5.12. Let © be as in Proposition 5.11; assume further that it has no
vertices in V1 and no legs decorated by (5. Then exp.dim Wg < 0.

Proof. Let © be as in the lemma. Let ay,--- ,a; be the connected components of
Ooo- We first assume that all a; are one-vertex (plus legs) graphs. We then let
©°d be obtained from © after deleting all “hour” decorations of ©. A moment of
thought shows that ©°"d is a (flat) graph of MSP fields. Furthermore, by going
through the definition of obstruction theory, we see that

(5.4) exp. dim Wg = exp. dim Wgena.

As ©7 s a flat graph of MSP fields satisfying the assumption of Proposition 5.11,
by [CL2, |, we get

(5.5) exp. dim Wgena < 0.

Combined with (5.4), we prove the lemma in this case.
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In general, let a; be such that it is not a single vertex graph. We let a} be a
single vertex graph with vertex v;, of genus the total genus of a;; we let the legs
(resp. edges) incident to a; be the collection of all legs (resp. edges in Eyx(0))
incident to a;, with their decorations unaltered except all decorations of “hours”
are deleted. The assigning of degree dy and dw to a requires a little care. As we
know, there is a unique choice of degrees dy,, and doo,; making a; a single vertex
graph of MSP (namely, NMSP with N = 1) fields lying at level oo; the choice
depends on the genus g,,, the decorations of the legs, and edges L,, U E,,, incident
to v;. We call this the MSP choice of dy,; and dsoy,-

We do a parallel construction to ©: for any connected component a; of O, we
(after removing all edges in a;) combine all vertices in a; into a single vertex v;; we
make all edges in Eyo, (resp legs) in O that are incident to “a;” to incident to the
vertex v;; we denote the resulting graph to be ©°". We decorate ©°"4, making it
a graph of MSP fields, according to the following rule: we know V(©°d) = V;,(0),
E(0) = Ey.(0) and L(©°") = L(O); we keep the decorations of the edges and
legs of ©°"d unchanged, and keep the decorations of the vertices V;(©) unchanged,
except we delete all “hour” decorations from all of them. For the vertex v; from
a;, we let g,, be the total genus of a;; we let dy,, and doo,, be the MSP choice of
doy; and doy,, specified at the end of the previous paragraph.

We now prove the lemma. First, ©°" is a graph of MSP fields satisfying the
assumption of Proposition 5.11, by [CL2, Proposition 4.1], we have (5.5). We then
apply the argument of the proof of [CLL, Theorem 4.7] to conclude

(5.6) exp. dim Wg < exp. dim Wgena.
Indeed, it is direct to check that if every a; has at most one stable vertex, then the

equality in (5.6) holds; otherwise, the strict inequality holds.
In any case, we get exp.dim Wg < 0. O

5.3. The proof of the vanishing. The challenging part is the case where © does
contain a string, where in this case the expected dimension of Wg could be non-
negative, thus the vanishing result does not follow from the expected dimension
calculation.

Definition 5.13. Let © € Gf]lmd and let e € Epoo(0O) be a string (thus a leaf edge).
Let v— € V3(©) and vy € Voo (O) be its vertices. The trimming of e from © is by

first removing e, v_ and all legs attached to v_, and then attaching a leg, called the
distinguished leg, decorated by (1,p) to v4.

We fix a string e of © and let © be the result of trimming e from ©. We form
Wer. As in the discussion before [CL2, (5.12)], we get a morphism (Wg)reda — Wer-
We define

Wa = (We)red Xwe Wer-
Clearly, Wg C Wg. We let £ : Wg — Wg, be the induced projection, and let
J: Wg — Wg be the inclusion.

Proposition 5.14. The morphism k 1is proper, thus Wg s proper. Then there is
a rational ¢ € Q such that

2Wol' = ¢ B*[We ['" € A.(WG).
Proof. The proof follows exactly as that of [CL2, Proposition 5.5]. O
Proof of Theorem 5.4. The proof is the same as that at the end of [CL2, §5]. O
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6. LOCALIZATION FORMULA AND SEPARATION OF NODES

We state the localization formula for the moduli of NMSP fields. As its proof is
parallel to that in [CLLL2], we will not repeat them here. Let (g,~,d) be narrow,
and let W = W, , q be the moduli of stable NMSP fields of data (g,7v,d). Let

reg .
CNS Gg;y,d be regular, with

We — W(@) C WG

being the stack of ©-framed NMSP fields, and W) C WE its image stack, where
the later is both open and closed. For each vertex v € Vy(= V5(0)), we let [v] =
{v} U E,, where E, is the set of edges incident to v. We let aj,--- ,as be the webs
of © at infinity.

We have an isomorphism

Wo = [T W x [T Wox  JI Wax ] Wex [[ W

veVp erVlS acf{ay, - ,as} e€F100 ecFE11

Here, the notations for W,, except W,, are the same as in [CLLL2]; W, is as in
§5.2. We comment that every edge in Ep; is contained in one [v].

6.1. The fixed parts. As before, we denote by Wg the degeneracy locus of the
cosection used to construct the cosection localized virtual cycle, which is Wg =
We NW™, and is proper. Let 19 : Wg C We be the inclusion.

We let the automorphism group of a point in W, be G.. For instance, when
e € Ep1(0), we have G, = py , and W, = %/Opa(1)/P4. Here de = doe — doce =

deg(Lle,). Let
Gp = 11 Ge.
e€E(0)—Esoso(©)
Then the induced morphism

We — H W, X H Wy

vEVHUV;® ac{ai, a5}
is a Gg-gerbe.
Proposition 6.1. Let © € G;ef q be regular. Then

: 1 1 ) )
Wel™ = ey (e (T =TI owa).

veEVQUV;® ac{ar,,as}

We now study each individual term [W,]|""" appearing in the formula. As before,
for v € V we denote by S, to be the set of markings Eg € Gy, and denote by E, to

be the set of edges incident to v. Let Q5 C P* be the Fermat quintic.

Lemma 6.2. The cosection localized virtual cycles of the fized part are
(1) Forve VP, W, = Mg, 1B,us, s and W]V = DA);
2) forve Vg, W™ = (=1)%F179[My, p,us, (@5, do)]"™;
) forve VY, orve V§ with g, = d, = 0, Wy = [-Q5] x [Mo.g,us,];>
) For a web a of © at infinity, the regularity of © implies all legs of a are
narrow, and [Wo'™" is defined as W' for © := a.

(
(3
(4

Swhen |E, U S,| < 2, [Mo.g,us,] = [pt].
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6.2. The moving parts. We state the virtual localization formula. Let tg :
W(_@) — W™ be the inclusion.

Theorem 6.3 ([GP, CKL]). We have the virtual localization formula,

vir [W(e)}Vir
[W] = tox |\ — vy )
@E;;%d ( €(N@ ) >

where the equality holds after inverting non-zero positive degree homogeneous ele-
ments in H(pt).

Recall that (e, v) € F means that the edge is incident to the vertex v; (e,v) € F*¥
means that in addition v is stable.

Proposition 6.4. The virtual Euler class e(NEY) is given by

o (VT —( I Aew- II 4- 11 Ae>.Aoo.

(e,v)eFS veEV -V e€Ep1UE1cUE1

We now explain the individual term appearing in the formula. We first introduce

VR ={v eV -VI||S| =a, |E,|=b}, VI =V,nV*
N
We set IT(a) := [[ (tg—ta). Fore € Ei, set re =1 when d. € Z, and 7. = 5
B=1,#a
otherwise.
Formula for w. . (for the definition, see [CLLL2, §4.1]).
Let v and v be the two vertices of an edge e € Ep U E1oo. Let v € V/*. Let

6 =—1whenwv € Vooo’l, and = 0 otherwise.
he +t he +1
* in case v € Vo, Wiew) = e; = and wie) = — 6; =
e jt
e incase v € VE — VO wi ) = = and we vy = —;
’ Tede ’ de
e incase v e VA NVOL w Z&andw = —Ola_
o » lew)  5de + 1 ©v) = 5d, + 1
eletec B ve vy, Wew) :%ﬁ
e

Vertices in V2.
Let v be a vertex in V02; set E, = {e,e’}. Then

N N
e when v € Vi, Al = [] (he +to) = T[] (het + ta);

a=1 a=1
e when v € V10,2 NVe, A = —5t8 - TI(«);
o when v e V32 d, ¢ 7, A, = TI(a).

Flags.
Let (e,v) € F¥. We have
N
e when v € V), A/ H (he +ta);
e when v € V%, A’(C’U) = :575?; (a);

e when v € V2 and g(e,v) = C. N C, is stacky, A’(e o = (e).
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Edges.
Let e be an edge with v and ¢’ incident to it. Let v/ € V{*; d. = degX|c.,
doo,e = degN|c,.
5de—1 .
I (—BheLlhetial)
de . N de ,.
j(hetta) J(he+ta)
dhetta) Ly g,
H et T (e vtote)
Ba

e when e € Ey;, Ac. =

d ;

)

j(het+ta)\5
(he—]( d:t ))
1 =

J

[—de]—1 . 5
—to— L
B ez
—5de+d ” ldoo,e] it H(Oé) !
Il (573 I (ess)
1 e / j=1 00,e /

e when ¢ € Fio, Ac =

e when e € E?{B , incident to vertices v € V* and v' € Vlﬁ (a # ), assuming

C _
E(17</>) =0, s
Sde=1-0-3, ilta—tg)
II (5taf - )
Ag = (—1)de ()™ =14
e — \™ 2(t._t )2de o o :
(de!)?(tp—ta) +1b‘[d ((—@ta—étﬁ)f’ Pﬁ(tw—gta—itﬁ))
a =de YF,
Here, &' = —1 when v’ € Vlo’l, and ¢’ = 0 otherwise; J,, = —1 when v’ € Vll’1 and

e
Uewr) € X1
Stable vertices.

Let v € V¥, let 7, : C, — W, (defined in [CLLL2]) be the universal curve; let £,
be the universal line bundle over C,, and let E,: = my.wy, be the Hodge bundle,
where w;, is the relative dualizing sheaf over C,.

e when v e V¥, A = — 1 ;
Bl:ll eG (Rmux 95 Opa (1)®Lg)

—t4 (1,¢) N
(=% T eq(BY®Lg—_o)

5 5
S a A _ (ec(EyRL_o)\" B=1,87#a .
[ ] when NS V1 N ‘/1 ) Av - ( —ta eg(EU®L5a)v(5ta)\Ev|—1~1'[(a) )
N
[1 ecE/@Lg_o)

g ;L 1 B=1,BF#a
o when v € Vo NVE, Ay = commzvet o) TI(a)

Unstable vertices.
e when v € Vlo’1 NV, Al = 5ty;
e when v € Vll’1 NV and S, C X Al = —t5

(L) ©v = "lai
e when v € Vll’1 NV*and S, C 2%7;,)’ Aj, = 5tq.
The terms Ag’s.
e when (e,v) € F¥, Aew) = %§
e when v € V%2 and E, = {e, €'}, 4, = ﬁ%’

when v € VO! and E, = {e}, A, = Al - W(ew)s
when v € VSUVLL A, = A
when v € Voo’l U Vol’l UVl UV, A =1

6.2.1. The term As. We now compute the term A. Firstly, the virtual normal
bundle Ng* comes from two parts: one is from deforming the curve (x¢ C @), and
the other is from deforming (£, N, ¢, p, u, v).
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For the part in deforming ¥¢ C @, they have been accounted for except when
deforming the part of £ C @€ contained entirely in C., namely the part given by
the webs ay,--- , as.

For the second part, we let V = L(—E(lj‘p))@‘r’ @- -+ be the sheaves where the sec-
tions (¢, p, i1, v) lie. Then using the standard long exact sequence of cohomologies,
we obtain an identity in K-theory:

HV -0 ~H' (V=08 = @ (H'Vle, ~0§) — H' Ve, - 05)) -
a€VSUE
(6.1) - P HOV, -0
a€FSuV0,2
For the first group of terms on the RHS of (6.1), all but a € V2 U Exes are
accounted for in the identity in Proposition 6.4; for the second group of terms on

the RHS of (6.1) all but a € U{_; (FC‘S U VCSQ) are accounted for. Thus A, is the
combined contributions from the unaccounted for terms. In conclusion,

1
Hf:l eG(Nch-ir)’

where each chiir is the virtual normal bundle of W;, in the respective moduli of
NMSP fields.

Aso =

6.3. Separation of nodes. For our application, we will work with the case where
v consists of n many (1, ¢)-type markings, and d = (d,0). Thus the set of its
associated regular graphs are G;ig% & €ete..
g’
localization formula of PV]V'" in  (1.6). In the subsequent paper, we need to de-
compose the cycle Contg along the nodes in Vi. In this subsection, we show how
such decomposition is derived.

Let e € E1o be an edge of O, incident to a vertex v € Vj. Let £ = (€, %¢,.-.) ¢
We. We assume q(c) = C. N €, is a node of C; when v is unstable we call ¢’ the

other edge incident to v if |E,| = 2 and E, = {e, €'}.

Let © be a regular graph in G let Contg be its associated cycle in the

Definition 6.5. We say that the node q(. ) is a level separating node if either v is
stable, or when v is unstable and its other edge €' (incident to v) lies in E11 U Ep;.

We now construct a new graph ©' that separates at a level separating node
Q(ew)- The ©’ is derived from © by making e not incident to v, adding a new level
1 unstable vertex v’ incident to e, adding a new (1, p)-leg I to v/, and adding a new
(1, p)-leg I to v. This way, © has a new vertex v’ and two new legs [ and I’. In case
O is connected, then either ©’ has two connected components or gg = gor + 1.

Let v € V{* and ae = —5d,. In case v is stable, let ¢, . be the psi class of €, at
q(ev); In case v is unstable, then let (. .y be —w(e ), where w(e )y = ea(Ty, , Cer).
We also abbreviate 6(0) = dg + go + 1.

Denote 1, := 1 to be the generator of the H’(pt,) where 7, is the a-th G-fixed
point in P4V Also denote 1% := —I N3tV - 1,,.

(e;v)

Proposition 6.6. Suppose © is connected, then
10(

(—1)°® Contg(—) = (—1)°®)Conter (-, Er——
ac ~ Ylew)

).
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Suppose ©' = ©1 ][ O2 is disconnected with v € V(01). Then

(—1)°® Conte(—) = (—1)°©)Conte, (-, 5 :

) (D Conte ()

Proof. We first look at the case where v is stable. By looking at the localization
formula of [W]¥" stated in this section, we see that the factors in Contg that are
related to both v and e are

(6.2) (i

5tq
(See arguments two paragraphs below.) After splitting, ©" will have a new vertex
v" incident to e, one less edge incident to v, one additional (1, p)-leg incident to v/,
and one additional (1, p)-leg incident to v. This will contribute an extra % On
top of this, since e is no longer incident to v, the term A’(e v) is missing. Using

that

/

A
)lEUl in 4], Al,, and _ lew)
Wew) — w(e,v)

1
Ay = —5t5 - T] (ts — ta) = 5NN, and 1% = —gNtitN e,

Bta
we obtain
Factors in Contg 1 1 SN2t B %NtitN 1o 1«
Factors in Contgr  5ta 5ta'w(e7v) - w(e,@' T Wew) — Yiew) a elo — ahie )

Note that we have a minus sign in front of the relevant term.

We now assume © is connected. When ©' is connected, then §(0) = §(0’) + 1;
when ©' = O] [] ©) is disconnected, we have §(0) = 6(01) +6(02) — 1. This extra
1 cancels the minus sign mentioned before. This proves the Proposition when v is
stable. The case where v is unstable is similar, and will be omitted. O

Proof of Theorem 1.2. Let d = (d,dw). Recall that
vir G -
Wynal™ € Asiqy W, na)s
where Wg_n q 1s the degeneracy locus of the cosection of the obstruction sheaf,
which is proper and G-invariant, and (cf. (2.5))
0(d)=Nd+dx+N(1—g)+n.
M is

Let 7 : Wg_,n,d — pt be the proper projection. By definition, <Hz Tﬂ/;fi>g7n7doo

a

power series in ¢, with the coefficient of ¢¢ being

(6.3) cq:=(—1)Ht19 W*(H TP Wyn(ad)]™) € AS{a) 5o deg 1] (PF):

Here |ko| = D" k;. Therefore, ¢, can be possibly nonzero only when

n

5(d) = (degmi+ ki) =N(d+1—g—¢€) <0,

(recall € is defined in Theorem 1.2), which is equivalent to d < (g — 1) + €.
This shows that

(6.4) <H Tilﬁfi>fn,dw = Z caq”,
i 0<d<(g—1)+¢

is a polynomial of degree bounded by g — 1 + €.
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Following our convention, after equivariant integration we will substitute ¢, by
—(§t, thus (6.4) is indeed a polynomial in ¢ with coefficient a Laurent monomial in
t. As cg has degree 6(d) — € — |k;|, cqg = cq -t 0 @DFetlbl cp € Q(¢y). Substituting

the expression of §(d), we prove Theorem 1.2. O
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