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ABSTRACT: The partial entanglement entropy (PEE) s4(A;) characterizes how much the
subset A; of A contribute to the entanglement entropy S4. We find one additional physical
requirement for s4(A4;), which is the invariance under a permutation. The partial entan-
glement entropy proposal satisfies all the physical requirements. We show that for Poincaré
invariant theories the physical requirements are enough to uniquely determine the PEE (or
the entanglement contour) to satisfy a general formula. This is the first time we find the
PEE can be uniquely determined. Since the solution of the requirements is unique and the
PEFE proposal is a solution, the PEFE proposal is justified for Poincaré invariant theories.
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1 Introduction

Entanglement entropy S 4, which characterizes the correlation between a region A and
its complement A is the most important quantity that we have used to explore the entangle-
ment structure of a quantum system. Nevertheless, entanglement entropy in quantum field
theory is an ambiguous quantity. Because of the short distance correlation, entanglement
entropy in quantum field theory is infinite thus needs to be regularized properly. The regu-
larization is to ignore certain types of correlations, which can be done by introducing certain
types of cutoffs. Nevertheless, different cutoffs mean different ways to count entanglement
thus lead to different values for entanglement entropy. Even with the scale cutoff settled
down, the typical size fluctuations of the region still make the sub-leading contributions to
the entanglement entropy ambiguous [1, 2]. Due to these ambiguities, people turn to the
mutual information defined by

I(A,B) =S4+ Sp— Saup - (1.1)

For any two non-intersecting regions A and B, I(A, B) is finite and cutoff independent but
still capture the information of entanglement.

Recently, several papers [3-20] studied the so-called entanglement contour [5], which is
a function that characterizes how much each degrees of freedom in a region A contributes
to the entanglement entropy S4. In other words, consider a quantum field theory in d



dimensions (in this paper d means the dimension of spacetime), the entanglement contour
is a density function of entanglement entropy that depends on A and satisfies

SA:/AfA(X)dO'X. (1.2)

where x denotes a point in A and oy denotes a infinitesimal subset of A at x. It is more
convenient to study the partial entanglement entropy (PEE) s4(A;) for any subset A; of
A, which is defined in the following way

sa(A;) = /,4 fa(x)dox . (1.3)

In other words s 4(.A;) captures the contribution from A; to the entanglement entropy S4.
Like the mutual information, the PEE is finite and cutoff independent when the boundaries
of A and A; donot overlap. The PEE explores the local properties of quantum entanglement.

So far the fundamental definition of the PEE (or entanglement contour) based on the
reduced density matrix is still not clear. If the PEE can be well defined, it should satisfy
the following requirements [5]:

1. Additivity: by definition we should have

sA(A) = s4(A) +s4(AY), A =AU A (1.4)

2. Invariance under local unitary transformations: s4(.A4;) is invariant under any
local unitary transformations act only inside A; and A.

3. Symmetry: For any symmetry transformation 7 under which TA = A" and T A; =
AL, we have s 4(A;) = sa(AL).

4. Normalization: Sy = s4(Ai)|4,-4 -
5. Positivity: s4(A;) > 0.
6. Upper bound: s4(A;) < Sy4, .

However, the above requirements are not enough to determine the PEE uniquely. So far,
there are three proposals to construct the PEE (or entanglement contour) that satisfies the
above requirements. Each of them are restricted to some special cases. The first one is the
Gaussian formula [4-9, 14, 17] that applies to the Gaussian states in free theories that can
be completely characterized in terms of the correlation matrix. In these cases, the reduced
density matrix can be block diagonalized and a natural probability weight can be assigned
to each site in the region. Following this analysis, the entanglement entropy of a region
can be written as a summation over all the sites in that region. Nevertheless, it is hard to
argue that this summation is the collection of local contributions for entanglement entropy.
The second proposal is a geometric construction [10, 11, 15] based on the boundary and
bulk modular flows in holographies. It applies to the static spherical regions (or covariant
intervals) for holographic field theories. The contour function constructed in this way has



a clear physical meaning as the local distribution of entanglement. The third one is the
partial entanglement entropy proposal® [10, 13] that claims the PEE is given by an additive
linear combination of subset entanglement entropies, which we will explicitly discuss in this
paper. The consistency check between the Gaussian formula and the PEE proposal for
some cases of free boson and free fermion can be found in Ref. [17]. Also the analytical
results from the fine structure analysis and the PEFE proposal exactly match with each
other [10, 11, 15]. A new way will be introduced in this paper following the construction
of extensive (or additive) mutual information (EMI) [21] (see also Ref. [18] for a related
construction).

The entanglement contour gives a finer description for the entanglement structure. It
allows us to estimate the central charge c of the underlying CFT by studying a single region
in d = 2, and to discriminate between gapped systems and gapless systems with a finite
number of zero modes in d = 3 [5]. It has been shown to be particularly useful to characterize
the evolution of the entanglement structure when studying dynamical situations [5, 12, 14].
The local modular flow in d = 2 can be generated from the PEE in a extremely simple way
[13]. Also it has been recently demonstrated that the entanglement contour (calculated by
the PEFE proposal) is a useful probe of slowly scrambling and non-thermalizing dynamics for
some interacting many-body systems [20]. The holographic picture of entanglement contour
[10, 11] gives finer correspondence between quantum entanglement and bulk geometry (see
Ref. [22] for an interesting application). It should be closely related to the other holographic
formalisms that attempts to give a finer description for holographic entanglement, such as
the tensor network [23] and the bit threads picture [24] (for related discussions see Refs.
[12, 15]). We expect the new concept of entanglement contour in quantum information
to play an important role in our understanding of gauge/gravity dualities, entanglement
structure of quantum field theories and quantum many-body systems in condensed matter
theories.

Since the above requirements are not enough, it is possible that we can find different
solutions to those requirements for the same region. However, the PEE or entanglement
contour is introduced following a clear physical meaning as a finer description of the un-
derlying entanglement structure of a quantum system, which should be unique. So far, the
known contour functions constructed from different proposals are remarkably consistent
with each other. So we come to the foundational question in the study of PEE: is the
PEE or entanglement contour unique for any state of a quantum system? If it is then is
there a unique way to define or determine the PEE? The contour functions we constructed
cannot be regarded as the density function of entanglement entropy if entanglement con-
tour is not unique. In this paper, we make progress in answering this question. We point
out that the PEE should satisfy another physical requirement, which is a symmetry under
permutation. Based on this permutation symmetry and the other known requirements, we
follow the discussions [21] by Casini and Huerta, to find that the physical requirements can
give strong enough constraints on PEE. We give an explicit discussion for generic quantum

! See also Ref.[12] for its reformulation using conditional entropy, Ref.[17] for its extension to construct
the contour of entanglement negativity, and Ref.[16] for its extension to explore the contour of holographic
complexity.



field theories with Poincaré symmetry to show that the PEE is unique and should satisfy
a general formula. Furthermore, this formula is consistent with the PEE proposal and the
fine structure analysis. Though the requirement of normalization is very subtle, we show
that the PEFE proposal |10, 13] is a solution to all the requirements.

2 A new physical requirement for partial entanglement entropy

Since the PEE s 4(.A;) captures the contribution from the subset 4; to the entanglement
entropy of A, in some sense s4(A;) captures the correlation between A; and A. Here A is
any system that purifies A. Then it will be convenient to write the PEE in the following
form

sA(A) =Z(AA). (2.1)

Note that the mutual information is noted as a different symbol I. As all the correlations are
mutual, it is natural to require Z(A4, A;) to be invariant under the following permutation,

T(A A =Z(ALA) . (2.2)

In other words we should have s 4(A;) = s 4,(A). The permutation symmetry together with
the requirement of additivity indicate that, Z(A, A;) can be written as a double integration

over A and A;,
(A A) = / dax/ doy J(x,y), (2.3)
A i

where x (y) represents points in A (A;), ox (oy) represents the infinitesimal subset of A
(A;) at x (y). In high energy physics, regions can be covariant (or non-static) in spacetime,
hence we should also consider the dependence on the (normal) direction of each infinitesimal
subsets in spacetime. The integrand J(x,y) is just the PEE between the two infinitesimal
subsets, i.e.

J(x,y) = Z(ox,0y). (2.4)

The formula (2.3) for the PEE indicates that the PEE between any two non-intersecting
regions is the summation over all the PEEs between any pair of degrees of freedom in these
two regions. For a discrete system, the PEE can be written as

T(AA) = Z Z Jij (2.5)
i€AJEA;

where J;; is the PEE between the ith site in A and the jth site in A;.
If we impose the normalization requirement, then it seems that all the entanglement
entropies can be generated from the PEE:

SA:ZZJU- (2.6)

icAJEA



The above equations have been proposed as a framework [18, 21| (see also Ref. [25]) to
evaluate entanglement entropies. In [18], J;; is call the entanglement adjacency matric of
the state. If we apply (2.6) to disconnected subsets, we find S;_;, the entanglement entropy
of the union of the ith and jth sites, is given by

Sin = Z Jui + Jaj =S; + Sj — 2Jij . (2.7)
a#i,j

Then we find the PEE J;; is just given by the half of the mutual information I(7, j) between
the ith and jth site:

I(i,j) = Si+S; — Siuj = 2J45 . (2.8)

Also, the mutual information between any two non-intersecting regions A and B is then
given by

I(A,B)y=2 Y  Jy, (2.9)

i€A,jEB

which is always additive. Though several lattice models? [18] and the massless free fermions
[21] in d = 2 are shown to have additive mutual information thus the equations (2.6) have
exact solutions, it is absolutely not true for general cases. Based on the above discussion
we may conclude that the requirements 1-6 together with the requirement of the symmetry
under permutation (2.2) are in general not compatible if the normalization requirement is
imposed on any regions including the disconnected ones.

Let us consider the simple example of a lattice model on a circle with N sites. The
number of all possible subsets is 2V, so the normalization requirement gives 2V equations
like (2.6). These equations are usually incompatible because the number of J;; is N(N —
1)/2, which is much smaller than 2%V [18]. If the solution exists then the entanglement
entropies of all the subsets will be highly constraint thus the mutual information is additive.

3 The partial entanglement entropy proposal as a solution

The PEE proposal |10, 13| claims that for any two-dimensional theories, the PEE is
given by a linear combination of subset entanglement entropies. More explicitly given a
connected region A, for any connected subset As, which in general divide the region A into

three subsets {A;, A2, A3}, sa(A2) is given by

1
SA(AQ) = 5 (S-Alu-AQ + S-AQU.AB - SA1 - S.Ag) . (3'1)

This proposal can be extended to higher dimensional configurations® with rotation symme-
try or translation symmetry (see Fig.1), which we call the quasi-one-dimensional configura-
tions. In such cases the contour function respects the symmetries thus only depends on one

2The examples include Affleck-Kennedy-Lieb-Tasaki (AKLT) state on a spin-1 chain [26], the valence
bond states (where qubits are paired into maximally entangled Bell pairs) and the rainbow chain.
3Here the “configuration” include the theory, region A and its partition.
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Figure 1. These figures show examples for the quasi-one-dimensional cases, the partitions of an
interval, a strip and an annulus. The arrows represent the outward direction of the boundaries Ly o
of A and [y 2 of As.

parameter. Consider the partitions that respect the symmetries, as in the two dimensional
cases, the requirement of additivity can be satisfied without imposing extra constraints on
the subset entanglement entropies. In Refs.[12, 13|, it was shown that the proposed PEE
(3.1) in quasi-one-dimensional configurations satisfies the requirements 1-6 in general the-
ories with no constraints on the subset entanglement entropies. We only need to use the
general properties of entanglement entropy such as causality and strong subadditivity. The
requirement of normalization is automatically satisfied because when A; and Az vanish
thus Ay — A, we find (3.1) recovers S4. Furthermore, assuming A to be a system that
purifies the region A, then

Z(A, Az) = s4(Asz)

1
= B} (SAUAS + SAUAl —Sa — SAs)
= S1,(A) = I(Az, A), (3.2)

thus, the requirement of invariance under the permutation (2.2) is also satisfied. In sum-
mary, the PEE (3.1) in quasi-one-dimensional configurations is a solution to all the seven
physical requirements. This seems to be in contradiction with our previous conclusion that
the seven requirements are in general not compatible. Also the PEE (3.1) is definitely not
a mutual information.

In order to see this problem more clearly, let us consider again a discrete model and
use a, ai, as, ag to represent the sites inside A, Aq, Ao, As. For convenience we define

Jai,aj = Z Jij . (33)

i€a;, jEa;

Then we impose the normalization requirement to the subset entanglement entropies and
write them as summations of partial entanglement entropies. For example

SA1UA2 = J?l,al + Jﬁ,az + Jas,al + Ja37a2 : (3'4)



Then we find

(SA1UA2 + SA2UA3 - SA1 - SA3) = Jﬁ,a2 ) (35)

N

which means the PEE proposal (3.1) does give the partial entanglement entropy.

We find that if we apply the normalization requirement also for disconnected regions,
then half of the EMI (2.9) and the PEE (3.5) are equivalent to each other. If the normal-
ization requirement only applies to connected regions, then (3.5) is the only way to write
the PEE as a linear combination of subset entanglement entropies. More importantly, there
are no constraints on the subset entanglement entropies as well as the mutual information.

The entanglement entropy for disconnected regions has always been a tough problem in
both quantum field theories and quantum many-body systems. For example the entangle-
ment entropy for single intervals in two-dimensional CFT is constrained by symmetries [27],
while the entanglement entropy for multi-intervals depends on the full operator content of
the theory [28-34|. The bipartite correlations J;; may not be enough to characterize the
entanglement entropies for disconnected regions. However, the bipartite correlations could
be enough to determine the entanglement entropies for connected regions. An interesting
fact we find to support this claim is that, for example in the circle lattice with N sites, the
number of subset intervals that are connected is N(N —1). Furthermore, if we consider the
system to be in a pure state then the number of nonzero entanglement entropies for these
intervals becomes N(N — 1)/2, which exactly matches with the number of J;;. If we only
apply the normalization requirement for these connected regions, the equations (2.6) could
be compatible thus have a unique solution. Though we donot have a similar argument for
the higher dimensional cases, we still would like to conjecture the claim to be valid.

The PEE proposal (3.1) is a much more successful candidate for PEE than the mutual
information because it only involves entanglement entropies of connected subsets. Here we
would like to propose that the normalization requirement should only apply to connected
TEgIONS.

4 Partial entanglement entropy in Poincaré invariant theories

4.1 The general formula for PEE

In this section we would like to discuss field theories invariant under Poincaré symme-
tries to show how the physical requirements uniquely determines the PEE. This could be
achieved following the discussion of Casini and Huerta [21] on the extensive (or additive)
mutual information (EMI). Let us consider a d-dimensional quantum field theory where A
and B are any two non-intersecting (d — 1)-dimensional sub-regions. Following the discus-
sion in the previous section, we only consider A and B to be connected regions. As we have
shown the requirement of additivity and the invariance under permutation indicate that,
the PEE should satisfy the following formula

T(A, B) = /A i, /B 43, J(x,y), (4.1)



where x (y) represents points in A (B), dx (dy) is any infinitesimal subset of A (B) at x
(y) with a unit normal vector in spacetime. Note that in relativistic theories, the regions
are not confined on a time slice. They can be any spacelike surfaces in spacetime, hence we
need to include the information of the normal direction at every point. The requirement
of causality (requirement-2) claims that for any two regions A" and B’ that have the same
boundaries as A and B, we should have

T(A',B') =I(A, B). (4.2)

This is because any transformation of a region with its boundary fixed can be achieved by
a local unitary transformation confined in that region. This constrains the formula (2.3)
further to be

I(A, B) = /A o /B doy” J(%.y)., (4.3)

where oy is the vector component of the vector 6y and J,,,, (x,y) is a symmetrical conserved
current that satisfies 0, J*(x,y) = 0. This can be understand by the fact that the flux of
a conserved current that passes through a region is invariant under any fluctuation of the
region with its boundary fixed. The Poincaré invariance furthermore indicates that [21]

(x —y)'(x—y)" (1) — g"
(x —y)H (x —y)2d-1)

S (x,y) = (), (4.4)

where | = |x —y]| is the distance between x and y, F' and G are two dimensionless functions
of . The conservation of J*” indicates

2F (1) — G(1)
—

The requirement of positivity implies that for any time-like vectors ox and &y, we should

[GU) = FO)] =—(d—1) (4.5)

have
oxl'oy’ Juw(x,y) > 0. (4.6)
This furthermore implies that,
2F(l) > G(l) > 0. (4.7)
Define C(I) = G(I) — F(l), then according to (4.5) we have
C'() <0, (4.8)

which implies C(I) is always deceasing under the RG flow, hence can be considered as a
c-function [35, 36]. For theories with an infrared fixed point, we have

c(l) >0, (4.9)

for any [. According to (4.5) we can also write

o)
d—1

et
d—1

F(l) = +o), G = +20(1). (4.10)



Then it is convenient to define another function H(I) by
C(l) = (d— 1)*43H'(1). (4.11)
Thus
Juw(l) = =0,0, H(l) + g, 0,0 H(1). (4.12)

At last, after we applied the Stokes’ theorem we arrive at the following formula for PEE

T(A,B) = /a ) /a  dik - dify H(jx - )). (4.13)

where 77x and 7y are the infinitesimal subsets on the boundaries A and 9B with an outward
pointing direction in the system and normal to 0A and dB. The dot means the contraction
between vectors. The above equation gives the general formula for the PEE in Poincaré
invariant field theories. C(I) determines the bipartite correlations of the theory and should
depend on other details of the theory. It should be unique when the theory is given, thus
determines an unique PEE or entanglement contour.

The requirement of normalization requires the entanglement entropies to be recovered
from PEE, i.e.

Sa=1I(AA). (4.14)

If this hold, then following the requirement of positivity the requirement of upper bound
for PEE is automatically satisfied,

Z(A,A) > I(A, B), (4.15)

because B C A.

Things become much more determined in the case of conformal field theories. Since
C(1) is a c-function, it should be a constant in CFTs. Let us define C(I) = 2Cy(d—1)(d—2),
then we have

Cq

H(‘X - Y‘) = _’X— y]2d_4 )

d>2, (4.16)
where Cy is a constant that depend on d. When d = 2, H(|x —y|) just gives (with a minus
sign) the entanglement entropy for the single interval with the end points being x and y.
Before going on we would like to comment on the physical interpretation of (4.13). The
authors of Ref.[21] interpreted the formula (4.13) as an extensive (additive) mutual infor-
mation (EMI)?*, which is restricted to the special theories ® where the mutual information is
additive (or EMI models). However, in general the mutual information is not additive hence

“The motivation of Ref.[21] came from the entanglement entropy for multi-intervals in 2-deminsional
free massless fermions [37] (also see Ref.[27, 38, 39] for similar results), which indicates that the mutual
information is additive.

5 Nevertheless, no specific field theories with additive mutual information were known except the free
massless fermions in two dimensions [37].



their results seem to be much less generic. Actually we did not use the definition (1.1) for
mutual information in the derivation, so any quantity that satisfies the requirements-1,2,3
and is symmetrical under the permutation (2.2) should be given by Eq.(4.13). The more
natural interpretation for the formula (4.13) can come from the PEE. And the formula
(4.13) gives the PEE for general Poincaré invariant theories in general dimensions.

4.2 The requirement of normalization

In the previous subsection we derived a general formula (4.13) for the PEE in Poincaré
invariant theories following the physical requirements. Nevertheless, it is too soon to say
the formula (4.13) is the unique solution to all the requirements because we have not used
the requirement of normalization and the upper bound. Since the upper bound follows the
normalization requirement, we only need to test (4.14). The testing is clear for a few-body
system as the entanglement entropy is finite, thus can be calculated exactly. For quantum
field theories (4.14) is very subtle because the entanglement entropies usually diverges hence
we need to compare between infinite quantities. In CF'Ts, the PEE seems to be determined
up to a single coefficient C;. Note that C; should be a parameter of the theory thus not
depend on the choice of A. One may expect that (4.14) can be satisfied by properly choosing
the coefficient Cy. The PEE Z(A4, A) is divergent as [ vanishes when x and y overlap. In
order to test (4.14), certain prescriptions are needed to prevent divergence on both sides.

Some of the calculations of Z(A, A) for CFTs have been carried out [21, 40-43] using
(4.13). In these cases the cutoff is given by an uniform distant cutoff between the boundaries
of A and A. Nevertheless, the naive comparison between these results and the known
entanglement entropies calculated by replica trick or holographic method [44, 45|, which
are regulated by a cutoff at a scale, shows the normalization requirement (4.14) cannot
exactly hold in general. Firstly, for a given CF'T, the coefficient Cy we get from imposing
the requirement (4.14) can depend on the choice of A, hence not a parameter determined
by the theory. Secondly, consider several different CFTs in d = 3, the single constant C5 is
not enough to characterize the difference between the entanglement entropies arising from
sharp corners on 0.A [21]. Finally, for theories in even dimensions d > 4, there are two
or more trace-anomaly coefficients. In general the entanglement entropy of a region will
depend on all of the trace-anomaly coefficients [46], rather than a single one, even in a flat
background. This contradict with our expectation that the entanglement entropy in CFTs
is determined up to a single constant.

The above observations deviate from what we expected and seem to indicate that
the requirement of normalization (4.14) cannot be satisfied in general, hence the physical
requirements are too strong to have a solution. This drives the concept of the PEE into
a big problem! Nevertheless we would like to point out that, the matching (4.14) between
Z(A, A) and the entanglement entropies regulated by a scale cutoff is quite subtle. Because,
unlike the entanglement entropies regulated at the scale, Z(A, A) is regulated by ignoring
certain local contributions near the entangling surface dA. The typical way to do the
regulation is in the following. Firstly we consider some region A’ C A with its boundary
OA’ not intersecting with A. Then we calculate the PEE Z(A’, A) which is finite. At last

~10 -



we let DA’ approach A to get a regulated Z(A, A). We call this a local regulation, which
can be achieved in an infinite number of ways.

For example, let us regulate Z(A, A) with a single infinitesimal parameter e. We denote
the points on A as x and the points on JA’ as y. We can either require any one of
the spacial coordinate to satisfy |z; — y;| > € or require |x —y| > e. The regulated
(A, A) will differ with the regulation schemes we choose. So the claim that for a given
region A its entanglement entropies in different CFTs is determined only up to a single
constant is too restrictive and in general not true. Other information that can affect the
entanglement entropy would enter the formula (4.13) through the schemes of the local
regulation. Unlike the scale regulation, to specify the local regulation we usually need more
than one parameter.

In summary there is no reason to expect Z(4, A) to exactly recover the entanglement
entropies regulated at a scale. Then we want to ask: Is Z(A, A) really the entanglement
entropy? A primitive answer to this question is to search for cases where (4.14) does hold in
some way. The only cases that (4.14) may hold are the quasi-one-dimensional cases. Due
to the symmetries it is natural to take a uniform distant cutoff € between A’ and dA, thus
the regulation scheme also respects the symmetry. Then it is possible to match the Z(A, A)
with the entanglement entropy S, which is regulated by the scale cutoff §, by imposing a
relation between € and 4.

Let us consider the entanglement entropy for a disk A with radius R in holographic
CFTs. In this case the entanglement entropy can be calculated holographically using the
Ryu-Takayanagi (RT) formula [44, 45]. More explicitly the holographic entanglement en-
tropy for a region A is given by the area of the bulk minimal surface (or the RT surface)
that is anchored on the boundary of A. The area of the minimal surface can be regulated
by taking a infinitesimal cutoff ¢ at the asymptotic boundary hence gives the following
entanglement entropy

Sa=-2 Sr ki 00). (4.17)

On the field theory side § is the scale cutoff and ¢ is the central charge. Then we try to
recover the above entanglement entropy using the PEE (4.13). We consider two co-centric
circles with radius Ry (R4 > R > R_) which partition the systems into three regions: a
disk A’ with r < R_, the region A with r > R, and an annulus B with R_ < r < R,. When
R_ approaches R, we may expect that the PEE Z(A’, A) will recover the entanglement
entropy of the disk in some way. Let us define a parameter « in the following way

_Ri+R (R -R)

R
2 T ’

—1<a<l. (4.18)

The calculation of Z(A’, A) is explicitly done in the next section (see also Ref. [21] where it
is calculated as an EMI). Here we just quote the result (4.29) and set d = 3. Then we find

- 212 R?
Z(A A) = Cqg——F. 4.19
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In order to match with the holographic result (4.17), we choose C5 = 53— and take the limit
Ry — R_ =¢— 0. Then we find

(A, Ao = g@ - gw(a +2)+0(e). (4.20)
The first term is the standard area term, while the universal term is ambiguous due to the
undetermined parameter «.

From the PEE point of view, we should set Ry = R and set A = A’ U B. This
corresponds to the choice a = 1. The PEE is the contribution from A’ to the entanglement
entropy of the disk S4. When A’ approaches A, i.e. R_ — R, then the PEE recovers the
entanglement entropy for the disk. In this case the matching between (4.20) and (4.17) is
then achieved by imposing the fine correspondence € = § — % +0 (53) [15] between the
points on A and the points on the corresponding RT surface. Similarly, we can recover the
holographic entanglement entropies for static spheres in higher dimensions and for intervals
in d = 2 using this fine correspondence. In d = 2, the difference between the two cutoffs €
and § only affect entanglement entropy at order O(e) thus can be ignored. This is not true
ind>2

Also another treatment using EMI [2] is worth mentioning. It was argued that in
order to protect the universal term from the UV physics, we should choose o = 0. It is
also obvious that when a@ = 0 Eq.(4.20) exactly matches with Eq.(4.17) after we replace €
with §. It is claimed [2]| that this argument can be extend to boundaries with any shape.
Nevertheless, this treatment could fail for higher dimensional cases.

For spheres, cylinders or static intervals, if we again choose the regulation scheme that
respect the symmetry, there are only one parameters Cy (except the cutoff €) that we
can adjust to satisfy the normalization condition (4.14). This can not be satisfied if the
entanglement entropies on the left hand side depend on more than one conformal anomaly.
So far the entanglement entropies for spheres or cylinders (four dimensions) in CFTs with
a scale cutoff are carried out through different approaches [41, 46]. As expected, they only
depend on one conformal anomaly. For the cases that are not quasi-one-dimensional, the
scheme of the local regulation should at least depend on the space-time curvature near
the boundary and the extrinsic geometric of the boundary 0A, which is crucial and not
emphasized before. It will be very interesting to explore the relation between (4.14) and
Solodukhin’s general formula for four-dimensional CFTs [46].

4.3 Consistency with the PEE proposal

Our previous discussion indicates that, despite the subtlety of the requirement of nor-
malization, the physical requirements give strong enough constraints to determine the
PEE in Poincaré invariant field theories. Previously we have shown that, in quasi-one-
dimensional cases the PEE proposal (3.1) is an exact solution for all the requirements in
general theories. So the unique solution in Poincaré invariant theories should be the PEFE
proposal. This means (3.1) should be consistent with the formula (4.13). Furthermore since
the PEFE proposal satisfies the requirement of normalization with no subtlety, the formula
(4.13) should also satisfy (4.14). This means Z(A, A) is indeed the entanglement entropy
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(at least in the quasi-one-dimensional cases), thus answering our previous question. Here
we directly prove this equivalence between (3.1) and (4.13).

Since PEE reduces to an integration on relevant boundaries, we can write it as a
functional of the boundaries with directions,

salAy) = T(A;, A) = T(DA,, 0.A4), (4.21)

—
where 0A; is defined as the boundary d.A; with an outward-pointing direction. Under this
— — ~ — — - — —2

notation, we should have properties such as 0.4 = —0A and Z(0A;, —0A) = —Z(0A;,0A).
For example, consider the cases in Fig.1, where A is partitioned into {A4;,.42, A3}. We
denote the boundaries of A as L; and Lo while the boundaries of Ag as {; and 5. Since we
need to specify the direction of the boundaries when calculating PEE, it is convenient to
define that L; (I;) points outward from A (Asg), while —L; (—;) points inward. Following

this notation we have
— .——3
8.41 . {LQ, —lg}, 6(441 U Az . {LQ, ll},
— .——3
8./43 . {Ll,—ll}, 8(A2UA3 . {Ll,lg},
ﬁ
8./4 : {—Ll, _L2} . (422)

The formula (4.13) can be written as (4.21) for short, so we have
- — —2 ~
SA(.AQ) :I(O.Ag, (9./4) = I({ll, ZQ}, {—Ll, —LQ})
= —1I(l1, L) — Z(l1, La) — Z(l2, Ly) — Z(la, Ly) . (4.23)

On the right hand side of Eq.(3.1) the subset entanglement entropies can be calculated
via Eq.(4.14). For example the entanglement entropy S 4, is given by

SAl :j.({L% _l2}7 {_L27 l2})
=T (Lo, —Ly) + 2Z(La, l2) 4+ Z(~lo, I3) . (4.24)

Similarly, we have

Sa, =Z(—ly, 1) + 2Z(Ly, 1) + Z(L1, —L1),
Sau4, = Z(l1, —11) — 2Z(11, Lo) + Z(La, — L),
Sayus = L(ly, —ly) — 2Z(ly, L1) + Z(L1, —L1) . (4.25)

e

We then plug the above entanglement entropies into Eq.(3.1). All the subtle divergent terms
cancel and the remaining terms are cutoff independent and exactly match with (4.23). Hence
the consistency between the proposal (3.1) and the formula (4.13) is justified. The linear
combination is absolutely not a mutual information, hence the interpretation of (4.13) as
an extensive mutual information [21] is in general not true.

If the normalization requirement can be satisfied by any connected regions, we can
furthermore generalize the proposal (3.1) to a a generic set up. Given a generic connected
A with outward-pointing boundaries {L;} and a connected subset A; with outward-pointing
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boundaries {l;}, it is easy to derive that (see Appendix A) the PEE s4(A;1) can be written
as the following linear combination of connected subset entanglement entropies,

1
S.A(Al) - Z 5 (S.AZJ - Sli - SLj)

outward

= > 5 (84, =5 -5L,) (4.26)
inward
In the above equation A;; is the region enclosed by L; and [;, S, (S Lj) is the entanglement
entropy of the region enclosed by the single boundary I; (L;). In the first summation I;
points outward A;; while in the second summation [; points inward A;;. This generalization
(4.26) is bold and need further investigation.
Note that like the PEE proposal, the generalization (4.26) also only involves entangle-
ment entropies for connected regions.

4.4 Matching with the fine structure analysis

Another independently developed proposal to construct the entanglement contour func-
tion is the fine structure analysis of the entanglement wedge [10, 15]. The strategy is to
consider the bulk extension of the boundary modular flow lines, which are two-dimensional
surfaces that form a natural slicing of the bulk entanglement wedge. This slicing relates
the points on the boundary region A to the points on the RT surface £4 by static space-
like geodesics normal to £4. Based on this fine relation the contour function for static
spherical regions (or intervals) in the vacuum state of holographic CFTs were carried out
in Refs.[10, 15] (see also Ref.[12]). It is given by,

d—1
) =% () (4.27

where R is the radius of the spherical region A, d is the spacetime dimension, and ¢; =

ay 27:;%/7 21) (see Ref.[47, 48] for the definition of @) is a constant related to the A-type central

charge. Following Eq.(1.3) it is easy to calculate the PEE [15],

Ry d—1
Cd 2R d—2
sa(Az) = G /0 (R2 — 7"2) Qg _or®™= dr

d—1 d+1
-1, —; 4.2
- 1), (4:28)

C d—1 ~
:Ed(47r22) 2 2F1(

where Aj is a cocentric sphere with radius Ry < R, o} (a,bye,x) = oF) (a,b;¢;x) /T(c)
is the regularized hypergeometric function, 4o is the volume of the unit (d — 2)-sphere
S92 and z is the ratio z = Ry/R.

On the other hand, in these cases we can also calculate the PEE using the formula
(4.13) on an infinitely big plane. Plugging (4.16) into (4.13) we find [21]

(A, A) //dnx-dn
?) o4 Jop Vx -y |2d4

2972 (sin 6)43 cos
=CyQg—203_3 / df B ) p
0 (14 2%—2zcos0)

(4.29)
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Though it is not easy to write the above integration in a compact form as in Eq.(4.28),
one can check that the integration (4.29) coincide ¢ with (4.28) after we properly fix the
coefficient Cy that depend on d. For example when d = {3,4,5} we have

- 22 B4z 1 1 2z 2% (22 — 3)
sA(A2) ~Z(A, Ag) ~ {1 2 1) - itanh <22 n 1> 2 } (4.30)

The above contour functions or PEEs can also be reproduced by the PEE proposal (3.1)
[15]. Note that naively plugging the holographic entanglement entropies for annuli [49, 50|
into (3.1) will give a different answer for PEE. More explicitly the PEE vanishes when Ry
is smaller than the critical value where the RT surface for the annulus switch between the
connected half-torus surface and two disconnected semi-spheres.

5 Discussion

In this paper we have explored the concept and properties of the partial entanglement
entropy in many aspects. Since it is quite closely related to the previous papers [10, 12, 13],
it will be useful to clarify what are the new results in this paper. In the following is a brief

summary on the main results of this paper:

1. Since the entanglement or correlation is mutual we introduce a new physical require-

ment for PEE, i.e. Z(A, B) = Z(B, A).

2. We show in the quasi-one-dimensional cases the PEFE proposal is a solution to all the
known physical requirements (including the new one) in general theories.

3. We suggest not to apply the normalization requirement when evaluating entanglement
entropies for disconnected regions via PEE. The PEFE proposal is not equivalent to
the extensive (additive) mutual information |18, 21].

4. We show in Poincaré invariant theories the PEE can be uniquely determined by the
requirements. The result is consistent with the PEFE proposal and the fine structure
analysis. So the PEE proposal is justified in Poincaré invariant theories. This is for
the first time we have found that the PEE can be uniquely determined.

5. The subtlety of the normalization requirement is discussed. We clarify that the en-
tanglement entropy approximated by PEE is regulated by excluding the local contri-
butions near the boundary, which is totally different from the familiar entanglement
entropies regulated at a scale. Hence, in general we should not expect the exact
matching between these two kinds of prescriptions.

One of the important lessons we can learn from our discussion for Poincaré invariant
field theories is that the PEE Z(A, A) does give the entanglement entropy. And this claim
is valid for general Poincaré invariant theories rather than confined to the EMI models

®Note that the PEE (4.28) is semi-classical while (4.29) is quantum, which indicates the quantum
correction to (4.28) is proportional to (4.28).
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[18, 21]. We donot expect Z(A, A) and the entanglement entropies regulated at a scale
to exactly match with each other, but we do expect them to respect the same features.
This is confirmed by the previous evaluations [21, 40-43] of entanglement entropies (local-
ly regulated by a uniform distance at the boundary) approximated by PEE (or EMI) in
various dimensions and various theories. These evaluations give support to our claim that
the bipartite correlations could be enough to determine the entanglement entropies for con-
nected regions. Also (4.14) can reproduce the known universal results for generic CFTs, for
example the corner entanglement entropy in three dimensions at the smooth limit [41, 42],
and the entanglement entropy for a conical entangling surface in four dimensions [43].

There are also attempts to calculate the entanglement entropies for disconnected regions
using (4.13). For example, naively taking an uniform cutoff for all the endpoints of multi-
intervals in CFTy will give [18, 51| the results of Refs. [27, 37-39|, which are not correct
in general. More explicitly it only captures part of the entanglement entropy and misses
the term that depends on the harmonic ratio of the entangling point [28-34]. Bipartite
correlation may not be enough to determine the entanglement among three or more regions.
How to generalize the concept of PEE to the cases that involve more than two connected
regions is an important future direction.

Our proof of the uniqueness of the PEE in Poincaré invariant theories relies on the
symmetry. It will be important to explore the uniqueness of the PEE in more general field
theories and quantum many-body systems. The new requirement we have introduced may
help us rule out some candidates to construct the entanglement contour.

The PEE is a new concept in quantum information. Its potential to help us better
understand the entanglement structure of a quantum system should be further investigated.
We encourage people to apply the PEE proposal (3.1) to few-body systems or lattice models
in condense matter theories (especially in d = 2) to calculate the entanglement contour
function. Then it will be interesting to compare it with other measurements. Here we
would like to mention a recent work [20], where the entanglement contour calculated by the
PEFE proposal has been investigated for two distinct non-thermalizing phases: many-body
localization (MBL) and the random singlet phase (RSP). Novel properties of entanglement
spreading are revealed by the entanglement contour, which goes beyond the measure of the
out-of-time-ordered correlator (OTOC). For example, they found a logarithmic light cone
of entanglement spreading in MBL from the entanglement contour after a global quench,
which was similar but not identical to the logarithmic light cone seen for the OTOC. Also
in the RSP, the entanglement contour yielded a novel power-law light cone, despite trivial
spreading of the OTOC in that system.
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A Partial entanglement entropy for general partitions

We generalize the PEE proposal (3.1) to a generic partition. We consider a generic
region A with m outward-pointing boundaries L; (1 < j < m), and a subset 4; with
n outward-pointing boundaries [; (1 < ¢ < n) (see, for example, Fig.2). Then the PEE

sa(A1) =Z(Ay,.A) is given by

SA(Al) :i({lb T 7ln}7 {_le R _Lm})
=YY Il -Ly). (A1)
=1 j—1

We try to write the summation as a linear combination of entanglement entropies. We
denote the region enclosed by the two boundaries I; and L; as A;;. Since A;; is always
inside A, so L; is also the outward-pointing boundary of A;;. However [; could be either
the outward-pointing or inward-pointing boundary of A;;. For example, in the right figure
of Fig. 2, {1 is the inward-pointing boundary of A, ;, while Iy (I3) is the outward-pointing
boundary of Az ; (As;). When [; is the outward-pointing boundary of A;;, according to
(4.14) we have

~ 1

Si; (SL,) is the entanglement entropy of the region enclosed by I; (Lj). When [; is the
inward-pointing boundary of A;;, we should have

S, :i(li,—li) +j-(Lj,—Lj) —1-2:2-([1‘,[/]‘), (A.4)
~ 1
I(l;,—Lj) = 3 (Sli + S, — Squj) . (A.5)
Then we conclude that, given a generic A with outward-pointing boundaries L; and a
subset A; with outward-pointing boundaries /;, the PEE s 4(.A;) should be given by

1
S.A(Al) = Z 5 (S.A” - Sli - SLJ‘)

outward

~ > LS4, 8- 5L) (A.6)

inward

In the following we apply Eq.(A.6) to the three cases in Fig. 2.

e Case 1: The subset A; partition the A into two parts and [; points inward A1 = Aj.
So we have

25.4(A1) = Sa + S, — Say = I(A, AL). (A7)
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Asa

\l]

Figure 2. The colored region is A and the blue region is the subset A; whose PEE we are
considering. We calculate s 4(A;), so l; (L;) points outward A; (A). From left to right the figures
correspond to case 1, case 2 and case 3.

In this case 254(A1) is a mutual information. If we further divide A; into subsets
.A{ with the same topology of a sphere, then 2s4(.A4;) is also the mutual information
I(A, AY). Because PEE is additive, thus I(A, A1) = >, I(A, A}) looks additive.
However, when any of the A} has other topologies (such as an annulus as in the
previous case), this additivity for mutual information breaks down.

Case 2: We calculate s4(As2). It is easy to see that Sa,, = Sa,,SL, = Sa, S5, =
S A,0A35 51, = Sas, —l1 points inward Aj; and lp points outward Az;. Then according
to (A.6) we find

QSA(AQ) :SA1UA2 + SAQUA?, - SAl - SAg ) (A8)

which is absolutely not the mutual information (A, As).

e Case 3: In this case we find

25 4(A1) =SA404304, + SAUAUAL F SAUAUAS

—Sa, —Sa, =S4, —Sa. (A.9)
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