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1. Introduction

Ricci-flat metrics play an important role in geometry and physics. For compact Kéhler manifold with
trivial first Chern class, the existence of a (Kahler) Ricci-flat metric was proved by Yau in his famous paper
[28] on the Calabi conjecture. In the Riemannian setting, Ricci-flat metrics are stationary solutions of the
Ricci flow introduced by Hamilton [13] as a powerful tool, together with Perelman’s breakthrough [22-24],
to study the Poincaré conjecture.

In the study of the singularities of the Ricci flow, Ricci solitons naturally arises as the self-similar solutions.
From the definition, a Ricci-flat metric is indeed a Ricci soliton.
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1.1. Compact steady gradient Ricci solitons

In particular, we consider a steady gradient Ricci soliton which is a triple (M, g, f), where M is a smooth
manifold, g is a Riemannian metric on M and f is a smooth function, such that

Ricy + Vof =0 or Ry +V;V;f=0. (1.1)

Hamilton [15] showed that on a compact manifold any steady gradient Ricei soliton must be Ricci-flat; this,
together with Perelman’s result [22] that any compact Ricci soliton is necessarily a gradient Ricci soliton,
implies that any compact steady Ricci soliton must be Ricci-flat (cf. [5,22])

1.2. Complete noncompact steady Ricci solitons

Now we suppose (M, g, f) is a complete noncompact steady gradient Ricci soliton. The simplest example
is Hamilton’s cigar soliton or Witten’s black hole ([9,11]), which is the complete Riemann surface (R?, gcs)
where ges := (dz@dr+dy@dy)/(1+2>+y?). If we define f(x,y) := — In(1+2>+y?), then Ric,,, +V;_f =0.
The cigar soliton is rotationally symmetric, has positive Gaussian curvature, and is asymptotic to a cylinder
near infinity; moreover, up to homothety, the cigar soliton is the uniques rotationally symmetric gradient
Ricci soliton of positive curvature on R? (cf. [9,11]). The classification of two-dimensional complete compact
steady gradient Ricci solitons was achieved by Hamilton [15], which states that Any complete noncompact
steady gradient Ricci soliton with positive Gaussian curvature is indeed the cigar soliton.

The cigar soliton can be generalized to a rotationally symmetric steady gradient Ricci soliton in higher
dimensions on R™. The resulting solitons are referred to be Bryant’s solitons (see [11] for the construction),
which is rotationally symmetric and has positive Riemann curvature operator. Other examples of steady
gradient Ricci solitons were constructed by Cao [4] and Ivey [16].

For three-dimensional case, Perelman [22] conjectured a classification of complete noncompact steady
gradient Ricci soliton with positive sectional curvature which satisfies a non-collapsing assumption at infinity.
Namely, a three-dimensional complete and noncompact steady gradient Ricci soliton which is nonflat and
k-noncollapsed, is isometric to the Bryant soliton up to scaling. Under some extra assumptions, it was
proved in [1,6,7]. A complete proof was recently achieved by Brendle [2] and its generalization can be found
in [3].

Another important result is Chen’s result [8] saying that any complete noncompact steady gradient Ricci
soliton has nonnegative scalar curvature. For certain cases, the lower bounded for the scalar curvature can
be improved [10,12]. When the scalar curvature of a complete steady gradient Ricci soliton achieves its
minimum, Petersen and William [25] proved that such a soliton must be Ricci-flat. On the other hand, if
a complete noncompact steady gradient Ricci soliton has positive Ricci curvature and its scalar curvature
achieves its maximum, then it must be diffeomorphic to the Euclidean space with the standard metric
([15,5]); in particular, in this case, such a soliton is Ricci-flat.

To remove the curvature condition, we can prove the following

Proposition 1.1. Suppose M is a compact or complete noncompact manifold of dimension n. Then the
following conditions are equivalent:

(i) there exists a Ricci-flat Riemannian metric on M ;
(ii) there exist real numbers «, B, a smooth function ¢ on M, and a Riemannian metric g on M such that

0=—Ri;j +aV;V;p, 0=2;0+pB|Vy0|2. (1.2)

The proof is given in subsection 2.1.
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Remark 1.2. In the compact case, the second condition in (1.2) can be removed. However, in the complete
noncompact case, the second condition in (1.2) is necessarily. For example, the cigar soliton is a steady
gradient Ricci soliton with nonzero scalar curvature 4/(1 + 22 + y?).

The equation (1.2) suggests us to study the parabolic flow

Brg(t) = —2Ricg) + 2aVi i o(t),  edr = Dgyd(t) + B |Vg(y¢ )]j(t). (1.3)

The system (1.3) is similar to the gradient flow of Perelman’s entropy functional W [22]. Let 9tet(M)
denote the space of smooth Riemannian metrics on a compact smooth manifold M of dimension m. We
define Perelman’s entropy functional W : Met(M) x C°(M) x RT — R by

o
W(g, f,7) := / [T (Ry + |ng|§) + f—m] WdVg, (1.4)

(4T
M

where dV,, stands for the volume form of g. Perelman’s showed that the gradient flow of (1.4) is

dig(t) = —2Ricy( 2Vg(t (@),

Orf(t) = —Agy f(t) — Rypy + T(t)’

moreover, the entropy W is nondecreasing along (1.5). Since W is diffeomorphic invariant, i.e., W(®*g, ®* f,
T) = W(g, f,7) for any diffeomorphisms ® on M, it follows that the system (1.5) is equivalent to

9ig(t) = —2Ricy(s),

Of(t) = =Dy f(t) + |V f( )| — Ry) + (1.6)

Thus, (1.3) is a mixture of (1.5) and (1.6). There also are lots of interesting generalized Ricci flows, for
example, see [14,17-21].

1.8. A parabolic flow

In this paper, we consider a class of Ricc flow type parabolic differential equation:

Dg(t) = —2Ricy () + 201 V1) d(t) @ Vg d(t) + zazvg(t)qsu), (1.7)

0u0(t) = Dyt (1) + By [Vyyd(0)]y, + B (1), (18)

where aq, s, 81, B2 are given constants. When ay = ay = 1 = B3 = ¢(t) = 0, the system (1.7)—(1.8) is
exactly the Ricci flow introduced by Hamilton [13]. When ag = 51 = 2 = 0, it reduces to List’s flow [19].
Recently, Hu and Shi [27] introduced a static flow on complete noncompact manifold that is similar to our
flow. The main result is
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Theorem 1.3. Let (M,g) be an m-dimensional complete and noncompact Riemannian manifold with
[Rmg|* < ko on M and ¢ a smooth function on M satisfying |p|* + |V¢|2 < ki and |[V3¢|2 < ko. Then
there exists a positive constant T, depending only on m, kg, ki, ks, a1, s, 81, B2, such that the x-reqular
(a1, g, B1, Ba)-flow (1.7)—(1.8) with the initial data (g, ) has a smooth solution (g(t),d(t)) on M x [0,T]
and satisfies the following curvature estimate. For any nonnegative integer n, there exist uniform positive
constants Cy, depending only on m,n, ko, k1, ke, a1, ag, B1, B2, such that

2 G

2 C
v R ] ]
‘ g(t) T MMg(t) () n

< "
g(ty —

Vo o(t)

g(t)

on M x [0,T].
For the definition of regular flow and x-regular flow, see Definition 2.11 and Section 3.
1.4. Notions and convenience

Manifolds are denote by M, N,---. If g is a Riemannian metric on M, we write Rmg, Ricy, R4, V,
and dV, the Riemann curvature, Ricci curvature, scalar curvature, Levi-Civita connection, and volume
form of g, respectively. We always omit the time variable ¢ in concrete computations. For a family of
Riemannian metrics, we denote by A; and dV; the corresponding Beltrami-Laplace operator and volume
form respectively.

If P and Q are two quantities (may depend on time) satisfying P < CQ for some positive uniform
constant C, then we set P < Q. Similarly, we can define P = Q if P < Q and Q < P.

We also use the Einstein summation for tensor fields; for example,

(a,b)g = az‘jbij = Z az‘jbij = Z gikgﬂaijbkz

1<i,j<m 1<i,5,k,0<m

for any two 2-tensor fields a = (a;;) and b = (b;;) on a Riemannian manifold (M, g) of dimension m.
If A and B are two tensor fields on a Riemannian manifold (M,g) we denote by A x B any quantity
obtained from A ® B by one or more of these operations (a slightly different from that in [9]):

(1) summation over pairs of matching upper and lower indices,
(2) multiplication by constants depending only on the dimension of M and the ranks of A and B.

We also denote by A* any k-fold product A - - - A. The above product {a, b), can be written as (a, b), = a*b;

in order to stress the metric g, we also write it as {(a,b), = g ' x g~ ' xaxb.
2. A parabolic geometric flow

In this section we introduce a parabolic geometric flow motivated by (1.2). At first we will prove Propo-
sition 1.1

2.1. A characterization of Ricci-flat metrics

Recall that a steady gradient Ricci soliton is a triple (M, g, f) satisfying (1.1).

Proposition 2.1. (See also Proposition 1.1) Suppose M is a compact or complete noncompact manifold of
dimension m. Then the following conditions are equivalent:
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(i) there exists a Ricci-flat Riemannian metric on M;
(i) there exist real numbers «, 3, a smooth function ¢ on M, and a Riemannian metric g on M such that

0=—Rij +aViV;¢, 0=~20:0+B|V,0|2. (2.1)

Proof. One direction (i)=-(ii) is trivial, since we can take o = § = ¢ = 0. In the following we assume that
the equation (2.1) holds for some «, 8, and ¢, g. When M is compact, a result of Hamilton [15] tells us that
g must be Ricci-flat. Now we assume that M is complete noncompact.

Taking the trace of the first equation in (2.1), we get

Ry = alg¢. (2.2)
In particular,
Ry = —apB|V,y9l2. (2.3)

Hence, if af > 0, then R, < 0; on the other hand, by a result of Chen [8], we know that any com-
plete noncompact steady gradient Ricci soliton has nonnegative scalar curvature. Together with those two
inequalities, we must have Ry = 0 and V,¢ = 0 by (2.3). Consequently, from (2.1), we see that R;; = 0.

To deal with the case a8 < 0, we take the derivative V¢ on the first equation of (2.1): 0 = —%VjRg +
alyV;¢ since VIR;; = %VjRg. According to the identity A,V;¢ = V,;A,¢ + Rjkvkqb, we arrive at
0=—1V,;Ry + a(V;Ag¢+ R;,V*¢). Using (2.1) and (2.3), we obtain

2

0=9; | (%~ a8) 1¥s08 - 3, | = 229,190

In the case a8 < 0, we must have o # 0, 8 # 0, and « # (3, so the above identity yields |Vg¢|g = ¢ for some
constant ¢, and hence R, = —afc using again (2.1). From the proved identity 0 = —%VjRg + alAyV o,
we obtain A;V;¢ = 0. Consequently 0 = 2VI¢p A V¢ = Ag\ngb@ — 2\V§¢|3 =0- 2\V3¢|3 and then
|V§¢|g = 0. In particular, V;V;¢ = 0 and hence R;; = 0. In each case, we get a Ricci-flat metric. O

2.2. Evolution equations

Motivated by Proposition 2.1, we consider a class of Ricc flow type parabolic differential equation:

Ahg(t) = —2Ricy() + 200V B(t) @ Vi d(t) + 202V o1y b(t), (2.4)

Dd(t) = Dy(yd(t) + B1 [V oy (1) ) + Bo(1), (25)

where a1, o, 1, B2 are given constants. When ay = ay = 1 = 2 = ¢(t) = 0, the system (1.7)—(1.8) is
exactly the Ricci flow introduced by Hamilton [13]. When as = 81 = 82 = 0, it reduces to List’s flow [19].

To compute evolution equations for (2.4)—(2.5), we recall variation formulas stated in [9]. Consider a flow
0tgi; = hsj where h is a family of symmetric 2-tensor fields. Then

09 = —g" g hre,  OTY;

1
= 59“ (Vihje + Vjhie — Vihij),
1
OeRig, = 59 (ViVjhip + ViVihjp = ViVphj

— VjVihkp — Vjvkhip + Vjvphik) s
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O Rji, = %g”q (VqVjihip +VoVihip — VVphi — ViVihg),
&R = —Agtrh + div (divh) — (h,Ric), 8dV; = %trh av;.
We now take h;; := —2R;; + 201 V¢V ;0 + 205V V6.
Lemma 2.2. Under (2.4)-(2.5), we have

ATl = —V,R;* — V;R* + V*Ry; + 20,V V6 - VFo
+ QQVkViVj¢ — Qo (Rikjpvp¢ + Rjkipvp‘b) :

Proof. Compute

atl"fj — —VZ-Rjk — VjRik + VkRij + 2041vivj¢ : vk¢
—+ anké (V1VJVe¢ + vjvﬁqus - VZVZVJ¢) :

According to the Ricci identity, we obtain the desired result. O
Lemma 2.3. Under (2.4)-(2.5), we have

8tRij = AtRij — 2R7;kRkj + 2Rpiqupq — 20[1Rp7;qup¢vq¢ + 2a1Ag(t)¢ . vzngb
— 201V VidV*V 6 + az (RPV, V6 + RPV,Vip + VR VP ) .

Proof. Note that

1 1 1
8tRij = *iAthij - Qvivj (gpthq) + igpq (vajhiq + vpvih]‘q) :

Denote by I;, i = 1,2,3,4, the ith term on the right-hand side of the above equation. For I; we have
I = AjRyj — a1 A0V 6 — a1 VAV — 20, Vi V0V V 16 — aa A, (ViV0) .
Since V() 8|7 4 is a function, it follows V; V[V, o(t)[5 ) = V; ViV 6(t)[2 ). Hence
I, =V,;V;R— a1 (V;V;Vip+ V;V;Vi$) VFd — 201V, V¢V ,;VF ¢ — aa ViV (Ard) .

The symmetry of I3 and I, allows us to consider only one term, saying for example I3. Since V,V;V;¢ =
Vsz-ngb = VZV,,Vng - RI;; Vk¢, we have

j
1
Iy = =5 ViVR + RyijgR" — RigR" j + 01 [ViV; V097 — Rpijg VP V)
+ a1 [AtgbViVj(b + VN,,(j)(t)VijqS + Vzd)Ath¢] + OéQVqu (Vlqub) .
Consequently, we arrive at

atRij = AtRij — QRikRkj + 2Rpiqupq — 2a1Rpiqu”¢Vq¢
+ 201 8¢ - ViV — 20,V Vi dVFV ¢ + A,

where
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A= -y (ViV;9) — ViV (Ad) + o VIV (ViVy0) + a2 VIV, (V;V,0)
=2 |AViVjp — Vi ViAp — 2Rpjg VIV — Vi Rj, VP — ViR, VP + 2V, R VP ¢
where we used the contract Bianchi identity VPR, = VjRpe — Vi Rje in the last line. The final step is

to simplify the difference [A ), ViV;]é(t). According to the Ricci identity, we get A = as(R;¢V*V;¢ +
Rjgvevid) + VZRUV%) O

Lemma 2.4. Under (2.4)-(2.5), we have

. 2 2
ORoty = gy Ry +2 [Ricg(n 5, + 20118y 0(8) 2y — 201 | V2 8(0)

q(t)

— 4o (Ricg(r), Vo) 8(t) ® Vo 6(t)) ) + 22 (Ve Ry(t)s Vo @(1)) o4y -
Proof. By the above formula for 0; R, (), we obtain
2
‘g(t)
— 201 RIV(t)V;¢(t) — 201 (A gy Vig(t) — Vilgyd(t)) V' (t) + T

8th(t) = Ag(t)Rg(t) + 2|R1Cg(t)|3(t) + 2a1|Ag(t)¢(t)‘3(t) — 20{1 ‘Vz(t)¢(t)

where [ := =200 (A1) +202VIVI(V;V;$) —202 RV, V ;¢. By the Ricci identity we get I = az(V,R, V)
and the desired formula. O

Following Hamilton, we introduce the tensor field
Bijre = —9"" 97 Ripjq Rires. (2.6)

Note that Bji;x = Bijre and Byjre = Breij.
Lemma 2.5. Under (2.4)-(2.5), we have

OiRijee = AtRijre + 2(Bijie — Bijor + Binje — Bieji) — (R’ Rpjie + R;P Ripie

+ RiPRijpe + RePRijip) + 201 | Vi VeV Vi — vivmvjvm}

+ {VpRijqu¢ = Riji"VpVid + R jueViVpd + RiP 1oV Vo + Rijpévkvp¢:| :
Proof. Recall the evolution equation

OuRE, = 207 (ViVihsy + V3 Vphis — ViVlyhys — V3 Vihiy — Ry — Y, by

where 0;g;; = hq;. Applying the above formula to h;; = —2R;; + 201 V¢V ;0 4+ 202V;V ;¢ implies O; Rt ik =
Il + IQ + Ig, where
m)qu)’

Iy =g {jok ( — 1V, 6V, — aquvp¢>) +RY ( — 1 ViV g — agvkvlﬂbﬂ :

I =g (vivaJ’k +V; ViR = ViViRjp — V;VpRik + R Rop + R

ijk
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and I := the rest terms. According to [9,13] we have
L =A Rfk + gpq (R:ijqu 2RT1kR

— R/"Rl;, — R;"R},, — Ry R},

ijr

y4 T
jar T 2Ry Rigr)
+ R.“Ry,..

It can be showed that

IQ OélR

1. VadV 0 + a1 Rij V¢V i + 201 (viv%vkvm — vivmvjv%)
+ s (vivkvjv% + V,; VIV, Vid — V,; ViV Vi — vivajvm);
together with I3, we arrive at
I+ Is = =201 R, V¢V 6 + 201 (viv%vka — vivkqsvjv%)

+ as (VqRij;f — R* 9V V ¢ — RY%1V V00 — Rijn IV, Vi — Rij"qvkvqa;)

where we used the Ricci identity and the formula V;R* ;1 —|— V; Rzkﬂ = —VqRUk Replacing ¢ by s in
1y, 15, I3, we have O; R, ik = = I, + I, + I3, where we denote by I; the corresponding terms; hence

Oy Rijie = (—2Rus R, + goshh) 4+ 200 RS,V 00V o + 200 RS ViV 3¢ + gos (Io + I3).

The first bracket on the right-hand side follows from Hamilton’s computation [9,13]; the rest terms can be
computed from the expressions for I, and I3. O

Next we compute evolution equations for ¢(t).

Lemma 2.6. Under (2.4)-(2.5), we have

2
Vo2 = Dgi) Vw8034 + 282 Ve d(t) 5 — ‘V 1 ?(t) o)

_ 2041|Vg(t)¢(75)|3(t) + (481 — 2a0) <Vg(t)¢(t) ® Vg o(t), Vg(t)¢(t)>g(t) .

Proof. Using (2.5) we have 8;V;¢ = A Vip—R;;VIip+28,VIpV,;V ;dp+ B2V, ¢(t), where we use the identity
ViAip = AV — R;jVI¢. Using (2.4) we then get

Ve oMy = =2V o)y — 202V VI G(1) Vi (1) V(t)
+ 2V () Ay Vid(t) + 481 ViVrp(t) V' d(£) VE (1) + 26|V g1y 0 () |21y
which implies the desired equation. O

Lemma 2.7. Under (2.4)-(2.5), we have

0(ViVio) = AUViV;0) +2Rpi;qVPVip + B2V, V0 — Ry, VPV ;0 — R;, VPV,
— 2a1|Vg(t)¢(t)\3(t)ViVj¢ + (261 — ag)ngzSVkVingb
+ 281ViVFOV,; Vi + 2(B1 — a2) Rpijq VP SV 9.
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Proof. Compute 9, (V;V;¢) = V;V; (01¢) — ,I'}; - Or¢p. Using (2.5) we have

ViV (0ip) = ViViV;VF— RL Vi VY + RE,V; V6 — ViRV

— Ry ViV + BaViVip+ 261 (ViVFOV,; Vg + VEOV,V Vo) .
Since Vk%vjvkqﬁ = Af(V,VJQS) — Vkaijg(b — RfkjkaK(b, we have

ViVi(0p) = A (ViVid(t) — RV V¢ — RjyNV*Vip+ B2ViV;6 — (ViRje
+ VjRig — ViRij)V ) — 2R}V VP + 261 (ViVEGV Vo + VOV V, Vi) .

Using Lemma 2.2 implies

0 (ViV;p) = A (ViV;p) — 2RixjeVE Ve — RyyV'V ¢ — RjyV'Vip + BV, V¢
+ 281V VEQV Vi + 28, VFOV,V,; Vo
— 201 | V)0 ()2 ViV6 — a2 VFOV ViV ¢ + 200 R ;e ViV .

Now Lemma 2.7 follows from V;V;Vi¢ = Vi V;V, ¢ — Rfijg(b. O
Lemma 2.8. Under (2.4)-(2.5), we have

O (VigVi0) = A (Vid(t)V;0) — VF (R V¢ + Rji Vi)
— 2V, VF¢V;Vid + 2B2V0V ¢ + 261 V¥ (VidV; Vi (t) + V6V Vi) .

Proof. From the evolution equation for V;¢(¢) obtained in the proof of Lemma 2.6, we get
0 (VioVjp) = Vj¢<AtVi¢ — R VFo + 28, VF oV, Vi + 52Vz¢>
+ vi;b(Atvj — R VF¢ 4+ 26, VFoV,; Vi + ﬁgvja;)
which implies the equation. O

2.3. Regular flows on compact manifolds

Let (g(t), ¢(t))tefo,r) be the solution of (2.4)-(2.5) on a compact m-manifold M with the initial value

(g, ¢). Define
S _ 712 o 1 _ 2 _
¢ := max |ngb|§7 D : 4|251 Qo] 1. (2.7)

Proposition 2.9. Suppose (g(t), d(t))icio,1) is the solution of (2.4)~(2.5) on a compact m-manifold M with

the initial value (g, ). Then we have

(1) Case 1: 451 — 2a5 = 0.
(1.1) If a; > 0 and B2 > 0, then

éBqe2P2t
con ezt 4 (fy — o)

Va0 54y <
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2) If a1 >0 and B2 <0, then |V o(t )\Q(t) <@é.

3) If oy =0, then |V g o(t )| 0 < ce?at,

A4) If on <0 and B2 <0, then Vo (t)|? o S ¢/(142aet).
5) If a; <0 and By > 0, then

)’ 05262ﬁ2t

’vg(t)¢( g9(t) = B2 + cay (e2P2t —1)°

(2) Case 2: 451 — 2a # 0.
(2.1) If D <0 and 33 > 0, then

éBqe2P2t
Vo #®)lg0 < —cDe?P2t 4 (By + ¢D)

(2.2) If D <0 and 2 <0, then |V (t)|§(t) <é

(2.3) If D =0, then |V 4 o(t )| 0 < ce2fat,

(2.4) If D> 0 and 2 <0, then Vo054 < &/(1 —2Dét).
(2.5) If D > and B3 > 0, then

éBge2Pat
’ a9t )|g(t) = By — D (e2P2t — 1)

Proof. For any time ¢, we have (V¢ ® V¢, V?¢) < |V¢|?|V2¢|. By Lemma 2.6 we have 9;|Vep]? <
AV + 232|Vo|? — 2|V2p|2 — 201 |Vo|* + |46 — 202||V¢|?|V2¢|. For convenience, set u := |V¢|? and
v := |V2¢|. Then

Ot < Ayu + 2Bou — 20% — 200 u? + 451 — 20 |uw.
(1) Case 1: 481 — 2a5 = 0. In this case, the above inequality becomes
(9tu S Atu + 262“ — 20(1’(1,2.

If ay > 0, then dyu < Ayu + 28ou and 0y (e*wﬂu) = 6*252t( — 2Byu + &gu) < A(e’wﬁu) from which we
obtain u < ée?2* by the maximum principle.

If a1 < 0 and By < 0, then dyu < Ayu — 2aqu? and v, < 1+2a(1(2(0)t < 1+2alct On the other hand, if

B2 > 0, then u < &B2e%%2t /[By + (€272t — 1)] since the solution to the ordinary differential equation

U'(t) = 2BU(t) — 2a,U%(t), U(0) =¢
is of the form

5ﬁ262/32t

U(t) = By + éal(ew?t _ 1)'

(2) Case 2: 481 — 2ay # 0. Using the inequality ab < ea® + --b* for any a,b > 0 and any positive number
€, we obtain

Dy < Apu + 2u — (46 — 200] — 2) 2 ('4/31 4~ 20a] 2a1> 2.

Choosing € := 2/|481 — 2as| implies dyu < Ayu + 2B2u + 2Du?, where D is given in (2.7). This is just the
case (1) if we replace oy by —D. The following discussion can be obtained. O
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Corollary 2.10. Suppose (g(t), #(t))iepo,r) is the solution of (2.4)-(2.5) on a compact m-manifold M with
the initial value (§,d). If o, iz, 1, B2 satisfy one of the conditions

(i) B2 <0 and 4oy > (231 — az)?, or
(ii) B2 >0 and 12 + [2B1 — az* > 41 > (281 — a2)?,

then
V,06(t) 2y < C (2.5)
on M x [0,T), where C is a positive constant depending only on a1, B2, and |Vj |§
In particular, we recover List’s result [19] for (a1, a2,p1,82) = (4,0,0,0). Anther example is

(a1, 2, b1, B2) = (a1,2P1, £1,0), where a; > 0 and 8, € R.

Definition 2.11. We say the flow (2.4)—(2.5) is regular, if the constants «q, ag, 81, f2 satisfy the conditions
(i) or (ii) in Corollary 2.10. An (a1, ae, B1, B2)-flow is x-regular if the associated (a1, 0, 51 — ag, B2)-flow (see
Proposition 2.12) is regular.

Clearly that there are no relations between regular flows and x-regular in general. For example,
(1,1,0,0)-flow is regular but not x-regular, while (1,1, 2,0)-flow is *-regular but not regular.

2.4. Reduction to (aq,0, By, B2)-flow

Let (g(t), #(t)) be the solution of (2.4)—(2.5); that is,

8t§(t) = —2Rng(t + 20(1V§(t Q;(t) & Vg(t (Z_s(t) + 20(2V§(t)(]5(t),
0r(t) = Agyd(t) + 1|V d(1)[2 4y + P20 (t).

Consider a 1-parameter family of diffeomorphisms ®(t) : M — M by

%(I)(t) =—Vpno(t), @(0)=Idy. (2.9)

The above system of ODE is always solvable. Define
g(t) = [@O)]*3(t), (t) = [@(1)]"H(t). (2.10)
Then
Org(t) = —2Ricy) + 201V 41 0(t) ® Vg o(t),
Bip(t) = Dy () + (Br — @2)[V ()b (1) 5y + B2 (2).

Proposition 2.12. Under a l-parameter family of diffeomorphisms given by (2.9), any solution of an
(a1, a9, B1, B2)-flow is equivalent to a solution of (1,0, 51 — e, f2)-flow.
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2.5. De Turck’s trick
By Proposition 2.12, we suffice to study (1,0, 81, 82)-flow:

0ig(t) = —2Ricy() + 201V g1y P(t) @ Vg o(t), (2.11)
0rp(t) = Agryo(t) + A1 ’vg(t)¢(t)’§(t) + Bad(t). (2.12)

Let (M, §) be an m-dimensional compact or complete noncompact Riemannian manifold with § = g;;dz'®
dx? and ¢ a smooth function on M. Let (§(t), é(t))te[o,T] be a solution of (2.11)—(2.12) with the initial data

(g, ¢), that is,

8t§(t) = —QRiC_@(t) + 20[1Vg(t)¢3(t) ® Vg(t)cfb(t), (2.13)
~ ~ ~ 2 A
0:6(6) = Dy d() + 51 [Vad(®)] -+ 5ad() (2.14)

with (5(0), ¢(0)) = (4, ¢)-
Notation 2.13. If §(¢) is a time-dependent Riemannian metric, its components are written as g;; or §;;(z,t)
when we want to indicate space and time. The corresponding components of Rmy;, Ricy(y) and V() are

Rijre, Ri; and V;, respectively. In the form of local components, we always omit space and time variables
for convenience.

Locally, the system (2.13)—(2.14) is of the form
0:gij = _ZRij + 2041@%5@]‘(57 3t<£ = Aé + &I%\E + 52</3 (2.15)
with (g;;(0), $(0)) = (Gij» @) The system (2.15) is not strictly parabolic even for the case a; = 1 = f2. As
in the Ricci flow (see [26]) we consider one-parameter family of diffeomorphisms (¥),c[o,77 on M as follows:
Let

g(t) == U g(t) = gij(z, t)da’ @ da?,  ¢(t) .= Uip(t), tel0,T] (2.16)

and Uy (z) := y(z,t) be the solution of the quasilinear first order system

« 0 « a « a
aty = %y ' gB’Y (Fgfy - Fg'y) ’ Y (irﬂ 0) =T, (217)
where T and T are Christoffel symbols of g and § respectively. As in [19,26], we have
Ohgij = —2Rij + 201 VidV;0 + ViV; + V; Vi, Vi = gig™ (T, —Th,) - (2.18)
Similarly, we have d;¢(x,t) = A¢(z,t) + f1|VP|Z + ag(x,t) + (V,V),. Here, A and V are Laplacian
and Levi-Civita connection of g accordingly. Hence, under the one-parameter family of diffeomorphisms

(U¢)rejo,r) on M, (2.15) is equivalent to

8tgij = —2R¢j + 2041V1-¢>Vj¢ + VZVJ + Vj‘/i, (219)
Oip = A+ 1| Vol; + Bad + (V, V), (2.20)

with (9:5(0), $(0)) = (giz, 9)-
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Lemma 2.14. the system (2.19)-(2.20) is strictly parabolic. Moreover
0i9ij = 9°"VaVsgi; + 9% 9ipd Rjaqs + 9°° 9ip7" Riags

1, - - - - - -
+ 39 Bgra <Vigpangqﬂ +2VagipVagis — 2VagipVp9iq (2.21)

- 26]’9})@6691'11 - 261’9])(1@5.%‘11) + 20‘161(25@]'975’
0hp = g7ViV;b+ Bi|V|: + B2 (2.22)

Proof. The first equation (2.21) directly follows from the computations made in [19,26] and the only
difference is the sign of the Riemann curvature tensors used in this paper. To (2.22), we first observe
that Ag + (V, V), = ¢g”V;V;¢ as showed in [19]; then d;¢ = g7V;V;¢ + P19 V¢V, d + Ba¢ since
Vo =dp=Vé. O

3. Complete and noncompact case

In this section we study the flow (2.4)—(2.5) on complete and noncompact Riemannian manifolds. The
main result of this paper is

Theorem 3.1. Let (M,g) be an m-dimensional complete and noncompact Riemannian manifold with
|ng|3 < ko on M, where kg is a positive constant, and let ¢ be a smooth function on M satisfying
[9]* + |Vgol2 < ki and |V3¢|2 < ky. Then there exists a constant T = T(m, ko, k1) > 0, depending only
on m and ko, k1, such that any x-regular (oq, az, B1, B2)-flow (2.4)-(2.5) has a smooth solution (g(t), (t))
on M x [0,T] and satisfies the following curvature estimate. For any nonnegative integer n, there exwist
constants Cy > 0, depending only on m,n, ko, k1, ko, such that

Ck

= (3.1)

2
vE LR < 2k
‘ g(t) P g(t) oty =tk

2
k
‘Vg<t>¢<t) ”

<
)
on M x [0,T).
By Proposition 2.12, we suffice to study a regular («q, 0, 81, 52)-flow:

8 f](t) = —2R.C§(t) + 2OZ1V§( ( ) (9 Vg(t (t)
() = Ny d(t) + B1| V() S(t) 200y + Badb(t),

~

where (3, ¢) = (§(0),$(0)) is a fixed pair consisting of a Riemannian metric § and a smooth function ¢.
According to De Turck’s trick, the above system of parabolic partial differential equations are reduced to
(2.10)—(2.20).

Suppose that D C M is a domain with boundary 8D a compact smooth (m — 1)-dimensional submanifold
of M, and the closure D := DUOD is a compact subset of M. We shall shove the following Dirichlet boundary
problem:

atgij = —2Rij + 20(1V¢(Z)Vj¢ + VJ/J + Vj‘/i, in D x [O,T}7
O = A+ Bi|VOP + Bad+ (V, V), in D x[0,T], (3.2)
(gija (b) = (gija d;)a on DT7

where
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Dr = (D x {0}) U (8D U [0, T]) (3.3)

stands for the parabolic boundary of the domain D x [0,T].
Consider the assumption

3.1. Zeroth order estimates

Suppose that (gi;, ¢) is a solution of (3.2). For each positive integer n, define

a1ﬁ1g51a29a2ﬁ2§ﬂ2a3 o 'ganﬁngﬂnoq (35)

u=u(z,t):=g
on D x [0,T].
Lemma 3.2. If |[Rmg|2 < ko, then the function u = u(z,t) satisfies

O < g*PV o Vau + onmy/kou'tn in D x [0,T], w=m on Dr. (3.6)

Proof. The proof is identically similar to that of [19,26]; for completeness, we give a self-contained proof.
Since 0,9% = —g*¢7°0,gxe and Vggij = —gipgjq@ggpq, it follows from (2.21) that

0197 = g*PV aV 397 + 9°° g7 4"V 0 gV sgre + 9°P 9V 0 g7V 5 gre (3.7)

— 99" ¢ 9rp@ Ruags — 9°° 9" 9" 93" Riags — 2019 g7 ViV 6 + g‘xﬁg””gﬂ
(260“917[?/391@ + zﬁﬁgpaﬁﬂgkq + 2?kgpa?ﬁgqé - 2?ag£pﬁqgkﬂ - @kgpaﬁégqﬁ) .

Choosing a normal coordinate system such that g;; = d;; and g;; = A;0;;, we conclude from (3.7) that

S 2V19ik Vg B Rikj B Rikjr  200VipV;¢

0g? = ¢*PV,Vzg" - 3.8
t 97" VaVsg PSSV VD VS VR W AN (8:8)
1 ~ ~ ~ ~ ~ ~ ~ ~ 1~ ~
+ | Vr9¢iVigie + V9 Virgic + VigexVige; — VigieVegin — zVigen Vjiger |-
)\i)\j)\lc)\é 2
From u = Y (1/A;)™, it is not hard to see that
n — 2 1 2 2n
tU = ﬁu )\k Z )\?—Q—a)\? ( kg J) )\:L)\k kik
20qn 9 n - ~ ~ 2
— MG - — L (Vigie+ Vegik — Vigar)” - 3.9
e V3ol; RO (Vigie eGik ) (3.9)

Thanks to |[Rmg|; < v/ko and (3.9) we get dyu < g**V,Vau + 2nvko (3272 1/)\ )u According to Hélder’s
inequality we have > 7" )\J_l < T AT 1 WY = maut/™ with 1+ L = 1; therefore dyu <

9PV o Vu 4 2nmykou'tn. O

As showed in [19,26], the lower bound of g;; now directly follows from Lemma 3.2.
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Lemma 3.3. If |Rmg|% < ko, then, for any § € (0,1), we have

g(t) = (1—0)g (3.10)
on D x [0,T_(5,m, ko)|, where T_(5,m, ko) := 2\}%(%)1“/”[1 — (3)¥"], n is a positive integer satisfying
In(2m) In(2m)
m/-oy =< -y Tl

Since we consider the regular (aq, 0, 81, 82)-flow, we conclude from Corollary 2.10 that |Vg(t)g?>(t) z(t) <C,

where C' is a positive constant depending only on aj, 32, and |ng5|§. Following the arguments in [19,26],
we have an upper bound of g;;.

Lemma 3.4. If |ﬁHJl|{27 < ko and |@qf~)|g < k1, then, for any 6 > 0, we have
g(t) < (1+0)g (3.11)

on D x [0,T(0,m, ko, k1,1, B2)], where Ty (6, m, ko, k1,a1,B2) is a positive constant depending only on
Q,m,kmkl,al, and 52.

From Lemma 3.3 and Lemma 3.4, we have

Theorem 3.5. Suppose that |f{?n|§ < ko and |@¢Z|§ < ki on M. If (g(t),d(t)) is a solution of (3.2), then, for
any € € (0,1), we have

(1-€g<g(t)<(1+€g (3.12)

on D x [0,T(e,m, ko, ki, a1, B2)], where T(e,m,ko,ki,a1,B2) is a positive constant depending only on
G,m,ko,kl,al,ﬁg.

3.2. Existence of the De Turck flow

We establish the short time existence of the De Turck flow (3.2) on the whole manifold M. Fix a point
xo € M and let By(xo,r) be the metric ball of radius r centered at x¢ with respect to the metric g.

Lemma 3.6. Given positive constants r,0,T. Suppose that (g(t),¢(t)) is a solution of (5.2) on Bg(xo,r +
0) x [0, T, that is,
3tgl-j = *2Rij + 2a1Vi¢Vj¢ + VZV] + VjV;-, n Bg(ﬂfo, r 4+ 5) X [0, T],
O = Mg+ B1|VO|. 4 ot + (V. VB)g, in By(xzo,r+6) x [0,T],

(9i, ) = (Gij> @), on Dr,
and [Rml2 < ko, |Vo|2 < ky on M. If

1 1
1— g<g(t)< (1 j 3.1
< 80000(1 + a2 + ﬁf)mw) <ot < ( " 8000001 + a3 + B%)ml()) I (313

on Bg(xo,r + 6) x [0,T], then there exists a positive constant C = C(m,r,d,T,§,k1) depending only on
m,r,0,T,q, and ky, such that

Vgl2<C, |VglZ<C (3.14)
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on By(zo,r + 3) x [0, 7).
Proof. Using the x-notion, we can write (2.21) as

O0cgij = g“ﬁ@aﬁﬁgij +g txgx Rm + g txg lxVg*Vg+ 20(1@1-(;5@](1).
Then

9 Vgi; = 9" (VVaVagi;) + 9 ' g " *Vg* VVg+ 201 V;¢VV;
4 g—l *g—l
1

*@g*g*ﬁ?n—i—g_l*@g*ﬁx/n

+ g xgxVRm+g txg gt x Vg Vg Vg,

since VVoVpgij = VaVsVgij + g * VRm + Vg * Rm, we conclude from (3.15) that
hVgi; =9 (VaVsVgis) + 9 % g7 % Vg* VVg+ 20, V;¢VV;6

4 gil*gfl*@g*g*f{\n/l—i—g*l*@g*ﬁrn

1 1

+ g *g*@lf{rvn—&—g_ *g_l*g_l*?g*@g*?g.

It follows from (3.16) that

aVgl; = ¢*'VaVs|Vyl3 — 29" (VaVg.VsVg). + Vg Ve * VVe
—|—ﬁr;l*g_l*g_l*g*@g*@g—&—ﬁrﬁ*g_l*@g*@g—&-g_l*g*@ﬁ?n*@g
+ g kg xVgxVgxVVg+g g tag xVgxVgxVgxVg.

Since the closure Bj(zg,r + J) is compact, we have
[VRml; < 1

on By(zg,r + ¢), where < depends on 7,4, §. From (3.13) we get

g<g(t) <29

| =

on Bj(xg,r+6) % [0,T]. According to (3.18) and (3.19), we arrive at

ﬁ\r;l*gfl*gfl*@g*@g, ﬁl*gil*@g*@g, @ﬁl*gil*g*@gﬁ\@gb,

where < depends on m,r,d,§. From the explicit formulas we can see that Vg % V¢ * VV¢ <

~

4a1m?|Vg|3/V|3/VV |5, where we used a normal coordinate system of §. Similarly, g=* % g~

Vg VVyg < 72m5|@g|§|@@g|g and g lx g lx g 1% Vg« Vg Vgx Vg < 144m6|@g|3. Thus

VgV x VV < daym?|Vgl5|V |5 VVls,
g lxg tx«Vgx Vg VVg < 72m5|@g|§\@@g|§,,
g xg teg Vg VgxVgx Vg < 144m6|@g\§.

Furthermore, using(3.19), we get

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

x Vg *

(3.21)
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a valv vaRv afd ~ik ~jl~VOvT © kv l o
9" (VaVg,VsVg) = 9°75" 55 Va V19V 5Vsgre > 5|V V5. (3.22)
Substituting (3.20), (3.21), and (3.22) into (3.16) implies
0IVgl3 < g°PVaVs|Vgl3 = [V2gl3 + C1IVgl3 + C1| Vgl
+ 72m5|@g|§|@29|g + 144m6|@g\3 + 4a1m3|@g\g\@¢|g\@2¢|g (3.23)

for some positive constant Cy depending only on m,r,d, §.
Using (2.22)and the Ricci identity, we have

XVikd = g7V;Vi(Vid) — 97 RyijpVPh + VgV, V¢
+ BiVig VgV o + 26197V j0ViVid + BaVid. (324)
The evolution equation (3.24) gives us the following equation
0V el3 = g7 (ViV;i(Vio) - 25V eo) — 297 3% RiijpVedVP ¢
+ 258V gV ViV 6 + 2815 Vg ViV 6V o (3.25)
+ 413" g7V 0V 16V iV 16 + 2625V 6V 1.
The identity ¢ V,;V; |@¢|£2~7 = g7 (ViV (Vi) -25"V 1) +29"7 GV, V6V ;V ¢ together with (3.18), implies
that
97 (ViV; (Vi) - 25"V 9) < gV, V| V|2 — V9|2 (3.26)
Using (3.18) again and substituting (3.26) into (3.25), we arrive at
SE T A2 2 42 = 12 3¢ S &2
A|Vol; < gVViVIVol; — V9|5 + Co| Vo5 + 8m? V|3 V|5 V7el;
+ 861m°[Vglg|Vel] + 165:m° |V I3V 6lg + 26 Vo3 (3.27)

As in [19], we consider the vector-valued tensor field

O(t) := (9(1), o(t)) (3.28)

and define VFO(t) := (V¥g(t), VF¢(t)) with |@k(~)(t)|§ = |@kg(t)|§ + |@k¢(t)|§. From (3.23) and (3.27),
we obtain

0| VO|2 < g™’V V| VO|2 — [V?O 2 + C5|VO|2 + C5|VO;
+ (80 + 4ay + 1681)m°|VO[Z V2O ; + (144 + 861)m°|VO 3, (3.29)

where Cj is positive constant depending on m,r, d, § and B3. The inequality (3.29) is similar to the equation
(11) in page 247 of [26] and the equation (3.28) in page 36 of [19], so that the proof is essentially without
change anything. However, for our flow, we want to find the positive constant e > 0 with (1 —€)g < g <
(1+€)g on Bg(xg,r + ) x [0,T] such that both functions |@g|§ and |@gb|£2~7 are bounded from above. The
mentioned positive constant ¢ depends on m, «ay, 81, and [o; the aim of the following computations is to
find an explicit formula for e. We shall follow Shi’s idea but do more slight work on calculus, in particular
on the positive uniform constants we are going to obtain. By the inequality
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2 1 2
ab < ea +4—b, a,beR, >0, (3.30)
€

we have (80 + 4a; + 1661)m5|@®\3\@2®|g < %|@2@|§ +2(40 + 201 + 861)2m10|@®|3 and C3|VO|; <

M -
Cs 1+|Z®|‘7 = % + %W@\g. As a consequence of (3.29), we conclude that

~ ~ o~ ~ 1 ~ ~
| VOI|2 < g™’V V| VO|2 - 5|v2(9\§ + C4|VOIZ + Cy + (3344 + 807
+ 32001 + 6401 By + 12867 + 128031 + 831) m'°| VO (3.31)
for some positive constant C4 depending only on m, 6, g and Ss.

Given € := ﬁ < %, where A is a positive constant depending on a1, 31 and chosen later. If we choose
a normal coordinate system so that g;; = d;; and g;; = A;0;5, then we have

1
1—e< A <1+, §§/\k§2, k=1,---,m. (3.32)
Define
1 n
= = = — 3.33
n=1 e, (3.33)
and
o= t)=a+ Y N, (2,t)€ Bslxo,r+0)x[0,T]. (3.34)
1<k<m
By the formula (16) in page 248 of [26], we can compute
n—1 _afBv © n— )\k ~
Op=n Z A gV GV g + 2n Z A 1ERkaka
1<k,a,B<m 1<k,a<m
n )\Zfl - - - - - -
T 2 Z VS VigpaVigpa + 2VagipVpdka = 2VagkpVagip (3.35)

1<k,a,p<m arp

- Q@kgpa@agkp - 2@]691)01@0491617) .

Since the second and the third on the right-hand side of (3.35) is bounded from above by 4n(1+ €)"m?y/kq
and 2m3(14¢)"14(4 x 2+ 1)|@g|g = 18nm>(1 + €)" Vg

527, respectively, it follows that

Orp <n Z A gV oV g gir + Cs + 18nm3(1 + 6)”‘”@9\3 (3.36)
1<k,a,f<m

where Cj is a positive constant depending only on m, A, and kg. On the other hand, from (3.36) and the
equation (19) in page 249 of [26], we have

nn=1) g _ gn-2 Vg[2. (3.37)

Orp < g*’VaVpp +Cs + {18m3n(1 " - =

Instead of the inequalities (20), (21), and (22) in page 249 of [26], we will prove uniform inequalities as
follows (recall that € := 1/n):
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(a) For any n > 2 and any m, we have

54m3
18m’n(1+¢)" ' < 2, 3.38
(1 +ar < 2 (3.39)
(b) For any n > 2, we have
n—2 1
(I1—e)" = > T (3.39)
(¢) For any n > 2, we have
nn =g _gn2s n (3.40)
—€ —. .
2 - 8
o prove (3.38), we write 18m°n(1+¢)"* = 18m°n? 1+ )7 since the function (14 1/z)%, > 0, is in
T 3.38 18m?n(1 1= 18my 1
increasing in x, it follows that 18m3n(1 +€)" "1 < %e < %n? Since the function (1 —1/z)*, x > 2,
is increasing in z, we obtain (1 —¢)"72 = (1 — 1)"72 > (1 — )" = 1/4. From the proof of (3.39), together

2

with (3.38), we arrive at W(l —e)" 2 > "(RT_” (n’jl)zi > %2. Substituting (3.38) and (3.40) into (3.37)

implies yp < g*P VoV + Cs — (% — 54m3)n2|@g|§; choosing

n+1
n > 864m'Y > 864m3, (3.41)
we find that
AvaRy n’ o
Oep < 9" VaVpp + Cs — 11Vl (3.42)

As the equation (24) in page 249 of [26], we have
~ -~ - ~ - - 1 -
O ($IVO[) < 9*'VaVs (#IVO[F) = 20°7VapVs| VO[] — S ¢V O]
+ (3344 + 80 + 320 + 641 81 + 12837 + 128031 + 851) x (3.43)
2
~ ~ ~ n ~ ~
m'|VO|] + Csp|VO|% + Cyp + C5|VO|Z — 1—6|V®|§|Vg|§.

According to Corollary 2.10, we get [V¢|2 < 1 and hence |[Vo[2 = §°°V,Vs¢ < 2|V¢[2 < 1 where
depends on «aq, 82 and k;. Consequently, (3.43) can be written as

0, (sIVOF) < g9V (#IVO) — 20V agVs[VOL — o[V
+ (3344 + 807 + 320 + 641 81 + 12837 + 128031 + 83;) x (3.44)
m'|VO|] + Cip|VO|Z + Cyp + C5|VO|Z — %W@g,
where Cj is a positive constant depending only on m, A, kg, n, a1, B2, and k1. From (3.32) and (3.34),
a+m(l—e" <p<a+m(l+e" (3.45)

on Bj(xg,r+68) x [0, T], we arrive at (recall from (3.41) that n = Am!'® with A > 864) Cm'%¢ < n?/(24/0C),
where
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C := 3344 + 8a? + 320a; + 64151 + 12837 4 1280031 + 843;. (3.46)
If we choose
A > 16C, (3.47)
then
10, 1504 n® < 4 n® < 4
Cm cp|V®\g — 1—6|V®|~ < —3—2|V®|g. (3.48)

On the other hand, by the argument in the proof of (28) in page 250 of [26], we have

~ ~ ~ ~ 2 ~
—29°PVapVp|VO|2 < T|V?O2 + ————|VOL. (3.49)

N6

Plugging (3.48) and (3.49) into (3.44) implies

~ B & ~ 288n2m10 -
0: (pIVO[7) < g*'VaVs (0| VO}) + ———|VO|;
n® - 4 = 12
— 3—2|V®|§ + Cyp + (C4+CG)(,0|V®‘§, (3.50)
because ¢ > a = % > 1. According to ¢ > a = % = %mlo, we conclude that 28n2m10/<p < 1152nm!o =
n?/(A/1152) < n?/64, where we choose
A > 1152 x 64 = T3728. (3.51)
Consequently,
2
~ B & ~ n* -~ ~
0 (£IVO[7) < g*VaVs (2[VO[) = 2 IVO|j + Cagp + (Ca + Co)p| VO[5, (3.52)

Using the following inequality ¢ < a+m(1+€)" < % 4+ 3m < (1 + 3)n < 133331 < 0.26n, by (3.51), we
get Z—z\@@ﬁg > %902|@g|3. Defining

V= ¢|VO[, (3.53)

we obtain from the above the inequality and (3.52) that

_ 1 - 1
b < g*PV Vs — ng + (Cy + Co)tb + Cyn < g™V, Vp1h — 1—Ow2 +Cy (3.54)

on Bg(xo,r+6) x [0,T], for some positive constant C; depending only m, A, ko, n, a1, B2, and k;. Using the
cutoff function and going through the argument in [26], we can prove that |@®\§ < 1on By(xo, r+ %) x [0, T,
where < depends on m, 7, 68,7, §, k1. Note that (1 — 415)§ < g < (1+ 42157, where A > max(73728,16C).
From the definition (3.46), we can estimate C' < 4212+ 200a3 + 7403%. Then we may choose A = 80000(1 +
af +67). O

By the same method we can prove the higher order derivatives estimates for g.
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Lemma 3.7. Under the assumption in Lemma 5.6 where we furthermore assume |¢|? < k1, for any nonneg-
ative integer m, there exist positive constants C,, = C(m,n,r,,T,g,k1) depending only on m,n,r,6,T,q,
and ki, such that

Vg2 < Cn, V"2 <Cy (3.55)
on By(ao,r + 227) x [0,T].

Proof. We prove this lemma by induction on n. If n = 0, using (3.19) we have |g|§ = §%§7%g;igre < 4m on
Bg(xo,7 4 0) x [0,T7]. Since |é|§7 < ki, it follows from (3.14) that |¢|2 < 1 on By(xo, 7 + 2) x [0, 7], where
< depends only on m,r,6,T, g, ki and is independent on zo. Now we consider the annulus Bj(zo,7 + ) \
Bg(zo,7 + £). For any z in this annulus, we can find a small ball By(z,8") C By(zo, 7 + ) \ By(zo,7 + $).
Using (3.14) again, we have |¢|§ < 1 on Bj(z, %) x [0,T], where < depends only on m,r,§,T, g, k1 and is
independent on x. In particular, |¢[2(z) < 1 on [0,T]. Hence |¢|2 < 1 on By(xo,r + ) x [0,T], where
depends only on m,r,d,T, g, k1 and is independent on xg.
If n = 1, the estimate (3.55) was proved in Lemma 3.6. We now suppose that n > 2 and

‘@kglg S Ck:a |€k¢|§ S Ck7 k:0717 ,’I’L-l, (356)

on Bg(zo, 7+ 1%5—1) x [0, T]. According to (3.39) in [19], we have

0V"g = g*'VaVsV"g + > Vig Ve
Li+l2=n+2, 1<l;<n+1
+ > VErg s x VEnt2g s Py (3.57)
SrE? ka<n+2, 0<k<n+1
where Py, ...k,,, is a polynomial in g, g1, RTn, e ,@"I/%E Similarly, from (2.22) we can show that
oV p = g*Vo VeV + >
"y kel H2<nt2, 0<ko<n, 0<6;,6><n+1
VFigs - x Vg« V9« V26 % Py kit (3.58)

Using the notion © defined in (3.28), we conclude from (3.57) and (3.58) that

at@”@ = gaﬁ@aﬁgﬁn@
n Z VK@ s x V2@ « Py ook, - (3.59)
"2k <n+2, 0<k.<n+1

The above equation is exact the equation (3.41) in [19] or the equation (69) in page 254 of [26], and,

%) x [0,T), where < depends only on

following the same argument, we obtain |?"®\§ S 1on By(zo,r + 545

n,m, 7,6, T, g, k. O

Fix a point zg € M and choose a family of domains (Dg)gen on M such that for each k, 9Dy is a
compact smooth (m — 1)-dimensional submanifold of M and

Dy, = Dy, U 0Dy, is a compact subset of M, Bg(xo, k) C Dy.

By the same argument used in [26], together with Theorem 3.5 and Lemma 3.7, we have
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Theorem 3.8. Suppose that (M, §) is a smooth complete Riemannian manifold of dimension m with |RTH|§
ko and ¢ be a smooth function satisfying |¢|* + |@¢|§ < k1 on M. There exists a positive constant T
T(m, ko, k1, a1, B1, B2) such that the flow

IIA

O019ij = —2Rij + 21 ViV ;0 + V,;V; + V,;V;,
0ip = Ao + 51|V¢\§ + Bop + (V, V),

(9(0), ¢(0)) = (3, 9),

has a smooth solution (g(t), p(t)) on M x [0,T] that satisfies the estimate

Q

1 1
1-— g<gt) <|1 g
( 80000(1 + o2 + 6%)m10> g=9l) = ( T 30000(1 + a2 1 ﬁf)mw)
on M x [0, T]. Moreover |¢(t)|* < 1 where < depends on m, ko, a1, 51, B2-

Proof. By the regularity of the flow and applying Corollary to Dy, we have |ch§|£27 < 1 on Dy, where <
depends only on k1, a1, B2; then |@¢|§ < 1on Dy, where < depends only on m, k1, a1, 81, B2. Letting k — oo,
we see that |@cz§|£2~7 < 1 on M, where < depends only on m, ki, a1, 81, B2. In particular, |¢(t)]> < 1 on M,
where < depends only on m, kg, a1, 81, 82. O

3.8. First order derivative estimates
Let ¢ be a smooth function on a smooth complete Riemannian manifold (M, §) of dimension m. Assume
R} < ko, [0 +IVO2 <k, V203 < ks (3.60)

on M. Let (g(t),#(t)),T be obtained in Theorem 3.8 and

1

0:= . 3.61
80000(1 + a2 + 52)m10 (3:61)
Then
(1-6)g<g(t)<(1+6)g (3.62)
on M x [0,T]. As in [26], define
_ 1
hij = gij - g, Hz = gh” (363)
Then 8thij = go‘ﬁﬁaﬁgh“ + Aij, where
~Dq D a ~pq T v v 1 «
Aij = 990" Rjogs + 9°7 955" Riags + 200 ViV + 5g*7 g (3.64)

(@ihm + 2V ahjpVahis — 2V ahjpVshiq — 2V ihpa Vghig — Nihm%hm).
From § < 1/2 and (3.60) we have from (3.64) that

- <8m\/k0 + 20|?h|§>g <A < <8m\/k0 + 20%@)@ (3.65)



Y. Li / Differential Geometry and its Applications 66 (2019) 109-154 131

on M x [0,T]. Therefore

O H;j = g*’VoVsH,;j + Bij, H(0) =0, (3.66)
where B;; := A;;/6 satisfying
_ (87”(;/% + 205|?H|§>g < By < <8mﬁ + 205|€H|§)g (3.67)
on M x [0,T]. As in [19], define
V=g —¢, U:=f. (3.68)
Then ) = gaﬁﬁa@[ﬂ/} + C, where
C = g*"VaV3d + BiVO|; + Bad + B1 VY] + Bath + 261 (Ve), V) . (3.69)

From 26 < 1, (3.60) and the proof of Theorem 3.8, we have from (3.69) that |C| < 2m+/ko+281k1+ B2vk1 +
Ba || +251|@w|§ < 1, where S depends on m, ko, ki, o1, 81, f2. Consequently, 0, H;; = gaﬁ@a@gHZ—j + Byj,
OV = g*PV, V¥ + D, and H(0) = ¥(0) = 0. Since

1 1
—Gg< H < g —agt < g < —pg!
g=H®) < g 759 S 90 = 750
—1 2 62 v 2 2
Vg ()5 < me(t) 5 YOI < 1

By the argument in [26], we arrive at supMX[O,T](WH(t)@ + |@\If(t)|(27) < 1 where < depends only on
m7k07k17 klaalaﬂlvﬁQ-

Theorem 3.9. There exists a positive constant T = T(m, ko, k1, a1, 1, B2) depending only on m, ko, k1, a1,
b1, B2 such that

sup |[Vg(t)Z<C, sup |[VoZ<C
M x[0,T] M x[0,T]

where C' is a positive constant depending only on m, ko, k1, ke, a1, 51, B2.
8.4. Second order derivative estimates

In this subsection we derive the second order derivative estimates. Let (M, ) be a smooth complete
Riemannian manifold of dimension m and ¢ a smooth function on M, satisfying

Rm|; < ko, |62+ |V < ki, |V262 < ko (3.70)

@)

From Theorem 3.8 and Theorem 3.9, there exists a positive constant 1" depending on m, kg, k1, a1, 81, B2
such that the flow

Orgij = —2Ri; + 201 V9V ;0 + V,;V; + V,;V;,
Ohp = Ad+ Bi|Vo|2 + B2+ (V, V),
(9(0),6(0)) = (3. 6),
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has a smooth solution (g(t), ¢(t)) on M x [0, 7] that satisfies the estimates
g<g) <29, 6P <1 [Vef<1 [VelF <1, (3.71)

where < (used throughout this subsection) depend only on m, ko, k1, k2, a1, 51, B2.
According to Lemma 2.5 and the proof of equation (34) in page 266 of [26], we have

ORm = ARm + ¢* 2« Rm*? + ¢ « V « VRm + g~ « Rm % VV + V26 % V2. (3.72)

Recall the formula (28) in page 266 of [26], that 9,V = AV +g*25RmsV4g 1V 450, g+9 1% Vgxg L xg.
Since 9,9 = g ' * Rm + VV + Vo x Ve, dig =g xg 1% dyg and V = g~ % Vg, it follows that

OV =AV +¢* 3« VgxRm+¢* 2% Vg« VV 4+ ¢g* 4% g« Vg*Rm
+ g B xgxVgsxVV +¢" 2%« VgxVopxVo+ g 2 xgxVg*Vo* V. (3.73)

Since O;VV = V(9;V) +V x o, and ;' = g~ x V(d,g), it follows that (as the proof of the equation (99)
in page 278 of [20])

VV = AVV 4+ ¢* 3%« VVg*xRm+ ¢* 2 %« Vg VRm + ¢g* 2« VVg * VV
+ ¢ 2% Vg* V2V + ¢g* 2% g« VVg*Rm + g* % % g * Vg * VRm
+ " B xgx VVgxVV 4+ ¢* 3 % g« Vg V2V (3.74)
+ 9" 2% VVgx Vo Vo4 g 2% Vg Vo x Vi
+ g P g VVgx Vo x Vo4 g* % gx Vg x Vo x V2.

By the diffeomorphisms (¥¢);c(o,7] defined by (2.17), we have

0¢9ij(x,t) = _2Rij($a t) + 201 V;(z, t)@jﬁg(l’y t),

where §(z,t) and ¢(z, 1) are defined by (2.16). Then V:V¢ = ya,iyﬁdﬁaﬁﬂ(ﬁ and y* ; == %yo‘, and hence

A A o~ O A A A
HViVid(x,t) = y* y° ;0.VaVsd(y,t) +y* iy’ ;01" =—=VaVsd(y,t)

oy
+ 0 (v y” 5) VaVad(y, t).

By Lemma 2.7, we have

vy’ 0V ad(y,t) = AV;Vi¢+ g 2« Rm* V2p + foV26
+ g ' xVoxVoxV2hp+ g ' «VopxV3p+ g« V2px V20 + ¢g* 2« Rm * Vo) Vob.

Using (17) and (18) in page 263 of [26], we can conclude that
I+ J=g"1+VxVp+g 1 xVV V3.

Combining those identities yields
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OV = AV p+ g 2« Rm* V2h+ 5oV2h+ g~ « Vo x Vo * V3¢
+ g % Vs V3 + g 1« V20x V20 + ¢ 2« Rm* Vo x Vo (3.75)
+ g7 %V V3h+ g« VV % V2.

The volume form dV := dV ;) = /det(g;;)dx! A -+ A dz™ evolves by
1, ,
oy dV = 59 10,95 AV = (—R+ on| V9|2 + div,V) dV. (3.76)

In particular, dV = dV. For any point zop € M and any r > 0 we denote by Bj(zo,r) the metric ball with
respect to g. Recall the definition ® = (g, ¢).

Lemma 3.10. We have

T
/ / V2@ 2dV | dt S 1
0

Bg(mo,r)
where < depends on m,r, ko, k1,1, 1, Ba.

Proof. As in the proof of Lemma 6.2 in [26], we chose a cutoff function &(z) € C§°(M) such that |[VE|; < 8
in M and

1, Bg(l‘o,?‘),

£:{0, M\ By(ao,r +1/2), C=¢=tindl (3.77)

Since m = ¢g¥g;;, it follows that the constant 1 can be replaced by ¢! * g. From (3.16) we have

J
d _ . . o .

I = — / Vgl2¢?av = 2 / (Vg,9*PV V5V g) ;6% dV

Bg(zo,r+1) Bg(xzo,r+1)
+ / g lxg*Vgx VRMmE2AV + / [g*_Q*g*@g*f{B
Bg(zo,r+1) Bg(zo,r+1)
+ 9" 2% Vg Vg + g 3% (Vg + Vo x @2425] «Vg&dV = L+ +1Is.

Now the following computations are similar to that given in [19]. For convenience, we give a self-contained
proof. By the Bishop-Gromov volume comparison (see [9]), we have

dv < 1. (3.78)
Bg(xzo,r+1)
By the estimate (3.78), using (3.70) and (3.71), the Is-term can be rewritten as
Is <1+ / (IV2gl5 + |V29|5) €2 aV. (3.79)
Bg(xzo,r+1)

The I -term and Io-term were computed in [26] (see (54) and (58) in page 270)
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1 ~ -
2 1242
Ilﬁfi |V2gl567dV + Cy,
Bg(:l}o,’l‘Jrl)

I, <1+ / |V2g|5€dV.

Bg(xo,r+1)

From (3.79), (3.80), and (3.81), we arrive at

By

I<—% / [V2g[2¢% dV + Cy / |V2¢|5€dV + Cs.

Bg(wo,r+1) By (z0,7+1)
From (3.24) we have
d . . _ o .
J o= o / Vo262 dV = 2 / (Vo, g*PV oV sV )52 dV
Bg(zo,r+1) Bg(zo,r+1)

+ / 'S [g*‘2 *Rm* Vo + g 2% Vg V2 + g* 2% Vg * (Vo)*?

B (zo0,r+1)

+ g %V« V3 + w] VodV = J, + Jo.
the estimate (3.78), the Jo-term can be bounded by

Jy <1+ / IV2¢|5€dV.

Bg(zo,r+1)

From the integration by parts, we obtain

J<— / 926262 dV + C / 26|56 V.

Bg(xo,r+1) Bg(xo,r+1)

From (3.83) and (3.84),

1 - 5
J< -3 / [V20|26% dV + Ci.

Bg(zo,r+1)

Together with (3.82), we arrive at

d - N 1 _ N
o / [VO2¢%dV < -1 / V20262 dV + Cs.
Bﬁ(m077‘+1) B_@(Ig,T«Fl)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

Integrating (3.86) over [0, 7] implies fOT(fBg(IO 1) |V2©|2¢% dV)dt < 1. Since & = 1 on Bg(xo,7), the above

est

imate yields the desired inequality. O

Using (3.71) we have |@29|3 < 16\?29@, |@2¢|§ < 4\@2¢|§, and dV < 2™/2dV on M x [0,T] and then

T T
/ / V2O |2dV dtg/ / V2O |2dV | dt.
0

Bg(IQ,T) 0 Bg(l“(),’r‘)
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By (66) in page 272 of [26], we have |V@g|g < 2|@2g|3—|—06; on the other hand, by VV¢ = V2¢+g~'«VgxVe,
we get [VV@|2 < 2|V2¢|2 + C7. Thus

T T
/ IVVe|2dV dt§1+/ / V20|24V | dt.
0

0 B (zo,r) B (zo,r)

Therefore,

Lemma 3.11. We have

T

72 2 v 2
/ / (IV?O2 +|VVe[)dV | dt <1,
0 \B )

g(zo,r
where < depends on m,r, ko, ki, a1, 81, Ba2.

We now prove the integral estimates for Rm, V2¢, and VV. The similar results were proved by Shi [26]
for the Ricci flow and List [19] for the Ricci flow coupled with the heat flow.

Lemma 3.12. We have

/ (Rm[? + V202 + [VV[2)dV <1

Bg(woﬂ‘)
where < depends on m,r, ko, ki, ko, a1, 51, B2-

Proof. Keep to use the same cutoff function £() introduced in the proof of Lemma 3.10. From |[Rm|? =
7P g* g R ke Roprs, We get 9;Rm|? = 2(Rm, &;Rm), + Rm*? « ¢* =3 % 8,9~ ! and

t
[Rm[2¢%dV = / |Rm|2¢2 dV+/< / |Rm|3£2c’)tdv>dt
Bg(xo,r+1) Bg(zo,r+1) 0 Bg(xo,r+1)
t
+ /[ / (2<Rm,8tRm>g+g*3*Rm*2*8tg1>§2dV]dt. (3.87)

0 Bg(ﬂ}o,’r‘+1)
By the estimate (3.78) we have
[Rm[2¢2dV < 1. (3.88)
Bg(xzo,r+1)

Using (3.76) implies

t t
/ / |Rm|2£%8,dV dt :/ / (g*5*Rm*2*(V¢)*2

0 Bg(l’(),’l’drl) 0 B_[;(CD(),T+1)

+ ¢* %« Rm™ 4 ¢* 7% « Rm™? % vv) £2dvdt. (3.89)
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By the evolution 9;g~1 = g* 73 * Rm + ¢g* "2 * VV + g* =2 % (V¢)*? above (3.73), we get

t
/ / g3« Rm*? « 8,912 dVdt (3.90)
0

Bq xo, r+1
t
—[ [ e emmte R Y (V) v
0 Bg(xzo,r+1)
According to (3.72),

t

2 / / (Rm, 8;Rm) ;&2 dV;dt (3.91)

0 Bj (zo,r+1)

:2/t / <Rm,ARm>g§2dth+j / (9*4*Rm*(V2¢)*2

0 B§($0,T+1) 0 B_,;(I(],’I”Jrl)

+ ¢ P *Rm™ « VV + ¢* 2%V« Rm* VRm + ¢* % « Rm*?’) £2dvadt.

Substituting (3.88), (3.89), (3.90), and (3.91), into (3.87), we arrive at

t
/ Rm[2¢*dV < Ci+2 / / (Rm, ARm) &2 dVdt
0

By (zo.r+1) By (zo,r+1)
t

+/ / < “Ox R 4+ g" 7%« Rm™ % VV + ¢* 7%+ V x Rm * VRm (3.92)
0 Bg(zo,r+1)

+ 9*75 % Rm*2 % (v¢)*2 + 9*74 % Rm (v2¢)*2>§2 dth,

where C is a uniform positive constant independent of ¢ and zy. The second term on the right-hand side
of (3.92) was estimated in [26] (equation (78) in page 274):

t

2 / / (Rm, ARm) &2 dVdt

0 Bg(zo,r+1)

t t
3
< —5/ / |VRm|2¢2 dVidt + 02/ / [Rm|2dVdt. (3.93)
0 Bﬁ(w077‘+1) 0 Bg(a:o,’r«i»l)
Using V = g~ % Vg and (3.71), as showed in [26] (equations (80), (81), (88), pages 275-277), we obtain

t

/ / ¢" 7% %V «Rm* VRm &2 dVdt

0 Bg({r(],’l”Jrl)
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t

k
1
< Z/ / |VRm|[2¢> dv;dt+03/ / [Rm? dVdt, (3.94)

0 By(xo,r+1) 0 Bg(zo,r+1)

t
/ / 75 £ Rm*™2 « VV €2 dVt
0

By (xo,m+1)
t
%/ / |VRm|2¢> dth+C4/ / [Rm|2dVdt, (3.95)
0 By(xo,r+1) 0 By (zo,r+1)
t
/ / ¢ S« Rm* 2 avdt
0 Bg(zo,r+1)
t t
< é/ / |VRm|2¢? dth+C5/ / |Rm|2dV dt. (3.96)
0 Bg(zo,r+1) 0 By (zo,r+1)

Plugging (3.93), (3.94), (3.95), (3.96) into (3.92), yields

/ [Rm|2¢* dV

B§($0,T+1)

t t
< —/ / |VRm|§§2dth+06/ / [Rm[2dVdt + Cr
0

Bg(zo,r+1) 0 Bg(zo,r+1)
t
+ / / (g*—5 * Rm*? % (V¢)*? + ¢*~* « Rm * (v2¢)*2)§2 dVdt. (3.97)
0 By(zo,r+1)

Using (3.71) and the Cauchy-Schwarz inequality, we can conclude that ¢*=°* Rm™? x (V¢)*? < [Rm|2|Ve|%;
but |V¢|§ = gij@i(b@j(ﬁ < 2|@¢|§ < 1, the above quantity ¢*~5 * Rm*? % (V¢)*2 is bounded from above
by |[Rm|2. From the equation (90) in page 277 of [26], we have g*~® » Rm* x (V¢)*> < 1+ |VVg|2 <
1+ |V@g\3 S1+ |V@@|g; this estimate together with Lemma 3.11 gives us

t

/ / g« Rm* « (Vo) 22 dvdt < 1. (3.98)

0 Bg(Io,TJr].)

To deal with the last term on the right-hand side of (3.97), we perform the integration by parts to obtain

1
g R Rmx (V29)*2 €2dV < 3

Bg(zo,m+1) By (zo,r+1)

[VRm[2¢* dV

+ € / V36|27 dV + Cn / IVVe|2dV

Bg(zo0,r+1) Bj(zo,r+1)

using (3.71), V2¢ = VV¢, and [Rm|2 < 1+ [VVg|2. Note also that the second term on the right-hand side
of (3.97) is uniformly bounded by the same estimate for |Rm|§ and Lemma 3.11. Consequently,
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t
1
[Rm[2¢?dV < —5/ / |VRm|2¢* dV dt
0

Bg(wo,r+1) By (zo,r+1)

+ € / / V3267 dVdt + Ch. (3.99)
Bg(zo,r+1)

We next establish the similar inequality for |V2¢|3 = ¢*¢/'V,V,;¢VV¢. Calculate 8t|V2<b|§ =
2(V20,0,V2¢), + (V2p)*? % g~ % 0,9~ and

¢
2 4122 _ 52 71262 7 2 41242
VEp[,6°dV = / IV=65¢ dV—i—/ / |V=¢|;£°0,dV dt
Bg(zo,r+1) Bg(xo,r+1) 0 Bg(zo,r+1)
¢
+ / / < (V20,0,V2¢)y + (V)2 5 g™t *6tg_1>§2 dVdt. (3.100)
0 Bg(xo,r+1)
Since |@2$|§ < ko by the assumption (3.70), we have
/ IV2g|262dV S 1. (3.101)

Bg(zo,r+1)

Using (3.76) implies

j / V2p[2€20,dVdt = j / <g*4*Rm*(v2¢)*2

0 B;(xo,r+1 0 Bj(xo,r+1
g g

+ g 2% (V)2 % (V2) 2 + g 35 VV & (v2¢>)*2>§2 dv dt. (3.102)

By the evolution equation of 9;g~! above (3.90), we get

t

/ / g 1 (V20)*2 x99t €2 dV dt (3.103)

0 Bg(zo,r+1)

t
/ / T (V2)*? x <g‘1 *Rm + VV + (v¢)*2>52 dvVdt.
0

Bg(zo,r+1)

By (3.75) the third term on the right-hand side of (3.100) can be written as

t t
/ / 2(V%p,0,V?$) 2 dVdt = 2 / / (V2p, AV?¢) £ dV dt
0 0

By (xzo,r+1) Bg(xzo,r+1)

+ / / (9*2 * (V2¢)*2 _|_g*74 * Rm (V*2¢)2 +g*73 * (VQS)*Q * (v2¢)*2

0 Bg({I?(],T‘Jrl)
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L gt 3 (v2¢)*3 +¢* 3% Vo * V20 x V3¢ (3.104)

+ ¢ % Rm* (Vo) 2« V2 + g* 2« Vs V2% V3 + g* 3« VV (v2¢)*2>§2 dVdt.

Substituting (3.101), (3.102), (3.103), and (3.104) into (3.100), we arrive at

t

/ V2|26 dV < 013+2/ / (V2p, AV?¢) &% dV dt

Bg(zo,m+1) 0 Bg(zo,r+1)
t
s (e R (g (V0 (T (3.105)
0 Bg(zo,r+1)

+ g 3R (V2P)P + " 2% Vo x V2hx V3o 4 ¢g* ™ « Rm * (Vo)™ x V2o

=+ 9*73 * V % V2¢* v3¢+g*73 *VV % (V2¢)*2 _|_g*72 " (V2¢)*2>§2 dV dt.

By integration by parts, we find that the first term on the right-hand side of (3.105) equals

t
2/3 (wo.r+1) (E2V2 0, g*PV o, V5 V2 ) dV dt
0

t t

3

< —5/ / |v3¢>\352d1/dt+cl4/ / [V2o|2dV dt,
0 Bg(zo,r+1) 0 Bg(zo,r+1)

by (3.71) and the fact that |V¢|, = |V&|, < V2|VE|; < 8V/2. We now estimate the rest terms on the
right-hand side of (3.105). By the estimate below (3.98), we have

1
g 1« Rm x (V29)*2¢2dV < 1 [VRm[2¢* dV

Bg(xzo,r+1) Bg(xo,r+1)
+ € / (V291262 dV + Cis / IVVO[dV,
Bg(xo,r+1) Bg(xo,r+1)
where we replaced the coefficients 1/2 by 1/4 (however the proof is the same). Using (3.71), |Rm|? <

1+ |VVg|? (see the equation (90) in page 277 of [26]), and Lemma 3.11, the integral of g*~® x (V¢)*? x
(V20)*2 + g* =1« Rm * (V)*2 x V2 + g* =2 x (V2¢)*? is bounded by

t t
/ / [[V?¢|2 + |Rm|2] dVdt </ / 1+ |VVO[2]dvdt <1
0 0

Bg(xzo,r+1) Bg(zo,r+1)

where we used the fact that T depends on the given constants and the volume estimate (3.78), from the
second step to the third step. By (3.71), we get

t

/ / g T3 (V2p) 2 dVdt

0 Bg(zo,r+1)
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t
Voopedvar i [ [ IVReRavan
0

By (w0,r+1)

similarly, according to the definition V = g~ % Vg,

t
/ / G 3w Vo V3 V32 dVdt
0

Bg(wo,r+1)

t
Se/
0

Taking the integration by parts on VV yields

t
\V3¢|§£2dth+018/ / V262V dt.
0

Bg(zo,m+1) Bg(xo,r+1)

t
/ / g T3 VV x (V29)*2e2 dVdt
0

Bg(zo,r+1)

t
SE/
0

Substituting the above estimates into (3.105) and using Lemma 3.11, we have

t
Vol avarccn [ [ [9oRava,
Bf’(w077‘+1) 0 Bg(l‘o,r+1)

t
1
V264|262 dV < Co + 1// [VRm|2€2 dVdt
0 Q

Bg(xo,r+1)

t
- (§—5e>/ / |V36|2¢% dV dt, (3.106)

0 Bj (zo,r+1)

where € is a sufficiently small positive number that shall be determined later. Combining (3.100) with

(3.106), we arrive at
¢
/ / |VRm|2&*dV dt
0

Bg(xzo,r+1)

[[Rm|? + [V?¢|2] €V < Cyy —

RN

By (w0,r+1)

t
- (g - 56) / / (V30|27 dV dt. (3.107)

0 Bg(xo,r+1)

As a consequence of the above estimate (3.107), we can conclude that the integral of [Rm|2 + [V?¢|2 over
the metric ball Bj(zo,r) is uniformly bounded from above. We here keep the minus terms on the right-hand
side of (3.107) to deal with the integral of [VV[2£2 over Bg(xo,r +1), and therefore, we prove Lemma 3.12.

Since the metric g is equivalent to §, we may write g*~*
equation (3.74) can be written as

% g¢ = ¢*"k)_ Under this convenience, the

HVV = AVV 4+ ¢* 3%« VVg*xRm+ ¢* 3% Vg* VRm 4 ¢* 2%« VVgx VV
+ ¢ 2% Vg« VIV + " 2% VVg * (V§)*2 + ¢" 2 %« Vg * Vo« V2. (3.108)
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From [VV |2 = g% g7V V;VVy we obtain 8,|VV |2 = 2(VV,8,VV), + g* % Rmx (VV)*2 4 g* 3 5 (VV)*3
by the evolution equation of 9,g~! above (3.73), we arrive at

HVV 2 =2(VV,0,VV), + g* 4« Rm % (VV)*2 4 g* 73 % (VV)*3
g g

+ g T (V)2 (V)™ (3.109)
Calculate
[ (d
IVV[2E2dV = /(% / |VV|§§2dv>dt (3.110)
Bg(;Eo,’r‘+1) 0 Bg(zo,’r‘+1)
t t
=/ / |VV|2€23thdt+/ / O|VV|2 & dvdt,
0 Bg(xo,r+1) 0 Bg(xo,r+1)

since V' =0 at ¢t = 0. Plugging (3.108), (3.109) into (3.100), we get

t
/ IVV[2¢2dV = 2/ / (VV,AVV), €% dVdt
Bg(zo,r+1) 0 Bj(wo,r+1)
t
+ / {9*_5*V@Q*Rﬂl*vv—kg*_s*@g*VRm*VV
0 Bg(xo,r+1)

+ ¢ % UV (VV)2 4 g* 1% Vg« VV « V2V + ¢* 4« Rm * (VV)*? (3.111)
+ g3 (V)P 4 g % VVg x VV (Vo)™

+ ¢ x Vg« VV Vs V2 + g" 3« (VV)*2 x (v¢)*2] 2 dvat.

The first term on the right-hand side of (3.111) was computed in [26] (see the equation (104) in page 280):

t t
2/ / (VV,AVV),&2dVdt < —§/ / [V2V2¢% dV dt
0 By(zo,r+1) 0 Bj(zo,r+1)
t
+ CQQ/ / IVV[2dVdt. (3.112)

0 Bg (Io,’l”-‘rl)
Define

I :=g¢" % Vg* VRm* VV + ¢* " % Vg x VV x V2V,

Iy :=g*?%«VVg*Rmx VV,

I3 := g %« VVg* (VV)? 4+ g* 4« Rm * (VV)*? 4 g* 73 % (VV)*3

I =g "% VVgsVV % (V)2 + ¢g* 1« Vg* VV x Vo x V¢
g (VV) 5 (V)

According to (106) in page 280 of [26], we have
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t t
1
/ / LE2dvdt < —/ / [[VRm|? 4 |V*V[2] &2 dVdt
0 0

16
Bg(xzo,r+1) Bg(zo,r+1)
t
+ 023/ / |VV[2dV dt; (3.113)
0 Bg(wo,r+1)

according to (107) in page 280 and (112) in page 281 of [26], we have

t
/ / L2 dvdt < —/ / [[VRm[; + [V?V[2] & dVdt
0 Bg(zo,r+1) 0 Bg(zo,r+1)
t
+ 024/ / [[Rm|2 + |VV|2] dVt, (3.114)
0 Bg(xo,r+1)

t
I3¢%dvdt < % / / V2V [2¢% avdt
0 By(zo,r+1)
t
+ 025/ / |VV[2¢% dVdt. (3.115)

0 Bg (Io,’r‘Jrl)

/

Bg(xo,r+1)

Using (3.71) implies
¢
0/

Substituting (3.112), (3.113), (3.114), (3.115), (3.116) into (3.111), using the fact that VV = g~ % VVy,
and using Lemma 3.11, we obtain

t
I4§2dth/ / (v@g|§+|VV|§+V%@)g%\/dt. (3.116)
0

Bg(zo,r+1) Bg(zo,r+1)

/ IVV[2¢2av; < ——/ / |V2V[2€* dVdt

Bg(wo,r+1) (x0,r+1)
) t
+ g/ / [VRm[2¢? dVdt + Cog. (3.117)
0 Bg(zo,r+1)

Choosing € = 11/40 in (3.107) and combining with (3.117), we arrive at

2 2 12 2
tg%,)il{“] / [IRm[Z +[V?¢[2 + [VV[2] dV S 1,
Bg(zo,r)

T
// [[VRm|? 4 |V3¢[2 + [V*V[2] dVdt < 1
0

Bg(zo,)

since £ =1 on By(zo,7). O
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Recall that 9;Rm = ARm+g* 2+«Rm*?4 ¢~ 'V +«VRm+g~ "+Rm*VV +(V2¢)*2. Since V(g 'V *Rm) =
g '+« V *VRm + ¢! *Rm * VV, it follows that

O:Rm = ARm + VP, + @, (3.118)

where P, := ¢g7' %V« Rm and Q; := ¢g~' * Rm % VV + ¢* 2 « Rm*? 4+ (V2¢)*2. Recall the equations
0,VV =V (0;V)+ VT and 8, = g~ 1%V (drg) after (3.73) and the equation 9;g = g~ +Rm+VV +(V¢)*2.
Hence

HVV =V (AV 4+ g* 3 % Vg*Rm+g* 2% VgxVV 4+ ¢g* 2% Vg« (Vo))
+ ¢ 2%V« VRm+ g '« V« V2V + ¢ 1« V% Vo x V2.

From the Ricci identity VAV = AVV 4+ ¢* 2 x Rm * VV + ¢* =2 % V * VR, it follows that

HVV =AVV +V (g2« VgxRm+ g* 2« Vg« VV + ¢* 2« Vg * (V¢)*?)
+ ¢ 2%« Vs« VRm+ g 1« Vs V2V + ¢ 2« Rm*« VV + g L« V % Vo x V2.
Since V(g* 2%V *Rm) = ¢* 2%V *«VRm+¢g* 2+xRm*VV, V(g 1%V VV) = g 15V« V2V + g 1%(VV)*?
and V = g1 % Vg, we obtain ¢* 2« V * VRm = V(¢* 2% Vg* Rm) + ¢* 2« Rm « VV, g~ 1« V % V2V =
V(g* 2% Vg VV)+ g ' % (VV)*? and hence
8VV = AVV + VP + Qs (3.119)

where

Py=g"?xVg*Rm+ g2« Vgx VV + g%« Vg x (V¢)*?,
Q=g 2+*Rm+«VV + g % (VV)? 4 g7« V x Vo * V2.

Finally, according to (3.75), we have
V?p = AV2p + VPs + Qs, (3.120)
where

Py=g ' xVpxV3¢p+g 1 xVx V2,
Q3 :g*—2*Rm*v2¢+g—l*(v¢>*2*v2¢+g*—2*Rm*(V¢)*2+ﬁ2v2¢.

Lemma 3.13. For any integer n > 1, we have

T T

/ / w1 VVg|2dVdt, max / u”du/ / u" Lo dVdt <1,
t€[0,7]
0 0

Bg(xo,m) Bg(zo,7)

where
wi=Rm|2 +|V?¢2 + |VV[2, v:=|VRm|} +|V?¢|2 +|V?V|2,

and < depends on m,n,r, ko, k1, ks, a1, 81, 2.
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Proof. The case n = 1 follows from Lemma 3.11 and Lemma 3.12. We now prove by induction on n. Suppose
that for s=1,--- ;n — 1, we have

T T
/ / usfl\V@gEdth, max / u®dV, / / uwlydvdt < 1.
0 ) 0

t€[0,T]
Bg(l’o,’l") B_@(Z(),T B_@(Io,r)

For convenience, define w := [Rm|Z + [V?¢|2 + [VV|2. By (66) in page 272 of [26] and (3.71), we have
|V@g|§ < 2|@29|§ +C; < 32|@29|$2~7 4 C; and hence

T T
/ / u" TV Vg2dVdt < 32/ / w1 V3g2dVdt + Co
0 0

Bg(xzo,r+1) Bg(xo,r+1)

by (3.78) and (3.71). To estimate fOT fB_(xo 1) w1 VVg|2dVdt, since Lw < u < 16w, we suffice to

estimate fOT fB~($O 1) w"‘1|@29|§d‘7dt since dV < 2"™/2dV. Consider the same cutoff function &(z) used
in the proof of Lemma 3.10. Calculate

d - - - - -
K = - / w' Vg2 dV = / w"'2(Vg, 0,V g) 2 dV
Bg(ajo,TJrl) Bg(lo,’r‘+1)
+ / [Vgl2(n — 1)w" 2 [0y|Rm|% + 0,|V?¢|2 + 9,|VV 2] €2 dV = T+ J.
Bg(:l}o,’l"Jrl)

Using the evolution equation of Vg after (3.77) yields

[=2 / gzwn1<vg,gaﬁvavwg+gl v g% VRm 4+ Ve V26

Bg(ajo,T-‘rl)

+ g 2% gxVg*Rm+ g 2% Vg V2ig+g* 3« (?g)*3> av

g

<3 / (1+|V3gls) w2 dV + I + I + I

Bg(w(],’l‘Jrl)

by (3.71), where

=2 / w1 (T g, g5 V) sdV

Bg(xzo,r+1)
I, = / gt *g*@g*@ﬁrvndf/,
Bg(zo,r+1)
I = / 2w Vg Vo + V26 dV.
Bg(xo,r+1)

By integration by parts, the term I3 can be estimated by
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T2 (2¢2 —1 72 —1 2 -2 -1 v
ns o[- Gl g T
Bg(xo,r+1)

«V2g+ (Rm * VRm + VV x VVV + V?¢ x VV?8) } dv

by (3.71). The Cauchy-Schwartz inequality implies

_ -1 . -
Cy / |V2g|géw™ 1 dV < 3 / |Vzg\§§2w”’1 dVv + Cs
Bfi(xO)T""l) Bg(waﬂ‘-{-l)

by the inductive hypothesis and 1—16w < wu < 16w. Similarly,

2w 2w g7 % Vg V2 x <Rm * VR 4+ VV %« VVV + V2¢ * @V%) v
Bg(zo,r+1)

1 ~ ~ - - - -
< 3 / [V2g2w™ 1 dV + Cr / w2 ([VRm|Z + [VVV[2 + [VV?¢[2) dV.
Bg(zo,r+1) Bg(zo,r+1)

According to I' = T' = g~! % Vg, we have |@Rm|§ + |@VV|§ + \§V2¢|§ < u+ v and then

w2 x g7 % Vg V3 x <Rm «* VRm + VV « VVV + |@V2¢|§> dv
B (xo,r+1)

< [Vgl2w" €% dV + Cy / u"20e2 dV + Oy

Bg(zo,r+1) Bg(zo,r+1)

1
8
by the inductive hypothesis. Consequently,

3 - - -
hi<—7 / [VglZw™'¢?dV + Cyy / u" 20 dV + Cia. (3.121)

Bg(xo,r+1) Bg(xo,r+1)

If we directly use the inequalities (3.71), we can get the uniform upper bound for I by the inductive
hypothesis. However, in this case the bound shall depend on an upper bound of |@Rm|g. To fund the
dependence of kg, we will argue as follows. Again using the integration by parts, we get

I < w1 V2g2€2 dV + Cis / u"2vdV + Cis (3.122)

Bg(IU,T’Jrl) Bg(:vo,’l‘Jrl)

1
8
by the inductive hypothesis, (3.71) and the previous estimates. From (3.71), we also have

I3 < / w" V2 p|zEdV . (3.123)

By (zo,r+1)

Since C5|V2gl; < 1[V2g|2 +2C3, we infer from (3.121), (3.122), and (3.123) that
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1 - _ .
I's 2 / |v29|§wn71§2 dV + Cie / u" " 2pdV
Bg(zO,’r‘+1) B§($0,T+1)
+ Cue / w" T V2glgEdV + Cug (3.124)
Bg(:v(),’l"+1)

by the inductive hypothesis. Note that the estimate (3.82) is a special case of (3.124). According to (3.71),

J < Ciy / w"? [2(Rm, 0,Rm); + 2(V?¢,9,V?¢);

Bg(lo,’r‘+1)
+ 2VV, 0 VV )| €2dV = Cir(Jy + Jo + J3),
where

Jl = / w"722<Rm,8tRm>g§2 d‘?,
B_zj(fb(),’l“+1)

Jy = / w"22VV, 0,V V)62 dV,
Bg(zo,r+1)

Jy 1= / w22V, 8,V )62 dV .
Bg(xzo,r+1)

Substituting (3.72) into J; we find that

J1 = / w”2§22<Rm, ARm + ¢*~2 « Rm*?

B§($0,T+1)

+ g 'V« VRm+g¢g ' «Rm*VV + (v2¢>)*2> dv. (3.125)
g

We now estimate each term in (3.125). Since ARm = g*?V,VzRm, the first term on the right-hand side
of (3.125) is bounded by

B / (VoRm, Vo(§*0" g™ Rm))gdV < — / VRm|2¢2w" =2 4V
Bg(wo,r+1) By (zo,r+1)

+ Cig / |VRm|§|Rm\g§w"72 dV—FOlg / |VRm|§|Rm|g€2wn73

Bg(:vo,’l‘Jrl) Bg(zo,’l‘Jrl)

(Rm|g|VRm|g + |VV |5 V2V]; + |v2¢|g|v3¢g)df/

1

since Vg =Vg+g 1%« Vgxg < 1. By the inductive hypothesis, we have

/ |VRm|5|Rm|zéw™ 2 dV < 1+ / u" v dV,

Bg(:vo,’l‘+1) Bg(:ro,’r+1)

and
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/ w™ 3| VRm|;|Rm|; <|Rm|g|VRm|g +|VV |5 V2V]; + |v2¢|g|v3¢|g>df/
Bg(xo,r+1)

< u" 2 dV;

By (w0,r+1)

hence the first term on the right-hand side of (3.125) is bounded from above by 1+ fBg(Io iy U ~20dV up

to a uniform positive multiple. Since [Rm|? < 1+ \V@g@ by the equation (90) in page 277 of [26], it follows
that the sum of the third and forth terms of the right-hand side of (3.125) is bounded from above by

w" 2 % 2Rm * (97" * V « VRm + g~ * Rm* VV) aV
Bg(zo,m+1)

1

n—1¢272 .12 97/
8017 / w f |V g|§dv+021
Bg(ﬂ:o,’!‘-‘rl)

u" v dV + Cgl,
BQ(IQ,T-"-l)
because of the inductive hypothesis and V = ¢!

% Vg < 1. Similarly, the second term on the right-hand
side of (3.125) is bounded from above by (up to a uniform positive multiple)

w22 % g* 2« Rm™dV < 1+

u" 20 dV,
Bg(zo,r+1)

B (zo0,r+1)

by the equation (84) in page 276 of [26], g is equivalent to §, and the inductive hypothesis. The last term
on the right-hand side of (3.125) is bounded from above by (up to a uniform positive multiple)

w22 « Rm* V3¢« V2pdV <1+ u" 2 dV.

Bg(xo,r+1)

Bg(l‘oﬁ'—i—l)

Note that when we do the integration by parts, we may replace § by g since g is equivalent g, so that we
have no extra terms V§ and V§~!. Therefore, substituting those estimates into (3.125) implies

1 ~ -
Cirh < 3 / w13 Vg2dV + Oy

u" " 2vdV + Cas. (3.126)
Bg(xzo,r+1)

By (zo,r+1)
By (3.125), we have

Jo = w"2§22<VV7 AVV 4+ ¢* 2% VVg* Rm + ¢* % % Vg *x VRm

B_@(Ig,’l’Jrl)

+ ¢ 2% VVgsxVV + ¢* 2% Vg« V2V (3.127)

+ g* 2% VVgx (Vo)2 + g 2« Vg Vo * v2¢> dv.
g

As before, the first term on the right-hand side of (3.127) is bounded from above by (up to a uniform
positive multiple)

5 / WP (VY AV T < 1+

u" 2o dV
B§ (CL‘(),T+1)

Bg(:r(),’l"Jrl)
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by the inductive hypothesis. By the Cauchy-Schwarz inequality, the sum of the second, third, forth, and
fifth terms on the right-hand side of (3.127) is bounded from above by

1
8C17

/ w2 dV + Cos / w20 dV + Chs.

Bg(zo,r+1) Bg(xzo,r+1)
The rest terms on the right-hand side of (3.127) is bounded from above by (up to a uniform positive multiple)
W2k VV % g* 2% (VVg* (V@) + Vg Vo x V2g) dV S 1
Bg(xo,r+1)
by the inductive hypothesis. Hence
Cinds < © e Vig)2av + C "2y dV + C 3.128
12 < 2 w" | Vigl5dV + O u" " “vdV + Cag. (3.128)
Bg(zo,m+1) Bg(zo,r+1)
According to (3.75),
Js = / w”2§22<v2¢, AV%p+ g2« Rm x V¢ + o V26

Bg(zo,m+1)

+ 97 % (Vo) 2« V2 + g7 % Vo« Vi + gt % (V2¢)™? (3.129)
+ g 2% Rm* (Vo) 2 + g+ V V3 + g+ VV & V2¢> dav.
g
By the integration by parts, the first term on the right-hand side of (3.129) equals
—2 / (VsV20, Va(w"2g*V20))5dV S 1+ / w2y dV.
Bg(woﬂ"f‘l) Bg({vo,’l‘-‘rl)

The rest terms on the right-hand side of (3.129) are bounded from above by (up to a uniform positive
multiple)

/ 10"72(11)4—11)1/2 +U1/2) dv <1+ / u"2vdV
Bj(zo,r+1) By (zo,m+1)
by the inductive hypothesis. Hence
J3 <1+ / u" v dV. (3.130)
Bg(zo,r+1)
Combining (3.126), (3.128), and (3.130), we find that
1 - -
T< 5 / w" VP2 dV + Cor / u" 20 dV + Co. (3.131)
B§($0)T+1) Bg(wa,’r‘«i»l)

Substituting (3.124) and (3.131) into the definition of K yields



Y. Li / Differential Geometry and its Applications 66 (2019) 109-154 149

d _1pe - 1 IR -
o w" Vg2t dV < -1 / w" Vg2 dV + Cos
Bg(zo,r+1) Bg(xzo,r+1)
+ Cag u" 20 dV + Cag w2 ¢|zEdV (3.132)
Bé(m07r+1) Bg(a:o,?’«i»l)
d _ _ N I -
L= 4 w' V|22 AV =2 W'V, 9PV 4V 5V ) gdV
Bg(zo,r+1) Bj(zo,r+1)
+ w”flgzﬁgb* <g*2*ﬁ*@¢+g*2*@g*@2¢
Bg(:l}o,’l‘Jrl)

+ 9" 2% Vg* (V)2 4+ g7 % Vo V2 + @d)) dV = Li+ L.

For Lo, we have

Ly < / w1+ |V2g[5)dV S 1+ / w" V2|5 dV
Bg(zo,r+1) Bg(xzo,r+1)

by the inductive hypothesis. Taking the integration by parts on L; implies

3 . . . .
Le-g [ w@eavicn [ v
Bg(ﬂ}o,’r‘+1) Bg(wo,’r‘+1)

+ C3g w20 dV,

Bg(zo,r+1)

because of VRm, VVV, VV2¢ < v1/2 4 w!/2. Therefore

1 - -
L<—5 / w" VP2 AV + Oy / u" 20 dV + Cs1. (3.133)
Bg(mo,T+l)

Bg(a}o,’!‘-‘rl)
From (3.132) and (3.133), we arrive at

d - - -
dt( / w"te? (‘V9|527 + |V¢|527) dV) < Cs

w20 dV + Cso

Bg(wo,’l‘Jrl) Bg(wo,’l‘Jrl)
1 ~ N . i
1 w1 (Vg2 + [V29l2) dV.
Bg(xo,r+1)

S_

Consequently, fOT fBg(zO,TH) w"_1§2|@g\§ dVdt < 1; in particular,

T
/ / w1 VVg|2¢? dvdt < 1. (3.134)
0

Bg(:r(],’l’Jrl)

By the equations (90) in page 277 and (108) in page 281 of [26], together with VZ¢ = V24 ¢~ 1« VgV, we
have [Rm|2+|VV[2+|V2¢|2 < 14|V Vg|%; using the estimate (3.134), we obtain fOT J5, oo iy WAVt S 1.
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As in the proof of Lemma 3.12, we can show that fBg(-'EO,T"Fl) un€2 dV + éfot fBg(rco,rH) un o2 dvdt <1
by the previous estimates and inductive hypothesis. Thus the lemma is also true for s=n. 0O

We now can prove the following theorem, as in [26] where use the equations (3.118), (3.119), (3.120), and
Lemma 3.13.

Theorem 3.14. We have

sup |Rm\§ <1, sup |VV\3 <1, sup |V2q§\2 <1, (3.135)
M x[0,T] M x[0,T] M x[0,T)

where < depend on n, ko, k1, ka, a1, 81, Bo.
By the same argument used in [19,26], we have

Theorem 3.15. Let (M, g) be a complete noncompact Riemannian m-manifold with bounded Riemann cur-
vature |Rm§|§ < ko, and ¢ a smooth function on M satisfying

6] + V50l < k1, |V29I2 < ko.
Then there exists a positive constant T = T (m, ko, k1, a1, B1, B2) > 0 such that the regular-(aq, 0, B1, B2)-flow

B:g(t) = —2Ricy () + 201V d(t) @ Vyd(t),
Ohd(t) = Dy(yd(t) + B1|V () B(1) 2y + Bad(t),
,6(0

has a smooth solution (§(t),(t)) on M x [0,T] and satisfies the following estimate

sy T IO + Vo) d() 3y + Vi o3 < Ca

on M x [0,T], where Cy,Cy are uniform positive constants depending only on m, ko, k1, ke, a1, f1, B2.

Suppose that (§(£), ¢(t)) is a smooth solution to the regular-(aq,0, 81 — g, B2)-flow

( ) = —QRICg(t) + 2Oflvg(t ¢( ) ® Vg(t Qg( )

Or(t) = Ay o B(t) + (B1 — @2)|V t)¢( ) (t) + B (t),
(9(0),6(0) = (3, 9)-
Consider a 1-parameter family of diffeomorphisms ®(t) : M — M by
%@(t) = Vynd(t), @(0)=Idy. (3.136)
If we define
g(t) == [@W]"4(t), (1) = [@(1)]" (1), (3.137)

then
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Brg(t) = —2Rmy(yy + 201V g1y d(t) ® V) d(t) + 202V b(1),

(1) = DgiyB(t) + BulV gy d(t) 21y + Baob(1).
If we furthermore have |¢(¢)[2 < 1 and |VQ(t)QAS(t)|i < 1on M x [0, T], using the standard theory of ordinary
differential equations we have that the system (3.136) has a unique smooth solution ®(¢) on M x [0,T].

Therefore (g(t), ¢(t)) defined in (3.137) are also smooth on M x [0,7] and satisfies the above system of
equations.

Theorem 3.16. Let (M, g) be a complete noncompact Riemannian m-manifold with bounded Riemann cur-
vature |ng|§ < ko, and ¢ a smooth function on M satisfying

812 + |Vgol2 < ki, [V2QI2 < ko

Then there exists a positive constant T = T (m, kg, k1, a1, ag, b1, f2) > 0 such that the reqular-(ay, ag, B1, B2)-

flow

Org(t) = —2Ricyy + 201V 1) o(t) @ Vg 9(1),
() = Dgyd(t) + 1|V gy B(1)]2 4y + Baob(t),
(9(0),4(0)) = (3, 9)

has a smooth solution (g(t), p(t)) on M x [0,T] and satisfies the following estimate

(
(

1 .

Olg <g(t) <Cg,  [Rmg |20 + 160 + Ve ()30 + Vi d®)2e) < Ca
on M x [0,T], where Cy,Cy are uniform positive constants depending only on m, ko, k1, ke, a1, az, b1, Ba.
3.5. Higher order derivatives estimates

To complete the proof of Theorem 3.1, we need only to prove the higher order derivatives estimates (3.1).
Suppose we have a smooth solution (g(t), ¢(t)) on M x [0,T] and satisfies

Brg(t) = —2Ricy() + 202V d(t) @ Vyd(t) + 202V 1y b (1),
B p(t) = Dgyd(t) + BV )0 (1) 21y + B20(1), (3.138)
(9(0), 6(0)) = (. 9).

(
(

where (M, §) is a complete noncompact Riemannian m-manifold with bounded curvature [Rmg|2 5 < ko and
¢ is a smooth function on M satisfying |4|? + |V (b\g < ky and |V2q5|2 < ko, and

9(t) =G, Rmgw|5e + [0 + Vo) 50 + Vi@l S 1 (3.139)
on M x [0,T], where < or & depends only on m, ko, k1, k2, a1, aa, 51, Ba.

Lemma 3.17. For any nonnegative integer n, there exist uniform positive constants Cj depending only on
m,n, ko, k1, k2, o1, oo, 1, B2 such that

Cn

14
= (3.140)

2 2
’vZ(ﬂng(”’gu) + ’vn+>2¢( )‘ =

on M x [0,T].
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Proof. As before, we always write Rm := Rmg ), ¢ := ¢(t), etc. From Lemma 2.5, we have
ORm = ARm + ¢* "2 * Rm** + (V?¢)*?> + ¢! * VRm * V¢ + g~ Rm x V. (3.141)

Then the norm |Rm|? of Riemann curvature evolves by d;|Rm|? = 2(Rm, d;Rm), + ¢*~% * 8;g~" * Rm*?;
substituting (3.138) and (3.141) into above yields

ORm> = AJRm[? —2|VRm|?> + ¢* ¢« Rm*® + ¢* =% « Rm  (V?¢)*?
+ ¢* P % Rm™ % (V¢)*? 4+ ¢*° * Rm™? % V2¢ + ¢*~° * Rm * VRm * V¢. (3.142)

Introduce a family of vector-valued tensor fields
A = (Rm, Vo), (3.143)

and define |[V¥A|? := |[VFRm|? + |V*+14|? for each nonnegative integer k. According to (3.139), (3.142) and
the Cauchy-Schwartz inequality, we have

3
O¢Rm|* < A|JRm|? — §|VRm|2 + Oy (3.144)
Since 8;VRm = VO,Rm + 6, * Rm and 9,I' = g* 2« VRm + ¢! x Vo * V20 + g~ x V3¢, it follows that

O:|[VRm|?> < A[VRm|? — 2|V?Rm|? + C3|VRm||V2Rm| + C|VRm|| V34|
+ C3|VRm| + Cy|VRm|?. (3.145)

On the other hand, Lemma 2.7 yields

V2 = AV2p + g* 2« Rm * V2o + $2V2¢ + | Vo> V3¢
+ Vo V3 + g 1% (V29)*? + g* 2 Rm * (V)2 (3.146)

Plugging (3.146) into 9;|V2¢|?> = 2(V2¢,0;V?¢) + g* =3 x 0y * (V2$)*2, we arrive at
KIV2I2 < A|V2¢|? — 2|V30|? + C5| V36| + Cs. (3.147)
Combining (3.145) and (3.147), we have
QIVA]Z < A[VAP — ;\vw? +CHIVAPR + O, (3.148)
According to Lemma 2.6 and (3.144), for any given positive number a, we get
B (a+ |AP) < A(a+|AP) - %|VA|2+05. (3.149)
Therefore

O [(a+|AP) VAPl < A(a+|AP?) [VA]?] —2(V|A]?, VIVAJ?) (3.150)

—%|VA|4 +C5| VAP — g (a+ [A2) [V2AP + Cy (a+ [A12) VAP + Cy (a+ |A]2).
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By the definition, the second term on the right-hand side of (3.150) is bounded from above by P4V, (|Rm|*+
2 2

[Vo|2)V4([VRm|? + [V2¢[?) < 3a|VZA]> + 2TC6|VA|4 + % where we used the inequality 22 < 2% + 1 for

any x > 0. Substituting this inequality into (3.150) implies

2 2
0 [(a+ 1AP) [VAF] < & [(a+ AP) VAP - (3 - 258 [va + CofvaP

+ Cy (a+|AP) VAP + Cy (a+ |A]?) + (3.151)

202

s
By (3.139), we can choose a so that a > 4C¢ and a > max;x[o,71(|Rm|? + [V2¢|?); then 3/2 — 2CZ/a > 1
and a < a + |A|? < 2a. Consequently, we can deduce from (3.151) that d;[(a + |A]?)|VAI?] < Al(a +
|A[%)|VA?] = 52 [(a+|A]?)|[VA|?]?> + Cr. Consider the function u := (a+|A|?)|VA|?t defined on M x [0, T].

Then v =0 on M x {0} and

1 1
Opu < Au — @zﬁ +Crt+ 2uon M x [0,T]. (3.152)

Fix a point zg € M, consider the cutoff function £(z) on M, introduced in [26], such that

€=1 on By(zg,1), & = 0 on M)\ By(x0,2), 0<¢<T,
V2 <166, V¢ > —cg, on M,

where ¢ depends on k. As in [26], we define F' := £u on M X [0, T]. Then from the definition, we have
F=0on M x {0}, F=0on (M\ Bj(z,2)) x[0,T], F>0on M x[0,T].

Without loss of generality, we may assume that F' is not identically zero on M x [0, T]. In this case, we can
find a point (z1,t1) € By(zo,2) x [0,T] such that F(x1,t1) = maxpso,r) F(z,t) > 0 which implies ¢; > 0
and 0;F(z1,t1) > 0, VF(z1,t1) = 0, AF(21,t1) < 0. If u(xy,t1) < 1, then F(x1,t1) < 1 by and hence
at|VA]* <u=F <1 on By(zo,1) x [0,T]; in particular, [VRm|? + |[V2¢|? < 1 on M x [0, T].

In the following we assume that u(x1,t1) > 1. Under this assumption, £0yu > 0 at (z1,t1), we arrive
at, at the point (z1,%1), 0 < {Au + % (Cs — Cyu) &; thus {Au + 57“ (Cs — Cou) > 0 at (x1,t1). By the
same argument in [26] (equations (28)—(35) in page 293), we find that 5T“(C’gu — Cg) < Crou — uA€ at
(z1,t1). According to the equation (38) in page 294 of [26], we get —A¢ < Cyy + g*P (s — f’;ﬁ)@’Yé Since
Ol = g* 2+ VRm+g 1 V3¢ + g 1% Vex V3¢, it follows that |0,T| < C11|[VA|+C1a < %U1/2+012. Since
E(xy)u(wy,t) = F(x1,t) < F(x1,t,) for t € [0,T], we obtain [0;(21,t)| < C11[F(21,t1)/a&(21)] /2712 4Oy
for any ¢ € [0, T]. As showed in [26] (the equation (45) in page 295), together with |VE|; < 4612 we find that
gO‘B(Flﬁ—ng)?vf < C13F (x1,t1)Y?+C14 and then —A¢ < C15+C13F(X1,t1)"/? at (21,t;). Consequently,
we have the following inequality éu(Cou — Cg) < Ciotu+ Cistu + CistuF1/? < Cigu+ CrguF/? at (x1,t;);
multiplying by &(z1) yields CoF? < C17F+C16F%/? at (x1,t1), from which we deduce that F(x1,¢;) < 1 and
therefore éu < 1 on M x[0,T]. In particular, u < 1 on M x [0, T since xy was arbitrary. From the definition of
u, this tells us the estimate [VA|? < 1/t on M x [0, T], where < depends only on m, ko, k1, k2, a1, a2, 1, Ba.
Hence the lemma holds for n = 1.

By induction, suppose for s =1,--- ,n—1 we have |[V*Rm[*+ |V*™2¢[2 < L on M x [0,T]. As in [26], we
define a function v := (a + t" "V "1A|?)|[V"A|?*#" and choose a sufficiently large. Similarly, we can show
that 9w < Av — (C1g/a?t)v? 4+ Crg + (Cao/t)v on M x [0, T). Using the same cutoff function ¢ and arguing
in the same way, we obtain that v <1 on M X [0,T]. Hence the inequality (3.140) holds for s =n. O
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