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In this paper, we continue to study the generalized Ricci flow. We give a criterion on 
steady gradient Ricci soliton on complete and noncompact Riemannian manifolds 
that is Ricci-flat, and then introduce a natural flow whose stable points are Ricci-flat 
metrics. Modifying the argument used by Shi and List, we prove the short time 
existence and higher order derivatives estimates.
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1. Introduction

Ricci-flat metrics play an important role in geometry and physics. For compact Kähler manifold with 
trivial first Chern class, the existence of a (Kähler) Ricci-flat metric was proved by Yau in his famous paper 
[28] on the Calabi conjecture. In the Riemannian setting, Ricci-flat metrics are stationary solutions of the 
Ricci flow introduced by Hamilton [13] as a powerful tool, together with Perelman’s breakthrough [22–24], 
to study the Poincaré conjecture.

In the study of the singularities of the Ricci flow, Ricci solitons naturally arises as the self-similar solutions. 
From the definition, a Ricci-flat metric is indeed a Ricci soliton.
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1.1. Compact steady gradient Ricci solitons

In particular, we consider a steady gradient Ricci soliton which is a triple (M, g, f), where M is a smooth 
manifold, g is a Riemannian metric on M and f is a smooth function, such that

Ricg + ∇2
gf = 0 or Rij + ∇i∇jf = 0. (1.1)

Hamilton [15] showed that on a compact manifold any steady gradient Ricci soliton must be Ricci-flat; this, 
together with Perelman’s result [22] that any compact Ricci soliton is necessarily a gradient Ricci soliton, 
implies that any compact steady Ricci soliton must be Ricci-flat (cf. [5,22])

1.2. Complete noncompact steady Ricci solitons

Now we suppose (M, g, f) is a complete noncompact steady gradient Ricci soliton. The simplest example 
is Hamilton’s cigar soliton or Witten’s black hole ([9,11]), which is the complete Riemann surface (R2, gcs)
where gcs := (dx ⊗dx +dy⊗dy)/(1 +x2+y2). If we define f(x, y) := − ln(1 +x2+y2), then Ricgcs +∇2

gcs
f = 0. 

The cigar soliton is rotationally symmetric, has positive Gaussian curvature, and is asymptotic to a cylinder 
near infinity; moreover, up to homothety, the cigar soliton is the uniques rotationally symmetric gradient 
Ricci soliton of positive curvature on R2 (cf. [9,11]). The classification of two-dimensional complete compact 
steady gradient Ricci solitons was achieved by Hamilton [15], which states that Any complete noncompact 
steady gradient Ricci soliton with positive Gaussian curvature is indeed the cigar soliton.

The cigar soliton can be generalized to a rotationally symmetric steady gradient Ricci soliton in higher 
dimensions on Rn. The resulting solitons are referred to be Bryant’s solitons (see [11] for the construction), 
which is rotationally symmetric and has positive Riemann curvature operator. Other examples of steady 
gradient Ricci solitons were constructed by Cao [4] and Ivey [16].

For three-dimensional case, Perelman [22] conjectured a classification of complete noncompact steady 
gradient Ricci soliton with positive sectional curvature which satisfies a non-collapsing assumption at infinity. 
Namely, a three-dimensional complete and noncompact steady gradient Ricci soliton which is nonflat and 
κ-noncollapsed, is isometric to the Bryant soliton up to scaling. Under some extra assumptions, it was 
proved in [1,6,7]. A complete proof was recently achieved by Brendle [2] and its generalization can be found 
in [3].

Another important result is Chen’s result [8] saying that any complete noncompact steady gradient Ricci 
soliton has nonnegative scalar curvature. For certain cases, the lower bounded for the scalar curvature can 
be improved [10,12]. When the scalar curvature of a complete steady gradient Ricci soliton achieves its 
minimum, Petersen and William [25] proved that such a soliton must be Ricci-flat. On the other hand, if 
a complete noncompact steady gradient Ricci soliton has positive Ricci curvature and its scalar curvature 
achieves its maximum, then it must be diffeomorphic to the Euclidean space with the standard metric 
([15,5]); in particular, in this case, such a soliton is Ricci-flat.

To remove the curvature condition, we can prove the following

Proposition 1.1. Suppose M is a compact or complete noncompact manifold of dimension n. Then the 
following conditions are equivalent:

(i) there exists a Ricci-flat Riemannian metric on M ;
(ii) there exist real numbers α, β, a smooth function φ on M , and a Riemannian metric g on M such that

0 = −Rij + α∇i∇jφ, 0 = Δgφ + β|∇gφ|2g. (1.2)

The proof is given in subsection 2.1.
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Remark 1.2. In the compact case, the second condition in (1.2) can be removed. However, in the complete 
noncompact case, the second condition in (1.2) is necessarily. For example, the cigar soliton is a steady 
gradient Ricci soliton with nonzero scalar curvature 4/(1 + x2 + y2).

The equation (1.2) suggests us to study the parabolic flow

∂tg(t) = −2Ricg(t) + 2α∇2
g(t)φ(t), ∂tφt = Δg(t)φ(t) + β

∣∣∇g(t)φ(t)
∣∣2
g(t) . (1.3)

The system (1.3) is similar to the gradient flow of Perelman’s entropy functional W [22]. Let Met(M)
denote the space of smooth Riemannian metrics on a compact smooth manifold M of dimension m. We 
define Perelman’s entropy functional W : Met(M) × C∞(M) × R+ −→ R by

W(g, f, τ) :=
∫
M

[
τ
(
Rg + |∇gf |2g

)
+ f −m

] e−f

(4πτ)m/2 dVg, (1.4)

where dVg stands for the volume form of g. Perelman’s showed that the gradient flow of (1.4) is

∂tg(t) = −2Ricg(t) − 2∇2
g(t)f(t),

∂tf(t) = −Δg(t)f(t) −Rg(t) + m

2τ(t) , (1.5)

d

dt
τ(t) = −1;

moreover, the entropy W is nondecreasing along (1.5). Since W is diffeomorphic invariant, i.e., W(Φ∗g, Φ∗f,

τ) = W(g, f, τ) for any diffeomorphisms Φ on M , it follows that the system (1.5) is equivalent to

∂tg(t) = −2Ricg(t),

∂tf(t) = −Δg(t)f(t) +
∣∣∇g(t)f(t)

∣∣2
g(t) −Rg(t) + m

2τ(t) , (1.6)

d

dt
τ(t) = −1;

Thus, (1.3) is a mixture of (1.5) and (1.6). There also are lots of interesting generalized Ricci flows, for 
example, see [14,17–21].

1.3. A parabolic flow

In this paper, we consider a class of Ricc flow type parabolic differential equation:

∂tg(t) = −2Ricg(t) + 2α1∇g(t)φ(t) ⊗∇g(t)φ(t) + 2α2∇2
g(t)φ(t), (1.7)

∂tφ(t) = Δg(t)φ(t) + β1
∣∣∇g(t)φ(t)

∣∣2
g(t) + β2φ(t), (1.8)

where α1, α2, β1, β2 are given constants. When α1 = α2 = β1 = β2 = φ(t) = 0, the system (1.7)–(1.8) is 
exactly the Ricci flow introduced by Hamilton [13]. When α2 = β1 = β2 = 0, it reduces to List’s flow [19]. 
Recently, Hu and Shi [27] introduced a static flow on complete noncompact manifold that is similar to our 
flow. The main result is
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Theorem 1.3. Let (M, g) be an m-dimensional complete and noncompact Riemannian manifold with 
|Rmg|2 ≤ k0 on M and φ a smooth function on M satisfying |φ|2 + |∇gφ|2g ≤ k1 and |∇2

gφ|2g ≤ k2. Then 
there exists a positive constant T , depending only on m, k0, k1, k2, α1, α2, β1, β2, such that the 	-regular 
(α1, α2, β1, β2)-flow (1.7)–(1.8) with the initial data (g, φ) has a smooth solution (g(t), φ(t)) on M × [0, T ]
and satisfies the following curvature estimate. For any nonnegative integer n, there exist uniform positive 
constants Ck, depending only on m, n, k0, k1, k2, α1, α2, β1, β2, such that∣∣∣∇n

g(t)Rmg(t)

∣∣∣2
g(t)

≤ Cn

tn
,

∣∣∣∇n+2
g(t) φ(t)

∣∣∣2
g(t)

≤ Cn

tn

on M × [0, T ].

For the definition of regular flow and 	-regular flow, see Definition 2.11 and Section 3.

1.4. Notions and convenience

Manifolds are denote by M, N, · · · . If g is a Riemannian metric on M , we write Rmg, Ricg, Rg, ∇g, 
and dVg the Riemann curvature, Ricci curvature, scalar curvature, Levi-Civita connection, and volume 
form of g, respectively. We always omit the time variable t in concrete computations. For a family of 
Riemannian metrics, we denote by Δt and dVt the corresponding Beltrami-Laplace operator and volume 
form respectively.

If P and Q are two quantities (may depend on time) satisfying P ≤ CQ for some positive uniform
constant C, then we set P � Q. Similarly, we can define P ≈ Q if P � Q and Q � P.

We also use the Einstein summation for tensor fields; for example,

〈a, b〉g = aijb
ij :=

∑
1≤i,j≤m

aijb
ij =

∑
1≤i,j,k,�≤m

gikgj�aijbk�

for any two 2-tensor fields a = (aij) and b = (bij) on a Riemannian manifold (M, g) of dimension m.
If A and B are two tensor fields on a Riemannian manifold (M, g) we denote by A ∗ B any quantity 

obtained from A ⊗B by one or more of these operations (a slightly different from that in [9]):

(1) summation over pairs of matching upper and lower indices,
(2) multiplication by constants depending only on the dimension of M and the ranks of A and B.

We also denote by Ak any k-fold product A · · ·A. The above product 〈a, b〉g can be written as 〈a, b〉g = a ∗b; 
in order to stress the metric g, we also write it as 〈a, b〉g = g−1 ∗ g−1 ∗ a ∗ b.

2. A parabolic geometric flow

In this section we introduce a parabolic geometric flow motivated by (1.2). At first we will prove Propo-
sition 1.1

2.1. A characterization of Ricci-flat metrics

Recall that a steady gradient Ricci soliton is a triple (M, g, f) satisfying (1.1).

Proposition 2.1. (See also Proposition 1.1) Suppose M is a compact or complete noncompact manifold of 
dimension m. Then the following conditions are equivalent:
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(i) there exists a Ricci-flat Riemannian metric on M ;
(ii) there exist real numbers α, β, a smooth function φ on M , and a Riemannian metric g on M such that

0 = −Rij + α∇i∇jφ, 0 = Δgφ + β|∇gφ|2g. (2.1)

Proof. One direction (i)⇒(ii) is trivial, since we can take α = β = φ = 0. In the following we assume that 
the equation (2.1) holds for some α, β, and φ, g. When M is compact, a result of Hamilton [15] tells us that 
g must be Ricci-flat. Now we assume that M is complete noncompact.

Taking the trace of the first equation in (2.1), we get

Rg = αΔgφ. (2.2)

In particular,

Rg = −αβ|∇gφ|2g. (2.3)

Hence, if αβ ≥ 0, then Rg ≤ 0; on the other hand, by a result of Chen [8], we know that any com-
plete noncompact steady gradient Ricci soliton has nonnegative scalar curvature. Together with those two 
inequalities, we must have Rg = 0 and ∇gφ = 0 by (2.3). Consequently, from (2.1), we see that Rij = 0.

To deal with the case αβ < 0, we take the derivative ∇i on the first equation of (2.1): 0 = −1
2∇jRg +

αΔg∇jφ since ∇iRij = 1
2∇jRg. According to the identity Δg∇jφ = ∇jΔgφ + Rjk∇kφ, we arrive at 

0 = −1
2∇jRg + α(∇jΔgφ + Rjk∇kφ). Using (2.1) and (2.3), we obtain

0 = ∇j

[(
α2

2 − αβ

)
|∇gφ|2g −

1
2Rg

]
= α(α− β)

2 ∇j |∇gφ|2g.

In the case αβ < 0, we must have α �= 0, β �= 0, and α �= β, so the above identity yields |∇gφ|2g = c for some 
constant c, and hence Rg = −αβc using again (2.1). From the proved identity 0 = −1

2∇jRg + αΔg∇jφ, 
we obtain Δg∇jφ = 0. Consequently 0 = 2∇jφ Δg∇jφ = Δg|∇gφ|2g − 2|∇2

gφ|2g = 0 − 2|∇2
gφ|2g and then 

|∇2
gφ|2g = 0. In particular, ∇i∇jφ = 0 and hence Rij = 0. In each case, we get a Ricci-flat metric. �

2.2. Evolution equations

Motivated by Proposition 2.1, we consider a class of Ricc flow type parabolic differential equation:

∂tg(t) = −2Ricg(t) + 2α1∇g(t)φ(t) ⊗∇g(t)φ(t) + 2α2∇2
g(t)φ(t), (2.4)

∂tφ(t) = Δg(t)φ(t) + β1
∣∣∇g(t)φ(t)

∣∣2
g(t) + β2φ(t), (2.5)

where α1, α2, β1, β2 are given constants. When α1 = α2 = β1 = β2 = φ(t) = 0, the system (1.7)–(1.8) is 
exactly the Ricci flow introduced by Hamilton [13]. When α2 = β1 = β2 = 0, it reduces to List’s flow [19].

To compute evolution equations for (2.4)–(2.5), we recall variation formulas stated in [9]. Consider a flow 
∂tgij = hij where h is a family of symmetric 2-tensor fields. Then

∂tg
ij = −gikgj�hk�, ∂tΓk

ij = 1
2g

k� (∇ihj� + ∇jhi� −∇�hij) ,

∂tR
�
ijk = 1

2g
�p (∇i∇jhkp + ∇i∇khjp −∇i∇phjk

− ∇j∇ihkp −∇j∇khip + ∇j∇phik) ,
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∂tRjk = 1
2g

pq (∇q∇jhkp + ∇q∇khjp −∇q∇phjk −∇j∇khqp) ,

∂tR = −Δttrh + div (divh) − 〈h,Ric〉, ∂tdVt = 1
2trh dVt.

We now take hij := −2Rij + 2α1∇iφ∇jφ + 2α2∇i∇jφ.

Lemma 2.2. Under (2.4)–(2.5), we have

∂tΓk
ij = −∇iRj

k −∇jRi
k + ∇kRij + 2α1∇i∇jφ · ∇kφ

+ α2∇k∇i∇jφ− α2
(
Ri

k
j
p∇pφ + Rj

k
i
p∇pφ

)
.

Proof. Compute

∂tΓk
ij = −∇iRj

k −∇jRi
k + ∇kRij + 2α1∇i∇jφ · ∇kφ

+ α2g
k� (∇i∇j∇�φ + ∇j∇i∇�φ−∇�∇i∇jφ) .

According to the Ricci identity, we obtain the desired result. �
Lemma 2.3. Under (2.4)–(2.5), we have

∂tRij = ΔtRij − 2RikR
k
j + 2RpijqR

pq − 2α1Rpijq∇pφ∇qφ + 2α1Δg(t)φ · ∇i∇jφ

− 2α1∇i∇kφ∇k∇jφ + α2 (Ri
p∇p∇jφ + Rj

p∇p∇iφ + ∇pRij∇pφ) .

Proof. Note that

∂tRij = −1
2Δthij −

1
2∇i∇j (gpqhpq) + 1

2g
pq (∇p∇jhiq + ∇p∇ihjq) .

Denote by Ii, i = 1, 2, 3, 4, the ith term on the right-hand side of the above equation. For I1 we have

I1 = ΔtRij − α1Δt∇iφ∇jφ− α1∇iφΔt∇jφ− 2α1∇k∇iφ∇k∇jφ− α2Δt (∇i∇jφ) .

Since |∇g(t)φ|2g(t) is a function, it follows ∇i∇j |∇g(t)φ(t)|2g(t) = ∇j∇i|∇g(t)φ(t)|2g(t). Hence

I2 = ∇i∇jR− α1 (∇i∇j∇kφ + ∇j∇i∇kφ)∇kφ− 2α1∇i∇kφ∇j∇kφ− α2∇i∇j (Δtφ) .

The symmetry of I3 and I4 allows us to consider only one term, saying for example I3. Since ∇p∇j∇iφ =
∇p∇i∇jφ = ∇i∇p∇jφ −Rk

pij∇kφ, we have

I3 = −1
2∇i∇jR + RpijqR

pq −RikR
k
j + α1 [∇i∇j∇pφ∇pφ−Rpijq∇pφ∇qφ]

+ α1 [Δtφ∇i∇jφ + ∇i∇pφ(t)∇j∇pφ + ∇iφΔt∇jφ] + α2∇q∇j (∇i∇qφ) .

Consequently, we arrive at

∂tRij = ΔtRij − 2RikR
k
j + 2RpijqR

pq − 2α1Rpijq∇pφ∇qφ

+ 2α1Δtφ · ∇i∇jφ− 2α1∇i∇kφ∇k∇jφ + Λ,

where
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Λ := −α2Δt (∇i∇jφ) − α2∇i∇j (Δtφ) + α2∇q∇j (∇i∇qφ) + α2∇q∇i (∇j∇qφ)

= α2

[
Δt∇i∇jφ−∇i∇jΔtφ− 2Ripjq∇p∇qφ−∇iRjp∇pφ−∇jRip∇pφ + 2∇pRij∇pφ

]
where we used the contract Bianchi identity ∇pRjk�p = ∇jRk� − ∇kRj� in the last line. The final step is 
to simplify the difference [Δg(t), ∇i∇j ]φ(t). According to the Ricci identity, we get Λ = α2(Ri�∇�∇jφ +
Rj�∇�∇iφ + ∇�Rij∇�φ). �
Lemma 2.4. Under (2.4)–(2.5), we have

∂tRg(t) = Δg(t)Rg(t) + 2
∣∣Ricg(t)

∣∣2
g(t) + 2α1|Δg(t)φ(t)|2g(t) − 2α1

∣∣∣∇2
g(t)φ(t)

∣∣∣2
g(t)

− 4α1
〈
Ricg(t),∇g(t)φ(t) ⊗∇g(t)φ(t)

〉
g(t) + α2

〈
∇g(t)Rg(t),∇g(t)φ(t)

〉
g(t) .

Proof. By the above formula for ∂tRg(t), we obtain

∂tRg(t) = Δg(t)Rg(t) + 2|Ricg(t)|2g(t) + 2α1|Δg(t)φ(t)|2g(t) − 2α1

∣∣∣∇2
g(t)φ(t)

∣∣∣2
g(t)

− 2α1R
ij∇iφ(t)∇jφ(t) − 2α1

(
Δg(t)∇iφ(t) −∇iΔg(t)φ(t)

)
∇iφ(t) + I

where I := −2α2Δt(Δtφ) +2α2∇i∇j(∇i∇jφ) −2α2R
ij∇i∇jφ. By the Ricci identity we get I = α2〈∇tR, ∇φ〉

and the desired formula. �
Following Hamilton, we introduce the tensor field

Bijk� := −gprgqsRipjqRkr�s. (2.6)

Note that Bji�k = Bijk� and Bijk� = Bk�ij .

Lemma 2.5. Under (2.4)–(2.5), we have

∂tRijk� = ΔtRijk� + 2(Bijk� −Bij�k + Bikj� −Bi�jk) − (Ri
pRpjk� + Rj

pRipk�

+ Rk
pRijp� + R�

pRijkp) + 2α1

[
∇i∇�φ∇j∇kφ−∇i∇kφ∇j∇�φ

]
+ α2

[
∇pRijk�∇pφ−Rijk

p∇p∇�φ + Rp
jk�∇i∇pφ + Ri

p
k�∇j∇pφ + Rij

p
�∇k∇pφ

]
.

Proof. Recall the evolution equation

∂tR
�
ijk = 1

2g
�p
(
∇i∇khjp + ∇j∇phik −∇i∇phjk −∇j∇khip −Rq

ijkhqp −Rq
ijphkq

)
where ∂tgij = hij . Applying the above formula to hij = −2Rij +2α1∇iφ∇jφ +2α2∇i∇jφ implies ∂tR�

ijk =
I1 + I2 + I3, where

I1 := g�p
(
∇i∇pRjk + ∇j∇kRip −∇i∇kRjp −∇j∇pRik + Rq

ijkRqp + Rq
ijpRkq

)
,

I3 := g�p
[
Rq

ijk

(
− α1∇qφ∇pφ− α2∇q∇pφ

)
+ Rq

ijp

(
− α1∇kφ∇qφ− α2∇k∇qφ

)]
,
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and I2 := the rest terms. According to [9,13] we have

I1 = ΔtR
�
ijk + gpq

(
Rr

ijpR
�
rqk − 2Rr

pikR
�
jqr + 2R�

pirR
r
jqk

)
− Ri

rR�
rjk −Rj

rR�
irk −Rk

rR�
ijr + Rr

�Rr
ijk.

It can be showed that

I2 = −α1R
q
ijk∇qφ∇�φ + α1Rij

�q∇qφ∇kφ + 2α1

(
∇i∇�φ∇k∇jφ−∇i∇kφ∇j∇�φ

)
+ α2

(
∇i∇k∇j∇�φ + ∇j∇�∇i∇kφ−∇j∇k∇i∇�φ−∇i∇�∇j∇kφ

)
;

together with I3, we arrive at

I2 + I3 = −2α1R
q
ijk∇qφ∇�φ + 2α1

(
∇i∇�φ∇k∇jφ−∇i∇kφ∇j∇�φ

)
+ α2

(
∇qRijk

� −Rk
�
j
q∇i∇qφ−R�

ki
q∇j∇qφ−Rijk

q∇q∇�φ−Rij
�q∇k∇qφ

)
where we used the Ricci identity and the formula ∇iRk

�
j
q + ∇jR

�
ki

q = −∇qRijk
�. Replacing 
 by s in 

I1, I2, I3, we have ∂tRs
ijk = Ĩ1 + Ĩ2 + Ĩ3, where we denote by Ĩi the corresponding terms; hence

∂tRijk� = (−2R�sR
s
ijk + g�sĨ1) + 2α1R

s
ijk∇�φ∇sφ + 2α2R

s
ijk∇�∇sφ + g�s(Ĩ2 + Ĩ3).

The first bracket on the right-hand side follows from Hamilton’s computation [9,13]; the rest terms can be 
computed from the expressions for Ĩ2 and Ĩ3. �

Next we compute evolution equations for φ(t).

Lemma 2.6. Under (2.4)–(2.5), we have

∂t|∇g(t)φ(t)|2g(t) = Δg(t)|∇g(t)φ(t)|2g(t) + 2β2|∇g(t)φ(t)|2g(t) − 2
∣∣∣∇2

g(t)φ(t)
∣∣∣2
g(t)

− 2α1|∇g(t)φ(t)|4g(t) + (4β1 − 2α2)
〈
∇g(t)φ(t) ⊗∇g(t)φ(t),∇2

g(t)φ(t)
〉
g(t)

.

Proof. Using (2.5) we have ∂t∇iφ = Δt∇iφ −Rij∇jφ +2β1∇jφ∇i∇jφ +β2∇iφ(t), where we use the identity 
∇iΔtφ = Δt∇iφ −Rij∇jφ. Using (2.4) we then get

∂t|∇g(t)φ(t)|2g(t) = −2α1|∇g(t)φ(t)|4g(t) − 2α2∇i∇jφ(t)∇iφ(t)∇jφ(t)

+ 2∇iφ(t)Δg(t)∇iφ(t) + 4β1∇i∇kφ(t)∇iφ(t)∇kφ(t) + 2β2|∇g(t)φ(t)|2g(t)

which implies the desired equation. �
Lemma 2.7. Under (2.4)–(2.5), we have

∂t(∇i∇jφ) = Δt(∇i∇jφ) + 2Rpijq∇p∇qφ + β2∇i∇jφ−Rip∇p∇jφ−Rjp∇p∇iφ

− 2α1|∇g(t)φ(t)|2g(t)∇i∇jφ + (2β1 − α2)∇kφ∇k∇i∇jφ

+ 2β1∇i∇kφ∇j∇kφ + 2(β1 − α2)Rpijq∇pφ∇qφ.
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Proof. Compute ∂t (∇i∇jφ) = ∇i∇j (∂tφ) − ∂tΓk
ij · ∂kφ. Using (2.5) we have

∇i∇j (∂tφ) = ∇k∇i∇j∇kφ−R�
ikj∇�∇kφ + Rk

ik�∇j∇�φ−∇iRj�∇�φ

− Rj�∇i∇�φ + β2∇i∇jφ + 2β1
(
∇i∇kφ∇j∇kφ + ∇kφ∇i∇j∇kφ

)
.

Since ∇k∇i∇j∇kφ = Δt(∇i∇jφ) −∇kR�
ikj∇�φ −R�

ikj∇k∇�φ, we have

∇i∇j(∂tφ) = Δt (∇i∇jφ(t)) −Ri�∇�∇jφ−Rj�∇�∇iφ + β2∇i∇jφ− (∇iRj�

+ ∇jRi� −∇�Rij)∇�φ− 2R�
ikj∇�∇kφ + 2β1

(
∇i∇kφ∇j∇kφ + ∇kφ∇i∇j∇kφ

)
.

Using Lemma 2.2 implies

∂t (∇i∇jφ) = Δt (∇i∇jφ) − 2Rikj�∇k∇�φ−Ri�∇�∇jφ−Rj�∇�∇iφ + β2∇i∇jφ

+ 2β1∇i∇kφ∇j∇kφ + 2β1∇kφ∇i∇j∇kφ

− 2α1|∇g(t)φ(t)|2g(t)∇i∇jφ− α2∇kφ∇k∇i∇jφ + 2α2Rikj�∇�φ∇kφ.

Now Lemma 2.7 follows from ∇i∇j∇kφ = ∇k∇i∇jφ −R�
ikj∇�φ. �

Lemma 2.8. Under (2.4)–(2.5), we have

∂t (∇iφ∇jφ) = Δt (∇iφ(t)∇jφ) −∇kφ (Rik∇jφ + Rjk∇iφ)

− 2∇i∇kφ∇j∇kφ + 2β2∇iφ∇jφ + 2β1∇kφ (∇iφ∇j∇kφ(t) + ∇jφ∇i∇kφ) .

Proof. From the evolution equation for ∇iφ(t) obtained in the proof of Lemma 2.6, we get

∂t (∇iφ∇jφ) = ∇jφ

(
Δt∇iφ−Rik∇kφ + 2β1∇kφ∇i∇kφ + β2∇iφ

)
+ ∇iφ

(
Δt∇j −Rjk∇kφ + 2β1∇kφ∇j∇kφ + β2∇jφ

)
which implies the equation. �
2.3. Regular flows on compact manifolds

Let (g(t), φ(t))t∈[0,T ) be the solution of (2.4)–(2.5) on a compact m-manifold M with the initial value 
(g̃, φ̃). Define

c̃ := max
M

|∇g̃φ̃|2g̃, D := 1
4 |2β1 − α2|2 − α1. (2.7)

Proposition 2.9. Suppose (g(t), φ(t))t∈[0,T ) is the solution of (2.4)–(2.5) on a compact m-manifold M with 
the initial value (g̃, φ̃). Then we have

(1) Case 1: 4β1 − 2α2 = 0.
(1.1) If α1 > 0 and β2 > 0, then

|∇g(t)φ(t)|2g(t) ≤
c̃β2e

2β2t

c̃α1e2β2t + (β2 − c̃α1)
.
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(1.2) If α1 > 0 and β2 ≤ 0, then |∇g(t)φ(t)|2g(t) ≤ c̃.
(1.3) If α1 = 0, then |∇g(t)φ(t)|2g(t) ≤ c̃e2β2t.
(1.4) If α1 < 0 and β2 ≤ 0, then |∇g(t)φ(t)|2g(t) ≤ c̃/(1 + 2α1c̃t).
(1.5) If α1 < 0 and β2 > 0, then

∣∣∇g(t)φ(t)
∣∣2
g(t) ≤

c̃β2e
2β2t

β2 + c̃α1 (e2β2t − 1) .

(2) Case 2: 4β1 − 2α2 �= 0.
(2.1) If D < 0 and β2 > 0, then

|∇g(t)φ(t)|2g(t) ≤
c̃β2e

2β2t

−c̃De2β2t + (β2 + c̃D) .

(2.2) If D < 0 and β2 ≤ 0, then |∇g(t)φ(t)|2g(t) ≤ c̃.
(2.3) If D = 0, then |∇g(t)φ(t)|2g(t) ≤ c̃e2β2t.
(2.4) If D > 0 and β2 ≤ 0, then |∇g(t)φ(t)|2g(t) ≤ c̃/(1 − 2Dc̃t).
(2.5) If D > and β2 > 0, then

∣∣∇g(t)φ(t)
∣∣2
g(t) ≤

c̃β2e
2β2t

β2 − c̃D (e2β2t − 1) .

Proof. For any time t, we have 〈∇φ ⊗ ∇φ, ∇2φ〉 ≤ |∇φ|2|∇2φ|. By Lemma 2.6 we have ∂t|∇φ|2 ≤
Δ|∇φ|2 + 2β2|∇φ|2 − 2|∇2φ|2 − 2α1|∇φ|4 + |4β1 − 2α2||∇φ|2|∇2φ|. For convenience, set u := |∇φ|2 and 
v := |∇2φ|. Then

∂tu ≤ Δtu + 2β2u− 2v2 − 2α1u
2 + |4β1 − 2α2|uv.

(1) Case 1: 4β1 − 2α2 = 0. In this case, the above inequality becomes

∂tu ≤ Δtu + 2β2u− 2α1u
2.

If α1 ≥ 0, then ∂tu ≤ Δtu + 2β2u and ∂t
(
e−2β2tu

)
= e−2β2t

(
− 2β2u + ∂tu

)
≤ Δ

(
e−2β2tu

)
from which we 

obtain u ≤ c̃e2β2t by the maximum principle.
If α1 < 0 and β2 ≤ 0, then ∂tu ≤ Δtu − 2α1u

2 and ut ≤ u(0)
1+2α1u(0)t ≤ c̃

1+2α1c̃t
. On the other hand, if 

β2 > 0, then u ≤ c̃β2e
2β2t/[β2 + c̃α1(e2β2t − 1)] since the solution to the ordinary differential equation

U ′(t) = 2β2U(t) − 2α1U
2(t), U(0) = c̃

is of the form

U(t) = c̃β2e
2β2t

β2 + c̃α1(e2β2t − 1) .

(2) Case 2: 4β1 − 2α2 �= 0. Using the inequality ab ≤ εa2 + 1
4εb

2 for any a, b ≥ 0 and any positive number 
ε, we obtain

∂tu ≤ Δtu + 2β2u− (ε|4β1 − 2α2| − 2) v2 +
(
|4β1 − 2α2|

4ε − 2α1

)
u2.

Choosing ε := 2/|4β1 − 2α2| implies ∂tu ≤ Δtu + 2β2u + 2Du2, where D is given in (2.7). This is just the 
case (1) if we replace α1 by −D. The following discussion can be obtained. �
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Corollary 2.10. Suppose (g(t), φ(t))t∈[0,T ) is the solution of (2.4)–(2.5) on a compact m-manifold M with 
the initial value (g̃, φ̃). If α1, α2, β1, β2 satisfy one of the conditions

(i) β2 ≤ 0 and 4α1 ≥ (2β1 − α2)2, or
(ii) β2 > 0 and 4

c̃β2 + |2β1 − α2|2 ≥ 4α1 > (2β1 − α2)2,

then

|∇g(t)φ(t)|2g(t) ≤ C (2.8)

on M × [0, T ), where C is a positive constant depending only on α1, β2, and |∇g̃φ̃|2g̃.

In particular, we recover List’s result [19] for (α1, α2, β1, β2) = (4, 0, 0, 0). Anther example is 
(α1, α2, β1, β2) = (α1, 2β1, β1, 0), where α1 ≥ 0 and β1 ∈ R.

Definition 2.11. We say the flow (2.4)–(2.5) is regular, if the constants α1, α2, β1, β2 satisfy the conditions 
(i) or (ii) in Corollary 2.10. An (α1, α2, β1, β2)-flow is 	-regular if the associated (α1, 0, β1−α2, β2)-flow (see 
Proposition 2.12) is regular.

Clearly that there are no relations between regular flows and 	-regular in general. For example, 
(1, 1, 0, 0)-flow is regular but not 	-regular, while (1, 1, 2, 0)-flow is 	-regular but not regular.

2.4. Reduction to (α1, 0, β1, β2)-flow

Let (ḡ(t), φ̄(t)) be the solution of (2.4)–(2.5); that is,

∂tḡ(t) = −2Ricḡ(t) + 2α1∇ḡ(t)φ̄(t) ⊗∇ḡ(t)φ̄(t) + 2α2∇2
ḡ(t)φ̄(t),

∂tφ̄(t) = Δḡ(t)φ̄(t) + β1|∇ḡ(t)φ̄(t)|2ḡ(t) + β2φ̄(t).

Consider a 1-parameter family of diffeomorphisms Φ(t) : M → M by

d

dt
Φ(t) = −α2∇ḡ(t)φ̄(t), Φ(0) = IdM . (2.9)

The above system of ODE is always solvable. Define

g(t) := [Φ(t)]∗ḡ(t), φ(t) := [Φ(t)]∗φ̄(t). (2.10)

Then

∂tg(t) = −2Ricg(t) + 2α1∇g(t)φ(t) ⊗∇g(t)φ(t),

∂tφ(t) = Δg(t)φ(t) + (β1 − α2)|∇g(t)φ(t)|2g(t) + β2φ(t).

Proposition 2.12. Under a 1-parameter family of diffeomorphisms given by (2.9), any solution of an 
(α1, α2, β1, β2)-flow is equivalent to a solution of (α1, 0, β1 − α2, β2)-flow.
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2.5. De Turck’s trick

By Proposition 2.12, we suffice to study (α1, 0, β1, β2)-flow:

∂tg(t) = −2Ricg(t) + 2α1∇g(t)φ(t) ⊗∇g(t)φ(t), (2.11)

∂tφ(t) = Δg(t)φ(t) + β1
∣∣∇g(t)φ(t)

∣∣2
g(t) + β2φ(t). (2.12)

Let (M, ̃g) be an m-dimensional compact or complete noncompact Riemannian manifold with g̃ = g̃ijdx
i⊗

dxj and φ̃ a smooth function on M . Let (ĝ(t), φ̂(t))t∈[0,T ] be a solution of (2.11)–(2.12) with the initial data 
(g̃, φ̃), that is,

∂tĝ(t) = −2Ricĝ(t) + 2α1∇ĝ(t)φ̂(t) ⊗∇ĝ(t)φ̂(t), (2.13)

∂tφ̂(t) = Δĝ(t)φ̂(t) + β1

∣∣∣∇ĝ(t)φ̂(t)
∣∣∣2
ĝ(t)

+ β2φ̂(t) (2.14)

with (ĝ(0), φ̂(0)) = (g̃, φ̃).

Notation 2.13. If ĝ(t) is a time-dependent Riemannian metric, its components are written as ĝij or ĝij(x, t)
when we want to indicate space and time. The corresponding components of Rmĝ(t), Ricĝ(t) and ∇ĝ(t) are 
R̂ijk�, R̂ij and ∇̂i, respectively. In the form of local components, we always omit space and time variables 
for convenience.

Locally, the system (2.13)–(2.14) is of the form

∂tĝij = −2R̂ij + 2α1∇̂iφ̂∇̂j φ̂, ∂tφ̂ = Δ̂φ̂ + β1|∇̂φ̂|2ĝ + β2φ̂ (2.15)

with (ĝij(0), φ̂(0)) = (g̃ij , φ̃). The system (2.15) is not strictly parabolic even for the case α1 = β1 = β2. As 
in the Ricci flow (see [26]) we consider one-parameter family of diffeomorphisms (Ψt)t∈[0,T ] on M as follows: 
Let

g(t) := Ψ∗
t ĝ(t) = gij(x, t)dxi ⊗ dxj , φ(t) := Ψ∗

t φ̂(t), t ∈ [0, T ] (2.16)

and Ψt(x) := y(x, t) be the solution of the quasilinear first order system

∂ty
α = ∂

∂xk
yα · gβγ

(
Γk
βγ − Γ̃k

βγ

)
, yα(x, 0) = xα, (2.17)

where Γ and Γ̃ are Christoffel symbols of g and ĝ respectively. As in [19,26], we have

∂tgij = −2Rij + 2α1∇iφ∇jφ + ∇iVj + ∇jVi, Vi := gikg
βγ

(
Γk
βγ − Γ̃k

βγ

)
. (2.18)

Similarly, we have ∂tφ(x, t) = Δφ(x, t) + β1|∇φ|2g + β2φ(x, t) + 〈V, ∇φ〉g. Here, Δ and ∇ are Laplacian 
and Levi-Civita connection of g accordingly. Hence, under the one-parameter family of diffeomorphisms 
(Ψt)t∈[0,T ] on M , (2.15) is equivalent to

∂tgij = −2Rij + 2α1∇iφ∇jφ + ∇iVj + ∇jVi, (2.19)

∂tφ = Δφ + β1|∇φ|2g + β2φ + 〈V,∇φ〉g (2.20)

with (gij(0), φ(0)) = (g̃ij , φ̃).



Y. Li / Differential Geometry and its Applications 66 (2019) 109–154 121
Lemma 2.14. the system (2.19)–(2.20) is strictly parabolic. Moreover

∂tgij = gαβ∇̃α∇̃βgij + gαβgipg̃
pqR̃jαqβ + gαβgjpg̃

pqR̃iαqβ

+ 1
2g

αβgpq
(
∇̃igpα∇̃jgqβ + 2∇̃αgjp∇̃qgiβ − 2∇̃αgjp∇̃βgiq (2.21)

− 2∇̃jgpα∇̃βgiq − 2∇̃igpα∇̃βgjq

)
+ 2α1∇̃iφ∇̃jφ,

∂tφ = gij∇̃i∇̃jφ + β1|∇̃φ|2g + β2φ. (2.22)

Proof. The first equation (2.21) directly follows from the computations made in [19,26] and the only 
difference is the sign of the Riemann curvature tensors used in this paper. To (2.22), we first observe 
that Δφ + 〈V, ∇φ〉g = gij∇̃i∇̃jφ as showed in [19]; then ∂tφ = gij∇̃i∇̃jφ + β1g

ij∇̃iφ∇̃jφ + β2φ since 
∇φ = dφ = ∇̃φ. �
3. Complete and noncompact case

In this section we study the flow (2.4)–(2.5) on complete and noncompact Riemannian manifolds. The 
main result of this paper is

Theorem 3.1. Let (M, g) be an m-dimensional complete and noncompact Riemannian manifold with 
|Rmg|2g ≤ k0 on M , where k0 is a positive constant, and let φ be a smooth function on M satisfying 
|φ|2 + |∇gφ|2g ≤ k1 and |∇2

gφ|2g ≤ k2. Then there exists a constant T = T (m, k0, k1) > 0, depending only 
on m and k0, k1, such that any 	-regular (α1, α2, β1, β2)-flow (2.4)–(2.5) has a smooth solution (g(t), φ(t))
on M × [0, T ] and satisfies the following curvature estimate. For any nonnegative integer n, there exist 
constants Ck > 0, depending only on m, n, k0, k1, k2, such that∣∣∣∇k

g(t)Rmg(t)

∣∣∣2
g(t)

≤ Ck

tk
,

∣∣∣∇k
g(t)φ(t)

∣∣∣2
g(t)

≤ Ck

t?
(3.1)

on M × [0, T ].

By Proposition 2.12, we suffice to study a regular (α1, 0, β1, β2)-flow:

∂tĝ(t) = −2Ricĝ(t) + 2α1∇ĝ(t)φ̂(t) ⊗∇ĝ(t)φ̂(t),

∂tφ̂(t) = Δĝ(t)φ̂(t) + β1|∇ĝ(t)φ̂(t)|2ĝ(t) + β2φ̂(t),

where (g̃, φ̃) = (ĝ(0), φ̂(0)) is a fixed pair consisting of a Riemannian metric ĝ and a smooth function φ̂. 
According to De Turck’s trick, the above system of parabolic partial differential equations are reduced to 
(2.10)–(2.20).

Suppose that D ⊂ M is a domain with boundary ∂D a compact smooth (m −1)-dimensional submanifold 
of M , and the closure D := D∪∂D is a compact subset of M . We shall shove the following Dirichlet boundary 
problem:

∂tgij = −2Rij + 2α1∇iφ∇jφ + ∇iVj + ∇jVi, in D × [0, T ],

∂tφ = Δφ + β1|∇φ|2g + β2φ + 〈V,∇φ〉g, in D × [0, T ], (3.2)

(gij , φ) = (g̃ij , φ̃), on DT ,

where
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DT := (D × {0}) ∪ (∂D ∪ [0, T ]) (3.3)

stands for the parabolic boundary of the domain D × [0, T ].
Consider the assumption

|Rmg̃|2g̃ ≤ k0, |∇g̃φ̃|2φ̃ ≤ k1. (3.4)

3.1. Zeroth order estimates

Suppose that (gij , φ) is a solution of (3.2). For each positive integer n, define

u = u(x, t) := gα1β1 g̃β1α2g
α2β2 g̃β2α3 · · · gαnβn g̃βnα1 (3.5)

on D × [0, T ].

Lemma 3.2. If |Rmg̃|2g̃ ≤ k0, then the function u = u(x, t) satisfies

∂tu ≤ gαβ∇̃α∇̃βu + 2nm
√

k0u
1+ 1

n in D × [0, T ], u = m on DT . (3.6)

Proof. The proof is identically similar to that of [19,26]; for completeness, we give a self-contained proof. 
Since ∂tgij = −gikgj�∂tgk� and ∇̃βg

ij = −gipgjq∇̃βgpq, it follows from (2.21) that

∂tg
ij = gαβ∇̃α∇̃βg

ij + gαβgj�gik∇̃αg
ik∇̃βgk� + gαβgik∇̃αg

j�∇̃βgk� (3.7)

− gαβgikgj�gkpg̃
pqR̃�αqβ − gαβgikgj�gp�g̃

pqR̃kαqβ − 2α1g
ikgj�∇̃kφ∇̃�φ + 1

2g
αβgpqgj�(

2∇̃αgp�∇̃βgkq + 2∇̃�gpα∇̃βgkq + 2∇̃kgpα∇̃βgq� − 2∇̃αg�p∇̃qgkβ − ∇̃kgpα∇̃�gqβ

)
.

Choosing a normal coordinate system such that g̃ij = δij and gij = λiδij , we conclude from (3.7) that

∂tg
ij = gαβ∇̃α∇̃βg

ij − 2∇̃�gik∇̃�gjk
λiλjλkλ�

− R̃ikjk

λiλk
− R̃ikjk

λjλk
− 2α1∇̃iφ∇̃jφ

λiλj
(3.8)

+ 1
λiλjλkλ�

(
∇̃kg�j∇̃kgi� + ∇̃jg�k∇̃kgi� + ∇̃ig�k∇̃kg�j − ∇̃kgj�∇̃�gik − 1

2∇̃ig�k∇̃jg�k

)
.

From u =
∑n

i=1(1/λi)n, it is not hard to see that

∂tu = gαβ∇̃α∇̃βu− n

λk

n−2∑
a=0

1
λn−2−a
i λa

j

(
∇̃kgij

)2 − 2n
λn
i λk

R̃ikik

− 2α1n

λn+1
i

|∇g̃φ|2g̃ −
n

2λn+1
i λkλ�

(
∇̃kgi� + ∇̃�gik − ∇̃ig�k

)2
. (3.9)

Thanks to |Rmg̃|g̃ ≤
√
k0 and (3.9) we get ∂tu ≤ gαβ∇̃α∇̃βu + 2n

√
k0(

∑m
j=1 1/λj)u. According to Hölder’s 

inequality we have 
∑m

j=1 λ
−1
j ≤ (

∑m
j=1 λ

−n
j )1/n(

∑m
j=1 1n′)1/n′ = mu1/n with 1

n + 1
n′ = 1; therefore ∂tu ≤

gαβ∇̃α∇̃βu + 2nm
√
k0u

1+ 1
n . �

As showed in [19,26], the lower bound of gij now directly follows from Lemma 3.2.
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Lemma 3.3. If |Rmg̃|2g̃ ≤ k0, then, for any δ ∈ (0, 1), we have

g(t) ≥ (1 − δ)g̃ (3.10)

on D × [0, T−(δ, m, k0)], where T−(δ, m, k0) := 1
2
√
k0

( 1
m )1+1/n[1 − (1

2 )1/n], n is a positive integer satisfying 
ln(2m)

ln(1/(1−δ)) ≤ n < ln(2m)
ln(1/(1−δ)) + 1.

Since we consider the regular (α1, 0, β1, β2)-flow, we conclude from Corollary 2.10 that |∇ĝ(t)φ̂(t)|2ĝ(t) ≤ C, 
where C is a positive constant depending only on α1, β2, and |∇g̃φ̃|2g̃. Following the arguments in [19,26], 
we have an upper bound of gij.

Lemma 3.4. If |R̃m|2g̃ ≤ k0 and |∇̃φ̃|2g̃ ≤ k1, then, for any θ > 0, we have

g(t) ≤ (1 + θ)g̃ (3.11)

on D × [0, T+(θ, m, k0, k1, α1, β2)], where T+(δ, m, k0, k1, α1, β2) is a positive constant depending only on 
θ, m, k0, k1, α1, and β2.

From Lemma 3.3 and Lemma 3.4, we have

Theorem 3.5. Suppose that |R̃m|2g̃ ≤ k0 and |∇̃φ̃|2g̃ ≤ k1 on M . If (g(t), φ(t)) is a solution of (3.2), then, for 
any ε ∈ (0, 1), we have

(1 − ε)g̃ ≤ g(t) ≤ (1 + ε)g̃ (3.12)

on D × [0, T (ε, m, k0, k1, α1, β2)], where T (ε, m, k0, k1, α1, β2) is a positive constant depending only on 
ε, m, k0, k1, α1, β2.

3.2. Existence of the De Turck flow

We establish the short time existence of the De Turck flow (3.2) on the whole manifold M . Fix a point 
x0 ∈ M and let Bg̃(x0, r) be the metric ball of radius r centered at x0 with respect to the metric g̃.

Lemma 3.6. Given positive constants r, δ, T . Suppose that (g(t), φ(t)) is a solution of (3.2) on Bg̃(x0, r +
δ) × [0, T ], that is,

∂tgij = −2Rij + 2α1∇iφ∇jφ + ∇iVj + ∇jVi, in Bg̃(x0, r + δ) × [0, T ],

∂tφ = Δφ + β1|∇φ|2g + β2φ + 〈V,∇φ〉g, in Bg̃(x0, r + δ) × [0, T ],

(gij , φ) = (g̃ij , φ̃), on DT ,

and |R̃m|2g̃ ≤ k0, |∇̃φ̃|2g̃ ≤ k1 on M . If(
1 − 1

80000(1 + α2
1 + β2

1)m10

)
g̃ ≤ g(t) ≤

(
1 + 1

80000(1 + α2
1 + β2

1)m10

)
g̃ (3.13)

on Bg̃(x0, r + δ) × [0, T ], then there exists a positive constant C = C(m, r, δ, T, ̃g, k1) depending only on 
m, r, δ, T, ̃g, and k1, such that

|∇̃g|2g̃ ≤ C, |∇̃φ|2g̃ ≤ C (3.14)
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on Bg̃(x0, r + δ
2 ) × [0, T ].

Proof. Using the ∗-notion, we can write (2.21) as

∂tgij = gαβ∇̃α∇̃βgij + g−1 ∗ g ∗ R̃m + g−1 ∗ g−1 ∗ ∇̃g ∗ ∇̃g + 2α1∇̃iφ∇̃jφ.

Then

∂t∇̃gij = gαβ
(
∇∇̃α∇̃βgij

)
+ g−1 ∗ g−1 ∗ ∇̃g ∗ ∇̃∇̃g + 2α1∇̃iφ∇̃∇̃jφ

+ g−1 ∗ g−1 ∗ ∇̃g ∗ g ∗ R̃m + g−1 ∗ ∇̃g ∗ R̃m (3.15)

+ g−1 ∗ g ∗ ∇̃R̃m + g−1 ∗ g−1 ∗ g−1 ∗ ∇̃g ∗ ∇̃g ∗ ∇̃g;

since ∇̃∇̃α∇̃βgij = ∇̃α∇̃β∇̃gij + g ∗ ∇̃R̃m + ∇̃g ∗ R̃m, we conclude from (3.15) that

∂t∇̃gij = gαβ
(
∇̃α∇̃β∇̃gij

)
+ g−1 ∗ g−1 ∗ ∇̃g ∗ ∇̃∇̃g + 2α1∇̃iφ∇̃∇̃jφ

+ g−1 ∗ g−1 ∗ ∇̃g ∗ g ∗ R̃m + g−1 ∗ ∇̃g ∗ R̃m (3.16)

+ g−1 ∗ g ∗ ∇̃R̃m + g−1 ∗ g−1 ∗ g−1 ∗ ∇̃g ∗ ∇̃g ∗ ∇̃g.

It follows from (3.16) that

∂t|∇̃g|2g̃ = gαβ∇̃α∇̃β |∇̃g|2g̃ − 2gαβ
〈
∇̃α∇̃g, ∇̃β∇̃g

〉
g̃

+ ∇̃g ∗ ∇̃φ ∗ ∇̃∇̃φ (3.17)

+ R̃m ∗ g−1 ∗ g−1 ∗ g ∗ ∇̃g ∗ ∇̃g + R̃m ∗ g−1 ∗ ∇̃g ∗ ∇̃g + g−1 ∗ g ∗ ∇̃R̃m ∗ ∇̃g

+ g−1 ∗ g−1 ∗ ∇̃g ∗ ∇̃g ∗ ∇̃∇̃g + g−1 ∗ g−1 ∗ g−1 ∗ ∇̃g ∗ ∇̃g ∗ ∇̃g ∗ ∇̃g.

Since the closure Bg̃(x0, r + δ) is compact, we have

|∇̃R̃m|g̃ � 1 (3.18)

on Bg̃(x0, r + δ), where � depends on r, δ, ̃g. From (3.13) we get

1
2 g̃ ≤ g(t) ≤ 2g̃ (3.19)

on Bg̃(x0, r + δ) × [0, T ]. According to (3.18) and (3.19), we arrive at

R̃m ∗ g−1 ∗ g−1 ∗ ∇̃g ∗ ∇̃g, R̃m ∗ g−1 ∗ ∇̃g ∗ ∇̃g, ∇̃R̃m ∗ g−1 ∗ g ∗ ∇̃g � |∇̃g|g̃, (3.20)

where � depends on m, r, δ, ̃g. From the explicit formulas we can see that ∇̃g ∗ ∇̃φ ∗ ∇̃∇̃φ ≤
4α1m

3|∇̃g|g̃|∇̃φ|g̃|∇̃∇̃φ|g̃, where we used a normal coordinate system of g̃. Similarly, g−1 ∗ g−1 ∗ ∇̃g ∗
∇̃g ∗ ∇̃∇̃g ≤ 72m5|∇̃g|2g̃|∇̃∇̃g|g̃ and g−1 ∗ g−1 ∗ g−1 ∗ ∇̃g ∗ ∇̃g ∗ ∇̃g ∗ ∇̃g ≤ 144m6|∇̃g|4g̃. Thus

∇̃g ∗ ∇̃φ ∗ ∇̃∇̃φ ≤ 4α1m
3|∇̃g|g̃|∇̃φ|g̃|∇̃∇̃φ|g̃,

g−1 ∗ g−1 ∗ ∇̃g ∗ ∇̃g ∗ ∇̃∇̃g ≤ 72m5|∇̃g|2g̃|∇̃∇̃g|g̃, (3.21)

g−1 ∗ g−1 ∗ g−1 ∗ ∇̃g ∗ ∇̃g ∗ ∇̃g ∗ ∇̃g ≤ 144m6|∇̃g|4g̃.

Furthermore, using(3.19), we get
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gαβ
〈
∇̃α∇̃g, ∇̃β∇̃g

〉
g̃

= gαβ g̃ikg̃j�g̃γδ∇̃α∇̃γgij∇̃β∇̃δgk� ≥
1
2 |∇̃∇̃g|2g̃. (3.22)

Substituting (3.20), (3.21), and (3.22) into (3.16) implies

∂t|∇̃g|2g̃ ≤ gαβ∇̃α∇̃β |∇̃g|2g̃ − |∇̃2g|2g̃ + C1|∇̃g|2g̃ + C1|∇̃g|g̃
+ 72m5|∇̃g|2g̃|∇̃2g|g̃ + 144m6|∇̃g|4g̃ + 4α1m

3|∇̃g|g̃|∇̃φ|g̃|∇̃2φ|g̃ (3.23)

for some positive constant C1 depending only on m, r, δ, ̃g.
Using (2.22)and the Ricci identity, we have

∂t∇̃kφ = gij∇̃i∇̃j(∇̃kφ) − gijR̃kijp∇̃pφ + ∇̃kg
ij∇̃i∇̃jφ

+ β1∇̃kg
ij∇̃iφ∇̃jφ + 2β1g

ij∇̃jφ∇̃i∇̃kφ + β2∇̃kφ. (3.24)

The evolution equation (3.24) gives us the following equation

∂t|∇̃φ|2g̃ = gij
(
∇̃i∇̃j(∇̃kφ) · 2g̃k�∇̃�φ

)
− 2gij g̃k�R̃kijp∇̃�φ∇̃pφ

+ 2g̃k�∇̃kg
ij∇̃�φ∇̃i∇̃jφ + 2β1g̃

k�∇̃kg
ij∇̃iφ∇̃jφ∇̃�φ (3.25)

+ 4β1g̃
k�gij∇̃jφ∇̃�φ∇̃i∇̃kφ + 2β2g̃

k�∇̃kφ∇̃�φ.

The identity gij∇̃i∇̃j |∇̃φ|2g̃ = gij(∇̃i∇̃j(∇̃kφ) ·2g̃k�∇̃�φ) +2gij g̃k�∇̃i∇̃kφ∇̃j∇̃�φ together with (3.18), implies 
that

gij
(
∇̃i∇̃j(∇̃kφ) · 2g̃k�∇̃�φ

)
≤ gij∇̃i∇̃j |∇̃φ|2g̃ − |∇̃2φ|2g̃. (3.26)

Using (3.18) again and substituting (3.26) into (3.25), we arrive at

∂t|∇̃φ|2g̃ ≤ gij∇̃i∇̃j |∇̃φ|2g̃ − |∇̃2φ|2g̃ + C2|∇̃φ|2g̃ + 8m3|∇̃g|g̃|∇̃φ|g̃|∇̃2φ|g̃
+ 8β1m

3|∇̃g|g̃|∇̃φ|3g̃ + 16β1m
2|∇̃φ|2g̃|∇̃2φ|g̃ + 2β2|∇̃φ|2g̃. (3.27)

As in [19], we consider the vector-valued tensor field

Θ(t) := (g(t), φ(t)) (3.28)

and define ∇̃kΘ(t) :=
(
∇̃kg(t), ∇̃kφ(t)

)
with |∇̃kΘ(t)|2g̃ := |∇̃kg(t)|2g̃ + |∇̃kφ(t)|2g̃. From (3.23) and (3.27), 

we obtain

∂t|∇̃Θ|2g̃ ≤ gαβ∇̃α∇̃β |∇̃Θ|2g̃ − |∇̃2Θ|2g̃ + C3|∇̃Θ|2g̃ + C3|∇̃Θ|g̃
+ (80 + 4α1 + 16β1)m5|∇̃Θ|2g̃|∇̃2Θ|g̃ + (144 + 8β1)m6|∇̃Θ|4g̃, (3.29)

where C3 is positive constant depending on m, r, δ, ̃g and β2. The inequality (3.29) is similar to the equation 
(11) in page 247 of [26] and the equation (3.28) in page 36 of [19], so that the proof is essentially without 
change anything. However, for our flow, we want to find the positive constant ε > 0 with (1 − ε)g̃ ≤ g ≤
(1 + ε)g̃ on Bg̃(x0, r + δ) × [0, T ] such that both functions |∇̃g|2g̃ and |∇̃φ|2g̃ are bounded from above. The 
mentioned positive constant ε depends on m, α1, β1, and β2; the aim of the following computations is to 
find an explicit formula for ε. We shall follow Shi’s idea but do more slight work on calculus, in particular 
on the positive uniform constants we are going to obtain. By the inequality
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ab ≤ εa2 + 1
4εb

2, a, b ∈ R, ε > 0, (3.30)

we have (80 + 4α1 + 16β1)m5|∇̃Θ|2g̃|∇̃2Θ|g̃ ≤ 1
2 |∇̃2Θ|2g̃ + 2(40 + 2α1 + 8β1)2m10|∇̃Θ|4g̃ and C3|∇̃Θ|g̃ ≤

C3
1+|∇̃Θ|2g̃

2 = C3
2 + C3

2 |∇̃Θ|2g̃. As a consequence of (3.29), we conclude that

∂t|∇̃Θ|2g̃ ≤ gαβ∇̃α∇̃β |∇̃Θ|2g̃ −
1
2 |∇̃

2Θ|2g̃ + C4|∇̃Θ|2g̃ + C4 +
(
3344 + 8α2

1

+ 320α1 + 64α1β1 + 128β2
1 + 1280β1 + 8β1

)
m10|∇̃Θ|4g̃ (3.31)

for some positive constant C4 depending only on m, r, δ, ̃g and β2.
Given ε := 1

Am10 ≤ 1
2 , where A is a positive constant depending on α1, β1 and chosen later. If we choose 

a normal coordinate system so that g̃ij = δij and gij = λiδij , then we have

1 − ε ≤ λk ≤ 1 + ε,
1
2 ≤ λk ≤ 2, k = 1, · · · ,m. (3.32)

Define

n := 1
ε
, a := n

4 , (3.33)

and

ϕ = ϕ(x, t) := a +
∑

1≤k≤m

λn
k , (x, t) ∈ Bg̃(x0, r + δ) × [0, T ]. (3.34)

By the formula (16) in page 248 of [26], we can compute

∂tϕ = n
∑

1≤k,α,β≤m

λn−1
k gαβ∇̃α∇̃βgkk + 2n

∑
1≤k,α≤m

λn−1
k

λk

λα
R̃kαkα

+ n

2
∑

1≤k,α,p≤m

λn−1
k

λαλp

(
∇̃kgpα∇̃kgpα + 2∇̃αgkp∇̃pgkα − 2∇̃αgkp∇̃αgkp (3.35)

− 2∇̃kgpα∇̃αgkp − 2∇̃kgpα∇̃αgkp

)
.

Since the second and the third on the right-hand side of (3.35) is bounded from above by 4n(1 + ε)nm2√k0
and n2m

3(1 + ε)n−14(4 × 2 + 1)|∇̃g|2g̃ = 18nm3(1 + ε)n−1|∇̃g|2g̃, respectively, it follows that

∂tϕ ≤ n
∑

1≤k,α,β≤m

λn−1
k gαβ∇̃α∇̃βgkk + C5 + 18nm3(1 + ε)n−1|∇̃g|2g̃ (3.36)

where C5 is a positive constant depending only on m, A, and k0. On the other hand, from (3.36) and the 
equation (19) in page 249 of [26], we have

∂tϕ ≤ gαβ∇̃α∇̃βϕ + C5 +
[
18m3n(1 + ε)n−1 − n(n− 1)

2 (1 − ε)n−2
]
|∇̃g|2g̃. (3.37)

Instead of the inequalities (20), (21), and (22) in page 249 of [26], we will prove uniform inequalities as 
follows (recall that ε := 1/n):
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(a) For any n ≥ 2 and any m, we have

18m3n(1 + ε)n−1 ≤ 54m3

n + 1n
2. (3.38)

(b) For any n ≥ 2, we have

(1 − ε)n−2 ≥ 1
4 . (3.39)

(c) For any n ≥ 2, we have

n(n− 1)
2 (1 − ε)n−2 ≥ n2

8 . (3.40)

To prove (3.38), we write 18m3n(1 + ε)n−1 = 18m3n2

n+1 (1 + 1
n )n; since the function (1 + 1/x)x, x > 0, is in 

increasing in x, it follows that 18m3n(1 + ε)n−1 ≤ 18m3n2

n+1 e ≤ 54m3

n+1 n2. Since the function (1 − 1/x)x, x ≥ 2, 
is increasing in x, we obtain (1 − ε)n−2 = (1 − 1

n )n−2 ≥ (1 − 1
n )n = 1/4. From the proof of (3.39), together 

with (3.38), we arrive at n(n−1)
2 (1 − ε)n−2 ≥ n(n−1)

2
n2

(n−1)2
1
4 ≥ n2

8 . Substituting (3.38) and (3.40) into (3.37)
implies ∂tϕ ≤ gαβ∇̃α∇̃βϕ + C5 − (1

8 − 54m3

n+1 )n2|∇̃g|2g̃; choosing

n ≥ 864m10 > 864m3, (3.41)

we find that

∂tϕ ≤ gαβ∇̃α∇̃βϕ + C5 −
n2

16 |∇̃g|2g̃. (3.42)

As the equation (24) in page 249 of [26], we have

∂t
(
ϕ|∇̃Θ|2g̃

)
≤ gαβ∇̃α∇̃β

(
ϕ|∇̃Θ|2g̃

)
− 2gαβ∇̃αϕ∇̃β |∇̃Θ|2g̃ −

1
2ϕ|∇̃

2Θ|2g̃

+
(
3344 + 8α2

1 + 320α1 + 64α1β1 + 128β2
1 + 1280β1 + 8β1

)
× (3.43)

m10ϕ|∇̃Θ|4g̃ + C4ϕ|∇̃Θ|2g̃ + C4ϕ + C5|∇̃Θ|2g̃ −
n2

16 |∇̃Θ|2g̃|∇̃g|2g̃.

According to Corollary 2.10, we get |∇φ|2g � 1 and hence |∇̃φ|2g̃ = g̃αβ∇̃α∇̃βφ ≤ 2|∇φ|2g � 1 where �
depends on α1, β2 and k1. Consequently, (3.43) can be written as

∂t
(
ϕ|∇̃Θ|2g̃

)
≤ gαβ∇̃α∇̃β

(
ϕ|∇̃Θ|2g̃

)
− 2gαβ∇̃αϕ∇̃β |∇̃Θ|2g̃ −

1
2ϕ|∇̃

2Θ|2g̃

+
(
3344 + 8α2

1 + 320α1 + 64α1β1 + 128β2
1 + 1280β1 + 8β1

)
× (3.44)

m10ϕ|∇̃Θ|4g̃ + C4ϕ|∇̃Θ|2g̃ + C4ϕ + C6|∇̃Θ|2g̃ −
n2

16 |∇̃Θ|4g̃,

where C6 is a positive constant depending only on m, A, k0, n, α1, β2, and k1. From (3.32) and (3.34),

a + m(1 − ε)n ≤ ϕ ≤ a + m(1 + ε)n (3.45)

on Bg̃(x0, r+δ) ×[0, T ], we arrive at (recall from (3.41) that n = Am10 with A ≥ 864) Cm10ϕ ≤ n2/(2A/C), 
where
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C := 3344 + 8α2
1 + 320α1 + 64α1β1 + 128β2

1 + 1280β1 + 8β1. (3.46)

If we choose

A ≥ 16C, (3.47)

then

Cm10ϕ|∇̃Θ|4g̃ −
n2

16 |∇̃Θ|4g̃ ≤ −n2

32 |∇̃Θ|4g̃. (3.48)

On the other hand, by the argument in the proof of (28) in page 250 of [26], we have

−2gαβ∇̃αϕ∇̃β |∇̃Θ|2g̃ ≤ ϕ

2 |∇̃
2Θ|2g̃ + 288n2m10

ϕ
|∇̃Θ|4g̃. (3.49)

Plugging (3.48) and (3.49) into (3.44) implies

∂t
(
ϕ|∇̃Θ|2g̃

)
≤ gαβ∇̃α∇̃β

(
ϕ|∇̃Θ|2g̃

)
+ 288n2m10

ϕ
|∇̃Θ|4g̃

− n2

32 |∇̃Θ|4g̃ + C4ϕ + (C4 + C6)ϕ|∇̃Θ|2g̃, (3.50)

because ϕ ≥ a = n
4 ≥ 1. According to ϕ ≥ a = n

4 = A
4 m

10, we conclude that 28n2m10/ϕ ≤ 1152nm10 =
n2/(A/1152) ≤ n2/64, where we choose

A ≥ 1152 × 64 = 73728. (3.51)

Consequently,

∂t
(
ϕ|∇̃Θ|2g̃

)
≤ gαβ∇̃α∇̃β

(
ϕ|∇̃Θ|2g̃

)
− n2

64 |∇̃Θ|4g̃ + C4ϕ + (C4 + C6)ϕ|∇̃Θ|2g̃. (3.52)

Using the following inequality ϕ ≤ a + m(1 + ε)n ≤ n
4 + 3m ≤ (1

4 + 3
A )n ≤ 18435

73728n ≤ 0.26n, by (3.51), we 

get n
2

64 |∇̃Θ|4g̃ ≥ 1
5ϕ

2|∇̃g|4g̃. Defining

ψ := ϕ|∇̃Θ|2g̃, (3.53)

we obtain from the above the inequality and (3.52) that

∂tψ ≤ gαβ∇̃α∇̃β − 1
5ψ

2 + (C4 + C6)ψ + C4n ≤ gαβ∇̃α∇̃βψ − 1
10ψ

2 + C7 (3.54)

on Bg̃(x0, r+ δ) × [0, T ], for some positive constant C7 depending only m, A, k0, n, α1, β2, and k1. Using the 
cutoff function and going through the argument in [26], we can prove that |∇̃Θ|2g̃ � 1 on Bg̃(x0, r+ δ

2 ) ×[0, T ], 
where � depends on m, r, δ, T, ̃g, k1. Note that (1 − 1

Am10 )g̃ ≤ g ≤ (1 + 1
Am10 g̃, where A ≥ max(73728, 16C). 

From the definition (3.46), we can estimate C ≤ 4212 +200α2
1 +740β2

1 . Then we may choose A = 80000(1 +
α2

1 + β2
1). �

By the same method we can prove the higher order derivatives estimates for g.
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Lemma 3.7. Under the assumption in Lemma 3.6 where we furthermore assume |φ|2 ≤ k1, for any nonneg-
ative integer n, there exist positive constants Cn = C(m, n, r, δ, T, ̃g, k1) depending only on m, n, r, δ, T, ̃g, 
and k1, such that

|∇̃ng|2g̃ ≤ Cn, |∇̃nφ|2g̃ ≤ Cn (3.55)

on Bg̃(x0, r + δ
n+1 ) × [0, T ].

Proof. We prove this lemma by induction on n. If n = 0, using (3.19) we have |g|2g̃ = g̃ikg̃j�gijgk� ≤ 4m on 
Bg̃(x0, r + δ) × [0, T ]. Since |φ̃|2g̃ ≤ k1, it follows from (3.14) that |φ|2g̃ � 1 on Bg̃(x0, r + δ

2 ) × [0, T ], where 
� depends only on m, r, δ, T, ̃g, k1 and is independent on x0. Now we consider the annulus Bg̃(x0, r + δ) \
Bg̃(x0, r + δ

2 ). For any x in this annulus, we can find a small ball Bg̃(x, δ′) ⊂ Bg̃(x0, r + δ) \Bg̃(x0, r + δ
2 ). 

Using (3.14) again, we have |φ|2g̃ � 1 on Bg̃(x, δ
′

2 ) × [0, T ], where � depends only on m, r, δ, T, ̃g, k1 and is 
independent on x. In particular, |φ|2g̃(x) � 1 on [0, T ]. Hence |φ|2g̃ � 1 on Bg̃(x0, r + δ) × [0, T ], where �
depends only on m, r, δ, T, ̃g, k1 and is independent on x0.

If n = 1, the estimate (3.55) was proved in Lemma 3.6. We now suppose that n ≥ 2 and

|∇̃kg|2g̃ ≤ Ck, |∇̃kφ|2g̃ ≤ Ck, k = 0, 1, · · · , n− 1, (3.56)

on Bg̃(x0, r + δ
k+1 ) × [0, T ]. According to (3.39) in [19], we have

∂t∇̃ng = gαβ∇̃α∇̃β∇̃ng +
∑

�1+�2=n+2, 1≤�s≤n+1
∇̃�1φ ∗ ∇̃�2φ

+
∑

∑n+2
s=1 ks≤n+2, 0≤ks≤n+1

∇̃k1g ∗ · · · ∗ ∇̃kn+2g ∗ Pk1···kn+2 (3.57)

where Pk1···kn+2 is a polynomial in g, g−1, ̃Rm, · · · , ∇̃nR̃m. Similarly, from (2.22) we can show that

∂t∇̃nφ = gαβ∇̃α∇̃β∇̃nφ +
∑

∑n
s=1 ks+�1+�2≤n+2, 0≤ks≤n, 0≤�1,�2≤n+1

∇̃k1g ∗ · · · ∗ ∇̃kng ∗ ∇̃�1φ ∗ ∇̃�2φ ∗ Pk1···kn�1�2 . (3.58)

Using the notion Θ defined in (3.28), we conclude from (3.57) and (3.58) that

∂t∇̃nΘ = gαβ∇̃α∇̃β∇̃nΘ

+
∑

∑n+2
s=1 ks≤n+2, 0≤ks≤n+1

∇̃k1Θ ∗ · · · ∗ ∇̃kn+2Θ ∗ Pk1···ks
. (3.59)

The above equation is exact the equation (3.41) in [19] or the equation (69) in page 254 of [26], and, 
following the same argument, we obtain |∇̃nΘ|2g̃ � 1 on Bg̃(x0, r + δ

n+1 ) × [0, T ], where � depends only on 
n, m, r, δ, T, ̃g, k1. �

Fix a point x0 ∈ M and choose a family of domains (Dk)k∈N on M such that for each k, ∂Dk is a 
compact smooth (m − 1)-dimensional submanifold of M and

D̄k = Dk ∪ ∂Dk is a compact subset of M, Bg̃(x0, k) ⊂ Dk.

By the same argument used in [26], together with Theorem 3.5 and Lemma 3.7, we have
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Theorem 3.8. Suppose that (M, ̃g) is a smooth complete Riemannian manifold of dimension m with |R̃m|2g̃ ≤
k0 and φ̃ be a smooth function satisfying |φ|2 + |∇̃φ|2g̃ ≤ k1 on M . There exists a positive constant T =
T (m, k0, k1, α1, β1, β2) such that the flow

∂tgij = −2Rij + 2α1∇iφ∇jφ + ∇iVj + ∇jVi,

∂tφ = Δφ + β1|∇φ|2g + β2φ + 〈V,∇φ〉g,
(g(0), φ(0)) = (g̃, φ̃),

has a smooth solution (g(t), φ(t)) on M × [0, T ] that satisfies the estimate(
1 − 1

80000(1 + α2
1 + β2

1)m10

)
g̃ ≤ g(t) ≤

(
1 + 1

80000(1 + α2
1 + β2

1)m10

)
g̃

on M × [0, T ]. Moreover |φ(t)|2 � 1 where � depends on m, k0, α1, β1, β2.

Proof. By the regularity of the flow and applying Corollary to Dk, we have |∇φ|2g � 1 on Dk, where �
depends only on k1, α1, β2; then |∇̃φ|2g̃ � 1 on Dk, where � depends only on m, k1, α1, β1, β2. Letting k → ∞, 
we see that |∇̃φ|2g̃ � 1 on M , where � depends only on m, k1, α1, β1, β2. In particular, |φ(t)|2 � 1 on M , 
where � depends only on m, k0, α1, β1, β2. �
3.3. First order derivative estimates

Let φ̃ be a smooth function on a smooth complete Riemannian manifold (M, ̃g) of dimension m. Assume

|R̃m|2g̃ ≤ k0, |φ̃|2 + |∇̃φ̃|2g̃ ≤ k1, |∇̃2φ̃|2g̃ ≤ k2 (3.60)

on M . Let (g(t), φ(t)), T be obtained in Theorem 3.8 and

δ := 1
80000(1 + α2

1 + β2
1)m10 . (3.61)

Then

(1 − δ)g̃ ≤ g(t) ≤ (1 + δ)g̃ (3.62)

on M × [0, T ]. As in [26], define

hij := gij − g̃, Hij := 1
δ
hij . (3.63)

Then ∂thij = gαβ∇̃α∇̃βhij + Aij , where

Aij = gαβgipg̃
pqR̃jαqβ + gαβgjpg̃

pqR̃iαqβ + 2α1∇̃iφ∇̃jφ + 1
2g

αβgpq (3.64)(
∇̃ihpα + 2∇̃αhjp∇̃qhiβ − 2∇̃αhjp∇̃βhiq − 2∇̃jhpα∇̃βhiq − 2∇̃ihpα∇̃βhjq

)
.

From δ < 1/2 and (3.60) we have from (3.64) that

−
(

8m
√

k0 + 20|∇̃h|2g̃
)
g̃ ≤ Aij ≤

(
8m

√
k0 + 20|∇̃h|2g̃

)
g̃ (3.65)
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on M × [0, T ]. Therefore

∂tHij = gαβ∇̃α∇̃βHij + Bij , H(0) = 0, (3.66)

where Bij := Aij/δ satisfying

−
(

8m
√
k0

δ
+ 20δ|∇̃H|2g̃

)
g̃ ≤ Bij ≤

(
8m

√
k0

δ
+ 20δ|∇̃H|2g̃

)
g̃ (3.67)

on M × [0, T ]. As in [19], define

ψ := φ− φ̃, Ψ := δψ. (3.68)

Then ∂tψ = gαβ∇̃α∇̃βψ + C, where

C := gαβ∇̃α∇̃βφ̃ + β1|∇̃φ̃|2g + β2φ̃ + β1|∇̃ψ|2g + β2ψ + 2β1〈∇̃ψ, ∇̃φ̃〉g. (3.69)

From 2δ < 1, (3.60) and the proof of Theorem 3.8, we have from (3.69) that |C| ≤ 2m
√
k0+2β1k1+β2

√
k1+

β2|ψ| + 2β1|∇̃ψ|2g̃ � 1, where � depends on m, k0, k1, α1, β1, β2. Consequently, ∂tHij = gαβ∇̃α∇̃βHij +Bij , 
∂tΨ = gαβ∇̃α∇̃βΨ + D, and H(0) = Ψ(0) = 0. Since

−g̃ ≤ H(t) ≤ g̃,
1

1 + δ
g̃−1 ≤ g−1 ≤ 1

1 − δ
g̃−1,

|∇̃g−1(t)|2g̃ ≤ δ2

(1 − δ)4 |∇̃H(t)|2g̃, |Ψ(t)|2 ≤ 1

By the argument in [26], we arrive at supM×[0,T ](|∇̃H(t)|2g̃ + |∇̃Ψ(t)|2g̃) ≤ 1 where � depends only on 
m, k0, k1, k1, α1, β1, β2.

Theorem 3.9. There exists a positive constant T = T (m, k0, k1, α1, β1, β2) depending only on m, k0, k1, α1,

β1, β2 such that

sup
M×[0,T ]

|∇̃g(t)|2g̃ ≤ C, sup
M×[0,T ]

|∇̃φ|2g̃ ≤ C

where C is a positive constant depending only on m, k0, k1, k2, α1, β1, β2.

3.4. Second order derivative estimates

In this subsection we derive the second order derivative estimates. Let (M, ̃g) be a smooth complete 
Riemannian manifold of dimension m and φ̃ a smooth function on M , satisfying

|R̃m|g̃ ≤ k0, |φ̃|2 + |∇̃φ̃|2g̃ ≤ k1, |∇̃2φ̃|2g̃ ≤ k2. (3.70)

From Theorem 3.8 and Theorem 3.9, there exists a positive constant T depending on m, k0, k1, α1, β1, β2
such that the flow

∂tgij = −2Rij + 2α1∇iφ∇jφ + ∇iVj + ∇jVi,

∂tφ = Δφ + β1|∇φ|2g + β2φ + 〈V,∇φ〉g,
(g(0), φ(0)) = (g̃, φ̃),
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has a smooth solution (g(t), φ(t)) on M × [0, T ] that satisfies the estimates

1
2
g̃ ≤ g(t) ≤ 2g̃, |φ̃|2 � 1, |∇̃g|2g̃ � 1, |∇̃φ|2g̃ � 1, (3.71)

where � (used throughout this subsection) depend only on m, k0, k1, k2, α1, β1, β2.
According to Lemma 2.5 and the proof of equation (34) in page 266 of [26], we have

∂tRm = ΔRm + g∗−2 ∗ Rm∗2 + g−1 ∗ V ∗ ∇Rm + g−1 ∗ Rm ∗ ∇V + ∇2φ ∗ ∇2φ. (3.72)

Recall the formula (28) in page 266 of [26], that ∂tV = ΔV +g∗−2∗Rm∗V +g−1∗V +∗∂tg+g−1∗∇̃g∗∂tg−1∗g. 
Since ∂tg = g−1 ∗ Rm + ∇V + ∇φ ∗ ∇φ, ∂tg−1 = g−1 ∗ g−1 ∗ ∂tg and V = g−1 ∗ ∇̃g, it follows that

∂tV = ΔV + g∗−3 ∗ ∇̃g ∗ Rm + g∗−2 ∗ ∇̃g ∗ ∇V + g∗−4 ∗ g ∗ ∇̃g ∗ Rm

+ g∗−3 ∗ g ∗ ∇̃g ∗ ∇V + g∗−2 ∗ ∇̃g ∗ ∇φ ∗ ∇φ + g∗−3 ∗ g ∗ ∇̃g ∗ ∇φ ∗ ∇φ. (3.73)

Since ∂t∇V = ∇(∂tV ) + V ∗ ∂tΓ and ∂tΓ = g−1 ∗ ∇(∂tg), it follows that (as the proof of the equation (99) 
in page 278 of [26])

∂t∇V = Δ∇V + g∗−3 ∗ ∇∇̃g ∗ Rm + g∗−3 ∗ ∇̃g ∗ ∇Rm + g∗−2 ∗ ∇∇̃g ∗ ∇V

+ g∗−2 ∗ ∇̃g ∗ ∇2V + g∗−4 ∗ g ∗ ∇∇̃g ∗ Rm + g∗−4 ∗ g ∗ ∇̃g ∗ ∇Rm

+ g∗−3 ∗ g ∗ ∇∇̃g ∗ ∇V + g∗−3 ∗ g ∗ ∇̃g ∗ ∇2V (3.74)

+ g∗−2 ∗ ∇∇̃g ∗ ∇φ ∗ ∇φ + g∗−2 ∗ ∇̃g ∗ ∇φ ∗ ∇2φ

+ g∗−3 ∗ g ∗ ∇∇̃g ∗ ∇φ ∗ ∇φ + g∗−3 ∗ g ∗ ∇̃g ∗ ∇φ ∗ ∇2φ.

By the diffeomorphisms (Ψt)t∈[0,T ] defined by (2.17), we have

∂tĝij(x, t) = −2R̂ij(x, t) + 2α1∇̂iφ̂(x, t)∇̂jφ̂(x, t),

∂tφ̂(x, t) = Δ̂φ̂(x, t) + β1|∇̂φ̂|2ĝ(x, t) + β2φ̂(x, t),

where ĝ(x, t) and φ̂(x, t) are defined by (2.16). Then ∇i∇jφ = yα,iy
β
,j∇̂α∇̂βφ̂ and yα,i := ∂

∂xi y
α, and hence

∂t∇i∇jφ(x, t) = yα,iy
β
,j∂t∇̂α∇̂βφ̂(y, t) + yα,iy

β
,j∂ty

γ ∂

∂yγ
∇̂α∇̂βφ̂(y, t)

+ ∂t
(
yα,iy

β
,j

)
∇̂α∇̂βφ̂(y, t).

By Lemma 2.7, we have

yα,iy
β
,j∂t∇̂α∇̂βφ̂(y, t) = Δ∇i∇jφ + g∗−2 ∗ Rm ∗ ∇2φ + β2∇2φ

+ g−1 ∗ ∇φ ∗ ∇φ ∗ ∇2φ + g−1 ∗ ∇φ ∗ ∇3φ + g−1 ∗ ∇2φ ∗ ∇2φ + g∗−2 ∗ Rm ∗ ∇φ ∗ ∇φ.

Using (17) and (18) in page 263 of [26], we can conclude that

I + J = g−1 ∗ V ∗ ∇3φ + g−1 ∗ ∇V ∗ ∇2φ.

Combining those identities yields
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∂t∇2φ = Δ∇2φ + g∗−2 ∗ Rm ∗ ∇2φ + β2∇2φ + g−1 ∗ ∇φ ∗ ∇φ ∗ ∇2φ

+ g−1 ∗ ∇φ ∗ ∇3φ + g−1 ∗ ∇2φ ∗ ∇2φ + g∗−2 ∗ Rm ∗ ∇φ ∗ ∇φ (3.75)

+ g−1 ∗ V ∗ ∇3φ + g−1 ∗ ∇V ∗ ∇2φ.

The volume form dV := dVg(t) =
√

det(gij)dx1 ∧ · · · ∧ dxm evolves by

∂tdV = 1
2g

ij∂tgij dV =
(
−R + α1|∇φ|2g + divgV

)
dV. (3.76)

In particular, dV = dṼ . For any point x0 ∈ M and any r > 0 we denote by Bg̃(x0, r) the metric ball with 
respect to g̃. Recall the definition Θ = (g, φ).

Lemma 3.10. We have

T∫
0

⎛⎜⎝ ∫
Bg̃(x0,r)

|∇̃2Θ|2g̃dṼ

⎞⎟⎠ dt � 1

where � depends on m, r, k0, k1, α1, β1, β2.

Proof. As in the proof of Lemma 6.2 in [26], we chose a cutoff function ξ(x) ∈ C∞
0 (M) such that |∇̃ξ|g̃ ≤ 8

in M and

ξ =
{

1, Bg̃(x0, r),
0, M \Bg̃(x0, r + 1/2),

0 ≤ ξ ≤ 1 in M. (3.77)

Since m = gijgij , it follows that the constant 1 can be replaced by g−1 ∗ g. From (3.16) we have

I := d

dt

∫
Bg̃(x0,r+1)

|∇̃g|2g̃ξ2 dṼ = 2
∫

Bg̃(x0,r+1)

〈∇̃g, gαβ∇̃α∇̃β∇̃g〉g̃ξ2 dṼ

+
∫

Bg̃(x0,r+1)

g−1 ∗ g ∗ ∇̃g ∗ ∇̃R̃m ξ2 dṼ +
∫

Bg̃(x0,r+1)

[
g∗−2 ∗ g ∗ ∇̃g ∗ R̃m

+ g∗−2 ∗ ∇̃g ∗ ∇̃2g + g∗−3 ∗ (∇̃g)∗3 + ∇̃φ ∗ ∇̃2φ

]
∗ ∇̃g ξ2 dṼ := I1 + I2 + I3.

Now the following computations are similar to that given in [19]. For convenience, we give a self-contained 
proof. By the Bishop-Gromov volume comparison (see [9]), we have∫

Bg̃(x0,r+1)

dṼ � 1. (3.78)

By the estimate (3.78), using (3.70) and (3.71), the I3-term can be rewritten as

I3 � 1 +
∫

Bg̃(x0,r+1)

(
|∇̃2g|g̃ + |∇̃2φ|g̃

)
ξ2 dṼ . (3.79)

The I1-term and I2-term were computed in [26] (see (54) and (58) in page 270)
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I1 ≤ −1
2

∫
Bg̃(x0,r+1)

|∇̃2g|2g̃ξ2 dṼ + C1, (3.80)

I2 � 1 +
∫

Bg̃(x0,r+1)

|∇̃2g|g̃ξ dṼ . (3.81)

From (3.79), (3.80), and (3.81), we arrive at

I ≤ −1
4

∫
Bg̃(x0,r+1)

|∇̃2g|2g̃ξ2 dṼ + C2

∫
Bg̃(x0,r+1)

|∇̃2φ|g̃ξ dṼ + C2. (3.82)

From (3.24) we have

J := d

dt

∫
Bg̃(x0,r+1)

|∇̃φ|2g̃ξ2 dṼ = 2
∫

Bg̃(x0,r+1)

〈∇̃φ, gαβ∇̃α∇̃β∇̃φ〉g̃ξ2 dṼ

+
∫

Bg̃(x0,r+1)

ξ2
[
g∗−2 ∗ R̃m ∗ ∇̃φ + g∗−2 ∗ ∇̃g ∗ ∇̃2φ + g∗−2 ∗ ∇̃g ∗ (∇̃φ)∗2

+ g−1 ∗ ∇̃φ ∗ ∇̃2φ + ∇̃φ

]
∇̃φdṼ := J1 + J2.

By the estimate (3.78), the J2-term can be bounded by

J2 � 1 +
∫

Bg̃(x0,r+1)

|∇̃2φ|g̃ξ dṼ . (3.83)

From the integration by parts, we obtain

J1 ≤ −
∫

Bg̃(x0,r+1)

|∇̃2φ|2g̃ξ2 dṼ + C3

∫
Bg̃(x0,r+1)

|∇̃2φ|g̃ξ dṼ . (3.84)

From (3.83) and (3.84),

J ≤ −1
2

∫
Bg̃(x0,r+1)

|∇̃2φ|2g̃ξ2 dṼ + C4. (3.85)

Together with (3.82), we arrive at

d

dt

∫
Bg̃(x0,r+1)

|∇̃Θ|2g̃ξ2 dṼ ≤ −1
4

∫
Bg̃(x0,r+1)

|∇̃2Θ|2g̃ξ2 dṼ + C5. (3.86)

Integrating (3.86) over [0, T ] implies 
∫ T

0 (
∫
Bg̃(x0,r+1) |∇̃2Θ|2g̃ξ2 dṼ )dt � 1. Since ξ = 1 on Bg̃(x0, r), the above 

estimate yields the desired inequality. �
Using (3.71) we have |∇̃2g|2g ≤ 16|∇̃2g|2g̃, |∇̃2φ|2g ≤ 4|∇̃2φ|2g̃, and dV ≤ 2m/2dṼ on M × [0, T ] and then

T∫ ⎛⎜⎝ ∫
|∇̃2Θ|2gdV

⎞⎟⎠ dt �
T∫ ⎛⎜⎝ ∫

|∇̃2Θ|2g̃dṼ

⎞⎟⎠ dt.
0 Bg̃(x0,r) 0 Bg̃(x0,r)
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By (66) in page 272 of [26], we have |∇∇̃g|2g ≤ 2|∇̃2g|2g+C6; on the other hand, by ∇∇̃φ = ∇̃2φ +g−1∗∇̃g∗∇̃φ, 
we get |∇∇̃φ|2g ≤ 2|∇̃2φ|2g + C7. Thus

T∫
0

⎛⎜⎝ ∫
Bg̃(x0,r)

|∇∇̃Θ|2gdV

⎞⎟⎠ dt � 1 +
T∫

0

⎛⎜⎝ ∫
Bg̃(x0,r)

|∇̃2Θ|2gdV

⎞⎟⎠ dt.

Therefore,

Lemma 3.11. We have

T∫
0

⎛⎜⎝ ∫
Bg̃(x0,r)

(
|∇̃2Θ|2g + |∇∇̃Θ|2g

)
dV

⎞⎟⎠ dt � 1,

where � depends on m, r, k0, k1, α1, β1, β2.

We now prove the integral estimates for Rm, ∇2φ, and ∇V . The similar results were proved by Shi [26]
for the Ricci flow and List [19] for the Ricci flow coupled with the heat flow.

Lemma 3.12. We have ∫
Bg̃(x0,r)

(
|Rm|2g + |∇2φ|2g + |∇V |2g

)
dV � 1

where � depends on m, r, k0, k1, k2, α1, β1, β2.

Proof. Keep to use the same cutoff function ξ(x) introduced in the proof of Lemma 3.10. From |Rm|2g =
giαgjβgkγg�δRijk�Rαβγδ, we get ∂t|Rm|2g = 2〈Rm, ∂tRm〉g + Rm∗2 ∗ g∗−3 ∗ ∂tg−1 and

∫
Bg̃(x0,r+1)

|Rm|2gξ2 dV =
∫

Bg̃(x0,r+1)

|R̃m|2g̃ξ2 dṼ +
t∫

0

( ∫
Bg̃(x0,r+1)

|Rm|2gξ2∂tdV

)
dt

+
t∫

0

[ ∫
Bg̃(x0,r+1)

(
2〈Rm, ∂tRm〉g + g∗−3 ∗ Rm∗2 ∗ ∂tg−1

)
ξ2 dV

]
dt. (3.87)

By the estimate (3.78) we have ∫
Bg̃(x0,r+1)

|R̃m|2g̃ξ2 dṼ � 1. (3.88)

Using (3.76) implies

t∫
0

∫
Bg̃(x0,r+1)

|Rm|2gξ2∂tdV dt =
t∫

0

∫
Bg̃(x0,r+1)

(
g∗−5 ∗ Rm∗2 ∗ (∇φ)∗2

+ g∗−6 ∗ Rm∗3 + g∗−5 ∗ Rm∗2 ∗ ∇V

)
ξ2 dV dt. (3.89)
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By the evolution ∂tg−1 = g∗−3 ∗ Rm + g∗−2 ∗ ∇V + g∗−2 ∗ (∇φ)∗2 above (3.73), we get

t∫
0

∫
Bg̃(x0,r+1)

g∗−3 ∗ Rm∗2 ∗ ∂tg−1ξ2 dV dt (3.90)

=
t∫

0

∫
Bg̃(x0,r+1)

g∗−5 ∗ Rm∗2 ∗
(
g−1 ∗ Rm + ∇V + (∇φ)∗2

)
ξ2 dV dt.

According to (3.72),

2
t∫

0

∫
Bg̃(x0,r+1)

〈Rm, ∂tRm〉gξ2 dVtdt (3.91)

= 2
t∫

0

∫
Bg̃(x0,r+1)

〈Rm,ΔRm〉gξ2 dV dt +
t∫

0

∫
Bg̃(x0,r+1)

(
g∗−4 ∗ Rm ∗ (∇2φ)∗2

+ g∗−5 ∗ Rm∗2 ∗ ∇V + g∗−5 ∗ V ∗ Rm ∗ ∇Rm + g∗−6 ∗ Rm∗3
)
ξ2 dV dt.

Substituting (3.88), (3.89), (3.90), and (3.91), into (3.87), we arrive at

∫
Bg̃(x0,r+1)

|Rm|2gξ2 dV ≤ C1 + 2
t∫

0

∫
Bg̃(x0,r+1)

〈Rm,ΔRm〉gξ2 dV dt

+
t∫

0

∫
Bg̃(x0,r+1)

(
g∗−6 ∗ Rm∗3 + g∗−5 ∗ Rm∗2 ∗ ∇V + g∗−5 ∗ V ∗ Rm ∗ ∇Rm (3.92)

+ g∗−5 ∗ Rm∗2 ∗ (∇φ)∗2 + g∗−4 ∗ Rm ∗ (∇2φ)∗2
)
ξ2 dV dt,

where C1 is a uniform positive constant independent of t and x0. The second term on the right-hand side 
of (3.92) was estimated in [26] (equation (78) in page 274):

2
t∫

0

∫
Bg̃(x0,r+1)

〈Rm,ΔRm〉gξ2 dV dt

≤ −3
2

t∫
0

∫
Bg̃(x0,r+1)

|∇Rm|2gξ2 dVtdt + C2

t∫
0

∫
Bg̃(x0,r+1)

|Rm|2gdV dt. (3.93)

Using V = g−1 ∗ ∇̃g and (3.71), as showed in [26] (equations (80), (81), (88), pages 275–277), we obtain

t∫ ∫
g∗−5 ∗ V ∗ Rm ∗ ∇Rm ξ2 dV dt
0 Bg̃(x0,r+1)
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≤ 1
4

t∫
0

∫
Bg̃(x0,r+1)

|∇Rm|2gξ2 dVtdt + C3

k∫
0

∫
Bg̃(x0,r+1)

|Rm|2g dV dt, (3.94)

t∫
0

∫
Bg̃(x0,r+1)

g∗−5 ∗ Rm∗2 ∗ ∇V ξ2 dV dt

≤ 1
8

t∫
0

∫
Bg̃(x0,r+1)

|∇Rm|2gξ2 dV dt + C4

t∫
0

∫
Bg̃(x0,r+1)

|Rm|2gdV dt, (3.95)

t∫
0

∫
Bg̃(x0,r+1)

g∗−6 ∗ Rm∗3 ξ2 dV dt

≤ 1
8

t∫
0

∫
Bg̃(x0,r+1)

|∇Rm|2gξ2 dV dt + C5

t∫
0

∫
Bg̃(x0,r+1)

|Rm|2gdV dt. (3.96)

Plugging (3.93), (3.94), (3.95), (3.96) into (3.92), yields∫
Bg̃(x0,r+1)

|Rm|2gξ2 dV

≤ −
t∫

0

∫
Bg̃(x0,r+1)

|∇Rm|2gξ2 dV dt + C6

t∫
0

∫
Bg̃(x0,r+1)

|Rm|2gdV dt + C7

+
t∫

0

∫
Bg̃(x0,r+1)

(
g∗−5 ∗ Rm∗2 ∗ (∇φ)∗2 + g∗−4 ∗ Rm ∗ (∇2φ)∗2

)
ξ2 dV dt. (3.97)

Using (3.71) and the Cauchy-Schwarz inequality, we can conclude that g∗−5 ∗Rm∗2 ∗ (∇φ)∗2 � |Rm|2g|∇φ|2g; 
but |∇φ|2g = gij∇̃iφ∇̃jφ ≤ 2|∇̃φ|2g̃ � 1, the above quantity g∗−5 ∗ Rm∗2 ∗ (∇φ)∗2 is bounded from above 
by |Rm|2g. From the equation (90) in page 277 of [26], we have g∗−5 ∗ Rm∗2 ∗ (∇φ)∗2 � 1 + |∇∇̃g|2g̃ �
1 + |∇∇̃g|2g � 1 + |∇∇̃Θ|2g; this estimate together with Lemma 3.11 gives us

t∫
0

∫
Bg̃(x0,r+1)

g∗−5 ∗ Rm∗2 ∗ (∇φ)∗2 ξ2 dV dt � 1. (3.98)

To deal with the last term on the right-hand side of (3.97), we perform the integration by parts to obtain∫
Bg̃(x0,r+1)

g∗−4 ∗ Rm ∗ (∇2φ)∗2 ξ2 dV ≤ 1
2

∫
Bg̃(x0,r+1)

|∇Rm|2gξ2 dV

+ ε

∫
Bg̃(x0,r+1)

|∇3φ|2gξ2 dV + C11

∫
Bg̃(x0,r+1)

|∇∇̃Θ|2gdV

using (3.71), ∇2φ = ∇∇̃φ, and |Rm|2g � 1 + |∇∇̃g|2g. Note also that the second term on the right-hand side 
of (3.97) is uniformly bounded by the same estimate for |Rm|2g and Lemma 3.11. Consequently,
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∫
Bg̃(x0,r+1)

|Rm|2gξ2 dV ≤ −1
2

t∫
0

∫
Bg̃(x0,r+1)

|∇Rm|2gξ2 dV dt

+ ε

t∫
0

∫
Bg̃(x0,r+1)

|∇3φ|2gξ2 dV dt + C12. (3.99)

We next establish the similar inequality for |∇2φ|2g = gikgj�∇i∇jφ∇k∇�φ. Calculate ∂t|∇2φ|2g =
2〈∇2φ, ∂t∇2φ〉g + (∇2φ)∗2 ∗ g−1 ∗ ∂tg−1 and

∫
Bg̃(x0,r+1)

|∇2φ|2gξ2 dV =
∫

Bg̃(x0,r+1)

|∇̃2φ̃|2g̃ξ2 dṼ +
t∫

0

∫
Bg̃(x0,r+1)

|∇2φ|2gξ2∂tdV dt

+
t∫

0

∫
Bg̃(x0,r+1)

(
2〈∇2φ, ∂t∇2φ〉g + (∇2φ)∗2 ∗ g−1 ∗ ∂tg−1

)
ξ2 dV dt. (3.100)

Since |∇̃2φ̃|2g̃ ≤ k2 by the assumption (3.70), we have

∫
Bg̃(x0,r+1)

|∇̃2φ̃|2g̃ξ2 dṼ � 1. (3.101)

Using (3.76) implies

t∫
0

∫
Bg̃(x0,r+1)

|∇2φ|2gξ2∂tdV dt =
t∫

0

∫
Bg̃(x0,r+1)

(
g∗−4 ∗ Rm ∗ (∇2φ)∗2

+ g∗−3 ∗ (∇φ)∗2 ∗ (∇2φ)∗2 + g∗−3 ∗ ∇V ∗ (∇2φ)∗2
)
ξ2 dV dt. (3.102)

By the evolution equation of ∂tg−1 above (3.90), we get

t∫
0

∫
Bg̃(x0,r+1)

g−1 ∗ (∇2φ)∗2 ∗ ∂tg−1 ξ2 dV dt (3.103)

=
t∫

0

∫
Bg̃(x0,r+1)

g∗−3 ∗ (∇2φ)∗2 ∗
(
g−1 ∗ Rm + ∇V + (∇φ)∗2

)
ξ2 dV dt.

By (3.75) the third term on the right-hand side of (3.100) can be written as

t∫
0

∫
Bg̃(x0,r+1)

2〈∇2φ, ∂t∇2φ〉gξ2 dV dt = 2
t∫

0

∫
Bg̃(x0,r+1)

〈∇2φ,Δ∇2φ〉gξ2 dV dt

+
t∫ ∫ (

g∗−2 ∗ (∇2φ)∗2 + g∗−4 ∗ Rm ∗ (∇∗2φ)2 + g∗−3 ∗ (∇φ)∗2 ∗ (∇2φ)∗2
0 Bg̃(x0,r+1)



Y. Li / Differential Geometry and its Applications 66 (2019) 109–154 139
+ g∗−3 ∗ (∇2φ)∗3 + g∗−3 ∗ ∇φ ∗ ∇∗2φ ∗ ∇3φ (3.104)

+ g∗−4 ∗ Rm ∗ (∇φ)∗2 ∗ ∇2φ + g∗−3 ∗ V ∗ ∇2φ ∗ ∇3φ + g∗−3 ∗ ∇V ∗ (∇2φ)∗2
)
ξ2 dV dt.

Substituting (3.101), (3.102), (3.103), and (3.104) into (3.100), we arrive at

∫
Bg̃(x0,r+1)

|∇2φ|2gξ2 dV ≤ C13 + 2
t∫

0

∫
Bg̃(x0,r+1)

〈∇2φ,Δ∇2φ〉gξ2 dV dt

+
t∫

0

∫
Bg̃(x0,r+1)

(
g∗−4 ∗ Rm ∗ (∇2φ)∗2 + g∗−3 ∗ (∇φ)∗2 ∗ (∇2φ)∗2 (3.105)

+ g∗−3 ∗ (∇2φ)∗3 + g∗−3 ∗ ∇φ ∗ ∇2φ ∗ ∇3φ + g∗−4 ∗ Rm ∗ (∇φ)∗2 ∗ ∇2φ

+ g∗−3 ∗ V ∗ ∇2φ ∗ ∇3φ + g∗−3 ∗ ∇V ∗ (∇2φ)∗2 + g∗−2 ∗ (∇2φ)∗2
)
ξ2 dV dt.

By integration by parts, we find that the first term on the right-hand side of (3.105) equals

2
t∫

0

Bg̃(x0,r+1)〈ξ2∇2φ, gαβ∇α∇β∇2φ〉gdV dt

≤ −3
2

t∫
0

∫
Bg̃(x0,r+1)

|∇3φ|2gξ2 dV dt + C14

t∫
0

∫
Bg̃(x0,r+1)

|∇2φ|2gdV dt,

by (3.71) and the fact that |∇ξ|g = |∇̃ξ|g ≤
√

2|∇̃ξ|g̃ ≤ 8
√

2. We now estimate the rest terms on the 
right-hand side of (3.105). By the estimate below (3.98), we have∫

Bg̃(x0,r+1)

g∗−4 ∗ Rm ∗ (∇2φ)∗2ξ2dV ≤ 1
4

∫
Bg̃(x0,r+1)

|∇Rm|2gξ2 dV

+ ε

∫
Bg̃(x0,r+1)

|∇3φ|2gξ2 dV + C15

∫
Bg̃(x0,r+1)

|∇∇̃Θ|2gdV,

where we replaced the coefficients 1/2 by 1/4 (however the proof is the same). Using (3.71), |Rm|2g �
1 + |∇∇̃g|2g (see the equation (90) in page 277 of [26]), and Lemma 3.11, the integral of g∗−3 ∗ (∇φ)∗2 ∗
(∇2φ)∗2 + g∗−4 ∗ Rm ∗ (∇φ)∗2 ∗ ∇2φ + g∗−2 ∗ (∇2φ)∗2 is bounded by

t∫
0

∫
Bg̃(x0,r+1)

[
|∇2φ|2g + |Rm|2g

]
dV dt �

t∫
0

∫
Bg̃(x0,r+1)

[
1 + |∇∇̃Θ|2g

]
dV dt � 1

where we used the fact that T depends on the given constants and the volume estimate (3.78), from the 
second step to the third step. By (3.71), we get

t∫ ∫
g∗−3 ∗ (∇2φ)∗3 ξ2 dV dt
0 Bg̃(x0,r+1)
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≤ ε

t∫
0

∫
Bg̃(x0,r+1)

|∇3φ|2gξ2 dV dt + C16

t∫
0

∫
Bg̃(x0,r+1)

|∇2φ|2gdV dt;

similarly, according to the definition V = g−1 ∗ ∇̃g,

t∫
0

∫
Bg̃(x0,r+1)

g∗−3 ∗ ∇φ ∗ ∇2φ ∗ ∇3φ ξ2 dV dt

≤ ε

t∫
0

∫
Bg̃(x0,r+1)

|∇3φ|2gξ2 dV dt + C18

t∫
0

∫
Bg̃(x0,r+1)

|∇2φ|2gdV dt.

Taking the integration by parts on ∇V yields

t∫
0

∫
Bg̃(x0,r+1)

g∗−3 ∗ ∇V ∗ (∇2φ)∗2ξ2 dV dt

≤ ε

t∫
0

∫
Bg̃(x0,r+1)

|∇3φ|2gξ2 dV dt + C19

t∫
0

∫
Bg̃(x0,r+1)

|∇2φ|2gdV dt.

Substituting the above estimates into (3.105) and using Lemma 3.11, we have

∫
Bg̃(x0,r+1)

|∇2φ|2gξ2 dV ≤ C20 + 1
4

t∫
0

∫
Ω

|∇Rm|2gξ2 dV dt

−
(

3
2 − 5ε

) t∫
0

∫
Bg̃(x0,r+1)

|∇3φ|2gξ2 dV dt, (3.106)

where ε is a sufficiently small positive number that shall be determined later. Combining (3.100) with 
(3.106), we arrive at

∫
Bg̃(x0,r+1)

[
|Rm|2g + |∇2φ|2g

]
ξ2dV ≤ C21 −

1
4

t∫
0

∫
Bg̃(x0,r+1)

|∇Rm|2gξ2dV dt

−
(

3
2 − 5ε

) t∫
0

∫
Bg̃(x0,r+1)

|∇3φ|2gξ2dV dt. (3.107)

As a consequence of the above estimate (3.107), we can conclude that the integral of |Rm|2g + |∇2φ|2g over 
the metric ball Bg̃(x0, r) is uniformly bounded from above. We here keep the minus terms on the right-hand 
side of (3.107) to deal with the integral of |∇V |2gξ2 over Bg̃(x0, r+1), and therefore, we prove Lemma 3.12.

Since the metric g is equivalent to g̃, we may write g∗−k ∗ g� = g∗(�−k). Under this convenience, the 
equation (3.74) can be written as

∂t∇V = Δ∇V + g∗−3 ∗ ∇∇̃g ∗ Rm + g∗−3 ∗ ∇̃g ∗ ∇Rm + g∗−2 ∗ ∇∇̃g ∗ ∇V

+ g∗−2 ∗ ∇̃g ∗ ∇2V + g∗−2 ∗ ∇∇̃g ∗ (∇φ)∗2 + g∗−2 ∗ ∇̃g ∗ ∇φ ∗ ∇2φ. (3.108)
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From |∇V |2g = gikgj�∇iVj∇kV� we obtain ∂t|∇V |2g = 2〈∇V, ∂t∇V 〉g + g∗−4 ∗Rm ∗ (∇V )∗2 + g∗−3 ∗ (∇V )∗3; 
by the evolution equation of ∂tg−1 above (3.73), we arrive at

∂t|∇V |2g = 2〈∇V, ∂t∇V 〉g + g∗−4 ∗ Rm ∗ (∇V )∗2 + g∗−3 ∗ (∇V )∗3

+ g∗−3 ∗ (∇V )∗2 ∗ (∇φ)∗2. (3.109)

Calculate

∫
Bg̃(x0,r+1)

|∇V |2gξ2 dV =
t∫

0

(
d

dt

∫
Bg̃(x0,r+1)

|∇V |2gξ2 dV

)
dt (3.110)

=
t∫

0

∫
Bg̃(x0,r+1)

|∇V |2ξ2∂tdV dt +
t∫

0

∫
Bg̃(x0,r+1)

∂t|∇V |2g ξ2 dV dt,

since V = 0 at t = 0. Plugging (3.108), (3.109) into (3.100), we get

∫
Bg̃(x0,r+1)

|∇V |2gξ2 dV = 2
t∫

0

∫
Bg̃(x0,r+1)

〈∇V,Δ∇V 〉gξ2 dV dt

+
t∫

0

∫
Bg̃(x0,r+1)

[
g∗−5 ∗ ∇∇̃g ∗ Rm ∗ ∇V + g∗−5 ∗ ∇̃g ∗ ∇Rm ∗ ∇V

+ g∗−4 ∗ ∇∇̃g ∗ (∇V )∗2 + g∗−4 ∗ ∇̃g ∗ ∇V ∗ ∇2V + g∗−4 ∗ Rm ∗ (∇V )∗2 (3.111)

+ g∗−3 ∗ (∇V )∗3 + g∗−4 ∗ ∇∇̃g ∗ ∇V ∗ (∇φ)∗2

+ g∗−4 ∗ ∇̃g ∗ ∇V ∗ ∇φ ∗ ∇2φ + g∗−3 ∗ (∇V )∗2 ∗ (∇φ)∗2
]
ξ2 dV dt.

The first term on the right-hand side of (3.111) was computed in [26] (see the equation (104) in page 280):

2
t∫

0

∫
Bg̃(x0,r+1)

〈∇V,Δ∇V 〉gξ2dV dt ≤ −15
8

t∫
0

∫
Bg̃(x0,r+1)

|∇2V |2gξ2 dV dt

+ C22

t∫
0

∫
Bg̃(x0,r+1)

|∇V |2gdV dt. (3.112)

Define

I1 := g∗−5 ∗ ∇̃g ∗ ∇Rm ∗ ∇V + g∗−4 ∗ ∇̃g ∗ ∇V ∗ ∇2V,

I2 := g∗−5 ∗ ∇∇̃g ∗ Rm ∗ ∇V,

I3 := g∗−4 ∗ ∇∇̃g ∗ (∇V )∗2 + g∗−4 ∗ Rm ∗ (∇V )∗2 + g∗−3 ∗ (∇V )∗3,

I4 := g∗−4 ∗ ∇∇̃g ∗ ∇V ∗ (∇φ)∗2 + g∗−4 ∗ ∇̃g ∗ ∇V ∗ ∇φ ∗ ∇2φ

+ g∗−3 ∗ (∇V )∗2 ∗ (∇φ)∗2.

According to (106) in page 280 of [26], we have
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t∫
0

∫
Bg̃(x0,r+1)

I1ξ
2 dV dt ≤ 1

16

t∫
0

∫
Bg̃(x0,r+1)

[
|∇Rm|2g + |∇2V |2g

]
ξ2 dV dt

+ C23

t∫
0

∫
Bg̃(x0,r+1)

|∇V |2gdV dt; (3.113)

according to (107) in page 280 and (112) in page 281 of [26], we have

t∫
0

∫
Bg̃(x0,r+1)

I2ξ
2 dV dt ≤ 1

16

t∫
0

∫
Bg̃(x0,r+1)

[
|∇Rm|2g + |∇2V |2g

]
ξ2 dV dt

+ C24

t∫
0

∫
Bg̃(x0,r+1)

[
|Rm|2g + |∇V |2g

]
dV dt, (3.114)

t∫
0

∫
Bg̃(x0,r+1)

I3ξ
2 dV dt ≤ 1

8

t∫
0

∫
Bg̃(x0,r+1)

|∇2V |2gξ2 dV dt

+ C25

t∫
0

∫
Bg̃(x0,r+1)

|∇V |2gξ2 dV dt. (3.115)

Using (3.71) implies

t∫
0

∫
Bg̃(x0,r+1)

I4ξ
2 dV dt �

t∫
0

∫
Bg̃(x0,r+1)

(
|∇∇̃g|2g + |∇V |2g + |∇2φ|2g

)
ξ2 dV dt. (3.116)

Substituting (3.112), (3.113), (3.114), (3.115), (3.116) into (3.111), using the fact that ∇V = g−1 ∗ ∇∇̃g, 
and using Lemma 3.11, we obtain

∫
Bg̃(x0,r+1)

|∇V |2gξ2 dVt ≤ −13
8

t∫
0

∫
Bg̃(x0,r+1)

|∇2V |2gξ2 dV dt

+ 1
8

t∫
0

∫
Bg̃(x0,r+1)

|∇Rm|2gξ2 dV dt + C26. (3.117)

Choosing ε = 11/40 in (3.107) and combining with (3.117), we arrive at

max
t∈[0,T ]

∫
Bg̃(x0,r)

[
|Rm|2g + |∇2φ|2g + |∇V |2g

]
dV � 1,

T∫
0

∫
Bg̃(x0,r)

[
|∇Rm|2g + |∇3φ|2g + |∇2V |2g

]
dV dt � 1

since ξ ≡ 1 on Bg̃(x0, r). �
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Recall that ∂tRm = ΔRm+g∗−2∗Rm∗2+g−1∗V ∗∇Rm+g−1∗Rm∗∇V +(∇2φ)∗2. Since ∇(g−1∗V ∗Rm) =
g−1 ∗ V ∗ ∇Rm + g−1 ∗ Rm ∗ ∇V , it follows that

∂tRm = ΔRm + ∇P1 + Q1, (3.118)

where P1 := g−1 ∗ V ∗ Rm and Q1 := g−1 ∗ Rm ∗ ∇V + g∗−2 ∗ Rm∗2 + (∇2φ)∗2. Recall the equations 
∂t∇V = ∇(∂tV ) +V ∗∂tΓ and ∂tΓ = g−1∗∇(∂tg) after (3.73) and the equation ∂tg = g−1∗Rm+∇V +(∇φ)∗2. 
Hence

∂t∇V = ∇
(
ΔV + g∗−3 ∗ ∇̃g ∗ Rm + g∗−2 ∗ ∇̃g ∗ ∇V + g∗−2 ∗ ∇̃g ∗ (∇φ)∗2

)
+ g∗−2 ∗ V ∗ ∇Rm + g−1 ∗ V ∗ ∇2V + g−1 ∗ V ∗ ∇φ ∗ ∇2φ.

From the Ricci identity ∇ΔV = Δ∇V + g∗−2 ∗ Rm ∗ ∇V + g∗−2 ∗ V ∗ ∇Rm, it follows that

∂t∇V = Δ∇V + ∇
(
g∗−3 ∗ ∇̃g ∗ Rm + g∗−2 ∗ ∇̃g ∗ ∇V + g∗−2 ∗ ∇̃g ∗ (∇φ)∗2

)
+ g∗−2 ∗ V ∗ ∇Rm + g−1 ∗ V ∗ ∇2V + g∗−2 ∗ Rm ∗ ∇V + g−1 ∗ V ∗ ∇φ ∗ ∇2φ.

Since ∇(g∗−2∗V ∗Rm) = g∗−2∗V ∗∇Rm+g∗−2∗Rm∗∇V , ∇(g−1∗V ∗∇V ) = g−1∗V ∗∇2V +g−1∗(∇V )∗2
and V = g−1 ∗ ∇̃g, we obtain g∗−2 ∗ V ∗ ∇Rm = ∇(g∗−3 ∗ ∇̃g ∗ Rm) + g∗−2 ∗ Rm ∗ ∇V , g−1 ∗ V ∗ ∇2V =
∇(g∗−2 ∗ ∇̃g ∗ ∇V ) + g−1 ∗ (∇V )∗2 and hence

∂t∇V = Δ∇V + ∇P2 + Q2, (3.119)

where

P2 = g∗−3 ∗ ∇̃g ∗ Rm + g∗−2 ∗ ∇̃g ∗ ∇V + g∗−2 ∗ ∇̃g ∗ (∇φ)∗2,

Q2 = g∗−2 ∗ Rm ∗ ∇V + g−1 ∗ (∇V )∗2 + g−1 ∗ V ∗ ∇φ ∗ ∇2φ.

Finally, according to (3.75), we have

∂t∇2φ = Δ∇2φ + ∇P3 + Q3, (3.120)

where

P3 = g−1 ∗ ∇φ ∗ ∇2φ + g−1 ∗ V ∗ ∇2φ,

Q3 = g∗−2 ∗ Rm ∗ ∇2φ + g−1 ∗ (∇φ)∗2 ∗ ∇2φ + g∗−2 ∗ Rm ∗ (∇φ)∗2 + β2∇2φ.

Lemma 3.13. For any integer n ≥ 1, we have

T∫
0

∫
Bg̃(x0,r)

un−1|∇∇̃g|2gdV dt, max
t∈[0,T ]

∫
Bg̃(x0,r)

un dV,

T∫
0

∫
Bg̃(x0,r)

un−1v dV dt � 1,

where

u := |Rm|2g + |∇2φ|2g + |∇V |2g, v := |∇Rm|2g + |∇3φ|2g + |∇2V |2g,

and � depends on m, n, r, k0, k1, k2, α1, β1, β2.
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Proof. The case n = 1 follows from Lemma 3.11 and Lemma 3.12. We now prove by induction on n. Suppose 
that for s = 1, · · · , n − 1, we have

T∫
0

∫
Bg̃(x0,r)

us−1|∇∇̃g|2gdV dt, max
t∈[0,T ]

∫
Bg̃(x0,r)

us dV,

T∫
0

∫
Bg̃(x0,r)

us−1v dV dt � 1.

For convenience, define w := |Rm|2g̃ + |∇2φ|2g̃ + |∇V |2g̃. By (66) in page 272 of [26] and (3.71), we have 
|∇∇̃g|2g ≤ 2|∇̃2g|2g + C1 ≤ 32|∇̃2g|2g̃ + C1 and hence

T∫
0

∫
Bg̃(x0,r+1)

un−1|∇∇̃g|2gdV dt ≤ 32
T∫

0

∫
Bg̃(x0,r+1)

un−1|∇̃2g|2g̃dV dt + C2

by (3.78) and (3.71). To estimate 
∫ T

0
∫
Bg̃(x0,r+1) u

n−1|∇∇̃g|2gdV dt, since 1
16w ≤ u ≤ 16w, we suffice to 

estimate 
∫ T

0
∫
Bg̃(x0,r+1) w

n−1|∇̃2g|2g̃dṼ dt since dV ≤ 2m/2dṼ . Consider the same cutoff function ξ(x) used 
in the proof of Lemma 3.10. Calculate

K := d

dt

∫
Bg̃(x0,r+1)

wn−1|∇̃g|2g̃ξ2 dṼ =
∫

Bg̃(x0,r+1)

wn−12〈∇̃g, ∂t∇̃g〉g̃ξ2 dṼ

+
∫

Bg̃(x0,r+1)

|∇̃g|2g̃(n− 1)wn−2 [∂t|Rm|2g̃ + ∂t|∇2φ|2g̃ + ∂t|∇V |2g̃
]
ξ2 dṼ := I + J.

Using the evolution equation of ∇̃g after (3.77) yields

I = 2
∫

Bg̃(x0,r+1)

ξ2wn−1
〈
∇̃g, gαβ∇̃α∇̃β∇̃g + g−1 ∗ g ∗ ∇̃R̃m + ∇̃φ ∗ ∇̃2φ

+ g∗−2 ∗ g ∗ ∇̃g ∗ R̃m + g∗−2 ∗ ∇̃g ∗ ∇̃2g + g∗−3 ∗ (∇̃g)∗3
〉

g̃

dṼ

≤ C3

∫
Bg̃(x0,r+1)

(
1 + |∇̃2g|g̃

)
wn−1ξ2 dṼ + I1 + I2 + I3

by (3.71), where

I1 = 2
∫

Bg̃(x0,r+1)

ξ2wn−1〈∇̃g, gαβ∇̃α∇̃β∇̃g〉g̃dṼ ,

I2 =
∫

Bg̃(x0,r+1)

ξ2wn−1 ∗ g−1 ∗ g ∗ ∇̃g ∗ ∇̃R̃m dṼ ,

I3 =
∫

Bg̃(x0,r+1)

ξ2wn−1 ∗ ∇̃g ∗ ∇̃φ ∗ ∇̃2φdṼ .

By integration by parts, the term I1 can be estimated by
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I1 ≤
∫

Bg̃(x0,r+1)

[
− |∇̃2g|2g̃ξ2wn−1 + C4|∇̃2g|g̃ξwn−1 + ξ2wn−2 ∗ g−1 ∗ ∇̃g

∗∇̃2g ∗
(
Rm ∗ ∇̃Rm + ∇V ∗ ∇̃∇V + ∇2φ ∗ ∇̃∇2φ

) ]
dṼ

by (3.71). The Cauchy-Schwartz inequality implies

C4

∫
Bg̃(x0,r+1)

|∇̃2g|g̃ξwn−1 dṼ ≤ 1
8

∫
Bg̃(x0,r+1)

|∇̃2g|2g̃ξ2wn−1 dṼ + C5

by the inductive hypothesis and 1
16w ≤ u ≤ 16w. Similarly,

∫
Bg̃(x0,r+1)

ξ2wn−2 ∗ g−1 ∗ ∇̃g ∗ ∇̃2g ∗
(

Rm ∗ ∇̃Rm + ∇V ∗ ∇̃∇V + ∇2φ ∗ ∇̃∇2φ

)
dṼ

≤ 1
8

∫
Bg̃(x0,r+1)

|∇̃2g|2g̃wn−1ξ2 dṼ + C7

∫
Bg̃(x0,r+1)

wn−2ξ2 (|∇̃Rm|2g̃ + |∇̃∇V |2g̃ + |∇̃∇2φ|2g̃
)
dṼ .

According to Γ − Γ̃ = g−1 ∗ ∇̃g, we have |∇̃Rm|2g̃ + |∇̃∇V |2g̃ + |∇̃∇2φ|2g̃ � u + v and then

∫
Bg̃(x0,r+1)

ξ2wn−2 ∗ g−1 ∗ ∇̃g ∗ ∇̃2g ∗
(

Rm ∗ ∇̃Rm + ∇V ∗ ∇̃∇V + |∇̃∇2φ|2g̃
)
dṼ

≤ 1
8

∫
Bg̃(x0,r+1)

|∇̃g|2g̃wn−1ξ2 dṼ + C9

∫
Bg̃(x0,r+1)

un−2vξ2 dṼ + C10

by the inductive hypothesis. Consequently,

I1 ≤ −3
4

∫
Bg̃(x0,r+1)

|∇̃g|2g̃wn−1ξ2 dṼ + C11

∫
Bg̃(x0,r+1)

un−2v dṼ + C12. (3.121)

If we directly use the inequalities (3.71), we can get the uniform upper bound for I2 by the inductive 
hypothesis. However, in this case the bound shall depend on an upper bound of |∇̃R̃m|g̃. To fund the 
dependence of k0, we will argue as follows. Again using the integration by parts, we get

I2 ≤ 1
8

∫
Bg̃(x0,r+1)

wn−1|∇̃2g|2g̃ξ2 dṼ + C15

∫
Bg̃(x0,r+1)

un−2v dṼ + C15 (3.122)

by the inductive hypothesis, (3.71) and the previous estimates. From (3.71), we also have

I3 �
∫

Bg̃(x0,r+1)

wn−1|∇̃2φ|g̃ξ dṼ . (3.123)

Since C3|∇̃2g|g̃ ≤ 1 |∇̃2g|2g̃ + 2C2
3 , we infer from (3.121), (3.122), and (3.123) that
8
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I ≤ −1
2

∫
Bg̃(x0,r+1)

|∇̃2g|2g̃wn−1ξ2 dṼ + C16

∫
Bg̃(x0,r+1)

un−2v dṼ

+ C16

∫
Bg̃(x0,r+1)

wn−1|∇̃2φ|g̃ξ dṼ + C16 (3.124)

by the inductive hypothesis. Note that the estimate (3.82) is a special case of (3.124). According to (3.71),

J ≤ C17

∫
Bg̃(x0,r+1)

wn−2 [2〈Rm, ∂tRm〉g̃ + 2〈∇2φ, ∂t∇2φ〉g̃

+ 2〈∇V, ∂t∇V 〉g̃] ξ2 dṼ := C17(J1 + J2 + J3),

where

J1 :=
∫

Bg̃(x0,r+1)

wn−22〈Rm, ∂tRm〉g̃ξ2 dṼ ,

J2 :=
∫

Bg̃(x0,r+1)

wn−22〈∇V, ∂t∇V 〉g̃ξ2 dṼ ,

J3 :=
∫

Bg̃(x0,r+1)

wn−22〈∇2φ, ∂t∇2φ〉g̃ξ2 dṼ .

Substituting (3.72) into J1 we find that

J1 =
∫

Bg̃(x0,r+1)

wn−2ξ22
〈

Rm,ΔRm + g∗−2 ∗ Rm∗2

+ g−1 ∗ V ∗ ∇Rm + g−1 ∗ Rm ∗ ∇V + (∇2φ)∗2
〉

g̃

dṼ . (3.125)

We now estimate each term in (3.125). Since ΔRm = gαβ∇α∇βRm, the first term on the right-hand side 
of (3.125) is bounded by

−2
∫

Bg̃(x0,r+1)

〈∇βRm,∇α(ξ2wn−2gαβRm)〉g̃dṼ ≤ −
∫

Bg̃(x0,r+1)

|∇Rm|2g̃ξ2wn−2 dṼ

+ C18

∫
Bg̃(x0,r+1)

|∇Rm|g̃|Rm|g̃ξwn−2 dṼ + C18

∫
Bg̃(x0,r+1)

|∇Rm|g̃|Rm|g̃ξ2wn−3

(
|Rm|g̃|∇Rm|g̃ + |∇V |g̃|∇2V |g̃ + |∇2φ|g̃|∇3φ|g̃

)
dṼ

since ∇g = ∇̃g + g−1 ∗ ∇̃g ∗ g � 1. By the inductive hypothesis, we have∫
Bg̃(x0,r+1)

|∇Rm|g̃|Rm|g̃ξwn−2 dṼ � 1 +
∫

Bg̃(x0,r+1)

un−2v dV,

and
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∫
Bg̃(x0,r+1)

wn−3|∇Rm|g̃|Rm|g̃
(
|Rm|g̃|∇Rm|g̃ + |∇V |g̃|∇2V |g̃ + |∇2φ|g̃|∇3φ|g̃

)
dṼ

�
∫

Bg̃(x0,r+1)

un−2v dV ;

hence the first term on the right-hand side of (3.125) is bounded from above by 1 +
∫
Bg̃(x0,r+1) u

n−2v dV up 

to a uniform positive multiple. Since |Rm|2g � 1 + |∇∇̃g|2g̃ by the equation (90) in page 277 of [26], it follows 
that the sum of the third and forth terms of the right-hand side of (3.125) is bounded from above by∫

Bg̃(x0,r+1)

wn−2ξ2 ∗ 2Rm ∗
(
g−1 ∗ V ∗ ∇Rm + g−1 ∗ Rm ∗ ∇V

)
dṼ

≤ 1
8C17

∫
Bg̃(x0,r+1)

wn−1ξ2|∇̃2g|2g̃ dṼ + C21

∫
Bg̃(x0,r+1)

un−2v dV + C21,

because of the inductive hypothesis and V = g−1 ∗ ∇̃g � 1. Similarly, the second term on the right-hand 
side of (3.125) is bounded from above by (up to a uniform positive multiple)∫

Bg̃(x0,r+1)

wn−2ξ2 ∗ g∗−2 ∗ Rm∗3 dṼ � 1 +
∫

Bg̃(x0,r+1)

un−2v dV,

by the equation (84) in page 276 of [26], g is equivalent to g̃, and the inductive hypothesis. The last term 
on the right-hand side of (3.125) is bounded from above by (up to a uniform positive multiple)∫

Bg̃(x0,r+1)

wn−2ξ2 ∗ Rm ∗ ∇2φ ∗ ∇2φdṼ � 1 +
∫

Bg̃(x0,r+1)

un−2v dV.

Note that when we do the integration by parts, we may replace g̃ by g since g is equivalent g̃, so that we 
have no extra terms ∇g̃ and ∇g̃−1. Therefore, substituting those estimates into (3.125) implies

C17J1 ≤ 1
8

∫
Bg̃(x0,r+1)

wn−1ξ2|∇̃2g|2g̃dṼ + C22

∫
Bg̃(x0,r+1)

un−2v dV + C22. (3.126)

By (3.125), we have

J2 =
∫

Bg̃(x0,r+1)

wn−2ξ22
〈
∇V,Δ∇V + g∗−3 ∗ ∇∇̃g ∗ Rm + g∗−3 ∗ ∇̃g ∗ ∇Rm

+ g∗−2 ∗ ∇∇̃g ∗ ∇V + g∗−2 ∗ ∇̃g ∗ ∇2V (3.127)

+ g∗−2 ∗ ∇∇̃g ∗ (∇φ)∗2 + g∗−2 ∗ ∇̃g ∗ ∇φ ∗ ∇2φ

〉
g̃

dṼ .

As before, the first term on the right-hand side of (3.127) is bounded from above by (up to a uniform 
positive multiple)

2
∫

wn−2ξ2〈∇V,Δ∇V 〉g̃dṼ � 1 +
∫

un−2v dV
Bg̃(x0,r+1) Bg̃(x0,r+1)
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by the inductive hypothesis. By the Cauchy-Schwarz inequality, the sum of the second, third, forth, and 
fifth terms on the right-hand side of (3.127) is bounded from above by

1
8C17

∫
Bg̃(x0,r+1)

wn−1ξ2|∇̃2g|2g̃ dṼ + C25

∫
Bg̃(x0,r+1)

un−2v dV + C25.

The rest terms on the right-hand side of (3.127) is bounded from above by (up to a uniform positive multiple)∫
Bg̃(x0,r+1)

wn−2ξ2 ∗ ∇V ∗ g∗−2 ∗
(
∇∇̃g ∗ (∇φ)∗2 + ∇̃g ∗ ∇φ ∗ ∇2φ

)
dṼ � 1

by the inductive hypothesis. Hence

C17J2 ≤ 1
8

∫
Bg̃(x0,r+1)

wn−1ξ2|∇̃2g|2g̃ dṼ + C26

∫
Bg̃(x0,r+1)

un−2v dV + C26. (3.128)

According to (3.75),

J3 =
∫

Bg̃(x0,r+1)

wn−2ξ22
〈
∇2φ,Δ∇2φ + g∗−2 ∗ Rm ∗ ∇2φ + β2∇2φ

+ g−1 ∗ (∇φ)∗2 ∗ ∇2φ + g−1 ∗ ∇φ ∗ ∇2φ + g−1 ∗ (∇2φ)∗2 (3.129)

+ g∗−2 ∗ Rm ∗ (∇φ)∗2 + g−1 ∗ V ∗ ∇3φ + g−1 ∗ ∇V ∗ ∇2φ

〉
g̃

dṼ .

By the integration by parts, the first term on the right-hand side of (3.129) equals

−2
∫

Bg̃(x0,r+1)

〈∇β∇2φ,∇α(ξ2wn−2gαβ∇2φ)〉g̃dṼ � 1 +
∫

Bg̃(x0,r+1)

wn−2v dṼ .

The rest terms on the right-hand side of (3.129) are bounded from above by (up to a uniform positive 
multiple) ∫

Bg̃(x0,r+1)

wn−2(w + w1/2 + v1/2) dṼ � 1 +
∫

Bg̃(x0,r+1)

un−2v dV

by the inductive hypothesis. Hence

J3 � 1 +
∫

Bg̃(x0,r+1)

un−2v dV. (3.130)

Combining (3.126), (3.128), and (3.130), we find that

J ≤ 1
4

∫
Bg̃(x0,r+1)

wn−1ξ2|∇̃2g|2g̃ dṼ + C27

∫
Bg̃(x0,r+1)

un−2v dV + C27. (3.131)

Substituting (3.124) and (3.131) into the definition of K yields
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d

dt

∫
Bg̃(x0,r+1)

wn−1|∇̃g|2g̃ξ2 dṼ ≤ −1
4

∫
Bg̃(x0,r+1)

wn−1ξ2|∇̃2g|2g̃ dṼ + C28

+ C28

∫
Bg̃(x0,r+1)

un−2v dV + C28

∫
Bg̃(x0,r+1)

wn−1|∇̃2φ|g̃ξ dṼ . (3.132)

L := d

dt

∫
Bg̃(x0,r+1)

wn−1|∇̃φ|2g̃ξ2 dṼ = 2
∫

Bg̃(x0,r+1)

wn−1ξ2〈∇̃φ, gαβ∇̃α∇̃β∇̃φ〉g̃dṼ

+
∫

Bg̃(x0,r+1)

wn−1ξ2∇̃φ ∗
(
g∗−2 ∗ R̃m ∗ ∇̃φ + g∗−2 ∗ ∇̃g ∗ ∇̃2φ

+ g∗−2 ∗ ∇̃g ∗ (∇̃φ)∗2 + g−1 ∗ ∇̃φ ∗ ∇̃2φ + ∇̃φ

)
dṼ := L1 + L2.

For L2, we have

L2 �
∫

Bg̃(x0,r+1)

wn−1ξ(1 + |∇̃2φ|g̃)dṼ � 1 +
∫

Bg̃(x0,r+1)

wn−1ξ|∇̃2φ|g̃dṼ

by the inductive hypothesis. Taking the integration by parts on L1 implies

L1 ≤ −3
4

∫
Bg̃(x0,r+1)

wn−1ξ2|∇̃2φ|2g̃ dṼ + C30

∫
Bg̃(x0,r+1)

wn−1ξ|∇̃2φ|g̃ dṼ

+ C30

∫
Bg̃(x0,r+1)

un−2v dV,

because of ∇̃Rm, ∇̃∇V , ∇̃∇2φ � v1/2 + w1/2. Therefore

L ≤ −1
2

∫
Bg̃(x0,r+1)

wn−1ξ2|∇̃2φ|2g̃ dṼ + C31

∫
Bg̃(x0,r+1)

un−2v dV + C31. (3.133)

From (3.132) and (3.133), we arrive at

d

dt

( ∫
Bg̃(x0,r+1)

wn−1ξ2 (|∇̃g|2g̃ + |∇̃φ|2g̃
)
dṼ

)
≤ C32

∫
Bg̃(x0,r+1)

un−2v dV + C32

≤ −1
4

∫
Bg̃(x0,r+1)

wn−1ξ2 (|∇̃2g|2g̃ + |∇̃2φ|2g̃
)
dṼ .

Consequently, 
∫ T

0
∫
Bg̃(x0,r+1) w

n−1ξ2|∇̃g|2g̃ dṼ dt � 1; in particular,

T∫
0

∫
Bg̃(x0,r+1)

un−1|∇∇̃g|2gξ2 dV dt � 1. (3.134)

By the equations (90) in page 277 and (108) in page 281 of [26], together with ∇2φ = ∇̃2 +g−1 ∗∇̃g∗∇̃φ, we 
have |Rm|2g+|∇V |2g+|∇2φ|2g � 1 +|∇∇̃g|2g; using the estimate (3.134), we obtain 

∫ T ∫
un dV dt � 1. 
0 Bg̃(x0,r+1)
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As in the proof of Lemma 3.12, we can show that 
∫
Bg̃(x0,r+1) u

nξ2 dV + 1
8
∫ t

0
∫
Bg̃(x0,r+1) u

n−1vξ2 dV dt � 1
by the previous estimates and inductive hypothesis. Thus the lemma is also true for s = n. �

We now can prove the following theorem, as in [26] where use the equations (3.118), (3.119), (3.120), and 
Lemma 3.13.

Theorem 3.14. We have

sup
M×[0,T ]

|Rm|2g � 1, sup
M×[0,T ]

|∇V |2g � 1, sup
M×[0,T ]

|∇2φ|2g � 1, (3.135)

where � depend on n, k0, k1, k2, α1, β1, β2.

By the same argument used in [19,26], we have

Theorem 3.15. Let (M, ̃g) be a complete noncompact Riemannian m-manifold with bounded Riemann cur-
vature |Rmg̃|2g̃ ≤ k0, and φ̃ a smooth function on M satisfying

|φ̃|2 + |∇g̃φ̃|2g̃ ≤ k1, |∇2
g̃φ̃|2g̃ ≤ k2.

Then there exists a positive constant T = T (m, k0, k1, α1, β1, β2) > 0 such that the regular-(α1, 0, β1, β2)-flow

∂tĝ(t) = −2Ricĝ(t) + 2α1∇ĝ(t)φ̂(t) ⊗∇ĝ(t)φ̂(t),

∂tφ̂(t) = Δĝ(t)φ̂(t) + β1|∇ĝ(t)φ̂(t)|2ĝ(t) + β2φ̂(t),

(ĝ(0), φ̂(0)) = (g̃, φ̃)

has a smooth solution (ĝ(t), φ̂(t)) on M × [0, T ] and satisfies the following estimate

1
C1

g̃ ≤ ĝ(t) ≤ C1g̃, |Rmĝ(t)|2ĝ(t) + |φ̂(t)|2 + |∇ĝ(t)φ̂(t)|2ĝ(t) + |∇2
ĝ(t)φ̂(t)|2ĝ(t) ≤ C2

on M × [0, T ], where C1, C2 are uniform positive constants depending only on m, k0, k1, k2, α1, β1, β2.

Suppose that (ĝ(t), φ̂(t)) is a smooth solution to the regular-(α1, 0, β1 − α2, β2)-flow

∂tĝ(t) = −2Ricĝ(t) + 2α1∇ĝ(t)φ̂(t) ⊗∇ĝ(t)φ̂(t),

∂tφ̂(t) = Δĝ(t)φ̂(t) + (β1 − α2)|∇ĝ(t)φ̂(t)|2ĝ(t) + β2φ̂(t),

(ĝ(0), φ̂(0)) = (g̃, φ̃).

Consider a 1-parameter family of diffeomorphisms Φ(t) : M → M by

d

dt
Φ(t) = α2∇ĝ(t)φ̂(t), Φ(0) = IdM . (3.136)

If we define

g(t) := [Φ(t)]∗ĝ(t), φ(t) := [Φ(t)]∗φ̂(t), (3.137)

then
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∂tg(t) = −2Rmg(t) + 2α1∇g(t)φ(t) ⊗∇g(t)φ(t) + 2α2∇2
g(t)φ(t),

∂tφ(t) = Δg(t)φ(t) + β1|∇g(t)φ(t)|2g(t) + β2φ(t).

If we furthermore have |φ̂(t)|2 � 1 and |∇ĝ(t)φ̂(t)|2
φ̂
� 1 on M × [0, T ], using the standard theory of ordinary 

differential equations we have that the system (3.136) has a unique smooth solution Φ(t) on M × [0, T ]. 
Therefore (g(t), φ(t)) defined in (3.137) are also smooth on M × [0, T ] and satisfies the above system of 
equations.

Theorem 3.16. Let (M, ̃g) be a complete noncompact Riemannian m-manifold with bounded Riemann cur-
vature |Rmg̃|2g̃ ≤ k0, and φ̃ a smooth function on M satisfying

|φ̃|2 + |∇g̃φ̃|2g̃ ≤ k1, |∇2
g̃φ̃|2g̃ ≤ k2.

Then there exists a positive constant T = T (m, k0, k1, α1, α2, β1, β2) > 0 such that the regular-(α1, α2, β1, β2)-
flow

∂tg(t) = −2Ricg(t) + 2α1∇g(t)φ(t) ⊗∇g(t)φ(t),

∂tφ(t) = Δg(t)φ(t) + β1|∇g(t)φ(t)|2g(t) + β2φ(t),

(g(0), φ(0)) = (g̃, φ)

has a smooth solution (g(t), φ(t)) on M × [0, T ] and satisfies the following estimate

1
C1

g̃ ≤ g(t) ≤ C1g̃, |Rmg(t)|2g(t) + |φ(t)|2 + |∇g(t)φ(t)|2g(t) + |∇2
g(t)φ(t)|2g(t) ≤ C2

on M × [0, T ], where C1, C2 are uniform positive constants depending only on m, k0, k1, k2, α1, α2, β1, β2.

3.5. Higher order derivatives estimates

To complete the proof of Theorem 3.1, we need only to prove the higher order derivatives estimates (3.1). 
Suppose we have a smooth solution (g(t), φ(t)) on M × [0, T ] and satisfies

∂tg(t) = −2Ricg(t) + 2α2∇g(t)φ(t) ⊗∇g(t)φ(t) + 2α2∇2
g(t)φ(t),

∂tφ(t) = Δg(t)φ(t) + β1|∇g(t)φ(t)|2g(t) + β2φ(t), (3.138)

(g(0), φ(0)) = (g̃, φ̃),

where (M, ̃g) is a complete noncompact Riemannian m-manifold with bounded curvature |Rmg̃|2g̃ ≤ k0 and 
φ̃ is a smooth function on M satisfying |φ̃|2 + |∇g̃φ̃|2g̃ ≤ k1 and |∇2

g̃φ̃|2g̃ ≤ k2, and

g(t) ≈ g̃, |Rmg(t)|2g(t) + |φ(t)|2 + |∇g(t)φ(t)|2g(t) + |∇2
g(t)φ(t)|2g(t) � 1 (3.139)

on M × [0, T ], where � or ≈ depends only on m, k0, k1, k2, α1, α2, β1, β2.

Lemma 3.17. For any nonnegative integer n, there exist uniform positive constants Ck depending only on 
m, n, k0, k1, k2, α1, α2, β1, β2 such that∣∣∣∇n

g(t)Rmg(t)

∣∣∣2
g(t)

+
∣∣∣∇n+2

g(t) φ(t)
∣∣∣2
g(t)

≤ Cn

tn
(3.140)

on M × [0, T ].
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Proof. As before, we always write Rm := Rmg(t), φ := φ(t), etc. From Lemma 2.5, we have

∂tRm = ΔRm + g∗−2 ∗ Rm∗2 + (∇2φ)∗2 + g−1 ∗ ∇Rm ∗ ∇φ + g−1 ∗ Rm ∗ ∇2φ. (3.141)

Then the norm |Rm|2 of Riemann curvature evolves by ∂t|Rm|2 = 2〈Rm, ∂tRm〉g + g∗−3 ∗ ∂tg
−1 ∗ Rm∗2; 

substituting (3.138) and (3.141) into above yields

∂t|Rm|2 = Δ|Rm|2 − 2|∇Rm|2 + g∗−6 ∗ Rm∗3 + g∗−4 ∗ Rm ∗ (∇2φ)∗2

+ g∗−5 ∗ Rm∗2 ∗ (∇φ)∗2 + g∗−5 ∗ Rm∗2 ∗ ∇2φ + g∗−5 ∗ Rm ∗ ∇Rm ∗ ∇φ. (3.142)

Introduce a family of vector-valued tensor fields

Λ := (Rm,∇φ), (3.143)

and define |∇kΛ|2 := |∇kRm|2 + |∇k+1φ|2 for each nonnegative integer k. According to (3.139), (3.142) and 
the Cauchy-Schwartz inequality, we have

∂t|Rm|2 ≤ Δ|Rm|2 − 3
2 |∇Rm|2 + C1. (3.144)

Since ∂t∇Rm = ∇∂tRm + ∂tΓ ∗ Rm and ∂tΓ = g∗−2 ∗ ∇Rm + g−1 ∗ ∇φ ∗ ∇2φ + g−1 ∗ ∇3φ, it follows that

∂t|∇Rm|2 ≤ Δ|∇Rm|2 − 2|∇2Rm|2 + C2|∇Rm||∇2Rm| + C2|∇Rm||∇3φ|

+ C2|∇Rm| + C2|∇Rm|2. (3.145)

On the other hand, Lemma 2.7 yields

∂t∇2φ = Δ∇2φ + g∗−2 ∗ Rm ∗ ∇2φ + β2∇2φ + |∇φ|2∇2φ

+ ∇φ ∗ ∇3φ + g−1 ∗ (∇2φ)∗2 + g∗−2 ∗ Rm ∗ (∇φ)∗2. (3.146)

Plugging (3.146) into ∂t|∇2φ|2 = 2〈∇2φ, ∂t∇2φ〉 + g∗−3 ∗ ∂tg ∗ (∇2φ)∗2, we arrive at

∂t|∇2φ|2 ≤ Δ|∇2φ|2 − 2|∇3φ|2 + C3|∇3φ| + C3. (3.147)

Combining (3.145) and (3.147), we have

∂t|∇Λ|2 ≤ Δ|∇Λ|2 − 3
2 |∇

2Λ|2 + C4|∇Λ|2 + C4. (3.148)

According to Lemma 2.6 and (3.144), for any given positive number a, we get

∂t
(
a + |Λ|2

)
≤ Δ

(
a + |Λ|2

)
− 3

2 |∇Λ|2 + C5. (3.149)

Therefore

∂t
[(
a + |Λ|2

)
|∇Λ|2

]
≤ Δ

[(
a + |Λ|2

)
|∇Λ|2

]
− 2

〈
∇|Λ|2,∇|∇Λ|2

〉
(3.150)

−3
2 |∇Λ|4 + C5|∇Λ|2 − 3

2
(
a + |Λ|2

)
|∇2Λ|2 + C4

(
a + |Λ|2

)
|∇Λ|2 + C4

(
a + |Λ|2

)
.
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By the definition, the second term on the right-hand side of (3.150) is bounded from above by gpq∇p(|Rm|2+
|∇φ|2)∇q(|∇Rm|2 + |∇2φ|2) ≤ 3

2a|∇2Λ|2 + 2C2
6

a |∇Λ|4 + 2C2
6

a where we used the inequality x2 ≤ x4 + 1 for 
any x ≥ 0. Substituting this inequality into (3.150) implies

∂t
[(
a + |Λ|2

)
|∇Λ|2

]
≤ Δ

[(
a + |Λ|2

)
|∇Λ|2

]
−
(

3
2 − 2C2

6
a

)
|∇Λ|4 + C5|∇Λ|2

+ C4
(
a + |Λ|2

)
|∇Λ|2 + C4

(
a + |Λ|2

)
+ 2C2

6
a

. (3.151)

By (3.139), we can choose a so that a ≥ 4C2
6 and a ≥ maxM×[0,T ](|Rm|2 + |∇2φ|2); then 3/2 − 2C2

6/a ≥ 1
and a ≤ a + |Λ|2 ≤ 2a. Consequently, we can deduce from (3.151) that ∂t[(a + |Λ|2)|∇Λ|2] ≤ Δ[(a +
|Λ|2)|∇Λ|2] − 1

8a2 [(a + |Λ|2)|∇Λ|2]2 +C7. Consider the function u := (a + |Λ|2)|∇Λ|2t defined on M× [0, T ]. 
Then u = 0 on M × {0} and

∂tu ≤ Δu− 1
8a2t

u2 + C7t + 1
t
u on M × [0, T ]. (3.152)

Fix a point x0 ∈ M , consider the cutoff function ξ(x) on M , introduced in [26], such that

ξ = 1 on Bg̃(x0, 1), ξ = 0 on M \Bg̃(x0, 2), 0 ≤ ξ ≤ 1,

|∇̃ξ|2g̃ ≤ 16ξ, ∇̃2ξ ≥ −cg̃, on M,

where c depends on k0. As in [26], we define F := ξu on M × [0, T ]. Then from the definition, we have

F = 0 on M × {0}, F = 0 on (M \Bg̃(x0, 2)) × [0, T ], F ≥ 0 on M × [0, T ].

Without loss of generality, we may assume that F is not identically zero on M × [0, T ]. In this case, we can 
find a point (x1, t1) ∈ Bg̃(x0, 2) × [0, T ] such that F (x1, t1) = maxM×[0,T ] F (x, t) > 0 which implies t1 > 0
and ∂tF (x1, t1) > 0, ∇F (x1, t1) = 0, ΔF (x1, t1) ≤ 0. If u(x1, t1) ≤ 1, then F (x1, t1) ≤ 1 by and hence 
at|∇Λ|2 ≤ u = F ≤ 1 on Bg̃(x0, 1) × [0, T ]; in particular, |∇Rm|2 + |∇2φ|2 � 1

t on M × [0, T ].
In the following we assume that u(x1, t1) ≥ 1. Under this assumption, ξ∂tu ≥ 0 at (x1, t1), we arrive 

at, at the point (x1, t1), 0 ≤ ξΔu + u
t (C8 − C9u) ξ; thus ξΔu + ξu

t (C8 − C9u) ≥ 0 at (x1, t1). By the 
same argument in [26] (equations (28)–(35) in page 293), we find that ξu

t (C9u − C8) ≤ C10u − uΔξ at 
(x1, t1). According to the equation (38) in page 294 of [26], we get −Δξ ≤ C11 + gαβ(Γγ

αβ − Γ̃γ
αβ)∇̃γξ. Since 

∂tΓ = g∗−2∗∇Rm+g−1∗∇3φ +g−1∗∇φ ∗∇2φ, it follows that |∂tΓ| ≤ C11|∇Λ| +C12 ≤ C11√
at
u1/2+C12. Since 

ξ(x1)u(x1, t) = F (x1, t) ≤ F (x1, t1) for t ∈ [0, T ], we obtain |∂t(x1, t)| ≤ C11[F (x1, t1)/aξ(x1)]1/2t−1/2 +C12

for any t ∈ [0, T ]. As showed in [26] (the equation (45) in page 295), together with |∇̃ξ|g̃ ≤ 4ξ1/2, we find that 
gαβ(Γγ

αβ−Γ̃γ
αβ)∇̃γξ ≤ C13F (x1, t1)1/2+C14 and then −Δξ ≤ C15+C13F (X1, t1)1/2 at (x1, t1). Consequently, 

we have the following inequality ξu(C9u −C8) ≤ C10tu +C15tu +C13tuF
1/2 ≤ C16u +C16uF

1/2 at (x1, t1); 
multiplying by ξ(x1) yields C9F

2 ≤ C17F+C16F
3/2 at (x1, t1), from which we deduce that F (x1, t1) � 1 and 

therefore ξu � 1 on M×[0, T ]. In particular, u � 1 on M×[0, T ] since x0 was arbitrary. From the definition of 
u, this tells us the estimate |∇Λ|2 � 1/t on M × [0, T ], where � depends only on m, k0, k1, k2, α1, α2, β1, β2. 
Hence the lemma holds for n = 1.

By induction, suppose for s = 1, · · · , n −1 we have |∇sRm|2 + |∇s+2φ|2 � 1
ts on M× [0, T ]. As in [26], we 

define a function v := (a + tn−1|∇n−1Λ|2)|∇nΛ|2tn and choose a sufficiently large. Similarly, we can show 
that ∂tv ≤ Δv− (C18/a

2t)v2 +C19 + (C20/t)v on M × [0, T ]. Using the same cutoff function ξ and arguing 
in the same way, we obtain that v � 1 on M × [0, T ]. Hence the inequality (3.140) holds for s = n. �
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