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ABSTRACT: We derive a universal formula for the asymptotic growth of the mean value
of three-point coefficient for Warped Conformal Field Theories (WCFTs), and provide a
holographic calculation in BTZ black holes. WCFTs are two dimensional quantum field
theories featuring a chiral Virasoro and U(1) Kac-Moody algebra, and are conjectured to be
holographically dual to quantum gravity on asymptotically AdS3 spacetime with Compere-
Song-Strominger boundary conditions. The WCFT calculation amounts to the calculation
of one-point functions on torus, whose high temperature limit can be approximated by
using modular covariance of WCF'T, similar to the derivation of Cardy formula. The bulk
process is given by a tadpole diagram, with a massive spinning particle propagates from
the infinity to the horizon, and splits into particle and antiparticle which annihilate after
going around the horizon of BTZ black holes. The agreement between the bulk and WCFT
calculations indicates that the black hole geometries in asymptotically AdS3 spacetimes can
emerge upon coarse-graining over microstates in WCFTs, similar to the results of Kraus
and Maloney in the context of AdS/CFT [1].
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1 Introduction

Field theories with SL(2, R) x U(1) global symmetry are of great interest from many per-
spectives. One motivation comes from holography for a large class of geometries with
SL(2,R) x U(1) isometry, including the near horizon of extremal Kerr(NHEK) [2, 3] and
the warped AdSs (WAdS) [4] spacetime. Such geometries are not asymptotically locally
AdS space, and thus the conjectured Kerr/CFT [5], WAdS/CFT [4], WAdS/WCFT |[6],
AdS3/WCFT [7] correspondence explores properties of holographic dualilty beyond the s-
tandard AdS/CFT correspondence. Both the asymptotic analysis [7-10] in the bulk and
the field theoretical analysis [11] indicates that the field theory with SL(2, R) x U(1) glob-
al symmetry have infinite dimensional local symmetries. One minimal possibility is the
warped conformal field theory (WCFT) [6] featuring Virasoro-Kac-Moody symmetries, and
the other is to have both left and right Virasoro symmetries. Further discussions of the two
possibilities can be found in [10, 12-14], and in particular the recent developments on JT
deformations of CFTs [15-18].

In this paper, we focus on the WCFTs, which are two dimensional, nonrelativistic
quantum field theory characterized by a Virasoro algebra and one U(1) Kac-Moody alge-
bra [6, 11]. Specific models of WCFT include chiral Liouville gravity [19], free Weyl fermion-
s [20], free scalars |21], and also the Sachdev-Ye-Kitaev models with complex fermions [22]



as a symmetry-broken phase [23]. WCFTs have many nice universal features like their CET
cousins. In particular, WCFTs are covariant under modular transformations [6, 24]. As
a result, a Cardy-like asymptotic formula of density of states [6] has been derived, which
successfully matches the Bekenstein-Hawking entropy of black holes in the bulk. Entan-
glement entropy [24-27|, partition functions [28], quantum chaos [29] of WCFTs have also
been worked out.

Similar to CFTs, data of WCFTs are the spectrum of operators and the three-point
function coefficients or the structure constants. Using warped conformal symmetry and
Operator Product Expansion (OPE), an arbitrary correlation function of a WCFT can be
constructed in terms of these data. Similar to the conformal bootstrap [30-32], a warped
conformal bootstrap program has been initiated in [33] using crossing symmetry. Relatedly,
via the modular bootstrap [34], it is furthermore known that WCFTs with a negative U(1)
level require states with purely imaginary charge, in agreement with bulk studies [7, 35].

In this paper we further explore universal features of WCFT and its holographic dual
by considering modular covariance of torus one-point function, along the lines of [1] in the
context of AdS3/CFTs. In [1], asymptotic formula of the average three-point coefficient
in the heavy-heavy-light limit for scalar operators was derived. Using the AdS3/CFTs
dictionary, the aforementioned quantity can be reproduced by a bulk tadpole diagram
calculation on BTZ black hole background. In particular, the result can be approximated
using the geodesic of massive point particles.

In the following, we will first generalize the discussion of [1] to operators with arbitrary
spins in AdS3/CFTy, and find that the bulk approximation requires massive spinning par-
ticles. Then we explore how the story works in the context of AdS3/WCFT. Similarly, we
apply modular transformation to one-point functions on the torus, and find an asymptotic
formula of the average three-point coefficient for WCFT. We will show that this average
three-point coefficient has a gravity interpretation in the bulk AdS3; with CSS boundary
conditions. The dual objects of generic operators in the WCF'T are massive spinning par-
ticles, and the on-shell worldline actions of the massive spinning particles can help us to
calculate an amplitude of a tadpole diagram in the bulk AdSs3. This amplitude can be com-
pared to the average heavy-heavy-light three-point coefficient for the WCFT. The results
here we present hint that the black hole geometries in asymptotically AdS3 spacetimes can
emerge from coarse-graining of microstates in WCFTs.

This paper is organized as follows. In section 2 we compute a tadpole diagram in BTZ
black holes. In section 3 we calculate the average three-point coefficient in CFT5, and
match it with the bulk amplitude in the context of AdS3/CFTs. In section 5 we derive
the average three-point coefficient in WCFEF'T, and match it with the bulk amplitude in the
context of AdS3;/WCFT.

2 A tadpole diagram on BTZ black holes

In the quest for quantum gravity, many lessons have been learned from the study of three
dimensional gravity. Under the Brown-Henneaux boundary conditions, Einstein gravity on
AdSs with a negative cosmological constant is holographically dual to a two dimensional



CFT. Under the CSS boundary conditions [7], the holographic dual is conjectured to be a
WCFT, which is relevant for extremal black holes in higher dimensions. Recently a new
entry of holographic dictionary in AdSs3/CFTs has been found [1], that is, the asymptotic
growth of average three-point coefficient for scalar operators match a tadpole diagram in
BTZ black holes in some parameter regions. In the semiclassical limit, the bulk process can
be approximated by point massive particles and hence the amplitude can be obtained from
the geodesics. In this section we revisit the same bulk process for generic massive spinning
particles, generalizing the result of [1]| for scalars. In the following two sections, we will
reproduce this bulk amplitude from either CFT or WCFT, respectively.

Figure 1. A massive spinning particle ¢» propagates from infinity to horizon, where it splits into
a pair of particles ¢, and qu which wrap the horizon.

In the semiclassical limit, the bulk process !

is as depicted in Figure 1: a massive
spinning particle ¢» propagates from infinity to horizon, where it splits into a pair of
massive spinning particles ¢, and (;SI( which wrap the horizon. In the bulk theory, the
two bulk field ¢o and ¢, have a cubic interaction gb@gb;r(gbx proportional to the three point
coefficient (x|O|x) in the dual field theory. This amplitude C%* is the product of the
cubic-interaction vertex, the propagator of ¢p from the boundary to the bulk, and the
propagator of ¢, around the horizon. Schematically, we have C%* ~ (x|O|x)(¢podo) <¢I<¢x>-

In the following we will calculate the two propagators.

2.1 DMassive spinning particles in BTZ black holes

In this subsection we describe the propagation of a massive spinning particles in BTZ
spacetime. The metric of the BTZ black hole can be written in a form with light-like

! As was discussed in [36], to reproduce the contributions from all the descendent states of |x), a more
careful geodesic Witten diagram [37] should be considered. In that case, ¢, will be allowed to propagate in
the entire BTZ spacetime, and the interaction point will be determined by minimizing the total worldline
action. As a consequence, the one-point block in the bulk will be deformed. However, in this note, we will
only focus on the contribution from the primary field and check how the picture works in the context of
AdS3/WCFT, as well as for arbitrary spins in AdS/CFT.



coordinates,
2

dp
d82 — 62 (nguZ =+ 2pdudv + ng’l)2 —+ W) ; (21)

u—-v
and identifications

u~u+2T,  v~U+27T. (2.2)

T, and T, are variable constants. The local isometry for the BTZ black hole is SL(2, R) X
SL(2, R), while only the U(1) x U(1) part is globally well defined due to the spatial circle.
It is useful to label the coordinates u = ¢ +t and v = ¢ — t where ¢ is the time and ¢ is
the space.

In the semiclassical approximation, a bulk two-point function for a field with mass m
and spin s is given by e ™%, where S is the on-shell worldline action of a spinning particle [38],

S = /dT <m\/m+ s - vn) + Sconstraints . (2'3)

Here 7 is the length parameter. Sconstraints contains Lagrange multipliers which require that
the two normalized vector fields n and 7 should be mutually orthogonal and perpendicular

to the worldline, namely
n=-1, a’=1, n-n=0, n-X=n-X=0. (2.4)

The symbol V with no subscript indicates a covariant derivative alone the worldline:

dX”

T

VVH .=

A (2.5)

The equations of motion with respect to X*(7) are known as the Mathisson-Papapetrou-
Dixon (MPD) equations,

) ) 1.
VimX* + X"Vst,| = —§X”590R“,,pg , (2.6)

where s*¥ is the spin tensor,

st = s(ntn” —ntn"). (2.7)

As was noticed in [38], in locally AdS spacetimes, the contraction of the Riemann tensor
with s#¥ X? vanishes. The MPD equations reduce to

V[mX* — s, VX" =0. (2.8)
One obvious solution to the MPD equation above is a geodesic
VXt =0. (2.9)

While other solutions to (2.8) also exist, we will focus on the geodesic solution in this paper.



2.2 A propagator from boundary to bulk

For the particle ¢ propagating from boundary to horizon along a radial geodesic, the on-
shell worldline action (2.3) has two parts. The first part is the length of the worldline times
its mass. By using the argument above, a radial geodesic from infinity to the horizon can
be viewed as the trajectory followed by ¢», and its length with a cutoff A can be evaluated
through the metric (2.1),

A dp

Lo=1¢ _
T Ty 27/ p? — T2T?

14
i(log 2A —log T, 1) + - - . (2.10)

The second part in (2.3) comes from the spin contribution, which we denote as Spin.
As discussed in [38], it can be shown that this term only depends on the boundary data of
the normal vectors n(7) or n(7). Explicitly,

Cantog [(9T) g = a(Ty) -y
Sspln - (’)1 g < q(n) Tng — (I(Tz) ey ) s (211)

where two vectors ¢* and ¢* are mutually orthogonal, perpendicular to the geodesic, and

furthermore are parallel transported along and the geodesic, i.e.,
F=-1, #=1, ¢-4=0, ¢-X=G-X=0, Vg=Vi=0. (2.12)

The two sets of vectors (n(7),n(7)) and (q(7), (7)) can be related via a Lorentz boost. In
fact, we can expand n(7) and 7n(7) in terms of ¢(7) and ¢(7),

3
I
Q

(1)

(T)

osh(n(7))g(r) + sinh(y(7))d(r) (2.13)
sinh(n(7))q(r) + cosh(n(r))(r) (2.14)

where 7(7) is the rapidity of this Lorentz boost. Sgpin measures the total change of this
boost and can also be expressed in terms of 1, ¢, and ¢,

 antoe [(3s) Ry —a(Ty) -y
Sspll’l =501 g< Q(Tz) "Fli_q(Ti) i > . (215)

Using the metric (2.1), it is straightforward to find the tangent vector and a parallel trans-
port normal frame of the radial geodesic,

X", = %\/p2 — T2T20,, (2.16)

. Ty Ty
q”@u = u a’U 9
0\/2T,T,(p + T, T,) E\/2T To(p + T Ty)
T, Ty
q" O = O — Oy - (2.17)

0\/2T,T,(p — T, T,) 02T, T, (p — T,T,)



Setting the initial point at infinity and final point at the horizon, it is easy to find 2,

1 1
Rk = li 1 - \Yu v/ nly = i VYR e Tv (% Tu v) 2.1
n;'o, Jim 2p(8 +0v), 1}0 i, f(p+TuTv)( Oy + T,0y) (2.18)
Substituting the above formulas into (2.15), we find,
Ty
spin — 1 - 2.1
Suin = solog | 7 2.19)

Putting the two parts together, we can explicitly write down the regularized radial boundary
to bulk propagator,

Zmo+so lmofso

edo=T, 2 T, % . (2.20)

2.3 A propagator at the horizon

In this subsection, we consider the propagator of a massive spinning particle ¢, going
around the horizon as shown in the Figure 1. Similar to the discussion for the particle ¢o,

Sx in the semi-classical

the amplitude for ¢, wrapping the horizon can be evaluated as e™
limit. Again we will take the geodesic solution to the MPD equation. Then the total

on-shell worldline action of ¢,,, analogous to (2.3), will become

Sy = myLy + S

= 2mlm, (T, + T) + sy / drn-Vn (2.21)

where the first part is the length of the trajectory at the horizon times the mass, and the
second part is the spin contribution, m, and s, are the mass and spin of ¢, respectively,
nt and n* are mutually orthogonal normal vectors as defined in (2.4). The trajectory of
¢y is the horizon at constant time ¢ and is also a geodesic satisfying (2.9).

The horizon is a degenerate hypersurface, and direct solution for n and n will be
singular. Instead, we take the orbit of the particle ¢, to be a circular orbit with constant
radius slightly greater than the horizon’s. It can be shown that the constant radius orbits
outside the horizon are no longer geodesics, but with accelerations. Then we evaluate the
action of ¢, on that orbit, this is not on-shell since (2.8) is not satisfied. Finally, we take
the radius of that orbit tends to the horizon. On the horizon, the worldline action become
on-shell, and we will get the result. By using the metric (2.1), we can find out the tangent

2Here we choose the time-like co-vector field nudz" to be proportional to dt along the worldline, and
the spatial normal co-vector 7, dz" which is perpendicular to n always takes a form,

T2 T2

The worldline action (2.3) is covariant, thus insensitive to the specific choices of n and 7.



and normal vectors of the horizon at constant time followed by ¢,,

1

- 1

X9, = lim Ou + Oy, (2.22)
p=TuTv (\/2p + T2 + T2 0\/2p+ T2+ T2

2 2 T2T2

Ao, = lim Y tutvg (2.23)

p—TuTv {
T2 T2

n*d, = lim Pty Oy — el Oy

Tl V(P ~TETp+ T+ T2) 0/ (p? = TET3) 20 + T + T3)
(2.24)

Substituting the above expressions in to the action (2.21), we learn that the limit p — T3, 75,
is finite and furthermore the integrand of S;pin is independent of the affine parameter.
Therefore we can directly perform the integral at the horizon, and get S;pin = 5, 2n(T, —
T,). Alternatively, the same result can be obtained by the formula (2.15), similar to the
discussion for @. More details for the alternative derivation can be found in Appendix A.

Putting the two contributions together, the total on-shell action of the massive spinning
particle ¢, going round the horizon once is given by

Sy = 2m(fmy + 5y )Ty + 27 (Imy, — 5y) Ty - (2.25)

Note that (2.25) is independent of boundary conditions or the holographic dictionaries, and
will be used in the story of AdS3/CFTs and AdS3/WCFT in next sections.

Backreactions

If the mass of the particle is comparable to é, backreactions to the background geometry
will be important if we try to match the local mass and spin in the bulk to quantum numbers
in the dual field theory. Solving the Einstein equation with a local source, the backreaction
of a particle with mass m,, and s, geometry will be a rotational conical defect [39, 40],

2
Sy dr
o aw)d@ g

2

ds® = 02 | —(1+7%) | dt - +ridp? |, (2.26)

Y~ @+2m—dp. (2.27)
Here the deficit angle d¢ is related to the mass of the ¢, through

Op

My =g (2.28)

More details of the solution can be found in Appendix B, where we show that the mass and
spin of the local source can be obtained from the geometry by the quasi-local energy.

In order to match results in the boundary, we need to put the conical defect solution
(2.26) into the form of (2.1) with standard identification (2.2), from which we can read the



asymptotic charges easily. One can verify that the coordinate transformation is

0 t
u = 4 , 92.29
1—4Gmy 1 —4G(my + s, /1) (229)

%) t
v = — , 2.30
1—-4Gm, 1—-4G(m, — s,/¢) (2:30)

. 2 2.2 ,2] L 2

p=3 [(1 4Gm,)? —16G2S2 /¢ } 5+ (2.31)

The resulting metric has fixed boundary metric and identifications (2.2), and takes the
standard form,

dp?
d82 = €2 |:Tx2udu2 =+ 2pdudv + vadUQ + 4('02_%] s (232)

(u,v) ~ (u+2m, v+ 2m)

where ) )
T2 — _ (1 —4G(my + 5y /0)) T2 — _ (1 —4G(my — 5y/1))
xu 4 ’ Xy 4 ‘

Note that (2.32) is in both the Brown-Henneaux phase space and the CSS phase space.

(2.33)

From (2.32), we can easily read off the asymptotic charges, and are related to quantum
numbers in the field theory according to the holographic dictionary.
2.4 A tadpole diagram in the bulk

Combing the two contributions from ¢ (2.20) and ¢,(2.25), we get the total amplitude
for the process given by Figure 1,

Lme+sop Lmp—sp

Co(EL, Er) = (X|OIx) Tu ® Ty * e tmn(TotTi-—s2n(Tu-To) (2.34)
——
vertex (podo) <¢;f<¢x>

which describes a massive spinning particle ¢ propagates from infinity, and decays into a
loop of ¢, around the black hole horizon.

3 Structure constant in AdS;/CFT, with spinning operators

In this section, we consider the mean value of three-point coefficients in the context of
AdS3/CFTs. Our results generalize those of [1] to operators with arbitrary spins. On the
CF'Ts side, we derive the typical expectation value of an operator O with conformal weights
(ho, ho) on states with weights (E + 55, Er + 55). We follow the strategy of [1] where the
same quantity was calculated for scalar operator O. By changing the ensemble, the typical
value of three-point function can be calculated from the torus one-point function. Similar
to the derivation of Cardy’s formula, modular invariance of two dimensional CF'Ts allows an
estimation of torus one-point function at high temperature, or equivalently at high energy.
On the gravity side, we consider Einstein gravity in asymptotic AdSs spacetime with the
Brown-Henneaux boundary conditions. The gravity picture is then a tadpole diagram on
BTZ background as depicted in Figure 1. Due to the spin, the propagator in the bulk



will be given by the worldline action of a spinning particle instead of a spinless particle as
discussed in [1]. In the following we will show the CFT3y calculation and bulk calculation
respectively.

3.1 Asymptotic structure constant in CFTy with arbitrary spins

In this subsection, we derive the mean structure constant of an operator O with conformal
weights (ho, he) and two operators with conformal weights (Fr, + 51» ERr + 57) in the limit
of Er, Er > 1. In the following, we will carry out a detailed calculation in CFTs, for the
purpose of easy comparison with that of WCFT in the next section.

In a two dimensional CFT, the one-point function of a primary operator O of conformal
weights (ho, ho) on a torus with complex modular parameter 7 = ity + 7o can be written

in terms of three-point coefficients as follows,
<O>Tﬁ' — TI‘O€27F7:TL0727F’L'7_'E0 — /dELdERTO(EL, ER)627TZ'TEL727TZ'7_'ER , (31)

where

To(EL, Er) = Z<¢|O|¢>5(EL — E1,)0(ER — ER;) . (3.2)

7

Up to normalizations, (i|O|i) is the OPE coefficient ¢;;0, and hence To(FEr, ER) is the total
three-point coefficient from all operators with (Er;, Er;). Lo and Ly are the zero modes of
the standard Virasoro algebra. Ej, and Eg are the eigenvalues of Lo and Lg on the cylinder,
respectively, with relative shifts E7(Er) = h(h)— 55 to the conformal weights (h, h) defined
on the plane. The imaginary part of 7 is proportional to the inverse temperature and the
real part is the angular potential. Here we keep them arbitrary, and treat 7 and 7T as
independent complex variables.

We can invert the relation (3.1) between the torus one-point function and Tp(Er, ER)
by an inverse Laplace transformation. From this perspective, the total three-point coeffi-
cient To(Er, ER) is also the density of states weighted by the one-point function,

To(Er,ER) = / drdre ?™TEL2TTER (O) (3.3)

Two dimensional CFTs are invariant under the large conformal transformations on the

torus, which act on 7 as modular transformations,
arro (3.4)

where ad — ¢d = 1. The partition function of theory is invariant under such modular
transformation, and the primary operator O transforms with the modular weights (ho, ho),

(O)yre = (o7 + d)'0(c7 + d)"0(O)r 7. (3.5)
In particular, under the S transformation 7 — —1/7, the one-point function transforms as

(O)rr =77h0F7h(O) 1)1 1) (3.6)



This formula is very useful as it relates the high temperature behaviour of the theory to
the behaviour at low temperature. Taking the limit 7 — 0™, 7 — —i0™, and assuming the
eigenvalues of Ly and Ly are bounded from below, we can project the right hand side of
(3.6) onto a lightest state |x) with non-vanishing three-point coefficient (x|O|x) # 0 3,

<O>T,’F — <X’O’X>Tﬁho77'7;"06727”'%ELX627T7:%ERX 7 (37)

where (Er,, ER,) are the conformal dimensions of the state |x). Substituting (3.7) back
into (3.3), we can write down the total three-point coefficient in terms of Er, and Eg,,

TO(ELu ER) — <X|O‘X> /deTT_hOT_BO6_27riTELe27Ti7_-ERe_27Ti71'ELX€27”:71'ERX ) (38)

At large Fr, and EpR, the above integral is dominated by a saddle point with

] ELX - ERX
T =1 —TL, T =—1 —E7R (39)

Further assuming Fpr,, Eg, < 0, the saddle points are pure imaginary. Under the saddle
point approximation, the integral in (3.8) can be performed and we get,
_ho _ho
To(EL,ER) = jho—ho (x|0|x) (_ELX> 2 (_ERX> 2 647-‘—\/_ELELX+47F\/—ERERX‘
Er Egr
(3.10)

To(EL, Er) characterizes the total contribution of different degenerate states to the three-

point function coefficient of the underling CFT at given large Fr and EFr. However, it is
useful to define the typical value of the three-point coefficient by dividing To(Er, Er) by
the density of states. Choosing the operator O being the identity and setting the state |x)
to the vacuum in (3.10), we can write down the density of states p(Er, Egr) at large Ef,
and ER,

p(EL7 ER) — 647r\/_ELELvac+47r\/_ERERUac X (311)

—c
24>

two dimensional CFT. The mean structure constant for the operator O and two operators

Taking Erpee = FRyae = the above equation is nothing but the Cardy’s formula in

with same large conformal dimension E7, and Er can be defined,

To(EL, ER)

Co(EyL, ER) = 3.12
o(ErL, Er) p(EL, ER) (3.12)
_ho _to
= i"oho (x|Oly) <_£ijLX> 2 <_%X> © VLB~V = BLuad) HmVER(Y =B/~ Eruac) |
L R

This is the asymptotic formula of the average value of three-point coefficient for a general
CFTg, assuming Er, Eg > 1, and the existence of an operator x with Fr,, Eg, <0 and

3Throughout this paper, we focus on the contribution from the primary field x, without considering the
possible degeneracy. When x has degeneracies, we need to replace (x|O|x) by a sum over all degenerate
states. Subtleties may appear when the sum is zero. Related discussions can be found in [1]. Here we
will only consider the most general theories where such coincidence doesn’t show up. See [36] for the
contributions from all the descendants.

~10 -



(x|O|x) # 0. When O is a scalar operator with ho = he, (3.12) reduces to the CFT results
of [1]. In the following subsection, we will match the bulk calculation (2.34) to the CFT
result (3.12).

3.2 Matching with AdS;/CFT,

Under Brown-Henneaux boundary conditions, asymptotically AdSs spacetimes are dual to
CFTas. In the context of AdSs/CFTa, [1] proposed a bulk dual for the asymptotic formula
of mean three-point coefficient for scalar operators in the heavy-heavy-light limit. In this
subsection, we check the picture for the generic spins by matching the bulk tadpole diagram
with the CFT quantity Co(EL, Er) (3.12). In the following, we will first use the AdS3/CFTy
dictionary to rewrite the result (3.12) in terms of BTZ parameters, and then consider the
contributions from ¢ and ¢,, and finally match the bulk result (2.34) to (3.12).

We consider the average value of the three-point coefficient Co(Er, Egr) (3.12), in the
heavy-heavy-light limit with 1 < hp, ho < 57 and Ep, Er > 57, ¢ > 1. At large Fr and
Eg, a typical state |EL, Eg) is well described by the black hole geometry in AdSs, which
emerges after coarse-graining over many states at fixed E; and Fr. The difference from
[1] is that for Ef, # Er, we will need to consider rotating BTZ black holes. More explicitly,
the quantum numbers E;, and Er in CFTy are the conserved charges associate with the

Killing vectors 0, and —0, evaluated on the BTZ metric (2.1),

_
4G

e

EL = Q[au] ER = Q[_av] - 4G .

(3.13)

The dual geometry for the CFT vacuum is the global AdS3, which corresponds to T;, , = —%,
with eigenvalues

Btoge = Brvae = 75 (314)
For a light operator O with 1 < hp, ho < 51, its dual field ¢o can be approximated
by a massive spinning particle, instead of a spinless particle when hp = heo as considered
in [1]. Under the massive particle approximation, the conformal weights for O are related
to the mass and spin by
- 1

1
ho = i(fm(g +s50), ho= §(€mo —80)- (3.15)

Therefore the propagator for ¢ (2.20) can be also written as
e~% = ThoTho (3.16)

We will further take the lightest state |x) coupled to O to be a heavy operator in
the region 1 < h,, Bx < 57- Then the dual bulk field, denoted by ¢,, will correspond to
a non-perturbative field which backreacts on the bulk AdS3; geometry but still below the
black hole threshold. This means that ¢, will create a spinning conical defect for generic
hy — Bx- Now we need to relate the local bulk mass m, and spin s, to conformal weights
oy, Bx in the dual CFTy. As described in section 2.3, the spinning conical defect (2.26)
can be brought into a standard form (2.32) in the Brown-Henneax phase space. Then the
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conformal weights can be read from the asymptotic charges evaluated on (2.32) with the
parameters (2.33),

2, (T3,
ELX = Qx[au] = 4G ERX = QX[—&,] = e

Using the above map and Eqgs. (2.33), one can rewrite the mass and spin of ¢, in terms of

(3.17)

its conformal dimensions,

L (Ep, \/ (ER, B \/ (Ep, \/ (ER,
fmx_m‘\/‘ i Vae T VTae TV Tae (3.18)

Substituting the mass and spin formula above into (2.25), the amplitude for ¢, wrapping

the horizon can be recast as
‘E (E
e—SX —e 4G 8G 4G 8G ) (319)

Putting the two parts (3.16) and (3.19) together, the bulk amplitude (2.34) for the process
given by Figure 1 under Brown-Henneaux boundary conditions can be written as

) EL L) ( "ERy _ ¢

4 Tu - X +,Tv - -

B (B Br) = < xloly >, oo (VT8 e (VT
N e N —

vertex <¢O¢>O> <¢x¢x)

e

Up to an overall normalization that does not depend on Ej and Eg, the above bulk am-
plitude agrees with the average value of three-point coefficient (3.12) rewritten in terms of
temperatures.

4 The AdS3;/WCFT correspondence

4.1 Warped CFT and modular invariance

In this subsection, we briefly review some basic features of WCFT. A warped conformal
field theory is characterized by the warped conformal symmetry. The global symmetry
is SL(2,R) x U(1) , while the local symmetry algebra is a Virasoro algebra plus a U(1)
Kac-Moody algebra [6, 11]. In position space, a general warped conformal symmetry trans-
formation can be written as

.’E/:f(.’E), y,:y+g($)7 (41)

where z and y are SL(2, R) and U(1) local coordinates, and f(z) and g(x) are two arbitrary
functions. Denote T'(x) and P(x) as the Noether currents associated with the translation
along x and y axis, respectively. The commutation relations for the Noether charges form
a canonical warped conformal algebra consists of one Virasoro algebra and a Kac-Moody

algebra,
c
[Ly, Lin) = (0 —m)Lyym + En(n2 —1)0n,—m,
[Ln7 Pm] — _mPnera (42)
k
[Pn7 Pm] = n§(5n’_m ,
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where ¢ is the central charge and k is the Kac-Moody level. One can also construct the
spectral flow invariant Virasoro generators,

L =, - %( N PuPom+ Y Pn,mpm) : (4.3)

m<—1 m>0

One can check that L™ commutate with the Kac-Moody generators, and form a Virasoro
algebra with central charge ¢ — 1.
Now consider a WCFT with coordinates (z,y) on a torus with two circles

spatial circle :  (z,y) ~ (z + 2m,y), (4.4)
thermal circle : (z,y) ~ (x +iB,y —if),

where 3 and 3 are the inverse temperatures along = and y, respectively. The torus partition
function can be written as

Z(B, B) = Tr(e PLothiy (4.6)

where Lo and Py are the zero modes of the generators, which are the conserved charges

associated with the coordinates x and y respectively,

Lo=Q[0:], Fo=0Ql[o,], (4.7)

The partition function (4.6) transforms covariantly under modular transformation, as first
obtained in [6], and further explained in [24]. First note that the partition function is
invariant under swapping the circles to

spatial circle . (x,y) ~ (x +iB,y —iB), (4.8)

thermal circle :  (x,y) ~ (x — 2m,y) .

Then the following warped conformal transformation

27 B
/ . /
r=—1t—z Y =y+-=x, 4.10
5 3 (4.10)
leads to a torus with new circles,
spatial circle : (2, y) ~ (' + 27,9, (4.11)
thermal circle :  (2',y) ~ (2’ +iB',y —ip'), (4.12)
where ) B
41 - 2mif3
B=— p=- . 4.13
The partition function transforms according to the following equation with anomaly [6, 24],
- 82 (4m*  2mif
Z(B,8) = ek4BZ<g,— 7;B> . (4.14)
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4.2 The AdS;/WCFT correspondence
The AdS;/WCFT setup— version 1

Under CSS boundary conditions [7], asymptotically AdSs spacetimes are conjectured to
be dual to WCFTs. To be more precise, there are two different versions of the boundary
conditions, demonstrated in the text and appendix of [7], respectively. Let us first setup the
holographic dictionary for WCFT in AdSs using the version in the text. In the light-like
coordinate system, the BTZ black hole metric (2.1) with identification (2.2) satisfies the
CSS boundary conditions,

2 — 72 (4.15)

v v

99 =1, ¢V =0 8,46%=0 g

uu T

with T, fixed. The asymptotic Killing vectors obeying the boundary condition (4.15) are,

) 1 )
{n == €Znu (au - 2“7/0;)) 9 T = _eznuav 3 (416)

The asymptotic symmetry algebra under above boundary conditions is the Virasoro-Kac-
Moody algebra, which can be written as

Ly L] = (7 — m) Ly + %(n?’ — 1) —m,
[Ln, Pm) = —mPyim + mPobp,_m, (4.17)
_ k
[Pna Pm] = §n5n,—m )
where )
3¢ ~ /T
- k= __v 4.18
‘T G (4.18)

Lo and P, are the conserved charges associate with left and right moving Killing vectors
9, and 9, respectively, and are related to the bulk mass and energy momentum by Lo =
%(E +J), B = —%(E — J). The asymptotic charges Ly, P, are both finite and integrable
with fixed T,. The above algebra (4.17) is not the canonical WCFT algebra (4.2). One way
to relate them is through the following charge redefinition [6] 4,

- 2P,P, P25 - 2P,P, P25
Ln:Ln_ Zn+ ()k:n,O7 Pn: Zn_ ()kn,O‘

(4.19)

In this paper, we are interested in states with (P,) = 0, Vn # 0, and this amounts to a
nonlocal reparameterization of the theory,
ky

= - 2 . 4.2
u=2x, v 2P0+x (4.20)

4 Alternatively, we can choose the field dependent asymptotic Killing vectors following Appendix A of
[34], which is a modification of the Appendix B of [7]. Then the bulk charges will automatically match
the Virasoro-Kac-Moody generators in WCFT. In particular, for states with (P,) = 0, Vn # 0, it will be
obvious that (Lo) is the angular momentum.
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On such states we further have the expectation values

By = (L) = (Eo) + (B = 0. L= (R = L) (121

. . - 1
B = (L) = Lo = 5(B+J),

Note that the WCFT weight E}, corresponds to angular momentum in the bulk, while the
spectral flow invariant generator Lf]"” plays the same role of the left moving energy Lg BT
in a CFTs. In particular, if a state has a vanishing charge, the bulk energy equals to its

angular momentum which is furthermore given by the eigenvalue of L,
E=J=F,, if Q=0 (4.22)

For the BTZ black holes (2.1), the expectation values of the zero modes of the canonical
WCEFT algebra (4.2) can now be read from the background geometry,

, , ¢ T, Lk
Einv _ (invy 7T2 = (P = v X 4.23
£ = (L") oty @ (Po) 5 a (4.23)
The WCFT vacuum corresponds to the global AdSs with T,, = T, = —%, and thus the
vacuum has the following quantum numbers
, l i lk
ngvac - = 16G° Qvac = Z _5 . (424)

Because of the map (4.19), the AdS3/WCFT correspondence has the following features:

e From (4.23), the phase space of fixed T, is mapped to a sector with fixed charge Q.
On the other hand, WCFT contains sectors with different charges, as is required by
modular covariance [6]. This suggests that the phase space of WCFT consists of the
union of the bulk phase spaces with different 7,. This interpretation was proposed
by [25], and is necessary for reproducing the Bekenstein-Hawking entropy using the
DHH formula. The calculations of holographic entanglement entropy [25] and one-
loop partition function [41] both support this interpretation.

e It is convenient to choose a negative level k, which makes the charge of black holes
real whereas the charge of global AdSs pure imaginary, as can be seen in eq (4.23).
Alternatively, one could choose a positive k. Then global AdS3 will has positive
charge, and the vacuum sector will remain unitary.

e Relatedly, a modular bootstrap with £ < 0 can be performed assuming that all the
Virasoro-Kac-Moody primary states have positive norms [34]. The negative level k
leads to descendent states with negative norms, whose contribution to the partition
function can be estimated and is much smaller than the primaries. Furthermore,
modular covariance requires that states with pure imaginary charges have to exist [34],
consistent with the fact that global AdSs has a pure imaginary charge.
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Version 11

There is an alternatively version of CSS boundary conditions as in Appendix A of [34],
which is a modification of Appendix B of [7]. The boundary conditions agree with (4.15),
(2)
v

with gy still coordinate independent but allowed to vary. The resulting asymptotic Killing

vectors are state-dependent,
i
§§L=§n+77n7 77;1:%’
v

from which the corresponding charges L,, and P,, automatically satisfy the canonical WCF'T

(4.25)

algebra (4.2) with central charge ¢ = 3¢/2G and a negative level k. Both L,, and P, charges
are integrable for arbitrary variations of T,,. These charges are related to the bulk charges
(4.17) in version I by the non-local map eq (4.19). Then it is straightforward to show that
the zero mode of the Virasoro-Kac-Moody is just the angular momentum

Q> _ (P)®
E ok

By = (L) = J, _ %(J _E) (4.26)

In particular, the BTZ black holes has the charges are Ly = %(Tg —T?),Py = —%\/T%.
In this version of the boundary conditions, T, remains constant, but is allowed to vary.
The map between the bulk and boundary is straightforward, though at the cost of field-
dependent asymptotic Killing vectors. Black hole entropy, entanglement entropy, modular

bootstrap can be discussed in this version, and the results remain the same.

5 Structure constant in AdS;/WCFT

In this section, we will first derive the mean structure constant in WCFT by using the
modular properties of warped conformal symmetry, and then provide a bulk calculation
on the background of BTZ black holes. We found that the gravity picture of the mean
structure constant in WCF'T will still be given by Figure 1. However, a crucial difference
from the previous discussion is that we will use the holographic dictionary of AdS3/WCFT,
instead of AdS3/CFT.

5.1 Torus one-point functions

Due to the warped conformal algebra (4.2), the operator spectrum in WCFT can be labelled
by conformal weights and charges, i.e. the eigenvalues of Ly and charge under Fy. Due to
charge conservation, only chargeless operators will have non-vanishing one-point function.
For a primary operator O with conformal weight hp and zero charge, the one-point function
on a torus (4.4) (4.5) is defined by

(0) 5.5 = Tr(Oe Lo+l (5.1)

Similar to the story in CFT, the warped conformal transformation (4.10) which swap the
spatial and thermal circle on the torus plays the role as modular transformation in WCF'T.
Under the warped conformal transformation the one-point function transforms as [33]

2 (9a"\"o
(0)55=¢"7 (8"”;) (O) 42 2mis - (5.2)
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Here the form of the finite transformation of O is determined by the chiral scaling symmetry
of the theory. It behaves like an ho-form under z-direction diffeomorphism and like a scalar
under U(1) transformation.

Now take limit 3 — 0T, suppose the eigenvalues of Ly are bounded from below, we
have

ho 2 = =2
()55 = (XIOIX) (?) o~ 5 Brx- B0t 53)
where |x) is the lightest state with non-vanishing three-point coefficient (x|O|x) # 0. The
charge conservation for the three-point function requires O to be chargeless [33]. Here we
use Ep, for the eigenvalue of Ly on the cylinder acting on |x) and Q, is the eigenvalue of
Py acting on |x) which is known as the charge of |x).

On the other hand, the one-point function of the primary operator O can be rewritten
as

<O>B,B ://dELdQTO(ELvQ)e_BEL+6Q> (54)

where

To(Er, Q) =Y (il0}i)8(Q — Qi)d(Er — Ery), (5.5)

)

is the density of states weighted by the one-point function. The integral above can be
inverted to find Tp(Er, Q),

djBdp 3
To(EL, Q) = /ﬁﬁ(@g,geﬂrm

dB dB 2r\ "0 _ax2 omip il _3

At large Er, and —(@Q), this integral is dominated by a saddle point with

Einv B An Einv
\ "B k TR\ TR

. . 2
where ET" = Ej, — %2, E’L"”X = Fp, — % When k is negative, the condition for the

validity of the saddle point method is Ei”“ > 1. It will become clear that negative k is

responsible for the U(1) charge for excited states to be real when considering its gravity
dual. It is easy to check that these shifted conformal dimensions Ei’”’ and EE"UX are the
eigenvalues of the zero modes of spectral flow invariant generators defined in (4.3). To have
the real saddle points, it is assumed that Ei”” v < 0 and @, is pure imaginary. Under
saddle point approximation, the expression of the Tp(EL, Q) can be written as

- 2—ho

_q h EZTL’U inv inv Ly

To(EyL Q):( )" X0 [ ]_FL x AT B B (5.8)
T e B

X
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We can also carry out the density of states at large E;, and —@Q) by choosing the operator
O being the identity and setting EE””X — E™  in Tp(EL,Q),

L wac
1 5 s
p(ErL, Q) = T \\/" qu;ac e”, (5.9)
_kEL vac L
(5.10)

where S is the entropy formula derived in [6],

; ; 477
S = 4my/ =B B = Q. (5.11)

As discussed in CFT, one can define the typical value of the three-point coefficient Co(Er, Q)
by

To(EL, Q)
Co(Ep, Q) = ~Q\k %) 5.12
( ) p(EL, Q) (512
At large B, Co(EL, Q) can be approximated by
Co(ErL, Q) ~ (5.13)
_Eginv i _ )
N Ei’w Eimj ho 4z (H _Eiﬁv X _1> \/W_%(Q?}zc_l)QvacQ
(_Z) O<X‘O’X> Einv x _Ein’u € o '
L wac L x

The above formula (5.13) characterizes the asymptotic growth of the mean three point
coefficient in WCFT. This is similar to the result of [42] in the context of CFTs with an
additional U(1) symmetry. Although the expression (5.13) looks complicated, we will see
that it can also be interpreted as the tadpole diagram (2.34) in the bulk gravity.

5.2 Matching in AdS3;/WCFT

Now we consider the bulk interpretation of the average three-point coefficient Co(EL, Q)
(5.13) in the context of AdS3/WCFT. Under CSS boundary conditions [7], Einstein gravity
on asymptotically AdSs spacetimes are dual to WCFTs. Similar to the previous section, in
this section we also consider the large ¢ limit of the heavy-heavy-light type correlators with
O light and |Er, Q) heavy. For the light operator O with 1 < ho < 57, its dual field can
be viewed as perturbative bulk field lives in AdSs. The heavy state with EZ“}, —%2 > 57 18
well described by the BTZ geometry (2.1) with the identification (2.2).

We propose that the bulk dual of the expectation value for the torus one-point function
is still given by the tadpole diagram as depicted in Figure 1. Denote the bulk duals of O
by ¢o, and x by ¢,. Both ¢o and ¢, carry mass and spin. The amplitude contains a
propagator of ¢ emanating from infinity, a propagator of ¢, wrapping the black hole, and
a cubic coupling (x|O|x). In the semiclassical limit, the propagator can be approximated
by the on-shell action of massive spinning particles

CO(EL, Q) = (x|Ox)e 505 (5.14)
mry+s Impy—s
eSo — T, o OTU o O’ o= — o= tm2m(TutTu) =53 2m(Tu—Ty)
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where in the second line we have used the results (2.20) and (2.25). Note that the bulk re-
sult written in terms of the bulk variables is the same as the story of AdS3/CFT2 proposed
in [1] and generalized in the previous section. In the following we will use the holographic
dictionary of AdS3/WCFT to show that the bulk amplitude (5.14) will match the average
three-point coefficient in WCFT (5.13) up to some normalization factors. This indicates
that holographic dualities for WCFT has another universal property, that is, the agree-
ment between the tadpole diagram in the bulk and the mean three-point coefficient on the
boundary.

The bulk dual of O

As discussed in the story of AdS3/CFTs, we expect to reproduce the contribution from
the operator O by the boundary to bulk propagator of a bulk field ¢p from infinity to
the horizon. Under the WKB approximation, the propagator of a massive particle from
infinity to the horizon of the BTZ metric (2.1) is given by (2.20). Now we need to use the
AdS3/WCFT dictionary to match the quantum numbers.

The bulk-boundary map of AdSs/WCFT (4.21) relates the conformal dimension and
charge to the dimensionless energy and angular momentum. For a perturbative field under
the WKB approximation, it increases the dimensionless energy and angular momentum
by its mass and spin, 0E = ¢m, 6J = s. From (4.22), we learn that the bulk dual of the
chargeless operator O will have equal mass and spin, which is further given by its conformal

weight,
£ _
24

where the shift 57 comes from the background. The dual particle ¢ is thus a massive

Imop =so = Epp + ho . (5.15)

spinning particle with equal mass and spin. Its regularized amplitude propagating from
infinity to the horizon is given by (2.20). Plugging the above relation into the general
formula (2.20) for massive spinning particles, the radial boundary to bulk propagator can
be written as

e~ %0 = Tho, (5.16)

The bulk dual of y

For the lightest state |x) coupled to O, we consider the region 1 < EZ“’X + 91 < 21>
1 < _Ti + 37 < 37- The bulk dual is again a massive spinning particle going around
the horizon, whose on-shell action in terms of mass and spin was given in (2.25). In the
following, we use the AdS3/WCFT dictionary to further relate mass and spin to quantum
numbers in WCFT.

When ¢, is in the perturbative region, the discussion is similar to the operator O,
but with arbitrary charge @), turned on. One can relate the mass and spin of ¢, to the
conformal dimension and charge of |x) through (4.21). Comparing to CFTs, L{" and —%02
play the role as left and right moving energies, respectively. So we have the following
relation,

c  Imy + sy Q3

Eim} i
Loxt o 2

c Imy — sy
== X% 1
k +24 2 (5.17)
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In the non-perturbative region, the relation between the mass and spin in the bulk
and conformal dimension and charge in WCFT can be determined through the backreacted
geometry, similar to the discussion in section 2.3. For a spinning particle with mass m,
and spin s, the backreacted geometry is still given by (2.26), which can be rewritten in the
standard form (2.32) with the standard spatial identification (2.2), and the “temperatures”
Tyus Tyw determined by the mass and spin (2.33). However, the crucial difference now is
that we should use the AdS3/WCFT dictionary (4.21) to further relate the bulk quantities

Tyu, Ty to WCFT quantum numbers. To be more explicit, we have

» 14
ngx - ET)?uJ QX - =

Ty [k
—— 1
e (5.18)

Plugging the above relation to (2.33) and using (4.24), one can rewrite the mass and spin
of ¢, in terms of its spectral flow invariant dimension and charge,

1 1 _Einv E _Einv
My =7~ 7 o~ ifz/v x + QX ) Sx T T o~ ifL/v - QX ’ (519)
4G 8G _EL vac Qvac 8G _EL vac Qvac

Note that the relation in the perturbative region (5.17) can be obtained as the leading

order expansion in the limit ¢m,, s, < c¢. We will henceforth focus on the relation (5.19).
Substituting the mass and spin formula above into (2.25), we find the contribution to
amplitude from ¢, can be recast as

L . ¢ ( Q
X X
% —EZ”” -1 Tu+;7G(Qvac_l>Tv

vac

efSX =e

(5.20)

The bulk dual for the structure constant

Putting the two parts (5.16) and (5.20) together, we can rewrite the total amplitude (5.14)
for the process given by Figure 1 under CSS boundary conditions,

_ pinv

E
L L ¢ ( Q
;TG< —pinv > _1> Tu+%<@v§c_l)Tv

CO(EL.Q) = XIOIx) Ty ¢ L . (521
~——
vertex (oo po) (¢;¢x>

Up to an overall normalization that does not depend on the Ej; and (), this amplitude
recover the WCFET result (5.13) rewritten in terms of temperatures.

Note that the bulk process has the same structure as (3.20) in AdS/CFT, consisting
of the vertex, the propagator (pp¢p) from boundary to the horizon, and the propagator
(¢x®y) around the horizon. However, here we would like to point out some features of the
results in AdS/WCFT. In the highest weight representation of Virasora-Kac-Moody algebra,
all states are eigenstates of the U(1) generator Py. Charge eigenstate together with charge
conservation impose strong constraints in the bulk [33]. For instance, charge conservation
requires that the operator O to be chargeless. In the semiclassical bulk picture, the geodesic
is along the radial direction, with no momentum along v, and the massive particle has the
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equal mass and spin (5.15). Thus there is no T, dependence for (pppp) in WCFT, as
opposed to the CFT result (3.20). The exponential part in the above formula (5.21) is the
contribution from ¢,. The |x) state in the dual WCFT is a state with pure imaginary
charge which is predicted by the modular bootstrap of WCFT [34], so @y and Quq. are
both pure imaginary numbers and the amplitude is real.

To summarize, we derived a universal formula for the asymptotic growth of the average
three-point coefficient, and performed a bulk calculation in the context of AdS/WCFT
correspondence. In addition to the fact that the thermal entropy of a BTZ black hole is
captured by the DHH formula in WCFT [6], the matching of (2.34) and (5.13) gives further
evidence of the black hole geometries in asymptotically AdSs spacetimes can emerge upon
coarse-graining over microstates in WCFTs.
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Appendix A: an alternative derivation of the on-shell action at the horizon

In this appendix, we will use the non-rotating frame to the calculate the on-shell action for
particle ¢,.

Since the horizon is a degenerate hypersurface, here we use the trick to calculate the
on-shell action. We take the orbit of the particle ¢, to be a circular orbit with constant
radius greater than the horizon’s. It can be shown that the constant radius orbits outside
the horizon are no longer geodesics, but with accelerations. Then we evaluate the action of
¢y on that orbit, this is not on-shell since (2.8) is not satisfied. Finally, we take the radius
of that orbit tends to horizon. On the horizon, the worldline action become on-shell, and
we will get the desired result.

By using the metric (2.1), we can find out the tangent and two normal vectors of the
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constant radius obit outside the horizon at constant time,
1

: 1
X+, = O + By, 5.22
2o+ T2+ T2 0 2p+ T2+ T2 (5:22)
2./02 — T2T2
Al = Y~ Tutvg (5.23)
¢
p p+ T p+T;
n 8M = au - av
WN(p? = T2T2)(2p + T + T2) N(p? = T3T3)(2p + T3 + T2)
(5.24)

Similar to the discussion of particle ¢, the spin contribution can be written as

S)S(pin = 5y log <Q(7'f) nf— Q(Tf) . nf> ’ (5.25)

q(7i) - i — q(m) - 1
Before taking the limit, the orbit has acceleration, the notion of parallel transport should
be replaced by Fermi-Walker transport. Here the vectors ¢* and ¢M satisfying

¢=-1 =1 ¢q§=0 ¢X=¢X=0,

Vgt = —XH(q-A), Vi =-X"G-A), (5.26)
where A* = VX is the acceleration corresponds to the tangent vector X. The Fermi-Walker
transport was imposed to ensure that the frame (¢(7), (7)) is non-rotated along the orbit,
and compare to another frame (n(7),n(7)), we can obtain the relative change of the Lorentz

boost. The explicit expressions of ¢ and ¢ for constant radius orbit outside the horizon can
be written down by solving (5.26),

2 (TE-THe 2 (TE2-THe
(p-l—Tv)cosh(\/m) (p—i—Tu)cosh(\/m)

quau = (T v
NP -TET)2p + T2+ T3 0/ —T3TH) (20 + T2 + T7)
2 22 (T2 -T)¢
2¢/p* = TZT7 sinh <\/m>
— 7 Dy, (5.27)
(p+T2) sinh M (p+T2)Slnh M
. v \/20+T2+T2 n w N/ 20+T2+T2 5
q Oy = — (! v
0 (p? = T2T2)(2p + T2+ T2) 0 (p? = T2T2)(2p + T2 + T2)
2 2
2./ p? — T2T? cosh <(T"_T“)g0 >
/2p+T2+T2
+ 4 B (5.28)

14 -
The metric (2.1) has identification as (2.2), so let us set the initial point with ¢ = 0 and
final point with ¢ = 27, the difference in ¢ and § between initial and final point are the
spin effects. Substituting the formulas (5.27), (5.28), and (5.23) into (5.25), we can get,

2n(T2 — T2)

Sspin = Sy 2p T T2 T T2 .
U v

Now we can take limit p — T, T, to get the spin contribution on-shelly and combine with

(5.29)

the first part of (2.21), we can write down the on-shell action of particle ¢,.

Sy = tmy21(T, + To,) + 8, 27(Tyy — T) . (5.30)
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Appendix B: conical defects with spin

In this appendix, we will check that (2.26) is indeed a solution in three dimensional space-
time with negative cosmological constant, sourced by a point particle with mass m and spin
s at the origin,

G = 87GT, | (5.31)
T = mé?(z), 2'TY —29TY = 5¢76%(x), (5.32)

where G, = Ry, — %Rg,w — Z% guv- The indices (0,1, j) labels the local Cartesian coordinates
(20, 2%, 22). One can directly check that (2.26) indeed satisfies the above Einstein equation
(5.31) following the lines of arguments of [39, 40]. Alternatively, by integrating both sides
of (5.31) over a Cauchy surface, (5.32) indicates that the mass and spin can be calculated
from the quasi-local gravitational charges. In the covariant formalism, charges associated to
exact Killing vectors can be calculated anywhere, and the difference between the usual ADM
charges and quasi-local charges comes from the choice of Killing vectors [43]. In general
charge integrability imposes strong constraints on the normalizations. More explicitly, the

parameters of the local source can be calculated from the covariant charges
m = Q[d], sC = Q[0], (5.33)

where ! = rcosCl, 2> = rsinC0, 2° = t — Af with § ~ 6 + 271 are the locally polar
coordinates. Explicit expression of the charges can be found in [43].

Now let us check the local source of the conical solution (2.26) using the prescription
above. Consider the a conical defect solution in global AdS with “jump”

ds?  dr? A
ziZ = < ITQ +r2dg? — (L4 17)(dt = =dg)? (5.34)
5
o ~ ¢+ 2rC, ca-%, (5.35)

which can be brought to the standard form (2.32) where we can read the asymptotic charges
by,
4 ¢ 4 t

“E=oto-a YToTora

(5.36)

The total gravitational energy and angular momentum are measured using the asymptotic
Killing vectors Ef, = Q[0,] = —%(C—A)Q, Er=Q[-0,] = —%(C—i—A)z. On the other
hand, the local source can be measured by the Killing vectors normalized properly near the

2

origin, using the locally Cartesian coordinates 2° = £(t — %cp), ! = rcosp, 22 = rsing.

Therefore the particle mass can be calculated by considering the infinitesimal charge

tom = 5Q|0)]

1 1
= A0+ 5

5C
= (05 (5.37)

6Q[0y]
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By requiring that smoothness when m = 0, we can integrate the above charge and get the
particle mass

1-C dp
TG T saGe (5.38)
Similarly, we can get the spin of the particle by
1 1 Al
s = ZQICO,] = Z(QM) + Qo) = (539)
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