DIRAC SPECTRAL FLOW ON CONTACT THREE MANIFOLDS I:
EIGENSECTION ESTIMATES AND SPECTRAL ASYMMETRY

CHUNG-JUN TSAI

ABSTRACT. Let Y be a compact, oriented 3-manifold with a contact form a and a metric ds.
Suppose that F — Y is a principal bundle with structure group U(2) = SU(2) x;+1, S* such
that F//S' is the principal SO(3) bundle of orthonormal frames for TY. A unitary connection
Ao on the Hermitian line bundle F' X 4esu(2) C determines a self-adjoint Dirac operator Dy on
the C%-bundle F x ) C2.

The contact form a can be used to perturb the connection Ag by Ao —ira. This associates a
one parameter family of Dirac operators D, for r > 0. When r >> 1, we establish a sharp sup-
norm estimate on the eigensections of D, with small eigenvalues. The sup-norm estimate can
be applied to study the asymptotic behavior of the spectral flow from Dy to D,. In particular,
it implies that the subleading order term of the spectral flow is strictly smaller than O(r%).
We also relate the n-invariant of D, to certain spectral asymmetry function involving only the

small eigenvalues of D,..

1. INTRODUCTION

In Taubes’s proof of the Weinstein conjecture [T1], a key ingredient is the spectral flow
estimate for a one parameter family of Dirac operators. The spectral flow estimate has a
natural generalization [T2| to any odd dimensional manifolds. Although being used to prove
the Weinstein conjecture, the spectral flow estimate is established in a general setting. When
the one parameter family of Dirac operators is constructed from a contact form, it is interesting
to see how its spectral flow function and the zero eigensections are related to the geometry of
the contact form. This paper is the first step toward the study of this question.

1.1. Spin-c Dirac operator in three dimension. Suppose that Y is a compact, oriented
3-manifold with a Riemannian metric ds2. Let Fr be the principal SO(3) bundle of oriented,
orthonormal frames. A spin-c structure on Y is an equivalent class of lifting of F'r to a principal
Spin®(3) = U(2) bundle. In dimension three, the spin-c structures can be constructed explicitly.
Since any compact oriented 3-manifold is parallelizable, F'r can be identified with Y x SO(3).
It suggests an obvious spin-c structure, the trivial U(2) bundle F' =Y x U(2). Let U — Y
be a principal S bundle. The principal bundle F x g1 U is a different spin-c structure if U is

Date: February 28, 2015.



non-trivial, where S! acts on U(2) as its center. This construction identifies the set of spin-
¢ structures on Y with the set of equivalent classes of principal S' bundles. Note that the
equivalent classes of S! bundles is an affine space isomorphic to H2(Y;Z).

Let S be the associated bundle of F' by the fundamental representation of U(2) on C2. It
is called the spinor bundle. The Levi-Civita connection on F'r and a unitary connection A on
det(S) = U x g1 C together induce a unitary connection on S. Denote the connection by V 4.

The tangent bundle TY admits an action on S defined as follows. Identify R? with 2 x 2 skew
Hermitian matrices. The group U(2) acts on R? by x + gxg* for any x € R? and g € U(2). The
associated bundle of F' of this representation is exactly the tangent bundle TY. The matrix
action of a 2 x 2 skew Hermitian matrix on C? induces a bundle map cl : TY x S — S. This
map is called the Clifford action. The Dirac operator D4 associated to V4 is the composition
of the following maps

Co(Y;S) 44 ¢V T*Y ® S) "™ ey, Ty ® §) - ¢ (Y;S) .

The Dirac operator is self-adjoint with respect to the L?-inner product. It has discrete spectrum
and each eigenvalue has finite multiplicity. Moreover, its eigenvalues is unbounded from above
and below.

There are two different conventions for the Clifford action. The convention in this paper
is determined by what follows: suppose that {ej,es,e3} is an oriented, orthonormal basis of
tangent vectors, then cl(ej)cl(ez) = —cl(es).

1.2. Dirac spectral flow. Suppose that S is a spinor bundle. Let Ay and A; be unitary
connections on det(S). Choose a path of unitary connections {A;}c[o,1) on det(S) which starts
at Ap and ends at A;. This path associates a path of Dirac operators from Dy, to D4,. The
Dirac spectral flow is the algebraic count of the zero crossings of eigenvalues: a zero crossing
contributes to the count with +1 if the eigenvalue crosses zero from a negative to a positive
value as s increases, and count with —1 if the eigenvalue crosses zero from a positive to a
negative value as s increases. For a generic choice of the path {A,} sefo,1]> only these two cases
occur. This algebraic count is the Dirac spectral flow. The complete definition of the spectral
flow can be found in [APS3, §7] and [T'1, §5.1].

Atiyah, Patodi and Singer [APS3, p.95] observed that the spectral flow function is equal to the
index of certain Dirac operator on [0, 1] x Y with appropriate boundary conditions. They also
proved that this index |[APS1, (4.3)] is path independent |[APS3, p.89]. Therefore, the spectral
flow function depends only on the ordered pair (Ap, A1), but not on the path {AS}SG[O,I]‘

Given a real-valued 1-form a, we can consider the spectral flow from Ay to Ag — ira for any
r > 1. The spectral flow can be thought as a function of r, which we denote by f,(Agp,r). In

[T1, §5] and [T2], Taubes studied the asymptotic behavior of f, (Ao, ) as r — co. He proved:
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Theorem A. ([T1, Proposition 5.5]) There exist a universal constant § € (0, 3) and a constant
c1 determined by ds® and Aq such that

2
r 3
‘fa(Ao,r) — 327Tz/ya/\dcﬂ < cprzto
for any real-valued 1-form a with ||a||cs <1 and any r > ¢;.

This theorem specifies the leading order term of the spectral flow function, and gives a bound

on the subleading order term.

1.3. Spectral flow on contact three manifolds. A contact form a on an oriented three
manifold is a 1-form such that a A da > 0. An adapted metric on a contact three manifold is a
Riemannian metric so that |a| = 1 and da = 2 % a, where * is the Hodge star operator. Chern
and Hamilton [CH| proved that such a metric always exists.

Suppose that (Y, a) is a contact three manifold, and ds? is an adapted metric. Suppose that
D4, is a spin-c Dirac operator on Y. The zero eigensections of the Dirac operator D 4,_;r, have
the following properties when 7 >> 1.

o The Reeb vector field is the unique vector field v such that da(v,-) = 0 and a(v) = 1.
The covariant derivative of the zero eigensection along v is close to the multiplication
by ir/2. Thus, its magnitude does not change much along the Reeb vector field v.

e The contact hyperplane (or the contact structure) is the two dimensional distribution
in TY defined by ker(a). On the contact hyperplanes, the zero eigensections almost
satisfy a Cauchy—Riemann equation.

The precise statements will appear in These properties suggest that instead of the Rie-
mannian geometry in three dimension, the scenery here is more like the complex geometry in

one dimension. It motivates the following questions.

Question. Suppose that (Y,a) is a contact three manifold with an adapted metric ds?.

(i) Is the subleading order term of f,(Ag, ) of order r instead of order r2 97 If this being
the case, what is the coefficient of the subleading order term, and what is its geometric
meaning?

(ii) What is the relation between the zero locus of the zero eigensection of D 4,_ir, and the
behavior of the Reeb vector field as r — oo?

1.4. Main results. The main result of this paper is that the subleading order term of the
spectral flow function is of 0(7’%). It sort of suggests that the answer to Question (i) is affirma-

tive.

Theorem B (Theorem [5.8[(ii)). Suppose that (Y,a) is a contact three manifold with an adapted

metric ds®. Suppose that Dy, is a spin-c Dirac operator. Then, there exists a constant ca
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determined by a, ds®> and Ay such that

7“2

3272

}fa(AO,T) — / a A da’ < CQT%(IOgT‘)_é for any r > cy .
Y

Recently, Savale [S| proved that the subleading order term is of o(r%) for any 1-form a,
and improved Theorem A in a greater generality. In this regards, Theorem B provides a more
precise order when « is a contact form. When a is a contact form, the subleading order term is
expected to be of O(r). In the sequel of this paper |[Ts2|, we will make a further study on this
question.

There are two main ingredients in the proof of Theorem B. The following theorem is the first

ingredient. It investigates the eigensections of D 4,_;r, with small eigenvalues.

Theorem C (Theorem . Suppose that (Y, a) is a contact three manifold with an adapted

metric ds®. Suppose that D4, is a spin-c Dirac operator. For any positive r and )\, let
V(r,\) = span {¢ € C™(Y;9S) ‘ D ay—ira® = v, for some scalar v with |v| < )\} .

Then, there exists a constant c3 determined by a, ds®> and Ao such that
sup f < car [ [0f
Y Y

foranyr>c3, 1 <A< %r% and ¥ € V(r, \).

This theorem implies (Corollary [3.3|(i)) that
dim V(r, ) < car . (1.1)

It provides another evidence that D 4,_;r, behaves more like the complex geometry in one
dimension. This estimate (1.1) was also obtained by Brummelhuis, Paul and Uribe [BPU]| in
a more general setting, by using the techniques of microlocal analysis. The proof of Theorem
C says more about the behavior of ¢ along the direction of the Reeb vector field and on the
contact hyperplane. The information shall be useful if one wants to understand more about the
zero locus of .

With the help of the heat kernel argument, this dimension estimate ((1.1)) leads to the following
estimate on the spectral flow function. It is the second ingredient in the proof of Theorem B.

Theorem D (Theorem [5.8[i)). Suppose that (Y,a) is a contact three manifold with an adapted
metric ds®. Suppose that Da, is a spin-c Dirac operator. Then, there exists a constant c4
determined by a, ds* and Ay such that

2

3272

9
2

| fa(Ag, ) / aAda —n(Ag —ira)| < car(logr)
Y
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for any r > c4. The function n(Ag — ira) is defined by

1.
( )% %logfr Z /}\5 _20 r~logr)u? du — Z /1

pevh pevy T 3"

,_.

2

r=1log r)u> du)

t\)\»—t

where VI consists of orthonormal eigensetions of D a,—ira whose eigenvalue belongs to (0, %r%),
V= consists of orthonormal eigensetions of D a,—irq whose eigenvalue belongs to (f%ré, 0), and
Ay is the corresponding eigenvalue of . (The constants % and 20 are not crucial. They are

Just convenient choices.)

Theorem D says that we only need to focus on the small eigenvalues of Dy,_jrq in order
to study the spectral flow from Ay to Ay — ira. With the help of (1.1f), both summations of
n(Ao — ira) can be shown to be smaller than C5T%(10g r)_%. That is to say,

,_.

e (D A

eVt

_}_} Z / % —20 —110g7‘)u d ‘) <2C5T%(10g7’)_% R
PYeEV,

and Theorem B follows.

If the eigenvalues of V" UV, are ‘uniformly distributed’, one can image that 7(Ag — ira) is
actually much smaller than r%(log r)fé due to cancellation. In the sequel of this paper [Ts2],
the ‘uniformly distributed’ property will be justified for certain types of contact forms in each
isotopy class of contact structures.

1.5. Spectral asymmetry. By combining with the results of Atiyah, Patodi and Singer, The-
orem D has an interesting corollary. As a background for the corollary, consider the four
manifold X = [0,7] x Y. The spinor bundle S — Y can naturally be regarded as a bundle over
X. Define the operator ® : C*°(X;S) — C*(X;S) by
D= % + DAO—z'sa

where s is the parameter for the interval [0,r]. With appropriate boundary conditions (JAPSI,
(2.3)]), the operator ® is a Fredholm operator from L%(X,S) — L?(X,S). As observed by
[APS3| p.95], the index of ® is equal to the spectral flow from Ay to Ag — ira. Meanwhile,
[APS1) (4.3) and pp.59-60] gives a formula for the index of ®. Their result in the present
setting says that

7,,2
fa(Ag,7) = 32772/ a/\da—i—m a N (iFa,) (1)
+ 5(A(Ag — ira) +n(Ag — ira)  h(4o) — n(40))
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where h(A) is the dimension of ker(D4) and n(A) is the spectral asymmetry function of D 4.
This spectral asymmetry function is defined as follows: it is the value at z = 0 of the analytic
continuation to C of

Zsign(A¢)|Aw|_z defined on where Re(z) >>1 .

P
The summation is indexed by an orthonormal eigenbasis of D4 with nonzero eigenvalue, and
Ay is the eigenvalue of ¥. Theorem 3.10 of [APS1| asserts that the analytic continuation is
finite at z = 0. One can also see [N}, §1] for a nice survey on the n-invariant and the formula
(1.2).

Roughly speaking, n(A) measures the difference between the total number of positive eigen-
values and the total number of negative eigenvalues. As pointed out by Taubes [T2, Corollary
3], Theorem A and formula imply that the subleading order term of the spectral flow
function is the same as !

§(h(AO —ira) +n(Ap — ira))

up to an O(r) difference.
Let (Y,a) be a contact three manifold with an adapted metric ds®. The dimension estimate
implies that
h(Ap —ira) < csr .
It follows from Theorem D and that there exists an r-independent constant cg such that
In(Ag — ira) — 27(Ag — ira)| < cer(log r)% (1.3)

for any r > cg. This relates the full spectral asymmetry to the spectral asymmetry involving
only small eigenvalues. It would be interesting if one can say something about the behavior of
n(Ap — ira) as r — oo without using the spectral flow.

Remark 1.1. The constants ¢ in this paper are always independent of r. In other words,
they only depend on the contact form a, the metric ds? and the connection Ag. The subscript is
simply to indicate that these constants might increase/decrease after each step. The subscript
will be returned to 1 at the beginning of each section.

1.6. Contents of this paper. This paper is divided into three parts.
and §3|are devoted to the proof of Theorem C. The Clifford action of the contact form on

S is skew-Hermitian. It induces the eigenbundle splitting S = Ey @ Fs, where cl(a) acts as i|al
and —i|a|, respectively. With respect to this splitting, a section ¥ € C*°(Y;S) can be written
as (a, ). There are three observations based on this splitting. The first observation is that
[ is much smaller than «. Secondly, on a small disk transverse to the Reeb vector field, the
FEs-component of the Dirac equation reads

(Or +i0y) () = smaller terms such as
6



where x and y are local coordinate on the disk. Lastly, the Ej-component of the Dirac equation
implies that the integral of |a|? over a transverse disk is bounded by its integral over Y. That
is to say, the integral of |a|? do not concentrate on some particular disk. With this understood,
the strategy is to estimate the sup-norm of 8 and other smaller terms by the sup-norm of «.
Then apply the Cauchy integral formula to estimate the sup-norm of a.

In §4] we apply the parametrix technique to study the heat kernel for the square of the Dirac
operator Da,_irq. With an a priori estimate on the heat kernel, the parametrix argument
generates a small time expansion of the heat kernel. The accuracy of the output relies on the
original a priori estimate. Proposition supplies such an a priori estimate. It uses Theorem
C to obtain a L? estimate (in space) of the heat kernel.

In §5|we discuss on the spectral flow from D 4, to D ,—irq. Let &, be the following eigenvalue
configuration:

1
& ={(s;,A) | 0<s <, Xéespec(Dag—isa), and |A| < gr%} .

We assign a displacement function ¥ to &.. The displacement ¥(&,) is closely related to the
spectral flow f,(Ap,r). Its behavior for » >> 1 can be computed by the heat kernel expansion.
The main purpose of §5|is to prove Theorem B and Theorem D by this displacement ¥(&,.).

Acknowledgement. The author would like to thank CIliff Taubes for the support and for
helpful comments on an earlier draft of this paper. He would also like to thank the anonymous
referees for providing useful references.

2. DIRAC OPERATOR ON CONTACT THREE MANIFOLDS

Suppose that (Y,a) is a contact three manifold. A metric ds? is called conformally adapted
if ds? = Q2ds? for some adapted metric d$? and some smooth function  with
9 10
— <0< —.
10~ 79
The function  is called the conformal factor. The particular bounds chosen here are just
convenient normalizations; any other fixed bounds would do the job. This notion is a minor

generalization of an adapted metric. It is designed to handle some technical issue in [T's2} §4].

2.1. Spectral flow and conformal change of the metric. Many spectral properties of a
Dirac operator are invariant under conformal changes of metric. The main purpose of this
subsection is to review some of them. Denote by D4 the associated Dirac operator using the
metric ds?, and by D 4 the associated Dirac operator using the metric ds2.

In [H, §1.4] Hitchin found the transformation formula between D4 and D 4, which is explained

as follows. The spinor bundles using ds? and ds? can be thought as the same bundle with the
7



same Hermitian metric. With this understood, the Clifford actions of T'Y are related by
cl(u) = Qcl(u) (2.1)

for any tangent vector u. The Dirac operators are related by
Dap = Q"5 Ds(QF y) = Q2DA(W) (2.2)
for any ¢ € C*°(Y’;S). The formula in the middle wors for any dimension n. It follows that the

dimension of ker(Dy) is a conformal invariant (|[H, Proposition 1.3]).

In [H], Hitchin did the computation for the trivial spin-c structure (or the spin structure).
Since cl(w) = QLcl(w) for any 1-form w, the formula (2.2)) holds for any spin-c Dirac operator
as well. It can be seen from the local expression of the Dirac operator ([M, (3.3)]).

Besides the dimension of the kernel, the spectral flow function f,(Ag, ) is also a conformal
invariant. A nalve reason is that the spectral flow is constructed by counting the dimension of
the kernel of associated Dirac operators.

According to , the conformal invariance of the spectral flow function f,(Ag,r) follows
from the conformal invariance of the n-invariant. The latter property is proved by Atiyah, Pa-
todi and Singer [APS2, pp.420-421] for certain Dirac operator, and by Rosenberg |R}, Theorem
3.8] for general Dirac operators.

2.2. Canonical spin-c structure of a contact form. As described in [T1} §2.1], the spin-
¢ structures and spin-c Dirac operators can be seen more geometrically with the help of the
contact form. Suppose that ds?> = 92ds? is a conformally adapted metric.

Since the Reeb vector field v is nowhere vanishing, it induces the splitting S = E; @& Ey of
any spinor bundle into eigenbundles for cl(v). The convention here is that cl(v) acts as i|v]
on E; and as —ilv| on E,. There is a canonical spin-c structure determined by the contact
form a, that where the bundle F; is the trivial bundle. The splitting of the canonical spinor
bundle is written as C @ K !, where K ! is isomorphic as an SO(2) bundle to ker(a) with the
orientation given by da. To be more precise, let J be the rotation counterclockwisely on ker(a)
by 90 degree. The rotation operator J is determined by ds? and da. The local sections of K !
consists of u — iJ(u) for any u € ker(a).

The conformally adapted metric determines a canonical connection on the canonical spinor
bundle C® K~'. Let 1 be the unit-normed, trivializing section of C. The canonical connection
is the unique spin-c connection such that the associated Dirac operator annihilates the section
Q~11. The proof for its existence and uniqueness can be found in [Hs, Lemma 10.1].

Remark 2.1. The Dirac operator of the canonical connection satisfies the transformation rule

1| Let C® K ! be the canonical spinor bundle using d$?. The metrics ds? and d$? define the
8



same rotation operator J. It follows that the isometric identification of the canonical spinors
bundles is characterized by

CeK! — CaoK!
1,u—iJ(u)) +— (1, Qu — zJ(u)))

Since the canonical connection is uniquely determined by the annihilation property, the canon-
ical connections of ds? must become the canonical connection of ds? under the above identifi-

cation.

Any two spin-c structures differ by the tensor product with a complex line bundle |[LM,
Appendix D]. The specification of a canonical spin-c structure allows us to write any spinor
bundle as

S=FE®EK™!

for some Hermitian line bundle E — Y. Its determinant bundle det(S) is E2K~!. Let Acan be
the connection on K ! = det(C@® K ~!) that induces the canonical connection. Any connection
on E?K~! can be written as Ay = Acan + 245 for some unitary connection A on E. In other
words, a unitary connection Ag on E determines a unitary connection A on det(S), and hence
determines a spin-c connection on S = E @ EK !,

We abbreviate D ,—irq as D, and the spectral flow function f,(Aog,r) as fo(r). The above
settings and notations (the contact form, conformally adapted metric and spin-c Dirac opera-
tors) will be used throughout the rest of this paper.

2.3. Some basic estimates. With the splitting S = F @ EK !, the following proposition
provides a fundamental estimate on components of the eigensections of D,..

Proposition 2.2. There exists a constant ¢y determined by the contact form a, the conformally
adapted metric ds*> and the connection Ag on det(S) such that the following holds.

1 or any r =2 Ci, Suppose a 1S a ergensecrion o, r SUC a < gr. en
i) F > that ¢ is a ei ti D, such that |\y|> < 2r. Th

/IBPH‘I/ lvrﬁlzgclr‘l/ af?
Y Y Y

where « is the E component of 1, and f3 is the EK™' component of 1.
(ii) Suppose that there is a continuous path of eigenvalues A(s) of Ds which is smooth at
r>c1 and [(\(r)> < 3r. Then

9 1 5
— —cr <N < -
0~ =AM =g
In particular, there are only positive zero crossings for the spectral flow of Ds when

s> 3cy.



Proof. (Assertion (i)) The proof is essentially the same as that of Proposition 3.1(i) in |Ts|.
The key is the Weitzenbock formula:

D2 = ViV, + 1/)+ 1(

)y~ ircl( Gy (2.9

where « is the scalar curvature. Since xda = 20~ 'a with respect to the metric ds?, the Clifford
action cl(da/2) is equal to —Q~! cl(a). Pair ([2.3) with 3, and integrate over Y. After integration
by parts, we find that

1
Ad)/lﬂﬁ / WT—CQ)\BIQJFilvrﬁ\Q—Czlalz)

for some constant cp. Assertion (i) of the proposition follows from this inequality.

(Assertion (ii)) According to |T1, §5.1], there exists a constant €; > 0 such that the multi-
plicity of A(s) of Ds is a constant for any s € (r,7+¢€1), and A(s) is smooth when s € (r,7+¢€7).
Due to [T1}, (5.4)], the derivative of A(s) is given by

NGs) = | (=g @) = [ 507 (o = |3P) (2.4

where ¢, = (s, B5) is a unit-normed eigensection of D with eigenvalue A(s). Since [A(r)[* < 3r,
there exists some positive constant ez < €1 such that [A(s)|? < 3r for any s € (r,7 + €2). It

follows from Assertion (i) and ( . ) that

9 /
- — < <
50 car” N(s) <

O Ut

for any s € (r,74€2). Since N'(s) = lim,_,,.+ N'(s), it completes the proof of the proposition. [

As a remark, (2.4) implies that

V| <

| ot

(2.5)

without any assumption on A.

3. POINTWISE ESTIMATE ON EIGENSECTIONS

Let V(r, \) be the vector space spanned by eigensections of D, whose eigenvalue has magni-
tude less than or equal to A. Namely,

V(r,\) = span {1 € C*(Y;S) ’ Dy = v, for some scalar v with [v] < A} .

This main purpose of this section is to prove the following pointwise estimate on ¢ € V(r, A).
10



Theorem 3.1. There exists a constant c; determined by the contact form a, the conformally
adapted metric ds® and connection Ag on det(S) such that the following holds. Suppose that
r>candl <A< %r%, then

sup [1p|> < 017“/\/ 1|2 (3.1)
Y Y
for any ¥ € V(r, \).

Notice that Proposition (1) only holds for an individual eigensection. A generic element
in V(r, \) is a linear combination of eigensections. What follows is a modified version.

Lemma 3.2. There exists a constant co determined by the contact form a, the conformally
adapted metric ds®> and the connection Ag such that: for any r > ¢y and 1 < X < %r%,

/ B2 4+ 7! / VB2 < car—1a2 / o2
Y Y Y

for any ¢ = (a, B) € V(r,\) CC®(Y;E® EK™1).

Proof. For any k € N, consider the kth power of the Dirac operator D,. If ¥ belongs to
V(r,\), DE1 also belongs to V(r, \) for any k € N. By writing 1 as a linear combination of
L?-orthonormal eigenbases, it is not hard to see that

/ DF? < A% / 2 (3.2)
Y Y

In particular, [, [D2¢|?> < A* [} [¢|* for any ¢ € V(r, A). With the same computation as that
in the proof of Proposition [2.2(1),

8]' 2 1 2 2 2
| (Gagr = enla + 5198 — cslaf) < | D2wla
A2 2 21\ 3 2\ 1
<2 [ (o +182)* ( [ 16P)

11
< 1000)\2/ ]a2\+m)\2/ 182,
Y Y

and the lemma follows. O

3.1. Corollaries of the sup-norm estimate. Before getting into the proof, here are some
useful consequences of Theorem

Corollary 3.3. There exists a constant ¢y determined by the contact form a, the conformally

adapted metric ds?> and the connection Ag with the following significance.
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(i) Suppose that r > c¢1 and 1 < X < %r% Let {1;}jes be an orthonormal eigenbasis for
V(r,\). Then,

> () < e
jeJ
for any q € Y. Its integration over Y says that dim V(r, \) < cirA.
(ii) For any r > c1, the spectral flow from r — 1 to r is less than or equal to cir. Namely,
fo(r) —fo(r—1) < cyr.

Proof. (Assertion (i)) For any g € Y, choose isometric identifications E|, = C and EK |, =
C. With these identifications, write 1;(q) = («;(q),8;(¢)) € C?, and introduce the following
linear maps on L?(Y;S)

L*(Y;S) — C
evg: = [ (), ey a5(0)¢5(p)dp ;
evy : ¥ = Jy (W), X Bi(@)w;(p))dp -

1 2
p and evy

the operator norms are equal to (3, |ozj(p)|2)% and (3¢ |Bj(p)|2)%, respectively.
Let II, : L?(Y;S) — V(r,\) be the L%-orthogonal projection. For any 1 € C®(Y;S), the

linear functionals are equal to

It is a standard fact in functional analysis that ev are bounded linear functionals, and

evy(1) = (pryoevgolly)(¥)  and  evi(v) = (pryoevy olly)(¥)

where ev, is the evaluation map at ¢, pry is the projection onto the £ component, and pry is
the projection onto the EK ! component. According to Theorem [3.1

‘ev}l(w)f + ‘ evg(i/))‘2 < sup \HA(¢)|2 < 017“/\/ ]HA(w)P
Y Y

< clr/\/ ]2 .
1%

It follows that the operator norm of evé and evg are no greater than (clr)\)%. This completes
the proof of Assertion (i).

(Assertion (ii)) Suppose that {ry} | are where the zero crossing happens between r — 1
and 7 (counting multiplicities). According to [T1] §5.1], one can assign for each k a continuous,

piecewise smooth function Ag(s) of s € [r — 1,7] such that

e \;(s) is an eigenvalue D; for s € [r — 1,7], and Ag(ry) = 0;
e moreover, {\;(s)}H<, are disjoint eigenvalues (counting multiplicities) of D for any

ser—1,r].
12



There is no canonical way to do it, but any method will suffice. It follows from (2.5 that Ag(s)
always belongs to (—1,1) for s € [r — 1,r]. Thus, K < dimV(r, 1), which is less than ¢;r by
Assertion (i). O

When the metric is adapted rather than conformally adapted, the dimension estimate of
Corollary (1) can be refined into a density version. For an adapted metric, the slope estimate
of Proposition ii) is refined to be

1
IN(r) - 5’ < cor! (3.3)

provided A(r) is an eigenvalue of D, with [A(r)|> < 2r. This is proved in [Ts, Proposition

3.1(ii)]. Notice that the leading order term of the slope is exactly 3.

Corollary 3.4. Suppose that the metric is adapted, namely Q@ = 1. There exists a constant
c3 determined by the contact form a, the conformally adapted metric ds®> and the connection
Ao such that the following holds. Suppose that r > c3 and A_, Ay € [%r%,%r%] satisfying
0 < Ay — A= < 2. Then, the total number of eigenvalues (counting multiplicity) of D, within
[A—, Ay] is no greater than csr.

Proof. Consider the case when A_ > 0. Other cases can be proved by the same argument.
Suppose that A_ = A1 < A9 < --- < A = Ay are all the eigenvalues of D, within [A_, A\;]. For
each [ € {1,2,---, L}, assign a continuous, piecewise smooth function \;(s) for s € [r — %)\4_, 7]
such that

e \(s) is an eigenvalue of D, for s € [r — 2\, 7], and A(r) = \;;
e moreover, {\(s)}, are disjoint eigenvalues (counting multiplicities) of D, for any
s €[r— 2,1
There is no canonical way to do it, but any method will suffice.
We claim that |A;(s)[? < 2s for any s € [r — 2, r] and any [ € {1,2,--- , L}. Due to (2.4),
(Ai(s) = M| < 3(r—s) for any s € [r — 22X, r]. Tt follows that [\(s)| < 35X, and

961 3 3
()| < 1600 < 1(7" -3\ < 15

Hence, (3.3]) applies to A;(s). According to the intermediate value theorem, there is some

1 1
sp € [r— (5 + C47“_1))\l,?” — (5 — 647“_1))\1]
such that \;(s;) = 0. It follows that

1 1
L <fu(r— (5 —eqr AL = fu(r — (5 +ear HAL) .

Since [\+| < 4% and A+ — A_ < 2, the corollary follows from Corollary [3.3[ii). O
13



3.2. Pointwise estimate on /. The rest of this section is devoted to the proof of Theorem
Suppose that ¢ = (a, 8) is an element of V(r, A) for some A < %T% Proposition (1) says
that the L?-norm of /3 is small. The purpose of this subsection is to derive a pointwise estimate

on .
The following lemma is a preliminary version of Theorem

Lemma 3.5. There exists a constant cg determined by the contact form a, the conformally
adapted metric ds®> and the connection Ay such that the following holds. Suppose that r > cg
and A < %r%, then

for any ¥ € V(r,\). On the other hand, if A > %r%, then

sup f < a0 [ [uP
Y Y
for any ¥ € V(r, \).

Proof. Suppose that the maximum of [¢]| is achieved at py € Y. Let x be a standard cut-off
function which depends only on the distance p to pg and

x(p) =1 whenp<e,
X(p) =0 when p > 2¢ .
Here, €; is a small number less than one-tenth of the injectivity radius, and the precise value will
be chosen later. Due to the Weitzenbock formula , x¥ satisfies the following differential
inequality:
d*d|xyl? < x*d*d[y]? + 8x|dx|[¢] V| + [d"d(xP) |y [
< (D(ViVe ) = 28 V) + (23 Vetl? + 8ldxI*[yf?)
+2(x|d"dx| + [dx[*)[[?
< ey P + er(x|d*dx| + [dx*)[0]* + 2xv XDy -

Let B be the geodesic ball centered at py with radius to be half of the injectivity radius. The

cut-off function x vanishes on dB. By the maximum principle, |(xt)(po)|? is less than the

Green’s function of d*d acting on the right-hand side. Since the three dimensional Green’s

function is bounded from above by cgp™?,

(o) 2 < cor /B Pl + coer? /B W2 + co /B Ul D2y

< cor / U + coer® / W + coe ! / 2P + coes / D2y
B B B B

14



for any ez > 0. Since sup [¢)| = |¢)(po)| ,the first term can be estimated in terms of ¢(pp):

| ol < wieo)? | et | sl
B diSt(~,p0)S61 dist(~,p0)2€1
< cuduleo)? +eei! [ [0F
B
By the same token, the third term is less than or equal to
/BPQ‘)WF < cier|(po)|? +01161_2/B [? .

The above inequalities together with (3.2)) for £ = 2 imply that

[h(po)|* < cr2(red + erey Do) > + cra(rer + 672 + e %6t 4 eal?) /Y ]2 .

1
By taking €; = (1000121")7% and €5 = cf2r7%, the first assertion of the lemma follows. For the

1
second assertion, take ¢; = (1000012)_%/\*1 and €3 = AL O

Since DF4) still belongs to V(r, \) for any ¢ € V(r, \), Lemma applies to DF1 as well.

Corollary 3.6. There exists a constant ci3 determined by the contact form a, the conformally
adapted metric ds® and the connection Ag with the following significance. Suppose that r > ci3
and A < %7‘%, then

sup | Dypap|? < 0137'3)\2/ |12 and sup | D2y|? < 0137“3/\4/ |2
Y Y Y Y
for any ¥ € V(r, \).
Proof. 1t follows from Lemma and (3.2)). O

The second assertion of Lemma implies the following dimension bound of V(r,\) for
A> Lrs,
=2

Corollary 3.7. There exists a constant cg determined by the contact form a, the conformally
adapted metric ds?® and the connection Ay with the following property. Suppose that r > cg and
A > %r% Let {¢j}jes be an orthonormal eigenbasis for V(r,A). Then ), ; [¢; (p)|? < A3 for
any p € Y. It follows that dim V(r,\) < cgA3.

Proof. This corollary follows from the same functional analysis argument as that for Corollary

3.3(1). O

The following proposition gives a pointwise estimate on 3 in terms of «.
15



Proposition 3.8. There exists a constant c15 determined by the contact form a, the conformally
adapted metric ds®> and the connection Ay such that the following holds. For r > ci5 and
1<A< %r%, suppose that ¥ = («, ) is an element in V(r,\). Then,

1
sup |B|% < e15r Fsup |af* + 6157’2/\4/ 1|2 .
% Y Y
It follows that supy [1]? < (1 + c1577 1) supy |a)? + c15r 2\ [y w2

Proof. Project the Weitzenbock formula (2.3)) onto the summand of E and EK !, and take the
inner product with « and 3, respectively. It leads to the following inequalities:

1, 100
Sd'dlaf? + Vol = —Erlal? < eis(laf? + |8llal + V,81lal + ID2llal) |

1., 81
S8+ V.81 + 155r181% < era (181 + [al|8] + Vol 8] + [D20]18]) -

Due to Corollary and the Cauchy—Schwarz inequality, they become:
d'djaf +2/V,al < cir(rlal® + 78R + 7! VB2 + r2A! / W) .
Y
d*d[B]* + 2|V, B +r|B* < crr(rHal +r 7 Vool + Té)\‘l/ [¥?) -
Y

It follows that the combination |3|? + c177t|a|? obeys the following differential inequality:

d*d(|81* + crrrHal?) + (1817 + crrrHel?) + (V81 + cir ™[ Val?)
Sclgla\Z +C187’é/\4/ WJ‘Q .
Y

Let ¢ be the function

(3.4)

¢ = 1B1? + cirrHal* — cisr ™ sup|af® — 0187"5)\4/ vl
Y Y
The equation (3.4)) implies that d*d¢ + ¢ < 0. By the maximum principle, ¢ cannot have

positive maximum. This finishes the proof of the proposition. (|

3.3. Pointwise estimate on covariant derivatives. To prove Theorem some estimate
on the covariant derivative of ¢ is needed. The following lemma provides a preliminary estimate
on V,1.

Lemma 3.9. There exists a constant cog determined by the contact form a, the conformally
adapted metric ds®> and the connection Ay with the following significance. For any r > coo and
1<2< %r%, suppose that » € V(r,\). Then,

5
sup |V, < 0207“2/ |
% %

and supy |V, (D?9)|? < 0207"%)\4 Jy [0l
16



Proof. The first step is to estimate the L?-norm of V,1). Integrating the Weitzenbock formula

(2.3) against ¢ implies that [y [V,9|* < corr [y [0]* + [y [D2|[¢]. Tt follows from (3.2) and
the Cauchy—Schwarz inequality that

/|VM/J\2§0227“/ [¥]*  and
% %

(3.5)
19020 < car [ 1026 < conrt [ 0l
Y Y Y
Commuting covariant derivatives gives the following formulae:
1
Vv,V —V, ViV, =irda(V,y,-) — iir(d*da) QY+ Q1(V,) + Q2(v) (3.6)

where Q7 and )y are operators defined from the contact form a, the metric ds? and the
connection Ag; in particular, neither depends on r, and neither is a differential operator. The
computation for is included in The significance of is that the crucial terms of
right hand side are rV,¢ and ri.

The term V,V:V,¢ can be replaced by the covariant derivative of (2.3]). Let x be a cut-off
function. After some simple manipulations, xV,% obeys the following differential inequality:

d*dxV, ¥ < coar|XVep|* + coa X V0| (T]x| + XV (D29)])
+ coa(x|d*dx| + |dx*) [V,

The same Green’s function argument as that in the proof of Lemma [3.5] shows that
3 1
sup IVrp|? < cas(r> / IVpp]* +r72 / IV, (D2y)|? + r2 / )%

This estimate and (3.5 together prove the first assertion. The second assertion follows from
the first assertion and (3.2)). This completes the proof of the lemma. O

The following lemma provides a refined estimate on V1.

Lemma 3.10. There exists a constant cog determined by the contact form a, the conformally
adapted metric ds® and the connection Ay such that the following holds. For any r > cag and
1<A< %T‘%, suppose that ¥ € V(r,X). Then

1
sup |V, 9| < cagr sup [¢|* + cogr2 )\4/ ]2 .
Y Y Y
Proof. Take the inner product of (2.3) with ¢ and apply Corollary to obtain the following
differential inequality:

1 *
@AWl + [V < 209 + [ D7y
1 (3.7)
< exrrluf + a1 [ 0P
Y

17



Similarly, take the inner product of (3.6) with V,, replace V,VV,9 by the covariant deriv-
ative of (2.3), and apply Lemma to obtain the following differential inequality:

1 *
§d d|vr¢’2 + ]V,«VMD\Q < C287”|vr¢’2 + cas7| V| |9] + IVW!IVT(D?WI

3.8
< coor(|V 0?4+ [9]%) + 0297‘3)\4/1/ [l o
It follows from and that
A d(|Veo* + esor|v]?) + (Ve |* + esor[v?) < esar? [ + 0317‘3)\4/Y vl
By the maximum principle,
Vi? + csor|i]? — earr Sup [ — caraat /Y ¥?
cannot admit positive maximum. This completes the proof of the lemma. O

Lemma says that the L?-norm of V,/3 cannot be not large. The following proposition is

a pointwise version.

Proposition 3.11. There exists a constant css determined by the contact form a, the confor-
mally adapted metric ds®> and the connection Ay such that the following holds. For any r > c35
and 1 <\ < %r%, suppose that ¥ € V(r,\). Then

1
sup |V, 8)? < ezssup|al® + 0357‘2)\4/ |2 .
Y Y Y
Proof. In order to derive the equation for V,. 3, consider (3.6 for j:

1
ViV, V.8 =V, ViV, +irda(V,3,-) — iir(d*da) ® B+ Q1(V,B) + Q2P). (3.9)
The connection Laplacian on S can be formally expressed in terms of :

ViV B = pro(ViVie) + Q3(Vith) + Qu(¥)
= pry(D7y) — Q28+ Qs(Vi)) + Q5 (¢) -
The first equality is a straightforward computation, and the second equality follows from ([2.3)).
Here, Y3, Q4 and Q5 are operators defined from the contact form, the metric and the base

connection; in particular, none depends on r, and none is a differential operator. The covariant
derivative of the above equation reads

V. ViV, B = —rV,(Q72B) + Qs(Vr (D)) + Q7(D1p)
+ Q8(Vrvr¢]) + QQ(vrw) + Q10(¢)

where all the (); are independent of 7, and they are not differential operators.
18
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Take the inner product of (3.9) with V, 3, and substitute V,VV,.5 by (3.10). After applying
the Cauchy—Schwarz inequality, it becomes the following differential inequality:

1
5d*dmm? < e36(r|Ve B2 + 7|87 + 7YV (D2Y)|? + r | D2y
+r YV VP TV T )

To proceed, apply Lemma on |V,(D2)|? and Corollary on | D22, Then add (3.8))
multiplied by c3r~! to cancel C367"_1|VTV,,1/1\2. It ends up with the following inequality:

1, s
244G G < enr(rIVLBP + [Vl 4 [0l rEat [ [up)
Y

where
G = VB2 + cser V02

The first three terms on the right hand side can be canceled by adding (3.4]) multiplied by cs77.
It leads to the following inequality:

3
d*déo + ezsr G < eso(r]al® + 7”2)\4/ ¥[?)
%

where
Co =G+ esrr(|Ba] + crrrHal?) .

The maximum principle implies that (3 — c49 supy |a|? — 0407“%)\4 Iy |4|> cannot have positive
maximum for some constant c49. This completes the proof of the proposition. O

3.4. Estimate the integral over a transverse disk. The purpose of this subsection is to
estimate the integral of « over a transverse disk. This is a local computation. It is easier to
work with the adapted metric ds$? instead of the conformally adapted metric ds? = 22ds?. Let
1/01 = (a, B) be Q¢ = (Qa, 2B). Note that @ZJ and 1) have uniformly equivalent sup-norms and
L?-norms. According to 1j the equation for 1/1 reads

Dyip = Q*D, (3.11)

3.4.1. Adapted coordinate chart. Given an adapted metric d$2, [T}, §6.4] introduces the notion
of an adapted coordinate chart. For any p € Y, the adapted coordinate chart centered at p is
defined as the follows. Denote by v the Reeb vector field. Choose two oriented, orthonormal
vectors e; and ey for ker(a)|,. For any ¢ > 0, let I, be the interval [—/,¢], and Cy be the
standard disk of radius £ in R%. Consider

Cg X Ig — Y
wo: ((7,9),0) — exp,(zer+yes),

P - ((xvy)a Z) = €XPypy (x,y) (Z’U)
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where exp is the geodesic exponential map of ds?. The map ¢ defines a smooth embedding for
sufficiently small £. Similar to the injectivity radius, the constant

1
by, = 5 in}f/ (sup{¢ > 0 | ¢ defines a smooth embedding on Cy x I centered at p})
pE

is strictly positive, and depends only on the contact form a and the adapted metric d$?. For
any p € Y, the adapted coordinate chart at p is ¢(Cp, x Ip,). For simplicity, the subscript ¢,
will be suppressed. The adapted coordinate chart has the following properties.

(i) The Reeb vector field v is 0., and da = 2B dxz A dy. The function B is positive, and
independent function of z. As (z,y) — 0, B(z,y) = 1 + O(z? + 3?).
(ii) The metric ds? is equal to dz? + dy? + dz? + b where b obeys:
(a) B(Dz,8) = 0;
(b) as a symmetric 2-tensor measured by dz? +dy?, the restriction b|,.—g = O(2? +y?)
s (z,y) — 0.
(iii) Since ¢ is an embedding, the image of the disks Cy, x {z} are transverse to the Reeb
vector field v for any z € I,,. These disks are called the transverse disks, and are

denoted by C,.

3.4.2. Dirac operator in adapted coordinate chart. In this step, we introduce a transverse-Reeb
exponential gauge to trivialize the bundle K~! and E. The exponential coordinate and expo-
nential gauge is a standard trick in differential geometry and gauge theory. The detail of the
computation will be presented in

Consider the adapted metric d$%. Parallel transport e; and ey along radial geodesics on
Cp. Denote the resulting vector fields by u; and us. They are linearly independent with the
Reeb vector field v, but need not to be orthonormal. The Gram—Schmidt process on {v,u1, ua}
produces an orthonormal frame {v,ej,es} on Cy. Note that the Gram—Schmidt process does
nothing at 7,,Y’, and the notation is consistent. Then parallel transport {v,e;, ez} along the
integral curves of v. It ends up with a smooth, orthonormal frame on the adapted chart. Denote
the frame by by {v,e1,es}. The unit-normed section %(61 — ieg) trivialize the bundle K.
The bundle F is trivialized in a similar way: start with any unit-normed section at p, parallel
transport along radial geodesic on Cy, and then parallel transport along the integral curves of

v. Since F is a line bundle, the trivialization of E' does not require the Gram—Schmidt process.

With such a unitary trivialization of E @ K~'E, the sections & and ﬁ are identified with
complex valued functions on C' x I. Remember that v = 0,. The expression of e; and ey in 0,

0y and 0. can be found by the standard Jacobi field computation. The Dirac operator takes
20



the following form:

o o . . . . Sk O L o e

pry (D) = 2@+ 1024 + pod + 9" — i 0.0 + fi2h
(3.12)

) = . . . r o . o o

pro(Dy)) = O — ip1 0, + poce — (5 +¢o)B — 10,6 + usp

where 0 and 0* consist of taking derivatives in x and y, but not in z.

Besides the +7/2 terms, all the other terms are independent of r. Namely, they depend only
on the contact form a, the adapted metric d$? and the connection Ag. The coefficients uy and
us are real-valued smooth functions, and pq and po are complex-valued functions.

The operators 0 and 0* are first order elliptic operators on C,. In other words, they are a
smooth family of Cauchy—Riemann operators. 0 and 0* are almost adjoint to each other in the
following sense. The volume form of the adapted metric ds? is %a Ada = Bdx Ady A dz. Let
w = Bdx A dy. The self-adjointness of D, and the z-independence of B imply that

[ (0a.) @0 = [ if0m)(a B (3.13)
for any z € I and any & and B with compact support in C,.
On the zero slice Cy, the frame {ej,es} differs from the usual exponential frame {ug,us}

by the Gram-Schmidt process, which leads to a O(y/z? + y?) difference. By the standard
expansion in the exponential gauge, the coefficients of (3.12]) on Cy satisfies

(1) ’u]| < 645\/1"2—’_3/2 fOI'j:071,2,3;

(ii) 0 = 0y + 10y + 140y + ps0y where pq and ps are complex-valued functions which are
also bounded by c451/22 + y2.

The constant cy5 is determined by the contact form a, the adapted metric d$? and the connection
Ap.

3.4.3. Integral estimate over a transverse disk. For any p € Y, define S(p,1;¢€) to be the 2-

dimensional integral

S(p, i) = / 62 = / o202

CO,e CO,e

where Cp ¢ is the geodesic disk {1/22 + y? < e} on Cy.

Proposition 3.12. There exists a constant cqg determined by the contact form a, the confor-
mally adapted metric ds®> and the connection Ay such that the following holds. For any r > cu
and 1 < A < %r%, suppose that ¥ € V(r,X). Then

S(p,5€) < a4+ rFe A+ 1322 / e
Y

foranypeY and any e < %Ea.
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Proof. Let . be a cut-off function which depends on p = /22 4+ y? with x(p) = 1 for p < e
and X¢(p) =0 for p > 2e. Apply (3.12)) to compute the rate of change of slice integrals:

d . N . a5
S wdae) =2 [ Re (= it(a,58) + Ran 60,5

— iXetia (&, B) + X (&, Dab))w
4 (3.14)

SO xpre) =2 [ e (=6, + Tn 0.0,
— i%ep2 (6 B) + iXe(Drt), B))w .

Let S(z) to be the following integral

5= [ ellal? = 157 — 2 Re (6, B))e (3.15)

z

Since 0 and 9* are almost adjoint (3.13)) to each other, (3.14) leads to the following gradient

estimate:

d - e e
3@ e [ (RN + XDNDrb)e (3.16)

z

Its integration says that

w d 5
5(w) = 50)| = | [ (5:)az]
= /ow /c (IdXell& 18] + Xelbl | Dyib]) B da dy =
< C47/Y (‘dfCeHé’zHﬁo] +>~(5’12H157’72’)CL/\da

§C48(1+r—$e—1)A/Yy¢\2 (3.17)

for any w € [—£4,¢,]. The last inequality follows from Lemma (3.2) and (3.11]).
The quantity S(0) can be written as

5 1 Lo 5 La
3(0) = 5-(- /_ J(56) = S0z + [ S()de)

The first integral is bounded by (3.17)), and the second integral is automatically bounded by
[y [¥]?. Hence
Y : ’

15(0)] < cao(1+r e A /Y 2

Since pyp is uniformly bounded on Cy, we apply the triangle inequality and the Cauchy—Schwarz
inequality on (3.15)) to conclude that

/ Xel@|* w < es0(1 + T_ée_l))\/ | + 650/ 18w . (3.18)
Co Y {p<2e}CCo
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The last term is less than cs1€2 supy |3]?. According to Proposition and Lemma
sup |3 < 051(7“% —1—7";/\4)/ [y)? < 20517“§)\2/ |2 .
Y Y Y
Plugging it into (3.18]) finishes the proof of the proposition. O

3.5. Pointwise estimate on «. The main purpose of this subsection is to prove the pointwise
estimate on a.

Proof of Theorem[3.1] Let py be the point where |o| achieves its maximum. It suffices to
estimate &(po) = (Qa)(po). Let z,y, 2z be the adapted coordinate at pg, and let p be y/x2 + y2.
Let x¢(p) be the (slice-wise) cut-off function as introduced in the proof of Proposition
The precise value of € will be chosen later.

Multiply the first equation of by p1, and add it to the second equation.
D& = 1111956 — pac — pro(DyB) + pro( D))
=—m (%& + o + pry(Dr3) = pry(Dy1)))
— 26 — pro(DrB) + pra(Dy)) -

According to (3.12)) and the discussion in §3.4.2| the restriction of the equation on the slice Cy
reads:

- T o - o o
- xe(u1§ + popr + p2)& — Xe(pro +p1 pry) (D, f5) (3.19)

+ Xe PFQ(bﬂZ) + Xeft1 Py (bﬂz) .
The value of & at pg can be found by the Cauchy integral formula for smooth functions. It is
equal to the integral of the right hand side of (3.19)) against

dx A dy

- the disk i
In(z + iy) over the disk Cj

The area element de Ady = %w is uniformly equivalent to w = Bdx Ady. Due to the uniformly
equivalence, the crucial term is the factor 1/(z + iy).

We divide the right hand side of (3.19)) into six terms. Their Cauchy integrals are estimated
as follows.

(i) By Proposition the Cauchy integral of the first term is no greater than

‘/CO ((8:p +iay)(>~(e)&)‘ < 055(/00 ‘df(ep)é(/co >~<26|&|2)%

T+ iy pI?

1
< ¢56 6_1()\% FrieIAD 7”116)\)(/ [p|?)? .
1%
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(ii) After integration by parts, the Cauchy integral of the second term can be estimated

by the same argument. It is less than or equal to

-~ 2 2 ~ 12

. 4|7+ |ps|?)|d 1 i oond

- / Xe (1 4 \dpua] + Idpss])I@] + s / (lal” + s PRy 5 / Racldf?)?
Co \P’ Co \P\ Co

11 11 1 2\ 5
<csgesup |af + czg(A2 +r 4 2 A2 +7"4€)\)( 9] )2 .
Y Y

(iii) By the Cauchy—Schwarz inequality and Proposition the Cauchy integral of the
third term is no greater than

v 21 1
coor( [ XA [ wla)’
Co 4 Co

1
§c60re()\% roiezAR +T‘116)\>(/ DR
Y

(iv) To estimate the fourth term, note that |D,3| < |V,f3|. Invoke Proposition and
Lemma to bound sup |V, (|. The Cauchy integral of the fourth term is less than or
equal to

c61(53P|V7~B|)/ el < e ”‘1“2)(/1/%2)% '

rd

(v) Since D, still belongs to V(r, \), we can apply Proposition[3.8] Corollary [3.6/and (3.2)
to bound sup | pry(D;1)|. The Cauchy integral of the fifth term is no greater than

costoup oD, [ X < coperiae b [ o)t

Co
(vi) With the help of Corollary the Cauchy integral of the last term is less than or
equal to

065(S1§1/p|D7~’¢|)/ >~<E|M1‘ < 06662(7‘3)‘)(/3/““2)é :

co 1Al

Set ¢ to be r=3. A straightforward computation on the above six estimates shows that

sup o] < 667(’!“)\/ |1j}|2)% . (3.20)
Y Y

With Proposition [3.8] it completes the proof of Theorem O

4. THE HEAT KERNEL

Denote by 7, and mg the respective projection from (0,00) x Y x Y to the left and right hand

factor of Y. The heat kernel for D? is a smooth section of Hom(7}S, 75 S) over (0,00) X ¥ x Y

given by

H,(t:p.q) = Y e ' (0)9](0) (4.1)

J
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where {1;} constitutes a complete, orthonormal basis of eigensections for D,, and \; is the
corresponding eigenvalue. As a function of ¢t and p with ¢ fixed, the heat kernel obeys the

equation
0 2
aH,« =—-D;H, . (4.2)
Moreover, the t — 0 limit of H, exists as a bundle valued measure:
lim H,.(t;p, - ) =16,(- 4.
tg% T(t7p7 ) 5])( ) ( 3)

where I is the identity homomorphism in End(S) and §, is the Dirac measure at p. In other
words, ¢(p) = limy—0 [y H,(t;p, ¢)¢(q)dg for any ¢ € C°(Y;S).

For any ¢ € Y, choose unitary identifications E|, = C and EK !, = C. Consider the
following smooth section of 7*S over (0,00) x Y

hyq(t; D) Ze ; ozj Y;(p) . (4.4)

Roughly speaking, it is the ‘first column’ of HT. In particular, it obeys that heat equation (4.2),
and

lim Y(C (), hrq(t;p))dp = prq ((q) (4.5)

t—0t

for any ¢ € C*°(Y’;S). Here pry is the projection onto F|, = R.

4.1. Integral estimate of the heat kernel. There are standard parametrix techniques to
generate small time asymptotic expansion of the heat kernel, see [BGV], chapter 2] or [T2, section
2]. In order to estimate the remainder term in the asymptotic expansion, it requires some
estimate on the heat kernel. The following proposition provides a L?-estimate on the heat
kernel. One can compare it with [T2, Proposition 2.1].

Proposition 4.1. There exists a constant c; determined by the contact form a, the conformally

adapted metric ds?® and the connection Ay such that:
[ et Pdp < calr o rtE 4 ¢ Re
Y
foranyr>ci,q€Y andt > 0.

Proof. We may assume that |\;| is non-decreasing in j. Weyl’s asymptotic formula (see [BGV|,
Corollary 2.43]) says that |)\;|*> = O(j%) as j — oo. It follows that the L%-integral of h, 4(t;p)
can be computed term by term:

—_9)\2
/Y gt p)Pdp = 3 e ay (g) 2
J

for any ¢ > 0. Divide the summation into two parts: |A;| < 10 and |X;| > 10. According to

Corollary (i), the first part is less than or equal to cor.
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For the second part, note that

(o]
“o(ktiyt ¢ okt o 1 _ome
tze _1_6721&6 226

for any £ > 0 and t > 0. By the trick of summation by parts,

Z (2te—2kt Z |w](q)|2) > Z <2t(e—2kt + 6—2(k+1)t + .- ) Z |1/)](Q)|2>
k=100 [Xj|2<k+1 k=100 E<|A\j12<k+1

e ()P

k=1 <IN 2 <k+1
A2
Z -2 t’aj ’2 )
;1>10
Hence, it suffices to estimate > 72 ;o te_%t(zp\j|2<k+1 i (q)|?). When k < [57], apply Corol-
lary (1) On D 2kt 1 (q)|% when k > [{57], apply Corollary [3.7] on 2 2 <kt [0 (q)]2.
It follows that

[157]

o
Z e (@) < eot( Z e 2ktrk2 ) + eat( Z e*%tkﬂ

10< |2 k=100 k=[

< est(r / e 23 dk + / e’2ktk%dk) .
100

1
ﬁr

S\H

Note that

I3

/ e~ kadk = (32)"2r2t3 , and
0

[e.9] fe'e)
Hiptah < ot [T eRidar = bt
A 0 4

10

Combining these estimates gives
S e <ealr+rt i+t 3w
J

which finishes the proof of the proposition. O
4.2. Asymptotic expansion of the heat kernel.

4.2.1. Local expression of D?. Consider the adapted metric ds?> = Q7 2ds? and the adapted
coordinate at ¢ € Y. With respect to the transverse-Reeb exponential gauge (3.12)), the r-
dependent terms of D, appear in the diagonal. To compute the heat kernel of D2, it is convenient

to work with a gauge in which the r-dependent terms appear in the off-diagonal.
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What follows explains such a gauge and the local expression of the Dirac operator. The
detail of the computation will appear in Consider the gauge transform

(6,5) = exp (— £r(= + Sz, ))) (& )

where S(x,y) is some r-independent quadratic polynomial in z and y. Basically, S(z,y) is
constructed from the linear term of p; in (3.12)). The gauge transform is defined only on the

adapted chart. With respect to this gauge, the Dirac operator D, takes the following form:

3
pry(Dyah) = i0.6 — (8, — i0,)B + (@ —iy)B+ (D 6]9;B+rbaf + b23) |
J=1

3
pro(Dyah) = (8, + i0,)cx 2(:v+iy)d—iazﬁ+ — 3" 0]9é + rbace + b3 — bof3) .
7=1

where by are smooth functions on the adapted chart. They satisfy

3
[bo| < c5, > [b]] + [ba| + [bs| < es]x] |by] < c5x/? (4.6)
j=1
where |x| = (22 +y? + ZQ)%. The Dirac operator D, is self-adjoint with respect to sa Ada,
which is Bdx A dy A dz on this adapted chart.

The local expression of D, can be derived by
Dytp = Q72D () = Q7' D,y 4+ Q2el(dQ)y
Rescale ¥ by 1) = (Q?’B)%w, and consider the operator

9,9 = (V°B)2 D, ((°B)29) . (4.7)

Using the above expression of D,, the local expression of ©, on ¢ = (&, ) is

10,6 — (0 — i0y)B + 5(x — iy)B

T =1
9,9 =Q7Y(q) (0 +i0y)a + §(x + iy)a — i0.3

3

+ (rgo + o) + > _ 0,4 (4.8)
j=1
where ¢, fg and go are smooth (2 x 2) matrix-valued functions on the adapted chart. In
other words, we treat ¢ = (&,3) € C? as a column vector, and those (2 x 2) matrices are
endomorphisms of C2. These functions, e, f{) and go, are determined by the contact form a,
the metric ds? and the connection Ag; in particular, none depend on r. Moreover, there exists
a constant cg such that

3
leo| < 6, D IR < cslx] 90| < colx/?
=1

where |x| = (22 +y? + ZZ)%
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Note that B, is self-adjoint with respect to the Euclidean measure dx dy dz and the standard
Hermitian pairing on (&, 3). The factor (Q?’B)% is used to normalize the measure, and this
factor is usually referred as the half-density ([BGV| p.65]).

The first term on the right hand side of (4.8)) will be referred as the principal part of ©,.. Let
£, be the square of the principal part of ©,.. It is equal to

pri (L)) = Q% (— 02 + (— 40:0z0 + r 0z — r E0edi + 215\207) —rd) ,

- - - o - - B (4.9)
pry(8:0) = 0,2 (= 2B+ (— 40:0c5 + 1 E0gB — r §0¢B + L|¢I*B) + 1B)

where Q, = Q(q), and £ is the complex coordinate = +iy. Let R, = —®2 4+ £, be the remainder
part of —D2. By squaring (4.8)), R, has the following expression:

3 3
%Ry = (o2 + rfa +r702) + 3 (e +rgh)d; + > 1050 (4.10)
j=1 Gok=1

where ¢, f, g and b’s are (2 x 2) matrix-valued functions on the adapted chart. They do not

depend on r, and have the following significance:
lef <7, il < erlx] ol < erlx|? ] < er|x[’ (4.11)

for all subscripts and superscripts. It is not hard to see that £, is self-adjoint with respect to
dr dydz, and thus R, = —D?2 + £, is also self-adjoint.

As a second order elliptic operator for C? valued functions on R3, the heat kernel of £, is
given by the Mehler’s formula [BGV] §4.2]. Let

Qg(zl — z2)2

ot (61, 22), (€2 22) = (4m) "2t~ exp (=~ )
sinh(;;;?rt) exp ((— ECOth(Qf”ﬂfl - & - 2(5152 —&162)) -

(4.12)

The function k, is the heat kernel of 1’ without the last term, —ra or +rf3. It follows that
the heat kernel of £, is

0 (4.13)

eﬂ;2rt 0
KT(t; (517 Zl)’ (527 Z2)) = KJT(t; (517 Zl)’ (527 Z2)) [ ]

4.2.2. Trace of the heat kernel. The first component of h, ,(t;p) at p = ¢ is canonically iden-
tified with a scalar, which is > e_)‘?t\aj (¢)|>. The following theorem studies its asymptotic

expansion.
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Theorem 4.2. There exists a constant cg determined by the contact form a, the conformally

adapted metric ds® and the connection Ay such that:

\(Eije‘“?ﬂoy<qn2)gf :

— Q;zrt_% < Cg(t_% + ot + t3emamt +7r
; 42

femar)

foranyr>co,t<landgey.

Proof. (Step 1: the heat equation) Let x,y, z be the adapted coordinate centered at q. Suppress
the subscript ¢ in h, 4 for brevity. Let xo and x to be the standard cut-off functions which
depends on [x| = (2% + y? + zQ)% such that

xo(|x]) =1 when |x| < %&z ) x([x|) =1 when [x| < 3%&1 )

Xo(Ix]) =0 when [x| > &, , X(Ix[) =0 when |x| > f54a .

Consider
hy = xo he (PB)2 .

With respect to the transverse-Reeb exponential gauge twisted by exp(—4r(z + S(z,y))) as in
94.2.1) regard h, as a C? valued functions on (0,00) x R3. Since h, obeys the heat equation,
xoh, satisfies

0 *
57 0X0h) = =x0D2hy = =D¥(xohr) + (d"dxo) s = 2V s

Multiply it by (Q3B)%, and use 1} to obtain the heat equation for h,:
9
ot

9 - 5 _
= ol + Sohe = XRehy + (d*dxo)h (2°B)

With the dummy factor y, the operator xR, is globally defined on R3. When ¢t — 0, the
condition (4.5)) implies that

hy = —D2hy, + (d*dx0) by (PB)2 — 2(PB)2 Vg, by

— 2(QPB)2Vyy,hy - (4.14)

N|=

_3
lim h, = [ 2% do() ] . (4.15)
t—0 0

where Jy is the Dirac measure at the origin of R3. The measure on R? is the standard one,
dzrdydz.

(Step 2: parametriz) For any smooth, C? valued function ¢(¢;x) on (0, 00) x R3, define /Cx*1)
to be the following function

(Kx)(t;x) = /0 - K. (s;%,%x1) (xR (p))(t — s;x1)dx1ds (4.16)
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where x = (z,y, z) and dx is the standard measure on R3. Set k,(t;x) to be the following C2

valued function

y _3

kr(t;x) = (g 2 £r(t;%,0) exp(Q(;QTt), 0) ,
and set k. (t;x) to be

¢
kr(t;x) = kp(t;x) + / Kr(s;x,xl)((d*dXO)h,«A% — QA%VVXOhT)(t — s;x1)dx1ds . (4.17)
0 JR3

Note that lvﬁr(t; x) solves % + £, = 0, and satisfies the initial condition 1}
By virtue of (4.14) and (4.15), the C? valued function h, obeys:

B = kp + K % ky + K % (K % hy)
= (1+ Kx) () + K% (K hy) + (1 + Kx) (ky — ky)

(4.18)

It suffices to examine the right hand side at x = 0 to prove the theorem.

(Step 8: Properties of k) In this step, we explain four ingredients for estimating the convo-
lution operator KCx. These ingredients follow from straightforward computations, and the detail

can be safely left to the reader.

Here is the first property. For any non-negative integer m, there exists a constant ¢, which
is independent of x1,xs € R? and r,t > 0 such that

m

o (O kr)(t; O,Xl)’ < (72 +772)|k(t;0, %-)| where Ox, means the first order deriva-
tive in any component of x1;
o |xa|™ | (t:0,31)| < € t% |k (80, %) ;
1 1 X1 X
o |(Oxohir) (tx1, x2)| < € (72 + 12 +r|xa) | (85, %3]
e suppose that f is a function on R? with [f(x1) — f(x2)| < c10/x1 —X2| and §(0) = 0, then
[§(3¢2) (9%, #6r) (£ X1, X2) + f(%1) (O, Doy ir ) (85 X1, X2) |
11 X] X

< clocg((t 2 4r2)(1+ r\x1\2 + T|X2|2) + (r2|x1]3 + 7’2|X2|3)) ‘/ﬁ}r(t; ?1, 5)} .

These inequalities are based on the facts that |s|” exp(—s?) < ¢/, exp(—%) and

i("“t)’l < coth(Q,2rt) < enn(rt)™! when rt <1,

i < COth(Qq_QT‘t) <ern when rt > 1.

What follows is the second property: for any non-negative integers m and n, there exists a
constant ¢y, , > 0 which is independent of xo € R? and 7,t > 0 such that

t
/(/ SMTA‘HT(S;Xl,XQ)‘(t—8)nT71|HT(t—S;O,X1)‘dX1)dS
0 “JR3

2" ‘K‘r(t; 0, %H :

(4.19)

" m

<c, .t

= “m,n
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The third property is an integral estimate on ke *rt over R3. There exists a constant c12
which is independent r,¢ > 0 such that

0294 °rt

ko (0, x)e8% T2 dx < eyzrt™ 2—
/RS rr ) | = sinh (29, 'rt)

ca(rt™ T4t 2). (4.20)
One can compare this estimate with Proposition

The last property is about the L?-integral of x, away from the origin. For any non-negative
integer m, there exists a constant ¢/// which is independent of r,¢ > 0 such that

_ 1
[ Imls0se  Pax < g1 e 97
|x‘>256

_ 1
/ / |7 [ (F — 5%, 0)e T |, (50, x)e% 70 |dxds < (1 + r2H2)e
0 |x|>23;)6€
(4.21)

— : 2
These two inequalities are based on the fact that |x,.(¢;0,x)e® 2”] <cua(1+ rt)tfg exp(—%).

(Step 4: asymptotics of (1 + Kx)(k.)) The value of pry(k,) at x = 0 is

_3 1 Qg rt
Qg 2k (t;0,0)e rt = (4m)” %Qthfé.Wi,g
sinh (2, “rt)
1 _1 1 —Q7 2%t
= 582 21t % + (4m)” %qurt_%%
A2 sinh (g “rt)
and hence
7 1 1 Lyt —Lp
| pry (k) (t;0) — —5 Qg 2t~ 2‘ < c7(t™ Sem3mt 4 ptTeTd ). (4.22)

472

The value of pry (K * k,) at x = 0 is

t —
/ / e (t — 5%, 0) (YR (1)) (55 %, 0) dx dis
0 JR3

where 9%,(}’1) is the (1, 1)-component of R,. To elaborate, note that all the terms in lb has
“odd degree” leading order term except the ex-term. For instance, consider the term rf2. There

exist constants ¢1, ¢2, ¢3 and ¢ such that |f(1 ' Z?Zl ¢jx;| < ¢lx|* on the adapted chart. Since
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Jgs (Fr(t = s3%, 0)(2?:1 &izj)ke(s;%,0))dx =0,

t —
r‘/ / S 27“%74(15 — 8 X, O)Xfél’l)nT(s;x,O) dx ds
0 JR3
t 3 _2 -2
ST/ / (1 —x)| Zéja:j] hp (£ — 5%, 0)e% ") |k, (s5%, 0)e® 7| dx ds
0 JR3 =
t —2
+ é’r’/ / % T x)? |k (t — 5;%,0)| |k (5%, 0)| dx ds
0o Jr3
_1 _
<ers(rt2 (14 r22)e a5t + 1t (£0,0)e ™) < crg(rt? + r3t3)
By this trick and the properties in step 3,
y 11 103 9,3 5.9 35
}prl(lC * k‘r)(t;O)’ <co(t 2472 4 rt2 +r2t 4+ rot2 4 r2t +rot2)
< C2o(t_% + TSt%) .

The last inequality is obtained by considering whether ¢t > 1 or rt < 1.

(4.23)

(Step 5: estimate K % (K  h,)) Since SR, is a self-adjoint operator, performing integration

by parts leads to the following equation:

(K % (K * hy))(t;0) = /0 /R3(Q(S; x2))T Ry (t — 53%3) dxads |

where

(4.24)

Q(s;x2) = /OS /R3 (ﬁrm (X(xQ)Kr(sl;xl,m))) (ﬁ,«’xl (x(x1) Ky (s — 31;0,x1))>dx1d31 .

Here T means the transpose of the matrix, and R, is 1' with all the coefficient functions

being complex conjugated.

Let ¢1(s;x2) be the first column of Q(s;x2). With the first two properties of step 3, there

exists a constant co; which is independent of x € R? and r, s > 0 such that
n(5:32)] < emnls 1+ %) sy (550, 52)e% 7
By (#.20),
/R3 g1 (53 %2)[2dxa < caa(s + 1+ risH)2(rs™2 + 572) |

It follows from the Cauchy—Schwarz inequality on (4.24]) that

~ t ~
| pry (K (K hr)) (5 0)| < /0 lg1(s; %) L2 (s [ (8 = 8 %) | 2R3 ds -
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Then invoke Proposition and to conclude that
| pry (K # (K  hy)) (£ 0)|
<3 /Ot(s +1+ 7‘434)(r%s*i + s*%)(r% + r%(t — s)*i + (t— s)*%)ds
<epa((t2 +82) + (177 +721Y) (4.26)

(Step 6: estimate (1+ Kx)(k, — k,)) After performing integration by parts on the last term
of 1' and applying the Cauchy—Schwarz inequality, | pry(k, — IV€T>(ZL/; 0)] is less than

¢ B 1
625/ (/ |qu 27"8(1" + 0x) (kr)(s; 0,X)‘2dX) *Ixche (t — 8;%)[ L2(rsy ds
0 supp(dx)
According to Proposition and the properties in step 3,
o _1
| pry (ky — kp)(t;0)] < cosrle” cast . (4.27)
With the similar integration by parts argument,
o _1
| pry (K % (ky — E))(£0)| < cogrze” et . (4.28)
(Step 7). All the terms on the right hand side of (4.18]) have been estimated. It follows from

[@22), [@23), ([*.26), (@.27) and (&.28) that

~ 1 _1 1
| pry(he)(t;0) — —5 € 2rt_%‘ < 627(15_% Frott e 4 pde cart)
4z

_3
2

Since hy4(t;q) = Qq h,(t;0), this completes the proof of Theorem O

5. THE SPECTRAL FLoOw

For any r > 2, let &, be the following configuration of eigenvalues:
1
E={rnNeR’|1<r<r, \*< g" and A is an eigenvalue of D, } . (5.1)

According to [T1, §5.1], the set &, consists of continuous, piecewise smooth curves which have

the following properties.

e These curves are mutually disjoint in the sense of counting multiplicities. In particular,
suppose that (r,\) € & and dimker(D, — A1) = k, then there are exactly k curves
passing through (7, A).

e The boundary of these curves satisfies A\> = §r or r € {1,r}.

e These curves is parametrized by r.
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There is no canonical way to construct these curves, but any method will suffice. With this
understood, we write & = {(r,\;(r)) | 1 < j < Jp} where J;, is the total number of curves, and
each \; is a continues, piecewise smooth function defined over a sub-interval of (1,r).

Let t(r) be a positive, monotone decreasing, smooth function of r. A specific choice of
t(r) will be made at the end of With such a function, define an orientation preserving
diffeomorphism from R to (—(%)%, (TTL))%) as follows:

A
B, (\) = /0 e ) dy (5.2)

_ L e

U, (\) = Yok (5.3)

We define the W-displacement of &, to be the following:

r Jr .
/ A (&) 4, 3 / 4 0) 4, (5.4)
1 dr =1 Dom();) dr

where Dom()\;) C (1,r) is the domain of \;(r).

The W-displacement of &, is closely related to the spectral flow function f,(r). The behavior
of the W-displacement will be studied in detail in In we will use the PU-displacement
to estimate the spectral flow function. §5.3|is a digression to discuss the effect of using different
connections on det(S).

5.1. The V-displacement. At a differentiable point of \;(r), the integrand of (5.4)) is

dw, () e ! (N e o
dr 20, (1r2)  12(®,(

2,0 (Jo w2 tdu) — @, (brd) (J;¥ vt du)

where prime means taking derivative in r. After integration by parts, the numerator of the last

tl

+

term is equal to

1 1 L1 1, 1 L1 -2t
5 O (@) = gried7) = S0 (Grh) (@ 0y) = e )
1 a2 11 11 a1,

Q—t()\]e th)r(gm)—gme 5" D, (N))



With the help of this computation, let

( Ji
\T 1 / Loa=1y a2t
r)=— E D,.(=r2 N.e %) dr,
( ) 2 e Dom()\j) ( (3 )) ( J )
1 Jx 1 1 1
U(r)=- / @, (Zr2)) Ut (e N dr 5.5
(r) 4;  Joomin, (3 ) ( ) (5.5)
2 1 I 1 1 1 1 1
W) =55 22 [,y ) O O 0

Then the W-displacement of & is equal to ¥(r) + ¥(r) + ¥(r).
Remark 5.1. The above integrals can be rewritten as
Jr r
Z/ F(\j(r))dr = / Y F(N)dr.
j=1 Dom()\;) 1 L1
[Ajl<gr2

5.1.1. Asymptotics of W(r). The purpose of this subsection is to estimate ¥(r). Before doing

that, we have to estimate (@T(%r%))fl.

Lemma 5.2. For anyr > 1 and 0 <t < 1 satisfying rt > 50,
1 _ 1
(@)™ - ()

1 1.1 1
and %tz < (@T(%m)) < 10tz.

Proof. The quantity @r(%r%) is equal to (g)%f% (1-— (4)% f?t)% e‘”de). By integration by
3 T

parts,
i 3 1 [ 3
/ ) e dy = 7(rt)_%e_%7’t — / ) v 2 dy < f(rt)_%e_éﬁ ,
L(rt)2 2 2 J1(rt)z 2

and the first assertion follows. The second assertion is a direct consequence of the first one. [

The following proposition uses the heat kernel expansion to estimate the function \Tl(r)

Proposition 5.3. There exists a constant ¢1 determined by the contact form a, the conformally
adapted metric ds? and the connection Ag with the following property. Suppose that t(r) satisfies
50r—! < t(r) < 1 when r > ci. Then

2

U(r) —W(e)+ 3;71_2/)/(1 A da| <c /C1 ((rt)% + re_g%rt)dr

for any r > 2c;. (The function t(r) is abbreviated as t.)
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Proof. By (2.4]), the slope of A;(r) is given by
1 _
300 =5 | 9 oy - 8,0l

where 0, = Q(q). It follows that
a2 32
> e =g ot Y e ol - B@h) (5:6)
njl<irz Ajl<ir2
where {¢; = (aj, 3j)} is a set of L%-orthonormal eigensections
By Corollary [3.7 and with the same argument as that for Proposition
s 3 1
TR H# N | AL <k 41}) <ot 2e w0 (5.7)

I

1
Ay|>372
where the summation is indexed by an orthonormal set of eigensections of D, with eigenvalue

Ay > 2. Tt follows from Theorem and 1} that
1
_rtT2 / Qq‘3‘
2 Y

22
Hlas(@))da
™

1

HEXIDIE

q
1
|)\j|<§r7

<cs(t %—i—r%t‘l—i—t*%e 30" 4 r2e c3t)
(5.9)

Note that the volume form of ds? is 10Q3a A da. According to Proposition ( )

20 e M@

(@) < ear™? /Y 0;
yl<ir

1
(A \<%7’§
1

It follows from (5.6)), (5.8 and that
a/\da| <C4 t 2 —1—7‘2t4+t 2e 20”4_7«26 cst)

1

2 rt 2
(Xje ") — /
I

DYEETS
This inequality and Lemma [5.2]find a constant c; such that
/ aAda| < 05((7"25)% + re*%”) .

T
)~ 1622

O

IAj|>3r2
for any r > ¢5 and t € (50r=%,1). The upper bound has been simplified using the condition
t > 50r~!. Integrating the inequality against dr completes the proof of the proposition

=
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5.1.2. Estimate \I/(r) If we simply consider the magnitude of the integrand of \i/(r), we can
only conclude that ‘If(r) is about of order r2. To proceed, note that the sign of the integrand
of \Il(r) depends on the sign of A. It suggests that the cancellation argument may lead to a
better estimate. In the following lemma, the ‘leading order terms’ can be integrated (step 2
below), and cancel with each other (step 4 below). However, this trick relies on the fact that
N = % + O(r~1), and only works for an adapted metric.

Lemma 5.4. Suppose that ds? is an adapted metric, namely Q2 = 1. There exist constants c7
and cg determined by the contact form a, the adapted metric ds®> and the connection Ay such
that the following holds. Suppose that t(r) satisfies 50r—! < t(r) <1 when r > c7. Then

‘\Il(r) - \11(07)‘ < 07(1 +sup{[t’| + |t'|? : c7 <7 < 7 + g}
3,1 L2 Lo —det 3,1
+oprosup {r8 (2| + rt 2|2 4 r2|t|e o™ 4 rit 2|t|:C7<T<r}) :
for any r > 2c7. (The function t(r) is abbreviated as t.)

Proof. (Step 1: rewrite ¥(r)) Let co be a constant greater than the constants of Proposition

and Corollary Since the metric is adapted, 1' says that ])\; (r)— %\ < cgr—1 provided
Aj(r) is differentiable at 7 € (cg,r).

Granted what was said, consider the curves in the interior of & \E4c, for any r > 8cg. For
each curve \;(r), denote its domain by (t;,t;) C (4cg,r). Since [N;(r) — 2| < cor™! on the

smooth strata and & is constrained by A\? = %r, there exists a constant c;g > 0 such that
1
‘Ej -1y < Clot]?.

Denote t(t;) by t; and #(t;) by t;. Rewrite the integral of 4V along \j(r) as follows:

2.
1 —
/] (@, ( r%)) ltflt’)\je_)‘?tdr
T

J

T I (5.10)

(Step 2: estimate the integrals) The first integral on the right hand side of ((5.10) can be
evaluated, and is equal to
11 _ .
(q)tj(gtjz)) 1{;2%(6—(}\1(9))29 — e—(/\j(tj))ztj) ,
With the help of Lemma [5.2] its magnitude is no greater than
_1 A
10t; 7 €11 (8))% = (\j(x5))°] - (5.11)
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1
Since [\)(r) — 3 <corland tj —t; < ciot, the magnitude of the second integral on the

right hand side of (5.10)) is less than

119 _1 . _1
cn(cbrj(grj)) e 2 sup {[Aj(r)] sy <1 <} < it 2] (5.12)
The inequality uses Lemma |5.2]

To estimate the third integral on the right hand side of ([5.10]), note that

r) e

Wl

and

3
et — e < A2t — t] < crar? sup{|t] sy < < )

Using these estimates and Lemma the third integral of is less than
Cl5t]% sup {t 72 |t"| + 2 |2+ rt 2 [ + [ le 5 iy < < E5) (5.13)
The term ¢~ 2 [t'|? can be absorbed by rt3 [t'|? when rt > 50.
It follows that the magnitude of is less than
106 2151 10y &) = Oy (6)))
1

(5.14)
+ c16sup {r%(t*%]t/ﬂ + T‘t7%|t/’2 +[¢']e”s™) + f%]t’\ v <<}

(Step 3: sum up the estimates) The curves in the interior of £:\&4, can be divided into
three parts:

le{j|tj:469}, JQZ{j’469<tj<fj<I‘}, and ng{j|fj:r}.

It is clear that the cardinality of Jj is independent of r. Thus, the summation of (5.14]) over J;
is less than

1
cir (1 + sup{[t"]| + |[t'|* : deg < r < deg + 2c10¢Z }) (5.15)

(Step 4: sum over Jo) For any j € Jo, the endpoints of \;(r) satisfy \? = %r, and thus

1 X |
t 2 15[ ()7 = (X (6))?] < enot; *[6]e7
It follows that ([5.14]) is less than
C18 Sup {r%(t_%|t"| Lt 2|2 ez | ]em o) 4 rot 2] u<r<il).

It follows from } < Ni(r) < 3 that there exists a unique t; € (t;,t;) such that A;(¢;) = 0 for

each j € Jo . Moreover, each j € Jp contributes to the spectral flow count with +1 at t;. With
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this understood, Corollary [3.3(ii) implies that the cardinality of {j € Jo | k < t; < k + 1} is
less than cgk. It follows that the summation of (5.14) over {j € Jo | k < t; < k+1} is less than
(cok)c1g sup {r%(f%\t”] + Tt*%]t’\Q + r%\t'|efért) + r%t*%]t’\ dr—k| < 2c10k2, 7 < r}
<ergsup {13 (2[4 1t 2 |+ r2|]e 5" 4 r2t B | deg <7 <)
The inequality is obtained by pushing k into the supremum. By chopping [4c1,r] into sub-
intervals of length about 1, the summation of (5.14]) over Js is less than

Co0T SUp {rg(t_%|t"| + 7“75_%|15'|2 + 7‘%|t'\e_%rt) + T%t_%|t,| tdeg <7 <t} . (5.16)

(Step 5: sum over J3) For any j € J3, let Aj(r) = lim,p (7). It is clear that |A;(r)| < %r%
Due to the properties of \j(r) explained at the beginning of {Aj(r) | j € J3} are exactly
all the eigenvalues of D, between (—%r%, %r%] With this understood, Corollary (1) implies
that the cardinality of J3 is less than 091'%. It follows that the summation of () over Js is

less than

Co11? SUP {r%(t_%|t”| Frt 2 [ vz [ ]em o) 42t 2] i r — oV <7 < r} . (5.17)

(Step 6) Combining (5.15)), (5.16]) and (5.17)) completes the proof of the lemma. O

When the metric is conformally adapted, we simply leave \Il(r) as
1 [ Toa g, —22¢
4/1 (q)(gm) Tyt Z 1()\je iY)dr . (5.18)
‘)\]‘|<%7‘§

In the sequel of this paper [Ts2], we will focus on certain types of contact form, and ([5.18]) will
be studied by other methods.

5.1.3. Estimate W(r). The integrand of W(r) contains a factor of ¢~5", which makes it much

easier to handle.

Lemma 5.5. There exists a constant coo determined by the contact form a, the conformally
adapted metric ds®> and the connection Ay with the following significance. Suppose that t(r)
satisfies 50r—1 < t(r) <1 when r > coa. Then
r
‘\Il(r) — \11(022)‘ < 022/ ‘T‘ + 7’2t71t/|67%rt dr
C22

for any r > 2cqa. (The function t(r) is abbreviated as t.)

Proof. According to Corollary (i),



for any r > c¢g, and the lemma follows. O

5.1.4. Estimate the V-displacement. We now choose the function ¢(r), and specify the asymp-
totic behavior of the W-displacement as r — co.

Proposition 5.6. There exists a constant cos determined by the contact form a, the conformally
adapted metric ds?® and the connection Ay with the following significance. Let t(r) be a positive,
monotone decreasing, smooth function, which is equal to 20r—'logr when r > cg5. Then, the
U-displacement associated with t(r) satisfies

r 2 ’
‘(/1 dw&igr) ar) - 35 /YaAda‘Sc25(r(1ogr)g+/ (riogr 3 (e N)ar)

C25

1
Aj|<ir2
J1~3

for any r > 2co5. Moreover, if the metric is adapted (2 = 1), then

r d\I/r " 2
)(/1 dfng ) dr) — 3;712 /Ya/\ da‘ < cz5r(logr)%

for any r > 2cos5.

Proof. We first consider the case when the metric is adapted. Let cog be a constant greater than
the constant given by Proposition [5.3] Lemma [5.4] and Lemma According to Proposition

B3,

2
?);ﬂ/ya Adal < cxrr(logr)

for any r > 2¢9¢. By Lemma[5.4] and Lemma [5.5

9
2

U(r) — U(eg) —

‘\If(r) - \i/(026)| < cogr(log r)% ,

‘\I/(I‘) — 111(026)‘ S CosT
for any r > 2cgg. Since the W-displacement at cog is independent of r, the second assertion of

the proposition follows.

When the metric is only conformally adapted, Proposition [5.3] and Lemma [5.5] still holds.
Instead of Lemma we apply Lemma and |D to estimate \I'(r) This completes the
proof of the proposition. O

5.2. Estimate the spectral flow. The main purpose of this subsection is to analyze the
difference between the spectral flow function and the W-displacement.

Proposition 5.7. There exists a constant cgz determined by the contact form a, the conformally
adapted metric ds® and the connection Ag such that the following holds. Let t(r) be a positive,
monotone decreasing, smooth function, which is equal to 20r—"logr when r > c33. Then,

fo(r) — (/lr Mdr) - 7'7(1")‘ < cg3r

dr
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for any v > 2c33. The function n(r) is defined by

1
(80)%1'7% (logr) % Z /3 e 20(r™ logr)u? 4 Z / = 20(r ™ logrju? du)
™ Ay ir

pevT pevy st

where VI consists of orthonormal eigensetions of Dy whose eigenvalue belongs to (0, 31‘2) Ve
consists of orthonormal eigensetions of Dy whose eigenvalue belongs to (—%r%,O), and Ay is

the corresponding eigenvalue.

Proof. (Step 1: fo(r) and the number of curves in &) Let c3q be a constant such that f5cs
is greater than the constants given by Proposition and Corollary For any r > 4¢3y,
consider the curves {\;(r)} in the interior of & \&.,,. For each curve \;(r), denote its domain
by (tj,tj) C (c34,r). These curves can be divided into three parts:

le{j|tj2634}, JQZ{j’634<tj<fj<I'}, and J32{j|fj:r}.

Also, let Ji = {j € J5 | lim,y Aj(r) > 0} and J5 = {j € J3 | lim,—, \j(r) < 0}. It is clear
that J; = J3 11 J5 .
Proposition (11) implies that 20 < XN < 2 on the smooth strata of &\E,,. In particular,
there are only positive zero crossings for the spectral flow between c34 and r. Set
Z(cga,x) ={(r,k) e RxN | e3qg <7 <r, dimker D, =k}

to be the set of zero crossings between (c34,r). It follows that

—cs35 < fa(r) — #{Z(c34, 1)} < caur + 35 .

The cg4r in the upper bound comes from the dimension of ker Dy, which is bounded by cz4r by

Corollary [3.3](1)
According to the properties of A;(r) described at the beginning of there is an injective

map

J : Z(egq,r) — Jy 1L Jo T J5 such that ~ Az¢.x)(r) =0

for any (r, k) € Z(c3q,r). The map J may not be unique, but any choice will suffice. Roughly
speaking, J(r, k) is the curve of eigenvalues contributed to the zero crossing (r, k). Moreover,

the map J is almost surjective, possibly except Ji. It follows that
|#{Z(csa, 1)} — #{ I LI L JS }| < 36
By the triangle inequality,

|fa(r) = #{/L T Jo L JS}| < carr . (5.19)

41



(Step 2: count Jo and J3 via the V- dz’splacement) For any j € Js, the endpointsﬂ of \j(r),
(tj, Aj(r;)) and (¢, \;(%;)), obey A% = Zr. Due to Proposition ( ) Aj(rj) < 0and A;(t;) >0
for any j € Jo. It follows that Wy, (\;(t;)) = —1 and Vg, noy (t])) 5, and hence

S / ' d\I’ AN (M) G, gy (5.20)

jEJ2

For any j € J5, Wy, (A(r))) = —3 and

r . lr%
[ g w0y + 5 = 1 (@) [ e e (s
. A

j j(r)

Similarly, for any j € J37, We (Aj(v5)) = —3, and

dr 5

r2

/ AN g, g, 0))) + 3= (%éﬁ))*1 / P e e gy (529)

—1
3

Since % <N 20, j € J3 — A\;(r) is a bijection between J;~ and the spectrum of Dy between

(0 l1'%]. And j € J; — Aj(r) is a bijection between J; and the spectrum of D, between

(—%r%,O]. With this understood, summing up () over Jgr and 1' over .J; gives:

D R

jegd

< C38T . (5.23)

The inequality uses Lemma Corollary [3.3|(i) and the fact that

oo

o0(p—1 2 1
/ e 20(r~ ! logr)u du < c3or? .
0

The proposition follows from the triangle inequality on (5.19)), (5.20) and (5.23]). O

Theorem 5.8. Suppose that ds® is an adapted metric, i.e. Q = 1. There exists a constant cy
determined by the contact form a, the adapted metric ds®> and the connection Ay such that

r2

flr) = 352

/ aNda— f](r)‘ < eqr(log r)g .
Y

for any r > cq1. The function n(r) is defined in Theorem . As a consequence,

2

fa(r) — / a/\da‘ < 041r%(10gr)*% .

3271'2 Y

1T6 be more precise, A;(t;) = lim _, + Aj(r) and A;(¢;) = lim__,.— A;(r).
J J
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Proof. The first assertion is a direct consequence of Proposition [5.7 and Proposition [5.6] With
the first assertion, it suffices to estimate 7(r) to prove the second assertion. By Corollary |3.4] -,

1,
1 ER -1 2
r § logr Z / 20(r~*logr)u du
Ay

YeEVT
1(1 %I‘%] 1(] )%
3 ) s(logr )
Z / e 205 ds < ¢gor Z (/ . e~ 208 ds)
eVt r 2 (logr) ?)\1/, k=0 r ?(logr)?k

,_.
-

1r3 L(logr)2
< cpr ( \/> / o e dsak)
r 2(logr)2k
1 1
1 7(10gr)? ri (logr)~ 2s
—0421‘(\/?4-/3 / 672052(1]{7(18) < cua3 %(logr)*% )

Clearly, the same estimates holds for the summation over V. This completes the proof of the

theorem. O

This theorem says that the subleading order term of the spectral flow function is strictly less
than O(r%). It improves Proposition 5.5 of [T1] when a is a contact form with an adapted
metric ds?. Although the improvement is far from satisfactory, it confirms that the subleading
order term is of o(r%). This suggests that 7(r) should be smaller due to cancellation. In the
sequel of this paper [Ts2], n(r) will be shown to be about O(r) for certain types of contact
forms in each isotopy class of contact structures.

5.3. The base connections. It requires a unitary connection Ay on det(S) to define a Dirac
operator on the spinor bundle S. The main purpose of this subsection is to compare the spectral
flow functions using different connections on det(S).

Proposition 5.9. Suppose that Ay and Ay are two connections on det(S). Then, there exists
a constant cu5 determined by the contact form a, the conformally adapted metric ds® and the

connections Ag and Ay such that
‘ fa(A()y 7") - fa,(Ala 7”)} S Cy45T

for any r > cy5.

Proof. Since the spectral flow only depends on the endpoints of the connection, the difference
fa(A1,7) —fo(Ap, ) is equal to

(spectral flow from A; to Ap) + (spectral flow from Ay — ira to A1 —ira) .

The spectral flow from A; to Ag is clearly independent of r. Therefore, it suffices to show that

the spectral flow from Ay — ira to Ay —ira is of O(r).
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Let Dy be the Dirac operator associated to (1 —t)Ag + tA; — ira for t € [0, 1]. Suppose that
A(t) is an eigenvalue of Dy for t € [0, 1], and is continuous, piecewise smooth in ¢. By [T1, (5.4)],

X(t) = /Y (e, 5 (AL — Ag)is) (5.24)

provided A(¢) is differentiable at ¢, where 1); is a unit-normed eigensection of D, with eigenvalue
A(t). It follows that

1
|)\/(t)| <cyg=1+ §S1§1/p |A1 — A0| . (5.25)

We apply Corollary to Dy for any t € [0,1]. The constant of Theorem depends on the
curvature of (1 —t)Ag+tA; and the covariant derivative of the curvature, and does not blow up
for t € [0,1]. As a result, there exists a constant c47 determined by a, ds?, Ag and A; such that
the total number of eigenvalues (counting multiplicity) of Dy within [—1,1] is less than c47r for
any 7 > ¢47 and any ¢ € [0,1]. It follows that the spectral flow from Dto to Dt0+(1/(2(:46)) is less
than c477. Hence, the spectral flow from Ag —ira to A1 —ira is less than 3cygca7r. It completes

the proof of this proposition. O

APPENDIX A.

A.1. The Weitzenbéck formula for V,i. The purpose of this subsection is to derive the
following formula: suppose that V' is a Hermitian vector bundle with a unitary connection A,
then

ViaVaVath — VaViVaty = (diFa) — Vau(2F 4 + Ricci) . (A1)

for any section ¥ of V. When V is a spin-¢ bundle and A is a fixed connection perturbed by

—5ra, teads to (3.6).

For simplicity, assume the Riemannian metric on the underlying manifold is flat. Suppose

that the connection is A =} Ajda?, then the curvature is
Fa = 5 ZFijd.I Adz where Fi]’ = 81Aj — ain + [Ai,A]’] s
12
and djFy =37, (0;F;; + [A;, F;;])dz’. Note that
Y = 0ip + Ajp where semicolon means covariant derivative Vy ,
Viji — Vi = Figy
Vijik — Yiije = (OkFij + [Ag, Fig)) + Fijhe

Vit — Vg = (OpFij + [Ag, Fis) )0 + Fijtbg + Frjdy
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It follows that the dz’-component of ViVaVa — VaAViVat is

- Z Pijii + Z Yiij = — >_(OiFij + [As, Fig)y — 2 ZE‘W;@‘ -

7

This proves (A.1) for flat metric.

A.2. Adapted coordinate and transverse-Reeb exponential gauge. The purpose of this
subsection is to derive the local expression of the Dirac equation on the adapted coordinate
chart. Suppose that a is a contact form on Y, and d§? is an adapted metric. Denote the Reeb
vector field by v, and the Levi-Civita connection of ds? by V.

Fix a point p € Y. The construction of the adapted chart starts with two oriented, orthonor-
mal vectors e; and ey for ker(a)|,. The choice of e; and es is not unique; there is a freedom of
SO(2) = S1. We will choose e; and es to be the eigenvectors of a symmetric map defined from
Vwo. This choice makes it easier to do the local computation.

A.2.1. The choice of the frame. Consider the map N on ker(a)|, defined by
N (u1), ug) = (Vuyv, J (uz))

for any w1, us € ker(a)|,. The pairing is the d$? inner product, and J is the rotation operator
on ker(a) defined by da and ds2.

Let ¢; be a unit-normed vector on ker(a)|,, and let e = J(e1). It follows from d*a = 0 that
<Va1’U, 21> + <V22v, €2> =0.

It implies that A is a symmetric operator. Choose e; to be one of the unit-normed eigenvector
of N, and denote its eigenvalue by 1+ N. Namely,

N = (N(e1) —e1,e1) . (A.2)
Another vector ey is taken to be J(e1). By contracting (e1, e2) with da = 2 % a, we find that
(Ve,v,€2) — (Veyv,e1) =2 .
Equivalently, the trace of A/ is 2. Thus,

=N = (N(e2) —e2,€e2) . (A.3)

A.2.2. The adapted coordinate. With e; and es chosen, consider the adapted coordinate cen-
tered at p € Y.

CxI —=Y
wo: ((7,9),0) — exp,(zer+yes),
¥ - ((xvy)a Z) = €XPyg(z,y) (Z’U) :
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It follows from the construction that ¢(z,y, -) is a integral curve of the Reeb vector field for any
x and y. Therefore, the Reeb vector field v = 0,. By (A.2) and (A.3)), its covariant derivative
at p is

(Vev)lp = (1+ N)ez (Ves0)lp = (=1 + N)ex . (A.4)

It follows from da = 2 % a that V,v vanishes identically.

Since a(v) = 1 and da(v, -) = 0, the contact form and its exterior derivative must be

a =dz + 2a1(z,y)dx + 2az(z, y)dy ,

(A.5)
da = 2(0za2(x,y) — Oyar(z,y))dx Ady .

And the volume form is %a Ada = B(z,y)dz A dy A dz, where B(x,y) = Opas — Oyai.

To proceed, consider the following frame: parallel transport {e;, e2, v} along radial geodesics
on Cy, and then parallel transport along the Reeb chords. It ends up with an orthonormal
frame on C' x I, which will be denoted by {ui,u2,us}. We are going to find the transition
between {u1,us,u3} and {0,,0y,0.}.

A.2.3. The Reeb vector field. To express 0, in terms of {uj,u2,us}, note that both 9, = e3
and u; are parallel along the integral curves of v. Therefore, (e3,u;) is independent of z, and
it suffices to compute these coefficients on Cy. For any (z,y) € C, consider the radial geodesic
po(te, ty). Let esl(miy0) = 3 W (t)u;, then Sehd(t) = (VFes)(d, - ), u;). The Taylor’s
theorem and imply that

9, = uz + y(—=1 4+ N)ug + z(1 + N)ug + O(p3)u; (A.6)

where py = (2% + yZ)%.

A.2.4. The vector fields 0, and 0, on the zero slice. Fix (z,y) € C, and let ¥(t,s) = @o(t(x +
s),ty). Denote the variational field %Lq:m(t, s) by V(t). It follows from the construction that
V(1) = Oxl(2,y,0)- Since V(t) is a variational field of geodesics, it obeys the Jacobi field equation.
With the initial condition V(0) = 0 and V'(0) = ey, it follows from the Jacobi equation that

az|(x,y,0) =u; + O(pg)u] . (A?)
Similarly,
Ayl (z.0) = u2 + O(p)u; -

The Jacobi field equation can be used to find all the higher order coefficients, see |[CE| chapter
1].
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A.2.5. The vector fields 0, and 0 on C x I. Fix ((z,y),2) € C x I, and let §(t,s) = p(x +
s,y,tz). The variational field V (t) = §|5:0’y(t, s) is again a Jacobi field. It follows from the
construction that V(1) = Oz|(2,y,)- By (A.7), the initial value is

‘7(0) = 6l"|(:c,y,0) =uy + (’)(p%)uj . (A8)

By (A.4), the initial velocity is
V'(0) = (Va, I ())li=0 = (V 50)0) = (Vo,2¢3)|(2.5,0)

) (A.9)
— 2(1+ N)uz + O(p3)u; -
It follows from the Taylor’s theorem and the Jacobi field equation that
Oy = u1 + 2(1+ N)uz + O(p?)u, (A.10)

where p = (2% + 1y + 22)% Similarly,

Oy = us + 2(—1+ N)ug + O(p*)u; .

A.2.6. The contact form. The expansion of J, and J, can be used to find out the expansion of
ay(x,y) and as(x,y) in (A.5). The following vector fields are annihilated by a:

By — (0, 02)0- = By — (y(—1 4+ N) + O(p?))0. ,
By — (9y,0.)0, = 0, — (x(1+ N) + O(p?))0 .

Thus, a = dz + (y(=14+ N) + O(p3))dz + (x(1 + N) + O(p3))dy.
The coefficient of volume element B(x,y) is the determinant of the coeflicients of {0, 0y, 0.}

in {u1,u2,u3}. By (A.6) and (A.7), B(z,y) =1+ O(p?).

A.2.7. Trivialization of K~!. Note that u; and us do not necessarily belong to ker(a). To
trivialize the bundle K —!, perform the Gram-Schmidt process on {v, u, us}. Denote the output
by {v,e1,es}. A direct computation shows that

{ e1 =0y —y(=1+ N)d. + O(p*)9;

) (A.11)
es =0y —x(1+ N)0, — 2N, + O(p°)0; .

It is clear that the e; and es coincide with the initial choice at p. The unitary frame %(61 —ieg)
trivialize the bundle K ! on the adapted chart.

Let {w!,w? w? = a} be the dual coframe of {ey,es,v}. It follows that

w! = dz 4+ 22Ndy + O(p*)da? |
(A.12)

w? =dy + O(p*)da’ .
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Let G‘Z-j be the Levi-Civita connection in terms of this frame, i.e. Ve; = 3, G‘gej. By [Ts, (2.4)],
only 02 appears in the canonical Dirac operator, and a direct computation shows that

02 = (1 + N)w? + O(p)u .

A.2.8. The base connection. There is a standard technique to write down the local expression of
Ag in terms of the (transverse—Reeb) exponential gauge. It is a variant of the original argument
of Uhlenbeck [U], and the detail will be omitted.
In the transverse-Reeb exponential gauge, the unitary connection Ag is equal to
1 1
Ap = (=5yF2(p) — 2F(p) + O(p*))w' + (5eF2(p) — 2Fas(p) + O(p?))w? (A.13)

where Fa,(p) = >, Fij(p) w' Awl. Note that there is no w3-component in this gauge.
A.2.9. z’he Diz"ac opecator. With the above discussions, the two components of the Dirac op-
erator D, on ¢ = (&, 3) are
pri(Dy)) = 56+ id.d

— 208 — i(€ + N — 2izN. 3 + O(p*)0; 3 + O(p)3
pry(Dyt)) = 20g6 — i(& + NE)D.& — 2i2N0x6 + O(p?) 06 + O(p)é

— (5 +1-N)F—i0.3+0(p)

\ 2
where £ is the complex coordinate x + ¢y. This supplies the detail for §3.4.1 and §3.4.2]

(A.14)

A.2.10. Change of gauge. In ({A.14)), the r-factors appear in the diagonal. It is also useful to
put the r-factor in the off-diagonal term. Consider the following change of gauge:

o

a = exp(%r(z + Nzy))a and B = exp(%r(z + Nzy))B .

With respect to this gauge, (A.14)) is transformed into the equation in §4.2.1]
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