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Abstract

We study Dirichlet Laplacian in a screw-shaped region, i.e. a straight

twisted tube of a non-circular cross section. It is shown that a local

perturbation which consists of “slowing down” the twisting in the

mean gives rise to a non-empty discrete spectrum.

1 Introduction

Existence of geometrically-induced bound states in infinitely extended re-
gions of tubular shape was noticed at the end of the eighties, first in the two-
dimensional situation [7], and studied intensively since then – see [3, 9, 11, 13],
and more recently [2, 6]. The effective interaction which lead in these cases
to the existence of a discrete spectrum came from tube bends. If the tube
is embedded in Rd with d ≥ 3 one can ask about the effect of its twisting
on the spectrum. In the work quoted above the tubes considered were either
circular or twisted in a particular way aligned with the tube axis torsion; in
that case the twist did not affect the result in the leading order.

Investigations going beyond this special case were done only recently.
Inspired by the existence of a magnetic Hardy-type inequality in waveguides
[4] the authors of [5] analyzed the generic case of a local tube twist and found

1

http://arxiv.org/abs/math-ph/0505030v1


that it gives rise to a repulsive effective interaction which can destroy weakly
bound states coming from other perturbations. In this letter we push this
idea further and study a twist which extends along the whole tube.

As a repulsive interaction it rises the essential spectrum threshold. At
the same time, if we perturb such a screw-shaped tube locally in such a way
that the repulsion is weakened, e.g. by a local slowdown of the twist, one
may expect a binding effect. We show, under mild regularity assumptions,
that it is indeed the case and that it is sufficient if the twisting is slowed
down locally in the mean. Moreover, a natural analogy with one-dimensional
Schrödinger operator theory suggests that the effect might survive in the
critical case when the mean value of the twist variation is zero. It is not
a reliable guide, of course, because sometimes in similar situations critical
bound states are absent [1], nevertheless, here we are able to demonstrate
that discrete spectrum for a critical twist perturbation is still non-empty.

Let us review the contents of the letter. We will introduce the needed
notation in the next section, then we will analyze the spectrum in the periodic
case. Our main results are given in Section 4, specifically in Theorems 2 and
3 for the non-critical and critical situation, respectively.

2 Preliminaries

First we fix the notation. Let ω be an open bounded and connected set
in R2 and let θ be a differentiable function from R to R. For s ∈ R and
t := (t2, t3) ∈ ω we define the mapping L from R× ω to R3 by

L(s, t) = (s, t2 cos θ(s) + t3 sin θ(s), t3 cos θ(s)− t2 sin θ(s)) . (1)

The image L(R×ω) is a tube in R3 which is twisted unless the function θ is
constant. A case of particular interest is a screw-shaped tube corresponding
to a linear θ. We fix a positive constant β0 and define the tube Ω0 by

Ω0 := L0(R× ω) ,

where

L0(s, t) := (s, t2 cos(β0s) + t3 sin(β0s), t3 cos(β0s)− t2 sin(β0s)) ;

it will play role of the unperturbed system. The operator we will be concerned
with is the Dirichlet Laplacian H0 on L2(Ω0), i.e. the self-adjoint operator
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associated with the closed quadratic form

Q0[ψ] :=

∫

Ω0

|∇ψ|2 ds dt , ∀ψ ∈ D(Q0) = H1
0(Ω0) . (2)

3 Spectrum of H0

Given ψ ∈ C∞
0 (R× ω) it is useful to introduce the following shorthand,

ψ′
τ := t2∂t3ψ − t3∂t2ψ . (3)

A simple substitution of variables shows that

Q0[ψ] =

∫

R×ω

|∇tψ|2 + |∂sψ + β0ψ
′
τ |2 ds dt ,

where
∇tψ := (∂t2ψ, ∂t3ψ) .

In other words, the operator H0 acts on its domain in L2(Ω0) as

H0 = −∂2t2 − ∂2t3 + (−i∂s − i β0 (t2∂t3 − t3∂t2))
2

Since β0 is independent of s we are able to employ a partial Fourier trans-
formation Fs given by

(Fs ψ)(p, t) = ψ̂(p, t) =
1√
2π

∫

R

e−i ps ψ(s, t)ds ,

which allows us ro rewrite the quadratic form as

Q0[ψ̂] =

∫

R×ω

|∇tψ̂|2 + |i p ψ̂ + β0ψ̂
′
τ |2 dp dt

for a suitably regular ψ. Since the transformation Fs extends to a unitary
operator on L2(R× ω), the operator H0 is unitarily equivalent to the direct
integral

∫ ⊕

R

h(p) dp (4)

with the fibre operator

h(p) = −∂2t2 − ∂2t3 + (p− i β0(t2∂t3 − t3∂t2))
2 (5)
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on L2(ω) subject to Dirichlet boundary conditions at ∂ω. Introducing the
polar coordinates (r, α) on ω, we can rewrite h(p) as follows

h(p) = −∆ω
D + (p− i β0∂α)

2 , (6)

where −∆ω
D denotes the Dirichlet Laplacian in r and α. Since h(p) is a

sum of −∆ω
D and a positive perturbation, it follows easily from the minimax

principle that its spectrum is purely discrete. Let us denote the eigenvalues
of h(p) by εn(p) and the respective eigenfunctions by ψn(p), i.e.

h(p)ψn(p) = εn(p)ψn(p) .

Lemma 1. Every εn(·), n ∈ N, is a real-analytic function of p and

lim
p→±∞

εn(p) → ∞ . (7)

Proof. It is not difficult to check that the quadratic form associated with the
operator h(0) defined on the form domain H1

0(Ω0) is non-negative and closed.
This implies that h(0) is self-adjoint on its natural domain which we denote
as D(0). Let us formally expand the square in (6) and write h(p) as

h(p) = h(0) + p2 − 2i p β0 ∂α .

Denote the resolvent of h(0) at a point z ∈ C by Rz, i.e. Rz = (h(0)− z)−1.
Then we have for any ϕ ∈ C∞

0 (ω) the following estimate

‖∂αϕ‖2 ≤ (ϕ, h(0)ϕ) = (Rz(h(0)− z)ϕ, h(0)ϕ)

≤ ‖Rz‖ ‖h(0)ϕ‖2 + |z| (ϕ, Rz̄ h(0)ϕ)

≤ C(z) ‖h(0)ϕ‖2 + |z|2 C(z) ‖ϕ‖2 ,

where C(z) → 0 as ℑz → ∞. Consequently, i ∂α is h(0)-bounded with the
relative bound zero which implies that the domain of h(p) coincides with
D(0) and the vector h(p)φ is analytic as a function of p for every φ ∈ D(0)
(since p2 is clearly analytic). From [10], pp. 375 and 385, it thus follows that
{h(p) : p ∈ R} is a self-adjoint analytic family of type A and that all the
εn(·) are real-analytic functions of p.
To prove the second statement of the lemma, let us first define the cross-
section radius with respect to the rotation axis,

a := sup
t∈ω

|t| .
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We observe that for any ϕ ∈ C∞
0 (ω) we have a trivial pointwise inequality,

|2p β0 ϕ̄ ∂αϕ| ≤ p2
β2
0

β2
0 + a−2

|ϕ|2 + (β2
0 + a−2) |∂αϕ|2 ,

which implies that

(ϕ, h(p)ϕ) =

∫

ω

(

|∂rϕ|2 +
1

r2
|∂αϕ|2 + |(p− i β0 ∂α)ϕ|2

)

r dr dα

≥
∫

ω

(

|∂rϕ|2 + a−2 |∂αϕ|2 + p2 |ϕ|2 − |2p β0 ϕ̄ ∂αϕ|+ β2
0 |∂αϕ|2

)

r dr dα

≥ 1

1 + a2 β2
0

p2
∫

ω

|ϕ|2 r dr dα ;

this in turn yields the sought result.

It is clear from (5) that the spectral threshold of h(0) cannot be lower than
that of −∆ω

D. It has been shown in [5] that the inequality is sharp,

E := inf σ(h(0)) > inf σ (−∆ω
D) , (8)

whenever ω is not rotationally symmetric. This follows, by the way, also
from our Lemma 2b which will be proved below.

Our aim is to show that this quantity determines the spectral threshold
of our original Hamiltonian, in other words, E = inf σ(H0). To this end
let us denote by f the real-valued eigenfunction of h(0) associated with the
eigenvalue E = ε1(0), i.e.

h(0)f = −∆ω
D f − β2

0 ∂
2
αf = Ef . (9)

Then we can make the following claim.

Lemma 2. Let f be given by (9). Then

(a) f is strictly positive in ω.

(b)
∫

ω
|f ′

τ |2 dt =
∫

ω
|∂αf |2 dt > 0 provided ω is not rotationally symmetric.

Proof. To prove the positivity of f it is enough to show that the semigroup
e−t h(0) is positivity improving for all t > 0, see [12, Thm XIII.44], that is, we
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have to show that e−t h(0) maps every positive function in ω into a strictly
positive function in ω. Since −∆ω

D commutes with ∂2α, we get

e−t h(0) = et∆
ω
D et β

2

0
∂2
α .

However, it follows easily from [12, Thm XIII.50] that et β
2

0
∂2
α is positivity

preserving for all t > 0, i.e. it maps every positive function into a positive
function. Now note that since −∆ω

D has a strictly positive ground state,
et∆

ω
D is positivity improving for all t > 0 by [12, Thm XIII.44]. Hence given

a positive function g in ω, we know that et β
2

0
∂2
αg is positive, which means that

e−t h(0)g is strictly positive; this proves the first statement of the Lemma.
The second statement is an immediate consequence of the first one. Let

B be the biggest circle (i.e., the one with the biggest radius) centred at the
origin, such that B ⊂ ω. Denote its complement in ω by Bc. By assumption
we know that Bc 6= ∅. Since f satisfies Dirichlet boundary conditions on ∂ω
and is strictly positive inside ω, it follows that |∂αf | is strictly positive in
almost every point of Bc ∩ ∂ω, where ∂ω is not a part of a circle centred
at the origin. This ”non-circular” part is, of course, a positive measure set,
hence using the differentiability of f we can find a neighbourhood of Bc∩∂ω
with a positive Lebesgue measure on which |∂αf | > 0.

Remark: The first statement of Lemma 2 also follows from [8, Thm. 8.38].

Now we are able to determine the spectrum of the free operator.

Theorem 1. The spectrum of H0 is purely absolutely continuous and covers
the half-line [E,∞), where E is the lowest eigenvalue of h(0).

Proof. From (4) and Lemma 1 we know that the spectrum ofH0 is absolutely
continuous and that [E,∞) ⊂ σ(H0). It remains to show that

(−∞, E) ∩ σ(H0) = ∅ . (10)

Using the fact that the ground-state eigenfunction f is strictly positive in ω,
we can decompose any ψ ∈ C∞

0 (ω) as

ψ(s, t) = f(t)ϕ(s, t) . (11)

We use the fact f is real-valued and integrate by parts to get

Q0[ψ]−E ‖ψ‖2 =

∫

R×ω

(

f 2 |∇tϕ|2 − (∆ω
Df)f |ϕ|2 + f 2 |∂sϕ|2

+β0 f∂αf(∂sϕ̄ ϕ+ ϕ̄ ∂sϕ) + β0 f
2(∂sϕ̄ ∂αϕ+ ∂αϕ̄ ∂sϕ)

+β2
0 f

2 |∂αϕ|2 − β2
0 (∂

2
αf)f |ϕ|2 −E f 2 |ϕ|2

)

ds dt .
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Since
∫

R

(∂sϕ̄ ϕ+ ϕ̄ ∂sϕ) ds = 0

and
−∆ω

Df − β2
0 ∂

2
αf −E f = 0,

see (9), we finally obtain

Q0[ψ]− E ‖ψ‖2 =
∫

R×ω

f 2
(

|∇tϕ|2 + |∂sϕ+ β0 ϕ
′
τ |2

)

ds dt ≥ 0 .

This implies (10).

4 Local perturbations of the twisting

After analyzing the “free” case, where the twisting velocity θ̇ was constant,
we want to look now what will happen if the translation invariance of our
tube is broken. We will suppose that the velocity of the twisting is given by

θ̇(s) = β0 − β(s) , (12)

where β(·) is a bounded function such that supp β ⊂ [−s0, s0] for some s0 > 0.
Let Ωβ denote the corresponding tube being defined by

Ωβ := L(R× ω) ,

where L refers to the twisting obtained by integration of (12). We use the
symbol Hβ for the Dirichlet Laplacian on L2(Ωβ) and

Qβ[ψ] :=

∫

Ωβ

|∇ψ|2 , (13)

will be the associated quadratic form with the form domainD(Qβ) = H1
0(Ωβ).

Since the support of the perturbation β(s) is compact, it is straightforward
to check that

σess(Hβ) = σess(H0) = [E, ∞) . (14)

Our main result says that if the tube twisting is locally slowed down in the
mean, the discrete spectrum of Hβ is non-empty.
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Theorem 2. Assume that ω is not rotationally symmetric and that

∫ s0

−s0

(θ̇2(s)− β2
0) ds < 0 , (15)

where θ̇(·) is given by (12). Then the operator Hβ has at least one eigenvalue
of finite multiplicity below the threshold of the essential spectrum.

Proof. Following the idea of [9] we start constructing a trial function from a
transverse eigenfunction corresponding to the bottom of the essential spec-
trum. Given δ > 0 we put Ψδ(s, t) = f(t)ϕ(s), where

ϕ(s) =







eδ (s0+s) if s ≤ −s0 ,
1 if −s0 ≤ s ≤ s0 ,

e−δ (s−s0) if s ≥ s0 .

(16)

It is easy to see that Ψδ ∈ D(Qβ). A straightforward calculation then gives

Qβ[Ψδ]− E ‖Ψδ‖2 = δ ‖f‖2L2(ω) − ‖f ′
τ‖2L2(ω)

∫ s0

−s0

(θ̇2(s)− β2
0) ds

and
‖Ψδ‖2 = (δ−1 + 2s0) ‖f‖2L2(ω) .

For δ → 0 we then get

Qβ[Ψδ]− E ‖Ψδ‖2
‖Ψδ‖2

= δ
‖f ′

τ‖2L2(ω)

‖f‖2
L2(ω)

∫ s0

−s0

(θ̇2(s)− β2
0) ds+O(δ2) .

Thus in view of Lemma 2b it is sufficient to choose δ small enough to achieve

Qβ[Ψδ]− E ‖Ψδ‖2
‖Ψδ‖2

< 0

and the claim of the theorem follows.

Validity of the above result can be extended also to the critical case
when the integral in (15) vanishes, however, we need a somewhat stronger
assumption on the regularity of θ̇. We also have to suppose that the twisting
is “not fully reverted” by the perturbation.
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Theorem 3. Assume that ω is not rotationally symmetric and let θ̇(·) be
given by (12). Suppose in addition that θ̇(s) + β0 > 0 holds for |s| ≤ s0, and
that θ̈ exists and is of the class L2([−s0, s0]). Let

∫ s0

−s0

(θ̇2(s)− β2
0) ds = 0 ; (17)

then the operator Hβ has at least one eigenvalue of finite multiplicity below
the threshold of the essential spectrum.

Proof. Following again the idea of [9] we improve the trial function used in
the proof of Theorem 2 by a deformation in the central region,

Ψδ,γ(s, t) := f(t)ϕγ(s) ,

where

ϕγ(s) =







eδ (s0+s) if s ≤ −s0 ,
1 + γ (β0 − θ̇(s)) if −s0 ≤ s ≤ s0 ,

e−δ (s−s0) if s ≥ s0 .

(18)

with γ > 0. Similarly as in the proof of Theorem 2 one can check that

Qβ[Ψδ,γ]− E ‖Ψδ,γ‖2 =
∫

R×ω

(

ϕ2
γ (f

′
τ )

2
(

θ̇2(s)− β2
0

)

+ f 2 (ϕ′
γ)

2
)

ds dt .

Using the assumptions of the theorem we find that the integrals appearing
in the last expression behave as
∫ s0

−s0

ϕ2
γ

(

θ̇2(s)− β2
0

)

ds = −2γ

∫ s0

−s0

(

θ̇(s)− β0

)2 (

θ̇(s) + β0

)

ds+O(γ2) ,

and
∫

R

(ϕ′
γ)

2 ds = δ + γ2
∫ s0

−s0

(

θ̈(s)
)2

ds = O(γ2) +O(δ) .

as γ, δ → 0; the last two equations then give

Qβ[Ψδ,γ]− E ‖Ψδ,γ‖2
‖Ψδ,γ‖2

= −2 γ δ
‖f ′

τ‖2L2(ω)

‖f‖2
L2(ω)

∫ s0

−s0

(

θ̇(s)− β0

)2 (

θ̇(s) + β0

)

ds

+δO(γ2) +O(δ2) .

Setting now γ =
√
δ we see that it is enough to take δ small enough to get

Qβ [Ψδ,γ]−E ‖Ψδ,γ‖2
‖Ψδ,γ‖2

< 0 ,

which concludes the proof.
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