A NON-RELATIVISTIC MODEL OF TWO-PARTICLE DECAY
II. REDUCED RESOLVENT¥)
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We continue discussion of the Lee-type decay model described in the first part of this paper.
After separation of the centre-of-mass motion, we deduce meromorphic structure of the reduced
resolvent for small values of the coupling constant.

1. INTRODUCTION

In the first part of this paper [1], hereafter referred to as I, we have formulated
a non-relativistic model of two-particle decay and studied its Galilean invariance.
Here we are going to study the model further. First we separate the centre-of-mass
motion. Then we turn to discussion of the reduced resolvent which contains the
essential dynamical information. We show that under mild assumptions about
the interaction Hamiltonian, it has a meromorphic structure. The unperturbed
Hamiltonian has a simple eigenvalue embedded in the continuous spectrum; the
corresponding pole shifts under influence of the perturbation to the second sheet
of the analytically continued reduced resolvent. Further properties of the model
will be discussed in the subsequent parts of the paper.

The second part is a direct continuation of I and leans fully on its results. The
theorems, formulae and references given in I are not repeated but referred to by
their numbers following the digit I. In the forthcoming parts of the paper we shall
proceed similarly.

2. SEPARATION OF THE CENTRE-OF-MASS MOTION

The state Hilbert space (1.2.1) decomposes naturally into the tensor product
of spaces referring to relative and centre-of-mass motion, # = #°™ ® #".
With the usual licence, we write

(2.1) #H =DIDR)Q(C® 2(R?),
where the bilinear mapping ®: I*(R*) x [C @ I}(R*)] » # is defined by

(2 (5) @ 95= (o)
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one can check easily that it has the required properties (cf. [1.29], Chapt. 6 or [2]).
The Hamiltonian (1.2.5) can be then expressed as

(2.2) H,=Hr®1+1@ H,
where Hi® = —(1/2M) 4y and H' = Hy' + gV with
E 0
2.3a HY' = s
(23a) ° Tlo - L,
2m
(2.3b) ' e <0 (v,-));
v 0

we omit here the superscript “rel” for convenience. The operators Hy" and H;el
are self-adjoint and the relation (2.2) implies ([T. 29], Theorem 6.10)

(2‘4) e iHgt _ e—iHocmz ® eHngrﬂt

for all t € R. Hence the total propagator decomposes naturally and its centre-of-mass
part represents a free motion. For our purposes, only the relative part is important.
We are interested in the situation when the initial state of the system represents an
undecayed heavy particle,

() nel)

at t = 0. Then the state vector factorizes at each t > 0,

rel
(2.6a) Y, = e iy = ym ®< iﬁ)’
t.d
where
rel H rel 1
(2.6b) < :;;) = e e ‘( >
td 0
and
M \3/2
(260)  yEm(x) = <_-> Lim. f exp (M|X — ¥[2[20) y(¥) d¥
21t lt a— oo IYI §a

(cf. Ref. [1.27], Sect IX.7). The same can be expressed in other words. The decay
is described fully by the reduced propagator

(2.7&) Ut = pr#u e_ngt = E“ e—ngt \f

u

where E, denotes the projection onto #, (Ref. [1.3], Chapt. 1). However, the latter
equals I ® EI', where EI' projects onto the one-dimensional subspace #=' ~ C
in #"', and therefore the relation (2.4) implies

(2.7b) U, = e~ iHO™ & PLpren o iHel
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Before proceeding further, let us mention how this decomposition looks like in the
p-representation. The operator (1.2.10) may be expressed as

(28) F=F,® <(1) ‘;3)

and transforms H, into AR +1® I?‘“ where AS™ is a multiplication operator,
(H") (P) = (P2[2M) y(P) and

E g(3,")
(2.9) H;"‘ = p*
g —
2m

3. THE REDUCED RESOLVENT

In what follows, we shall be concerned mostly with the relative motion, and
therefore we omit the superscripts “rel”. Let us first recall that the reduced propagator
(2.7)is determined by the reduced resolvent

(3.1) Rz, H)) 1= pty, (H, — z)7*
as
(3.22) UY = J. e U dF, ¥,

R

where the vector-valued measure is given by
(3.2b) HE([A u]) + F((3 )} ¥ =

= lim J [R (é + 171, ) Ru{g - 1715 Hg)] v dé

2ni n~0*

(Ref. [1.3], Sect. 3.1); if R,(+, H,) has a pole near the real axis, then the reduced
propagator is dominated by the corresponding exponential term. In our case, the
(relative) subspace #, is one-dimensional, so R,(z, H,) and U, act simply as multi-
plication by numbers r,(z, H,) and u(t), respectively.

Since E > 0 by assumption, the unperturbed Hamiltonian has the simple eigen-
value E embedded in the non-simple continuous spectrum O‘C(H o) = R™*. Spectrum
of the operator H, can be found easily. In particular, o (H,) = e(Ho) = R,
because the operator Vis of rank two, and therefore relatively compact with respect
to Hy (cf. [1.27], Sect XIIL.4); it means that o(H,) = o(H,).

The perturbation problem for the embedded eigenvalue E can be solved explicitly,
because the interaction Hamiltonian fulfils the Friedrichs condition

(3.3) E,VE,=0.
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A simple algebraic argument (cf. [LI.3]; Proposition 3.2.1) gives

Proposition 3.1: The reduced resolvent (3.1) acts as multiplication by

64 ) =[5 4 E + PG,
where

a z) 1= MZ__
(3.52) G(z) : Ls 7 i) dp,

for z e ¢(H,), in particular, for each non-real z € C.

Notice that proving this assertion, one can work in the p-representation, where
H, and (A, ~ z)~* act as multiplication operators; the relation (2.8) shows that
rdz, H,) = r,(z, H,). The crucial observation is now that r,(+, H,) may be continued
analytically across R*, even if the full resolvent is not having a cut there. We shall
prove that the perturbation shifts the pole corresponding to the unperturbed eigen-
value from the real axis to the second sheet of the analytically continued (-, H,).
Let us first collect the hypotheses concerning the function u:

Assumptions 3.2: (a) v is rotationally invariant. In that case, the same is true for
9, and we shall write (p) = 9,(p), having in mind that §; is not Fourier image
of v, from I,

. 1/2 3 .
(3.6) t:(p) = (3) Lim. j DPY, (F) dr .
T 0

a—o0 P

The relation (3.5a) can be now rewritten as

’ o [a 2 2
(3.55) G(z) = 4 J LN
0 z — (p?[2m)
(b) The function i+ [o,[/(2mA)]|* /(2m4) can be continued analytlcally to an
open set & < C containing the point. E and such that @ " R < R™, i.e., there is
a holomorphic function f: Q — C such that f(1) = |0,[/(2mA)]|* \/(Zml) for e

€ QA R. For convenience, we write f(z) = [8,[/(2m2)]|? \/(2mz) for non-real z
too.

(©) b,[/(2mE)] + 0
Now we shall prove two auxiliary assertions.

Lemma 3.3: Let the function A — ’vl[\/(Zml)][ \/ 2mA) bas a bounded derivative
in an open set' J < R*. Define

(3.7) 10, 0) = gwf P et

0= (pz/ 2m)

where 2 denotes principal value, then the function I(-, v) is finite and continuous
in J.
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Proof: Choose an arbitrary 1, € J. Due to the assumption, there are positive C,
6 such that

(38) | 1242} 7 = [0:[VmA)]* J2ma)| < Clp — (2md)|
holds for all p, /(2m2A) e (\/(2mi,) — 8, \/(2mA,) + 5). The integral (3.7) can be
then written as

3 VI2m(i—0)) VI2m(A+a)]  po lo,(p)]? p?
0 =30 = ([T e [T ) W,
k=1 0 JemG-en  JizmGiren) A — (p7[2m)
for some ¢ €(0, ). We can choose ¢ € (0, 4,) and &; €(0, $5) in such a way that
JI[2m(2 + @)} — /(2mA)| < 16 hods for
(3.92) J2maA) e (J(2miy) — 8, J(2mi,y) + 5,)
so that

(3.9b) |V[2m(h + )] ~ J(2mAo)| < 6.

In what follows, we shall consider only those A which fulfil the condition (3‘.9a).
The integrals I,(2, v), k = 1, 3, are finite and I,(-, v) are continuous at 4, due to the
dominated-convergence theorem. It is sufficient therefore to consider the second
integral. A simple intergration yields

VE2m(A+e)]
‘@ "

pdp - lim (J\/(Zml)-n +J\/[2rn(ﬂ-+e)]> pdp _
Jitzm—an A = (B22m) o0 \J jtami-01 Jvzmiysn /4~ (9*[2m)

22 2
nJG) 3
m 2m

=mlmln—"——" =
oA
m 2m

(310) L(Lo)=2 J Vol s, (p)|? p — [9u[V(2mA)]] J(zml)pdp.

JizZm(i=0)] A~ (p*[2m)
According to the conditions (3.8) and (3.9), the following inequality holds

B p ~ [0:[VmA]}* y2mA) 2mCp

so we have

= < 2mC.
1 - (pfom) p + )
Thus the ths of (3.10) makes sense as a Lebesgue integral and I,(+, ) is continuous
at 4, by the dominated-convergence theorem. =

Lemma 3.4: Adopt the assumptions (a) and (b). The function G, defined by

G(z) ..Imz>0
(3.11)  Ggfz) = !4nl(z, v) — 4n? im|d,[\/(2mz)]|? \/(2mz) ..ZERNQ
[G(z) — 8n? im|p,[/(2mz)]|* V(2mz) ... z€ 2, Imz < 0

is holomorphic in {ze C: Im z > 0} U Q.
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Proof: One has to check that within Q, the relation
(3.12) lim G(¢ + i) = 4nI(}, v) F 4n? im| 8,[\/(2mA)]|* \/(2mi)
[l

n=0*
holds. We notice first that I(4, v) makes sense due to (b), because the assumption
of the preceding lemma is fulfilled in that case. Hence one can choose a sufficiently
small ¢ and express G(z) as a sum of three integrals in analogy with the above proof;
the dominated-convergence theorem implies G, (¢ + in) — 4nl, (A, v) for k =1, 3.
Further we have
(3.13) lim G,(¢ + in) =

§—=A
0%

J'J[Zm(;.+e)] ﬁl(p)lzp _ Iﬁl[\/(sz)]lz \/(me)
JI2m(i-e)] ¢+ in — (p?2m)
VI[2m(i+e)] pdp

zmGi—g & i1 = (p?[2m)

= 4z lim pdp +

A
n->0*

+ atim [0 [y 2] (2m)

n+0*

The first limit equals 4nI,(4, v) according to (3.10) and the dominated-convergence
theorem. One obtains easily

(3.14) lim IJUNHQ)] f—»m;—— = mlim ln—é———i——t—%u = F inm
ot dvimeeon E 0 = (p72m) e LA kin —o

and we arrive at the relation (3.12). Combining it with the preceding lemma, we see
that the function (3.11) is continuous in {z € C: Im z > 0} U Q.') Then it is uniformly
continuous in any compact subset of it, and therefore the limit in (3.12) is uniform
with respect to A in any compact subinterval of R n Q. Since Gqf+) is easily seen
to be holomorphic in the upper and lower halfplanes (within @ in the last case),
the assertion follows from the edge-of-wedge theorem [4] 0

Remark 3.5: One has to check the uniform convergence, because the remark
following Theorem 2— 13 of Ref. [4] is not correct: a counterexample is represented
by F(z) = z &'/

Now we are in position to prove the main result of this section.

Theorem 3.6: Assume (a)—(c). Then there is a connected complex neighbourhood
Q, = Q of the point E and a positive & such that for each g e (—¢, &),

(3.15) ri(z, Hy) i=[—z + E + g% Gyfz)]™*
represents analytic continuation of (3.4) to {zeC: Im z > 0} U Q. The function

1y In fact, we need Lemma 3.3 only to ensure finiteness of I(1, v) since the continuity follows
from the existence of a finite limit on the real axis (cf. Ref. [3], Theorem 146).
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r2(-, H,) has just one singularity in 4, a simple pole at z = z,(g), where the function
z, = 4, — i0, belongs to C*[ —e, ¢] and its real and imaginary parts fulfil

(3.16a) A(9) = E + 4ng2.@.[ —j—lg)—lz—?—z—) p+ 0(g%),

(3.16b) 8,(9) = 4n’mg?|p,[\/(2mE)]|* /(2mE) + 0(g*).

Proof: The assertion concerning analytic continuation follows from Lemma 3.4.
Only possible singularities of (3.15) are zeros of the function f(g, z):=z — E —
— g%Gg(z) defined for g € R and z from the analycity domain of G,. For small
enough g, one can use the implicit-function theorem (cf. Ref. [3], Theorem 210
or Ref. [5], Theorems I11.28, II1.31). The function f is infinitely differentiable with
respect to both g and z, further we have f(0, E) = 0 and (9f/9z) (0, E) = 1 * 0.
Then there is a neighbourhood (—¢’, ¢') of the point g = 0 and a unique function
z,€ C*[—¢, &'} such that f(g, z,(g)) = Ofor |g| < &,ie., z,(g) = E + g*Go(z,(g)).
Continuity of the partial derivatives of f implies particularly that (3f/0z) (+, z,(*))
is continuous in (—¢’, ¢'), and therefore there is a positive & < ¢’ such that (0f/0z) .
(9, z,(g)) % 0 for g e(—e¢, ). Consequently, r;(-, H,) has a simple pole at z,(g).
The first few terms of the Taylor expansion of z, can be easily caiculated: we obtain

3 2
d_ZE = d Zsp =0 and d—zzz = 2G9(E)
dgy-0 dg 46% o
which imply (3.16). 0

Remark 3.7: In fact, we have proved the theorem using the assumptions (a) and (b)
only. The assumption (c) is important, however, since it determines the leading
order in the formula (3.16b) which yields the decay width. We shall return to this
problem in a sequel to this paper.

Remark 3.8: The proved theorem represents a particular case of much more
general results obtained by Howland and Baumgirtel — cf. ref. [I.3], sect. 3.3.
The deduction is, however, more illustrative in comparison with the general case since
the Friedrichs condition (3.3) makes it possible to avoid use of the factorization
technique.
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