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I. INTRODUCTION

The semigroup property of reduced evolution represents a useful
tool in the quantum theory of unstable systemsl. It is well known
that it cannot hold exactly, because otherwise the corresponding
total Hamiltonian H should contain the whole real axis in its
apeotrum1_4. Hence various estimates of 1its violation become
important.

It is further known that validity of the semigroup condition

is equivalent to the absence of the decayed-state regeneration

the reduced evolution operator Vt t= Euutgu fulfils
vt+s - VtVB = EuUtEdusEu (1.1)
for any t,820 , where Eu,Ed are the projections to the state

subspace of the unstable system and its orthogonal complement,
respectively, and Ut = e_th 18 the total evolution operator (we
employ the notations used in Ref.1). The regeneration rate as a
function of t.s ie Bsubjected to various restrictions. For

example, Sinha has denonutrated‘ that regeneration cannot cease

after a finite time : if there is a non-negative Tr such that

EuUtEdUsEu g

1
o

(1.2)

for all t20 and aZTr , then o(H) = R
Another restriction concerns the regeneration rate at short

times which must not be too slow unless the reduced evolution is

PO
\ 2
>




an exact semigroup. Miera and Sinha have proven5 the following
assertion :@ suppose that for every w of some dense set D in

6

the subspace quEuk of the unstable system there 1is a

non-negative Cw such that

= < a o 1,3
H(VtVs Vt“;)wl < th 3 ( )

with some a > 1 holds for all +,s820 , then ({ Vt: t20 } is a
strongly continuous contractive semigroup, vtve=vt+3 for all
t,820
Thie result has been recently generalized by Nishioka7 who
has shown that the conclusion is preserved if one replaces the
bound (1.3) by
' g & a_a Ied 1.4
I(VtVB vt+s)w| = Cvt 8 (t+s) ( )
for some o>l , 20430 and oa+f3+1#0 . The aim of the present

paper is to derive another extension of the Misra-Sinha theorem.

II. THE MAIN RESULT
We are going to prove the following assertion.

Theorem : Let { F(t) : t=0 } be a weakly continuous contractive
family with F(0)=I on a Hilbert space X . Suppose there is a
dense set D in %X and a function g : {(t,s) : 0=t<s} — R*
with the following properties

(1) g(0,8)=0 ,

(ii) there is a positive to such that g(t.sl) < g(t,sz) for
a fixed tStO and all 81532 i
(iii) there is a function G e Ly c(R,) such that lt_lg(t,s)ls
= G(s) holds for all sufficiently small t ,
(iv) the one-sided derivative h(s) := dg(t,s)/dt It:0+ exists
and equals zero for all s>0 ,
such that

[LE(t)F(8)-F(t+s)ly| < C8(t,s) (2.1)
holds for every y € D and all 82t>0 , then { F(t) : t20 } is

a strongly continuous contractive semigroup on ¥ .

Proof follows the same line as in Refe.5 and 7 . We take a
sequence {Ti}?=1 of positive numbers ; using the condition (2.1)
repeatedly in combination with triangle inequality and

contractivity of the family {F(t):t20} , we get the estimate

n
i F%giri)w - F(r) . F(rv | =C

o3

wj E[‘rj_l,iz%ri].

Substituting rizt/n , we obtain

n-1
= n t .
I Fw - Fee/m | s e, Eeff . 3 i)

For a given t , we choose n 8o large that t/n < to ; using
then the assumption (ii), we can estimate the rhs as follows

“t.l ./'t x[& .s]da.

| F(t)y - F(t/n)? | < c,
t/n

Next we employ the assumptions (1) and (1iii) ; the last one allows

us to use the dominated convergence theorem which yields




g(0,8) t
X 4/n,47(8) ds = { h(s) ds .
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In view of (iv), we get finally

lim F(t/m)™yw = F(t)w T (2.2)
n-o

for all w € D , and since the family {F(t):t=0) ie uniformly

bounded, this conclusion extends to all weX . The relation (2.2)

yields easily the semigroup propertyl’B and the weak continuity
implies the strong one. |
- = 2
For the regeneration rate Rw(t,s) T l(VtVB Vt+8)w| which

means the probability that the unstable system starting at =0
in the state y and found decayed at 8 will be found undecayed

again at a later instant t+8 we get the following

Corollary: If there is a dense set D < lu and a function -4

with the properties listed in the theorem such that

1/2
Rw(t,s) = ng(t.e) (2.3)
holds for every vy € D and all 82t20 , then the reduced
evolution { Vt : 120 } on Rh ise a strongly continuous
semigroup.
4

IIX. CONCLUDING REMARKS

Let us notice first that physically it is difficuit to observe the
regeneration, in particular, at short times. The reason is the
same as in the case of sghort-time violations of the decay-law

exponentialityl’lD

the dynamics of the known decay processes is
such that the interesting time region is inaccessible
experimentally. Nevertheless, one cannot exclude discovery of
other unstable systems (particles, nuclei, etc.) for which the
semigroup approximation will not work so good, and furthermore,
the °~ Misra-Sinha theorem and 1ts generalizations represent
themselves interesting mathematical results.

Let us turn now to discussion of our hypotheses. First of
all, the regeneration rate need not be estimated symmetrically in
t,s8 ; in fact, one has to know the function & 1in an octant of
the (t,s)-plane only. The assumption (i) 1is a weak one ; it
should be fulfilled for every reasonable estimate. As for (i1), we
shall comment on it a 1little later, while (iii) represents a not
very strong regularity requirement. The assumption (iv) |is
essential ; it shows that regeneration is excluded if only (it
starts at every instant 8 slowly enough.

Our theorem generalizes the MHisra-S5inha theorem ; one can
check easily that the bound (1.3) fulfils the hypotheses. Let us
compare it further to the Nishioka's result. The function g
g(t,s) >= taea(t+s)ﬁ with the above indicated values of a, 3
fulfile the assumptions (1),(11) and (iv), while (ii) is valid for
a+3 2 0 only. Let ue concentrate on the interesting case /3«0
It was shown in Ref.7 that the original MS-theorem combined with

the Schwarz inequality ensures the semigroup property for 2a+73 > 2.



Our theorem yields a stronger result for B3 2 -2 . This case is
covered by the Nishioka theorem as well as the region a > 1 ,

-B/2 < a < @ (with exception of the halfline a+f+1 = 0 ). In the
last named case, however, the obtained sufficient condition
represents a much weaker assertion : while for a+i? > 0 the
eatimafe (1.4) is a restriction actually for short times only due
to the contractivity, in the other case one must check it for all
times which is considerably moré difficult. Needless to say, the
sufficient condition (2.1) covers a broader class of estimates

than those of Refs.5 and 7
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Sxcuep II. , ' E2-88-797
Eme onna TeopeMa O CKOPOCTH pereHepauumu
IIPH MalkiX BpeMeHax

PaccMoTpuM HecTaGHIBHYI0 KBAHTOBYI CHCTEMY, KOTOpas
Obia HalieHa HepacnaBmeiCAi B MOMEHT BpeMeHM 8, M 0603Ha-
uuM yepes R(t,8) BepOATHOCTHL ee pereHepauuu B HauanbHOe
(nepacnaBmeeca) cocrosuue B Gonee MOSAHWI MOMEHT t+8.
lloxaxeM, 4TO npHBe[eHHHA ONEpaTOp SBOMWUMH YHOBIETBODSET
NONYTPYNIOBOMY  YCJIOBHW, T.€. YTO BOOGmME HET pereHepammH,)
ecnu R(t,s)! MOXeT OhTh OrpAHMUYEHO JOCTATOYHO perysp-
Hoit ¢yHKumelt, He pacTyme# Mo 8 M C HynmeBoH NpOHSBOZHOH
mo t B rouke t=0 pgna kamxmoro s. 3to oBobmzeT -TeopeMy
Mucpsl ~ CHHXM B OpYroM HanpaBlIeHHH, YeM HeOaBHAA paGorta
Humioku . ‘

‘ PaGora BunonHeHa B JlaBopaTopuu TeopeTHHeCKOH GHSHKM
OHSAH .
Mpenpunt OGsenuHEHHOro MHCTHTYTA AREPHBIX Hecnenosauuit, llyGua 1988
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One More Theorem on the Short-Time
" Regeneration Rate

Consider an unstable quantum system which has been’

found undecayed at an instant s and denote by R(t,s)

the rate of its regeneration into an original (undecayed)
state at a later instant t+s. We prove that the reduced
evolution is a aemigrou? i.e., there is no regeneration
at all, provided R(t,s) 72 can be estimated by a suffi-

clently regular function which is non-decreasing in s and

has zero derivative with respect to t at t=0 for every s.
This generalizes the theorem of Mirsa and Sinha in a dif-

ferent direction than a recent paper by Nishioka.

The invéatigatidn'has been performed at the—Lab&rato-
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