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I. INTRObUCTION 

The semigroup property of reduced evolution represents a useful 

1tool in the quantum theory of unstable systems . I t is well known 

that it cannot hold exactly , because otherwise the corresponding 

total Hamiltonian H should contain the whole real axis in its 

l 4.spectrum - Hence various estimates of its violation become 

important. 

It is further known that validity of the semigroup condition 

is equivalent to the absence of t he decayed-state regeneration 

the reduced evolution operator V : = KuUtE fulfilst u 

Vt + - VtV = KuUtKdUsK u (1 . 1) s s 

for any t, s2:0 ,where E ' Ed are the projections to the state u 

subspace of the unstable Ilystem and its orthogonal complement. 

-iHtrespectively. and U = e is t he total evolution operator (wet 

employ the notations uaed in Ref . 1) . The regeneration rate all a 

function of t, II ill subjected to ve r i oue ree t r tc e rone . For 

example, Sinha hall demonlltrated 4 that regeneration cannot ceaee 

after a finite time : if there is a non-negative T Iluch that r 

o ( 1. 2)EuUtEdUsEu 

.. 
for all t2:0 and s2:T then q(H) =~ . 

r. 

Another relltriction concernll the regeneration rate at Ilhort 

timell which mUllt not be too Illow unlellll the reduced evolution ill 

T 
I' 



II
 

5 ( 11) there is a pos itive s uch t hat g(t.6to ::!> g ( t, s2 ) for 

a fi xed t ::!> t a nd a ll , 
an exact semigroup. Misra and Sinha ha ve proven the following 1) 

sl~s 2assertion s u p po s e that for every 'II of some dense set D in o 

6 ( ii i ) ther e is a f u nc t i on G e such that It - 1g ( t , s ) I::!>the s ubspace I}( =E I}( of t he unstable s y s tem t here i s a L10 c ( IR+ ) 
u u 

::!> G(s ) ho lds f or al l s uffic ient l y s mall t ,non -nega t i ve CVJ such that 
( i v ) the one-side d derivative h ( s ) := "g(t , s ) /bt existsIt =O+ 

a a and equals zero for all s>o(1. 3)~ (VtVs-V t+s ) VJ. ::!> CVJt 6 
such that 

H F(t) F(s) - F(t+s ) ] VJ II s C ~(t . s) (2 .1)with 60me a > 1 ho l ds f o r all t,s~O , then {V : t~O } i s at 

st rong l y c on t i n uo u s con t r a c t i ve semigroup , VtVs=Vt+ s for all 

holds for ever y 'II e D and all s~t~O ,then {F(t) t~O l Lst ,s~O . 

a strongly continuous c ontract ive s emigroup o n !l( .This resul t has been r ece n t l y generalized by Nishioka7 who 

has shown t hat the conc Iue i on is preserved if one replaces t he 

Proof follows the same l ine as i n Refs . 5 and 7 He take abound (1. 3) by 
nsequence { T 

i l i = l of positive numbers; using the condition (2 .1 ) 

aSa(t+S)11 repeatedly in combination with triangle inequality and::!> C (1. 4)I( VtVs -Vt+s)VJI VJt 
contractivity of the fam ily {F(t):t~Ol • we get the estimate 

for some a >l , 2a+I1 >0 and a+I1+1"0 The aim of the present n 
F( t Ti)VJ - F(T 1) . . . F(T )'11 i ::!> C tn 

g(T j _ tn )
.paper is to derive another extension of the Hisra-Sinha theorem . 1 • Tii=l n 'II j=2 i=j 

Substituting Ti=t/n, we obtain 

II. THE HAIN RESULT n-l
I F(t)VJ - F(t/n)nVJ I s C t g [1 , .1 k)

V' k =l n n 

He are aoing to prove the. fol10wina assertion. 
For a g~ven t . we choolle n so larae that t/n ::!> to ; using 

then the assumption ( i i ) , we can es timate the rhs as follows 

Theorem : Let {F(t) : t ~O l be a weakly continuous contractive 
t 

family with F(O ) =I on a Hilbert space !l( . SUPPolle there is a I F(t)VJ - F(t/n)nV' I < C !! J g r~ .S)dS . 
- 'II t tin 

dense set D i n !J( and a function a : { ( t , S ) : O::!>t::!>sl -+ IR+ 

•
with the following properties Next we employ the allllumptions (i) and (iii) ; the lallt one allows 

(1) a(O,II)=O , UII to use the dominated converaence theorem which Yields 

2 3 



lim tn ~ g [* '-l ds 
n~(I) 

t g[~ , s ) - g(O,s) t 
lim J X [tin , t] ( s) ds :0 { h ( s ) ds .t 
n~(I) 0 n 

In view of (1v) , we get finally 

lim F(t /n)nVl F(t)VI ( 2.2) 
n ..(I) 

for al l VI e D , and s inc e the family {F(t) :t~O ) is uniformly 

bounded . this c o nc l u s i on extends to all ~ . Th e relation (2 .2) 

yields eas ily the s e migroup property 1, B and the weak c on t i nu i t y 

9implies the strong on e , •
 

For the regeneration rate Rll'(t,s ) ; = I(VtVs-Vt+s)VlI2 which 

means the probability that the unstable system starting at t=O 

in the state VI and found decayed at s will be found undecayed 

again at a later instant t+s we get the following 

Corollary : If there is a dense set D c ~ and a function g
u 

with the properties listed in the theorem such that 

R ~ C~(t ,s) (2 .3)
VI(t,S)1/2 

holds for every VI e D and all s~t~O then the reduced 

evolution V 
t 

t ~ O on I/( 
u 

is a strongly continuous 

semigroup. 

4: 

III. CONCLUDING REMARKS 

Let us notice first t h a t physically it is difficult t o observe the 

J 
-) regeneration, in particular , at short times . The reason is the 

same as in the case of short-time violations o f the decay-law 

exponential ityl ,lO : the dynamics of the known decay processe s is 

such that the interesting time region is inaccessible 

experimentally . Nevertheless, one c a nno t exclude discovery of 

other une t ab Le systems (particles, nuclei . etc .) for which the 

semigroup approximation will not work so go od , and furthermore, 

the . Misra-Sinha theorem and i t s generalizations represent 

themselves interesting mathematical results. 

Let us turn now to discussion of our hypotheses. First of 

all, the regeneration rate need not be estimated symmetrically in 

t , e ; in fact, one has to know the function g in an octant of 

the ( t, s ) -plane only . The aseumpt ion ( i ) is a weak one it 

should be fulfilled for every reasonable estimate . As for (i i), we 

shall comment on it a little later, while (iii) represente a not 

very strong regularity requirement . The assumption ( i v ) is 

essential it shows that rel!l'eneration is exc luded il only it 

starts at every instant s slowly enoul!l'h . 

Our theorem generalizes the Misra-Sinha theorem one can 

check eaeily that the bound ( 1 . 3 ) fulfils the hypotheses . Let us 

compare it further to the Niehioka ' e result . The function g 

get ,s) = t"S"(t+S)11 wi th the above indicated values of 0., t9 

fulfils ~he assumptione (i),(ii) and (iv) , while (ii) is valid for 

0.+11 ~ 0 only . Let us concentrate on the interesting case 11<0. 

It was ehown in Ref .7 that the original MS-theorem combined with 

the Schwarz inequality ensures the semigroup property for 20.+/9 > 2. 

5 



Our theorem yields a s t r onge r resul t for ~ ~ - 2 . This c aae is 

covered by the Nishioka theorem as well as the region a) 1 

-~/2 < a < ~ (with exce pt i on o f the halfline a+~+1 = 0 ) . In the 

last named case, however, the o bt a i ned sufficient condition 

represents a much weaker assertion : while for ct+~ ) 0 the 

estimate (1.4) i s a r estriction actually for short times only du e 

t o the c ontract i vi t y , in the other case one must check it for al l 

times which is c ons i de rab l y more difficult . Needless to say, the 

sufficient condition (2.1) covers a broader class o f estimates 

than those of Refs.5 and 7 . 

A detailed exposition of the quantum theory of decay can be 

found in P .Exner : Open Quantum Systems and Feynman Integrale 
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3KcHep n. E2-88-797 
E~e OAHa TeOpeMa 0 CKOPOCTH pereHe~a~H 

npH ManblX BpeMeHaX 

PaCCMOTpHM HeCTaOHnbHYID KB8HTOByID cHcTeMy, KOTOpaR 
0~n8 Ha~eHa HepaCnaBWeRCR B MOMeHT BpeMeHH S, H 000SH8 
qHM qepeS R(t,s) BepORTHOCTb ee pereHep8~HH B HaqanbHOe 
(HepaCnaBmeeCR) COCTORHHe B Oonee n09AHHR MOMeHT t+S. 
nOK8~eM, qTO npHBeAeH~R OnepaTOp 3BOnID~HH YAOBneTBOpReT 
nonyrpynnOBOM~ ycnoBHID, T.e. qTO BOOO~e HeT pereHep8~HH, 

ecnH R(t,s)l/ Mo~eT O~Tb Orp8HHqeHO AOCT8TOqHO perynRp­
HoR WYHK~eR, He pacT~eR no s H C HyneBoA npoHSBOAHOA 
no t B TOqKe taO AJIJI K~OrO s . 3TO oOOO~aeT :TeOpeMY 

MHcp~ - CHHXH B APyroM HanpasneHHH, qeM HeAaBHRR paOOTa 
HHIDHOKH. 

PaOOTa B~nOnHeHa B naOOpaTOpHH TeOpeTHqeCKoA WHSHKH 
mUIH. 

OpenplDlT 06u,lUIHelOloro IOIC11ITJTS MepHW:ItHccneJlOIWIHA. )ly6Ha 1988 

Exner P. E2-88-797 
One More Theor~m on the Short-Time 
Regeneration Rate 

Consider an unstable quantum system which has been ' 
found undecayed at an instant s and denote by R(t,s) 
the rate of its regeneration into an original (undecayed) 
state at a later instant t+s. We prove that the reduced 
evolution is a semigroup, i.e., there is no regeneration 
at all, provided :R(t,s)1 2 can be estimated by a suffi­
ciently regular function which is non-decreasing in sand 
bas zero derivative with respect to t at t-O for every s. 
This generalizes the theorem ot Mirsa and Sinha in a dif­
ferent direction than a recent paper by Nishioka. . 

! . ' _ . . 

The investigation has been performed at the Laborato­
ry of Theoretical Physics, JINR. . 
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