Vol. 80 (2017) REPORTS ON MATHEMATICAL PHYSICS No. 2

A REGULAR ANALOGUE OF THE SMILANSKY MODEL: SPECTRAL
PROPERTIES

DIANA BARSEGHYAN"

Department of Theoretical Physics, Nuclear Physics Institute CAS,
25068 Rez near Prague, Czech Republic
Department of Mathematics, Faculty of Science, University
of Ostrava, 30. dubna 22, 70103 Ostrava, Czech Republic
(e-mail: dianabar@ujf.cas.cz, diana.barseghyan@osu.cz)

and
PAVEL EXNER

Department of Theoretical Physics, Nuclear Physics Institute CAS,
25068 Re? near Prague, Czech Republic
Doppler Institute for Mathematical Physics and Applied Mathematics,
Czech Technical University, Bfehova 7, 11519 Prague, Czech Republic
(e-mail: exner@ujf.cas.cz)

(Received October 24, 2016 — Revised March 23, 2017)

We analyze spectral properties of the operator H = 82/8x2 — 82/8y2 + w2y2 - AyZV(xy)
in L2(R?), where o # 0 and V > 0 is a compactly supported and sufficiently regular potential.
It is known that the spectrum of H depends on the one-dimensional Schrodinger operator
L = —d?/dx? 4+ ©® — AV (x) and it changes substantially as info (L) switches sign. We prove
that in the critical case, info (L) = 0, the spectrum of H is purely essential and covers the
interval [0, oo). In the subcritical case, info (L) > 0, the essential spectrum starts from « and
there is a nonvoid discrete spectrum in the interval [0, w). We also derive a bound on the
corresponding eigenvalue moments.
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1. Introduction

In the paper [13] Uzy Smilansky introduced a simple example of quantum
dynamics which behaves in two substantially different ways depending on the value
of the coupling constant; the original motivation was to demonstrate that some
commonly accepted assumption in describing irreversible dynamics via coupling to

“The research has been supported by the Czech Science Foundation (GACR) within the project 17-01706S.
D.B. acknowledges the project SMO “Posileni mezindrodniho rozméru védeckych aktivit na Piirodovédecké
fakult¢ OU v Ostravé” No. 0924/2016/SaS. Useful comments of the referees are also gratefully acknowledged.

[177]



178 D. BARSEGHYAN and P. EXNER

a heat bath can be avoided. In PDE terms the model is described by the Hamiltonian

2 1 3,
HSm=—m+§(—a—y2+y )—i-)»yé(x) (1.1)
in L?2(R?) and the two dynamics types can be expressed in spectra terms: for
A < /2 the operator (1.1) is bounded from below, while for A > +/2 its spectrum
fills the real line [14]; note that the model has a mirror symmetry which allows us
to consider the situation with A > 0 only.

The model was subsequently generalized in various ways, in particular, to
situations when more than one singular ‘escape channel’ is open [5, 9]. Other
modifications concerned replacing the oscillator by a potential well of a different
shape [16] or by replacing the line by a more general graph [15]. It is also possible
to have the motion in the x direction restricted to an interval with periodic boundary
conditions [6, 11]. In the first of these papers time evolution of wave packets was
investigated to confirm the idea that the spectral change in the supercritical case
corresponds to the possibility of an ‘escape to infinity’; the model was then in [6]
interpreted as a caricature description of a quantum measurement.

Another question inspired by this work was whether Smilansky model has an
analogue in which the §-interaction with y-dependent strength is replaced by a smooth
potential channel U of increasing depth. One way to do it is to approximate the
d-interaction in (1.1) by a family of shrinking potentials in the usual way [1,
Section 1.3.2]. Since the mechanism behind the abrupt spectral transition is the
competition between the J-potential eigenvalue —ikzyz and the oscillator potential,
and since the said approximation is based on the assumption that the integral
of the potential is preserved at squeezing, we have to match the integral of the
approximating potential with the & coupling constant, [ U(x,y)dx ~ y, which can
be achieved e.g. by choosing U(x,y) = Ay?V(xy) for a fixed function V. This
suggests the partial differential operator on L?(R?) acting as

9 9? 2.2 2

H=—@—a—y2+a)y — Ay V(xy) (1.2)
as a suitable candidate for such a regular counterpart to the operator (1.1). Here
w, A are positive constants and the potential V with suppV C [—a,a], a > 0, is
a nonnegative function with bounded first derivative; under these assumptions the
operator (1.2) is by Faris—Lavine theorem [10, Theorems X.28 and X.38] essentially
self-adjoint on Cgo(Rz). Hence it has a unique self-adjoint extension, namely its
closure, which we will for simplicity also denote by H.

In [3] we investigated such a model and demonstrated that it also exhibits an
abrupt spectral transition when the coupling parameter exceeds a critical value. To
describe it we need to introduce a one-dimensional comparison operator,

2

d 2
L=-—s+o =2V (1.3)
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on L?(R) with the domain H?(R). This allowed us to characterize different spectral
regimes: the operator H is bounded from below provided that L is nonnegative,
while if the spectral threshold of L is negative the spectrum of H fills the whole
real line; for the sake of brevity we shall refer to these cases as to (sub)critical
and supercritical, respectively.

To make it clear how the operator L arises, consider for a fixed y the corresponding
part of (1.2), namely

d’ 2.2 2
—— 4wy —Ay*V(xy) on R, (1.4)
dx?
and writing u(x, y) = +/[y|f(z|y|,y) we pass from (1.4) to the unitarily equivalent
operator
2 a? 2
y (—d—z2 + o — )»V(iz))
with (1.3) related to the expression inside the bracket.

To be exact, in [3] the last term on the right-hand side of (1.2) was modified
by a cut-off factor introduced from technical reasons which had no influence on
the described behaviour. The aim of the present paper is to extend and deepen the
analysis of this operator class in several directions:

e to analyze the critical case, info (L) = 0, in particular, to show that o(H) =
[0, o0) holds in this case,

e in the subcritical case, to show that o, (H) = [w, 00) and the discrete spectrum
is nonempty,

e also in the subcritical case, to derive a bound to eigenvalue momenta.

These three topics will be subsequently dealt with in Sections 2-4 below. Before
proceeding to that, let us mention that there are other systems with narrowing
potential channels which exhibit similar spectral transitions. To our knowledge, the
effect was first noted by M. Znojil [17]. Another recent example concerns the
operator —A + |xy|? — A(x? 4+ y?)P/P*2 in L2(R?) with a fixed p > 1 discussed
recently in [4], where the spectrum changes from purely discrete to the whole real
line at the critical value of A equal to the principal eigenvalue of the corresponding
one-dimensional anharmonic oscillator.

2. The critical regime
2.1. Essential spectrum

In the free case, A = 0, the spectrum is purely essential and equal to [w, 00).
We show first that no part of it is lost when the critical perturbation is switched
on, and on the contrary, the essential spectrum now includes the whole nonnegative
half-line.

THEOREM 1. Under the stated assumptions, the essential spectrum of operator H
given by (1.2) contains the half-line [0, co0) if info (L) = 0.



180 D. BARSEGHYAN and P. EXNER

Proof: To prove that any nonnegative number p belongs to the essential spectrum
of H we are going to employ Weyl’s criterion [10, Theorem VIL.12]: we have
to find a sequence {v,}>°, C D(H) of unit vectors, [¥,| = 1, which converges
weakly to zero and

IHYn — upull =0 as n— o0

holds. We are going to use the fact that for any nonnegative potential V which is
not identically zero the operator
~ d?

on L?(R) has at least one negative eigenvalue [12], hence the spectral threshold of
L is an isolated eigenvalue; we denote the corresponding normalized eigenfunction
by h.

Given a smooth function x with supp x C [1, 2] and satisfying flz x*(2)dz =1,
we define

Yn(x, y) 1= h(xy) eV x <%) 2.1)

where n € N is a positive integer to be chosen later. For the moment we just note
that choosing n large enough one can achieve that ||¥,,2g2) > % as the following

estimates show,
y 2
h(w)x(—)
R n

2
/ h(xy) eV (X>
R2 n

2n

dxdy =

dxdy

2n 2 g y 2
/ ‘h(f)x< ) dtdy:leh(t)lzdtf ;'x(;) dy
2n 1 2 1 1
:/ S 'X(X> dy —/ —Ix@P dz> = (2.2)
n Yy n 1 2’

Our next aim is to show that ||Hv, — u,l? @2 <€ holds for a suitably chosen
n =n(e). By a straightforward calculation one finds

82 n [
¢2 = y*h" (xy) eV x (X)
0x n

and

i ' - 2 .
ayll; =X & (X) +2ix JH (xy) VP (%) + () elﬂw’(%)

—,uh(xy)eiﬁyx( )+2 */_h(xy)e'fv ( )+i2h(xy)ei‘/ﬁyx”(z>. (2.3)
n n n
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We need to show that choosing n sufficiently large one can make the terms on the
right-hand side of (2.3) as small as we wish. Changing the integration variables,

we get the following estimate,
1 y
x*h (xy)x(—)
n

2 2n
R2 n n JR
1 "\ 4 2 L2 2 4 2
2/ — x(—) dy/t |h" ()" dt < —4/ X (@)l dzft |h" ()| dt ;
n Y n R n*Ji R
note that since the potential V has by assumption a compact support, the ground
state eigenfunction i decays exponentially as |x| — oo, hence the second integral

in the last expression converges. In the same way we establish the remaining
inequalities we need,

J.

2
dxdy

2
xh (xy) e Vi y < ) dxdy

2n 2

[ Lol
2

h'(xy) eiﬁyx’(z)

n

_/Zn/I
- n R Y
2

~ h(xy) eV (X)

L[ o)

2
h(xy) ezﬁy //(y)

2n 2
()
n
which show that the corresponding terms are either O(n=2) or O(n™) as n — oo,
hence choosing n large enough we can achieve that the sum of all the integrals

at the left-hand sides of the above inequalities is less than ¢. This allows us to
estimate the expression in question,

i ? 2 2 2
didy < — | |x(@I"dz | t*|h()|"dt,
n=Ji R

dxdy
2

(2

(7)

dx dy

/x
R2 | N

1 2
dtdy < —4/ X' (2)7dz / 2R ()] dt,
n-Ji R

L

1 2 / 2
dtdy < —2/ L@ dz / |h (1) dt,
n=Ji < R

L.Js

dxdy

1 2 " 2 2
didy < — | |x"(@"dz | |h(0)|"dt,
n-Ji R
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/|Hwn—wn|2<x,y>dxdy
RZ
B / 3y, 9%y,

ax2  9y2
<[
2n
A
n R

2
2h”(xy)x( ) - 2h(xy))<< ) + 1y V(xy)h(xy)x( )
and using the fact that LA = 0 holds by assumption, the last inequality implies

2

+ @y, — A2V ()W — ui,| dxdy

dxdy+¢

dxdy + ¢,

(h"(xy) — @*h(xy) + AV (xy)h(xy)) x (%)

/R H Y — w2 (x, y)dx dy < e. (2.4)

To complete the proof we fix a sequence {e;}72, such that &; \ 0 holds as
J — 00, and to any j we construct a function ¥, according to (2.1) with the
parameters chosen in such a way that n(¢;) > 2n(g;_1). The norms of H w,,(g

satisfy inequality (2 4) with ¢; on the right-hand side, and since the supports of

Vneps J =1,2,..., do not intersect each other by construction, the sequence of
these functions converges weakly to zero. The same is true for the sequence of unit
~ ¥n ~ . . S
vectors Wn(ej =T EF )H and the norms of H wn(gj) satisfy an inequality similar to
€

(2.4), this time with 25 ; on the right-hand side; this yields the sought claim. []

REMARK 1. Note that he sequence ,; can be “less sparse” then we have
assumed in the proof. Indeed, these functions tend to zero uniformly on compact
sets due to the factor ﬁ in their definition, hence for any compactly supported
test function ¢ one has fRz wn(sj)adx dy — 0 as k — 0o. As compactly supported
functions are dense in L?(R?), this is sufficient to ensure the weak convergence.

2.2. Non-negativeness

Now we are going to show that under our assumptions the operator H has no
negative spectrum in the critical regime.

THEOREM 2. Let info (L) =0, then H is nonnegative.

Proof: For any u € dom(Qpy), the quadratic form associated with H, we have

[]_/ ou
Qnlul = R2 | 0x

2 2

5
dxdy-i—/ -
r2 | 9y

- A/ yZV(xy)|u|2dx dy.
R2

dxdy + w2/ v ul*dx dy
R2
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Neglecting the second term on the right-hand side, we can estimate the form value
as

au
Onlul > —
R R |0X

For any fixed y # 0 we change variables in the inner integral on the right-hand

2

dx+w2/y2|u|2dx—k/ yZV(xy)lulzdx> dy. (2.5
R R

side and denote w(t,y) = u (§ y). Using the fact that L > 0 one finds
/ ou
R dx
L [
Iy r| Ot

-5

which in combination with the inequality (2.5) establishes our claim. (]

2
(x,y>dy+w2y2[ |u|2<x,y>dx—xy2/ V(xy)|ul(x, y)* dx
R R

2
(t,y)dt + &* y2/ lw|*(t, y)dt —Ayzf V)lwl(t, y) dt)
R R

2
<r,y>dz+w2/|w|2<r,y)dt—xf V<r>|w|2(r,y>dz) >0,
R R

COROLLARY 1. In the critical case we have o (H) = o.(H) = [0, 00).

3. Subcritical regime
3.1. Essential spectrum

In contrast to the critical case, one can now guarantee only that the perturbation
does not make the essential spectrum shrink.

THEOREM 3. Let inf o(L) > 0, then o.x(H) D [w, 00).

Proof: As before we are going to construct a Weyl sequence for any number
© > . This time we employ the functions

1 . X
_ i/ U—wx -
wk(x,y)——\/%g(y)e K n(k), 3.1

where g is the normalized eigenfunction associated with the principal eigenvalue of
the harmonic oscillator,

hose = —— + w*y?
osc dy2 y

on L%*(R), the function n € Cy°(1,2) is supposed to satisfy the following condition,

2
/ n*(z)dz =1,
1

and k € N is a positive integer to be chosen later. Let us note that [lggll;2g2) =1
because
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5 1 5 2k X
/ o e )| dxdyz—f|g<y)| dy/ . —)
R2 k R k k

2
_ /R () dy / @ dz = 1. 3.2)
1

2
dx

Our aim is to show that |Hg, — ;upklli2 ®) < ¢ holds for an appropriate k = k(¢).
By a straightforward calculation one gets

82<pk_<_(u—w) ()_C)JrZi«/u—w ,(f) 1 ,,<X>) (y) e VEa"
ox: NV ik \k) T evk s

(3.3)
82¢) 1 ; i
Wzkz ﬁ g () el Vi ”(E)'

We want to show that choosing k sufficiently large one can make a part of the terms
at the right-hand side of (3.3) as small as one wishes. Changing the integration
variables, we get the following estimates
2
g(y) n( )

1

14/11. wx !

IR )

1 * / 2 2 2
=3 n (—) dx f g7 dy = k2/ n'(2)] dz/lg(y)l dy,

and in the same way we establish the remaining inequality needed to demonstrate

our claim,
2 2%k X
dxdy = — / 'g(y) n”(—)

.
< /R ePay [ o

Consequently, choosing k large enough one can achieve that the integrals on the
left-hand sides of the above inequalities will be less than e, which implies

and

2k

dxdy = dxdy

k’%

dxdy

1 P X
I/ u—wx I
e -
PN AL 7 (k)

2

dxdy

/2 |Hor — wor|*(x, y) dx dy

R:
Por e

— — == + Yo — WV (xy) ek — nor

=/R2 0x? dy
1 2k

SN
kJi Jr

X n(%) dxdy +e.

2
—g" () + (n — @)g(y) + @*y?g(y) — Ay*V(xy)g(y) — ug(y)
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Using now the fact that g is the ground-state eigenfunction of A and that the
potential V is compactly supported, the above result implies

Az 2k X
/Rz |Hor — el *(x, y)dx dy < —/ /y4V2(xy)g2(y) "2<E) dxdy +¢
2k X
/ / YV &) nz(%) dxdy +e¢
13
a2 VIR [E o, % (x
e /_ug(y)dyfk n(z)dxﬂr

k

(14)\.2”‘/”2 2
s /gz(y)dy/ n*(z)dz + &,
R 1

and consequently, for a large enough k& we have

I/\

IA

/ Hoe— p e, ) dxdy < 2. (3.4)

To complete the proof we proceed as in Theorem 1 choosing a sequence {g;}% s
such that &; \( 0 holds as j — oo and to any j we construct a function Prce )

with the parameters chosen in such a way that k(e;) > 2k(¢;_1). The norms of
Hgye ;) satisty the inequality (3.4) with 2¢; on the right-hand side, and the sequence
converges by construction weakly to zero; this time the elements of the sequence
are already normalized. ]

3.2. Discrete spectrum

Next we are going to show that a subcritical perturbation cannot inflate the
essential spectrum.

THEOREM 4. Let info (L) > 0, then the spectrum of the operator H below w
is discrete.

Proof: We employ a Neumann bracketing and the minimax principle [10,
Sections XIII.1 and XIII.15]. Let us fix a natural number k, later to be chosen
large, and let h,(fk) and hj be the Neumann restrictions of H to the regions

Gfl:,i;():{'x: x| <k} x{y: I4+Inn<xy<1l+Inn+1)}

and
Gy = {|x| > k} x R, GO ==k, k] x [—1,1].

We have the inequality

o0
@ (h‘” )) & h & h©. (3.5)
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Since the spectrum of A® is obviously discrete, to prove our claim we first

demonstrate that the spectral thresholds of h(i) tend for large enough k to infinity
as n — oo, and secondly, that for any A < w one can choose k in such a way
that the spectrum of h; below A is empty. Since the function V has a bounded
derivative and is compactly supported we have

1 1
V(xy)—V<x(1+1nn))=0< ) yz—(1+1nn)2=o(ﬂ)
nlnn n
for any (x,y) € G,(fk) and similar relation for Gfl_k) . This yields

¥V (xy) — (1 +1nn)* V(£x(l +1nn)) = (9(1“7”)

for any (x,y) € Gflik) which further implies the asymptotic inequalities

1
info (h%)) > info (1)) + O( n") (3.6)
in which the Neumann operators
" 92 02
I == — — +0*(1+1nn)? = A(1 + Inn)? V(Ex(1 + Inn))
nk dx2  dy?

on G( ) have separated variables. Since the pr1n01pal eigenvalue of —d?/dy? on an
1nterva1 with Neumann boundary conditions is zero, we have

info (15)) = infor (.0). (3.7)

where 5

~

d
Loy = ——5+ o> (1 +Inn)? = 2(1 +Inn)> V(x(1 + Inn))
X

acts on L?(—k, k). To proceed with the proof we employ the following result

established in [2]: Let 5

d 2
lk = —W—FCI) —)\.V(X)

be the Neumann restriction of operator L given by (1.3) to the interval [—k, k], k > O,

then we have
info (Iy) >y as k — oo, (3.8)

where yp := info (L). Further we note that by the change of the variable
t

- 1+1Inn
the operator Zl,k is unitarily equivalent to (1 + In n)? L, r, where
92 5
Ln,k =—+4w — AV

ax2
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in L?>(—k(1 + Inn), k(1 + Inn)) with Neumann conditions at the endpoints of
the interval. Then in view of inequalities (3.6)-(3.7), the relation info(l,;) =
(1 4+ Inn)? info (L, ), and (3.8) we conclude the proof of the discreteness of
&, (1) o)),

It remains to inspect the spectrum of h;. Since V is compactly supported
then V(xy) = 0 if |x| > k and |y| > %, hence in view of (1.2) we have
hy = —A + 0*y?> + O(™?), and therefore

info (hy) = info (—A 4+ 0?y?) + Ok™?) (3.9)

by an elementary perturbation argument [7]. Since the operator —A 4 w?y? allows
for separation of variables, which shows that its spectrum is [w, 00), in combination

. i t .
(39) we amve a info(hy) = + Ok, (3.10)
which concludes the proof of Theorem 4. ]
REMARK 2. Let us denote now the operator (1.2) as H,. Since the potential
V is nonnegative it is easy to see that the relations dom(Qp,) C dom(Qp,) and

Qn, < Qu, hold provided A < u, in other words, that we have operator inequality
H,, < H,. This allows us to localize better the discrete spectrum.

COROLLARY 2. The discrete spectrum of a subcritical operator (1.2) is contained
in the interval [0, w).

Proof: By the previous remark we have H, > H,_ . which yields the claim in
combination with Theorem 2 and the minimax principle. O

3.3. Existence of the discrete spectrum

The above results, on the other hand, tell us nothing about the existence of the
discrete spectrum. This is the question we are going to address now.

THEOREM 5. Let info (L) > 0, then the discrete spectrum of H is nonempty.

Proof: In view of Theorem 4 it is sufficient to construct a normalized trial
function ¢ such that the corresponding value of the quadratic form Qg is less than
. This time we use the letter 4 to denote the normalized ground-state eigenfunction
of the one-dimensional harmonic oscillator governed by

dZ

dy?

+ a)2y2

hosc = -

on L*(R) and set

. 1 n X
(x,y) = ﬁ Mx (Z)’

where x(z) is a real-valued smooth function with supp(x) = [—1, 1] such that

1
/ x*(@dz =1, min x(z) =:a > 0,
-1 lz|<1/2
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and k is a natural number to be chosen later. A straightforward computation yields

A |* g |*
Oulol = / 3¢ dx dy—l—/ a
R2 | 0x R2 |0y

—X/ Y2V (xy) |¢*| dx dy
RZ
1 1
=zl hz(y) (x" ( )alxdy+k/]Rz (h’)2(y)x2<%) dx dy
1 2,272 2 X _&/ 2 2 2 X
+kfszy h=(y) x (k)dxdy . IR<2y Vxy)h=(y) x (k)dxdy
1 1 , X
_ O(k_Z)Jr%/Rz ((h )? (y)+w2y2h2(y)> X2(E> dxdy
—%/ sz(xy)hQ(y)xz()—c)dxdy
R2 k
— i f 2 2 f _&/ 2
—O(kz)-i-k/RZh () x (k>dxdy = 2V xy) B2 () x (k )dxdy

I )
=O<kz)+w—;/zsz(xy)hz(y)xz(E) dx dy. (3.11)

We need to estimate the last term on the right-hand side of (3.11). One has

A A k
2 [vanwor e (3o =1 [ [venro (5 )aa

k)2 k)2 oo
> 2 / / YV ) 1 ( )dxdy>—/ / YV () 1) dx dy
k/2 k/2 J0

ky/2 k/2
= // yV(r>h2<y)dtdy>—// yV(t) h*(y) dt dy

ky/2 k/2
k)2
«h / VR (y) dy / V() dr.
k/2

If k is large enough then the above estimate implies

X 2)L o0 a
—/ W2V ) 200 (2 dxdyz“—/ yh2<y)dy/ V() d.
k R2 k k 1

—a

dx dy—i—/ w*y? |p|? dx dy
R2

| V

hence in combination with (3.11) we infer that

1 a
Oule] < (k2)+w——/ yhz(y)dy/ V(t)dt < w,

—a

which is what we set out to demonstrate. O
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4. Eigenvalue estimates

Since the spectrum of H in [0, w) is nonempty and consists of the discrete
eigenvalues of finite multiplicity one can think about the eigenvalue momentum
estimates in the spirit of Lieb and Thirring [8]. To state our result we need the
following definition.

DEFINITION. Let info (L) = Y9 > 0 and let [, be the Neumann restriction of L
to the interval [—k, k], k > 0. We denote

k :=min{k : info(ly) > y/2} 4.1
and observe that (3.8) guarantees the existence of such a number.
Then we can make the following claim.

THEOREM 6. Let info (L) = yy > 0, then for any o > % the inequality
y

tr(w — H)J < 20|V |2 a* %

=1 o} (VAVIIwa + (n — D7)

2a1\/a)+)»ozf||V||oo

+ - +1] (0+2rf Vi)’

holds, where

20 annwa} w

o] := max ﬁ, R
! Yo V2w

with k defined by (4.1).

Proof: We are going to employ a bracketing argument similar to that used in
Subsection 3.2, imposing additional Neumann conditions at the boundaries of the
regions,

G,(li) ={—a; <x <o} x{o, <ty <oy},

Q;(zi) = {a, < £x < a1} x R,
and )
Go = (=g, 00)7,
where {@,};2, is a monotonically increasing sequence such that o, — oo. Let

hﬁ,i),ﬁff), and hg be the Neumann restrictions of the operator H to the regions
G®), 0® and G, respectively. Then we have the inequality

o o0
H>=@@ (" on) & P Y @hl) @ h, (4.3)

n=1 n=1

and consequently, tr(w — H)% can be estimated from above by the sum of the
corresponding traces of three components of the right-hand side of (4.3), or their
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lower bounds. We begin with 2", where the corresponding quadratic form 0,

estimates as
al Lot 2 ol oy
Q<+)[u]=/ / du dxdy+/ / du
hy S P —ay oy 10y

o] Up+1 o] Op+1
+w2/ / y2|u|2dxdy—A/ / y2V(xy)|u|2dxdy
—oy Jop —ap Ja,

Wil /Lo | gy |? @ o
z[ (/ — dx+w2/ yzlulzdx—k/ y2V(xy)|u|2dx) dy
an —aq dx —aq —aq
(4.4)
for any u from its domain by neglecting the second term in the first expression.
For any fixed y # 0 we change the variables in the inner integral on the right-hand

side of (4.4) and denote by w(t,y) =u (i, y). By choosing a; = 4/k, where « is
given by (4.1) we arrive at the relation

fal
ay

ou ou

2
dxdy

ou

2 ay a)
» (x,y)dy+w2y2/ |u|2(x,y)dx—xy2/ V(xy)lul(x, y)* dx

- —oq

2

1 Y | gw yaq yaq

=—(ny = <z,y>dr+w2y/ |w|2<r,y>dz—xy2/ VOl y)dr)
y —yay | 91 —ya —ya

> M,

-2

This inequality together with (4.4) imply that if

2
o =max{—w,ﬁ},
Yo

the operators ™, n =1,2,..., have an empty spectrum below , and the same is
mutatis mutandis true for h;(f)’ n=12,....

Let us next pass to the operators %;ﬂ, n=1,2,.... Since the potential V is
compactly supported by assumption we have the estimate

MVl d?

g;+) > _A +w2y2 :
al’l

4.5)
Since the right-hand side of (4.5) allows for separation of variables, the spectrum of

h(") is the “sum” of the spectra of the one-dimensional Neumann operator —d?/dx>
on the interval (w,, o,4+1) and the operator

_d_2 +a)2 2 )¥||V||c>c>a2
dy? a?



A REGULAR ANALOGUE OF THE SMILANSKY MODEL: SPECTRAL PROPERTIES 191

on L?(R). Consider first the latter. Under the assumption

AV 2
M Vloo a” ”;"a <20 (4.6)
o

this operator has no more than one eigenvalue below @ and

MVl a®
= (4.7)

=21 =
n
holds, where A} is the indicated eigenvalue.
The spectrum of the one-dimensional Neumann Laplacian on the interval (o, o, 11)
222

consists of simple eigenvalues, {—2
(atp41—an)

o0
} , and by choosing
j=0

T

VAV oo a

one can achieve that all the eigenvalues except the one with j = 0 are not less
than w. Hence we obtain in view of (4.7) the following estimates,

(4.8)

Oyt — Oy =

- A0V Ie a20
ooy < IV
an
and o0 o o0 1
tr(a) - @Efﬁ) <ANVILa Y —
n=1 + n=1 %n

for any o0 > 0. Next we are going to minimize the right-hand side of the last
inequality. In view of assumptions (4.6) and (4.8) we may choose

Ty nwog
=t Ve iVia
starting from some
> MV a

V2w

which means that

o0 o o0

~ 1

tr(a) - @hf“) < ANVIZa* ) —. (49
= TS o (VAIVIsa + (= D7)

In the same way one can establish the estimate for operators ﬁf,‘),n =1,2,...,

= 1

oo o
(o= @) svizar >
n=1 + =1 @i (VAIVIsa + (n — D)

Finally, the operator s can be estimated from below by the Neumann operator

ho=—A—1ail|V]e on (—aj,a)?

(4.10)
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the spectrum of which is simple and given by

{frz(j2 +4?)

o0
— ka%HVMOO}
4o -

J,q=0
Consequently,

2
- Qa1 J o+ ||V |l 1 1

T + , o > E

4.11)
Choosing now «; according to (4.2) and using the estimates (4.9)-(4.11) in com-
bination with the fact that the operators /) have empty spectrum below w, we
conclude the proof of the theorem. O

tr(@—ho) < tr(@—ho)" < (@+raf| VIl
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