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We consider a simple model which is a caricature of a crystal inter-
acting with a radiation field. The model has two bands of continuous
spectrum and the particle can pass from the upper one to the lower by
radiating a photon, the coupling between the excited and deexcited
states being of a Friedrichs type. Under suitable regularity and an-
alyticity assumptions we find the continued resolvent and show that
for weak enough coupling it has a curve-type singularity in the lower
halfplane which is a deformation of the upper-band spectral cut. We
then find a formula for the decay amplitude and show that for a fixed
energy it is approximately exponential at intermediate times, while
the tail has a power-like behaviour.
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I Introduction

A rigorous description of decay and resonance processes in quantum theory
has a long history starting from the Friedrichs model presented in [fl] and
discussed later in numerous papers — see, e.g. [f, [B]. A systematic study of
the problem started in the seventies. J. Howland and H. Baumgartel with
collaborators —see [{], [B], [, [ and the papers quoted there — used operator
methods to establish the existence of resonance poles and to prove the Fermi
rule for various systems with perturbed embedded eigenvalues. At the same
time the seminal paper [§] by J. Aguilar and J.-M. Combes initiated the
development of complex-scaling methods which are nowadays a very efficient
tool to study resonances of Schrodinger operators.

In the eighties many papers dealing with quantum-field decay models
appeared. A phenomenological models based on the Langevin equation were
investigated in [[], [I0], [[I] and [IJ]. Moreover a generalization of them
was given by A. Arai [[J] within the Hamiltonian formalism. In a last few
years the long-time behavior of canonical correlation functions for general
Hamiltonians was investigated in [[4] by applying the results of [[3J and
[[3 via a quantum Langevin equation. From the point of view of virtual
transitions, the long-time behavior of a correlation function was studied in
[[G. It is also worth of noticing that, revisiting the decay problem, Bach,
Frohlich, and Sigal have developed a new manner to analyze the resonace
problems for a class of models in quantum electrodynamics [[7], [I§].

In most of these models the unstable states come from perturbation of
eigenvalues, either embedded in the continuous spectrum or isolated as in
the case of Stark effect. Much less attention has been paid to the situation
when the states which should decay belong to the continuous spectrum of the
unperturbed Hamiltonian. An archetypal example of such a situation is a
crystal in which an electron can radiate a photon and pass to a lower spectral
band. A natural model in this case would be a Schrodinger operator with
a periodic potential coupled to a quantized field. This is not easy, however.
To start with a simpler case, we discuss in this paper a model of Friedrichs
type with transitions between two bands of the absolutely continuous spectra
which can be regarded as a one-photon approximation of the more realistic
description.

While perturbed embedded eigenvalues typically give rise to resonance
poles in the analytically continued resolvent, we are going to show that in
the mentioned model the cut-like singularity corresponding to the “excited”



spectral band gets deformed to the lower complex halfplane. Recall that a
similar behavior has been observed in a completely different type of systems
which involve a perturbation of a band spectrum, namely for scattering in
finitely periodic systems [[J]. Here we have a situation with a finite number
of resonances which accumulate, however, along curves in the lower half-
plane which are close to the spectral bands of the infinite system when the
interaction is weak.

Let us describe briefly the contents of the paper. After formulating the
model in the next section we shall compute in Section III the projection of
the Hamiltonian resolvent onto the subspace of excited states corresponding
to the upper spectral band of the “crystal”. Under natural regularity as-
sumptions we prove the mentioned claim about the change of the spectral
singularity caused by a decay with the radiation of a “photon”.

Then we turn to the time evolution of the undecayed state and show that
its projection onto the upper-band subspace is — at least for a weak enough
coupling — realized as multiplication by a function which we evaluate explic-
itly. The rest of the paper is devoted to properties of this decay amplitude.
We show that in the weak-coupling case the latter is dominated at interme-
diate times by an exponential function. Hence the population of the excited
spectral band changes in the course of the evolution: the wavefunction com-
ponents supported in the regions where the deformed singularity is closer to
the real axis survive longer. On the other hand, similarly to the usual decay
theory, the deexcitation process cannot be purely exponential; we show that
the decay amplitude has a power-like tail at long times.

II Description of the model

The “crystal part” of our model is assumed to have the simplest nontrivial
spectrum consisting of a pair of disjoint absolutely continuous bands I, =
€67 & T and I = 67,7 with —oo < 657 < &7 < g7 < ¢ < o0
Using the spectral representation [2(] we can assume without loss of general-
ity that the crystal state space is L?(I;UIy, w(x) dr) with the Hamiltonian H.
acting as multiplication by the variable z; the weight function w is positive
a.e., Lebesgue integrable, and satisfies

/ w(z)dr=1.
11Uly



As we have said the “field part” is represented by the vacuum and one-photon
(or phonon) states, which coexist with the upper and lower band of the “crys-
tal”, respectively. The photon vacuum is by assumption a single state of zero
energy, while the single-photon states belong to the space L?([v, 00),w(2) dz),
v > 0, on which the free Hamiltonian H, acts as a multiplication by the vari-
able z. The weight function w is again Lebesgue integrable, non-negative

a.e., and satisfies
/ w(z)dz=1.

Putting the two components together we get the total state space of our
model in the form

H = Ho®H, = L*(I, wi(x) do)D[L*(Io, wo(y) dy)@L*(K,w(z) dz)], (2.1)

where K = [v,00) and w, := w|'I,, @ = 0,1. The free Hamiltonian acts as

H°<£): ( (Hc®[5[—CJIC®Hp)g)

<H0 ( g )) ( y,xz ) N < (y —|—x§)(;()y,z) ) (2.2)

with the arguments z € I, y € [y, and 2z € K.
Next we have to choose the interaction part of the Hamiltonian. Being
inspired by the Friedrichs model we require

which means

(i) the interaction includes necessarily a single photon emission/absorption,
or in other words, the projections of Hiy on L2(I1,w:(x)dz) and its
orthogonal complement in H are zero,

(71) the interaction is “minimal” in the sense that the action of Hj,, can be
written in terms of multiplication by a ”formfactor”, integration, and
possibly a change of variables.

It follows from (i) that Hj,, = xL with an interaction constant x and an
“off-diagonal” operator L, where L;; : H; — H;, i.e.

(e (D)) () == ( @) e



Furthermore, in accordance with (7i) the operator Ly should be chosen in
the form

(Lo f)(y, 2) = Ay, 2) fuly, 2)), (2.4)

where A : Ip x K — C and u : Iy x K — I, are functions containing
the dynamical information about the system. This choice in turn restricts
Lo; because the full Hamiltonian (with a real coupling constant x) must be
symmmetric, which means

@) (Lowg) (x)un () die = / / X T 2 gl Pl (2) dy d

(2.5)
for all f and ¢ from the operator domain. Suppose now that there are
functions u, v such that (y,2) — (u(y,2),v(y,2)) : [y x K — I x K is a
bijective diffeomorphism which can be used as a substitution at the r.h.s. of

(B3) leading to

I

D(y, z)
D(u,v)

Lug)@un@) = [ X Agl2) [p wlp(hde, (20

K

the variables y, z being expressed as the inverse of x = u(y, z) and t = v(y, 2)
at the r.h.s.

Remarks 2.1 (a) For the sake of simplicity, assume that u depends on a
single variable mapping I, onto I;. This will reduce the dependence of the
transition between a pair of states in I; and I, respectively, on the photonic
component of the system.

(b) In the same vein we could suppose that

My, 2) = Mo(y) Ak (2) (2.7)

which will turn Hy + H;y, — up to the isomorphism between I; and I, —
into a direct integral of Friedrichs-type Hamiltonians. However, we choose a
nontrivial setup and do not require that the dependence of the interaction
strength on the energies of the excited state and the photon contained in the
function \ factorizes. In other words, we will keep a general A : [j x K — C.

After this heuristic discussion, let us define the Hamiltonian which we
shall consider in the following. We suppose that

(a1) u: Iy — I is a bijective C'-diffeomorphism,
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then the interaction term Hiy acts according to (2.3) with

(Lo f)(y, 2) = Ay, 2)f(uly)),

(Loge) = ) [ 3T gt @), 2ea) b= (29)
W (uH(z))|wi(z) Jx
with x € I, y € Iy, and z € K. The second expression makes sense because
the two factors in the denominator are positive a.e. by assumption. The
operator L defined in this way is formally symmetric and unbounded in
general. To get a self-adjoint Hamiltonian we add a boundedness assumption.
Specifically, we assume that

(a2) X\ is Lebesgue measurable in [y x K and there are positive C, C such
that

/K My, 2)Pw(z)dz < C, woly) < Co|u'(y)hwi(u(y))

holds for every y € Iy;

the last inequality means that the Radon-Nikodym derivative appearing as
the first factor in Lg;g is bounded.

Proposition 2.2 Under the assumptions (al) and (a2), Hyy is bounded and
symmetric. Consequently,

H:H(I{) :HO+Hint :Ho—l—I{L
1s self-adjoint on the domain of Hy.

Proof: It remains to verify the boundedness of H;,; which amounts to check-
ing that the operators Lig : Hy — Hi and Lo : H; — Hy are bounded.
This is easily seen from the following estimates:

1L f 12 o / / A2 P ) Pan(y)oz) dy dz

wo(u"(x))
|u'(u=(2))]

VAN

C [ |f(a)P— = de < O 12
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and

ool = [ [ ][ oo @ ]
< | [ T gt 0, 0t0) | o)

_ / wo(y)?

L |1W(y)|wi(uly))
{/ /KK[ 0| 9y 2)gy, )] w2 dzdt} dy
/IO U Ay, 2)|Pw( } U l9(y, t)]w( dt}wo( ) dy

< CiOlgllipxx

IA

where we have used the Fubini theorem in combination with the Schwarz
inequality for the scalar product in L*(K x K,w(z)w(t)dzdt). 1

Before proceeding further let us make a comment on the assumptions,
part physical and part technical, which we will have to make in the following.
Since the present model is rather a motivation study for a more realistic one,
we do not strive for the maximal possible generality. On the other hand, we
do not want to impose many unnecessary restrictions which would correspond
to a fully specific system such as the one given below.

Example 2.3 Let E;(-), j = 0,1 be the lowest two dispersion curves of
a one-dimensional crystal. Since we are discussing a caricature model, we
neglect the multiplicity of the eigenvalues. In other words, we consider just a
half of the Brillouin zone and regard E; as maps [0, 7] — I; with Ej strictly
increasing and FE strictly decreasing. Moreover, both are restrictions to [0, 7]
of real-analytic functions with the first derivatives vanishing at the endpoints
of the interval but nonzero in its interior.

To rewrite the band projections of the crystal Hamiltonian in our formal-
ism, we employ the operators U; : L*([0,7]) — L*(I;,w;(y) dy) defined by
(Ui f)ly) = f(E} '(y)); the definition makes sense since the inverse functions
E; ! exist by assumption. The operators U; are unitary provided we put

w;(y) = [ (B () (2.9)



These functions are C'*° in (0,7) with singularities at the endpoints but
the latter are integrable. In particular, if EY(J) # 0 at ¢ = 0,7 we have
w;(y) = O (ly—&7172) there.

One of the basic ingredients is, of course, the function u. Since the system
of the crystal plus the radiation field is invariant w.r.t. the discrete group
of translations on a multiple of the lattice constant, it is natural in the
present example to suppose that the interaction does not couple states whose

quasimomentum support in the upper and lower bands are disjoint. This is
achieved if we choose

u(y) = B (B (y) ; (2.10)

it is easy to see that it is a C* function and

B (B ')

W)= B ET ()

(2.11)

has finite limits at géi) assuming that £y and E; have the first non-vanishing
derivative at 0 resp. = of the same order. On the other hand we think
of the radiation field as of the electromagnetic field in the rotating wave
approximation. In this case we put the threshold energy v = 0 and w(z) =
X[0,vmax] (2) Where v,y is a possible ultraviolet cut-off.

Under these model assumptions (al) is satisfied automatically and the
same is true for the second part of (a2); it follows from (£.9) and (B.I)
that it is valid for any C; > 1. The only remaining restriction is thus the

boundedness condition [, [A(y, z)|* dz < C for the formfactor.

III The resolvent

As usual the spectral information is contained in the resolvent of the Hamil-
tonian. Under our assumptions, we can find it explicitly by solving the

equation
mafy)=(5)

for ¢ in the resolvent set, in particular, for all { € C\R. It is straightforward
to check that

wo(u"(x))

' (u= () [ ()
8
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X/K Au”!(2), 2) a(u(z),2)w(z)dz, (3.1)

uHz)+ 22—
= — K )\(y,z) gl(y>z) I<02 )\(y,z)
.2 = =2 (), 0 uly) + L e 2D

0(y) Aly:r)
<r(u(9).O) s [ S gy ) dr,

where

) = ol [ )

Let P be the projection onto the subspace Ho = L?(I;,w; dz) of “undecayed”

states in H,
i\ _(h
P(5)-(%)

By (B.1)), the reduced resolvent acts then as multiplication by the function r,

PH—-¢)'P=r(-,0)P. (3.2)

For the sake of brevity we introduce the following notation,

o(,2) = A2 Pel2), (33)
W = G 34
61.0) = [ 12 (3.5)
so the function r can be written as
r(z,¢) = {z — ¢ — K2o(x) Oy (3.6)

for IS¢ # 0.

Remark 3.1 In the particular case of Example it follows from (R.9) and
(BI0) that o(z) = 1, and moreover, v(y, 2) = |A(Y, 2)|*X[0,mma] (2)-

To reveal the analytic properties of r(x, ) let us begin with those of G(y, -).



Lemma 3.2 Let v(y,-) have a locally bounded derivative in (v,00). Then
for any y € Iy and a real { > y + v there exists finite principal value of the
integral

I(y,C) =P /OO % dz. (3.7)

Moreover, for any k € (0,{ —y — v),

T u(y,2) Uy, 2) — oy, ¢ — )
I(y,¢) = /V de—F/C_y_k R dz

< (Y, 2)
+ /C_erk P dz (3.8)

where all the three integrals are Lebesque convergent.
Proof: Choose any k € (0,{ —y — v). As the integrals
VR w(y, 2 o v(y, 2
/ W:2) o / (y.2) .
v y+z—-¢ cytk Y T2 —=C
exist due to the assumption (a2) it is sufficient to check the convergence of

C—y+k
w2 (3.9)

I _
Ky, () =P e YT

We employ the identity v(y, z) = v(y,{ —y) + [v(y, 2) — v(y, { — y)] together
with the estimate

lv(y, 2) —v(y, ¢ —y)| < aaly + 2 — (|

with a finite ¢; independent of z. We see that finite

/C_y+k U(yv Z) _ U(yac - y) dz
(—y—k y+z—C¢

exists and it is sufficient to check P f CC__yy_Jrkk " +d;_ ¢ which is easily seen to exist
and to be equal to zero. [

As usual in similar situations to proceed one needs some analyticity as-
sumption about the formfactor. In the present case we suppose that
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(a3) for all y € I the function v(y,-) can be holomorphically extended to
an open set €2, , O (v, 00); we denote the extension again as v(y, -). Let
us further assume that there is an open set {2 in C such that

(&()_) +v,00) C QC Nyer, (Y + Quy)

Notice that the hypothesis of the previous lemma is satisfied under (a3).
Now we can make the following claim.

Lemma 3.3 Lety € Iy and £ € (y +v,00). Then

wodm GO =1y, £imu(y.£ —y).

Proof: Let us write again G(y, ¢) defined by (B.3) as a sum of three integrals
over the intervals (v, —y—k), (§ —y—k,§ —y+k) and ({ —y+ k,00) with
0 <k <& —y—r. The first and the third integral can be interchanged with
limit by dominated convergence. The set €2,, is open and contains (v, c0),
hence there is k; > 0 such that any ¥ € C satisfying |0 — £ + y| < k; belongs
to Q,,. Let us consider only ¢ satisfying [( — &| < k; (so that ( —y € Q, )
in the second integral and denote (; = R, then we employ the identity

v(y, z) = v(y, & —y) + [v(y, 2) — v(y, (1 — y)] and observe that
|U(y7 Z) - U(yv Cl - y)| < Cl(y7 57 k? kl) |y +2z— C1| :

The contribution from the difference can be thus also handled by dominated
convergence. In view of (B-§) we get

E—y+k d
lim  G(y,C) = I(3.€) + v(y.6 —y) lim / :

+3¢>0,¢—¢ +3C>0,6=¢ Je_yp Y+ 2—(
and the result follows by an easy calculation. [

Lemma 3.4 Define the functions Go : Ip x Q — C and G : [y x Q — C by

G(y, Q) o SC>0
Galy,¢) = 1y, ) +imv(y,( —y) o S¢=0 (3.10)
(y,C)—|—2i7rv(y,C—y) N )
G(y,C) — 2imv(y,C —y) e (>0
Gy, Q)= Ly, Q) —imv(y,(~y) ... SC=0 (3.11)
G(y, Q) o SC<0
Under our assumptions (al)—(a3), the functions Go(y,-) and G%(y,-) are

holomorphic in Q\ (—oo,y + v| for any fized y € I.
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Proof: By Lemma and assumption (a3), Gq is a finite function. Notice
that ( —y € Q,, for ( € Q and y € ). According to Lemma B.3, the
function Gq(y, -) is continuous in {¢ € Q|I¢ > 0} \ (—oo,y + V] — see, e.g.,
Thm 146 in Ref. [PT]. Alternatively, the continuity of I(y, ) in (y+v, o) can
be established directly from the dominated convergence used in the proof of
Lemma B.9. Similarly, the continuity in {¢ € Q| I¢ < 0}\ (—o0, y+v] is seen
and thus Gqg(y, ) is continuous in Q \ (—oo,y + v]. As it is holomorphic in
{C € Q3¢ > 0}U{C € 2] ¢ < 0} it is also holomorphic in Q\ (—oo, y+v| due
to a corollary (dubbed the edge-of-wedge theorem) of the Morera’s theorem
(stating that the continuous function is holomorphic iff the integrals over
all rectangles with the edges parallel to the axes are zero — see, e.g., 3,
Thm 168] or [, Thm 10.17]). As to G*(y, -), we can prove our statement in
the same way as for Go(y,-). 1

Now we are in position to show what happens with the upper spectral
band under influence of the perturbation. Let us formulate some further
assumptions before.

(a4) The functions o(x)Gq(u~'(z),¢) and Q(x)%gx)’o are continuous in

the set {(z,¢) € I x Q|¢ & (—o0,u™(z) + V]}.

(a5) For all z € I,
r>uNr)+v.

Remarks 3.5 (a) In the particular case of Example R.3 the factor o(x) =1
can be dropped in (a4) and the assumption (a$) is satisfied.

(b) While most assumptions we make are of a technical nature, (a5) is a
physical hypothesis saying that in no part of the excited spectral band the
decay is prevented by energy conservation. It is satisfied, of course, if v = 0.

Let us denote
Q, = Q\ (o0, u (z)+v].

Theorem 3.6 Assume (al)-(a5). Then the following statements hold.
(a) There exist A > 0, 6 > 0 and a unique function ¢ : I x (=6,0) — C
satisfying
((z,r) € (x—Az+A)+i(-AA) C Q,, (3.12)
ZL’—C(ZL’, K’) _K2Q($) gQ(U_l(ZL'),C(ZL', K’)) =0. (313)
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The function ¢ is continuous in Iy X (=4,8) and {(z,-) € C®(=4,§).
(b) The resolvent has no singularity in the upper complex half-plane, in par-
ticular

S¢(x, k) <0 (3.14)
holds for all x € Iy, k € (=6,8). Moreover, if
o(@)v(u™(x),x —u'(x)) # 0 (3.15)

for all x from some compact I' C Iy, then there exists a 6 € (0,01] such that
S¢(x, k) <0 (3.16)
holds for all 0 < |k| < 1 and x € I'.

Proof: (a) Let us denote
D.(z.k,¢) =2 — ( — K*0(z) Ga(u" (2), (). (3.17)

The functions D, and % are continuous in {(x, x, )|z € I1,k € R, € Q,}
by assumption and D, (z,-,-) € C®(R x Q,) by Lemma B.4. Furthermore,
D, (z,0,z) =0 and

0D, (x,0,2)

By the implicit function theorem — see, e.g. [BI, Thm 211] — to any x¢ € I
there exist d, > 0, d,, > 0 and A,, > 0 such that for all z € (¢ — du,, To +
dyo)N 1 and K € (=84, 0s) there is just one (. (2, k) € (xo—Ayy, To+Asy) +
i(—Agy, Azy) C Q (recall (ab)) satistying Dy (z, K, (4o (2, K)) = 0, i.e. the
relation (B.13). The function (,, is continuous in ((zg — dy,, To + dyy) N 11) X
(=020 0up) and (o (2, ) € C°(—=0d4y, 0y ) for any fixed x € (29— dyy, To+dzy)-
We put
dy,, = min(Ay,, dy,) -

As I is compact by assumption, the open covering of I; defined in this way
has a finite subcovering, i.e. there exist a finite number of points x; € I,
j=1,...,n, such that

we employ here the notation
Kj=(v;—d,.v;+d,,), Jj=K;+i(-d,.d,)

T Ty
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for j =1,...,n. Let us pick a point z;;, € K; N K}, for given j,k =1,...,n;
then there is 0 < d;, < min(d,;, d,,) such that

ij(llfjk, K,) € Jj N Jk, ka(llfjk, K,) € Jj N Jk (318)

for || < d;r. Moreover, (;,;(z, k) = (7, k) for all z € K;NK} and |k| < 6j1;
otherwise the uniqueness of (;; and (;, would be violated near at least one
of the points

sup{z € K; N K |2 > 241, G, (Y, k) = (o, (y, &) forzge <y < x|k < dji},

inf{zr € K; N Ky |z < 2, G (Y, k) = (o (y, k) fore <y < ajp, k| < 0jr}

Choosing a number §' > 0 with §' < minj<j<y, 0., and 0" < ming;n, 2o sk, We
conclude that there exists a unique ¢ : I; x (=¢’,9") — C such that ((z,k) €
J; for x € K; and Dy(z,k,((x,k)) = 0. The function ¢ is continuous in
I x (=0',0") and ((z,-) € C((—¢',0")) for any fixed x € I,. Put

hj(z) = min(r —z; + d, , 2 +d, — ).

The function h; : I; — R defined in this way is continuous and x € K if and
only if h;(z) > 0. Then
h(x) := max h;(x)

1<j<n

specifies a positive continuous function A on I;. Let us denote

D =minh(z) >0, A =min (D, min df,c) > 0.

zel 1<j<n ™Y

As ( is uniformly continuous on compact subsets of I; x (—¢’,d’) there exists
0 < § < ¢ such that

((x,k) € (x —A,x+A)+i(—AA)

for x € I; and |k| < §; hence the existence of the numbers §, A and the
function ( is demonstrated.

Finally, to check the uniqueness of ( let us assume that C~ is another
function satisfying

((z,k) € (z—Ayx+A)+i(—A,A), Dy(z,k,((z, k) =0

14



for x € I1, kK € (=9,9). Suppose that x € I} and |k| <  are given. There
exists an index 7 = 1,...,n such that

hj(x) =h(z) > D, ze€kK;, ((x,r)e€];.
As the inequalities
v—zj+d, >D, wj+d, —x>D, -D<y—-x<D
hold, where y := RC (z, k), we have also
y—aj+d, >0, xj+d, —y>0

and y € K;. Furthermore, |3C(z,r)] < A < dy, < Agy. Then ((z, k) =

((x, k) and the uniqueness is proven.
(b) Assume first that I¢ > 0, then SGq(u'(2),¢) = SG(u™(z),¢) > 0
by Egs. (B.H) and (B:I0), so the r.h.s of Eq. (B.I7) has negative imaginary
part. Consequently, there are no solutions ((z, k) with positive imaginary
parts, in other words (B.I4) holds. We have checked here only that the open
upper half-plane is a part of the resolvent set for the Hamiltonian. In the
lower half-plane, the function D, (z,k,-)~! is a meromorphic continuation of
r(x,-) and may have singularities.

Suppose now that (B.1J) holds. The expression Q(x)agﬂ(ufla(?’qx’“)) is
continuous in (z, k) € I; X (=9,9). It follows that

0Ga(u”! (), ((z, K))

M = max o(x) o < 00.

Differentiating the equation defining ((x, ) with respect to xk? we get

-1
P b o(a)Gfa™ (0). G )7t ) L SN D)
(3.19)
In combination with the previous inequality we conclude that
o(r.n) ___olw)Galu(2). C(z,)) 520

8(,‘4}2) 1 + /{29(1.) agﬂ(u71§Z)7C(w7R))
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1

is continuous in (x, k) € I'X (— min(2, M~2), min(2, M‘5)> defining M~z =

oo for M = 0. Furthermore, the assumption (B.15) together with (B.10)
1

implies 3X&Y < 0 hence there is 0 < d; < min(2, M~2) such that

d(r2) 3
o (z, k)
C\
S To(k2)

for (z,k) € I' x (0,4;) and (B.16) holds. N

<0

Remarks 3.7 (a) Putting x = 0 in (B.19) we obtain

9((z,0)
O0(Kr?)
where right-hand side is given by Lemma B.4. This relation can be regarded
as an analogue of the Fermi golden rule in the present situation.

(b) Notice that for the factorization (B-7) the term |\o(u~!(x))|? factorizes
from Go(u=1(x), () and ((z, k) = x holds whenever \o(u~(z)) = 0.

= —g(x)gg(u_l(x), x), (3.21)

IV Decay of excited states

In accordance with the physical motivation, we are interested in transitions
from a given state supported in I; into those in /. To find the time profile
of the de-excitation probability it is sufficient to know the reduced evolution
operator PU(t)P = Pe~"'P. Suppose that the initial state is of the form

oe(7)

for some vy € L*(Iy, wi(2) dx) with [[Wo|l* = [, [¢o(2)[>wi(z)de = 1. Tts
time evolution is given by the Stone formula,

Utewo = lim o [ [ == in)™ = (H = ¢+ in) ] .

n—0+ 271

according to [BQ, Thm VIIL5], and the projection P can be interchanged
with the limit and the integral being a bounded operator. This yields the
reduced evolution operator,

PU ()W, = ( w(é") ) ,
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where
¢(t7 ) = lim i /]R [T('v 5 + ”7) - T('vg - ”7)] e_i§t¢0(') dg (41>

and r is given by (B.§). The integral and the limit refer to functions with
values in ‘Hy = L?*(I;,w;(x)dz); they are known to be convergent as the
Hamiltonian H is self-adjoint.

Let us now look for conditions under which the interchange of the limit
and the integral in (fI-])) is possible. To this end, we need more assumptions.

(a6) v(y,z) < Cy and ‘% < (5 holds for some positive constants

z

Cy,Csand all y € Iy, z € K.

(a7) v(y,v) =0 for all y € I.
(a8) There exists a zero-measure set N C [; and a number

vi >dy i=sup v —u H(z) —v] >0
xzely

such that
o(z)v(u™ (x),§) > 0
forallz € I; \ N and € € (v,v + 14).

Lemma 4.1 Assume (al)-(a7). Then there ezists a number Cy such that
G(y, £ £in)| < Cy (4.2)

holds for ally € Iy, £ € R, and 0 #n € R.

Proof: Recall the definition

Gy, xin) = / % dz = / (;:—ZZ_ 5)2 _:73721)(?/,2) dz.

Using the first part of (a6), we get

. * nlv(y, 2) = Inl
1SG(y, € +in)| :/V (y+2z— &2+ dZ§C2/_OO 24 dz = 7(Cy.

17



We fix o > 0 and distinguish several cases.

(i) € —y>v+a. Then

s = ([ o [or [) e

where by (a2) we have

‘</+ ¢ /) y,’z"j;ngg)dz'Sé/wv(y,Z)dZS
T v

Using the mean value theorem,

, “2o(y, 2 —y+§)
JQ. == /_a Z2—|—7]2 dz

°lQ

_ / a Tn (Y, € — ) + 200(y, 9y, £, 2))] d=

with ¥(y, &, z) between £ —y and £ — y + z. The integral of the first term is
zero due to the antisymmetry in z while the second term can be estimated
by (a6) giving |J2| < 2C5a and

|§Rg(y7 g + 7'7])| < C’OK_1 + 2030( .

(ii)) v <&—y <v+a. Then

§—v—y _
ancsm- ([0 [+ [) g
v+y—§ §—v—y Z—|—77

§—v—y
/ — vy z—y+8)dz

e AP

where

<205(6 —v —y) <2030

follows by the same procedure as for the integral J, in case (i) and

< Ca!

*® oz
/ v,z —y+§)dz

2247
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due to (a2). In the remaining integral,

v(y, z =y + &I < C3(z —y+§—v)

by (a6) and (a7). Denoting for a while A = ¢ — v — y, we have now

o 2 A
§C3/ Ztaz
A

/a = (g2 —y+E)dz
3

Ly 2P 22 +n?
A a?+n? a A
=} {a — A+ —In — |n| { arctan— — arctan—
2 At 7] Inl
A o +1n?
=G [“ Ty

taking into account that 0 < A < « in the last inequality. Let us estimate
the maximum of function

A a®+n?
F(A4) = o A2 +n?

in the mentioned interval of A. Clearly f(0) = f(a) =0 and f(A) > 0 for
0 < A < a. Hence f has a maximum at some point Ay € (0, «) satisfying

1. a?+n? A2

"(Ap) = =1 — =0.

f(Ao) 2nAg—|—772 A2 42

From the last equation,
AS
f(Ao):WSAOSOK-

As a result,

« z

/g_u_y P v(y,z —y+ &) dz| < 2C3a

and

IRG(y, & +1in)| < 4C3a + Ca™?

(iii) v—a <& —y<v. Then

motexml = |( [+ [7) imewe—ur o
v+y— @
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Here the second integral is bounded by C'a™! and the first one we estimate

similarly as in the case (ii). Denoting here B = v +y — ¢ € (0, o], we obtain

“2(2— B)
< —_ <
~ Cg/B 2 —|—1’]2 dz ~ CgOé

/a oy z—y+8&)dz

+y—¢ 22 4P

and
IRG(y, & +in)| < Csa+ Ca™'.

(iv) £ —y <v—a. Then

[RG(y, & +in)| =

[ P B
/yﬂJ_gmv(y,z—y—l—f)dZ’ SCCM 1.

Summing up the discussion, we have found that in all the cases the inequality
IRG(y, & £in)| < 4C50 + Ca™?
holds. Minimizing the right-hand side with respect to a > 0, we get
(RG(y, & + in)| < 4/CCy

and

G(y,€ + im)| < /160Cs + w2C3 (43

what we set out to prove. |

Theorem 4.2 Assume (al)-(a8). Then there exists 3 > 0 such that for all
0<|k|<dyandt eR

holds for almost every x € Iy, where
Uta) = [ Wge e, (45)
v+u~1(z)

r2o(x)v(u(x),€ —u"'(2)) '
[z —&—r20(x) I (u"(x), )] + 2kt o(z)20(u (z), E —u~Y(2))?
(4.6)

W(z,§) =
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Proof: Let §, A and ((z, k) = (1(z, k) — iC2(x, k) be as in Theorem B.g. We
first verify that (o(z, k) > 0 for x € I; \ N and

. vy —dy d
O<|,‘»€|<(52.—1r1111r1<5,\/Clc4 ’\/ClC4> :

e i a1
d.—lgrcréllrll[x v—u (z)] >0

where

by assumption (a5). It is sufficient to show that ((z,x) is not real as we
know that (»(z, k) > 0. By assumption (a2) and Lemma [L.]],

D (2, 5,8)| > |§ — 2| — w*C1Cy

for real € and there is no solution in (—oo,x — k2C1Cy) U (z + k2C1Cy, 00).
If ((z, k) = £ then the imaginary part of the Eq. (B.1J) reads

rimo(z)v(u™ (x),§ —u ' (2)) =0

Thus there are no real solutions in (v +u=(z), v+ +u=t(z)) D (r—d,v+
v; +u~!(z)) by assumption (a8). For the considered values of x the intervals
without real solutions &£ cover the whole real axis.

To any natural number n there exists an open set N,, C R of Lebesgue
measure smaller then % such that N C N,41 C N,. Let us denote I/ =
I, \ N,. Let ¢ be an arbitrary vector from H, and ¢, = ¢x.. The scalar
product

.1 —— N
(purtlt) = lim = [ G (Sr(a € i) e (o o) do d
n—0" T J1 xR
(4.7)
with r(x,& + in) given by (B.6). Fubini theorem can be used here as
1 . C _ 1
|G (u (93),€+“7)|§g, |7’(93,€+“7)|§5,

1S7r(z, € +in)] = OE?) as € — +o00

for n > 0 using (a2), (B-H) and (B-§) only. Let us next choose 0 < A; < A,

0 <m < A, denote
(o ] A
(52 = 1min ((52, m) y (48)
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and consider further only 0 < |k| < d2, 0 <n < 1n;. Now

()G ), € + in)] < A,

by Lemma [L.T. We divide the integration range I; x R of (1) into the

parts where | — x| > Ay and |[§ — z| < Ay, respectively, and construct the

integrable majorant allowing us to use the dominated convergence in (7).
For | — x| > Ay, clearly

T + %Al < 47]1 + 2A1

1S (2, & +in)| < <
(1€ — 2| — 1Ay)° AT

Let us define function g : R — R as (recall that [; = [ff_), §§+)])

(E—&7 402 + 4 ... ¢ <& -
g(&) = { Az LoET A <e<g? 1A,
(€—€) — a2 4 Ay ¢>eM 4 A

(4.9)

Then (x,&) — g(&)|p(z)| |Yo(x)| wi(z) is the sought majorant.

For | — x| < Ay we can consider only z € I}, as ¢,(x) = 0 elsewhere. By
Theorem .4,

My :=min |Dy(z, k, &+ in)| >0

where D, is defined in (B.17) and the minimum is taken over the considered
set of variables x € I, £ € [x — Ay, z + Aq], n € [0,m] and a fixed value of
0 < |k| < d2 (notice that £ + in € €, due to our choice of Ay, n; and the
inclusion in (B:17)). The majorant can be now chosen as

Mol (@)] [¥0(2)| wi(z) .

Interchanging the limit with the integral in ([.7), using Lemma B.3 and
realizing that the integrand limit vanishes for £ < v + u~!(z), we obtain

(Sonv w(t7 ))Hb = (Sonv Z/{(t, ')¢0)IJL (410)

with U given by ([£H)-([£f) and scalar products in the space L*(I!, w;(z) dz).
Here U(t, 1o € L*(I},wi(z)dx) as U is bounded in R x I! which can be
seen using the majorant constructed above. As ¢, € L?(I' w(x) dz) may
be arbitrary, Eq. (f.4) follows for a.e. x € I/. Now we see (f.4) for a.e.
r € I; in the limit n — oco. N
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V Exponential decay at intermediate times

Recall that decays of unstable quantum systems are nonexponential at very
short and very long times, however, they are usually exponential in a very
good approximation over a wide range of intermediate times. Our aim here
is to show that the present models exhibits a similar behaviour in the sense
that the function U(-, z) appearing in the restricted time evolution operator
(B.4) can be approximated by an exponential for a.e. fixed z € I;.

The way to prove that is inspired by [f. We employ the fact that the
continued resolvent is for any fixed x a meromorphic function and show
that for a sufficiently weak coupling the time evolution is dominated by the
contribution from the residue term in (f.3).

In addition to the hypotheses made above, let us assume that there exist
a constant Cy such that

(a9) } —822(;’2’2’

< (5 holds for all y € Iy and z € K.

Lemma 5.1 For any o > —v, x € I}, and £ > u™'(z) + v the following
estimates hold:

RG] (G )

o€ a+v
+Cg‘ln€_ua__£xy) v + Cs5(é —u () —v), (5.1)
'%agﬂ(uég(x)’f)' < 7Cy. (5.2)

Proof: Let us estimate

00 (0).0) _ [* vl @)
o ‘/,, RCETE (5:3)

for ( =& +41in, n > 0, and get the result on the real axis by taking the limit
n — 07 using Lemma B.4. We rewrite the derivative as

9Ga(u ' (x),() /°° 2% —n? 4 2inz
aC v+u—1(z)—¢ (Z2 + 772)2

v(u N (z),2 + & —u N (2)) dz
(5.4)
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and denote for a moment
B=¢—ul(@)—v, y=E6—u(2) +a; (5.5)

by assumption we have 0 < § < 7.

In the expression for the imaginary part of (5.4) we separate the integrals
over (—f, ) and (f,00). In the second integral the limit n — 0 gives zero
as can be seen easily by the dominated convergence. In the integral over
(=03, ), we insert the Taylor expansion

v(u (@), 2+ € —u () =v(u T (2),6 —u (@) +
ow(u(z), & —ut(z) 1Pv(u(2),6 —u"'(z) +0) 2

0z “t 2 022

(5.6)

where 6 in the error term lies between 0 and z. The contribution of the z°
term to the integral vanishes because it gives rise to an odd function. The
contribution of the second term is bounded by 7Cj5 in the limit n — 0 as it
follows from assumption (a6) and an explicit calculation. The 2% term again
does not contribute in view of assumption (a9) and an explicit calculation.
In this way, inequality (5.9) is proved.

As for the real part of Eq. (B.4), we proceed similarly. Inserting the
expansion (B.0) into the integral over (—(, 3) we obtain from the z° term

—= v (2), £ —u'(2))
G

where the assumptions (a6) and (a7) were used in the last inequality. The
term with z does not contribute and the term with 22 is estimated by Cs( in

the limit n — 0. The integral over (3, ) in (p-4) can be handled by means
of (a6) and (a7),

2
‘ §2C3a

/V % v N x), 2 + € —ul(z)) dz
B8

(22 +1
[T 22 —n? Ov(u'(x),0) .
— /5 CETE 5 (z+&—u(z)—v)dz
T4 E—u(z) - + +
gcg,/ﬁ — (@) de:Cg{ln(leaﬂy)ﬂLavy]
AL 1n5‘“_1(“")"’]
3 a+v )
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where we have employed v < 6 < z+&—u~!(z) and the inequality In(1+z) <
1+ |Inz|. Finally, we have

22~ a+v’

h 22_772 -1 —ulx))dz
| G v @2 e )

§C2/ dZ< 02
Y

putting all these estimates together, we arrive at (5-1]). |

Lemma 5.2 There is 63 > 0 such that for all 0 < |k| < 03 and almost every
x € I, the function W (x,-) defined by formula [{.8) for € > v+u~(z) and
extended by zero to the rest of the real axis, W(x,&) =0 for € < v+u~Y(z),
1s absolutely continuous in any compact subinterval of R.

Proof: From the proof of Theorem we know that

1
W(ZIZ’, 6) = ; nli)%%r %’I"(l’, 5 + “7) ’

and therefore

1

1
v — & = r2o(x)Ga(u=!(2),£)
for € > v+ u'(z). Let 6 and A be the numbers from Theorem B.§. For
k2 < ACT'CyY, Dy has no zeros if [€ — x| > A (see Lemmas B4 and (1]
and assumption (a2)). On the other hand, for | — x| < A and 0 < || < d2
real zeros can exist for at most zero-measure set of x which we neglect (see
the proof of Theorem [[.2)). Apart of it W (z,-) has a continuous derivative

in (v + u~!(z),00) and therefore it is absolutely continuous in any compact
subinterval. Let us denote

’I“Q(l’,f) = = [D+(£L', K, 5)]_1 (58)

d:=min[z —v—u*(z)] >0,
zely
where the positivity follows from assumption (a5). Then |D,(z,x,§)| > &
for v +ul(z) < & <vHul(x) +§ K < 555, and aWa(g’E) is bounded
by an expression similar to the r.h.s. of (B.I) in the considered interval of &.
Due to the integrability of |In(¢ — v —u~!(x))| and the estimate

371'03
Cad

Wz, &) < (€ —v—u'(2))
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(see assumptions (a6)-(a7) and (BI0)) W (z,-) is absolutely continuous in
[v+u!(z),v+u(z)+ £]. Consequently, it is absolutely continuous in any
compact subinterval of R. Choosing

. A d
(53—1’[111’1 <5,52,\/CIC4,\/SCIC4) .

we get the desired result. |

Lemma 5.3 There exists 64 > 0 such that

My = max |o(2)Ga(u™" (x),¢(x, k)| < oo, (5.9)
._ agﬂ(u_l(x)v g(xv H))
M, = xe}?ﬁj(g&; o(x) o < 00, (5.10)
and for all |k| < 05 := min(dy, (2M)"2), z € I1, we have
‘CI(I7H)_ZI:| §2M1"€27 OSCQ(I7H) §2M1H27

|C(I7 '%) - ZE'| < 2M1K'27

Ok?

where ((z, k) = (1(x, k) — iCa(x, K) is the function from Theorem [.4.

Proof: By Theorem B ¢ is uniformly continuous in I; x [—2, 8]. Hence there

is 0 < 0,y < & such that for |k| < 8, and all z € I; we have |((z, k) — 2| < d.
Then (;(x, k) > v+u~'(z) and the functions in the r.h.s of Eqgs. (£-9), (510)
are continuous. Consequently, M;, M, are finite. For |k| < d5 we now have

¢ (z, k)| | e(@)Ga(u(x),{(z,K))
OK2 o 1—l—KZQ(IIT)agQ(UAa(Z)’C(w’H))

M,
- 1- H2M2

< 2M,

and the sought estimates on ((x,x) — x follow.

Lemma 5.4 Let o be a number such that

O<a<d:=inf(z—u'(z)—v), a<dist(l;,C\Q),

zel
and let us denote
Noyo = {9eC||9—1|<a},
Ny = {(@9) e xClzel, |9-z[<a}.

Then
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(i) No C{(z,9) €, xC|9e€Q\ (—o0,u(z)+ ]},
(i1) if © €I, and ¥ € N, then (x,9) € N,,
(11i) N, is closed in R x C,

(iv) the numbers

Ms(a) = max |o(2)Go(u™ (2),9)| < o0,
o 0Ga(u=t(z), )
My(a) = (m%zg]{\[a o(z) 59 < 00

are finite,

(5.11)

(5.12)

(v) there exists an o > « such that for any x € I}, ¥ € Ny, and |k| <

d(cr) := min (55, \ /4‘171> (see Lemma [p.3) we have

Go(u™(2), 0) = Galu™ (1), (7 )
| 9a(u” (@), ¢(. )

(9 — (2, k) + Fla,9) (9 — ((x,5))* (5.13)

(5.14)

(5.15)

a¢
where F(x,-) is a function holomorphic in the interior of Ny . and
8Ms(c
o) F ) < D ),
OF (z,0 16 M.
B

holds for ¥ in the interior of Nejo .

Proof: The claims (i)—(iii) trivially follow from the definitions, the claim (iv)
follows from the assumption (a4) and the claims (i), (iii). Under our assump-
tions there exists o/ > « satisfying all the assumptions of the lemma. Then
for any = € I, the function Go(u™'(z),-) is holomorphic in the interior of
Ny 4, the function F defined by Eq. (5.13) exists and F(z, ) is holomorphic
in the interior of Ny ,. For |k| < d¢(a) now ((z, k) is in the interior of N, ,

and for all ¥ in the interior of N, , we have
1 o(x)Ga(u"'(2), 2)
o(x)F(x,9) = o /aNM (z — ((z,8))2(z — V) dz,

OF(r,0) _ 1 o()Golu (@),2)
o) =55 = i /aN (z — C(z, 7))2(z — 0)? dz.
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If |k| < d¢(cr) and J € Na ,, then

2 — (o, k)| > |z—x|—|at—§(at,/€)|Za—2M1K2>%, (5.16)

2~ > |z—:1:|—|:v—19|2% (5.17)

by Lemma p.3, and the inequalities (b.14), (b.19) follow immediately. N

Theorem 5.5 Assume (al)-(a9). Then there exist finite constants o' > 0
and Cg > 0 such that for all |k| < 6" and t > 0 we have

Cyk>
< G

|U(t, z) — A, k)~ Emi=GEml < t

(5.18)

for a.e. x € I where ((x,k) = (1(x, k) —ia(x, k) is the singularity location
(with (1 real, (o > 0 — cf. Theorem [3.8) and

9Ga(u(x), C(z, )]
oC '

Alx, k) == |1+ k?o(x)

Proof: If k = 0 we have ((z,0) = z by (BIJ) and U(t,z) = e ™" (see (23))
so the theorem holds with any Cg. Let us further suppose that x # 0. By
Theorem B.§ and assumption (a8), (2(z, k) > 0 for ae. = € I if || < ds.
Let us exclude the remaining zero-measure set of x’s from our considerations.
Then the integral

o) R
/ e Y (2, €) dE = Jim e Y (2, €) dE | (5.19)
N — J_R
where . A( )
o~ T, K
Viz,§) = -3 () ¢ (5.20)

exists in the generalized sense (f.19). While the Lebesgue integral does not

exist due to the behavior at large |£], the existence of generalized integral is

well known and will be in fact seen from our calculations below. We shall

estimate the difference between U(¢, ) in Eq. (L) and the integral (f.19).
Let us recall from the proof of Theorem that

1

N N N
W(z,§) = nli%i - Sr(z,§+in) = —S = E oG @) 6 (5.21)
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where the last equality should be used for £ > v + u~!(z) only. Combining
this with ({.4), assumptions (a2), (a6) and Lemma [L.] we arrive at the

estimate
K,z Cl Cg

(€ — 7 — Kk2C1Cy)?
for £ > x+#x>C,Cy. Due to Lemma .2 we can integrate by parts for |x| < s,

Wz, )| <

(5.22)

[e.e]

| o - v e - [

—oo t

e O
e—z{t_
o 0€
Let us choose an o > 0 satisfying the assumptions of Lemma p.4 and consider
only the values of the coupling constants such that

0 < || < min (53,56(a), %, /0?04) | (5.23)

To calculate 8%VV(:B, €) let us denote for a while

Dy =Di(z,5,8) = x—&—r0o(x)Ga(u(2),8),
Dy =RD, = z— &~ r*o(x)RGa(u(2),§)

Dy =SDy = —k%0(2)SGa(u ' (2),§),
oD 0

D =22t = 1 R Gl (0).€)
oD 0

Dy = 8—52 = —“29(95)%8—699(“_1(95%5)-

Then

0 :
5g" (@ ©) = —7 YDy |t [(D? — D2)D}y — 2Dy D D,] .

If now [£ — x| > § the assumption (a2) together with Lemmas [l.T and 5.1
(where we denote the constant as C%) imply

|D+| > |€—ZL’|—I{20104>%>0,

1
|Dy| < [€— 2|+ K*C10y < 2|6 — 7,
‘Dg‘ < /€20104 < %,
|Dy| < C4+ K*CiCs|In(€ —u™(x) — v)| + K2C105(6 —u™Hx) —v),
|Dé| S I{27T0103.
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From here we get

)
/ W (€| d < Con?,
(v+u (@).a—3)U(e+ g ,00) 08

where the explicit value of the constant C'; can be expressed from the above
estimates if necessary. What is important is that C7 can be chosen indepen-
dent of k in the considered range.

Let us consider the term V(x, ) now. We have the bounds

g < MERIS T
by Lemma [.3, so
% < |A(z, 5)] < 2 (5.24)
holds for
K| < min (84, (2Ms)1/?) . (5.25)

Denoting for a while A; = RA(x, k), Ay = SA(z, k), we have

Al <A@ <2, Ao < RMJ A, W) < 46°M,

and
9 sl Ao[(§ = G, K))* = G2, K)*] = 241 G(, 8) (€ = Gi(w, K))
o (m8) =7 (€= i@ R + G, P |

If | —2| > § and

«
Kl <min | 95,4/ =—— | , 5.26
ol < min (5[5 ) (5.26)

we have [ — (i(z, k)| > § by Lemma 3, and therefore

0
—V(x,g)) dé < Cyr?
[—oo,m—%)U(:v+%,oo) ‘85

with a k-independent finite constant Cg which can be given explicitly if nec-
essary.
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Let us now turn to § € (r — §, 2 + §). Using the expansion (f.13),

v - Lo AR F@,
W(SL’7£> V( 75) - T o1+ I€2A(SL’, Ii)g(x)( _ C(x7 H))f(x,g) >
0 1 2¢cx 2
WO - Vi8] = 1x J{Am, )

y o(x) HgY — w2 A(w, v)o(w)2F (z,)? }
1+ w2A(z, k)o(@)(€ = ((2, k) Fz, ] f

Using (5-24), (-19), (5-19) together with Lemma [5.3, and assuming that

K| < min <56(a), %\/% m> , (5.27)

W)~ V(2,6 < Cu,

we obtain

where
Co = ;—6 (ma(a) + 265(a)*ms(0)?) .

Putting all the estimates together, we get
e O 2
€ a_é-[W(x>€) - V(x>€)] df < 06'% )
where

06:C7+Cg+09a

and
K] < &'

0’ being the minimum of §, 5 and the r.h.s. in (F.23),(F.28)—(5.27). Evalu-
ating the generalized integral

/ €_i§t V(QU, g) dg — A(I’, H)e—iC(IE,H)t

oo

by closing the integration contour in the lower half-plane for ¢ > 0 the in-
equality (p-1§) is obtained. N
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The theorem is apparently useless for very short and very large times
when the error estimate O(x%*t~!) is much larger then the amplitude value
~ exp(—Ca(z, k)t). On the other hand, we get a nontrivial bound for the
times when

C 2
(f < e~Gl@mt (5.28)

where we take into account that A(x,x) ~ 1. Let us write

§2(x7 ’K&) = H27]2(I, H) ’
oz, k) = molx)v(u(z), 2 —u ' (x)) + O(K?) (5.29)

for small coupling . In the subsequent formulas we do not write the argu-
ments of 7y, however, its x-dependence should be kept in mind in general.
The relation (B.29) is valid for T} < t < Ty where T3, T, are two solutions
of the equation

_52,72’11

= CGH47]2, 1= 1, 2. (530)

If K27} is small we can approximate the equation by replacing the exponential
with one obtaining

k*naTie

Tl ~ C@I{2 .
On the other hand, if k21T > 1 we do not enlarge the range (T}, 7T%) by
dropping the linear factor in (p.30). Then we obtain

1
Ty ~ ~m In(Cgr'n) .

The r.h.s. here is an decreasing function of 7, in the interval (0,Cy'x™%).
By (b.29) and assumptions (a2), (a6) we have

0 S T2 S 7T01C2

in the x° approximation. Restricting ourselves then to the coupling constant
values with
|I{| < (WCngCﬁ)_l/A‘ s
we can safely use
1
Ty ~ —————— In(nC1CyCek?) .
2 w1 CyK? (mC1C5Cer”)

Hence we see that the announced approximately exponential behaviour of
U(-,x) holds in the Weak—couphng regime over wide time range, roughly

speaking from C| C 40 kto C7'Cy k™2,
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V1 Long time behavior

The fact that the bound given by Theorem p.J becomes useless at very large
times is not coincidental, because the decay rate is indeed slower there. To
illustrate this claim, for instance, let = € I; be such that by Lemma B4,
Theorem B.G(b), Theorem .4 and assumptions (a6)-(a8), we have

W (z, &) is finite and continuous w.r.t. £ € [v+u~! (x),00) (6.1)

for 0 < |k| < 92, where 9y is the number from Theorem 3. This holds for
a.e x € I.

By (a6) and ([0), we get
W (e, w olx)Cs — T(¢).
Wi o= [ — & = w2o(w) I (u=(x), £)]” ©
Since limg_o I(u'(z),€&) = 0 by (B.g), we get
N k2o(x)Cy
TE) ~ w62 (6.2)

Thus, g(&) = X[p+u-1(2),00)(E)W (2, £) is in L?(R), but its support is not the
whole R, and

Ut z) = / T e

+u1(@)
by (). Applying now [[J, Corollary C2], we find that for a.e. = € I; and
|I<L| < (52
U(t,z) does not decay exponentially as [t| — oo. (6.3)
To learn more about the long-time asymptotic behavior of U(¢, ), we adopt
the conditions (a10)-(al13) below, and employ the results of [ and [[T] in

the same way as in [I4, Thm 3.2(ii)].
Given v > 0 and 6 € (0,7/2), we define D,y by

D,y:={CeC|R(>vr, —0 <arg( <0}. (6.4)
If v < v/, we have therefore
D,y CD,y. (6.5)
Let us denote
Q) = Nyern(@ — 1) (6.6)

Notice that Q(v) C Nyer, vy by (a3). We shall assume:
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(a10) There exists 6y € (0,7/4) such that D,q, C Q(v).
(al1) v(y,&) > 0 holds for each y € Iy and £ > v.
(a12) Given y € Iy, there exists C;, > 0 and ¢, > 0 such that
[0y, €)| < Cylc|
holds for any ¢ € Q(v).

Notice that for v which is continuous by (a8), the assumption (a11) implies,
in particular, that for each x € I; and «a, f € (v, 00) we have

[oap = inf v(u'(z),£) >0. (6.7)

For fixed x € I and ¢ € Q\ (—oo,u™! (z) + v], we have defined D, (x, &, ()
by (BI7). In a similar way, we define three other functions, D_(z, s, (),

W(z,¢), and g.(C) by

D_(z,5,¢) = a—(—r0(2)G"(u ' (2),0), (6.8)

9:(¢) = W (z,¢(+u"(2))
K2 o(z)v (u™! (x), ¢) .
D (et (@) D (e Crui () O
in the last case ¢ € Q(v) \ (—oo,v]. Then, for a.e. € I} and k € R with
0 < |k| < b,

g» can be regarded as measurable with g, € L' ((v, 00) , d€) (6.11)

by (p-]) and (f-3), and we can write the time evolution as follows,
Ult, z) = e @ / gu(E)e—€tde (6.12)

by (E.5) and (E.4).

Next we need several lemmas. The first of them follows from (a3), (a10),
and Lemma B.4:
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Lemma 6.1 g,(C) is meromorphic in D, g, for every x € I and x € R.

Lemma 6.2 For every x € I} with o(x) # 0, £ € R with { > v, and Kk € R
with 0 < |k| < 0,

lim g,(¢ — ic) = g.(¢). (6.13)

e—0

Proof: Let & = ¢ + v !(x). By Lemma B4 we have

D, (z,k,&) = 1i1%1+ D, (z,k,& —ic) (6.14)
= z-¢ - /izg(x){l (v (2),¢) +imv (u™’ (:c),g)},
D_(z,k,¢&) = lir(r]l+ D_(z,k,& —ic) (6.15)

W—/

= z-¢ - /{29(55){] (u_l (x) ,E') — TV (u_l (x) ,5)
for & > u™!(x) + v (£ > v), which implies that
Dy (x,k,&)YD_(z,k, &) (6.16)

2

= [z — & — Ko(x)] (u ' (2) ,5’)]2 + mkto(z) o (u™ (), €)".
Then lim. o+ W(z, & —ic) = W(z, &) follows from (£.q) giving (6.13). N

Lemma 6.3 For every x € I, with o(x) # 0, all sufficiently small € > 0,
every a, 3 € (v,00) with o < B3, and every k € R with 0 < |k| < &2, there
exists a constant Cy o g > 0 independent of € such that

sup |9.(§ —ie)| < Crap- (6.17)
a<&<p
Proof: Set S,, == {Ce€C|lp<R(<gq, —vtanfy <3I(<0}. Fixe € R
with 0 < &’ < 1 arbitrarily. v (u™"(x),-) is uniformly continuous in S, g by
(a8) and (a10) since S, 3 C D, g,. So there exists a constant £y = ¢4 (z, &) >
0 such that

’v (v (), —ie) —v(u' (2) ,f)’ <&l (v (2) ,f)’
fora <& < fand 0 <e <e; and we have
‘U (v (2),€6— ié‘)’ <(A+e)|v(u(z) ,5)‘ (6.18)
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fora < ¢ < fand 0 < € < g1. Since Di(x,K,-) is holomorphic in Q \

(—o0,u™ (x) 4+ v] by Lemma B4, Dy (z, k, -) is uniformly continuous in S, g+

u™!(x). In view of (f.14) and (B-17) there exists g5 = eo(x,&’) > 0 such that
|Dy(z, Kk, —ie) — Di(z,K,&)| < &'|Di(z, K, &)

for ¢ =&+ u () with o <€ < B and 0 < € < &5. Hence we have
(1-— 5’)’Di (z, K, E+u! (a:))‘ < ‘Di (2K, & +ut (z) — 25)’ (6.19)

if « <& < Band0<e < ey Using further (B.1), (6:10), (6.16), (6.18), and
(6-19), we get

B (11 )o@ (u) (@), €)|
9:6 = < oD, w4t (@) D (o m € F T @)
(14 )@ (u! (@), 6)|
0ot o(a)o (wt (a),E) ]
< (1+¢&)

(1 —€")2 g0 pm?R20(T)

fora < ¢ < pfand 0 < € < g9 = min{ey,ez}, which implies the desired
result. N

Lemma 6.4 For every x € I, all sufficiently large || with ¢ € D, g,, and
every k € R satisfying 0 < || < da,

9:(6) | < e

with a constant Cyy > 0 independent of ( € D, g,.

Proof: In this proof, we set y = u™!(x), ¢ = +u'(x), and let £ > v > 0.
Since

D_(SL’, Ky 5/ - ’L&?) =T (5/ - ’L&?) o K2Q(x)g(y’£/ - Z&?)

for every € > 0, we get

ID_ (2,5, +u™" (z) —ie) | > (£ + Acu (9))°
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where
Aoy (€) = K o(z)RG(y, & —ie) +u ' (z) — .
Set
B, = r*0(x)Cy + |lu™(z)| + |z| > 0.
Then we get |A. »(§)| < B, by Lemma .1l Since we now take £ > 0, we get
for every C_ with 0 < C_ < 1,
(E+ A (9) —C26 > € -2B, - C2¢°
B. \* B
_ 2 - z - T
= 1-C) (5 1—03) 1-C%°

Thus there exists C_ with 0 < C_ < 1 and - = ¢_(x) > 0 independent of
€ > 0 such that

D (w,m & +u! (@) — )| > O g (6.20)
for every € > ¢ . As for Dy (x,k,£ —ig), we have
D (z,k,& —ic) = D_(x,k,& —ig) — 2ik*o(x)Tv (y, & — ic)
for any ¢ > 0. Moreover, by (a12) we get
<& G
T {e +52}¢1y/2 — &

for £ —ic € Q(v). Thus there exists &, > 0 independent of € > 0 such that
if £ > ¢, then

v(y, § —ie)]

, C_

— < — .

.6~ ) < s
Together we get

D metut @ —i)| 2 D (gt (@) - i) -%

> C_g—%>0

for £ > max {5_,&,1} =: &4 by (p-20); notice that & is independent of
€ > 0. On the other hand, we get

c. _C_
i S
¢ 2 = 2 ¢
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for £ > &,.. Now we set Cy := C_/2; then 0 < C, < 1 and
’DJF (z,k, E+u" (z) — ze)’ > (L& (6.21)
for every & > &,. Put £ = R( and —ny = 3( so that n > 0. Then, having
£ >, we get 262 — (62 +n°) = € —n* > 0. Hence by (B.20) and (B-21) we
obtain 1
C’:I: < C’:I:é- < ‘D:I: (%’%C‘FU_ (I)>|

V2T e €]
for ( = & —in with £ > max ({4, n). If ¢ € D, 4, with RC > max (£4, [SC)),
we have

C
Cclponcrre)
Using then (B.10), (a12), and (p.29), we arrive at
2
9. (Q)| < 2/25(6316_) Oy|<|_(2+Qy)

for sufficiently large |¢| with ¢ € D,4,. N

Next we set for any = € I,

00 -1
r=a— (v4+u(2) — Ko(z) / v (@),2) dz. (6.23)
Y z2—v
Remark 6.5 Recall that by (a5) dZ is positive for sufficiently small |x]|.
Let us finally state the last assumption:
(a18) Given x € Iy, there are constants A, , # 0 and p,, > 0 such that
v(ut(z),(+v)

?—{% Cpu,x - A,,,x :
¢€Dy,0,
We set
2 r—v—ut(z)
T o) (uwt (), v+ utt (2)
= (z-v—u(2)) {@(x) /OO Wdz}_ . (6.24)

z*

By (a5), this quantity satisfies x>, > 0 and df # 0 for &> # &,
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Lemma 6.6 Assume (al)-(a8), (a7) and (a10). Then

lim  Di(x, K, —in+ut(z)) =d°. (6.25)

E—vt, n—0t

Proof: By (BI7), (6-§) and Lemma 4,

Di(z,k, 6 —in+ut(z)=2—&—ut(x) +in
—k*0(@)[G(u (@), & — in +u' () + 2imv(u (2), € — in)],
D_(z,k, 6 —in+ut(z) =2 —&—ut(x) +in
—r*0(x)G(u (2),& —in +u'(2))

forn > 0, E—in € Q which is the sufficient range of variables as v+u~!(z) €
by (a10). Under assumption (al0), there exists A > 0 such that v(u=*(z), ")
is holomorphic in the set {¢ € C||¢ —v| < 2A}. Taking into account (a7)
then

lim  v(uN(x),& —in) =vlu (z),r) =0.

§—vt,n—0t

Let us write

Ao (2), 2) —v(u (x), € — i
Q(u‘l(x),g—injLu_l(x)) :/ ( ( )7 ) ( ( ),5 77) dZ

z—E&+1in
] o = o(u(x),2)
"—’U(u 1(1’)75_”7)/; m + /;H_dez. (626)

For the first and third integral, dominated convergence theorem can be used
giving (recall (a7))
00 () —1
[t
Y z2—v

as the limit of their sum as & — v, n — 0%. The second integral

/V+A dz B ln(u+A—£)2+n2
AR 2 (€ —v)2+n?
+ 2 <arctan %A—f + arctan ¢ j T 7T)

forv<&<v+An>0 As(u(z),E—in)| < e/ (€ —v)2+n?for £ —in

in a neighborhood of v with a suitable constant ¢, the limit of the second

term in (B.29) is zero. Now (p-29) is seen. [
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Lemma 6.7 Let 0 < |k| < b2, © € I and d% # 0. Then the function g, has
no poles in {¢ € Dy,g, | | —v| < e} with a constant ¢g > 0 and the limit

Wy = tim W EO (6.27)
’ (—0,(€Dgq,  (Pra
— /{'29(‘%)‘4%1‘ . K2Q(£)Au,x
 Dy(mkv+ut(2)D_(z,kv+ul(z) dz?

Proof: The poles of g,(¢) come only from the zeroes of D (z,r,¢( +u~! (z)).
If df # 0 then
li +(C) =0 6.28

m, g (€) (6.28)
by (p-I0) and Lemma [.6. By Lemma [.1], g, is meromorphic in D, g, so its
only possible singularities there are isolated poles; they also do not accumu-
late at v due to (p.2§). Thus ¢,(¢) has no poles in a small neighborhood of
(=vinD,y,. By (al3), we therefore have

w2 o(r) Ay
0y

Cpu,x . l

Now we can formulate the main theorem of this section:

Theorem 6.8 Assume (al)-(a7), (a10)-(al3). Then for every x € I, and
k € R satisfying o(x) > 0, d% # 0, 0 < |k| < dy we have the following
asymptotic behaviour:

u(t, l’) ~ w%xe—i[l/-i-u*l(x)]te—iW(Pu,x'i‘l)/QF (p,/@ + 1) t_(Pu,ar'f‘l)’

t—o0

where I' is the gamma function.

Proof: Tt is sufficient to apply [[3, Theorem 2.1(b)] to (f.13) with the help
of Lemmas p.1}p.7 and we obtain the desired result. |}
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