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1. Introduction

The goal of the present work is to give an explicit construction of a representation of the positive
Hopf algebra of quantized function GL;F(N ,R) and its modular double GL;T(N ,R) by positive essentially
self-adjoint operators acting on a certain Hilbert space #. This is done by finding a quantum analogue of
the Gauss—Lusztig decomposition for GL,(N). By an abuse of notation, throughout the paper we will call
GL;(N ,R) a “positive quantum group”.

The Gauss—Lusztig decomposition of the positive quantum group provides the foundation of the con-
struction of positive representations Py of split real quantum groups U, (gr) [11,14,15], which are a certain
continuous analogue of the standard finite dimensional representations of the Drinfeld—Jimbo type quantum
groups Uy (g). Such decomposition also gives the preliminaries required for the generalization of the har-
monic analysis of the quantum plane and its quantum double studied in [13] to higher rank. The L? setting
described in the last section motivates the use of multiplier Hopf algebra from the theory of C*-algebra in
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the context of Drinfeld—Jimbo type quantum group [16,17], which provides a new link between the quantized
algebra of functions G4(R) and its quantum enveloping algebra U, (gr) in the functional analytic setting.

Moreover, the harmonic analysis in this sense for the positive quantum group SL;F(2,R) is closely re-
lated to quantum Liouville theory, a certain non-compact quantum integrable system [3,25] of interest to
mathematical physicists. Its generalization to higher rank will be a very interesting connection to the so-
called quantum Toda field theory [8,31]. Such connection should be some sort of a continuous version of the
Kazhdan—Lusztig equivalence of categories [18,19], which is yet to be established mathematically. Finally
the combinatorics of the quantum tori generators developed in this paper also provides new insights to
the quantum mutations appearing in the theory of quantum cluster algebras as well as (higher) quantum
Teichmiiller theory [9,10].

1.1. Lusztig’s total positivity

Let G be a semi-simple group of simply-laced type, T its R-split maximal torus of rank r, and U* its
maximal unipotent subgroup with dim U* = m. The Gauss decomposition of the max cell of G is given by

G=U"TU". (1.1)

In type A, (N = r + 1), this amounts to the decomposition into lower triangular, diagonal and upper
triangular matrices.

On the other hand, given a totally positive matrix G~q, where all entries of the matrix and its minors
(i.e. determinants of submatrices) are strictly positive, it can be decomposed as

G>0 == U>_OT>OU;—O’ (12)

where all the entries and the minors of U* and T are strictly positive if they are not identically zero. Lusztig

in [21] discovered a remarkable parametrization of Gsq using a decomposition of the maximal Weyl group

element wg € W. Let wg = sy, ... s;,, be a reduced expression for wp, then there is an isomorphism between
Ty — U;'O given by

(a1,a2, ... am) = xiy (a1)x4,(a2) ...z, (am), (1.3)

where z;, (ar) = In + arE;, iy +1 and E; ; is the matrix with 1 at the entry (i,7) and 0 otherwise. A similar
result also holds for UJ,. With this isomorphism Lusztig went on to generalize the notion of total positivity
to Lie groups of arbitrary type.

Furthermore, in [1], Berenstein et al. studied this decomposition for type A,, in the context now known
as cluster algebra. They showed various relations and parametrizations using the cluster variables, in this
case corresponding to the different minors. Corresponding to the standard decomposition of wy is the
parametrization using initial minors, which are the determinants of those square sub-matrices that start
from either the top row or the leftmost column.

Using this parametrization, we found in [11] a family of positive principal series representations of the
modular double Uyz(s[(N,R)), where the notion of the modular double was first introduced by Faddeev [6,7]
for N = 2. These positive representations generalize the self-dual representations of Uyz(sl(2,R)) studied
for example in [3,13,25], and later further generalized to all other simply-laced and non-simply-laced types
in [14,15].
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1.2. Gauss decomposition

On the other hand, in order to study the positive quantum group GL;'(?, R) in the C*-algebraic and von
Neumann setting, in [13,26] a quantum version of the Gauss decomposition for GL,(2) is studied, where
roughly speaking any matrices are decomposed into product of the form

<Z11 212>:<u1 0><1 U2>’ (1.4)
Z21 222 vi 1 0 v
where {u;,v;} with w;v; = ¢?v;u; are mutually commuting Weyl pair that generates the algebra C[T,] of
g-tori.

Things become more interesting in the split real case, where we specialize the quantum parameter to
lg| = 1, with b € R\ Q, 0 < b < 1 and define

2

q:= e’ribQ, g:=e" . (1.5)

Then there exists a canonical representation of the Weyl pair as positive essentially self-adjoint operators
acting on L*(R)

_ 627rbw7 v = e27rbp’ (16)

u
and the above decomposition gives a realization of the positive quantum group GL;F(2, R) where all entries
and the quantum determinant are represented by positive essentially self-adjoint operators acting on L?(R?).
Moreover, by replacing b — b~! we obtain the representations for the modular double GL;%(Q,R).

Tt is further shown in [13] that the Gauss decomposition of GL;(Q7 R) above is equivalent to the Drinfeld—
Woronowicz’s quantum double construction [24] over the quantum ax + b group, and its harmonic analysis
is studied in detail. A new Haar functional is discovered, and an L?-space of “functions” over GL;Y(Q,R)
is defined using this Haar functional. With these set up, we proved that LQ(GL;%(Q,R)) decomposes into
direct integral of the positive principal series representations Py s:

o &
L*(GL1+(2,R)) :/ Pirs @ P _sdu(N)dNds (1.7)

R Ry

as the left and right regular representations of the modular double U,4(gl(2,R)), where the measure dp(X)
is given by the quantum dilogarithm function. This is a close quantum analogue of the Peter—Weyl theorem
in the case of compact Lie group, which comes as a surprise since the result does not involve any kind of
discrete series representation as in the classical SL(2,R) case.

1.8. Gauss—Lusztig decomposition

Combining the approaches above, our aim in this paper is to find the Gauss decomposition of the positive
quantum group of higher rank, GL:;(N ,R), in terms of Lusztig’s unipotent parameters a; defined above.
These parameters are no longer commuting positive real numbers, and the goal of this paper is to discover
their quantum relations with each other, such that the decomposition recovers the quantum group GL,(N),
and furthermore in the split real case the generators are represented by positive essentially self-adjoint
operators.

Let us call two variables quasi-commuting if they commute up to a power of ¢2. In this paper we prove
the following theorem:
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Theorem 1.1 (Gauss—Lusztig decomposition). The generators of the positive quantum group GL;r (N,R) can
be represented by N? operators

{bm,ru Uka am,n}

withl1 <n<m<N-—1,1<k< N, where each variable is positive self-adjoint operator that commutes or
q%-commutes with each other, so that

(1) The variables {Uy, amn} generate the upper triangular quantum Borel subgroup T>0U;LO,
(2) The variables {by, n, Ui} generate the lower triangular quantum Borel subgroup U T,
(8) The variables an, , commute with by, ,.

Furthermore, the Gauss—Lusztig decomposition for the other parts of the modular double GLz(N,R) can be
obtained by replacing all variables {by, n, Uk, @m.n} by their tilde version

1
T T =2, (1.8)
As a corollary, we obtain the following results of GLqu(N ,R) after specialization to the split real case:
Theorem 1.2.

1) There is an embedding of GLT(N,R) into the algebra of N q-tori generated by {u;,v;} satisfying
q 2
w;v; = q>viu;, which are realized by

u; = e2mori v; = e2TPi (1.9)

(2) The quantum cluster variables z;;, defined by the quantized initial minors, can be represented as products
of the variables {by, n, Uk, m n}, and hence they quasi-commute with each other.

From the main theorem, we can extend the positive quantum group GL;%(N ,R) into the C*-algebraic
setting by giving an operator norm to each element which is represented by integrals of continuous complex
powers of the generators, completely analogous to the N = 2 case. We can also give an L? completion
and define the Hilbert space Lz(GL;]%(N ,R)). Then it is natural to conjecture its decomposition under the
regular representation of the modular double U z(sl(N,R)) into the direct integral of positive principal series
representations constructed in [11], in analogy to the decompositions of LQ(GL;(T(ZR)) given in (1.7).

1.4. Remarks

The Gauss decomposition for a general quantum group is definitely not new [5,30]. However the usual
notion in the context of GL4(N) is just decomposing the quantum group into a product of lower and upper
triangular matrices, and the quantum Pliicker relations between the coordinates are studied. Though this
approach is a natural consideration, the relations involved are quite ad hoc, and furthermore it has no way
to be generalized to the positive setting, its representation being rather unclear. Therefore we name our
decomposition the Gauss—Lusztig decomposition to distinguish it from the standard approach, where we
decompose our quantum group into products of elementary matrices bearing a quantum variable, so that
the positivity and their representations are manifest.

Finally we also remark that in [2,10], the notion of quantum cluster algebra is studied, where quasi-
commuting cluster variables are considered, and the g-commuting relations are compatible with the algebraic
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framework. However its relation to the parametrization of GL,(N) is not very explicit, and its representa-
tion by the canonical g-tori {€2™* €27} is not shown. In this paper, starting from the very definition of a
quantum group, we found using new combinatorics method that these cluster variables, quasi-commuting
in some complicated powers of ¢2, are actually decomposed into simpler variables {bm.ns Uk, @} that
commute only up to a factor of ¢, and explicit formula is given for the case GL,(NN). The g-commutations
we found explicitly are closely related to the Poisson structure of the cluster X-variety considered in [9]. We
note that in this paper we only use a single choice of cluster variables given by the initial minors. A more
thorough understanding of the theory of quantum cluster algebra in the context of quantum groups should
be possible by also considering explicitly the quantum mutations to other clusters, corresponding to different
parametrization of the maximal element wy explained in Theorem 5.8 (see also Remark 5.9).

The paper is organized as follows. In Section 2 we describe in detail the Gauss decomposition for GL,(2)
studied in [13]. In Section 3 we describe the Lusztig parametrization of the totally positive matrix in
GL*(N,R), and the description of the cluster variables defined in [1]. Then we introduce the definition of
GL4(N) in Section 4, and using certain combinatorics methods, we find in Section 5 the quantum relations
between the variables of the Gauss—Lusztig decomposition. In Section 6 we construct the representation of
these quantum variables using N2 —2 quantum tori, and also present an example demonstrating the minimal
representation using only [NTZJ tori. Finally using the quantum tori realization, in Section 7 we define the
positive quantum group GL;(N ,R), and describe its relation to the modular double, and in Section 8 a
possible construction of an L2(GLq+a(N ,R)) space.

2. Gauss decomposition for GL4(2)

The quantum group GL,(2) is one of the simplest matrix quantum group. Its representation theory and
general properties as a Hopf algebra can be found for example in [4,22,29]. In this paper we will use a rescaled
version of GL,(2). This version is considered e.g. in [12,13], and has the advantage of acting naturally on the
standard L?(R) space, due to the rescaled quantum determinant (2.6) which resembles the classical formula
without any ¢ factors. This also simplifies some computations involved in later sections.

Definition 2.1. We define M, (2) to be the bi-algebra over C[g, ¢~ '] generated by 211, 212, 221 and 292 subjected
to the following commutation relations:

211212 = Z12%11, (2~1)
291722 = 222721, (2:2)
211221 = q2221211, (23)
212222 = 922’22212, (2~4)
212221 = q22212127 (2-5)
dety 1= 211222 — 212221 = 222211 — 221212, (2.6)

with co-product A given by

A(Zw) = Z Zik ® Zkjs (27)

k=1,2

and co-unit € given by

E(Zij) = (5” (28)
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Definition 2.2. We define the Hopf algebra
GLy(2) := My(2)[det, '] (2.9)
by adjoining the inverse element detgl.

Remark 2.3. The antipode «y of the Hopf algebra GL,(2) is defined through the inverse element detq_l.
However we will not use the antipode in this paper.

Remark 2.4. It is often convenient to write the generators as a matrix
z z
7. ( 11 12) 7
221  R22
then the co-product can be rewritten as standard matrix multiplication:
z z z z z z
A( 11 12)( 11 12)®< 11 12>. (2.10)
221 222 221 222 221 222

In the papers [13,26], the Gauss decomposition of GL,(2) is studied. The generators z;; can be decomposed

uniquely into
Z11 212 up 0 1 us
7 = = 2.11
(221 2’22) (Ul 1) (0 02)’ (2.11)

where the Weyl pairs {u;, v; };=1,2 are non-commutative variables satisfying

wiv; = g, (2.12)

[wi, vj] = [us, u;] = [vi,v;] =0 for i # j. (2.13)
Definition 2.5. We define C[T,] to be the algebra of quantum torus:
C[T,] := Clg, ¢ {u,v,u ;v /(wv = ¢Pou) (2.14)
consisting of Laurent polynomials in the variables u and v.
Then in particular, we have an embedding of the algebra GL,(2) into the algebra of quantum tori:
GL,(2) — C[T,]*?, (2.15)

where the elements of GL4(2) can be expressed as Laurent polynomials.
In order to generalize this construction to the higher rank, it turns out that it is better to rewrite the
decomposition (2.11) in the form:

=G D6 D6
(v?zil (1)> ((1) Zi) (2.16)

where the entries of each of the two matrices still satisfy the quantum relations (2.1)—(2.6) of M,(2). Finally
we note that the quantum determinant det, quasi-commutes with all other variables. It is this property
that motivates us to study the Gauss decomposition for GL,(IN) not using the standard coordinates, but
using the “cluster variables” which we will introduce in the next section.
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3. Parametrization of GL'(N,R)

In classical group theory, the totally positive part GL* (N, R) is the semi-subgroup of GL(N,R) so that
all the entries are positive, and all the minors, including the determinant, are also positive. There are in
general two equivalent ways to realize the totally positive semi-group. In [21], a parametrization using the
Gauss decomposition is found:

G = Uz T>oUZy, (3.1)

where T is the diagonal matrix with positive entries u;, the positive unipotent semi-subgroup U;O (and
similarly for UZ) is decomposed as

m

UiO = H eakEik = H(IN + akEik_’ik+1), (32)
k=1 k=1

where F; ;11 is the matrix with 1 at the position (4,7 + 1) and 0 otherwise, and the i’s correspond to the
decomposition of the longest element wq of the Weyl group W = Sy_1:

Wo = S4,Sig + -+ Sip, - (33)
Using the standard decomposition for wy:
Wop =SN—-1SN—-2...82851SN—-1SN—2...828N_-1S5N—-2...83...8SN—-1, (34)

where s = (k,k + 1) are the 2-transpositions, U;FO can be expressed in the form:

1 a1 O 0 0 1 0 0 0 1 0 0 O 0
0 1 az i 0 0 0 1 az.2 0 0 01 0 0 0
0 O 1 0 0 0 1 0 0 0 1 0
0O 0 0 . any-11 00 0 " an-12 0 0 O aAN—-1,N—1
0 O 0 0 1 0 0 O 0 1 00 0 O 1

(3.5)

The labeling is defined as follows: a,, , is the entry at the m-th row and appears the n-th time from the
left. Similarly, U_, is given by the transpose of U;FO, ie.

1 0 0 0 0 1 0 0 0 1 0 0 0 0
01 0 0 0 0 1 0 0 0 bip 1 0 0 0
0 0 1 0 0 0 b1 1 0 0 0 bya 1 0 0
0 0 0 0 0 0 0 0 0
0 0 0 bel,l 1 0 0 0 bN,LN,Q 1 0 0 0 bel,Nfl 1
(3.6)
Under this parametrization, Berenstein et al. [1] studied the parametrization by the so-called cluster

variables, in this case corresponds to the initial minors of the matrix. These are the determinants of the
square submatrices which start from either the top row or the leftmost column. More precisely, a matrix
g € GL(N,R) is totally positive if and only if all its initial minors (including the determinant of the matrix
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itself) are strictly positive. Furthermore, the initial minor can be expressed uniquely as a product of the
parameters a;;, b;; and u;, hence giving a 1-1 correspondence between the parametrizations.

In the study of the quantum Gauss decomposition, it turns out that it is just enough to look at T>0U>+0.
Let us first consider UZ,,.

Definition 3.1. Denote by z;;, 1 < i < j < N, the initial minor with the lower right corner at the entry
(4,7), which uniquely determines the submatrix. Following [1], we will also call x;; the cluster variables.

Then there is an explicit relation between x;; and a;;:

Proposition 3.2. (See [1].) We have

Tjit1%j—1,i—
_ Lgatldtj—1,a—1
ai,ij - o ] ] (37)
Lj,ilj—1,i
i g
ziivg = [ TT amen-1n- (3.8)
m=1n=1

Here we denote x;; = x50 = xo,; = 1.

The above relations can be expressed schematically by the diagram shown in Fig. 1, where the cluster
variable z; ;4; is expressed as the product of the a,,, variables inside the box:

Fig. 1. The cluster x; ;4; for i = 2,5 = 4.

As in the N = 2 case, we split the diagonal subgroup T~ into two halves:

wpy 0 0 0 O\ /1L 0 0 0 0

00 us 0 0 0[O0 w 0 0o 0
Too=TT%:=0 o - o o]0 0 v 0O 0 | (3.9)

0 0 0 uvey OflO 0 0 == 0

00 0 0 1/\0 0 0 0 wy.

and just consider the v variables for the decomposition of the upper triangular part. Then the formulas in
T;'OU;'O for a; ; stay the same, while those for z; ; are modified as follows:

i J i—1
Lii+j = (H H am+n_17n> H Vg - (310)
k=1

m=1n=1

4. Definition of GL4(IN)

The quantum group GL,(N) is defined by the following relations involving the rank 1 case.
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Definition 4.1. We define My(N) to be the bi-algebra over C[g, ¢~ '] generated by {z;;}1;_,, such that for
every 1 <i< ¢ <N,1<j<j <N, the submatrix

( i A ) (4.1)
Zi/j Zi’j'
is a copy of My(2), i.e. the corresponding generators satisfy the relations (2.1) (2.6).

The quantum determinant is again defined using the classical formula (with no ¢ involved):

Definition 4.2. We define the quantum determinant as

dety = Z (=1)721,001) - - ZN,0(N)> (4.2)

og€ESN

where Sy is the permutation group of N elements.

Then it follows from (2.6) and an induction argument that det, does not depend on the order of the row
index, provided that all the monomials have the same order of row index.

Definition 4.3. We define GLq4(N) to be the Hopf algebra
GLy(N) := My(N)[det"]. (4.3)

The Hopf algebra structure is given by the same classical formula

N
A(zij) = Z Zik @ Zkjs (4.4)
k=1
G(Zij) = 5ij- (45)
The antipode = can be defined involving detq_l, but again we will not use it in the present paper.

As in the case of GL,(2), we can conveniently write the generators as a matrix

Z = (Zij)N (46)

ij=1"

Let us call a matrix X of non-commutative entries a “GLy(N)-matrix” if the matrix entries of X satisfy
the defining relations of M,(N) in Definition 4.1, and the determinant det,(X) of X is not identically zero.
In particular some of the entries are allowed to be constants.

Then from the co-associativity of the co-product A,

ANZ)=Z®Z, (4.7)
we have the following property:

Proposition 4.4. If X and Y are GLy(N)-matrices such that the matriz entries of X commute with those
of Y, then the matriz product

G=XY (4.8)
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is again a GL4(N)-matriz, where the determinant is non-zero and given by
dety(XY) = dety(X)dety(Y). (4.9)
Hence in order to find a Gauss decomposition
Z=XY (4.10)

for GLy(N) where X is lower triangular and Y is upper triangular, it suffices to find the corresponding
matrix that satisfies the quantum relations (that any matrix can be expressed in this form is proved, for
example, in [5]). We will do this by employing the construction using the parametrizations of the totally
positive matrices GLT (N, R).

5. Gauss—Lusztig decomposition of GL4(IN)

Let TT and U™ be given by the same matrices as in (3.5) and (3.9), but instead with formal non-
commuting variables vy, Gy for 1 <n <m < N — 1.

Definition 5.1. We define the variables z;;,1 < i < 7 < N to be the quantum determinant of the initial
submatrices (with the same parametrization given in Section 3) of the matrix product Z = TTU™ using
the determinant formula (4.2). We will call x;; the quantum cluster variables.

Then we can state our main results:

Theorem 5.2. The product Z = TTUT is a GLy(N)-matriz if and only if we have the following
q-commutation relations between the variables given by:

o UmnUm = ¢*VUmmn for all n,

® OUmnOmn’ = q2amn’amn fOT' n> 'fL/,

® Umnm—1,n' = qQam—l,n/am,n fOT n < n/}
e commute otherwise.

Furthermore the variables x;; can be written as

7 7 i—1
o = (H I m) o 6)
k=1

m=1n=1

= (a11a22a33 .. .)(a21a32a43 . ) e ( . ai+j_17j)(vlvg e Ui—l) (52)

in this particular order. Finally for every GL4(N)-matriz, the commutation relations between the variables
x;; are given by

2P (3,jik,l
TiirjThpsr = ¢TI0 g asi (5.3)

where for j <1,

P@i,j; k) =#{mn|l +2<m4+n<k+1+1,1<m<i1<n<j}

—#{mnl<m+4+n<il<m<k1<n<l} (5.4)
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and

P(k,l;i,7) = —P(i, j; k, 1). (5.5)

Corollary 5.3. Let U~ and T~ be defined by (3.6) and (3.9) so that by, and u,, commute with amy,, and U,,.
Then {bmn,u,l} satisfies evactly the same relations as {amn,vm}. Let T = T~T7T be the diagonal matriz
with entries T, = upvi_1 for 1 < k < N, where we denote by vo = uy = 1. Then the product

Z=U"TU*" (5.6)

gives the Gauss—Lusztig decomposition of GLy(N). More precisely, this means that the generators {z;;} and
detq_1 of the Hopf algebra GL4(N) can be expressed in terms of N? variables {amn,bmn, Um,vm } (and their
inverses) that commute up to a factor of ¢>.

The g-commutation relations for a,,, (and also b,,,) can be represented neatly by a diagram:

// / (5.7)

where v — v means uv = ¢?vu, and double arrows means it g>-commutes with everything in that direction.
In other words, the arrows consist of all the possible left directions, and all the north-east directions going
up one level. Furthermore, note that the commutation relations for a,n, Vm, Uy and by, are just copies
of the Gauss decomposition (2.16) for GL4(2).

Remark 5.4. It was pointed out by A. Goncharov that if we make a change of variables by taking ratios of
the generators:

=1
a;n,n={ T (5.8)

qam,"a'm,n—l n>1

(the ¢ factor is used to preserve positivity, cf. Section 7), then the commutation relations among the aj, ,
variables take a more symmetric form, represented by the diagram
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v —— df,

/N

— /
V2 ¢ Q91 < G

/NN 59

& 7 / /
U3 & G3; € Q3g < dag3

SN NN

& 7 / / /
U4 ¢ Gy Gy Gy3 Qyy

This choice of generators is closely related to the Poisson structure of the cluster X-varieties, studied for
example in [9].

We will use several lemmas to prove the theorem.
Lemma 5.5. Assume the g-commutation relations in Theorem 5.2 for am, and v, hold. Then (5.1) holds.

Proof. We use the fact that, by induction, each entry z;; of the upper triangular matrix has a closed form
expression given by

Ziji+j = Vi—1 E (ai,tl Qit1ty - ai+j71,tj)
1<ty <ta<...<t;<i+j—1

— Z Sit. (5.10)

We also have z;; =1 and z;;—; = 0.
Hence the quantized initial minor z; ; is given by sums of products of the form

Sj,t = Sl,tlsQ,tQ N Sj tie

L)

(5.11)

Now using the g-commutation relations, which say that a,,, commutes with a,,,» when both m > m/
and n > n/, we can arrange the order on each monomial S;; so that it has a “maximal” ordering: If the
product @.,nam s appears in the ordering, then either m’ = m + 1 and n’ > n, or m’ < m. Furthermore, if
the last term in Sy ; iS Gy, then the term ay41,,/ for n’ > n will not appear in Sy41 ¢, so that nothing can
commute to the front, while we can push all the v,, to the back since v,, commutes with a,,,/, for m < m/.

This ordering is unique in the sense that for every monomial where the order in which a, . appears for
each fixed p is the same, the corresponding maximal ordering is the same. Hence the classical calculation
works and all the terms will cancel, except the one with minimal lexicographical ordering. This term is
precisely

St

sybmin

Sat Sit

min *° sybmin?
where
Skotmin = Vk—10k, 10k 41,2 + - - Gk j—1,5-

Again each vi_; in each S commutes with all the a’s, so we can move them towards the back, and hence
giving the expression (5.1). O
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Lemma 5.6. Assume the qg-commutation relations for am, and v, hold. Then (5.3) holds.

Proof. Using the expression given by Lemma 5.5, we can study how z;; and xj; commute. We do this by
counting how many ¢-commutations it takes for a fixed a,, , appearing in z;;y; to travel through each
variable ap/ p/ in Tp gy

First, notice that ap, , appears in zj k4, only if 1 <n <land 0 < m —n < k — 1. Now fix m,n and
consider a,,. It ¢*-commutes with @, in Tk, k41 When:

o ¢% apm . with n’ < n, hence also 1 <n/ <land 0 <m —n' <k — 1. We can rewrite this as
Ay = #{n'|max(m + 1 —k,1) <n' <min(l,n — 1,m)},
o ¢ 2y with n’ > n, hence also 1 <n’ <l and 0 <m —n’ <k — 1 which reduces to
As = #{n'|max(m +1—-k,n+1) <n' <min(l,m)},
o ¢ @1 With n’ > n, hence
Az = #{n'| max(m — k,n) <n' <min(l,m — 1)},
e ¢ % apy1n with n’ < n, hence

Ay = #{n'| max(m — 1+ 2,1) <n' <min(l,n,m +1)}.

Hence the amount of ¢2 powers picked up is just the signed sum of the count above. By a case by case study,
these expressions can be simplified:

Ao — A — 1 m+n>l+2,n+m<k+1l+1,n<I
3 7o otherwise,

1 n>2l+Lk+1<m+n<k+I
A — Ay =< -1 m+n<k1l<n<l]
0 otherwise.

Hence, the total amount of power picked up after summing all m,n is given by

#l+2<m+n<k+l+1n<}+#k+1<m+n<Ii+kl+1<n}
—#{m+n<k1<n<l},

subject to 1 < m <,1 <n < 7.
Let us assume j < [. Then n < j <[, and the expression can be simplified to

#+2<m+n<k+l+1}—#{m+n <k},

subject to 1 < m < 14,1 < n < j. This takes care of any,.

We still need to calculate those for v,,. Since there is only one v, appearing in xj, j; for each 1 < m < &,
we just need to count how many a,,,’s with index m < k41 are there. Hence using the renamed ay4rn—1,n
the condition is
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#{m,nlm+n <k,1<m<i,1<n<j},

and this is the amount of ¢? picked up, hence canceled with the last term in the previous calculation.
Similarly considering the other direction, the amount of ¢~2 picked up is

#{m,nm4+n<i,1<m<k1<n<l}.
Hence we arrive at our formula. 0O
Lemma 5.7. We have
P(i,5; k1) = P(i,5 — 1,k, 1 = 1). (5.12)

Proof. This is done by simple counting. Assume j < [. Let us compare the difference between the corre-
sponding terms of the P function. We have for the second term:

#{m,nl<m+n<i,1l<m<k1l<n<l}
—#{mnm+n<i,1<m<k1<n<li-1}
=#{m,n|]l <m+1<4i1<m<Ek},

while for the first term we have

#mnll+2<m+n<k+Il+1,1<m<i,1<n<j}
—#{mn|l+1<m+n<k+,1<m<il<n<j-—1}
=#{mnl+2<m+n<k+1+1,1<m<i1<n<j}
—#{mnl+2<m+n<k+1+1,1<m<i2<n<j}
=#{ml+2<m+1<k+1+1,1<m< i}
=#ml+2<m+Ii+1<k+1+1,1<m+1<i}
=#{ml<m<k1<m+1<i}.

Hence the amounts cancel. O

Proof of Theorem 5.2. We will prove the theorem by induction. When N = 2 the decomposition is just

1 0 1 ail
(0 0)o )
with a11v1 = ¢?via11. Hence this case holds trivially.

Assume everything hold for dim = N — 1.

For dim = N, first we notice that ay_1, y_1 commutes with a;; for i < N — 1 by looking at the entry
2141 = 11022 . . . @i, which commutes with each other by the GL,(2) relations.

Next we notice that the cluster variables for a general GL4(N)-matrix depend only on the variables
appearing in 77U, since we assumed that the lower triangular matrix U1~ commutes with TTU™T.
Hence the relations between w; ;1 ; which hold for 77U will also hold for GL,(N).

Now for a general cluster variable xj n in the new rank, we know from Lemma 5.5 that ay_1,ny— is the
only new term appearing. Hence the commutation relations between an_1, ny— and a;4;—1; is equivalent to
the commutation relations between zy y and z; ;4; by induction on new terms. Now consider the (N — 1) x
(N — 1) submatrix corresponding to zx_1 . This by definition satisfies the GL;(N — 1) relations, and in
particular the commutation relation between x; n and x;,4; should be the same as the relation between
zr,N—1 and x; ;4 ;1. However, this is precisely the statement proved in Lemma 5.7. O
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The above relations can be generalized to arbitrary reduced expression for wyg as follows. Let (a, b, ¢) and
(@', b, ) be positive g-commuting variables such that

A and A (5.13)

where again © — v means wv = g%vu.
Then as in (3.2), the products

zo(a)z1(b)za(c) = x1(a’ )22 (V)21 ()
form a copy of U™ of the Gauss decomposition of GL4(3) corresponding to the reduced expressions
Wo = S28152 = 515251,

where

!

a = (a+c)teb=bec(a+c)t,
b =a+c,

/

d =(a+c) tab=bala+c)"?,
and this map
¢ (a,bc) = (a,V, ) (5.14)

is an involution between (a,b,c) «+— (a’, ¥, ). In particular, we see that by applying this transformation
to any three consecutive variables a,, corresponding to the sub-word of the form s;s;s; with ¢ adjacent
to j, all the arrows in the diagram (5.13) are preserved. Applying this transformation, we can deduce all
quantum Lusztig’s variables for arbitrary reduced expression for wgy. Hence we can restate the commutation
relations in Theorem 5.2 as follows:

Theorem 5.8. Let a;, ,, be the coordinates of UT corresponding to the reduced expression of wo = iy ... S;, .
Then the product TYU" is a GL¢(N)-matriz if and only if for any |i — j| = 1, the coordinates
{vi,vj, i m, Qjm, ik} form a copy of GLy(3), where {aim,ajn,air} appear in this exact order in the
parametrization of UT. In other words, we have

Ui “— .- aj,n
(5.15)
U S G ¢ i

Remark 5.9. The above transformation of the a,,, coordinates between different reduced expression of the
longest Weyl element wy can be rewritten in terms of the variables x; ; using (5.1). This becomes the
quantized cluster mutations, or under the limit ¢ — 1, the cluster mutations for the parametrization of
totally positive matrices, which is historically the first examples and the main motivation for the introduction
of the theory of cluster algebra [1].
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6. Embedding into the algebra of quantum tori

In order to deal with positivity for the split real case in the next section, we would like to find an
embedding of the algebra My(N) (resp. GL4(N)) into copies of the algebra of quantum tori C[T], so that
its elements are expressed in terms of polynomials (resp. Laurent polynomials) in the quantum tori variables.
Hence due to the Gauss—Lusztig decomposition established in the previous section, the remaining task is to
find an explicit realization of the generators a,y,, vy, using several copies of the Weyl pair {u, v} satisfying
w = ¢*vu.

Theorem 6.1. There is an embedding of algebra

N24N-4
2

TtUt — C[T,]®
given by

Um, = U, (61)

m—1 n—1
Amn > Um (H vml,k) <H vm,l) Um,n, (62)
=1

k=n

where TYU™ is now realized as the algebra generated by {amn, vm} satisfying the relations from Theorem 5.2,
N24N-4

and C[T,]® 2 is generated by the Weyl pairs {tm, vm} and {tmn, Vmn} for 1 <n <m < N —1, where

we have omitted the last set of generators {un_1,n—1,VN—1,8—1}. (We define un_1,nv—1 := 1 in the formula.)
Similarly, for U"T~ generated by {byn,um}, we have the embedding

N24N-—4
2

U-T- —C[T,]®
given by

U, — UL, (6.3)
m—1 n—1

bmn = ’U;n (H U;r;—l,k) (H U;n,l> u;n,nr (64)
k=n =1

where the generators {u’,v'} (with same indexing above) commute with {u,v} used above.
Together, this gives an embedding of the algebra GLy(N) ~U T~ @ TTU™:

GLy(N) —» C[T eV +N—4, (6.5)

Proof. The proof is straightforward to check, since for the u variables only u,, and u,,, appear in .
Hence we just need to count, at most once, how many v,,, appears in another variables. O

Remark 6.2. This embedding resembles the Drinfeld double construction, which reads
D(Uy (b)) = Uy(g) @ Uy(b). (6.6)

With our assignment for U=T~ @ TTU™, we can actually combine the diagonal variables (hence “modding”
out h) as follows:
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Ui = Uj—1 = V; (68)

(where vg = ufy = 1) which gives an embedding of GL,(N) using only (N? — 2) copies of g-tori (with
inverses adjoined).

This is just one example of realizing the quantum variables where we can actually write down explicit
expressions. In fact the minimal amount needed can be substantially smaller:

Theorem 6.3. The minimal amount of g-tori needed to realize TTU™T is given by LNTQJ and the full group
GLy(N) can be embedded into C[Tq]‘X’LNTQJ.

Proof. Consider the symplectic form on the variables {amn, tm } defined by

1 zy=q’yx
(wy)=q 0  ay=yz (6.9)
—1 2y =q %yz.

Then the minimal amount of g-tori needed to realize such relations can be found by finding the signature

of this form. The skew-symmetric matrix of size % encoding this form is actually quite simple. If we

index the variables by

a11,v1,G21,022,V2,0A31, ...,

the upper triangular part of the matrix is given by m + 1 consecutive 1’s to the right starting at the first
off diagonal entry corresponding to a,,, truncated at the boundary, and zero otherwise. The full matrix is
then obtained by anti-symmetrizing it, and we can find its kernel by elementary operations. O

In principle, it is possible to find the decomposition into the g-tori by diagonalizing the skew-symmetric

matrix, corresponding to the symplectic form, into blocks ( ) and read out the transformation.

Example 6.4. As an example, we illustrate the cases up to N = 6, giving the embedding of TTU™ into
\_NTQJ = 9 copies of the algebra of g-tori generated by {U;, V;} without any powers or inverses (for N < 6

we ignore the extra tori):

a;; = Uy aq1r = VyUsUgV7 Vg
up =W asz = qVsUsUgVr
ag3 = UsV5Us
az = V1Us asq = qVsUs
agzy = qVoUsUs ug = Vg
uz = V3
as; = VgUyg
az; = VoUsUy asy = qVeUsVoUy
azy = V3UsUs asz = VeUrVzVoUy
azs = qVyUsUs asy = UsVV7UgVsVoUy
ug =Vj ass = qVsVoUy
us = Vg.

The extra ¢ factors are introduced for positivity, as explained in the next section.



I.C.H. Ip / Journal of Pure and Applied Algebra 219 (2015) 5650-5672 5667

Conjecture. It is possible to decompose each .y, tnto a product of single U; and V; with the minimal amount
of copies. This means that we have an embedding of My(N) into the polynomial algebra generated by the
minimal amount of U; and V;, where the matriz entries z;; are expressed only in terms of polynomials of
U; and V; with coefficients of the form +q™.

7. Positivity and the modular double

In this section, we turn our attention to the functional analytic aspects of the representation theory. We
fix our quantum parameter ¢ to be complex number ¢ = ™ with 0 < b? < 1, b € R \ Q so that |g| =1 is
not a root of unity. In this section we introduce the notion of the positive quantum semi-group GL;(N ,R)
and Faddeev’s notion of the modular double. The basic idea is to represent the generators z;; in terms of
positive essentially self-adjoint operators acting on a certain Hilbert space. Note that these operators are
necessarily unbounded.

First we introduce the definition of an integrable representation of the canonical commutation relation
defined in [23]:

Definition 7.1. Let X,Y be positive essentially self-adjoint operators acting on a Hilbert space H. The
g-commutation relation “uv = gvu” is defined to be

uzsvzt _ q—2stvztuzs (71)

for any s,t € R as relations of bounded operators, where u** and v* are unitary operators on H by the use
of functional calculus.

A canonical irreducible integrable representation of uv = g?vu is given by

u = e27rbz7 v = e27rbp7 (72)

where p = %8% acting as unbounded operators on L?(R).

Remark 7.2. The unbounded operators u and v naturally act on a dense subset YW C L?(R) called the “core”
which defines the domain of essential self-adjointness:

W= {e—wz'irﬁafp(x)m € R, € C, P(x) = polynomial in 2} C L*(R). (7.3)

On the other hand, the idea of the modular double of the Weyl pair {u,v} is introduced by Faddeev
in [6]. Tt is suggested there that for positive self-adjoint operators u,v as in (7.2), one has to consider also
the operators given by

~ 1 ~ 1
U= uv?, V= vb? (7.4)
so that
= g%vu,  g=emt (7.5)

and {u,v} commute with {u, v} in the weak sense (the spectrum do not commute), so that the operators
generated by {u,v,u, v} acting on L?(R) is algebraically irreducible. This idea is subsequently extended to
the modular double of quantum groups [7].

The key technical tool in the above contexts is given by the following lemma introduced by Volkov [28],
and the self-adjointness is analyzed in [27], see also [3,13]:
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Lemma 7.3. If u and v are positive essentially self-adjoint operators such that wv = qvu for ¢ = e™ in
the sense above, then u + v is also positive essentially self-adjoint, and we have
1 1 1
(u+v)s2 =up? +v2, (7.6)

where the transcendental powers ud® ete. are defined by means of functional calculus of positive self-adjoint
operators.
Hence by induction, if we have u;u; = q*uju; for every i < j, then the sum

z = Z U;
i
1s positive essentially self-adjoint, and we have

1
27 = S ul? (7.7)

Therefore using the Gauss—Lusztig decomposition of GL4(N) defined in Theorem 5.2, we can define

Definition 7.4. GL;F(N ,R) is the operator algebra generated by positive self-adjoint operators {ammn, tm,
Um, bmn} s0 that the g-commutation relations are satisfied in the sense of Definition 7.1 above. These

2
operators are acting by the Weyl pair u = e?™% v = €27 on the Hilbert space H = LQ(RLNTJ) using
Theorem 6.3.

Using Lemma 7.3, the notion of GL;r (N,R) as the g-analogue of the classical totally positive semi-group
is justified:

Corollary 7.5. Under the Gauss—Lusztig decomposition, the generators z;;, as well as the initial minors x;;
and the quantum determinant det, are represented by positive essentially self-adjoint operators.

Proof. The only issue concerns the essential self-adjointness of z;;. From the expression (5.10), we note that
SitSiw = q*Siv Sit,

whenever ;¢ appears later than S;; in the sum. Hence using Lemma 7.3, we conclude that each z; ;4; is
positive and essentially self-adjoint. O

Let ¢ = e™®" and define GL;(N ,R) to be the algebra generated by the positive self-adjoint operators

{@mmns Um, Um, l;\n:b} where X := X . Then the last statement of Lemma 7.3 establishes the transcendental
relations between the two parts of the modular double

+ a7t +
GLL(N,R) := GL} (N,R) ® GL (N,R). (7.8)

Theorem 7.6. The generators z;; represented by the Gauss—Lusztig decomposition are related to z;; by

1
Zij =z}, (7.9)

which are well-defined as positive essentially self-adjoint operators. Furthermore the co-product is preserved:
(Az;)® = Az, (7.10)

and z;; commutes (weakly) with z;;.
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Proof. Equation (7.9) follows immediately from the proof of Corollary 7.5. The co-product is preserved
because

A(ziy) = Zzik®2kj, (7.11)
k

and
(zik ® 215) (i @ 21r5) = @ (2w @ 2175) (2ik @ 2i;)

whenever k < k', hence we can apply Lemma 7.3 and induction to obtain

Azij)# =Y 2 @207 = A(z).
k

Since {u,v} commute weakly with {@,v}, the last statement follows by the Gauss-Lusztig decomposi-
tion. O

8. GL/.(N,R) in the L? setting

In the final section we generalize the approach from [13] to higher rank, where the L?-space for GL:]%(Q, R)
is introduced. The L?-norm comes from the classical counterpart of the Haar measure.

In classical Lie group theory for GL(2,R), under the decomposition given by (2.16), the left invariant
measure called the Haar measure restricted onto the totally positive part GLT(2,R) is given by

dg = —dvi —dus. (8.1)

Following [13], we redefine the variables via Mellin transform which maps functions on half line L?(R~) to
functions on the real line L?(R) with certain measures. When L?(Rs() has dz as the measure, the Mellin
transform gives

lF@IE = | [ st = / 7+ 5)Pds. (2)

R+40 R

Similarly, when the measure of L?(Rx) is given by %’7 the Mellin transformed measure remains unchanged:

1) / F(syyiods|| = / |F(s)2ds. (3.3)
R

It is shown in [13] that in the quantum setting, using a certain GNS representation of GL;%(Q,R) in the
C*-algebraic setting, there exists a Haar weight which induces an L?-norm on entire functions with 4 classical
coordinates f(uy,v1,us,vs), where the right hand side of (8.2) is replaced by

iQ
R/’f(er

with Q = b+ b~!, while the right hand side of (8.3) remains unchanged.

(8.4)
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For higher rank, we notice that the Haar measure for the usual totally positive parametrization

U=o(bij)T>o0(ui)Ug(aiz) (8.5)
is given by
N
duk 11—
H e H (aijhi)N ™' dag;dbg;. (8.6)
k=1 1<j<i<N—1

This is obtained by calculating the Jacobian of the change of variables (5.10) with coordinates of the usual
Gauss decomposition, and using the fact that the Haar measure induces a multiplicative measure on the
diagonal matrices, and the standard L? measure on the upper/lower triangular unipotent matrices.
Now let us introduce a change of variables for our cluster variables:
xiix;jl,i—l =]
Xij=1q gz i<j (8.7)
T T 1> 7,

Jj

i.e. we use only u; from the diagonal matrices, and the cluster variables of the upper/lower triangular
unipotent matrices in terms of products of a’s or b’s only. Then we have

Proposition 8.1. The (classical) Haar measure on GLT(N,R) is given by:

N—-1 N-1
dX;; dX
I %2 ) (I a2 9

igj=1 Y k=1 NN

Hence following the idea in the case of GL;'(I(ZR) we can define C’OO(GL;G(N, R)) and L2(GL;%(N, R))
as follows:

Definition 8.2. The C*-algebra C’OO(GL;&(N, R)) is the norm closure of operators of the form:

N N
-1
F = / FGs11oswn) [T Xmn)® o I dsimn, (8.9)
RN?2 m,n=1 m,n=1
where f(s11,...,8nyn) are smooth analytic rapidly decreasing functions in each variable s;; € R, each

X}f;;ls’"" is realized as a unitary operator defined by the formula in Theorem 6.3, and the C*-norm is
defined as the operator norm. Furthermore, the C*-algebra corresponding to difference choices of realization
of X,,, are isomorphic.

Remark 8.3. It will be interesting to put C’OO(GL;%(N ,R)) in the context of locally compact quantum group,
for example in the sense of [20]. Although it is known in the case when N = 2 [13], in general it is not clear
how the co-product A defined on z;; translates to the generators X,,, hence the main difficulty will be to
show the density conditions involving A.

For the sake of harmonic analysis, we can also define an L?-space where it does not depend on the choice
of embedding of GL; (N,R) at all.
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Definition 8.4. We define L2(GL;1%(N ,R)) ~ L2(RM") by giving an L%norm for the (rapidly decreasing
entire) functions F':

7= [ ‘f ox — 502 Q) TT ds (8.10)

RN2 1,5=1
and taking the L?-completion.

A natural class of representations for split real quantum groups U,z(gr) for arbitrary type simple Lie
algebra g, called the positive principal series representations, generalizing the s[(2,R) case is introduced in
[11] and constructed in [14,15]. Tt is conjectured in [25] and shown in [13] that the left and right regular
representations of Uyz(gl(2,R)) acting on L2(GL%(2, R)) naturally decompose as a direct integral of tensor
product of the positive representations Py s:

L2(GLE (2. R)) / / Pre ® Pa—odu(N)ds (8.11)

R Ry

where () is expressed in terms of the quantum dilogarithm. Hence analogous to the harmonic analysis of
LQ(GL;%(Q,R)), it is natural to ask the following question:

Conjecture. Do the left and right reqular representations of Uyz(gl(N,R)) on the LQ(GL:I%(N, R)) space de-
compose as a direct integral of tensor product of the positive principal series representations of Uyz(gl(N,R)) ¢
Furthermore, can analogous statements be defined for Uyz(gr) for arbitrary type simple Lie algebra g?
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