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1. Introduction

The Q-operator and its generalizations are important ingredients in the study of
quantum integrable models. Namely, eigenvalues of the transfer matrices, corre-
sponding to various representations, can be expressed in terms of eigenvalues of
the Q-operator, which has less-complicated analytic properties. These features of
the Q-operators were first noticed by Baxter the early 70s in the case of ver-
tex models [1]. Later, after the quantum group interpretation of the quantum
integrable models it was realized that the original Baxter Q-operator corresponds
to the integrable model based on the simplest nontrivial quantum affine algebra
Uq(?[(2)). A natural question was to generalize this notion to the higher rank
and give a proper representation-theoretic meaning to these fundamental building
blocks for transfer matrix eigenvalues. The first idea in that direction was given
in the papers of Bazhanov et al. [3,4] in the context of the construction of inte-
grable structure of conformal field theory: the interpretation of Q-operators for
Uq(?[(2)) as transfer matrices for certain infinite-dimensional representations of
the Borel subalgebra of Uq(;[(2)). Later their results were generalized in [2,13]
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to the case of U, (;[(n)). Finally, in the recent preprint of Frenkel and Hernan-
dez [6] the full representation-theoretic description of Q-operators was given for
large class of integrable models based on any untwisted quantum affine algebra
Uy (g) and connected to the earlier description of the transfer matrix eigenvalues
via the g-characters [7]. The infinite-dimensional representations corresponding to
the Q-operator, which the authors called “prefundamental representations” were
constructed just before that in [9].

At the same time, some analogs of the Q-operators were constructed in this
way in the case of superalgebras [5,15,17]. In this article we improve the construc-
tions of [15,16]. In that paper an attempt to construct the Q-operator and asso-
ciated fusion relation for transfer matrices was made in the case of U,(C @02)=
Uy (sI@(2]1)). However, the construction given there leads to only partial result:
half of the resulting transfer matrices were built “by hands” out of Q-operators
and did not seem to correspond to any finite-dimensional representation of
Uq(C(z) (2)). In this paper we solve this ambiguity, by allowing some representa-
tions to have no classical limit (¢ — 1). The approach we are using allows to show
explicitly the similarity between Uq(Ail)) and U, (C?(2)) previously noticed on the
level of universal R-matrices [12].

The structure of the article is as follows. In Section 2 we fix the notations and
describe the relation between finite-dimensional representations of U, (osp(2[1))
and U, (s[(2)), previously noticed on the level of modular double [10]. The
approach, which can be generalized to higher rank superalgebras, is that we find
representations of U, (osp(2]1)) inside the tensor product of finite-dimensional rep-
resentation of U_;,(s[(2)) and two-dimensional Clifford algebra. Such representa-
tion splits into two irreducible representations which differ by the parity of the
highest weight and have equal dimensions. It is notable that the even-dimensional
irreducible representations obtained in this way do not have the classical limit.
We also give explicit formulas for R-matrix in these representations. In Section 3
we consider evaluation modules for Uq(C(Z) (2)), which can be obtained in a sim-
ilar fashion from evaluation modules of U,iq(A?)). We explicitly find the result-
ing trigonometric R-matrix and its matrix coefficients (with the details of calcula-
tions in the Appendix). We also introduce in Section 3 the prefundamental rep-
resentations for U, (€C?(2)) and study in detail the relations in the Grothendieck
ring of prefundamental representations combined with evaluation representations.
The relations in the Grothendieck ring lead to relations between transfer matrices
and Q-operators: in Section 4 we correct the constructions of [15], where the inte-
grable structure of superconformal field theory was studied, now changing “fusion-
like” relations by the true fusion relations.

2. Quantum Superalgebra U, (osp(2|1)) and its Representations

We define the quantum superalgebra U, (0sp(2|1)) as follows. It is a Hopf algebra
generated by even element K and odd elements £ and F such that
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K—K-!
£ Fy=EF+FE=—"T"1,
q+q-
KE = q*€K,
KF =q2FK,

where the corresponding co-product is

AE)=ERK+1RE,
AF)=FRLl+K '@ F,
AK)=K®K.

Let us choose the (odd) Clifford generators &, n satisfying
E=n=1 &n=—nt (1)

which acts in the space C!l! :=span{|+),|—)}, where |—), |+) are odd and even
vectors correspondingly, by

w=(7 o). =" ), @

such that

wien=(p °)- ®)

The following notation will play a crucial role in relating the superalgebra and
the classical case via the spinor representation:

DEFINITION 2.1. We denote by

g« =—lq )
and writing ¢ :=e™?’, g, :=¢™%%, we have
1
b>=b2+ 3 (5)

Then we have the following proposition observed in [10], which can be proved
by direct computation.

PROPOSITION 2.2. If E, F, K generate Uy, (sl(2)), then
E=E¢E, F=nF, K=i&nk (6)

generate Uy (osp(2[1)).
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Therefore, we are now able to relate the representations of Uy, (sl(2)) and
U, (0sp(2]1)). Let us do it explicitly.
Consider the s +1=2/+ 1-dimensional representation V of Uy, (sl(2)) with basis

e, m=—l,...,1
and action
! 2m 1
K-e €m q*m €m>
H- ﬁn—(Zm)e
i
E'em:[ _m]‘I* m+1°
Frep=[l+mlg,e, |,

where formally K =¢# and [n],:= q;__qu is the quantum number.
The generators &, F, K naturally act on V; ® C!!l! by means of the Uy, (s1(2))

action, and it decomposes as

wy=v,@Cl'=w}eow,, @)
where W has highest weight wF =e/ ® |&) and spanned by
WE =span{w®, F-w, F2.w, . Fwf) (8)

s

Let ¢/, . :=el, ®|+) be the natural basis of V; ® C!ll. Note that ¢/, _ is an odd
vector while ei,l, 4 is even. Then the action of &£, F, K can be written explicitly as
follows:

PROPOSITION 2.3.

_ 2ml
K- em:l: :I:q m:l:’

—:|:l_2m 2m injﬂ
L
g'em,i—[l_m]q* m+1, 5
J—m—1 !
= " {l_m}qemﬂ,;’

F -y e =Fill +mlg,e),_ 17
_q:ll+m{l+m}q m -

q —n ( ])’l n _ .1
T_z [n]q*

where {n}, :=

We notice that the representations of even dimension is something which we do
not encounter in the classical case, namely all the finite-dimensional irreducible
representations of Lie superalgebra osp(2|1) are odd-dimensional.
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Remark 2.4. Tt is well known that the finite-dimensional irreducible representations
of 0sp(2|1) Lie superalgebra have odd dimension only (see e.g. [8]). One can relate
WZ for even s to those by considering classical limit. Due to our normalization, to
do that one has to proceed through the following steps. First, one has to rescale efn
so that Fel,=e! | and renormalize E so that E/:‘F_FL:E. Then &'=¢E’, and F
are such that the commutation relations on W in the limit ¢ —> 1 are such that
[E', F1=H, i.e. the commutation relations of osp(2|1). Such limiting procedure is
not possible in the case of even-dimensional W as the coefficients will not con-
verge.

EXAMPLE 2.5. For [ = %, the representation on (Wli,nl) with basis {eig, L

1/2
—-1/2.¥

i 1
m(i@=(ﬁ§q :Figl)’ m(H)=(O _01)

m(é’)=(8 (1)) m(}‘)=(£i 8)

For [ =1, the representation on (Wzi, 7) with basis {e}i, e(l)’jF, el_l’i} is given by

e } is given by

Fq2 0 0 2 0 0
7 (K) = 0 F1 0 , mH)=|0 0 0],
0 0 Fq32 0 0 =2
0 1 0 0 0 0
mE=10 0 i@ '-q9 ), mFP)=|xq'-¢9) 0 0
0 0 0 0 +i 0

Now we will find the formula for the R-matrix acting in tensor product of W.
Let

exp, (x) = Z [r)zc'| ] )
n=0

where [n], = 11%‘{;. The the following Theorem holds.

THEOREM 2.6. The universal R matrix is given by

R=0R

H®H

where Q:=Cgq, > with C::%(l@1+i§n®1+l®i§n+$n®§n) such that

C- (=DM (=D =D (=D ®I(-D?), €€{0,1}, (10)
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and

R::equ;z(i(q*_l —qg.)ERF)
=exp_,2(—(g+q HERF)
:ZanE" ®F" (11)

where
1\n
R L I 12)
{n}q
The proof is given in Appendix.
Finally, let us give for completeness the explicit matrix coefficients of R. Namely,
we find the pairing for Ry, j, =R|W§ oW

I I I
<em/1>€1 ®€m/2’EZ,R11,12(e € B€p,.e;)

my,€,
where €; €{0, 1} indicates the parity, namely |+)=|(—1)€). Let us fix /1, > and write
I . for eﬁni.

PROPOSITION 2.7.

1)
< m’ € ®em’ €’ 11 lz(eml 61 m2 e/)>
3 / / / /
if mi —my#my—my or my—my=my—my<0.
Otherwise let n:m/1 —my, we have
el ®elz R , (" ®e2 )
’ ’ ’ ” 11,1\ my,€q mo, €
=l(11 m1+lz+m2 n— Zm]mz(_1)6162+nq%n(n—1)+2m/1m’2_

(g+g )" hi—mg!  {bt+m)y!
{n}g! (i —my —n} ! {l+my—n},!

In terms of q. and using the standard [nl,, instead, we get

Ln(m—1)+2m) i 1)6162(61*—5];1)” [ —milg! [a+maly!
[nlg.! [l —my—nlg! [la+my—n]g,!

Note that there are no more i’s using the q, notation.

EXAMPLE 2.8. For W ® W, let the basis be {e)) e/, 1®fey)s . el ).

Then R is given by
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g2 0 0 0
1 1
—32 =2, 2
R, .= 0 g« ¢! q_l)q* 0
2 0 0 gy 2 0
1
0 0 0 —q?

EXAMPLE 2.9. For W2Jr ® W2+, let the basis be {e}’+,e(1)7_,el_11+} ® {e%’+,e(1)’_,
e£1 +}- Then R is given by

2 0 0 0 0 0 0 0 0
01 0 g¢2—g7 0 0 0 0 0
00 g2 0 g:2@'=g0 0 @-gHU-gH 0 0
00 0 1 0 0 0 0 0
Rii=[0 0 0 -1 0 (¢2-agiD)gs+ar) 0 0
00 0 0 0 1 0 2—q:2 0
00 0 0 0 0 g:2 0 0
00 0 0 0 0 0 1 0
00 0 0 0 0 0 0 q2

Finally we give some remarks about the Casimir operator. In U, (sl(2)), it is
known that the center is generated by the Casimir operator given by (up to some
additive constant):

q:K +q; 1K~
(@ —aq: >
By Proposition 2.2, it is obvious that Cg ) commutes with our generators. How-

ever, it is not an element of U, (osp(2|1)). Instead, the element

I gK—q~'K"!
Cosp(2|1) =nECq10)=FE — W (14)

will be an element in U, (0sp(2|1)) super-commuting with the generators {£, F, K}.
By construction, its square Cogp(2)1) = _Cil(Z) is in the center of U,(osp(2|1)),
given by

C5[(2)=FE+ (13)

q_q—l qZIC2+q_2IC_2
(g+q=H? (g+q=DH*
up to an additive constant. Under a rescaling of the generators, this is precisely
the Casimir element of U, (osp(2|1)) found in [14].

Now it is also clear that the representations W correspond to the positive and
negative spectrum of the square root of the Casimir element \/Cosp21) =18 Cs1(2).

Cospiy =—F2E + @K +q 2 K HFE+ (15)
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3. Evaluation Modules for U, (C 2)(2)) and Prefundamental Representations

The quantum affine superalgebra U, (C @ (2)) is generated by &, Fi,K;, i =0, 1,
where & and F; are odd, with Cartan matrix given by

2 =2
(3 )
In particular, we have
Ki€;=q“ &K, KiFj=q “F;Ki, (16)

and in addition the Serre relations

X+ (31,6766 —(3),E 6, €2 -, =0 (17)
FoFj+ BN F T Fi = 3, FF F] = FiF7 =0 (18)
where {3}, = quq__f. Furthermore, for later convenience we modify the scaling of

F; and use instead the following commutation relations:

Ki—Kc;!
{5i,-7‘-i}=m- (19)

3.1. EVALUATION MODULES FOR Uq(C(z) (2)) AND TRIGONOMETRIC R-MATRIX

One check easily that we have the following spinor representation as in the
U, (0sp(2|1)) case:

5j=Ej§, .7:j=Fj77, szifﬂKj, (20)
and we also have the evaluation modules induced from (Agl))q* given by

Ei+—AE, Eo— AF

Fi—>A"'F, Fy—>A"'E

Ki—>K, Ko—K!

Then using the 2-dimensional representation of the Clifford algebra, we can con-
sider its action as before on V, ® C!I' and decompose it into Wy(L) :=W,(\)T ®
Ws(A)~.
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PROPOSITION 3.1. The action on the evaluation module Wy(\)* with basis eﬁn’i,
s=2l, m=—1,...,1, is given by

&1 .efn!i =A[l _m]4*6£n+1,¢

50~e£n’i :)\[l+m]q*elln_l’;

Fieey o =Fir " [+mlgel, | -

]:O‘ein,izzFM_l[l _m]ﬂhe£n+1,:|:

K1 'e£n,¢=i61£me£n,i

Ko- €y o =%q, "), o

Ks 'e/ln,:l: :eﬁn,:l:
In the case s =1, one can solve for the R matrix explicitly.

PROPOSITION 3.2. The R matrix for s =1, Wy(A)! @ Ws(X2)2, € € {+, —}, is,
up to scalar, given by

1-2%¢2 0 0 0
0 e1g-(1-2%) ezl —¢3) 0
R~ 0 ¢ ) 2 P (21)
1z(1—¢q;)  eq«(l—2z°) 0
0 0 0 —e162(1—2%¢2)
where 7 = A—? Alternatively, let A; =i, then we can cast it in trigonometric terms:
sinh(x; —xp —Ingy) 0 0 0
R 0 €1 sinh(x] —x3) €y sinh(Ingy) 0
a 0 e;sinh(Ingy) e sinh(x] —xp) 0
0 0 0 —er€exsinh(x)] —xp —Ingy)

(22)

In the general case, one has to calculate the action of the generators corresponding
to the imaginary roots. The explicit calculation is given in the Appendix and the
explicit form of the R-matrix is presented in Theorem A.4.

3.2. PREFUNDAMENTAL REPRESENTATIONS AND THE GROTHENDIECK RING

Let us consider the Verma modules corresponding to evaluation modules of
Uq(C(Z) (2)). Namely, let us start from the following representation of U, (osp(2|1)):

WE=(F w2, (23)

where w¥ ':ef ®|+£) as before such that K- wf==+giws.

s -
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Writing k)4 1= Frw i the basis are related to emi of the s + 1-dimensional
module W from before by

|0>i = w?: =e;)i’
[2l]q*! / (24)

ok 4ok 1k
K)r =F" wg =F"-¢) 4 =i —[2l_k]q*!el—k,j:(—l)k'

Note that |k)+ is an even vector when +(—1)F=+1.
This gives rise to the following evaluation module of the upper Borel part b, of
Uy (CP(2)) on WiE:

Eolk)+ =AF|k)+ =Alk+ 1)+,

E1lk) A5|k>i Alk1g,[s — k4 g, 1k — 1),
Kolk)+ =K' |k) £ =+q" ¢, k) =£(—DF g k) +.
Iy 1)+ IC|k>i g g k) = (=D g % k) .

Furthermore, we see that when s € Z>, Wsi(k) has a block diagonal form such
that in the Grothendieck ring of the representation of by,

IVEG)=WET+DVECD™ 6o, (25)

Let us define the prefundamental (or g-oscillator) representation of by of
Uq(Céz) (2)). The g-oscillator algebra is generated by oy, «—, H such that

1
qa+a_+q_la_a+=——4, (H, ax]=+2ay, (26)
q+q

where a4 are considered as odd elements. We consider the Fock modules
M =span{a’ |0)1 1 H[0)1 =0, a[0) L =0}, (27)

where the vacuum vectors |0)+ are even. Then, we have an important lemma.

LEMMA 3.3. The following substitution provides an infinite-dimensional representa-
tion of by:

pr(W):E1=ray, E=hraz, Ki=¢", Ko=¢7". (28)

Let us consider the tensor product o, () ® p—(Auu~1). The action of & is given
by

Er=auor®q T+ 1@u o) =t A(a— +bo)
Eo=ruo—®@q"+1@u lay)=Aay +by)
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so that we have the commutation relations

1 MZ
a_ay+q ara_=— s
q +T4q a4+ q—l—q‘l
-2
_ u
bib_+qg b b=——"
qb+ q + q+q_1

as, b52 = —q28182b52a5] s 51' € {:|:},

or, in ¢, notation we have

1 Mz
gxa-ay —q, a4 =——0m,
qx — qx
1 p?
q*b+b—_q* b—b+= 1
qx —4qx

2518
as,bs, =q;°'**bs,as,

which is similar to the bosonic case considered in [4]. Hence as in [4], the tensor
product p4(Ap) ® p— (A~ ") decomposes as

o0
P+ () ® p- (™ H=EH p™, (29)
m=0
where
P o™y = (as + by (as —ybi)"10)+ ®0) -, (30)

for k€Z=¢ and y #—q2",n€Z any constant. Note that |p,£’")) is even when k+m

is even. L
Let u=g¢2 *. Then the action of by is given by

P+ @ p— O™ KD Ip™) =g 728 p™) = (=D Fmg 2 00m ),

() ® p- ™) (Kol p™
pr ) ® p- (™) (E0) "

P+ 0) ® p— (™ H(ED I

)=q
> =q2(k+m) |plim)> — (_l)k+mqf(k+m) |,0]§m)>,
) =2l ),

—1
) = AlKlg, [s —k+ g 100 ) + ¢ 100y,

where c,((m) are constants not necessary in what follows.

We observe that the representation of by has a block diagonal form defined by
p™, which resembles the Verma module W with a shift in the factors of K.
Hence in the Grothendieck ring of representation of b, we obtain

]

[p+ () ® p- (™ D] = D U5 2 @W " (W] (31)

m=0
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where U, is the 1-dimensional representation such that £, &y act trivially as 0,
while K1, Ko acts as gf, g, ” respectively. Indeed, the action of K; on U_s_s, ®
Ws(_l) (1) is given by multiplication by

(q—s—Zm) . ((_l)m(_l)kq*—zk-h?) — (_1)k+mq*—2(k+m)‘

*

Note that [Up]=[W, (M)]=1 in the Grothendieck ring.
Let us denote by

U= _,, =C-|L)

s

the 1-dimensional representation with odd generator |—) or even generator |+).
(Here U,; :=U,) We have
USl U2 ~U. 2 (32)

m+n-

Let us introduce the parity element o :=[U;] in the Grothendieck ring. Then

Uy @Wy=WF, Uy U, ~UJ. (33)
Hence
cWEI=IWFL, olUF1=[UF1. o’=1, (34)

and we can rewrite in the Grothendieck ring:

s 1 s_ 2 o m
[+ T Mp—(gx > 2] =D U2 @WE" (W]
m=0

" [U—s—2m]IV;" (V)]

M2

m=0

=WVF 1D 0" U5 2m]

m=0

=W, W] f;

where

(U]

T o[l (35)

fi=2 0" U s am)=1U-1 D> 0" U,]"=

m=0 m=0

For simplicity, let us always fix the highest weight of the finite-dimensional mod-
ule to be even and rewrite Wy (%) := W (}).
Now from previous observation,

WV ()]=[W,(M)]+ [W:I_);l MI= W1+ Wt 1.
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Letting s+ —s — 2, we have

o4 @2 2o (@2 TN =DV, 001 foya.
Hence we have
(W )1=DVF )1 =0T,
= 7 o N @ I = £ o o (g T I (g2 T A,

In particular, letting s =0, we obtain the g-Wronskian identity:

1 _1 _1 1
L=[WoM1= £y 1o+ (@2 Mo—(gs > M1 — f o olps(gs *Mlp—(gi M1 (36)

On the other hand, let us consider the product of [Wi(1)] and [p4(1)]. Using
(36) with appropriate A:

(W11l D] = £ 4@ 1lo— (a7 W lp (D= £ 73 [+ (g M lo— (g 1o+ (M)]
= f1 o+ @M fo+ £ foolp(az ' MIp— ()]
— o4 (@ WISy foao [ (@) Tlo— (W] — f-20)
= 17 folo @M1+ 7 55 oo lp+ (@)l (a5 M ILp— ()]
—f 3 fy  foao Lo (@ PN (@) o— W1 = 73 fao o4 (g5 2]

Now using
1 1o l1—o[U-3] _
F S =130 =g =1
T o=t 3 fa=1U4],
we get the Baxter relation:
[W1(W)1lp1 (W] = U111+ ()] — o [U_11[p4 (g5 )] (37)

Similar relation holds for [W1(A)] and [p—(A)]:

[W1W)1lp- (M ]1=[U11lp- (g, ' )] = o [U_11[p—(g:1)]. (38)

4. Transfer Matrices for SCFT

The universal R-matrix for Uq(C(z) (2)) belongs to a completion of U (by) QU (b_).
In [15] the lower Borel subalgebra b_ was represented by means of vertex opera-
tors (here we use some rescaling):

Vi(u)=/d9:eiq>(”’9);::Fiﬁg(u);eﬁ(ﬁ(u):’
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where

O, 0) = (u) — %es(u) (39)

¢ (u) :=iQ+iPu+Z“n;"eintg E)i=i 12> g,

ib? b? 5
[0, P]= 75 [an, am]=7n8n+m,0a {0, 8m)=0b 8n+m,0~
< 2d_p o 2a, .
e . —exp (i Z T_ne’”“) exp (j:Zi(Q + Pu)) exp (:FZ Tne_”‘”).
n=1 n=1

These are the vertex operators acting in the Fock space and according to their
commutation relations, the substitution

2P m
Hy, — o E_ay =/0 V_(u)du

2P n
——, &y =/ Vi (u)du
b2 L

gives rise to a representation of the lower Borel subalgebra b_ with g =¢” ib?,

The R-matrix with b_ represented as above and by as in W (1) has the form
) 2
L,(A) =™ P pexp@ / AV_(u)E 4+ AV (u)F)du (40)
0

The letter g over the path-ordered exponential (Pexp) means certain regulariza-
tion procedure, which preserves the property of Pexp (see [15] for more details).

Similarly, one can consider operators L. (A), where the upper Borel algebra b
is represented via pi(L):

2
Li(W) = P pexp@ [ (WV_(w)as + AV (w)az)du (41)
0

Then define

T, () :i=sTre™ PHL; (1), TFO):=sTre™ PHL (1))
_ . (42)
QW) i=sTr(e™™ "Ly (1)),

where we consider the highest weight vector in W, (1), p+ (1) to be even, and take
the supertrace of the representation of the second tensor factor. (We ignore the
convergence of the trace here, treating it as formal series in A.)
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Then from the previous decomposition and the properties of the supertrace

s

Q. @00 @
s 1 . _ 1S
=sTr(e™ "ML (g2 2 1)sTr(e ™ P ML _(g, 2 ?1))

=sTr i1 (e”iPHR)sTr o (eniPHR)
p+(gd 2 p_(ge 2 20

s
2

= ster)(e" PHR))STr ciym (7 R)

72
mO s—2m

= z sTr(e”’PHL+(A))sTr iy (€7PHR)

—Y —2m

= ZT+(/\)STr (XTI

—s—2m
m=0

3 ]

—Z(TS(AH( DL H0)sTr i (€777

—s—2m

—(TS()\)+( 1)Y+1T+_3 2()\'))2( 1)m 27i Py (—s—2m)
m=0
e—Zm’P*(x—l)

= 1+t
—2COS(ZHP*)(TS(A)+( D*FTT (W),

2
where P, = %P. Define the rescaled operator

2 2P

Q. (1) :=2cos(27 P, )e2”’P*(,\) QL.
Then
Q+(q* 2>»)Q (g« e %k)ZZCOS(ZNP*)(TS(/\)+(—1)S“Tfs_2(k))-

Together with the other relation by substituting s — —s — 2:

Q+ (6]* %

we have

Q. (61ﬁ+2k)—2008(271P>k)T+ L),

2cos2r POT, ()=Q, (g2 TMQ_(g2 2 H=1'Q(r F TNQ_(@ ).

In particular, we obtain the quantum super-Wronskian relation:

2c0s2m P) = Q. (@i DQ_(ar * 1)+ Q4 (0 Q- (g7 h).

The Baxter T-Q relations for Q-operator follow from previous section:

Ti(M)- Qi) =+Qu(¢:2) FQulgr M)

1033

(43)

(44)

(45)

(46)
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The fusion relation, which follows from the quantum super-Wronskian relation, is

1 _1
TS(CI*Z)\)TS(Q* Z)L)ZTS+1()‘)T371()‘)+(_l)x- (47)

This relation is similar to the one considered in [15], but now all the transfer
matrices correspond to the representations of Uq(Céz) (2)). In particular,

T20) =Ty (@2 MTi(gs ) +1. 48)

Therefore

1

nTa(g22) =Ti(g)Ti (M) + 1,

so that the Baxter relation for T, is as follows.

1

Ta(g2 M)QL () =Qu (W) + Ty (g2 (£Q 1 (g:A) FQy (g ' 1))
=Q. (W) +QL(g2) — QM) FT1(g:M)Qu(gr 1)
=Q.(¢2M) FT1(g:1)Qu(g ')

Moreover, one can write down the expression for each Ty in terms of either one
of Q4(A) using the quantum super-Wronskian relation:

32 (—1)kED

_i)\) Z p 1

1 _1
k=—s/2 Qi(q*—’_z)\)Qi(qu 1)

[SIEd

syl _
T, () =Qx(g2 *1)Qx(qy (49)

The T,-transfer matrix has a classical limit of the trace of monodromy matrix for
super-KdV equation. The asymptotic expansion of it should produce both local
and nonlocal integrals of motion for superconformal field theory (SCFT). We sup-
pose that operators Qi (A) possess nice analytic properties as in the Ail) case [3].
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A. Appendix

Let us introduce the g-numbers:
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such that
n_ ,—n
[n], = q qil
qx — g«
=in71 qfn _ (_l)nqn
q+q7!
=in_1{n}q

with the usual notation in superalgebra

A.l. R-MATRIX FOR U, (0sp(2|1))

Let us prove Theorem 2.6 that the universal R matrix is given by

R=0QR,

H®H

where 0=Cq, > with C=3(1®1+ifn®1+1®ién+En®En) such that

C- (=DM I(=D?) =D (=D @ (-D)?),

and

R=exp,2(i(q; ' —4:)E®F)
=exp_,2(—(g+q HERT)
= Zanc‘)” QF".

Note that using

[n],-2= (=)' " {nly,

we have
—1\n
anz(—l)nq%”(”_l)—(q—i_q ) )
{n}q!
By definition a, satisfies
-2
ap _ (1+61 )
ap—1 {n}q

The properties of an R-matrix states that

AP(X)R=RA(X), X elyosp(2[l),

1035

(50)

(1)

(52)
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i.e. on the generators we have

KQE+ERDNR=RIQE+ERK) (53)
1IF+FRIK HR=RK '@F+Fx®1) (54)
(KQK)R=RKSK) (55)

To prove that R satisfies the properties of the R-matrix, one checks that

K®E0=0(18E) (56)
E@DHO=0E®K™) (57)

which follows easily from the commutation relations of the Clifford algebra, and
(IQE+ERK HR=RU®E+ERK) (58)

The calculation for F is similar, while the relation for X is trivial since it commutes
with every term. Using

_l n_, —n n
(=D"q "{n}q K-

1 rn—1
o il (59)

qn{n}q 1
EF'—(-D)'F'E=—FKF"
(1) o +
we have

(8®K71)(5n®]:n)_(gn®fn)(g®lc)=gn+l®K*lfn_(_1)nq2ngn+l®lc‘7:n
(IREE"@F)—(E"RFHURE)=(-D"E"QEF" —E"QF"E
nqn{"}q n n—1
=(-1)'——=
Ve e kF
g "{n}
l+q~

Hence adding up both sides, we need ap=1 and

_I_

;I(c:n ®K_1.7:n_1

q_n{n}q
14¢q2

n
-1, 2(n—1) q"{nlq
(=D" q "Va,_1—(=1" 1+q2 An

ap—1+ a, =0

=0

both of which is equivalent to

an n(1+6]72)

an—1 {n}q

as required.
By writing formally

K=q" =itng!,

the following proposition shows that up to a constant, the Cartan part of the uni-
versal R-matrix using the Clifford generators coincides with the usual expression.
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PROPOSITION A.1. On the space WST '® WS?, we have the action

H/®H/ H®H

q 2 =(-1kgcg, ? (60)

where C is the Clifford part %(1®1+i§n®1+1®i§n+én®$n) and H' reproduces
the action of K on W*:

N

i
H' = H_lmni i
H-(+Dg, -

with s =2I.

Proof. For simplicity, consider the action on the basis e e Wi @ W, The
action on other parity is similar. Then we have

H'®H' H®H
2 (

g2 =q 2 ("Tehuei g
:q2nm(_1)—l2m—lln21'

while

H®H

Cqy” = (—1)(ll_m)(12—n)q£mn
= (=1)~mn g2 (—1)himma—n)

— (_l)lllz—lzm—llnq2mn

A.2. UNIVERSAL R MATRIX FOR U,(C®(2))

Recall from (19) that we have rescaled our generator F; from the usual definition

by c= q+‘1:: . Hence modifying the constants from [11,12] accordingly, the univer-

sal R matrix in general is of the form

R=0R.oRoR <0, (61)
where
H{®H
0=g¢ 124 +Hy®Ha+ Hy®H; (62)

with Hs= Hy+ H; and H; the extended generators such that

[Hy, Eol=E&y, [Ha, E11=0,
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and

Roo=[]exp_y2 (=" @7 +@)Eatns ® Fartns),

n>0
Reo=[]exp_y2 (=" @ ™" +@)E—atns ® Fo—atns),
n>0
_ ng+a .
0=¢€xXp Zm n8 @ Fns |
n>0

where the imaginary generators &,s+q, Fns+—o are defined below.

PROPOSITION A.2. The Cartan term can be replaced using the Clifford part:

H|®H)|

0=Cgqy :

+Hs®@Hy+Hi®Hs (63)

Proof. We just need to check that the following same commutation holds:
E@eho=EeK), &eho=(EK;"
Fekiho=FEel, (Fek;ho=Fel
Kr®&no=01&¢&), Ki®&)Q=1&~&)

AFNO=K1®F), (1®F)Q=(Ko®F))

Then it follows that the Clifford part C commutes correctly with the odd elements
because & = E;&,F; = F;n and K; = K;ién as before, and the even part follows
from the relation of U~ (Ail)). O

Let us define the following notations for the generators:

1=y, E0=Es5—

Fri=Fa, Fo:=Fs-a

Ki:=Ko, Ko=Ks_o

Ks =KaKs—q.
Then using

[eﬁ, eﬂ/]q =egeg — (—l)e(ﬁ)e(ﬁ/)q(ﬂ’ﬂ/)eﬁ@ﬂ, (64)
where 6(B) is the parity of eg, we define

Es=[Ex, Es—aly =E1&0+q2EEN,
Fs=[Fs-a. Fulg1 =FoF1 +q* Fi Fo.

Both &, Fs are even.
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Next we define

1

Ensta = ——[En—1)s+a, Es,
q9—49
1
Fnsta = —[Fs, Fn—1s+al,
q—4q
1
g(n+l)5—a = ] [Es, 5118—0[]’
q—4q
1
Fnt1)s—a = — [Fns—a: Fsl-
q—4q

These are all odd.
The pure imaginary roots are harder to define. First we define

gy/ls =&, gnS—a]q =E4Ens—a +q725n8—aga,
f};s =[Fus—as ]:oz]q—l =Fus—aFa +q2-7:a~7'—n87a.

Note that £ = &5, Fy=Fs. Then the pure imaginary root vectors are defined recur-
sively by

_ g~ HZri-1 )
€= > (g—q7) X pi—D EDPI - (),
il pu! "
p1+2p2+-+npp=n
-1_H2ri-1 L= 1)
Fps = z (g q) >p ) (]_-’/15),,” "'(-7:3/)'”1-

1.eip |
PIH2p2+++npa=n P1sePn

More explicitly, using generating functions:

E@)i=—(g+q D &,

n>1

Ew):=—(q+q ) D Ewu",

n>1

F)=(@+q "D Fsu™,

n>1
Fu):=(q+q ") D> Fasu™",
n>1
we have

E(u)=—-1+expEw), Ew)=In(1+E (1))

and similarly for F(u).
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PROPOSITION A.3. We have the following action of the non-simple generators on
WEQ):

Ex-ehy s =220 (Gl m 410y, =g U =m+11,. ) €],

Fyehy e =020 (gl = m o+ Vg, =g U4 m 11y, )
€n8+a .eﬁn 4 :lnk2n+lq;2n(m+l)[l —m]q*eiﬁ_l’;
5(n+l)8—oz 'ef'n,:lz_ -11)“2n+1q—2nm[l+m]q* in 1$

—:|:ln I)L 2n—1 an

Fns+a-€ [l+m]11* m— 1:F

— " 1)» 2n— lqin(m+1)[l_

!

m,

l
Fn+1)s—a “Cm,t m]q* m+1,F

!

m

;,5 .e ’j: =l~n71)\2nq*72(n71)m ([l +m]q* [l —m + l]q*
0. 7" = mlg, 1+ m o+ 1, ) €), -
w5 e =" 07220 ([l [ —m 1,

—g2" (1 —m), [l +m+1], ) e 4.
By the generating functions, we get

! A2 !
Ens - Cpt = i" TN(L m,n, q*)emi,
—2n

/ -1
Fus - €y v =1"

—1\ 1
N(l9m7n7Q* )em)iy
where

N, m,n,q):=q """ @D +m)), — g "V —m)ly)

q2nl +q—2n(1+1) _q—an _q—Zn(m+l)

-1

q9—49
THEOREM A.4. We have the following expression for R:
R=Q0R-oRoR <o,

where the matrix coefficients of each component are given below expressed only in
terms of qx:

o The matrix coefficients of R~ is given by:
!
< m’, /®e 3 /|R>O|eml gl®en%2,ez)=0

. / !/ / /
if my —my#my—m), or mi —my=my—m; <0.



Q-OPERATOR AND FUSION RELATIONS FOR UQ(C<2) ) 1041
Otherwise let n :m/1 —my, we have
I
( m,€; ®e 5 |R>0|eml €] ®e”2lz,€z)
3 (—1)"<ﬂ+€2 Dige—q; )" 0" [h—mly,! [ +moly,!
HZ:I ()% _ q*2m2—2m1—2k)\%) [n]g !l —my —nlg, ! [Io +my —n]gy,!

_—2n
where |n],, = ll_q*fz .

qx .
° Similarly, the matrix coefficients of R.o are given by

’ —
< m €] ®e 5 ’|R<0|em1 € ®e,,2l2’€2)—0

if my —my#my—mly or m\ —my=my—m}>0.
Otherwise let n=m; —m’l, we have
[ _
( ®€ / /|R<O|eml €1 ®er3;2,52)_0

3 (—1)"<fl+fz V(g — g1 (i2)" [ +mily,!

= szl(kg _q*2m2—2m1+2(k+n—1))\%) [nlg, !l +my —nlg ! [Ip —my —n]g,!

e The matrix coefficients of R are given by

1 _
1+my )»2 _)L%q311+212 2k+2

Lo N_ s
RO(eml 6 ® sy e) =T H 22 2ma—2m 42k
k=1 — A9

I}
2+my AZ )quZmz 2my—2k

X
2 2 =21
k=1 A7 —A1Gx "

where

242k—2 m1 € ®em2 &’

fq(ll,?nl,lz,)nz)=exp(
¥ 9%

n>0

=ex -{—) [2h]1,[25] —t .
p(Z"<X2 PR g

n>0

e Finally, the action of Q is given by

53 _ €16 2mimy 1 153
Q(eml € ®eM2»€2) =(=D""q; €mi,e; @ Cmyer

EXAMPLE A.5. When /; =l =1, we have

1 0 0 0
0 )“%_A% Maalgr =g 0
o 2g el -22g
Rf’i( )»2)_6]* fa. 19+ 712 * 1 =5
202 0o * )»2(11* —qx) MM 0
R T YV e

0 0 0 -1

zl MY @ =" g — g
n )\,2 qzn —2n
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Zl(ﬂ)zn qZ—q*‘”
n\t2/) qt+q"

n>0

where
fq*()hlv)\2)3=exp(
Note that up to a constant we recover our previous formula (21).

EXAMPLE A.6. Using Theorem A.4, we found for example that the universal R
matrix acting on W2+ ® W2+ is given by

a .
b d .
.oc f g
5 d b
Rl,l(xl,xz)z‘ﬁl—ﬁ —h _e —h .
b d
g foo.
d b

where A; =¢e*l, Ay =¢e*2,

a=4sinh(x; —xy —Ingy) sinh(x] —xy —21Ing,)
b=4sinh(x; — x3) sinh(x] —xy —Ingy)

¢=4sinh(x; —xp) sinh(x] — x> +Ingy)

d =—4sinh(x; —x; —Ing,) sinh(21n g4)

e=2cosh(2x; —2x; —Ing,) —4cosh(lng,) +2cosh(3Ing,)
f=4¢; " sinh(x; —x2) sinh(In g,)

g =4sinh(Ing,) sinh(21ng,)

h =8¢, sinh(x] — x3) cosh(In ¢,) sinh(2 In ¢4)

and all other entries are zero.
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