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1. Introduction

We consider the following L,-Minkowski problem,

det(V2H + HI) = fH?™' on S™, (1.1)
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where H is the support function of a convex body K = Ky in the Euclidean space R"*1,
I is the unit matrix, f is a given positive function on the unit sphere S™, and p is a
constant. The main result of the paper is

Theorem 1.1. For any p € (—n — 1,0), there exists a positive function f € C*°(S™) such
that equation (1.1) admits two different solutions.

To prove Theorem 1.1, we will construct a smooth, positive function f, which is
radially symmetric in 1, -, z,, and also symmetric in z,1, such that equation (1.1)
has a solution with small volume. By [7] there is another solution whose volume has a
positive lower bound depending only on n, infg» f and supg. f. Therefore we have two
different solutions for equation (1.1).

The L,-Minkowski problem was introduced by Lutwak [16] and has been studied
by many authors [4,5,7,11,14,15,17-21]. One of the main questions is the uniqueness of
solutions. In particular, a solution to (1.1) is also a self-similar solution to the Gauss
curvature flow, of which the uniqueness has been extensively studied.

Denote ¢ = 1 —p. When f = 1, the uniqueness has been obtained in the case ¢ = n for
all n [9] and in the case n = 2 and ¢ = 1 [1]. Whenn =1, ¢ = 1, and f is symmetric with
respect to the origin, namely f(0) = f(6 + 7), the uniqueness was obtained in [10,13].
When ¢ < —n, the uniqueness can be obtained by the maximum principle [7]. One can
also find some uniqueness results in the case ¢ < 0 for symmetric f in [16]. In the discrete
case a uniqueness was established for the Lo-Minkowski problem in [20].

On the other hand, it is well known that when g = n+2, all ellipsoids with the volume
of the unit ball are solutions of (1.1) with f = 1. The uniqueness is more delicate in the
case ¢ > n+2, at least when n =1 [3]. In [7] it was shown that the solution may not be
unique if ¢ € (1,n+2) and is very close to n+ 2. In contrast to the uniqueness in [10,13]
for n =1, ¢ = 1, and symmetric f, a surprising nonuniqueness result was discovered in
[22] for nonsymmetric f, also in the case n =1, ¢ = 1.

The uniqueness of solutions for the case 0 < ¢ < n + 2 attracted much attentions
as it is related to the limit shape of Gauss curvature flows of convex hypersurfaces and
has received considerable investigations. See [1,2,6,8,9] and the above discussion. The
uniqueness of solutions has been conjectured for a number of special cases, including in
particular the case f = 1 and ¢ = 1 [12]. Our theorem above shows that for general
positive function f, there may be more than one solution to (1.1), for all ¢ € (1,n + 2)
and all dimensions n. It implies that the limit shape of anisotropic curvature flows is
usually not unique.

We will first prove Theorem 1.1 for the case p € (—n — 1,—1) in Sections 2 and 3,
and then for the case p € [—1,0) in Section 4. In Section 2 we construct an f. such that
equation (1.1) has a solution H. of small volume. Then in Section 3 we show that there
is a solution to (1.1) of which the volume has a positive lower bound. In Section 4 we
extend the example to the case p € [-1,0).
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2. A solution with small volume

Denote 6 =n+2—gq € (0,n+ 1). Let

I 0
M, = diag(1,---,1,e) = ( ) (2.1)
0 ¢
be a matrix, where 0 < ¢ < 1 is a small constant and as before I is the unit n x n matrix.
Consider the equation

det(V2h + hl)(z) = |M.z| 7%, =€ S™ (2.2)

Equation (2.2) is just the classical Minkowski problem. As its right hand side satisfies
the necessary condition fS" au‘;€|M59L‘|_‘S =0 forall 1 <k < n+ 1, there is a solution,
which is unique up to translation, to the equation.

Let he be the unique solution to (2.2) such that the centre of the associated convex
body K, is located at the origin. Note that h. is radially symmetric in z,---,z, and
symmetric in x,41. Define

2 _ M1
H_(z) = (det M.)™+a - M x| - he (ﬁ) , (2.3)

then H, is the support function of a convex body K., and Ky, can be obtained from

K}, by making the coordinate transform x — M 'z and then making a dilation x —
2

(det M.)"Fazx.

Lemma 2.1. The function H. satisfies the equation

det(VZH. + H.I) = IZZ on S™, (2.4)
where
he(w) = e ( M ) . (25)
217
Proof. Let

ML
ue(z) = [M. " a) - he (M) : (2.6)
€

By the invariance of the quantity h?2 det(V2h. + h.I) under unimodular affine trans-
formations, see Proposition 7.1 in [7] or formula (2.12) in [15], we have

M1 det M1)?
det(V?ue + ucT)(x) = det(V2he + hel) <M€1i> . |(]\;1;|n22'
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Here we note that M! is not a unimodular transformation. Since h. satisfies equation
(2.2), we have

(det M 1)?

— 1)
det(VQUE + UEI)<x) = |M€ 1‘II"| : |M;1l'|n+2
1
= . 2.7
(det M )2V T >0

Therefore by the definition of H, (2.3), one gets

det(V2H. + H.I)(z) = (det M.)"%a det(V2u. + u.T)(x)
1
240 114
(det M)+ | M |

ha

=—=. O
H!

To estimate the volume of the convex body Kp_, one needs to study the convex body
Kj,_, or equivalently the support function h.. When § € (0,n), we have the following
uniform estimates.

Lemma 2.2. When 2 < q < n + 2, there exists a positive constant C, independent of
e € (0,1], such that

C'<h.<C onS". (2.8)

Proof. One can easily see that the area of 0K}, is uniformly bounded from above. In
fact, since

|Mcx| > /1—22,, YaeS"andee(0,1],

and noting that 6 = n + 2 — ¢ < n, we have

area(0Ky,) = /det(VzhE + hl)

Sn

— [ it
Sn

< /(1 —ap )
Sn
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where C' is a positive constant depending on n, 4 but independent of €. By the isoperi-
metric inequality, we obtain

n+1

vol(Kj,) < Cparea(0Ky, ) » <C. (2.9)

Assume h. attains its maximum at point z. € S™, namely h.(z.) = maxgn he. By
convexity and recalling that h. is symmetric, we have

he(z) > max h, - (xc,z) VaeS"
Observing that
[Mez| <1 VzeS®andece€(0,1],

by equation (2.2), we have

1
vol(Kp,) = / he det(V?he + h.I)

n+1
S'n.
= —— [ hef@)| M|
= ()| M.x
Sn
1
> h.
> = [ het@)
S’n
ECnmaXhE-/@E,x)
Sn
= C, max h,,

where ST = {z € 8™ : (z.,x) > 0}. Therefore we obtain from (2.9) that
max h. < Cy, vol(Kp,) < C. (2.10)

The second inequality of (2.8) is proved.
To prove the first inequality of (2.8), we make use of the concept of minimum ellipsoid
of a convex body. Let Ej_ be the minimum ellipsoid of K},_. Then we have
! By, CK, CE
o 1 he he he-
By the symmetry of Kj_, the centre of Ej_ is at the origin. Let Ry > --- > Ry 41 . be
the lengths of the semi-axis of Ej,_. Then
Ry < (n+1)max he,

Rpt+1,e < (n+1)minh,.
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Hence

vol(Kp,) < vol(E.)
S wn+1R?75Rn+1,s

< Cp(max he)™ - min h,,
where w,, ;1 is the volume of the unit ball in R™**. By (2.10) it follows that
1 < Cp(maxh.)" ! minh..
The first inequality of (2.8) follows. O
Now let
fe = h. (2.11)

In view of (2.5) and (2.8), there exist two positive constants Cy, Cs, independent of ¢,
such that

Cy < f. <. (2.12)
From (2.4), H. is a solution to
2 _ fE n
det(V°H. + H.I) = g on S (2.13)
g

By (2.3), we have the volume estimate

vol(K ) = (det M.) "#a - det M' - vol(K),.)
= (det M.) 7+ vol(Kp.). (2.14)

Note that det M, = €. Hence when 0 < § < n, the volume of Ky, can be as small as we
want, provided ¢ is sufficiently small.

Remark. From the transform (2.3) and estimate (2.8), one easily sees that there is no
uniform upper bound for the solution H., when £ > 0 is small.

3. A variational solution

In the paper [7], the variational problem

st}ip {yienigh J[h(z) —y - z] : vol(K}) = 1} (3.1)
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is studied. Here h is the support function of a non-degenerate convex body K} with
volume vol(Kj},). The functional J[h] is given by

1

=
Sn

For convenience we recall the following existence result in [7].

Lemma 3.1. (See [7].) Let 1 < g < n+2 and f € L*°(S™) be a positive function satisfying
(2.12). Then the variational problem (3.1) admits a mazimiser H which satisfies, for
some Lagrange multiplier A > 0,

det(V2H + HI) = ?I—J; on S™. (3.2)

When f(z) = f(—=x), one can consider the problem (3.1) in the restricted class h(z) =
h(—x). One can follow the same arguments as in [7] to show that a maximiser H exists
and its corresponding convex body is centrally symmetric.

By this lemma, we obtain a solution to equation (1.1). Let

~ 1
H=)\ »taH. (3.3)

Then H is a solution to equation
det(V2H + HI) = % on S™. (3.4)

The volume of the corresponding convex body Kz is

vol(K ) = A™ e (3.5)

We need to estimate the Lagrange constant A. It is given as follows. Multiplying H
to both sides of equation (3.2) and taking integration, we have

1
1 =vol(Ky) = —— /Hdet(v“'H + HI)
Sn

_ A / f
- n+1) Hal
Sn

_ %J[ﬂ]. (3.6)

The Blaschke-Santalo inequality for centrally symmetric convex bodies is given by

1 w2
V() [ st <
S’!L
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where h(z) = h(—z) is the support function of any centrally symmetric convex body
and w,, is the volume of the unit ball in R™. Using this inequality, we have

1

g—1) Ha1
S‘IL

J(H) =
n+2—q

B supf 1 % 1 n+1
Cq—1 Ha-1
Sn

Sn

< Cpsup f -

=T,o1
On the other hand, let hy be the constant function w,?j_{mﬂ) which is the support
function of the ball centred at the origin whose volume is equal to 1. From the variational
characterisation of H, we have

_ Cpsup f

J(H) 2 H(ho) = =2

From (3.6), we thus obtain
Clinf f <A ' <C,supf.
Ssn Sn
By (3.5), we see that there is a positive constant C,, depending only on n, such that

n+1 n+1

nta < vol(K ) < Cp(sup f)n+a. (3.7)
Sn

C, (inf £)

Now we let f = fe be the function in (2.13). Denote the corresponding variational
solution by H., which is the support function of a convex body K .- By virtue of (2.12)
and (3.7), one has the estimates

03 S VOI(KHE) S C4,

where C3, Cy are positive constants depending only on n, ¢, C; and Cs. But recall that
for the solution H, given in (2.3), the volume vol(Ky_) — 0 as € — 0. Hence H, and H.
are two different solutions. We have therefore obtained the nonuniqueness of solutions
to (2.13) for small € > 0, in the case ¢ € (2,n + 2).

Remark. As f is rotationally symmetric with respect to the z,1-axis, one may consider
the supremum in (3.1) in the family of rotationally symmetric convex bodies and obtain
a rotationally symmetric solution. Therefore for equation (2.13) the two solutions we
obtained are both rotationally symmetric with respect to the z,41-axis, and so are
smooth.
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We also remark that the idea of our proof is based on the observation that vol(Kpy,)
is small. But when ¢ = 1 and ¢ = n + 2, one can prove that for any solution to (1.1), the
volume of the associated convex body has a positive lower bound. Therefore our con-
struction of more than one solution does not cover the case ¢ = 1. In fact, as mentioned
in the introduction, when n = 1 and ¢ = 1, the solution is unique when f is symmetric
[10,13].

4. The case 1 < q < 2

We have proved Theorem 1.1 for the case 2 < g < n+ 2. In this section we show that
the solutions H, and H. given in (2.3) and (3.3) are different even when 1 < ¢ < 2,
provided ¢ are sufficiently small.

Recall that K}_ is radially symmetric in z1, - - -, z,, and symmetric in x,,4;. We denote
Ry =Ry =h(1,0,---,0), Ryt1 = Rpy1.e = he(0,---,0,1). Namely R; and R,,41 are
respectively the values of h. on the equator and at the north pole of the sphere S™.

Lemma 4.1. There exists a constant C' > 0, independent of € € (0,1], such that

RnJrl < CRl. (4'1)
Proof. Denote S, = {z € S" : |z,41] < n} and S7 = S™\ 5, where n € (0,1) is a
constant. Let 'y = {p € 0K}, : G(p) € S} and T'j, = 9K),, \ I';), where G is the Gauss

map of 0K}, namely G(p) is the unit outer normal of OK},_ at the point p.
If (4.1) is not true, we have

area(I';;5) >> area(I'] ).
On the other hand, by equation (2.2) we have
area(I'yj2) = / det(V2he + hI) = / |M_xz|~°. (4.2)
S1/2 S1/2

Note that

sup |[M.z| =0 < iglcf |M.z|=% ¥ ne(0,1)ande e (0,1].

n

Hence the right hand side of (4.2)

< Cp / \M.z| =% =C, / det(V?he + heI) = Cp area(T5 ). (4.3)
i/ 5%/

We reach a contradiction. 0O
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By equation (2.2), we have as ¢ — 0 that

area(0K},) = /|M5:c|*5
Sn
B { (C+o(1))e?2 ifl<g<?2,

(C+o(1))loge| ifqg=2, (4.4)

where C is a positive constant independent of . On the other hand, by Lemma 4.1 we
have

C’*lRﬁ1 < area(0Kp_) < CR;".
From (4.4) it follows that

Cle <R <O ifl<qg<,
C~Hloge|™ < Ry < Clloge|V/™ if ¢ = 2. (4.5)

Observing that
vol(Kp,) = CRY Ry,
by (2.14) we obtain
vol(Ky,) = eta vol(K},)

(g=1)(n+q—2)
ot Ry i< <2, (4.6)
C

et loge|Rpy1  ifg=2.

Now consider the solution H. given in (3.3). From (3.7), we have

vol(K ) > Cinf fo) 5.
Noting that f. = fzg and that infgn ?Ls = infgn h., we see that

q(n+1)

vol(K ) = Cinf he) ¥

a(n+1)

> CR," . (4.7)

In order to prove that H, and H, are two different solutions, we need that,

vol(Kg_) > vol(Kp,). (4.8)
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By (4.6) and (4.7), it suffices to have

Rt Ce" ifl1<q<2, (4.9)
n+1 n .
* Celloge =2 ifg=2.

So it suffices to give a lower bound for R, ;1 to complete Theorem 1.1. In fact we have
the following

Lemma 4.2. For 1 < q < 2, we have

2-g)(n-1)

0 fl<qg<?2,

Roa~{c 7, Ui<a (4.10)
[loge|™=  ifqg=2.

Here the notation “~” means the ratio of the two sides has uniform positive upper and
lower bounds.

Proof. Let u. be as (2.6), K,_ be the corresponding convex body. From (2.7), we have

1

area(0K, )= [ ———— = (C4+o0(1))e™!, Vg>1. 4.11
00) = [ S = (€ Hol)e Y (4.11)
Sn
Denote
™ =T1e = us(l,ov t 70) = Rla
Tn4+l = Tn+le = u€(07 Tty 07 1) = <<5_1—Rn+1~
Since

area(0K, ) =~ + 1" tr 4,
multiplying both sides by €, and noting (4.11), we obtain
~eRY+ R 'R
On account of (4.5), eR} << 1, which leads to
1~ R 'R, (4.12)
By (4.5) again, we have (4.10). O

Combining (4.9) and (4.10), we obtain (4.8). Therefore the case 1 < ¢ < 2 of Theo-
rem 1.1 is also proved.
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