Journal of Functional Analysis 274 (2018) 826-862

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Functional Analysis

www.elsevier.com /locate/jfa

A priori estimates and existence of solutions to the @ Cosetark
prescribed centroaffine curvature problem ™

Huaiyu Jian ", Jian Lu %" Xu-Jia Wang "

2 Department of Mathematics, Tsinghua University, Beijing 100084, China

b Centre for Mathematics and Its Applications, Australian National University,
Canberra, ACT 0200, Australia

¢ Department of Mathematics, Zhejiang University of Technology, Hangzhou
310023, China

ARTICLE INFO ABSTRACT
Article history: In this paper we study the prescribed centroaffine curvature
Received 1 April 2017 problem in the Euclidean space R”*!. This problem is

Accepted 30 August 2017
Available online 5 September 2017
Communicated by Cédric Villani

equivalent to solving a Monge-Ampeére equation on the unit
sphere. It corresponds to the critical case of the Blaschke—
Santal6é inequality. By approximation from the subcritical
case, and using an obstruction condition and a blow-up

Keywords:

Monge-Ampére equation analysis, we obtain sufficient conditions for the a priori
Centroaffine curvature estimates, and the existence of solutions up to a Lagrange
Minkowski problem multiplier.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Given a hypersurface M in the Euclidean space R"*!, the centroaffine curvature x of
M at point p is by definition equal to K/d"*2, where K is the Gauss curvature and d is
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the distance from the origin to the tangent plane of M at p. The centroaffine curvature
k was first discovered by Tzitzéica [31] in 1908. It is invariant under transformations in
SL(n 4+ 1) and is an elementary quantity in the affine differential geometry and in the
theory of convex bodies [8,13,14,21-23,25,27]. It appears naturally in geometric objects
such as affine normal and affine spheres, and plays a fundamental role in the study of
many geometric problems [1-3,9,15,16,19].

In this paper, we consider the following prescribed centroaffine curvature problem.
Given a positive function f in R™*!, find proper conditions on f such that there exists a
closed convex hypersurface M in R"*! surrounding the origin, of which the centroaffine
curvature k at a point p € M is equal to f(p).

The corresponding prescribed mean curvature and Gauss curvature problems, namely
the problems with the centroaffine curvature replaced by the mean curvature or the
Gauss curvature, were raised by Yau [34]. In the case of Gauss curvature, the problem
was studied in [10,26,30,33].

Let H be the support function of the polar body of M. We show in Section 2 that
the problem is equivalent to solving the following Monge—Ampeére equation,

where V2H = (V;;H) is the covariant derivatives of H with respect to an orthonormal
frame on the unit sphere S™, and I is the unit matrix.

Problem (1.1) is closely related to the L,-Minkowski problem [22],
det(V2H + HI)(z) = f(z)HP™! z e S", (1.2)

where f is a positive function on S™. The L,-Minkowski problem is an extension of the
famous Minkowski problem (the case when p = 1), and has been extensively studied
recently [5,9,11,18,24,32]. In particular a solution to the L,-Minkowski problem is also
a self-similar solution to an anisotrophic Gauss curvature flow, of which the asymptotic
behaviour of solutions has attracted much attentions [4,12].

Equation (1.1), or equation (1.2) in the case p = —n — 1, is referred to as the cen-
troaffine Minkowski problem [9]. The centroaffine Minkowski problem is also of interest
in the image processing. In image processing, one hopes that the deformation of image
is invariant when one looks at the picture from different angles. In other words, the
image processing should be invariant under projective transformations. For this purpose
an evolution equation was introduced in [2], which becomes a centroaffine Minkowski
problem if one deals with self-similar solutions.

In this paper we establish the a priori estimates and existence of solutions to equation
(1.1). As the centroaffine curvature is invariant under projective transformations on S,
all ellipsoids of volume | B;(0)| have constant centroaffine curvature 1, namely they are all
solutions to (1.1) with f = 1. Therefore conditions are needed for the uniform estimate
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of H. In fact an obstruction was found in [9] for the existence of solutions, which means
that for some f there is no solution to equation (1.1).

On the other hand, equation (1.1) corresponds to the critical exponent case of the
Blaschke—Santal6 inequality [9]. Therefore one may employ the variational approach to
study the problem. As is well known, the critical exponent case is usually very compli-
cated. So we will first prove an existence result in the subcritical case, and then establish
the a priori estimates and prove the existence of solutions by approximation.

For a support function H, denote the volume of the associated convex body by vol(H),
namely

1

vol(H) = v

/Hdet(V2H+HI). (1.3)
Sn

Then we have

Theorem 1.1. Let f be a bounded and positive function in R" 1. For any positive con-
stants v > 0 and q € [n+ 1,n + 2), there exist a number A > 0 and a positive support
function H € CY7(S™) for some v € (0,1) with volume vol(H) = v, which solve the
equation

_ M(x/H)

det(V2H + HI)(x) 1

ze S, (1.4)

The above theorem deals with the subcritical case ¢ < n + 2. By approximation to
the critical exponent case ¢ = n + 2, and using a blow-up analysis and the necessary
condition in [9], we find sufficient conditions for the a priori estimates of solutions.

Theorem 1.2. Let f € C1(R"*) be a positive function. Assume that

F(@) = f(o0) + Brx—‘fl) as |z] = 0o, (1.5)
for constants a > 0, f(o0) >0, and 8 # 0, and
either f(z) > f(00) or f(z) < f(o00) Vo€ R (1.6)

Let H be a solution to (1.1). Then we have the a priori estimates
cl<H<C, (1.7)
where C' is a positive constant depending only on n and f.

By Theorems 1.1 and 1.2, and using approximation, we obtain the following existence
result for equation (1.1).
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Theorem 1.3. Let f € C*(R"T1) be a positive function. Assume that f satisfies (1.5) with
B >0 and

f(z) > f(o0) Vo € R (1.8)

Then for any positive constant v > 0, there exists a number A and a support function
H e C?Y (V€ (0,1)) with vol(H) = v which solve the equation

Af(z/H) "
Remark. In Theorem 1.1, it suffices to assume that f is a positive and bounded function.
In this case, the solution is C*7 for some v € (0,1) [7]. In Theorems 1.2 and 1.3, we use
condition (2.7) and so f € C1(R"*!) is needed. The assumption f € C*(R"™!) implies
that H € C?7(S™) for all v € (0, 1).

The prescribed centroaffine curvature problem is related to the Blaschke—Santal6 in-
equality

1 w2

inf vol(H — _dogn < —2_ 1.10
ow dnf voltH) [ g o < 5 (110
Sn

just as the prescribed scalar curvature problem related to the Sobolev inequality. Here
dogn denotes the volume element of S™, and w, = fsn dogn. The prescribed scalar
curvature equation on the sphere

1
—Agnu + §n(n —2)u = R(xz)u? on S™ (1.11)

has been studied by numerous authors (see, e.g. [28]), where p = 2. To prove the a
priori estimates and the existence of solutions to (1.1), we use the blow-up approach.
The first step is to prove the existence of a solution H, to (1.4) in the sub-critical case
g € [n+ 1,n+ 2). Even in the sub-critical case, the Monge-Ampére equation (1.2) is
more complicated than (1.11). It is well known that the solutions to (1.11) are uniformly
bounded in the sub-critical case 1 < p < Z—Jjg But this is not true for equation (1.2).
There may exist infinitely many solutions to (1.2) which are not uniformly bounded in
the subcritical case [17].

The second step is to find conditions on f such that H, is uniformly bounded for
all ¢ € [n+ 1,n + 2). Suppose that sup,cgn Hq(x) — 00 as ¢ — n + 2. We normalize
the associated convex body to get a new support function fIq, of which the limit Huo
satisfies equation (1.1) for a different function f.,. In order that this blow-up argument
works, it is crucial to have a classification of the limit shape Heo.

However, unlike the prescribed scalar curvature equation (1.11), where the limit of

the blow-up sequence is unique (by a Liouville type theorem), the problem (1.1) is more
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difficult, because the limit f., is a function, not a constant in general. To overcome this
difficulty, we assume that

lim f(p) = const, (1.12)
|p| =00

so that f. is a constant and hence Ho, must be a sphere.

Condition (1.12) alone is not sufficient, as there is no uniform estimate even if f = 1.
To establish the a priori estimates (1.7), we use the necessary condition (2.7) and a
blow-up analysis, by which we arrive at the condition (1.5), which is a strengthening of
(1.12). The blow-up argument was also used in [20] for the rotationally symmetric case
of the L,-Minkowski problem. In this paper we consider the non-symmetric case and the
analysis is more delicate, as there are many different cases to deal with. See Lemma 4.1.

This paper is organized as follows. In Section 2, we show that the prescribed cen-
troaffine curvature problem is equivalent to equation (1.1). In Section 3, we prove the
existence of solutions in the subcritical case, namely Theorem 1.1. In Section 4, we es-
tablish the a priori estimates in Theorem 1.2 by a delicate blow-up analysis. Finally we
prove Theorem 1.3 in Section 5.

2. The Monge-Ampeére equation

Given a bounded, positive function f in R**!, the prescribed centroaffine curvature
problem is to find a convex hypersurface M such that

k(p) = f(p) VpeM, (2.1)

where £(p) is the centroaffine curvature of M at p. When M is smooth and strictly
convex, k(p) can be expressed as in [9]

1
" H"2(z)det(V2H + HI)(z)’

K(p)

where x € S™ is the unit outer normal of M at p and H is the support function of M,
given by

H(z) =sup{(z,p) |l pe M} x¢€S™

Extend H to R™*! such that it is homogeneous of degree 1. Denote the gradient of H
in R"*! by V. It is well known that

p=VH(z)=VH(z)+ H(z)z.
Thus (2.1) can be written as

H™2(2) det(V2H + HI)(z) = [f (VH(z))] " zes™ (2.2)
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Let M* be the boundary of the polar set of the convex body enclosed by M [27]. Let
p* be the radial function of M*, such that

M* ={zp*(x) | x € S"}.
Denote by H* the support function of M*. Then by definition,
p*(x) =1/H(x),

which implies that

Hence in terms of p*, equation (2.2) can be rewritten as

R G

On the other hand, let 2* be the unit outer normal of M* at point p*(x)z. We have

(2.3)

which implies that

- Vp*

H+(z*) — (p7)?

It is known that the Gauss curvature of M* at this point is given by

(z). (2.4)

_ 1 _det (—p*V2p* +2(Vp*)TVp* + (p*)1)
 det (VQH* + H*I) (m*) - (p*)2n72|vp*|n+2

*

Hence equation (2.3) can also be written as

= x n+2
det (V2H* + H*I) (") = f (=Vp"/(p")?) <|vp 2|) ()

_f@r/HY) L
=y

where the second equality is due to (2.4). Thus if H is a solution to equation (2.2), then
the support function of its polar body, H*, satisfies the following equation

_ S /HY)

det (V2 H* + H*I) (z*) = () a* e S,

which is exactly the equation (1.1).
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An important property of equation (1.1) is its invariance under projective transfor-
mations on S™ [9]. That is if H is a solution to (1.1), then H4 with A € SL(n+ 1) given
by

Ax
H =|Az|-H | —— " 2.
A(z) = |Az] (|Am|) xeS", (2.5)
satisfies the following equation

f(Az/Ha)

n+2
HA

det(V?Hy + Hal) = z e S (2.6)

In the paper [9] the authors also found a necessary condition for the existence of solutions
to (1.1). That is, if H is a solution to (1.1), then

Velf(z/H))(
/ 5 Hn+1 )dUSn =0 (2.7)
S‘IL

for any projective vector field £ generated by any square matrix B of order n+ 1, namely
&(z) = Bx — (¢ Bx)z, x¢€S™ (2.8)

In the following we may drop dogn, when the integral over S™ is under the standard
metric.

3. Existence of solutions in the subcritical case
In this section we sketch the proof of Theorem 1.1. The proof is similar to that in [9,
Section 5], where the existence of solutions for the case f = f(z) was obtained. We refer

the reader to [9] for more details.
For ¢ € [n+ 1,n+ 2), we denote

+oo
Pla,t) = / F@/s) . (3.1)

s4
where x € S™ and t > 0, and

JH] = / F(z, H(z)). (3.2)

Consider the maximizing problem

M, =: sup inf J[H(z)—-y-z, (3.3)
HeS, YEKH
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where v is a positive constant, and S, is the set of support functions such that the volume
of the associated convex body is equal to v.
Observe that

fit L gy < Je L
g—1 ti-1 qg—1 1

Ve Sn. (3.4)

Given H € S,, since ¢ € [n + 1,n + 2), one easily sees that J[H(z) —y - a] — o©
whenever y € Ky and y converges to a boundary point of 0K . Hence there exists a
point y = y(H) € Ky such that the infimum inf,c g, J[H(z) — y - z] is attained at y.

We claim that there exist two positive constants C, C3, depending only on n and f,
such that

C 1
LyTR < M, <

ntl, 3.5
i1 1 (3.5)

In fact, by the Holder inequality, we have

—1 . q—1
S'n y x)
q—1
n+1
< Cnfsup / 1 -
a—1 \) H@) —y-2"
By the Blaschke—Santal6 inequality (1.10), we obtain
. Cnfsu _g-1 CQ _g—1
] < ZRJSUP nil — n
yg}{fHJ[H(:zr) y-x] < - vol(Kp)™ »H1 q—lv ¥,

which implies the second inequality of (3.5). Letting H = [(n + 1)v/w,]" Y we have

M, > inf JH(z)—y-a]

T yeKny

> finf / 1

“q¢-—1) He!
Sn

> Cnfinfv—%,
q—1

which is the first inequality of (3.5).

Lemma 3.1. For a given positive constant v > 0, there exists a support function H € S,
such that M, = inf e, J[H(z) —y - x].
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Proof. Let {H;} C S, be a maximizing sequence. We show that {H;} is uniformly
bounded. Suppose to the contrary that maxg,ecgn H;(x) — +00 as j — +o00. Denote the
minimum ellipsoid of Kg, by E;. Let z; be the centre of E;. We have

inf J[H;j(z)—y-z| <JH; —z-x]

yeKn;
< fsup / 1
Tq—1) (Hj(x)—z-x)t
STL

By a translation of coordinates, we assume that z; is the origin. Then the support
function of E; can be expressed as |Bjz| for some positive definite matrix B; of order
n+ 1. As Ej; is the minimum ellipsoid of Ky, we have

1 n
n—H\Bj;d < Hj(z) <|Bjz| VzeS" (3.6)
It follows that
inf JH,(z) -y 2] < Co fou | —— (3.7)
(38, ) =y € Cufow | e '
S’IL

From (3.6), we see that C,,;'v < det B; < C,v. By assumption, max,egn |Bjz| = +00
as j — +oo. Hence when ¢ < n + 2, one infers that [9]

1
li —— =0
3—12100/ |Bj$|q71 ’
Sn

which together with (3.7) implies that M, = 0, contradicting with (3.5). Therefore {H,}
is uniformly bounded.

By Blaschke’s selection theorem, there is a subsequence of {H;} which converges
uniformly to a maximizer H of the problem (3.3) and H is uniformly bounded. 0O

Proof of Theorem 1.1. For any given positive constant v > 0, by Lemma 3.1, there exists
a support function H € S, such that M, = inf,cx, J[H(xz) — y - z]. From the proofs of
Corollary 5.4 and Lemmas 5.5-5.6 in [9], one sees that the maximizer H is a generalized
solution to

_ M(x/H)

det(V2H + HI)(x) e

Ve e S”,
where A is the Lagrange multiplier.

When ¢ € [n+ 1,17+ 2), one easily verifies that H is positive. For if inf H = 0, then
J[H] = oo, which is in contradiction with (3.5). Hence by [7], H is strictly convex and
C17 smooth, for some v € (0,1). This completes the proof of Theorem 1.1. O
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We remark that if furthermore f € C1(R"*1), then by [6,29], we have H € C?7(S")
for any v € (0,1).

4. A priori estimates in the critical case

In this section we use the necessary condition (2.7) and a blow-up analysis to prove
the a priori estimates (1.7) in Theorem 1.2.
Let Ay € SL(n + 1) be a sequence of diagonal matrices,

Ak = diag (81’]€7 e 7Sn+1’k) s (41)
where s1 > -+ > Spp1 > 0 and 1, — 400 and sp,41r — 0 as B — +oo. We
successively define integers [y, s, - - - as follows:

l; ;== max {] : hinsj)k = +oo} ,
’ (4.2)

l; ::max{j:limsji’k =+oo0} fori=2,3,---.
J ko Sii_q,k

By choosing a subsequence we may assume all the limits exist or equal infinity. The
procedure in (4.2) must end in finite steps, say, at step m. Then we have

1<lp,<-<---<li<n<n+1.

Lemma 4.1. Assume that ¢, ¥ are two sequences of uniformly bounded functions on
S™, converging uniformly to functions @, 1 as k — +oo. Assume that o € C1(S™) and
1 is a positive constant. Consider the following integral

Ay = / sok(a:)cwk(:c)Akx)ﬁ, (4.3)

Sn

where a > 0 is a constant, and ¢ € C(R™*1Y) is a bounded function satisfying

(a) C(y) =0(ly|*) asy—0,
(b) ¢(y) = (oo +0(1) asy— oo.

Then as k — +o0o, we have the following estimates.

(i) When a> 1y,

1 _ ¢ (u, Y Nv)

ANpy=—"— a=h 0,v)dogn- Bl e 1

k Sth Sl ¢ / 90( ,U) Ogn—1l1 / |(u,¢NU)|a u+0( ) )
' ' Sn—l1 u€RM1

(4.4)

where N = limg_,o0 diag (S, 41,k, - » Sn,k» 0) (we allow all the limits to be zero).
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(ii) When a =14,

Olog Sl Lk

Ap = o / (0, 0)dogn i, +o(1) | . (4.5)

Sn—ly

S1,k """ Slyk

(iii) Whenl; < a <li—y fori=2,--- m,

C 0,v
" Y P ) T
SLE " SlikSp_ |k |No|*
’ Sn—l;
where N = limg_, o, diag (‘:i+1,l;7 :i+2,1; IR slgil,l—lk,k’ ‘:i—lv: ,0,- - ,()) s a matriz
Tli—1>» “li—1>» Tli—1» Fli—1-7
of order n +1 —1;.
(iv) When a=1; fori=2,---,m,
Clog(s, 1/s1,
A, = ClogCn/su) [ / 0(0,0)dogn 1, +o(1) | . (4.7)
S1,k " Sl .k
Sn—li
(v) When a <,
1 T
Ap=—— goo/ @) oo 4001 | (4.8)
Sl K |Ax|>
Sn
where A = limy_, o0 diag (S‘jl*kk7 S‘j"‘*k,... ; Sl;;z*:ﬂ :WZ’(L o 70) is a matriz of

order n + 1.
In the above, C is a positive constant.

Proof. We prove this lemma case by case.
Case (i): @ > l3. For convenience, we denote [ := I, x = (u,v) and

M, 0
Ay — ( i Nk>, (4.9)
where
U:(.’El,"' axl)) v = (xl-‘r:h"' 7xn+1)7 (410)

and My and Nj are diagonal matrices of order [ and n 4+ 1 — [, respectively. Denote
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St ={zr=(u,v) € S"|1/2<|u| <1}. (4.11)
By the coarea formula,

/ 1 / du / 1 d
o = — T ado
g | M ul p(u) | Mul

1/2<ul<1 ol=p(u) (112)

1 —1-1
= Wn— " d )
Wn—i / | Mku|ap(U) u

1/2<ul<1

where p(u) = /1 — |u|?2. We have

1 n—I{—1 / n—Il—1 / 1
——p(u du = r dr ——do

1/2<ul<1

where C) ,, is a positive constant depending only on n, [ and «. By [18, Lemma 3.1],

1 1 a—l1
——do = ——— Mt do.
/ [Myal™ " det My /’ e
gi—1 Si—1

Hence from (4.12) we obtain

1 wnflcl « / —1 o=l
= 2 M d .
/ |Mku|a det M, | k u‘ 7 (4'13)
S

gl—1

When o — I > 0, there exist positive constant C' depending only on ! and «, such that

a—1

< C ‘M,;lu|a_l .

a—l
Uy

S1,k

u

c! |M,;1u|a_l < -
Lk

Hence by (4.13),
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/ 1 Gy 1 - 1
g, [Myul™ - det My \ 71 5!

(4.14)
Ck —1 a—I1
= M
dotaz M)
where C}, is a positive constant independent of M, and Cc1< %Sﬁ <C.
Now we compute Ay. By the coarea formula, we have 7
1
I, = er(2)C (Yr(2)Ar) TAra™
S\ S
du 1
= - A ——do.
| | e @) e
wl<1/2 Jol=p(w)
Let v = p(u)0. We have
n—{—1 1
L= [ e [ e ) A o do
| A
lu|<1/2 [5]=1
_ 1 n—Ii—1
= / do / o (2)C (Yr(z) Apz) TApal® (u)du (4.15)
|9]=1 lu|<1/2
=: / O (0)do.
5l=1
Let u = M,;lﬁ. Then
B = [ @)@ M) e W
det My, ’ @, Npo|” " (4.16)
|M, ta|<1/2
where |G, Nyv| is an abbreviation of |(@, Nyv)|. Therefore
. . 1 .
|det M, - 1 (7)| < C / ¢ (Yr(@) (@, Nkv))| o= di
|, Nypv|
M al<1/2
1
<C i, N ——di
<C [ 1€ @) Neo)| g,
a€R!

which is integrable by our assumptions (a), (b) and « > [. Applying the dominated
convergence theorem to (4.16), we obtain, as k — +o00,
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1

(V) = 3ot M,

[ 0.0 (0.N9) i+ o(1) |

aER?

where N := limy Nj. Inserting the above formula into (4.15), we obtain

Ik:dethk / (0,9)do (@ /< )|~]1f|du+0(1). (4.17)

o]=1 a€R!

Note that

1
Ap — I, SC/—a
e I=C ) g

C _1\a—l 0(1)
< .
~ det M (ter ) det M,
Hence from (4.17),
1 L ¢ (@ Nv))
Ap = Jot M, / »(0,0)do (D) / T =—du+ o(1)
3l=1 a€R!

_ 1 o N ¢ (@,¥ND)

= G il o / ©(0,9)do (D) TR ————=du+o(l)
[5]=1 aER!

We obtain (4.4).
Case (ii): @ = ;. For convenience, we denote again ! := [;, and use the same notations

n (4.10) and (4.9).
Before computing Ay, we estimate an integral first. Denote

Ti = {o = (uv) € ™ | Jul < 1/2, | Myu| > s10/2}. (4.18)

By the coarea formula, similarly to (4.12), we have

1 1
/ S / o)

T [Miul® lul<1/2,| | / My
w|<1/2, [Myu|>s; /2
’ s : (4.19)
= Cwn_; ——du
| Myl

lul<1/2, |Myul>s1,k/2
for a constant C € (1/2",2). Let

u = s My . (4.20)
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Then

1 Cwy— 1
/ _ Il / —_di. (4.21)
|Myu|®  det My, - 59, |
Ty T se My tal<1/2, |a|>1/2

Observing that s; M, !is a diagonal matrix whose diagonal entries are in ascending
order and the last one is equal to 1, we have

1 1
/ —=du < / —=du
|| |
st e My al<1/2, |a]>1/2 GERIZ X (—1/2,1/2), |4]>1/2
< +00,
where the last inequality holds when « > [. (Although in this case o = [, we deduce the

following (4.22) and (4.27) for a > I, which will be used in case (iii).) Thus there exists
a positive constant C' depending only on n and [, such that

1
/ 5 < ¢ —- (4.22)
| M u det My, - s7'
Ty ’
To estimate Ay, without loss of generality, we assume that
Stk > 2, Si+1,k <1, Vk>1.
Denote
F = {z = (u,v) € S"™ | |[Myu| > 1}, (4.23)
G ={x = (u,v) € 8" | |Myu| < s;1/2}. (4.24)
Then Fj, UG = S™, and
lul <1/2 Va = (u,v) € G, (4.25)
S™"\Gy = S} UTy. (4.26)

By (4.14) and (4.22) and since @ > [, there exists a positive constant C' depending only
on n, [ and a, such that

/ ! ¢ (4.27)

a
|Mku| det My, 'Slakl
S"\Gk ?

Observe that

|Apz| < V2|Myu|, Y= (u,v)€ F}. (4.28)
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Similarly to (4.19), we have

5™\ | = w1 / P () du

\Mku|<1

|Mku|<1

. C
o det M}~

Since Fj, U Gy, = S™, we can write Ay as

Ay = / + / + / @k(x)C(d)k(z)Akx)ﬁ (4:30)

S™"\Fr FrNGr  S"\Gg

=: I + Il + I11}.

Noting that the integrand is bounded by our assumptions (a) and (b), we see from (4.29)
that

|Ik| <C / dogn <

S7\ F

det Mk )

By (4.27) we also have

1 < C
| Myu|® — det My~

| < C /

Sn\Gk

Therefore (4.30) can be written as

0(1)
Ay =11 — 400. 4.31
k kTt dot M, as k — + ( )

To estimate Iy, first computing as in (4.19), (4.20) and (4.21), we have

/ : / :
w7 a < —
| Mjul | Mjul

Fi.NG

Fi.NGg
Cwn,l 1
= du
det M}, / |a|l v

1/Sz,kS|ﬁ\<1/2
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1/2

Cwp_jwi—1 1
e U 4.32
det M, / rdr (4.32)

1/s1,%
~ Cwp w1 1 (Sl,k>
= —— O —
det M, 2

log s 1

= (C+ o) 25k,

as k — +o0o, where C is a positive constant independent of k.
We claim that for any bounded function n € C(R"*1) satisfying

Jmn(y) =0, (4.33)
and any positive constant A\ > 1,
/ (P () Mo Apr) ——s = 0(1) 20858 o 4 (4.34)
n kT )AL AT ‘Ak$|a =0 deth’ Q. .

FrNGp

In fact, denote

q(r) = ‘21‘13 n(y)| 7 € [0, +00).

Then ¢ is bounded and monotonically decreasing. By (4.33) it satisfies lim,_, 1o g(r) = 0.
Observing that

/ 7 (Ve (@) A Ar)] ﬁ < / q (|Yr(x) A\ Arz|) ﬁ

Fi.NG Fi.NG

1
< / CJ(%AMOW (4.35)

F.NGg

1

< / Q(\Mku|)W7
FirNGy

where without loss of generality, we have assumed that ¢ > 2. Again computing as in
(4.19), (4.20) and (4.21), we have

1 1
Miu|) —5 < / M
[t (V)

Fi.NGg Fi.NGL
Cuwn—y ER)
— — " 2 d 4.36
det My / al (4.36)

1/s1,6<|t[<1/2
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1/2
_ Cwp_wi—1 q (s1,xt) gt
det Mk t
1/s1,%

~

Sl,k,/2

_ Cwn i / Mdr.
deth
1

Since ¢(t) — 0 as t — oo, it is easy to see that

Si,k/2

/ @dr = o(1)log s;

1

as k — oo. Hence (4.36) becomes

1 log 5.1

M =o(1
q(‘ ku|) ‘Mku|a 0( )deth’

Fi.NGL

which together with (4.35) implies (4.34).
We can now compute II. Write

C(Yy) = Coo +1(y).

Then 7 satisfies (4.33). By our assumptions,

1

I = / (p(@) +0(1)) (G0 + 1 (V@) As)) 3=

Fi.NGr

_ e(z) pla)n (Vi () Apz) | 1
= (oo / |Ak$|a / |Akl‘|a + (1) / ‘Ak$|a (4.37)

FiNGy Fi.NGg FiNGy

o(x) log s &
p— 1 2
oo / | Az o) e,

FrNGy

where (4.32) and (4.34) are used in the last equality. Furthermore, by the coarea formula

we have
I B ol i

Fr,NGy, 1<|Myu|<si /2 lv|=p(u)

= [ st [,

(4.38)

lg\Mku|<sl,k/2 |9]=1
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Denote

©(0,9)

Zdo
| Apz|

Dy = / plu)" " ldu /
1<| My u|<si,x/2 |9]=1

. 1 nel_
= / ©(0,0)do / |Akx‘ap(u) =i,

‘f}l:l 1§‘M}(M|<Sl,k/2

Since ¢ € C1(S™), we have

o, p(w)0) = @(0,0)] < 2|¢llgr(gny ul,  V]u| <1, [o] =1.

Thus

SO(‘T) / n—I{—1 / "LL|
- <
/ Al o <Oy p(u) du |Akx|adg

kNG 1§|Mku|<sl,k/2 |’l~)|:1

<20, / du / |]\4|:u|ad0
1<|Myu|<sik/2 |[9]=1
= 2C,wn—; / ﬂdu,

|Myul®
1< My u|<sik/2

where (4.25) is used in the second inequality. By the change (4.20), we obtain

|ul / |ul
du < du
/ M My
IS‘Mku|<Slyk/2 IS‘Mku|<Slyk/2
—1~
_ 1 / |5l,kMk u|dﬂ
det My, |a|l

1/s1, . <|a|<1/2

< 1 / 1 di
—alu
— det M;, |ﬁ|l*1
|a]<1/2

Ci
det Mk ’

IN

Hence by (4.40),

e(x) CeCi
o, < .
/ |Agx|® | < det Mj,

kNG

(4.39)

(4.40)

(4.41)
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To estimate @y, by (4.28), there exists a positive constant Cj > 0 such that

1 11 / 1
= W) ldu = ¢ -
[ = |
1§|Mku|<sl7k/2 kaGk (4.42)
log sy k
= C 1 2
(o) Gorat,

where the second equality is due to (4.32). Substituting (4.42) into (4.39), we get

N log sy,
®;, = 0,v)d 1 :
= o [ e +o | PR
|5]=1
which, together with (4.41), implies that
/ GO P / 50, 5)do + o(1) | 12851k (4.43)
\Ak:c|a ’ deth
FrNGy |5]=1
From (4.37) it then follows that
. log sy 1
1, = 1 — 4.44
= | [ oo otr) | 2 (449
[5]=1
By (4.31), we finally obtain
N log si,k
A = | CCo . )d 1 k- 4.4
k C¢ / ©(0,0)do + o(1) dot My (4.45)

jol=1

as k — 400, which is just (4.5).

Case (iii): I; < a < l;_; for some ¢ = 2,--- ;m. For convenience, we write | := [;,
[ :=1;_1, and use the notation in (4.10) and (4.9) for z and Ay.

As before, we have

1
I = G/ 2u()C () Ae)
_ / ‘(ZZ) / som)cwk(xmkx)ﬁda (4.46)

[Mru|<sik/2 lv|=p(u)
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1
= s [ e @A) o
|[Ag]
[Miu|<sik/2 |5]=1
B unflfl
= [at) [ ava A 2
|Ap]
I’F)‘Il ‘Mku|<8])¢/2
where v = p(u)0. Making the change
wi=sp, M4, (4.47)
we have
! plw) 7t
Iy =——— d A B d
; deth'siIi/ 7 / (@) (@) Axe) = di
> |5|:1 2‘ﬁ|<slvk/‘s[,k
(4.48)
- / do / ()¢ () Axe) PO g
det My, - 527! ok 4§ k a

-1
‘s[’kAk:r

2|ﬂ‘<5111€/5l’,k

Note that si_;Akas = (@, 57 ' Npp(u)®). From (4.25) we have p(u) > 1/2. By our definitions

N Tk
of [ and I,
-1 Illl
Si7ka Z ( 0 9

where I;_; is unit matrix of order [ — 1. We obtain

—1
}si,kAkx‘ >

ViaP? + o2,

N =

where @, denotes the first [ — [ entries of o. Hence, from (4.48) we have

du
dtM.EHI‘<C/d~ / o
M| =C e (7 + 5.7
[9]=1 2|4 <si,k /57

- da
< C / dU(U) / (|ﬂ‘2 + |’D*|2)D‘/2
|5]=1 @

€R!

7 di
=C 5 ~* n_l_ldN* /
Wy / p(v ) v (|,a|2 + |@*|2)a/2

|0.]<1 GER!

(4.49)

< +o0o0,

where the last inequality is due to the assumption | < o < [. Applying the dominated
convergence theorem to (4.48), we obtain as k — +oo that
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1 di
Iy=—4—— o) 07’l~) do —Ta +o(1
"7 det M, - S?k_l ¢ / #(0.0) / @, NO| o

l5]=1 aER!
(4.50)

! Cl,aCoo / f’%&da‘i‘()(l) 5

deth 5% No|* t
”“ |5]=1

where (), is a positive constant depending only on ! and «a, and
—1; -1
N := hlzn stNk,

which is well defined, and its first [ — [ diagonal entries are finite but greater than or
equal to 1, and the other n + 1 — [ diagonal entries are 0. By the definition of I; and
(4.27), we have

|Ak - Ik| <C /
S\ Gk
C o(1)

deth s”‘ 1= det M, - slo‘kl.

[Mul™ ul

Hence by (4.50) we obtain

M=t |Gt | f{ﬂdowwou) ,

det M}, - s% No|* !
Lk |o]=1

which is just (4.6).

Case (iv): o = [; for some i = 2,--- ,m. As before, we denote [ := I;, [ := l;_;, and
use the notations in (4.10) and (4.9) for  and Ay.

For convenience we denote Aj := 57, Ak = diag (51 AT 75;1+1,k> and as (4.9), we

/
write A) = ]\gk ]\9’ ) , where M] and Nj, are diagonal matrices of order [ and n+1—1
k

respectively. Then

1 1
lk:

Sn | SZ k

Noting a = [, one sees that A} is in the same form as in Case (ii). Following the argument

there, we have
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v={ [+ [+ [ e (@) g

S"\F, F{NG} S"\G}

=: I}, + II}, + III},
where

= {x = (u,v) € S™ | |Mju| < 527,6/2},

F :={z = (u,v) € S™ | [Mju| > 1}.

(4.52)

For I, since the integrand here may fail to be bounded, we need to modify the com-
putations in Case (ii). But for II} and III}, one easily sees that the computations in

Case (ii) still work, and one has

!
log s 4,

/ r - -
i+ 11, = | e / P(0,9)do (@) + o(1) | GTiE

j51=1

Noting that Mj = slTkle, S = slflisl,k, we thus have

M=o T+ | Ot / o0, 5)do (D) + o(1) | L/ T)

57, ~ det M,
|[9]=1
Denote

1, 1

Iy = — 1) = or(2)¢ (Vr(2) Apr) ——=,

58 |Ag|
’ Sn\F},
where

S\ Fy, = {ac = (u,v) € S™ | |Myu| < s[’k}.
From the computations in (4.46), (4.47) and (4.48), we have

plu)" !

1 ~ ~
I = det Mkrll dO’(U)~|/1 di op ()¢ (Yr(x) Apz)

—1
‘Sf,kAkx

As in (4.49) we also have

@

(4.53)

(4.54)

(4.55)
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|deth Ik|<C / dU@ / (~ dlf
D]

A+ . )
|9 la|<1

7 di
_ 5 ~ \n—Il—1 3~
= [ ooy [ e
|5, |<1 la|<1

< Ho00,

where the last inequality holds because v = [ < [. Thus we obtain

_ o)
o deth'

(4.56)

Combining (4.54), (4.55) and (4.56), we have, as k — 400,

log(st,k/57)
k = CCOO / O U dO' + 0( ) W’
which is just (4.7).
Case (v): a < l,,,. For convenience, we denote [ := l,,,, and use the notations in (4.10)
and (4.9). We have

%mszmummmw—i—w

(4.57)
n ’s;klAkx‘

By our assumptions, we can estimate

[she] < € !

Sn
_c/—a
|ul
Sn
1

= Co.}n,l / W (u)"_l_ldu

lul<1

[e%

Sl kMku

< 00,

where the last inequality holds because o < [I. Applying the dominated convergence
theorem to (4.57), we obtain

1

1. o A = —
U0 Sp kM COO/‘P(x)'Ax|a’

Sn

where A := limy, s;,CIAk. Hence (4.8) holds. We have completed the proof. O
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In the rest of the paper, we will use { exclusively to denote

() = [f(y) = f(o0)] - [y|* VyeR™ (4.58)

Under the assumptions on f in Theorem 1.2, ¢ satisfies the conditions in Lemma 4.1,
and (o, = B. For a matrix B of order n + 1, denote

op(x) :==trB— (n+1)z" Bz Vz e S (4.59)

Lemma 4.2. (1) Let f be as in Theorem 1.2. Let 1l € {1,2,--- ;n} be an integer smaller
than o, and N be a diagonal matriz of order n + 1 —1. If B = diag(1,0,---,0), the

integral
N
/ 05(0,v)do / OOl (u, Nv)

Sn—t u€eR!

is positive when f > f(c0), and negative when f < f(00).
(2) Forle {1,2,---,n} and B = diag(1,0,---,0), we have

vp(0,v)do(v) > 0.

Sn—1

(3) Let I and [ be integers satisfying 1 <l < a < I[<n, Nbea diagonal matriz of
order n + 1 — | whose first | — [ diagonal entries are positive and the others are equal
to 0. If B = diag(0,---,0,1), then

/%O;ijfda(vko.
N

(4) Let I be an integer such that o < 1 < n, A be a diagonal matriz of order n + 1
whose first | diagonal entries are positive and the others are 0. If B = diag(0,---,0,1),
then

w?(x) <0
| Az~
S’n.

Proof. (1) In this case, we have ¢p(z) = 1 — (n+1)z%. Hence ¢p(0,v) = 1 for v € S~
So we have

/QDBO’UdO' /|UNU u:/da /[f ,Nv) — f(c0)]du,
§n-t ueR!

which is positive when f > f(o0), and negative when f < f(oc0).
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(2) As in (1), we have pp(0,v) =1 for v € S*~. Hence [, ¢5(0,v)do > 0.
(3) Denote v = a — I, v = (u,7) where p = (p1,~~~ ,,ul;l), T = (71,~~~ ,TRHJ).

Correspondingly we write the matrix N in the form N = (f)? 8) Then

wp(0,v) =1—(n+ 1)75“_[.

By the coarea formula, we have

/wB(O,v)d _ / 1_(”+1)Ti+1_idg

| Nv|a—t |Ep|Y
Snfl Snfl
- [ O it
(1) |Eu|Y
<1 IT1=p(n)

n—Ii—1
w,,_i p(1) < n+1 2)
= dy - —=t™, (2T
[ v w1
<1

_ O/wn_fp(r)”—f—l (1 - nfril_zp(rf) dr / m.

lpl=r
But
/ dO’(/J) _ I—a—1 / dO’(/,L) _ Tl_a_lcE’»y.
[Epl [Epl
| l=r l]=1
Hence
(0.0) 1 1
¢p(U,v _ T—a—1 ; yn—I-1 n+ 2
/ Nt o) = CE,"/wn—Z/T p(r) ( " )dr
Sn—l 0
I—a n—Ii+1
a T (T I <—2+ )
=—Cgqyw, i 1 T (nfgurg)
<0
(4) Denote = (u,7), where p = (p1,---, 1), 7 = (T1,-* ,Tn+1-1), and corre-

spondingly write A = g 8 . Then

ep(r) =1—(n+ )77,
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As in (3), we have

Now we are in position to prove Theorem 1.2.

Proof of Theorem 1.2. Since f is positive and bounded, by the volume estimate [20,
Theorem 1.1], we have

Cy RinL fl/2 < vol(H) < Cs sup f1/2.

Rn+1

Hence it suffices to prove that there is a uniform positive lower bound for solutions to
(1.1).

Suppose on the contrary that there is a sequence of solutions Hy to (1.1) with
mingegn Hi(x) — 07 as k — +o00. Let My be the associated convex body. Then there
exists a unique matrix Ay € SL(n + 1) such that A} (M}) is normalized [29]. Let Ha,
be the support function of AT (My). Then Hy, is given by

Az

and H 4, satisfies equation (2.6). It is known that Ha, > ¢o for some positive constant
¢o (Corollary 2.4 in [20]). Hence we have max,egn |Agx| — +00, which implies that

|Apz| — 400 for a.e. z € S™.

To see this, by a rotation of the coordinates we assume that Ay = diag(ai k, - , Gnt1,k)
with a; x <+ < apq1k. Then ani1x — 00. Hence |Agx| > |an41 kTn+1| — oo for any
x ¢ {xn1 =0rNS™

By Blaschke’s selection theorem, we may assume that H4, converges uniformly to
some support function H, on S™, which is also normalized. Note that the right hand side
of equation (2.6) with A replaced by Ay, converges (weakly as measure) to f(co)/HL 2.
By the weak convergence of the Monge-Ampeére equation, H, is a generalized solution
to [29]

det(V2H + HI) = Z(:fg zeSm.
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Hence Hy is an elliptic affine sphere [8]. But recall that H, is normalized, hence Ho,
is a constant. Namely,

Hyo = f(o0) 7.

On the other hand, applying the necessary condition (2.7) to equation (2.6), we have
that

/ Velf(Arz/Ha,)l(x)

= 0
Hn—i—l )
Ag

Sn

which implies by integration by parts that

AN

By the definition of ¢ in (4.58), the above equation can be written as

Akl‘ HX . 1
Ay = k =0. 4.61
k /<<HAk)|Akz|adw<Hz:1€> 0 (4.61)
S’VL

We now use Lemma 4.1 to estimate the quantity Ag. Denote

) 1
Yr = Hﬁk div (Wg),
1 Ay, (4.62)
Vo=

Recall H4, converges uniformly to H., on S™, we have

Y — P = (4.63)

1
Heo
uniformly as k — oo. Note that

pr=HG "MdivE— (n+1)H; "7%¢ - VHy,.

Recall that for any sequence of bounded convex functions hy, if it converges to a constant,
then Dhy — 0 locally uniformly. Hence VH 4, — 0 uniformly on the sphere S™. It follows
that

or = = HY " Hdive = HE " lpp (4.64)

uniformly, where ¢p is defined in (4.59), and the last equality is due to the definition of
¢ in (2.8). Note that (4.61) holds for any matrix B of order n + 1.
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By a rotation of the coordinates, we assume that Aj is diagonal and is given by
(4.1). Define the integers Iy, - , I, as in (4.2) accordingly. So the quantity Ay defined
in (4.61) coincides with that in Lemma 4.1. From the above we see that all assumptions
in Lemma 4.1 are satisfied. There are five cases in Lemma 4.1. We consider case by case
in the following.

Case (i): o > 3. By (4.4) in Lemma 4.1,

Ay = % / ©B (()7 ’U)dO’(’U) / mdu + 0(1) s (465)

Sn—ll uE]Rll

where N is as in (4.4). By Lemma 4.2 (1), Ay # 0 (for sufficiently large k) if we choose
B = diag(1,0,---,0), which is in contradiction with (4.61).
Case (ii): a = 1;. By (4.5) in Lemma 4.1,

Ap=—>""" | Cls / wp(0,v)do(v) +o(1) | . (4.66)

Sn—ly

Hence by Lemma 4.2 (2), Ax # 0 when k is sufficiently large, provided we choose B =
diag(1,0,---,0), again in contradiction with (4.61).

Case (iit): l; < o < l;—1 for some i =2,--- ,m. By (4.6) we have
1 0
A= = [ [ 2509 400y 4 o(1) | | (4.67)
Sig e Sl k Sl7 11k e |N’U‘ i

where N is as in (4.6). By Lemma 4.2 (3), Ap # 0 for large k if we choose B =
diag(0,---,0,1), again in contradiction with (4.61).
Case (iv): o =1; for some ¢ = 2,--- ;m. By (4.7) we have

_ log(si,k/s1, 1 k)
31716 ..... Sl¢7k

Ay Cloo / ¢p(0,v)do(v) +o(1) | . (4.68)

Sl
By Lemma 4.2 (2), Ay # 0 for large k if we choose B = diag(1,0,---,0), but Ay =0 in

(4.61), a contradiction.
Case (v): a < . By (4.8) in Lemma 4.1,

A= e 229 4 o)) (4.69)
STk & | Az|*

By Lemma 4.2 (4), A # 0 for large k if we choose B = diag(0,---,0,1), but Ay =0 in
(4.61), a contradiction.
We have reached a contradiction in all possible cases. This completes the proof. O
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5. Existence of solutions in the critical case

In this section we prove Theorem 1.3. Denote § = n + 2 — ¢. For any given constant
v > 0, by Theorem 1.1, there exists a constant A\s (also depending on v) and a support
function Hgs with vol(Hs) = v, such that

Asf(z/Hs)

2 —
det(V*Hs + HsI)(x) = H§+276

z €8 (5.1)

We want to prove that as § — 07, Hy converges to a solution to (1.9). Note that we
always use the same notation to denote a sequence and its subsequences.

Lemma 5.1. There exists a positive constant C depending only on n, v and f, independent
of 0, such that

cl<x < (5.2)

Proof. Multiplying equation (5.1) by Hs and taking integration, we obtain, by the vol-
ume formula (1.3),

f(x/Hs)
n+1 I

Hence there is a positive constant C' independent of §, such that

(5.3)

Noting that Hs is a maximizer of (3.3), by (3.5) we have
C~' < JHs < C, (5.4)

where C' is a positive constant independent of §. By virtue of (3.4), there is a positive
constant C' depending only on n and f, such that

Cc- (5.5)

Now combining (5.3), (5.4) with (5.5), we obtain (5.2). O

Let As € SL(n + 1) be the matrix such that

A
Ha,(2) = | Agz] - H5<| A”|> ves (5.6)
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is normalized, see (4.60). Let ss be the largest eigenvalue of Ajs. If ss is uniformly
bounded, so is Hs. From (5.1), we see that the limit support function Hy := lims_,q Hy is
a solution to equation (1.9) and so Theorem 1.3 is proved. Therefore it suffices to prove
that ss is uniformly bounded.

By (2.6), Hy, satisfies the equation

_ Naf(Asz/Ha,) 1

det(V2Hy, + Ha,I) = . xeS", 5.7
(V2Ha, + Ha, 1) T el (5.7)
or equivalently
Asx/H a,)(Hs)0
det(VQHAé—I—HAéI):)\‘Sf( 5%;‘5)( ) zes”, (5.8)
As

where fL;(x) = H;s (%). To prove that ss is uniformly bounded, first we prove

Lemma 5.2. There exists a positive constant C depending only on n, v and f, independent
of 6 € (0,3), such that
s3<C. (5.9)

Proof. By equation (5.7) and estimate (5.2), we have
1
2
/HZJ det(V HA5 +HA5I) § C/m
Sn Sn

By Holder’s inequality,

1
v=eg /HAé det(V2Ha, + Ha,I)
Sn
1 g=1
1 q q
< /Hjé det(V2Ha, + Ha,I) /det(V2HA6 + Ha,I)
Sn Sn

Q=

IN

1 a=1
C /W area(H,) ¢
STL

1 n_,g—1
< (C [EE— RS
= /|A5£L‘|‘5 v .,
Sn

where area(H 4,) is the surface area of the convex body determined by Ha,, and the
last inequality is because that H 4, is normalized. Thus there is a positive constant C,
independent of §, such that
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1
S’!L

But by direct computation one easily verifies that

1 C
— < vY§e(0,1/2].
5["4‘”'5— § voew1y)

In this way, we have proved (5.9). O

Estimate (5.9) implies that sup,cgn |[As2|° is uniformly bounded. Hence

|Asz|° — C,  ae. x € S (5.11)

By Blaschke’s selection theorem, we can assume that H4, converges uniformly on S to
some support function H4,.

Lemma 5.3. Under the assumptions in Theorem 1.3, s5 is uniformly bounded as § — 0.
Proof. Assume to the contrary that ss — co. Then
|Asz| = 400 ae. z € S™

Sending § — 07, by Lemma 5.1 and the weak convergence of the Monge—Ampére mea-
sure, we obtain from (5.7) the following equation

Ao f(00)/Cy

det(V?Hya, + Ha,l) = 5 on S™.
HY

Namely H4, is a generalised solution to the above equation. By the regularity theory
of the Monge-Ampeére equation [29], H 4, is smooth. As H 4, is normalized, we see that

H,, is a constant [8], namely

Ha, = (Aof(00)/C1) 772, (5.12)

Next we apply the necessary condition (2.7) to equation (5.8), to get

=0.

/ Vel f(Ax/Ha)(Hs)%] (x)

Hn+l
S 4

Here and below we omit the subscript § in Ay for brevity. Integration by parts gives
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0— / Ve[(f(Ax/Ha) = f(00))(H5)°] (x) +/ Ve[ f(00)(H5)°] (x)

H’rLJrl HnJrl
Ssn A Ssn A

-
=~ [ sy - stoepti aiv (i) + st0e) [ TEEEED 513
sn gn A

=: —As + f(00)Is

To prove the lemma, we will show that (5.13) does not hold for sufficiently small ¢.
There is no loss of generality in assuming that As is diagonal, namely

As = diag (s1,6,* , Snt1,8)

with 515 > -+ > sp41,5 > 0. Then s5 = s1 6. Define the integers l1,--- ,{, as in (4.2).
We first compute the quantity Is in (5.13). Observing that

V;’:(H(;)é = 5(ﬁ5)671V§f{5

= ottt v ()

N VeH 1
_ 5[ Velia T AT
= §(Hs) ( 5 |Ax\2x A Af),

we get

(ﬁ6)5 VsHA 1 T AT
Is =06 — AN A€ ).
g / Hay  |Az]2” ¢

Recall that
&(x) = Bx — (¢" Bx)x x € S™.

The above equation can be expressed as

Vel 1 T AT T
I&—5/Hn+1< i —|Ax|2xAABx—|—x Bz ).
Sn

Hence as 6 — 0%,

A6
tr B (Hs) 2TATABx
;=5 - : 1)), 14
5 (Cn+1“ /HT1 gz e (5.14)
Sn

where C'=1/4/C1Aof(c0) by (5.12).
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Next we compute As. Recall ¢ is given by

Cly) = [f(y) — f(o0)] - ly|™.

Inserting it into As in (5.13), we have

B Az\ HS - (Hs)® . (¢
As = /C (H—A> Az div <HZ+1> . (5.15)
Sn

By (5.9), (Hs)? is uniformly bounded. Hence in view of (5.11) and (4.62)—(4.64), we can
still apply Lemma 4.1 to (5.15). According to Lemma 4.1, there are five possible cases.

We consider case by case in the following.
Case (i): a > l;. By (4.4) in Lemma 4.1, we have

n= S [ o) [ R a0

Sn—l1 u€RM

Let B = diag(1,0,---,0). By Lemma 4.2 (1) and recalling the assumption (1.8), we see
that As > 0 for small § > 0. On the other hand, we can simplify (5.14) as follows.

A\ 2 .2
1 H ST sT
Is = 0 C’n—wn - / ( 6) . 1,071 + 0(1)

+1 & HZ—H 3%,5@ +oet 5%+1,5x121+1
1 22
=06 —wn—/ ! +0(1)
n+1 Fa 83575 /8% 5 4 A ) 5T /51 5
1 $12
<Cd n—_Hwn — / m +o(1) (5.16)
Sn "
1 1
<0,

for sufficiently small § > 0. Therefore equality (5.13) can not hold for small 4.
Case (ii): o= 1;. By (4.5) in Lemma 4.1,

Clo / ©p(0,v)do(v) + o(1)
Sn—l

Let B = diag(1,0,---,0). By Lemma 4.2 (2), the integral in A is positive. By the
assumption S > 0 in Theorem 1.3, and since (o, = B, we see that Ay > 0 for small
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0 > 0. In the current case, I5 is the same as in (5.16). Therefore (5.13) can not hold for
sufficiently small 4.

Case (iii): l; < o < l;—1 for some i = 2,--- ,m. By (4.6) in Lemma 4.1 we have
1 0,v
Ao = — (o [ 220 dr(w) o)
51,681,678, s L |[No|*

Now we choose B = diag(0,---,0,1). By Lemma 4.2 (3), we see that A; < 0 for
sufficiently small 4. On the other hand, with B = diag (0,---,0,1), from (5.14) it is easy
to see that

1 (ﬁ5)5 Snt1,6Tng1”
Iy=46 C—wn—/ e 4 0(1)
n+1 o 81,6°C1° + -+ Sn+1,6°CTn+1
Sn (5.17)
1
=5 C——w, 1)) >0,
< Y + o )>

for small §. Therefore equality (5.13) can not hold for small 6 > 0.
Case (iv): o =1; for some i = 2,--- ,;m. Applying Lemma 4.1 to (5.15), we have

o log(slig(s/sli—l,é)
S1,§5 e 51,6

As Cls / w5 (0,v)do(v) + o(1)

Ssn—1;

Similarly as Case (7i), one sees that (5.13) can not hold for sufficiently small ¢.
Case (v): a < lp,. Applying Lemma 4.1 to (5.15), we have

1
As = —— | Cls [ wB(2)
S[

Slnsd

1
— 4+ o(1) |,
A o(1)

Choose B = diag(0,---,0,1). By Lemma 4.2 (4), the integral in A is negative. Recall
(oo = B >0, we see As < 0 for sufficiently small §. But Is > 0 by (5.17), we see equality
(5.13) can not hold for sufficiently small .

We have now proved that, under the assumptions in Theorem 1.3, the necessary
condition (5.13) does not hold in all the possible cases. This contradiction implies that
s is uniformly bounded when § — 0%. O

Once Hj is uniformly bounded, by convexity it sub-converges to a convex function Hy.
By the weak convergence of the Monge-Ampeére equation, Hy is a generalized solution to
(1.9). The regularity theory for the Monge-Ampeére equation implies that Hy € C27(S™)
for any v € (0,1) [29].
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