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Abstract

In this paper the centroaffine Minkowski problem, a critical case of the L ,-Minkowski problem in the
n + 1 dimensional Euclidean space, is studied. By its variational structure and the method of blow-up
analyses, we obtain two sufficient conditions for the existence of solutions, for a generalized rotationally
symmetric case of the problem.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

Given a convex body X in the Euclidean space R"*! containing the origin, the centroaffine
curvature of X at point p is by definition equal to K /d"*2, where K is the Gauss curvature and
d is the distance from the origin to the tangent hyperplane of dX at p. The centroaffine curva-
ture is invariant under unimodular linear transforms in R”*! and has received much attention in
geometry [46,48]. The centroaffine Minkowski problem [14] is to find sufficient and necessary
conditions for a given positive function £, such that f is the centroaffine curvature of a convex
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body containing the origin in R”*!. In the smooth case, the centroaffine Minkowski problem is
equivalent to solving the following Monge—Ampere type equation

det(V’H + HI) = on S”, (1.1)

Hn+2

where f is the given positive function (in fact f =1/ f ), H is the support function of a bounded
convex body X in R+ [ is the unit matrix, VZH = (V; jH) is the Hessian matrix of covariant
derivatives of H with respect to an orthonormal frame on S”. When f is a constant, this equation
describes affine hyperspheres of elliptic type, and all its solutions are ellipsoids centered at the
origin [10].

Equation (1.1) is a special case of the L ,-Minkowski problem introduced by Lutwak [40].
The L ,-Minkowski problem is an important generalization of the classical Minkowski problem,
and is a basic problem in the L ,-Brunn—-Minkowski theory in modern convex geometry. It has
attracted great attention over the last two decades, see for example [5-7,13,14,18,22,24,26-29,
36,37,41-43,51,52,55,59,61-65] and references therein. Solutions to the L ,-Minkowski problem
can be also used to prove various inequalities, e.g. [ 16,22,42,60]. For more related work, one can
seee.g. [11,17,19-21,38,39,44,47,50,53,57,58]. In the smooth case, the L ,-Minkowski problem
is equivalent to the following Monge—Ampere type equation

det(V’H +HI)= fH?™' onS".

So Eq. (1.1) is the special case of this equation with p = —n — 1.

Equation (1.1) also arises in anisotropic Gauss curvature flows and describes their self-similar
solutions [4,8,15,25,56]. Besides, its parabolic form can be used for image processing [2]. Eq.
(1.1) can be reduced to a singular Monge—Ampere equation in the half Euclidean space Riﬂ,
the regularity of which was strongly studied in [30,31].

Equation (1.1) corresponds to the critical case of the famous Blaschke—Santal6 inequality in
convex geometry [45]:

o dS(x) 5
vol(X)slg)f( e ls/ Ho) —£. 0™ <y (1.2)

where X is any convex body in R+ vol(X) is the volume of the convex body X, H is the
support function of X, and w, 1 is the volume of the unit ball in R**!. Also Eq. (1.1) remains
invariant under projective transforms on S” [14,37]. When f is a constant function, it only has
constant solution up to a projective transformation. This result has been known for a long time,
see [10] for example, which implies that there is no a priori estimates on solutions for general f.
Besides, Chou and Wang [ 14] found an obstruction for solutions to Eq. (1.1). By this obstruction,
one can easily construct a smooth f such that Eq. (1.1) has no solution. Also Eq. (1.1) may have
many solutions for some f [23]. This situation is similar, in some aspects, to the prescribed
scalar curvature problem on S”, which involves critical exponents of Sobolev inequalities and
the Kazdan—Warner obstruction for solutions [12,49]. So the existence of solutions to equation
(1.1) is a rather complicated problem due to these features.

For n = 1, the existence of solutions to Eq. (1.1) was investigated in [1,3,13,15,18,32,33,55,
59]. For general f, one needs to impose some nondegenerate and topological degree conditions
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additionally to obtain an existence result, see e.g. [32,33]. But when f is a periodic function with
period 27” for k > 3, Eq. (1.1) has at least a periodic solution without additional assumptions, see
e.g. [1,13,18,55,59].

For higher n-dimension, only several special cases were studied, see [36,37] for the rotation-
ally symmetric case, [29] for the mirror-symmetric case, and [62] for the discrete case. Some
sufficient conditions for the existence of solutions were found in these papers. There are no exis-
tence results of solutions about Eq. (1.1) for general f.

The major method to obtain these existence results for equation (1.1) when n > 1 is the
variational method, see [29,36,37,62]. This method is essentially to consider the following max-
imizing problem

sup inf J[H(x) —§ -], (1.3)

IX|=wn4+15€

where the supremum is taken among a certain class of bounded convex bodies X in R"*! con-
taining the origin with volume w,, the infimum is taken among all points £ € X, H is the
support function of X, and the functional J is given by

J[H] = — /L (1.4)
n+1) Hl
Sﬂ

The maximizing problem is closely related to the Blaschke—Santalé inequality (1.2). When
f =1, (1.3) is just the left hand side of the inequality. So for any given continuous positive
function f on S”, the maximizing problem has an upper bound. If there exists a maximizer H,
we expect it to be a solution to Eq. (1.1) after multiplied by a proper constant [29,37,62].

Very recently it was proved in [35] that the maximizing problem (1.3) has no maximizer
when f is even, namely f(—x) = f(x) for all x € S”. There the supremum is taken among all
convex bodies or all origin symmetric convex bodies. This result implies that, in order to obtain a
maximizer of (1.3), the class of convex bodies X should not be too large, especially can not be the
set of all convex bodies. It also partly explains why all the known existence results for n > 1 are
about special cases. In this paper, we further investigate the variational method for this problem.
In [29], the mirror symmetric case of Eq. (1.1) was studied and two sufficient conditions for the
existence were found. Here, we study another common symmetric case of Eq. (1.1), namely a
generalized rotationally symmetric case.

Assume n > 2. Let SO(n) be the special orthogonal group in dimension n. Assume G is a
discrete (or equivalently finite) subgroup of SO (n), such that for every nonzero x’ € R”, the
orbit of x’ under G spans R”. A function F defined on §” C R"*! is called to be G-rotationally
symmetric with respect to the x,,-axis, if for any x = (x', x,+1) € S", there is

F(Qx', x,01) =F(x', x,41), YQeG.

Correspondingly, a convex body X in R"*! is called G-rotationally symmetric with respect to
the x,,41-axis, if
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Obviously, the support function H of a convex body X is G-rotationally symmetric if and only
if X is G-rotationally symmetric.

A trivial G-rotational symmetry is the SO (n)-rotational symmetry, namely G = SO (n). The
existence of solutions to Eq. (1.1) for this case was already studied in [36,37]. In R3, a typical
G-rotational symmetry is the k-fold rotational symmetry. Namely, for any integer k > 3, let G
be the group consisting of

cos% —sin% )
, 1=0,1,---,k—1.

o 2mi 2mi
sin e COS “r

Then the G-rotational symmetry of a convex body in R? is equivalent to that it remains un-
changed under a rotation through an angle of 27” around the x3-axis. So the G-rotational sym-

metry for n > 2 is a generalization of the 2T’T-periodicity for n = 1. The latter case of Eq. (1.1)
was intensively studied, as mentioned above. While there are no results about the former case for
n>2.

We study the G-rotationally symmetric case of Eq. (1.1) in this paper, and obtain two sufficient
conditions for existence of solutions. We state our results in the following.

Denote the area of the unit n-sphere by o,,, and

ST=8"N{x41 >0}, ST:=8"N{x,41 <0}.

Let

- 1
f=—/f(x)dS(x),
On
Sn

_ 2
fe= = / FESE),
On

s,

(1.5)

_ 2
fo= = / FEAS@),
On

s"
be the mean values of f on the sphere and on the northern and southern hemispheres respectively.

Theorem 1.1. If f is a G-rotationally symmetric positive continuous function on S", such that
the maximum value of f restricted to the equator and the north and south poles is not greater

than f/2"+! or % min { fn, fg}, then equation (1.1) admits a G-rotationally symmetric solution.

When f is additionally symmetric with respect to the equatorial hyperplane, from the proof
of Theorem 1.1, we can easily improve it as the following

Theorem 1.2. Assume f € C(S") is positive and G-rotationally symmetric, and also symmetric
with respect to the equatorial hyperplane. If the maximum value of f restricted to the equator and
the north and south poles is less than f, then equation (1.1) admits a G-rotationally symmetric
solution.
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Our another existence result involves derivatives of f. We introduce some notations first. Let

en+1=1(0,0,---,0,1)

be the north pole, and eni | be the equatorial hyperplane. For each x € § N enﬂr 1» we define
s
PI(x) =/f’(e)cot9de, (1.6)
0

where f is the restriction of f on the half great circle on S” through the three points x and +e,, 1,
parameterized by an arc parameter 6 € [0, 7]. When f € C!(S") is G-rotationally symmetric,
one can check P (x) is well defined, see Lemma 4.1. Note that for given x, PI(x) is just pi(f)
defined in [37] for a rotationally symmetric f.

Let My 2[c, 8] be the %-power mean of two positive numbers « and 8, namely

2
Myl p1 = (LEYEY? (a7

Now we can state the following

Theorem 1.3. Assume f € C>(S") is positive and G-rotationally symmetric. If the maximum
value of [ on the equator is less than M 5[ f(en+1), f(—ens1)], and P1 > 0 with at least one
positive value, then equation (1.1) admits a G-rotationally symmetric solution.

In Theorems 1.1-1.3, we require f is G-rotationally symmetric on S” with n > 2. Here we
note that these theorems also hold when n =1 and f is rotationally symmetric. We also note that
even when f is SO (n)-rotationally symmetric, which was studied in [37], our theorems provide
new existence conditions.

The blow up analyses in our proofs of these theorems are inspired by [29], which treats the
mirror symmetric case of equation (1.1). The mirror symmetry has two special advantages. One
is that the infimum infecx J[H (x) — & - x] in the maximizing problem (1.3) must be attained at
& = 0. The other is that the first order derivatives of f vanish on the coordinate hyperplanes since
f is even with respect to each component of x. These two features play a key role in the proofs
of [29]. However there are no such advantages for a G-rotationally symmetric f. To overcome
these difficulties, we estimate the supremum of (1.3) more carefully by a special construction,
and combine assumptions about derivatives and values of f. Besides, we observe that the blow
up analyses depend only on the shape of minimum ellipsoids of convex bodies.

Note that any generalized solution to equation (1.1) must be positive on S”, see Corollary 2.4
in [37]. Therefore, the regularity of solutions obtained in our theorems follows the standard
regularity theory about Monge—Ampere equation, see [14] for example.

The paper is organized as follows. In Section 2, we investigate a variational method, which
provides a solution to Eq. (1.1) whenever there exists a maximizer. Then we use blow up anal-
yses to prove that a maximizer exists under suitable assumptions, and thus complete proofs of
Theorems 1.1 and 1.3 in Section 3 and Section 4 respectively.
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2. A variational method

As mentioned before, Eq. (1.1) admits a variational structure. We will study it in this section,
and prove that its maximizer (if exists) is a solution to (1.1) after rescaling by a proper constant.
Let S denote the set of all support functions of convex bodies in R”*!, namely

S= {H € C(S8™) : H is the restriction of a sublinear function in R”H} .
Let

St ={HeS:H >0},

Sf :={H € S8+ : H is G-rotationally symmetric} .

We use KC, to denote the set of all convex bodies in R"*! containing the origin in their interiors,
and IC((,; to denote the subset of /', consisting of only G-rotationally symmetric ones. Note that
there is a one-to-one correspondence between K§ and S

Now we consider the following maximizing problem

sup inf J[H(x) — & - x], 2.1
Xek§ ex
|X|=wn+1

where the supremum is taken among all G-rotationally symmetric bounded convex bodies X in
R"*+! containing the origin with volume @, 1, the infimum is taken among all points & € X, H is
the support function of X, and the functional J is given by

J[H] = f S 2.2)
n—+1 Hn+l
Sll

Here we require f is G-rotationally symmetric. Note that J[H (x) — & - x] is strictly convex with
respect to &, and goes to infinity as £ tends to the boundary of X, so infecx J[H(x) — & - x] is
attained at a unique point &.

By the Blaschke—Santal6 inequality, the maximizing problem (2.1) has an upper bound. But
it may not admit a maximizer, see [35]. In the following of this section, we always assume that
h is a maximizer of (2.1), namely

JIh]= Eien;h JIh(x) — & - x] = Jsup, (2.3)

where X, denotes the convex body determined by 4, and Jsp the supremum of the problem
(2.1). Note that X, is G-rotationally symmetric with respect to the x,11-axis and its volume is
Wn+1-

We shall first prove X, is C! and strictly convex, then & provides a solution to (1.1) after
rescaling by a proper constant. The proof follows that of [14], where the maximizing problem
(2.1) defined on the set K, was studied. Here (2.1) is restricted on a smaller subset IC(();, SO one
must be cautious when dealing with the variation.
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Let |G| denote the order of the group G, namely the number of elements in G. Since G is
finite, |G| is a positive integer. For any Q2 € G, write correspondingly

Q::(Q 1). (2.4)

For any subset U C R**!, we use GU to denote the image of U under the group action of G,
namely

GU::{fzymeG,yeU}. 2.5)

Lemma 2.1. The Gauss curvature of d X, is bounded from below in the generalized sense by a
positive constant C.

Proof. Fix a point p on 3X;. Let B, (p) be the closed ball in R"*! centered at p with radius r.
Note that G is a finite subgroup of SO (n), for sufficiently small r > 0, G B, (p) (see (2.5) for the
notation) must be a finite disjoint union of closed balls with the same radius r. For such an r, let

w=0Xy, N Br(p).
Since 0 X}, is G-rotationally symmetric, there is

Gw=03X, NGB, (p),

which is also G-rotationally symmetric. Let w* = v(w), where v is the Gauss mapping of 9 X},.
Then Go* = v(Gw).
For any small ¢ > 0, let X; be the convex hull of X;, U N;(Gw) where

N:(Gw) ={p :dist(p, Gw) < t}.

Obviously, X; is G-rotationally symmetric. Denote its support function and volume by /4, and
vol(h;) respectively. Then

hi(x) =h(x)+1, Vx € Go*,

and

1(h;) — vol(h
lim MZWM-

t—0t

Observe that for any x ¢ Go*, h;(x) = h(x) for sufficiently small 7. Therefore

o e —he)
m —— =

t—0t t

x(x),

where x is the characteristic function of Gw*, namely x (x) = 1 for x € Go* and y (x) = 0 for
x € S"\Gw*.
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Let hg be h, and «(¢) > 0 be such that
vol(a(t)h;) = wy41- (2.6)
Then ¢(0) =1, and

vol(h;) — vol(h)
T Dags o0 ‘
Gol
RS

o' (0) =

where the limit can be taken for any convergent subsequence. Let
VIOES igfj[a(t)ht(x) —&-x], 2.7)

where the infimum is taken among all points inside the convex body determined by o (¢)h;.
Suppose the infimum is attained at the unique point £(z). Then &£(¢) is Lipschitz continuous.
Without loss of generality, we can assume &’(0) exists. Recalling 4, is G-rotationally symmetric,
and £ is a maximizer of (2.1), we have

JO0) =T @®).

Therefore

li

t—0t t

i J(t)—J(O)SO’

where again the limit may be taken for any convergent subsequence. By

J (@) = J[a@)h(x) = &) - x],

we have

hnt2

—/ (o O)h+ 5 — ') x) <0.
Sn

Recall (2.3) says the infimum of J[Ah(x) — & - x] is attained at £ = 0. We have

hn+2xi
S)l

=0, i=12,---,n+1.

Therefore

—f f (@' (0)h + x) <0. (2.8)

hnt2
Sn
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By the estimate of ’(0) and the definition of x, the above inequality becomes into

[ fo_ S
(n+ Dwpy1 pnt+l — pnt2’
S Gow*
which implies
|G|
>C >0,
|Gl

where C depends only on the bounds of 4, f and n.
By our construction of w, there is |Gw| = k|w| for some integer 1 < k < |G|, and |Gw*| <
|G| - |w*|. Hence

lw*|  |G|7! - |Go*| Kk C
> > C >

ol = kNGol TIG| T IG|

Lemma 2.2. The Gauss curvature of 0 X, is bounded from above in the generalized sense by a
positive constant C.

Proof. By the argument of [14, Lemma 5.6], it suffices to prove

||

L 2.9
IR @

for any closed subset w* C S". Here v is the Gauss mapping of d X as before.

Fix a vector X € §”. Again let B, (X) be the closed ball in R"*! centered at x with radius . As
explained in the previous lemma, G B, (%) is a finite disjoint union of closed balls with the same
radius r when r is sufficiently small. For such an r, let

w* = 8" N B, (%).
Foreach Q € G,

Quw* = " N B, (%),
where Q is defined in (2.4). Then

Gw* = 5" NGB, (%).

Let w = v~ (w*), then Gow = v~ 1 (Gw*).
For a small ¢ > 0, let

X 0= [peR"+l cpex <h(x) —1(QX) - x, Vxefla)*} N Xy,
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where the notation “-” denotes the standard inner product in R"*!. Note 4 is positive on S”, we
see the origin is an interior point of X; o for a small ¢. Let

X, = m X .

QeG

We claim X, is a G-rotationally symmetric convex body. To see this, we first note that
QX o=X,.0q VRQ.QeG. (2.10)
In fact, for p € @X,,Q, we have 5’7117 € X;.q. Namely,
QO 'pexy, @2.11)
and
Q7 'px <h(x) —1(©F)-x, Vxe Qo (2.12)

Sinse Xy, is G-rotationally symmetric, (2.11) implies p € Xj,. Note 9% ! p-x=p- 'x and
h(Q2x) = h(x), then (2.12) is equivalent to

p- Ux <h(Ux) —t(Qx)-x, VxeQu*

Lety= ﬁ’x, then
Py <h(y) —1(@5- @'y, Vyedo,

which is equivalent to

p-y<h(y) —t(QQ3) -y, VyeQQow"
Thus p € X, o/q. Therefore

X, 0 C X, aa.

Observing the above argument is reversible, we also have that

X0 CQX q.
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Hence (2.10) is true. Now for any Q' € G,

§/X[ = m ﬁ/Xl,Q
QeG

= ﬂ X1 o0

QeG

= ﬂ XioQ

QUQeG

= m Xz,Q

QeG
= X[ )
which implies X; is G-rotationally symmetric.

Let h; be the support function of X,;We also write Xg = X}, and hg = h. Given an x € Go*,
there exists some 2 € G such that x € Qu*. Note X; C X; o, we have

hi(x) < h(x) —1(QX) - x. (2.13)

Since Q7 lx € w* = S N Br (x), and we can require » < 1, there is

7 (Q7 ) >

N =

By (%) - x = X - (2 'x), we obtain

(Qx) - x >

| =

Now (2.13) is simplified as

hi(x) <h(x)— %t.

Note this inequality holds for all x € Gw*. Observe that %, is non-increasing in ¢ and h; < h.
Thus

Ii

hy(x) — h 1
im O =m0 L vaesn (2.14)
t—0t t 2

Here y is the characteristic function of Gw*, and the limit is taken for any convergent subse-
quence as before.

Now we estimate the volume of X;. For each €2 € G, there is Qw = v~ (Qw*). Therefore for
any p € 0X,\Qw, v(p) N Qw* =@. Hence p € 3X; g for sufficiently small ¢. Thus

. vol(Xp) — vol(X; o)
lim

< Q0| = |o|.
t—0t t
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By the definition of X;, we have

vol(Xp) — vol(X,) _

lim |G- |,
t—0F
namely
1(h;) — vol(h
lim MZ—IGI-ICOI. (2.15)

t—>0F t

Again let a (), £(¢) and J (¢) be defined as in the previous lemma. Then

li

t—0t t

o JO—J0O <o,

Similar to (2.8), this inequality can be reduced into the following

f / . ht - h
_/ s (a ©h+ lim, 7) <0. (2.16)
Sn
By (2.15), there is
o)< 16110l
=0t Donst”

Recalling (2.14), we obtain from (2.16) that

L f __IGllel [ _f
2 ) 2T (it Doy J U
Go* NG

which implies
|Gw™| < C|G| - ||,
where C depends only on the bounds of 4, f and n. Note |Gw*| > |w*|, we obtain

||

|l
Thus (2.9) holds, which completes the proof. O

<C|G|.

In this section, a Borel measure p on S” is called to be G-rotationally symmetric, if

w(QU) = u(U)

for every Q2 € G and every Borel subset U C S".
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Lemma 2.3. Let v and py be two G-rotationally symmetric o -finite Borel measures on S". If
for every G-rotationally symmetric n € C*°(S"),

/ndm:/nduz,
S}l S'l
then w1 =g on S".

Proof. For x € §”, let B, , be the geodesic ball on S” with center x and radius r. We first prove
that for every x € ", there exists some 7 > 0 such that

wi1(Byy) = pu2(Byy), VYO0<r<r. 2.17)

Given a point x € §”. Note G is a finite subgroup of SO (n), there exists an 7 > 0 such that
for 0 <r <r, GBy, is a finite disjoint union of geodesic balls with the same radius r. Denote
the number of points in the orbit Gx by k. Since 1 and py are G-rotationally symmetric, we
have

wi(GBy ) =kui(By,), i=1,2. (2.18)
We shall prove w1(G By, ) = 12(G By ). Using smooth cut-off functions, one can easily con-

struct a family of G-rotationally symmetric smooth functions {1,,} on S$”, which is uniformly
bounded and converges pointwise to the characteristic function, x, of G By . By assumptions of

this lemma,
/nmdm=/nmduz.

NG NG
By the bounded convergence theorem, we obtain
/ xdur = / xdua,
sn sn
namely
M1 (GBx,r) = M2(GBx,r)-
Recalling (2.18), we have (2.17). Then one can easily obtain ;; = up on §”. 0O

Proposition 2.4. 39X, is C!, and for some positive constant A, Ah is a generalized solution
to (1.1).

Proof. By Lemmas 2.1 and 2.2, the Gauss curvature of X, is pinched between two positive
constants. By [9], X}, is C! and strictly convex.
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Now for any G-rotationally symmetric n € C°°(S"), let
X, = {p eR™M p.x<(h+m)(x), Vx € S”},
and £, be its support function. Since / is C! and strictly convex, we have for small 7 > 0 that

hy=h+1n. (2.19)

Therefore

t—0F t

and

1) — vol(h
hmMZ/n[m,

t—0t t
Sll

where u is the area measure of 9 X},.
Again let «(¢) and 7 (¢) be defined as in Lemma 2.1. Note A; is G-rotationally symmetric and
h is a maximizer of (2.1), we have

lim IO = JO) <o,

t—07t t

which again implies

—/ f (@'(0)h +1n) <0.

hn+2

S}’L

Since
o’ (0) ! / d
=7 | nay,
(n+ Doyt
Sn
we have
S

C/ndu—fWHSO,

sn sn
where

1 S

T+ Dog ) T
Sn

Replacing n by —n, we see that
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f
C/ndu—/wn=0
NG NG

for all G-rotationally symmetric n € C°°(S"). Note f, h and du are all G-rotationally symmet-
ric, by Lemma 2.3, there is

f
Jnt2 dx’

cdu =

where dx is the standard measure on S”. But dju = det(V2h + hI)dx in the generalized sense,
we obtain
f

cdet(V2h + hl) = oz on s,

Now let

5= ol/@nt2)

then A/ is a generalized solution to (1.1). O
3. Proof of Theorem 1.1

We will prove Theorems 1.1 and 1.3 in this and next sections. By arguments in the previ-
ous section, in order to prove the existence results in these theorems, one only need to find a
maximizer of

sup inf J[H(x) — & -x] 3.
XeKS X
[X|=wnt1

under assumptions of these theorems. We use blow-up analyses to find a maximizer in this paper.
Several notions and properties will be needed.

First, the concept of minimum ellipsoids is needed. Recall John’s Lemma in convex geometry,
see [54] for example. It says that for any convex body X in R”*!, there is a minimum ellipsoid
of X, denoted by E, such that

ECXCE,
n+1
where AE = {xo + A(x — xg) : x € E} and x is the center of E. We say X is normalized if the E
is a ball.
The minimum ellipsoid of a G-rotationally symmetric convex body is described by the fol-
lowing

Lemma 3.1. Assume n > 2. If an ellipsoid E is the minimum ellipsoid of a G-rotationally sym-
metric convex body in R", then it must have the following form

E= [x eR"™ . IS(x — tent1)| < 1] ,
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where t € R and
S =diag(a, -+ ,a,b)
is a diagonal matrix of order n + 1 with a, b > 0.

Proof. Since the minimum ellipsoid of a given convex body is unique, we see that E is
G-rotationally symmetric. Write E as

E:{xeR”+1:|S(x—xo)|§1}, 3.2)

where S is a positive definite symmetric matrix of order n 4 1, and xy is the center of E. Then
for Q e G,

QE

[yoy=ar 56—l <1}

[yis@y-xo1=1}

={vi18587 0 - Sxo)l < 1.
Note QE = E and the expression (3.2) of E is unique, we have

Qxp=xo and QSQ ! =5. (3.3)

Q:(Q 1).

Write xo = (x{), Xn+1), we have Qxo = (S2x{, Xu+1). By (3.3), there is

‘We recall

Qxy=xp VQeG.

Since the orbit of each nonzero z € R” under G spans the whole space R", there must be x(, = 0.
Therefore we can write

Xo=teyy1, tE R. (3.4

Now partition the symmetric matrix S as

S«
SZ((xT b>’

where S’ is a square matrix of order n, and b is a number. By (3.3), we have QS = sz, namely

QS Qa\ (5Q «
o« b )7 \aTQ b )
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which implies
QS '=5'Q,
and
Qo =u, a’TQ=a.

Again we have & = 0. Note S’ is symmetric, we fix an eigenvector z € R” and its corresponding
eigenvalue a, namely

S'z=az.

For any point 2z is the orbit Gz, there is

S'(Qz) =087 =Q(az) = a(RQz).

Then Qz is also an eigenvector corresponding to a. By our assumptions, Gz spans R”. That is,
the eigenspace corresponding to the eigenvalue a is the whole space R". Then we must have

S =al,,

where I, is the identity matrix of order n. Now S is written as

s=(“" ).

Note S is positive definite, we have a, b > 0. The lemma is proved. O

Lemma 3.1 says that a linear transform like ¢S € GL(n + 1) with ¢ > 0 can transforms the
corresponding G-rotationally symmetric convex body into a normalized one.

Another property that will be used is the invariance of the functional J under unimodular
linear transforms, see [29,35]. For any convex body X in R"*!, after performing a unimodular
linear transform A7 € SL(n + 1), it becomes into another convex body X 4. In the following, we
use Hy4 to denote the support function of X 4. Then

Ax
HA(x):|Ax|-H<—>, xes, 3.5)
|Ax|

where H is the support function of X. See [37] for more details about this type of transforms. As-
sociating with linear transforms, we recall an integral variable substitution formula given in [29,
35].
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Lemma 3.2. For any integral function g on S", and any matrix A € GL(n + 1), we have the
following variable substitution for integration:

_ ﬂ ' |det A|
Jg()’)dS(Y) —S[g<|Ax|> 7|AX|"+1 dS(x). (3.6)

The proof of this lemma can be found in [35]. And the invariance of J follows directly from
(3.5) and (3.6). That is, for any unimodular linear transform A € SL(n + 1),

fa Ax
/ Hn+1 H,H_l’ fA(x)Zf(m) . (37)

Recall that for any support function H, there exists a unique interior point in the convex body
X determined by H, denoted by &y, such that

JIH(x) —&n - x] =§in§J[H(X) —&-x]. (3.83)
€
Here we note that for G-rotationally symmetric H, £y must be located in the x,1-axis, namely

ém =tyent1, tgeR (3.9)
In fact, this is easily obtained by (3.6). For each Q2 € G, we have

1 J(x)dS(x)

T =80 1= | H e — & o
Sn

1 / f(Qx)dS(x)
n+ lsn (H(Qx) — &g - Qx)n+1

_ 1 / J(x)dS(x)
ot 1sn (H(x) — QT&y - x)r+!

=J[Hx)— QT ey - x].

Since &y is unique for an H, there is

Qley=¢p.

Similar to (3.3) and (3.4), we have (3.9).

After these preparations, we now start blow-up analyses to find a maximizer of (3.1). Since
(3.1) has a finite upper bound, let { H;} be a maximizing sequence. If it is uniformly bounded,
by the Blaschke’s selection theorem, a subsequence of {Hj} converges uniformly to a support
function Hs, which is a maximizer of (3.1). If not, namely

sup Hy — oo as k — oo. (3.10)
Sl‘l
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Then we will deduce a contradiction by our assumptions, and thus complete proofs of our theo-
rems.

Let X be the convex body determined by H. For each k choose a unimodular linear trans-
formation A,{ € SL(n + 1) that normalizes X;. Namely the convex body

X, = AL (Xp)

is normalized. Denote its support function by Hy,. Since X4, has the same volume w1, they
are uniformly bounded. On account of Blaschke’s selection theorem, we assume without loss
of generality that X 4 converges to some normalized convex body X, namely H,, converges
uniformly on §” to H, the support function of X. By v1rtue of formula (3.7) and (2.17) in [37],
we see Hy, also has a uniform positive lower bound. So H is positive on S". Applying again
formula (3.7) and the bounded convergence theorem, one gets

Jsup = klingo J[Hi]

1 fa,

1m
k»oon+1J) gntl
sn Ak

(3.1D)
_ ! f
T n+1) B+l
S}’l
where f is the limit function of fjy, .
We note that
1 f(x)dS
Jop = inf / _fdS) (3.12)
gexn+1J (H(x)—& x)rt!

In fact, given £ € )A(, by X4, — }A(, there exists £4, € X4, for each k, such that £4, — &. Recall-
ing formula (3.7), and denoting & := A,:TSAk, we have

1 / fAk(x)dS(x) _ 1 f(x)dS(x)
n+15n (HAk(‘x)_éAk '-x)n+1 n+lsn (Hk(x)—§k~x)”+1

= J[Hk(x) — & - x]
= J[H].

Passing to the limit as k — oo, we have

sup-

1 / FOdS(x)
n+ lsn (H(x) —& - xyntl —

Therefore (3.12) holds.



J. Lu / J. Differential Equations 264 (2018) 5838-5869 5857

We want to find some H € Sf with volume wj 1, such that
Jsup < irElfJ[H(x) —£&-x]. (3.13)

This is a contradiction, and then completes proofs. To achieve this goal, we need to explore
f more carefully. The G-rotational symmetry is critical to reducing the possibilities of f By
Lemma 3.1, we can choose the normalizing matrix AT © as

— 1

Al =diag(A;"" - T A T,

where A > 0. Recall the definition in (3.7), we have

AXTy w0y AXpy Xpt1

fAk('xla'.' JXny Xng1) = f
\/A%(xlz—i-'“—i—x,%)-l-xsﬂ

By the assumption (3.10), there must be

M — 0or Ay — 00, as k — oo. (3.14)

For the case when A, — 0, we have

2 , if 0;
Pt xg g = 1 @) i > (3.15)
f(—=ent1), ifxpq1 <O,
And when A, — oo, we have
R e xn, 0
foer, - aliMRSEE (3.16)

axnvxn+1)=f I
/x12+.+x’%

The above arguments are applicable to both Theorems 1.1 and 1.3. We continue the proof of
Theorem 1.1 in the following of this section, and Theorem 1.3 in the next section.

Proof of Theorem 1.1. As mentioned above, we only need to check (3.13). We first provide an
upper bound of Jgp. Recall the Blaschke—Santal6 inequality (1.2), for X, there exists a point

Ec X such that

1 / dS(x)
~ = < Wp+1-
n+ lsn (H(x) —& - x)n+l

By virtue of (3.12),
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JSLI

1 / F)dS(x)

p = = =
n+ 157’ (H(x) — & - x)ntl

L1 / dS(x) (3.17)

<max f - = —
n+ 1sn (H(x) — & - x)nt!

<max f - wn1.
Since f is given by (3.15) if Az — 0 or (3.16) if Ay — 0o, we see
maxfgmax{f(x) 1X eerﬁrl or x =:ten+1].
Therefore, under the assumption (3.10), we obtain
Jqup < max {f(x) ‘xeer orx= :I:e,,+1}  Onpl. (3.18)

On the other hand, let H =1 in the following proof. It is obviously that H is G-rotationally
symmetric, and vol(H) = w,+1. Recall (3.8) and (3.9), we have

iIng[H —&-x]=J[1 —tyxy41]

1 / F(x)dS(x) (3.19)
Tn+1) (
Sn

1 — tgxpp)"
Since ty € (—1, 1), and note o, = (n + 1)wy+1,

. 1 1
1r§1fJ[H—E~x]> . /f

o+l 4]
sn (3.20)
= Wf‘wnﬂ-
We can also estimate (3.19) as follows. If tz > 0, then
1 ds
infJ[H —&-x] > fx)dSx)
§ n+1/) (I—tgxp)tt!
St
> ! /f
“n+1
st
1 -
= Efzv Wnt1

Similarly, if tg <0, we can obtain

1 -
il;fJ[H—E -x] > EfS'CUn+1~
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Thus there is
1 _ _
ing[H —£-x]> Emin{f,v, fs} - ontr. (3.21)

Now recalling our assumption of Theorem 1.1, and combining (3.18), (3.20) and (3.21), we
see

Joup < iIng[H —&-x].

This contradiction completes the proof of this theorem. O

Remark. If f is additionally symmetric with respect to the equatorial hyperplane, then one can
easily see tg = 01in (3.19), which implies that

ing[H—ax]:f-wnH.

Hence Theorem 1.2 holds.
4. Proof of Theorem 1.3

In this section, we complete the proof of Theorem 1.3. After the arguments in the previous
section, we only need to find an H such that (3.13) holds, namely

Jsup < irslfJ[H(x) —£-x], .1

where Jgyp is given by (3.11). There are two cases of f to deal with, namely Ay — 0 and Ay — oo.
For the case 1y — 0, we observe that the first derivatives of a G-rotationally symmetric f vanish
at the north and south poles, the same as an (n + 1)-mirror symmetric function in [29]. Then
we can follow the blow-up analyses in [29], with a few modifications. For the case Ay — oo,
however, the first derivatives may not vanish on the equator, so the blow-up analyses in [29] are
not applicable to the G-rotationally symmetric f. To overcome this difficulty, we carefully make
use of the invariance of J, and construct a special support function to directly estimate the lower
bound of Jgp. The following are details.

4.1. When Ay — 0

Recall f is given by (3.15), namely

f(en—&-l)» ifxn—i—l > 0;

f(x1,~-~,x  Xnt1) = .
n f(—ent1), ifx,41 <O,

We consider the family of convex bodies X A(a) With A(a) € SL(n + 1) given by

1 n

. _ 1 _ 1 n_
A(a):dlag(a e a nJrl’anJrl)7 a>0.
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Since X is G-rotationally symmetric, so is X A(a)- Also

vol(X a(a)) = vol(X) = w1
Note the support function of X A(a) 18 H Aa)- Let

J(a) = irgfj[ﬁA(a) —&-x].
By (3.7), we have

J(a) =inf ! / — f
¢ n+1 (Ha) — & - x)"t1

Sﬂ

1 _
—igp o [ e
en+1l) (H—¢g. x)nt!
Sil

1 / fa
1) (=g

S}‘I

where the infimum is attained at &, € X, and f, = f A(a)-1 18 defined as

axy, - ,aXp, Xp+1

faOxt, - xp X)) = f

\/az(xf XD X
We allow a =0 1in (4.3) and (4.4). Then fy = f Note (3.12), there is &g = 0 and
J(0) = Jsup.
Now if we can find some a > 0 such that

J(a) > J(0),

4.2)

(4.3)

4.4

4.5)

then (4.1) holds. So it remains to check (4.5). To achieve this, we shall analyze the asymptotic

behavior of J(a) when a — 0.

Following [29], for the function f defined on S”, one can extend it to R”*! such that it is
homogeneous of degree zero. Note that f remains G-rotationally symmetric in the whole R"*+1.

For a point x € R"*+! we write x = (x’, xp+1) where

.X/:(.Xl,"' 9xn)-

Then we can use the standard notations in Euclidean space such as f ; , for the gradient and f ; ’,x,
for the Hessian of f with respect to x’. From now on, we always use these conventions unless

explicitly stated otherwise.
We need the following observation about the G-rotationally symmetric f.
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Lemma 4.1. If f € C!, then f;, (0, x441) = 0 whenever x, 1 # 0.
Proof. Fix any x,| # 0 and let

g = f(z,xu+1), z€R"

Then g € C'(R"). Note for any Q2 € G,

g(Q2) = f(Qz, xnt1) = f(2, Xn+1) = g(2).

Differentiating both sides of this equality with respect to z yields

(Vg)(Q2) - 2=Vg(2).
Let z =0, we obtain

Vg(0)-Q2=Vg(0).
Recall that the orbit of each nonzero z € R” under G spans R", and n > 2, there must be
Vg(0) =0,

which is equivalent to

fi0.x4)=0. O

Once we have Lemma 4.1, the second part of [29, Lemma 3.2] is true for a G-rotationally
symmetric f. Here we provide it as the following lemma.

Lemma 4.2 (/29]). Let ¢ € C(S") be a continuous function. Assume f € C*(S™), and f, is given
by (4.4). Then as a — 0T, there is

[ o= aenasw=a( [ ewriwdo+om).
s S”ﬁeni_H

Here PI(x) is given in (1.6).

We also have the following useful observation, which can be easily seen from the proof of [29,
Lemma 3.2 (b)] as well.

Lemma 4.3. Assume f € C>(S"). Then

/Ifa(X)—fo(X)ldS(X) =<Ca, (4.6)
SY!

where C only depends on || flc2(gny and n.
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But we can not use Lemma 4.2 directly, due to the existence of &, in J(a), see (4.3). To deal
with this problem, we need study &, in more detail. Recall (4.3), &, is the unique minimum point
of

1 /' Ja
n+1J) (H—g. xnt!’

Sn

which is strictly convex as a function of £. So £, is continuous with respect to a. Also the
vanishing first order derivatives yield

f#x,:o, i=1,2,---,n+1. 4.7)
$n (H_é:a ,x)n+2

If f, is a constant function, then &, is actually the Santalé point of the convex body X. The
Santal6 map, which maps a convex body to its Santald point, is Lipschitz continuous at each
convex body, see Proposition 1 iAn Kim-Reisner [34]. Now for &, given in (4.7), one can still
prove its Lipschitz continuity at X in a similar way. In fact, we have the following
Lemma 4.4. There exists a sufficiently small a > 0, such that

€.l <Ca, Y0<ac<a (4.8)

for some positive constant C depending only on H, f and n.

Proof. For simplicity, we write
1
(p(t):—m, Vvt > 0.
Then (4.7) says

/¢(I:I—$a~x)faxd5(x)=0. (4.9)
Sn

In particular, for a =0,

/ ¢ (H) foxdS(x) =0. (4.10)

sn

Combining (4.9) and (4.10), we get

/W% — &) (fa— fo)xdS(x) = /[¢(ﬁ) —¢(H — &, -0 fox dS(x).
sn sn

Then
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/¢(b7 —&a-x)(fa — fo)xdS(x) = /¢/(T)(€:a -x) foxdS(x),
sn sn

where 7 € R is between H (x)—&;-xand H (x). Taking the inner product with &,, we have

/¢(I:I — & - X)(fa — fo)(&a - X)d S (x) :/¢/(f)(ga -x)* fod S(x). (4.11)
sn §n

Since H > 0, and H (x) — &, - x converges to H(x) uniformly on S" when a — 07, we can
assume for a € [0, a] that

Hx) =& -x, HE), €27 Hpin, 2Hmax] =: [C1, C2l.

Thus we can estimate (4.11) as

¢/(C2)fmm/(§a - x)%dS(x) < /(P(ﬁ — & X)(fa — fo)(Ea - X)d S(x)
SVL

sn

s/|¢>(19 a1 — fol - & - x1dSCo)
o (4.12)

< |¢<cl>|~|sa|f|fa—fo|ds<x)
Sn

=1p(CI- 84l C3a,

where C3 is the positive constant in (4.6), which depends only on f and n. Note that

/ (- 1)2dS () = wnst ol
SVI

Now (4.12) is simplified into

) < $(CDICs
T 9(C) frmin@nt1

We complete the proof of this lemma. O

Now we can analyze J(a) — J(0). Recall (4.3), we have

(n—i-l)[J(a)—J(O)]:/ e (L
Sﬂ

(H —&,-x)r+! 4 Hntl

- ! 1 fa— fo
_/<(I:I—§a.x)n+l I:I'l+l)fa+5n gn+l

Sn

(4.13)
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To estimate the first integral above, we use Taylor expansion to obtain

( 1 1 ) n+1Df,
(H =g -0l Aret /e

= () + O ),
fa= gy 0+ O )

where the bounds of O(1) are independent of x € §" and a, when 0 < a < a for example.
Therefore, by (4.7), we have

1 1
f((ﬁ—s o m+1>f“=/0(1)@a'x)zdS(x)

Sﬂ Sll
= 0(1)a?,

where the second equality holds due to (4.8). Now applying Lemma 4.2, (4.13) is simplified as

fa - fO
[:1n+1

(n+ DJ (@) — J(0)] = 0(1)a* —i—/
SVl

=0(1)a2+a(/ I:I(x)_"_lPI(x)do(x)—{—o(l))

nMel
S anJrl

— a( / A) """ PI(x)do (x) + 0(1)).

nA,L
S merHrl

By the assumption of PI(x) in the theorem, we see for sufficiently small a > 0, J(a) > J(0).
Namely (4.1) holds, which is impossible.

4.2. When A — 00

In this case, f is given in (3.16), namely

A xlv"'v-xnso
J&u X X)) = f | ————=
_x%-}-_i_x’%

Similar to (3.17), we have

Jsup SMaX f - @pp1 = max f-wppi. (4.14)
S"ﬁen{rl

To achieve (4.1), we make the following construction. Denote

M= f(ent1), m= f(—ent1),

and
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()
o=——— .
M + /m
Let h € C(S") be given as

1
aM 2+2 ) Xn+1 > 09

h(x) = __n_ 2 2
aM zn+2\/M(xl+---+x,%)+mxn+l, Xp+1 < 0.

(4.15)

One can easily see A is the support function of a G-rotationally symmetric convex body K, which
consists of a semi-ball in the north and a semi-ellipsoid in the south. And its volume

I I \
Vol(K) = sn11 (@M 752) ™! 4 20,1 (@M 552)" - aM =55 Vim

1 VM A+ m
2

=wpp1a”
= Wp+1-

Recall for any A € SL(n + 1), H(x) =|Ax]| is a solution to

1
det(V2H + HI) = s on s,

One can check that % in (4.15) is a generalized solution to

2 __n

where
NG = o M X, 20} + M5, <0]-

Here x is the characteristic function. Recall the necessary condition for the classical Minkowski
problem, we have

/#x,:o, i=1.2, .n+1. (4.17)

Sn
Let &, € K be the unique point such that
/ S R f .
(h =& -x)"t gex ) (h—&-x)mt1
Sl‘l Sn
By the vanishing derivatives with respect to £, we have

n .
/le'zo, l=1,2,"',n+1.
Sn
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Comparing it with (4.17), we obtain &, = 0. Then

no . U
[ =int | g 19
S)‘l

sn

Now we consider the family of convex bodies K 4(4) with A(a) € SL(n + 1) given by

1 n

1
A(a) :diag(a_m, e ,a_n_ﬂ,am), a>0.

Namely K 4(q) is obtained by performing the linear transform A(a)T on K. Its support function
is given by ha(q), see (3.5). Note that K 4(,) is G-rotationally symmetric, and

VO](KA(a)) = VOI(K) = Wnp+1-
Let
J(a) IZing[hA(a)—"E'x]:J[hA(a)—Sa'x]. (4.19)
By (3.7), we have

f

1
J =
@=" S/ (haca) — Ea - )11

1 / Fa@1
S n+1) (h—A)TE  x)nt!
S)l

. 1/ fa
St (=g ot

Sn

where fu = f5y)-1 18 given by

axy, - ,aXp, Xp+1

fa(-xlv e 7-xn9xi’l+1) =f
\/aQ(X%—i-“'—i-x,%)—i-x,%H

Since &, € K, we can assume that &, — & as a — 0T Also note that

fax) > a7 2p(x), ae.xeS".
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Therefore we have

1 —2n—-2
lim J(a)= / ¥ 0
a—0+ n+1) (h—¢&.x)nt!

S"

> o 2. 1 / n ,
- n+1/) hntl
sn

where the inequality is due to (4.18). Note 4 is a solution to (4.16), we have

1 n 1 5
= hdet(V*h + hi
n+1/h"+1 n—l—l./ et M

sn NG
=vol(h)

= Wnp+1-

Thus

M)2wn+1. (4.20)

lim J(@) > o 2" 2w, = ( 3

a—0t

By our assumption in the theorem:

combining (4.14) and (4.20), we have

lim J(a) > Jgp.

a—0t

This implies J(a) > Jsyp for sufficiently small @ > 0. Recalling J (@) is given by (4.19), we see
(4.1) holds, which is a contradiction. Now we complete the proof of Theorem 1.3.
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