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Abstract The centroaffine Minkowski problem is studied, which is the critical case of the L;,-Minkowski
problem. It admits a variational structure that plays an important role in studying the existence of solutions.
In this paper, we find that there is generally no maximizer of the corresponding functional for the centroaffine

Minkowski problem.
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1 Introduction

The centroaffine Minkowski problem [8] is to find necessary and sufficient conditions about a given positive
function f, such that f is the centroaffine curvature of a convex body containing the origin in R"+1. In
the smooth case, the centroaffine Minkowski problem is equivalent to solving the following Monge-Ampere
type equation:

det(V2H+HI):# on S". (1.1)

where f is the given positive function (in fact f =1/ f), H is the support function of a bounded convex
body X in R™™!, T is the unit matrix, and V2H = (V;;H) is the Hessian matrix of covariant derivatives
of H with respect to an orthonormal frame on S™.

Equation (1.1) is a special case of the L,-Minkowski problem introduced by Lutwak [21], which has at-
tracted great attention (see for example [4,10-12,20,22,25,30] and the references therein). Equation (1.1)
has applications in anisotropic Gauss curvature flows (see [9,27]), and image processing (see [2]). It can
be reduced to a singular Monge-Ampere equation in the half Euclidean space Ri+17 and its regularity
was strongly studied in [14,15].

Equation (1.1) has a natural variational structure, which involves a type of Mahler volume for convex
bodies. Consider the following maximizing problem:

. 1 f(x)dS(z)
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where X is any bounded convex body in R**1, ¢ is any point in X, vol(X) is the volume of the convex
body X, and H is the support function of X. Note that for any X, there exists a unique £ € X such
that the infimum is attained. By the arguments of [8], any maximizer of this problem provides a solution
to (1.1) after rescaling by a constant. When f = 1, (1.2) is exactly the Mahler volume for X. For the
upper bound of Mahler volume, it is given by the famous Blaschke-Santal6 inequality in convex geometry
(see [23]):

: 1 dsS(x) 9
f vol(X) - = 1.
Sl)l(p gex O (X) n+1 /sn (H(x) =& z)mt! “nt1) (1.3)

where w,, ;1 is the volume of the unit ball in R”*!, and the supremum is attained at any ellipsoid. So the
maximizing problem (1.2) is obviously bounded from above, and its maximizers may be not uniformly
bounded. This means that there is no a priori estimates for maximizers to (1.2). Actually, this feature
originates from (1.1) itself, which remains invariant under projective transforms on S™ (see [8,20]).
When f is a constant function, all ellipsoids centered at the origin are the solutions to (1.1) (see [5]).
Equation (1.1) is similar, in some aspects, to the prescribed scalar curvature problem on S™ (see [6,24]),
but more complicated due to the lack of a Liouville type theorem after blow-up.

For n = 1, (1.1) is reduced to a semi-linear ordinary differential equation. The existence of solutions
was investigated in [1,3,7,9,10,16,17,26]. For the higher n-dimension, there are few existence results
about (1.1) except several special cases; see [19,20] for the rotationally symmetric case, [13] for the mirror
symmetric case, and [30] for the discrete case.

The variational method is the major way to obtain the existence of solutions to the L,-Minkowski
problem. For subcritical cases p > —n —1, see [4,8,28,29]. For the critical case p = —n — 1, namely (1.1),
almost all existence results mentioned above for general dimension n were obtained by the variational
method corresponding to (1.2). In this paper, we find an interesting fact: the variational method cannot
be used to obtain a solution to (1.1) in the general case.

We say f is even, if f(—x) = f(z) for all z € S™.

Theorem 1.1. If f is a continuous and even function on S™, then

. 1 flx)dS(z)
Sl)l(pélg)ff vol(X) n+1 /n (H(z) —&-a)ntt Finaxtp 1, (1.4)

where fuax = SUpyegn f(x). When f is non-constant, the supremum cannot be attained.

Recall that when f = 1, (1.4) is just the Blaschke-Santalé inequality (1.3), and the supremum is
attained at any ellipsoid. Although the variational method was used to obtain a solution to (1.1) for
some special symmetric cases and the discrete case, it unfortunately cannot be applied to (1.1) when f
is a general even function without additional restrictions by Theorem 1.1.

This paper consists of two sections. We prove Theorem 1.1 in the next section.

2 Nonexistence of a maximizer

In this section, we prove Theorem 1.1. First, note that the Mahler type volume

. 1 f(2)dS(x)
dnf vollX) - 27y /s (H(z) — € 2)n 71

is invariant under any dilation of the convex body X. So (1.4) is equivalent to

[ e
» (H(z) — € )1

Sup inf = fmaan+1 . (2 1)

|X |=wn 41 cexn+1

Here, | X| denotes the volume of X, namely vol(X). For any support function H, let

1 /
) = o [ g

(2.2)

Now, Theorem 1.1 is equivalent to the following.
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Theorem 2.1. If f is a continuous and even function on S™, then

inf J[H(z) — & z] = fimax . 2.3
|X|S:11£1+1£1£X [H(2) = £ 2] = fmaxwWn+1 (2.3)

When f is non-constant, the supremum cannot be attained.

The proof of Theorem 2.1 is based on the invariance of the functional J under unimodular linear
transforms. For any convex body X in R"™t!  after performing a unimodular linear transform AT
€ SL(n + 1), it becomes into another convex body X, namely X4 = AT(X). In the following, we
use H4 to denote the support function of X 4. Then

Az "
Hy(z) = |Az| H<|Am|)’ re S, (2.4)

where H is the support function of X (see [20] for more details about this type of transforms). The
invariance of J is a direct corollary of [18, Lemma 5.1].

Lemma 2.2 (See [18, Lemma 5.1]).  For any integral function g on S™, and any matriz A € GL(n+1),
we have the following variable substitution for integration:

[swasw = [ o ) L ast) 03

Proof.  For completeness, here we provide the proof given in [18].
We first claim: for any homogeneous function ¢ in R®*! of degree zero, there is

| ewdr=— [ ewasw), (26)

where B™*1 is the unit ball in R**!. In fact, recall that

/BW w(y) dy/oldr/nm oly) dS(y),

where S™(r) is the n-sphere centered at the origin with radius r. Since ¢ is homogeneous of degree zero,

/Bm e(y)dy = /01 r”dr/n e(y) dS(y)
1

= / o(y) dS(y),
gn

n+1

the above equality becomes into

which implies the claim.
Now we can apply the variable substitution for integration in R"*! to prove (2.5). Extending g on S™
as a homogeneous function of degree zero in R"*! noting (2.6) and using the variable substitution

|z]
=4 R

we obtain

| swasw =+ [ oy

|| '
= 1 A . .
(n+ )/Bn+1 g(|Ax| x| - |detyl| dx

By the direct computations, one can see

|det A |z|"

dety! | =
| r‘ |A£E|n+1
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Therefore,

|| |det Af |2|"*

Noting the integrand on the right-hand side of (2.7) is homogeneous of degree zero, and again apply-

[ swasw = [ o((5) - i ase

This completes the proof of the lemma. O

[ st ast) =+ 1) [

Bn+1

ing (2.6), we obtain

By (2.5) of this lemma, one immediately obtains the invariance about J. Namely, for any integral
function f on S™, any support function H, and any matrix A € SL(n + 1), we have

[ fa _ Az
/Sn H ™ Jgn L falz) = f<Az|) (2.8)

Let 0, := (n + 1)wp4+1 be the area of the unit n-sphere, and Jy,, be the supremum on the left-hand
side of (2.3).

Lemma 2.3. If f is a continuous and even function on S™, then the corresponding Jsup is equal to

fmaan+l .

Proof.  Let X be any convex body with volume w,, 1, H be its support function, and £ € X. Since

JIH@) — €3] < for - — / d5(w)

n+1Jgn (H(x) =& x)ntt’
we have
| 1 dS(x)
BEIHE) €0 < e 2l ooy [ T

< fmax *Wn+1,

where the second inequality holds due to the Blaschke-Santal$ inequality (1.3). Thus,

Jsup < fmaan+1~ (29)

On the other hand, for any matrix A € SL(n + 1), let Ha(x) = |Az|, x € S™ be the support function
of the ellipsoid E4 := AT(B"t1), where B"*! is the unit ball in R"*!. Since f is even, we easily see that

giel}EfA J[Ha(x) =& x] = J[Hal.

Noting the volume of E4 is wy41, by the definition of Jg,p,, we have

Jsup 2 J[HA]
_ ! f
- n+ ]. Sn HX+1
1
o n—+1 Sn fA_17

where the last equality comes from (2.8), and fu-1(z) = f(%). Noting that A € SL(n + 1) is

arbitrary, we obtain
1

sup
Aespinyny n+ 1 Jgn

Jsup 2 fA*L (210)
We claim that the right-hand side of (2.10) equals fraxwnr1- In fact, we can assume fiax is attained at
the north and south poles without loss of generality, namely f(£e,+1) = fmax, where e, 11 = (0,...,0,1).
Let
At = diag(k~ 71, k~ 7 ki) € SL(n+1), k> 0.
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Then for any x = (x1,...,Tpt1) € S™ with z,41 # 0,

f( k_ll'17...,k_1$n,.’1,'n+1 )
\/k—%% 4+ k222 fa? )

— f(*ent1), as k — +oo.

Therefore, by the bounded convergence theorem we have

1 1

su ~1 > lim _
AGSL(I:H-l) n+1Jgn fam 2 kotoon 41 Jgn Tap
1
= +e
n+ 1 Sn f( n+1)
1
= mfmaxo—n
= fmaan+1~
It is obvious that
1
sup fA*l < fmaan-i-l-
AeSL(nty M+ 1 Jgn
Hence,
5 fA—1 = fmaanJrl'
AesLn+y N+ 1 Jgn
Now, (2.10) becomes into
Jsup = fmaan—i-ly
which together with (2.9) leads to the conclusion of this lemma. O

Now, we prove Theorem 2.1.

Proof of Theorem 2.1.  Because of Lemma 2.3, it only needs to prove that the supremum cannot be
attained when f is non-constant. We prove it by contradiction. Assume H is a maximizer to the left-hand
side of (2.3), i.e.,

JH] = ngf J[H(z) = € 2] = Joup-

By virtue of the Blaschke-Santalé inequality (1.3), let fN be the point such that

1 ds(x)
n+1 /Sn (H(z) — € - 2)n+1 < Wt

Noting f is continuous and non-constant, we have

JIH] < JIH(z) = - 4]
L[S
n+1Jsn (H(x) = €-a)t?
1 dS(z)
<fmax'n+1‘/sn (ﬁ(l‘)_éx)n+l

< fmaanJrl )

ie.,
Jsup < fmaan—i-lv

which contradicts Lemma 2.3. This completes the proof of Theorem 2.1. O

Acknowledgements This work was supported by National Natural Science Foundation of China (Grant No.
11401527).



516 LuJ Sci China Math ~ March 2018 Vol. 61 No.3
References
1 AiJ, Chou K S, Wei J C. Self-similar solutions for the anisotropic affine curve shortening problem. Calc Var Partial
Differential Equations, 2001, 13: 311-337
2 Alvarez L, Guichard F, Lions P L, et al. Axioms and fundamental equations of image processing. Arch Ration Mech
Anal, 1993, 123: 199-257
3 Andrews B. Evolving convex curves. Calc Var Partial Differential Equations, 1998, 7: 315-371
4 Boroczky J, Lutwak E, Yang D, et al. The logarithmic Minkowski problem. J Amer Math Soc, 2013, 26: 831-852
5 Calabi E. Complete affine hyperspheres. I. In: Symposia Mathematica, vol. 10. London: Academic Press, 1972, 19-38
6 Chang SY A, Gursky M J, Yang P C. The scalar curvature equation on 2- and 3-spheres. Calc Var Partial Differential
Equations, 1993, 1: 205-229
7 Chen W X. L, Minkowski problem with not necessarily positive data. Adv Math, 2006, 201: 77-89
8 Chou K S, Wang X J. The Lp-Minkowski problem and the Minkowski problem in centroaffine geometry. Adv Math,
2006, 205: 33-83
9 Chou K S, Zhu X P. The Curve Shortening Problem. Boca Raton: Chapman & Hall/CRC, 2001
10 Dou J B, Zhu M J. The two dimensional L, Minkowski problem and nonlinear equations with negative exponents.
Adv Math, 2012, 230: 1209-1221
11 Huang Y, Liu J K, Xu L. On the uniqueness of Lp-Minkowski problem: The constant p-curvature case in R3. Adv
Math, 2015, 281: 906-927
12 Jian HY, Lu J, Wang X J. Nonuniqueness of solutions to the L,-Minkowski problem. Adv Math, 2015, 281: 845-856
13 Jian H Y, Lu J, Zhu G X. Mirror symmetric solutions to the centro-affine Minkowski problem. Calc Var Partial
Differential Equations, 2016, 55: Article ID 41
14 Jian H'Y, Wang X J. Bernstein theorem and regularity for a class of Monge Ampeére equations. J Differential Geom,
2013, 93: 431-469
15 Jian H Y, Wang X J. Optimal boundary regularity for nonlinear singular elliptic equations. Adv Math, 2014, 251:
111-126
16 Jiang M Y, Wang L P, Wei J C. 27-periodic self-similar solutions for the anisotropic affine curve shortening problem.
Calc Var Partial Differential Equations, 2011, 41: 535-565
17 Jiang M Y, Wei J C. 2m-periodic self-similar solutions for the anisotropic affine curve shortening problem II. Discrete
Contin Dyn Syst, 2016, 36: 785-803
18 Lu J. Lp-Minkowski problem. PhD Dissertation. Beijing: Tsinghua University, 2013
19 Lu J, Jian H Y. Topological degree method for the rotationally symmetric Lp-Minkowski problem. Discrete Contin
Dyn Syst, 2016, 36: 971-980
20 Lu J, Wang X J. Rotationally symmetric solutions to the Ly-Minkowski problem. J Differential Equations, 2013, 254:
983-1005
21 Lutwak E. The Brunn-Minkowski-Firey theory, I: Mixed volumes and the Minkowski problem. J Differential Geom,
1993, 38: 131-150
22 Lutwak E, Yang D, Zhang G Y. On the Lp-Minkowski problem. Trans Amer Math Soc, 2004, 356: 4359-4370
23 Lutwak E, Zhang G Y. Blaschke-Santalé inequalities. J Differential Geom, 1997, 47: 1-16
24 Schoen R, Zhang D. Prescribed scalar curvature on the n-sphere. Calc Var Partial Differential Equations, 1996, 4:
1-25
25 Stancu A. The discrete planar Lo-Minkowski problem. Adv Math, 2002, 167: 160-174
26 Umanskiy V. On solvability of two-dimensional Lp-Minkowski problem. Adv Math, 2003, 180: 176-186
27 Urbas J. The equation of prescribed Gauss curvature without boundary conditions. J Differential Geom, 1984, 20:
311-327
28 Zhu G X. The logarithmic Minkowski problem for polytopes. Adv Math, 2014, 262: 909-931
29 Zhu G X. The L, Minkowski problem for polytopes for 0 < p < 1. J Funct Anal, 2015, 269: 1070-1094
30 Zhu G X. The centro-affine Minkowski problem for polytopes. J Differential Geom, 2015, 101: 159-174



	Introduction
	Nonexistence of a maximizer

