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1. Introduction

In recent years, the Orlicz—Brunn—Minkowski theory in convex geometry has been
built up gradually and is developing rapidly. It can be viewed as the recent develop-

* The authors were supported by Natural Science Foundation of China (11771237, 11871432, 11401527).
* Corresponding author.
E-mail addresses: hjian@math.tsinghua.edu.cn (H. Jian), lj-tshu04@163.com (J. Lu).

https://doi.org/10.1016/j.aim.2019.01.004
0001-8708/© 2019 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.aim.2019.01.004
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
mailto:hjian@math.tsinghua.edu.cn
mailto:lj-tshu04@163.com
https://doi.org/10.1016/j.aim.2019.01.004
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2019.01.004&domain=pdf

H. Jian, J. Lu / Advances in Mathematics 344 (2019) 262-288 263

ment of the classical Brunn—Minkowski theory, and has attracted great attention from
many scholars, see for example [4,7-9,11,13,14,16,17,21,22,27,29,30,32-35,37-40,44] and
references therein. In the Brunn—Minkowski theory, it is well known that the classical
Minkowski problem is of central importance, and has many applications. In the new
Orlicz—Brunn—Minkowski theory, the corresponding Minkowski problem is called the
Orlicz—Minkowski problem.

Let ¢ : (0,400) — (0, +00) be a given continuous function. For a convex body K C R™
with the origin 0 € K, the Orlicz surface area measure is defined as ¢(hk)dSy. Here hg
is the support function of K, and Sk is the surface area measure. The Orlicz—Minkowski
problem, first proposed in [10], asks what are the necessary and sufficient conditions for
a Borel measure u on the unit sphere S”~! to be a multiple of the Orlicz surface area
measure of a convex body K. Namely, this problem is to find a convex body K C R"
such that

cp(hg)dSk = dp on S™* (1.1)

for some positive constant c. Since the Orlicz surface area measure depends on ¢, it is
also called L,-surface area measure. Correspondingly, the Orlicz—Minkowski problem is
sometimes called the L,-Minkowski problem.

When ¢ is a constant function, Eq. (1.1) is just the classical Minkowski problem.
When ¢(s) = s'7P, Eq. (1.1) reduces to the L,-Minkowski problem, which has been
extensively studied, see e.g. [1-3,12,15,17-20,23-26,28,31,41,43] and Schneider’s book
[36], and corresponding references therein.

When the Radon—Nikodym derivative of p with respect to the spherical measure
on S™! exists, namely di = fdz for a non-negative integrable function f, the equa-
tion (1.1) can be written as

C(,D(hK> det(VQhK + hKI) = f on Sn_l, (1.2)

where VZhy = (Vijhi) is the Hessian matrix of covariant derivatives of hx with respect
to an orthonormal frame on S”~!, and I is the unit matrix of order n — 1. This is a
Monge—Ampere type equation.

Eq. (1.1) has a variational structure, which can be used to prove the existence of
solutions [10,14,37]. Haberl, Lutwak, Yang and Zhang [10] considered the even Orlicz—
Minkowski problem under the assumption

(A) ¢ :(0,400) = (0,+00) is a continuous function such that ¢(t) = f(f 1/p(s)ds exists
for every t > 0 and is unbounded as t — +o0.

They proved the following

Theorem 1.1 ([10, Theorem 2]). Suppose (A) is satisfied. If 1 is an even finite Borel
measure on S"1 which is not concentrated on any great sub-sphere of S"~1, then there
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exists an origin symmetric convex body K in R™ and a number ¢ > 0 satisfying (1.1).
Moreover, one can require that the Orlicz-norm of hy is equal to 1.

We note that the Orlicz-norm of hg in this theorem is defined with respect to ¢(t) =
fot 1/¢(s)ds and p. Denoting it by ||hk||, ,, we have that

. . 1 hi
hklly, =inf §A>0: (571 / ¢(7)du§¢>(1)
S?‘L*l

One can consult [10, Section 4] for more properties about this norm. We will use this
notation throughout this paper.

Huang and He [14] studied the general (not necessarily even) Orlicz—Minkowski prob-
lem and obtained the following result.

Theorem 1.2 ([14, Theorem 1.2]). In addition to (A), further suppose that o(s) tends
to +o0o as s — 07, If p is a finite Borel measure on S™~ ! which is not concentrated in
any closed hemisphere of S"~1, then there exists a conver body K in R™ and a number
¢ > 0 satisfying (1.1). Moreover, one can require that the Orlicz-norm |hk||, , is equal
to 1.

We note that Theorem 1.1 includes the even L,-Minkowski problem for p > 0,
and Theorem 1.2 includes the general L,-Minkowski problem for p > 1. There is
no result about the general Orlicz—Minkowski problem which can include the general
L,-Minkowski problem for 0 < p < 1. In this paper, we will fill this gap. We obtain the
following

Theorem 1.3. In addition to (A), further suppose that ¢ is non-decreasing and ¢(s) tends
to 0 as s — 0%, If pu is a finite Borel measure on S~ which is not concentrated in any
closed hemisphere of S"~1, then there exists a convex body K in R™ and a number ¢ > 0
satisfying (1.1). Moreover, one can require that the volume of hy is equal to 1.

One can see that ¢(s) = s!™P with 0 < p < 1 satisfies the assumptions of Theorem 1.3.
Therefore this theorem includes the general L,-Minkowski problem for 0 < p < 1.
Actually there was even no existence result about the general L,-Minkowski problem for
0 < p < 1 when our paper was completed, while now there is one existence result about
this L,-Minkowski problem [5].

The method of proving Theorem 1.3 is the variational method, which was used to
study the Orlicz-Minkowski problem in [10,14] and the L,-Minkowski problem in [6,42].
However our method is not a direct generalization of these previous methods, since [10]
is for the origin symmetric case, while in [6,14,42] extremum problems were considered in
a class of support functions of convex bodies, which additionally need to analyze related
properties of extremum convex bodies when computing variations, see Lemmas 5.5-5.6
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in [6] or Lemmas 3.5-3.6 in [42]. To overcome these difficulties, in this paper we use a new
technique combining the functionals given in [6] and [10], and making use of Alexandrov
bodies to compute an extremum problem in the class of positive continuous functions
on S"~!. No additional properties of extremum convex bodies will be needed in our
method.

The paper is organized as follows. In section 2, we provide some preliminaries about
convex bodies. In section 3, we state Theorem 3.1 which is more general than Theorem 1.3
and prove a special discrete case of the theorem. Then we complete the proof of the
theorem in section 4.

2. Preliminaries

In this section we state some notations and basic facts about convex bodies which
will be used throughout this paper. For general references about convex bodies, one can
consult [36].

A convex body is a compact convex subset of R™ with non-empty interior. For a
convex body K, we use int K to denote the interior of K. The support function of a
convex body, denoted by hg, is given by

hi(x) := rgneal)((f sz, xe ST

where “-” denotes the inner product in the Euclidean space R”. It is well known that a
convex body is uniquely determined by its support function, and the convergence of a
sequence of convex bodies is equivalent to the uniform convergence of the corresponding
support functions on S"~!. The Blaschke selection theorem says that every bounded
sequence of convex bodies has a subsequence that converges to a convex body.

Denote the set of positive continuous functions on S”~! by C*T(S"~1). For g €
C*T(S"1) and a closed subset w C S™! not lying in any closed hemisphere, define
the Alezandrov body associated with (g,w) as

K= (){¢eR": & a2 <g(x)}.

TEW

One can see that K is a bounded convex body and 0 € K. Note that
hic(w) < gla), @€ w.

We write vol(g,w) for the volume of the Alexandrov body associated with (g,w). For the
concept of Alexandrov body, there is a useful variational formula due to Alexandrov, see
e.g. [36, Lemma 7.5.3].

Lemma 2.1. Let € > 0. Assume Gi(z) = G(t,z) : (—€,€) X w — (0,400) is continuous.
If there is a continuous function g on w such that
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Gy — Gy

I, St =G0 _ .
Jim, ; g uniformly on w,
then
. vol(Gt,w) — vol(Go,w /
| x)dS
i, ; gle)dsie(

w

where K is the Alexandrov body associated with (Go,w). The same assertion holds if the
one-sided limit lim;_,o+ s replaced by lim;_,o- or by lim;_q.

For a finite Borel measure p on S"~1, denote its support set by supp(u), and its total
mass u(S"~1) by [p].

3. A special discrete case
In this paper, instead of proving Theorem 1.3 directly, we will prove the following

Theorem 3.1. Suppose ¢ : (0,+00) — (0,+00) is an increasing concave C' function
satisfying that limg_, 1 o @(t) = 400, ¢'(t) > 0 and lim;_,o+ ¢'(t) = +o0. If 1 is a finite
Borel measure on S™~! which is not concentrated in any closed hemisphere of S*~1, then
there exists a convex body K in R™ and a number ¢ > 0 satisfying

C

— n—1
—fi)’(hK)dSK dp oon ST (3.1)

Moreover, one can require the volume of hx is equal to any given number v > 0.
One can easily prove Theorem 1.3 by virtue of Theorem 3.1.

Proof of Theorem 1.3. Given ¢ as in Theorem 1.3, we define ¢ as

t

B(t) = / 1/(s)ds, ¥t > 0.

0

By assumption (A), ¢ is an increasing C* function in (0, +00) satisfying

lim ¢(t) = +o0.

t—+o0
Note ¢ = 1/¢ > 0 is non-increasing, then ¢ is a concave function. Also

1
li '(t) = lim — =
A, 01(0) = lim oy =t
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So ¢ satisfies all assumptions of Theorem 3.1. By this theorem, there exists a convex
body K in R™ and a number ¢ > 0 satisfying

c

_ n—1
—¢’(hK)dSK dpon S™TH

namely
cp(hg)dSk = dpon S,

which is just equation (1.1). Theorem 3.1 also says that the volume of hx can be equal
to any given positive number v. We choose v = 1. Now Theorem 1.3 is proved to be
true. 0O

From now on, we only focus on Theorem 3.1.
In this section, we mainly prove the following lemma, which is a special discrete case
of Theorem 3.1.

Lemma 3.2. Suppose ¢ : (0,+00) — (0,+00) is an increasing concave C? function sat-
isfying that limy_, o ¢(t) = +o0, ¢'(t) > 0, limy_,q+ ¢'(t) = 400, and ¢"(t) < 0. If p
is o finite discrete measure on S™~1 which is not concentrated in any closed hemisphere
of S"1, then there exists a convex body K in R™ containing the origin in its interior,
and a number ¢ > 0 satisfying Eq. (3.1). Moreover, one can require the volume of hy is
equal to any given number v > 0.

We use a variational method to prove this Lemma. For any fixed positive constant v,
we consider the following minimizing problem:

ceK,

inf{ sup Jlg(z) —€-a]: g€ CT(S"Y), vol(K,) = v} , (3.2)
where K is the Alexandrov body associated with (g,supp(u)), and

Jlg) = / ¢(g(@))dp(x) = #(g())du(z). (33)
st o)

supp

Note when ¢ € Ky and « € supp(u), there is

g(x) =& x> hg,(z) —&-x > 0.

By the assumptions of ¢, we can define ¢(0) as lim;_,o+ ¢(¢) which exists and is finite.
Note ¢(0) > 0. Therefore J[g(z) — £ - x] in (3.2) is well-defined. The proof of Lemma 3.2
will be carried out in the following Lemmas 3.3-3.6 and finished after Lemma 3.6.
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Lemma 3.3. Assume that ¢ : (0,+00) — (0,+00) is an increasing concave C' function
satisfying lim;_,o+ ¢'(t) = +o00, and that p is a finite discrete measure on S™~1 which is
not concentrated in any closed hemisphere of S"~1. Then for every non-negative contin-
wous function g on S™~1 with K, having nonempty interior, there is at least one point
of Ky, denoted by &,, such that

Jg(x) =& - 2] = Sup Jg(a) — € -z, (3.4)

And for any such point, we have & € int K. If ¢ is additionally strictly concave, then
&, is unique, and depends continuously on g when g € C*T(S"1).

Proof. Define G : Kg — R as
(&) = Jlgla) — € o] = / b(g(x) — € - )du(z).
S'n.fl

We claim that G is concave with respect to €. In fact, for A, Ay € (0,1) with A\ +Xo = 1,
and &1, & € Ky, we have

GONEr + Aals) = / ol9(@) — (M1 + Mot - 2)dpu()

Sn—1

- / oM (g(@) — & - 2) + Nalg(x) — & - @)l du(z)
Snfl

> / Md(g(e) — &1 - 2) + Aadlg() — & - 2)]du(x)

Sﬂ.*l
= MG (&) + X2G(&2).

Here we have used the concavity of ¢. If ¢ is additionally strictly concave, when the
above equality holds, there must be

g(x) =& -v=g(x) =& -z, Vacsupp(u),

namely

(&1 —&)-x=0, Vcsupp(u).

Recall p is not concentrated on any closed hemisphere, then supp(u) spans the whole
space R". Thus &; = &, which implies G is strictly concave on K.

Note G is continuous on the convex body K|, there exists at least one point {; € K|,
such that
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G(&) = sup G(8),

§eK,
which is just (3.4). We need to prove §; € int K,. Otherwise, suppose £, € 0K ;. We will
prove that for some e € S~ and small A > 0, £, + e € int K, and G(§, + \e) > G(&,),

which leads to a contradiction.
Recall the definition of K:

K, = m {EeR”: £z <g(x)},

z€supp(u)
there must exist one € supp(u) such that
é.g T = g(l‘),
since otherwise &, -« + 0 < g(x) for some 6 > 0 and every = € supp(yu), which would
imply &, € int K.
Now we write supp(u) as the union of two disjoint nonempty sets:

supp(p) = AU B, (3.5)

where

A= {z esupp(p) : & v =g(x)},
B:={z esupp(p): & -z < g(x)}.

By virtue of the assumption that K, has nonempty interior, one can find a unit vector
e € S"~! such that

e-x <0 for every z € A. (3.6)

Since supp(u) is a discrete set by the assumption, B is a closed subset of S"~!. Then
there exists a A\g > 0 satisfying

Eg-T+2XN < g(x), VreB.
Thus for any 0 < A < 2)g, we have
(&g + Xe) -z < g(x), Vz e&supp(u).
By the definition of K,

E(N) ==&, + e € int K.
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We want to prove

G(E(N) > G(&y)

for sufficiently small A, which is a contradiction.
Recalling (3.5) and ¢(0) is well defined, we have

G(EWN) — G(&,) = / olo(x) — € / bloa) — €&, - aldu(z)
AUB AUB
- / (6lg(x) — €N - 5] — 6(0)) du(x) (3.7)
A
4 / (6lg(x) — €N - 2] — dlg(x) — & - al)du(z)
Note that

glz) —&N) -z =—Xe -z, Vae A
And we can strengthen (3.6) as
erx<—0h)<0 VeeAd
for some constant dy > 0. Then the first integral in the end of (3.7)

/((b[g(x) — &) - 2] — $(0))dp(z) = / (6(=Ae - z) — ¢(0))du(=)

A A

> / (6(300) — 6(0)) dp(=) (3.8)

A

= [¢(00) — ¢(0)]u(A).

Here we have used that ¢ is increasing. To estimate the last integral in (3.7), we note
that when 0 < A < g and x € B, there is

g(x) =N -z =g(x) =& -z —de-x
> 2 0 — A
> Ao.

Recalling ¢ is concave, we have

[6lg(x) =€) - 2] = dlg(w) — & - 2]l < &' (Xo)| = Ae -z < AG (M),
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which implies that
/ 8lg(x) — &) - 2] = ¢lg(x) — & - alldu(x) < A" (Ao)u(B). (3.9)
B

By (3.8) and (3.9), when 0 < A < A\g we simplify (3.7) as

G(E(N) = G(&g) = [6(00A) = ¢(0)]u(A) = Ad' (Ao)u(B).
By the assumptions of ¢,
—¢(0
tLi%L M - tli%lJr ¢'(t) = +oo.
Hence, we can choose positive numbers ¢ and

| #0u(B)

M ;
dop(A)

such that
o(t) — @(0) > Mt, V0 <t <.

Now for 0 < A < min {Ag,0/dp}, we have

G(EWN) = G(&g) = [Moopu(A) = ¢ (Ao)u(B)]A > 0,

which is impossible. So &; can not be on 0K, namely &, € int K.

If ¢ is additionally strictly concave, then G is also strictly concave on K,. So £; must
be unique. Let g € CT(S"1), and {gr} C CT(S"!) be any sequence of functions
uniformly converging to g on S"~!. We want to prove that £, converges to &, in R™.
Note that K, — K, and §;, € K,,, therefore {{,, } is bounded. For any convergent

subsequence {Egki} C {&, }, we need to prove its limit, say &, equals &,.
Observe that for any { € K, there exists a sequence of {, € Ky, which converges
to &. Then

G(§) = J[g(z) — ¢ -]
= lim Jgw, (x) — &, - 7]
< hkrln‘][g’% (.’E) - 59’% ' 1.]

= Jg(z) — &o - 7]
= G(&)s
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which implies that

G (&) = sup G(§).
§EK,

By the uniqueness of £, we have
§O = fg-
The proof of this lemma is completed. O

Lemma 3.4. Under the assumptions of Lemma 3.2, the minimizing problem (3.2) has a
solution h.

Proof. Let m be the infimum of (3.2), namely

m = inf{ sup Jlg(z) —€-x]: g€ CT (S, vol(K,) = v} .

§eK,

By ¢ > 0, we see m > 0.
Let {gr} € CT(S" 1), vol(Ky,) = v be a minimizing sequence. Denote the support
function of Ky, by hi. Then

hi(z) < gr(x), Vo € supp(p),

and Kp,, = K,,. Since 0 € int K, , hy, is positive on S"~!. For any ¢ € K;, = K, , by
the monotonicity of ¢,

Tlhi(z) — €] = / b(hi(z) — € - 2)dp(z)

supp(u)

< / 6(gi(w) — € - x)dp(x)
supp(u)

= Jlgr(x) — & -],

which implies

sup J[hi(z) — & 2] < sup Jlgr(z) — & - al.
feth £Eng

Therefore

lim  sup Jhg(z) =& 2] =m.
k—+o00 EE€K,
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Namely {hx} is also a minimizing sequence of (3.2). Recalling Lemma 3.3, we have
&h,, € int K, such that

J[hi(x) = &p,, - 2] = sup J[hp(z) — € - z].
€K,

Note hy, is also the support function of Kj,, by a translation transform we can always
assume &, = 0. This fact will be used a few times.
We claim that {hx} is uniformly bounded on S™~!. If not, we can assume

lim max hg(x) = +o0.
k—+o0zesSn—1

Write Ry = max,¢cgn—1 hi (). For each k, there exists o3, € S"~! such that hg(xy) = Ry.
Since {x1} C S™~ !, there exists a convergent subsequence. Without loss of generality,
we assume

z) — o € 8" when k — +o00.

Recall supp(u) is not concentrated on any closed hemisphere, there is some & € supp(u)
such that Z-xg > 0. Write 6 = %ii"fﬂg, then 6 > 0 and for sufficiently large k, e.g. k > ko,
we have

T-xp > 0.
By the definition of support function, there is
hi(Z) > Ri(z - x1) > Rid, Kk > ko.
Note ¢ is increasing, lim; o0 ¢(t) = 400 and p is a finite discrete measure, we have

m= lim J[hg]

k— 4o

k—+oco

= Jim [ o) duta)
5"71

2 lim ¢(hi(2))u(z)

k—4oc0

> lim ¢(Rpd)p(x) — +o0.
k—4oc0
However, by Lemma 3.3, m must be finite. This is a contradiction. Thus {h} is uniformly
bounded.
By the Blaschke selection theorem, there is a subsequence of {hj} which uniformly
converges to some support function h on S"~!. Correspondingly K}, converges to Kj,
which is the convex body determined by h. Obviously & > 0 on "7, vol(K}) = v, and
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J[h] =m.
For any ¢ € K}, there exists &, € Kp, such that £ — £ as k — +o00. Then

Jh(z) =& -z] = lim Jlhg(z) — & - 7]

k—40c0

< lim J[hg(x) — &, - 7]

koo
= Jim Jlhy,(x)]
= J[h(z)],

which implies that

J[h] = 5seulg) J[h(z) — € - z].

By Lemma 3.3, 0 € int K,. Therefore h > 0 on S”~!. Hence, we see that h is a solution
to the minimizing problem (3.2), and h is the support function of K. O

In the following we prove that the solution h obtained in Lemma 3.4 is also a solution
o (3.1) for some ¢ > 0.
For any given n € C(S™~1), let
g =h+tn fort>0.

By h € CH(S"1), ¢s € CH(S™1) for sufficiently small t. By Lemma 2.1, we have

Lemma 3.5.

Let gi(z) = B(t)q:(x) where
B(t) = vol(K,, )~/ mot/m.
Then g; € C*(S™71), and vol(K,,) = v. Note go(x) = h(z), and

lim 9:(x) = o() =n(z) + B (0)h(z) uniformly on S™'. (3.10)

t—0+ t

Also by Lemma 3.5,
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L - (3.11)

For each g, £(t) := &, € R™ is well defined by Lemma 3.3.
Lemma 3.6. £(t) is Lipschitz continuous with respect to t.

Proof. Since supgcg, J{g:(x) — & - @] is attained at { = £(), we have
| #lata) ) - 2)wdutz) =0, (312
Recalling £(0) = &, = 0, and taking ¢ = 0 in the above equality, we have
/ &' (h(z))adp(z) = 0. (3.13)
Recalling that ¢” < 0 in (0, +00), and subtracting (3.13) from (3.12), we get
| ¢ @la@) - &0 2 = hw)adu(a) =0,

where 7: S x (0,+00) — R and 7(z,t) is between g;(z) — £(t) - z and h(x). Then

| o Dledua) = [ #(7)(€0) - Dyaduo)

Sn—1 Sn—1

Taking the inner product with £(¢), we have

/ &"(7)lge(x) — h(D)](E(H) - / SOEW 2 dulx).  (3.14)

Sn—1

Note that when t is small,

sup |[gi(x) —h(z)| = sup [(B(t) = Dh(x) +t5(t)n()]

zesn—1 zesn—1
< ClBE) — 1] +t4(t)]
<Ct

for some positive constant C' which is independent of = and ¢. Since h > 0, and g:(x) —
&(t) - = converges to h(x) uniformly on S”~! when ¢ — 0T, we can assume 3 min, h(z) <
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T < 2max, h(z). Therefore there exist two positive constants C; and Cy depending only
on h and ¢ such that

—C1 < ¢'(1) < =Ch.

Thus we can estimate (3.14) as

Cs /(f(t)-w)zdu(w)é /(—fb"(T))[gt(w)—h(ﬂf)](é(t)~w)du(w)

Sn—1 Sn—1

exe / €(t) - zldp(z) (3.15)
Sn—l
< OOl - €)1,

Recall p is not concentrated on any closed hemisphere, there exists C3 > 0 depending
only on u, such that

/ (y-2)du(z) > Cs, vy S L.
Sn—l
Then
[ (€0 apante) = Caletoy
Sn—l

Therefore, it follows from (3.15) that

CiClul,
CyCs 7’

()] <
which is the desired result. O

Now, we are going to finish the proof of Lemma 3.2. Let

J(t) := Jlge(x) — £(t) - x].

Note £(0) = 0 and J(0) = J[h]. Since h is a minimizer of (3.2), we have

for all small ¢ > 0. Thus

>0 (3.16)
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for any convergent subsequence {t;}. By Lemma 3.6, we can assume without loss of
generality that

Recalling (3.10), we see that (3.16) is simplified as
| #tnte) + 5 ©O)ha) ~ 7 -aldu(z) > o (317)
gr—1
which, together with (3.13), implies
| ¢t + 5 0n@)dua) = o
g1

By (3.11), we obtain

where

Replacing n by —n, we see that

[ demdn—c [ ndsi, =0
sn—1 s

n—1

for all n € C(S™1). Thus
¢ (h)dp — cdSk, =0,

namely

c
——dSk, =d
o' T
which means that h solves equation (3.1). Obviously ¢ > 0. The proof of Lemma 3.2 is
completed.
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4. The general case

In the previous section, we have proved Lemma 3.2. This lemma says that Theo-
rem 3.1 holds under the additional assumptions: ¢ € C?(0, +00) with ¢” < 0 and u is a
discrete measure on S™~!. In this section, we will remove these additional assumptions
to complete the proof of Theorem 3.1. We will use approximations to achieve this aim.
First we remove the assumptions: ¢ € C?(0,+00) with ¢” < 0. Namely we prove the
following:

Lemma 4.1. Suppose ¢ : (0,4+00) — (0,400) is an increasing concave C' function sat-
isfying that lim;_, o ¢(t) = 400, ¢'(t) > 0 and limy_q+ ¢'(t) = +oo. If p is a finite
discrete measure on S™~' which is not concentrated in any closed hemisphere of S™1,
then there exists a convex body K in R™ and a ¢ > 0 satisfying

c

_ n—1
—¢’(hK)dSK dp on S™.

Moreover, one can require the volume of hy is equal to any given number v > 0. And
hx € CT(S"71) is a minimizer of

inf{ sup Jlg(z) —€-x]: g€ OT(S™Y), vol(K,) = v} . (4.1)

¢eK,
Here K, is the Alexandrov body associated with (g,supp(p)), and J is given by (3.3).

Proof. Assume p € C*°(R) is a non-negative smooth function compactly supported in

[-1,0], and
/p(t)dt =1.

R

Let pc(t) = ¢ 'p(t/e) for € > 0. Then p, is an approximation to the identity. Let ¢ be
the extension of ¢ from (0, +o0) to R, given by

o(t), if +>0,
o(t) = { lim ¢(1), if ¢ =0,
0, if ¢<0.

Then ¢ is non-decreasing and non-negative in R. Let ¢, be the convolution product of ¢
and p., namely for any ¢t € R,

Pe(t) = (&% pe)(1)
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Then (55 is a non-negative C'*° function in R. For any to > t1, we have

&@ﬂf&@ﬂ:/M@rﬂﬁf&hfﬂmxﬂM207

R

where the inequality is due to the monotonicity of ¢ in R. Therefore ¢, is non-decreasing
in R, and then ¢, > 0. For any ¢ > 0, we also have

Ot —7)pe(r)dr

which implies that

lim ¢.(t) > lim ¢(t) = +oo.

t—+00 t——oco

Next we show 456 is also concave in (0, +00). In fact, for any to > t; > 0, there is

é4“;“)=7 [ s

0
:/ t1—7'+t2—7'>p(7_)d7_

S8 — 1)+ 3lt — )pe(r)dr

Y
fl"\o

= J18e(0) + Belt2)],
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where the inequality is true since qz~5 = ¢ is concave in (0,+00). So q~55 is a non-negative,
non-decreasing concave C'>° function in (0, +00) satisfying that limy_, o0 ¢c(t) = +oo,
¢L(t) > 0, and ¢ (t) < 0.

Now define ¢, as

be(t) == c(t) + ealt), Vt>O0,

where

Direct computations show that

)= — 1 5
2(1 4+ V)2Vt
P 143Vt
O i vy <

Recalling the above properties about qze, we see that ¢, is a positive, increasing and
concave C* function in (0,400) with lim; o ¢e(t) = +o0, ¢L(t) > 0 and ¢!/ (t) < 0.
Observing ¢, is smooth in R, and lim,_,¢+ o/ (t) = +00, we obtain

lim ¢.(t) = lim @.(t lim o (t
Jm ¢ (t) = lim g (t) +e lim o/(1)
=¢.(0 lim o (¢
¢c(0) + € lim o/(t)

= +00.

Hence ¢, satisfies all the assumptions on ¢ in Lemma 3.2.
Now applying Lemma 3.2 on ¢,, there exists h, € CT(S"~1) which is a minimizer of

inf{ sup Je[g(x) — € 2] g € CF(S"TT), vol(K,) = v} ;

EEK,

where

sz/¢wmmm»
Snfl

Moreover h, satisfies the following

Ce
mdSKh‘ = d/,L, (42)
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where

1 /
= — he)hedp. 4.
Ce o ¢e( e) et ( 3)

Sn—1

And h, is the support function of Kj, .
For 0 <e< 1, let

me = Je[he].

We claim m, is uniformly bounded from above. In fact, denote K, the Alexandrov body
associated with (1,supp(u)). Here 1 means the constant function on S™~1. Let

we have K3 = gK,, and then vol(Kj) = ¢" vol(K,) = v. By definition, there is

me < sup Je[g_fx]

§EKG
— sup / 6e(G — € - 2)du(x)
cek;

supp(p)
< [ odin(Ky)dn(z)
supp ()

= ¢c(diam(Ky))]|pl.
Note that when 0 < e < 1
Pe(t) < p(t+€) +e<o(t+1)+1,
we have
me < [¢(diam(K;) + 1) + 1] - |- (4.4)

Next, we prove {h.} is uniformly bounded on S™~1. If not, there exists a sequence
{€er} such that

lim max he, () = +o0.

k—+o0 zESn—1 (@) =+

Write R., = maxgcgn-1 h, (). For each e, there exists z.,, € S™ ! such that
he, (ze,) = Re,. Since {x., } C S"71, there exists a convergent subsequence. Without
loss of generality, we assume
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. — 2o € " when k — +oo.
Recall supp(p) is not concentrated on any closed hemisphere, there is some Z € supp(u)

such that z - 2o > 0. Write § = %:E -xg > 0, then for sufficiently large k, e.g. k > kg, we
have

ZT-xey > 0. (4.5)
By the definition of support function, there is
he, (Z) > Re, (T - x¢,) > Re, 0, k> ko. (4.6)

Note ¢, is increasing, ¢.(t) > ¢(t) for ¢ > 0, and lim;_,4 o ¢(t) = 400, we have

Sn—1
2 e (he, (7)) () (4.7)
> %( R 0)p(@

¢(Re,0)pu(z) =

However, by (4.4), m,, is uniformly bounded. This is a contradiction. Thus {h.} is
uniformly bounded, namely there exists some positive constant C; such that

max he(z) <Cp, V0<e<l. (4.8)

zesn-1

By the Blaschke selection theorem, we can assume h. converges to some support
function h uniformly on S"~! when € — 0T. Correspondingly Kj, converges to K.
Note that vol(h) = v and h > 0 on S"~!. We claim that if non-negative g. converges to
some g uniformly on S”!, then

lim sup Je[ge(z) — -] = sup Jg(z) — - a]. (4.9)
=0T ceK,, (EK,

In fact, let ée be a point in K, _such that

A

Je[ge(z) = & - x] = sup Jc[ge(w) — & - ]

EEK,,

Since K, converges to K, one can assume EE converges to some é € K,4. By our con-
struction, ¢. converges to ¢ uniformly on any closed interval of [0, 4+00), then
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lim J.[ge(z) — & - 2] = lim be(ge(x) — & - z)dp(x)
e—0t e—0t

S’nfl
- / 6g(x) — € - 2)dpu(x)
Snfl

(4.10)
= Jlg(x) - €
< sup J[g(z) - £ - x].
¢ekK,

On the other hand, for any £ € K, there exists & € K,_such that £ converges to £ as
€ — 0. Then

Jlg(x) —€-a] = / b(g(z) — € - 2)dp(z)

Sn—1

~ lim / be(ge() — & - 7)dp(z)
Snfl

e—0t
=1l Je € — Ge’
lim Jlge(2) — & - ]
< 1 Je € - Ae : )
< lim Je[ge(z) =& - 2]
which implies that

sup Jg(z) — € - 2] < lim J[ge(x) — & - x]. (4.11)
ceK, e—0+

Combining (4.10) and (4.11), we have obtained (4.9).
From (4.9), we have

lim Jc[h] = lim sup J[h(x)—¢&-x] = sup J[h(zx)— & x],
e—0t e—0t EEKy, ¢eKy,

namely

J[h] = sup J[h(z) — € x]. (4.12)
§EKR

Recalling Lemma 3.3, we see &, can be chosen as 0. Then 0 € int K5, namely h €
CT (8™ 1). Now for any g € CT(S"™!) with vol(K,) = v, by (4.9), there is

J[h] = lim J.[h.]

e—0+

IN

lim sup Jlg(x) — € - 2]
e—0t teK,

sup Jlg(z) — € - 7],
EEK,

which together with (4.12) implies that h is a minimizer of (4.1).
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Since h > 0 on S"~! and h, — h uniformly, there exists some positive constant C
such that

min h.(z) > C
zesSn—1 (1) 2 G

for sufficiently small ¢, say 0 < € < €g. Recalling (4.8), we have
Cy < he(x) <Oy, VYore S !andec (0,¢).
By the definition of ¢, ¢. converges to ¢’ uniformly on [Cq,C] when € — 0. Then
#.(he) = ¢'(h) uniformly on ™.

Now passing to the limit in (4.2) and (4.3), we obtain

c

—d =d
¢/(h) SKh 1y
where
1 /
c=— @' (h)hdp.
nv
Sn—l

Obviously c is positive. In this way, we have completed the proof of this lemma. O

Based on Lemma 4.1 and using approximation, we can remove the restriction that p
is discrete, and thus prove Theorem 3.1.

Proof of Theorem 3.1. As was shown in [36, Theorem 8.2.2], for a given finite Borel
measure g on S™ ! which is not concentrated in any closed hemisphere, one can find a
sequence of finite discrete measures {x;} on S"~! weakly converging to u, and each of
them is not concentrated in any closed hemisphere. Also we can require that |u;| = |p|.
For each y;, applying Lemma 4.1, there exists a support function h; € C*T(5"71) and a
c; > 0 satisfying

ﬁ;lj)dSKj =dpj on S"7, (4.13)

where K; is the convex body determined by h;. Moreover, one can require the volume
of h; is equal to any given number v > 0, and h; is a minimizer of

inf{ sup  Jilg(z) —€-a] g€ CT(S"), vol(Ky,,,) = v} . (4.14)
EEK g, u;

Here Ky, is the Alexandrov body associated with (g,supp(u;)), and J; is given by
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/(b x))dp;(x / o(g(x))dp; ().

supp(p5)
Denote the minimum of (4.14) by m;, namely m; = J;[h;]. We claim that m; is

uniformly bounded from above. In fact, denote K, the Alexandrov body associated

with (1, supp(y;)), and set
o v 1/n
I=\Vol(K,,))

Then we have Ky, ., = gj Ky, and vol(Kj; ;) = g7 vol(K,,;) = v. By definition, there is

mj; < sup J;[g; — & z]
feKq] Hj
= s [ 0@ - ¢ o)
feKﬁj‘p]
supp(s1;) (4.15)
/ o(diam(Ky, . ))dp; ()
supp(t5)

= ¢(g; diam (K}, )) |1

We now prove diam(k,;) is uniformly bounded from above. Otherwise, without loss of
generality, one can find a sequence of {¢;} such that {; € K,; and

lim || = +o0.

j——+oo
Let & = &;/|€;], then §; € S*~'. We can assume

li cc gl
Jm &=

Recall supp(p) is not concentrated in any closed hemisphere, there is one & € supp(u)
such that

£-&>0. (4.16)
Note that for any neighborhood of Z, say O(Z), we have
liminf 1;(O(2)) > p(O(&)) > 0,
Jj—+oo

which implies

O(Z) Nsupp(p;) # 0 for infinitely many j.
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Thus there exists a subsequence {j;} C {j} and Z;, € supp(u;,) such that

Ji

For each ji, since §;, € K, , by definition,

& - Ty < 1,
namely
~ 1
&, 15, < .
! ! |§j1 ‘
Passing to the limit, we obtain
£7<0,

which is a contradiction with (4.16). Thus there exists a positive constant C' such that

diam(kK, ) < C for all j. (4.17)

J

Note the unit ball B™ in R" is contained in K, for each j, there is

v 1/n
g < | ——— Vj. 4.18
95 = (vol(B”)) J (4.18)
Combining (4.15), (4.17) and (4.18), there is a positive constant Cy such that

m; < ¢(C1)|p;| = ¢(C1)|p| for all j. (4.19)

Now with (4.19) instead of (4.4), we can prove that h; is uniformly bounded from above,
just by the arguments from (4.4) to (4.8), but changing Z into a small neighborhood of z
in estimates (4.5)—(4.7). Therefore there exists a positive constant Co such that

max h;(z) < Cy for all j. (4.20)

resSn—1

By the Blaschke selection theorem, we can assume h; converges to some support func-
tion A uniformly on S"~! when j — +o00. Correspondingly, K ; converges to the convex
body K determined by h. Note that vol(h) = v and h > 0 on S"~!. By the assumptions
on ¢, we see 1/¢' is continuous on [0, Cs]. Thus when j — +oo,

IR
¢'(hj) — ¢'(h)

Integrating (4.13), we have

uniformly on S"71. (4.21)
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1

1
= / ¢’ (hj)hjdp;
o

< ni / [6(h;) — H(0)]du,
Snfl

<L / (6(Ca) — H(0)]dp;
Snfl

_ n_lv[g;(cz) — ¢(0)] - |ul-

Then we assume without loss of generality that

lim ¢; =¢>0. (4.22)

j—+oo

With (4.21) and (4.22), we pass to the limit in (4.13) and then obtain

#'(h)

Obviously ¢ can not be zero, namely ¢ > 0. The proof of Theorem 3.1 is completed. O

dSk = dp on S"7L.
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