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Abstract

In this paper we study the solvability of the rotationally symmetric centroaffine Minkowski problem.
By delicate blow-up analyses, we remove a technical condition in the existence result obtained by Lu and
Wang [30].
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1. Introduction

Given a convex body X in the Euclidean space R"*! containing the origin, the centroaffine
curvature of X at point p is by definition equal to K /d"2, where K is the Gauss curvature and
d is the distance from the origin to the tangent hyperplane of X at p. The centroaffine curvature
is invariant under unimodular linear transforms in R”*! and has received much attention in ge-
ometry [36,37]. The centroaffine Minkowski problem [11] is a prescribed centroaffine curvature
problem, which in the smooth case is equivalent to solving the following Monge—Ampere type
equation
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det(v2H+H1)=H% on S", (1)

+2
where f is a given positive function, H is the support function of a bounded convex body X in
R™**1 T is the unit matrix, V2H = (V; jH) is the Hessian matrix of covariant derivatives of H
with respect to an orthonormal frame on $”. When f is a constant, this equation describes affine
hyperspheres of elliptic type, and all its solutions are ellipsoids centered at the origin [8].

Equation (1) is also the special case of the L ,-Minkowski problem with p = —n — 1. The
L ,-Minkowski problem, introduced by Lutwak [31], is an important generalization of the clas-
sical Minkowski problem, and is a basic problem in the L ,-Brunn—-Minkowski theory in modern
convex geometry. It has attracted great attention over the last two decades, see e.g. [5,6,10,11,14,
16,18-21,26,32-34,39,40,42,44,46] and references therein.

Equation (1) naturally arises in anisotropic Gauss curvature flows and describes their self-
similar solutions [4,7,12,17,41]. Besides, its parabolic form can be used for image processing [2].
Eq. (1) can be reduced to a singular Monge—Ampere equation in the half Euclidean space R’ﬂl,
the regularity of which was strongly studied in [22,23].

Equation (1) corresponds to the critical case of the famous Blaschke—Santalé inequality in
convex geometry [35]:

o ds(x) 5
VOI(X)glg}C(n+ls_/ H) — o <Ky (2)

where X is any convex body in R"T!, vol(X) is the volume of the convex body X, H is the
support function of X, and k, is the volume of the unit ball in R**!. Also Eq. (1) remains
invariant under projective transforms on S” [11,30]. When f is a constant function, it only has
constant solutions up to projective transformations. This result has been known for a long time,
see e.g. [8], which implies that there is no a priori estimates on solutions for general f with-
out additional assumptions. Besides, Chou and Wang [11] found an obstruction for solutions
to Eq. (1), which means it may have no solution for some f. On the other hand, it may also
have many solutions for some f [15]. This situation is similar, in some aspects, to the prescribed
scalar curvature problem on S”, which involves critical exponents of Sobolev inequalities and the
Kazdan—Warner obstruction [9,38]. So the solvability of Eq. (1) is a rather complicated problem
due to these features.

For n = 1, the existence of solutions to Eq. (1) was investigated in [1,3,10,12,13,24,25,40,43].
In general, one needs to impose some non-degenerate and topological degree conditions on f to
obtain an existence result.

For higher n-dimension, only several special cases were studied, see [29,30] for the rotation-
ally symmetric case, [27] for a generalized rotationally symmetric case, [21] for the mirror-
symmetric case, and [45] for the discrete case. In these papers, sufficient conditions for the
existence of solutions can be found. However, the solvability of Eq. (1) for a general f is still
open.

In this paper, we are only concerned about the rotationally symmetric case of Eq. (1). That is,
the given function f and solutions H are assumed to be rotationally symmetric with respect to
the x,,41-axis in R"*! with n > 1. In the spherical coordinates, a rotationally symmetric function
f on S§" can be regarded as a function on [0, 7], such that

f@0) = f(x1,-++, Xpt1) With x4 = cos6.
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In particular, f(0) and f(;r) are values of f at the north and south poles respectively. By the
correspondence x,4+] = cos 6, one can naturally extend f(6) on [0, ] to be a 2w -periodic and
even function on R. Observe that if f € C"(S") for some integer m, then f € C"(R). Using
the superscript  denotes %, we have f/(0) = f'(w) = 0 if it is differentiable. Throughout this
paper, we will always use these conventions.

A typical existence result about the rotationally symmetric case of Eq. (1) was first established
in [30] and then supplemented in [29]. To state this result, we introduce two quantities:

e n>2,

ni(f)= /[f’(é) _f/(%)]tanede, n=1,
0

and
pi(f) =/f/(9)cot9d9.
0

Theorem A (/29,30]). Assume that f € C*(S") (requiring C® for n =2), and that f is positive
and rotationally symmetric. If f'(5) =0 and ni(f) - pi(f) <0, then Eq. (1) admits a rotation-
ally symmetric solution.

The assumption f’(3) = 0 in the above theorem is not essential, but used to reduce some
difficulties in blow-up analyses. It was showed in [29] that this assumption can be removed when
f is very close to a positive constant. The aim of this paper is to remove this technical assumption
in a general case.

For n =1, 2, we follow the arguments in [29,30], carry out more delicate analyses, and then
remove the condition f'(5) =0 completely.

Theorem 1. Assume that f € C*(S') or f € C>%(S?) for some a € (0, 1), and that f is positive
and rotationally symmetric. If ni(f) - pi(f) <O, then Eq. (1) admits a rotationally symmetric
solution.

For n > 3, the above method is no longer applicable. Inspired by [27], we carry out blow-up
analyses for a variational method to obtain the following

Theorem 2. Assume that f € C*(S™) with n > 3, and that f is positive and rotationally symmet-
ric; Ifni(f) < —%f’(%)z/f(%) and pi(f) > 0, then Eq. (1) admits a rotationally symmefric
solution.

We see in the case n > 3, a little more restriction on ni () will be needed when the assump-
tion f’ (%) = 0 is removed. However if f’ (%) =0, Theorem 2 just becomes into the existence
theorem [30, Theorem 1.3].

The paper is organized as follows. In section 2, we provide some basic facts about Eq. (1) and
convex bodies. Then we prove Theorem 1 and 2 in section 3 and section 4 respectively.
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2. Preliminaries

In this section we state some properties about Eq. (1) and a few facts in convex geometry,
which will be used throughout this paper. One can consult [37] for more knowledge about convex
geometry.

An obstruction for solutions to Eq. (1) was found by Chou and Wang [11].

Lemma 1 (//1]). Let H be a C3-solution to equation (1). Then we have

Ve f
Hn+1 =0

3)

on
for any projective vector field &, given by

E(x)=Bx — (xTBx)x, xeS",
where B is an arbitrary matrix of order n + 1.

In the rotationally symmetric case, (3) is reduced to

T
f(0)sin" 0 cos 6

Hn+1 (9) 6=0. (4)

See [30, Proposition 3.1].
We have a volume estimate for any solution to Eq. (1).

Lemma 2 ([30]). There exist positive constants Cy,, Cp, depending only on n, such that for any
solution H to Eq. (1), we have

Cn\/ Smin < vol(H) < C’:n\/ Smax,

where fmin = i;lf [, fmax = sup f, and vol(H) is the volume of the convex body determined
n Sn
by H.
Let X be any convex body in R"*!, and H be its support function. Under the action of a

unimodular linear transform A7 e SL(n 4+ 1), X becomes into another convex body X 4 := AT X.
Denote the support function of X4 by H4. Then

A
HMx):IAxI«H(ﬁ), xes". (5)

See e.g. [30, (2.11)].
We remark that if H is a solution to Eq. (1), then Hy4 is a solution to the following equation

2 __Ja _ (A%
RV Ha+ HA) = 2. 4@ =1(F) ©)

See [11] for more details.
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Related to the linear transform, there is an integral variable substitution formula.

Lemma 3 (/28]). For any integral function g on S", and any matrix A € GL(n + 1), we have the
following variable substitution for integration:

Ax |det A|
mas) = [ (—) AL s,
/gy y ¢\ Tax] A
S}‘I Sn
By this lemma and (5), we see for any unimodular linear transform A € SL(n + 1), there is

f fa
S[Hnﬂz HIFT 0

Sn

where fy4 is the same as in (6).

John’s Lemma in convex geometry says that for any non-degenerate convex body X in R"*!,
there is a unique ellipsoid E which attains the minimum volume among all ellipsoids contain-
ing X. This ellipsoid E is called the minimum ellipsoid of X. It satisfies

ECXCE,
n—+1
where LE = {xg + A(x — xp) : x € E} with xq the center of E. We say X is normalized if the E
is a ball.
We denote the area of S” by oy,, and the unit vector along x;-axis by ¢; fori =1,2,--- ,n+1.

3. Proof of Theorem 1

In this section, we prove Theorem 1. To achieve this, one needs an improvement of [30,
Theorem 1.2].

Theorem 3. Assume that f € C2(SV) or f € C>*(S5?) for some a € (0, 1), and that f is positive
and rotationally symmetric. If ni(f) - pi(f) # 0, then there exist positive constants C, C de-
pending only on n and f, such that for any rotationally symmetric solution H to Eq. (1), we
have

C<H<C.
Once we have Theorem 3, we can repeat the arguments of [29] to prove that Eq. (1) admits
a rotationally symmetric solution provided ni(f) - pi(f) < 0, yielding Theorem 1. One can
consult [29] for details. So in the rest of this section, we are only concerned about Theorem 3,
and give its proof.
Let { Hy} be any sequence of rotationally symmetric solutions to Eq. (1). For each Hy, define
ar€Rand Ay e SL(n+ 1) as

ax = F(5)?Hu(%)"H,
N (8)

1 n
1 n+1 n+1 T+l
A =diag(a™", -+ af™" a, "T).
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Let

Arx "
Hp (x) = |Agx| - Hi , xeS". )
|Arx]

Then Hy, is arotationally symmetric solution to Eq. (6) with A replaced by A;. Note that

L 1
Ha () =" H(5) = f(F) 572, (10)
Lemma 4. There exist positive constants C, C depending only on n, fmax and fmin, Such that
C < Hy, <C. (11)

Proof. By the rotational symmetry of Hy,, one can easily see that

vol(Hy,) > H%HAk(%W[HAk (0) + Ha, (1)1, (12)

and

max Hy, < \/Ha, (2)2 + [Ha, (0) + Ha, (0) . (13)

Recalling Hy, satisfies equation (6), by the volume estimate given in Lemma 2, we have

Vol(Hyp,) < Cpy/max fa, = Cpy/ fmax (14)

which together with (12) yields

Hp (0) + Hpy () < C~‘n\/ JSmax - HAk(%)_n

= Co/ fnax - f(3) 7772

~ 1 __n_
< Co fraax foin >

where we have used (10) for the equality. Now from (13) we obtain

L

1 n
2n+2 ~ 2 T2
max HAk = m’zi; +C, frrzlaxfminnJr , (15)

which means the second inequality in (11) is true.
On the other hand, by virtue of [30, Lemma 2.3], there is

min Hy, - (max Ha,)" - vol(Hg,) > Cy, fmin-

Combining it with (14) and (15), we easily obtain the first inequality in (11). O
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To obtain uniform upper and lower bounds for { H;}, by (9) and Lemma 4, we should exclude
two cases, namely ay — 400 or a;y — 01 when k — 4o00. The second case can be still solved
by the method developed in [30]. But for the first case where a;y — +00, one needs more delicate
analyses to deal with. The following are details.

First note that in the rotationally symmetric case, fa, defined in (6) can be written as

J4,0) = f (¥, (0)), (16)

where

cosf . )
Var (6) = arccos(m), i (0) = /a2 sin2 0 + cos2 6, (17)

Lay
see [30, (3.3)-(3.4)].

Lemma 5. Assume ay — +00 when k — 4-00. Then Hy, converges to the constant function
1
f (5) %2 uniformly on [0, 7].

Proof. From Lemma 4, we see {H Ar } is uniformly bounded. By the Blaschke selection theorem,
one may assume that {H A k} converges uniformly to some support function Hy, on S”, which is
also rotationally symmetric. It remains to prove that

Hoo = f(%)7% on §". (18)
Recall Eq. (6), namely
fa

n+2
Ak

det(VZHa, + Ha 1) = on S". (19)

Note when ay — 400, f4, converges to f(%) almost everywhere on [0, ], see (16). Passing to
the limit in Eq. (19), we see Ho is a generalized solution to

T
det(V2Hoo + Hool) = f(zi nS”.
HIF

So H is an elliptic affine sphere, which must be an ellipsoid [8]. By the rotational symmetry of
Hyo, it should be expressed as

Hoo(x) = f(Z)5% |Ax], xe8" (20)

for some A € SL(n 4+ 1) of form

A =diag(AiFT, -, AT, A7) with 4 > 0.
Then

1 1
Hoo(3) = ()77 271,
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On the other hand, recalling (10), we have

Hoo(3) = f(5)772.

4401

Hence A = 1, namely A is the identity matrix of order n + 1. Now (20) is simplified into (18).

The proof of this lemma is completed. O

Recall Hy, satisfies equation (19), which in the rotationally symmetric case can be simplified

into the following form:

- fa
(Hj, + Ha)(Hy, cotd + Hy)" ™' = =2 on [0, 7],
A

see [29, (2)].
Lemma 6.

(a) There exist positive constants C, C depending only on n, fmax and fmin, such that

C < H), cotf + Hy, <C,
C< f{xk4—lfAk <C.

d) If ap — +00 when k — +00, then {HXk sind 9} converges to 0 uniformly on [0, 7].

Proof. (a) Recalling Lemma 4, we obtain from (21) that
C1 < (H}, + Ha)(H} cotd + Hy )" ' <C,

for some positive constants C, C; depending only on n, fiax and fimin. Note
(H}, cos0 + Hy, sinf) = (Hy, + Ha,)cosb,

the above inequality can be written as

1 d
C <

, .
R @(HA;( cos® + Hy, sinf)" < Cs.

When 6 € [0, /2], we have by (25) that
iC1 sin" 6 < i(H’ cosf + Hy, sinf)" < iCz sin" 0
do —dg M k ~ do ’

which together with H}, (0) =0 implies

1 1
C|'sing < Hf’lk cost) + Ha, sinf < Cy sin@, V0 €[0,m/2].

21

(22)
(23)

(24)

(25)
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Similarly, by (25) and H Ak () =0, we also have

1 1
C{ sinf < Hj cosf + Hy, sinf < C; sinf, V6 €[n/2,7].
Therefore
1 1
C'=< Hf/lk cotf + Hy, <C;, VO€ [0, ],

which is just (22). Now recalling (24), one can obtain (23).
(b) We first note that by (11) and (23), there is

|Hj, | <C3 (26)

for some positive constant C3 depending only on 7, finax and fumin.
Now assume a; — +00 as k — +00. We claim that for any § € (0, 7/2),

H//,fk = 0 uniformly on [§, & — §]. 27)

In fact, by (16), fa, = £ (%) uniformly on [8, = —8]. By Lemma 5, Hx, = £(%)%% uniformly
on [0, ], which implies that H/f‘k = 0 uniformly on [0, ]. Then by (21), when 6 € [§, 7 — §],
we have

HY, = fa Hy" "2 (H), cotf + Hy,)' ™ — Ha,
_nt2 d=n 1
= f(%) . f(%) n+2 .f(%)znu — f(%)2n+2
=0.

Thus (27) is true.
We now prove

HY; sint 6 = 0 uniformly on [0, 7. (28)
Given any € > 0. By (26), there exists some § € (0, 7 /2), such that

1
sup  |Hy, sin* 6] <€, Vk. (29)
[0,8]U[7r—6,7]

Then by virtue of (27), there exists a kg, such that

sup |Hy | <€, Yk=>ko. (30)
[8,7—8]

Combining (29) and (30), we have

1
sup |H/’(k sin? 0| <e, Yk > ko.
[0,7]

Thus (28) is true. O
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With a more detailed analysis, we can strengthen Lemma 5 for n =1, 2.

Lemma 7. Assume a; — +00 as k — +oo. For sufficiently large k, we have

T
/|fAk ). a1,
max| Hy, — f(5) 72| <C 1 % an
,TT
/|fAk — f(E)[sint0do, ifn=2,
0

where C is a positive constant depending only on f (%).
Proof. For simplicity, let

Bi=f(Z)57 and hi(0):= Ha,(0) — B.

Also we will drop the subscript k in the following proof if no confusion arises. Recall by
Lemma 5, i converges uniformly to O on [0, ] as k — +oc.
(a) When n = 1. Now Eq. (21) is simplified as

W +h+p=24 (32)

Observing that

HP=B+mh"
=B =387 *h+ 617n?,

where 7 is between 8 and H4(0), and that 8 = f(%)”“, we have

T
f(’f;) =B —3h+6B*ch2.
A

Then (32) can be written as

B+ h+3h— 6%t 5h? = Ja— 1)
HY
namely
— s
W+ 4h = % 6B h2, 33)
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Recalling /(%) = 0 by (10), we can apply Lemma 8 to equation (33) and then obtain

fa—f(%)

max |h| < 3 (34)
Hy

+ ot
L'0,7]

L0,7]"

Since H4 = B > 0 uniformly on [0, 7] as k — +o00, there exists a large integer kg, such that

max |Hy — | < g Yk = ko.

Then when k > ko we have

and Hy,7 € [gﬁ] (35)

max |h| <
2

YRS

Thus (34) is simplified into
max |h] <887 || fa — f(%)HLl[O’n] +19287 L (max |h])2.
By virtue of max || — 0 as k — 400, we also can assume
19287 '7 - max |h| < % when k > ko.
Hence

max || <1687 | fa = F D) | Lo+ Y = ko,

which is just (31) for n = 1.
(b) When n =2. Now Eq. (21) is written as

(h/’+h+/3)(h’cot0+h+ﬁ)=£—'}, (36)
namely
B(h" + h' cotf + 2h) 4+ B+ (h" + h)(h cotf + h) = 1%‘ (37)
Observing that

H'=@B+n™*
=B~ —4Bp7h + 10t %h?,

where 7 is between 8 and H4(0), and that 8 = f(%)1/6, we have
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f;) = B% — 4Bh + 10857 %>, (38)
A

Then (37) can be written as

B(h" + I coth + 6h) + (h" + h)(K cotd + h) — 108°7n% = fa H{:( ),
namely
h/’+h/cot0+6h_fA;Ij( Ja= TR | g, (39)
A
where
Ra(0) =108t %h% — B~V (W + h)(h' cotf + h). (40)

Applying Lemma 10 to equation (39), we have

g
— LS
max |h| < ZfM(Z — logsin®) sin 6 d6
BH,

T
2/|Ra(0)|(2 —logsin@) sinf df
0

T

T
_ T
BH

A 0

Recalling (35), we obtain
max || 564;3_5/ | fa — f(%)|sin%9d9+6f|Ra(9)|sin%9de. (41)

We see R, involves derivatives of h. To deal with them, we need to explore (36) more care-
fully. Note that

(h' cos® + hsin® + Bsind) = (" + h + B) cosh,
then Eq. (36) is equivalent to

d
E(h’cosé + hsin® + Bsing)? = & 2sinf cos6.

A

Therefore we have



J. Lu/ J. Differential Equations 266 (2019) 43944431

4406
(h/cose+hsin9+,Bsin9)2 fA -2sintcostdt, VO €[0,m/2]. 42)
o A
Since ' cotd + h + B > 0, there is
0 1/2
h' cos6 + hsinf + Bsinf = /—4 2sint costdt
Hy
0
Thus we have
1/2
|h'cos€~|—hsin9|=‘( f—ﬁ-Zsintcostdr) —ﬂsin@)
0 iy
0 Ja ZSintcostdt—ﬂzsin29|
O H4
(43)
(f(;9 Iéﬁ 2sintcostdt)l/2+ﬂsin0
0
<,3 9 -2sintcostdr — ,3 sin 9‘.
sin
Recalling (38), there is
fA fA f( ) 2 6. —612
2L =L =20 4 82 4B+ 1087 0K2,
4 4
Hy Hy
which implies that
i )
/f—’z ~2sintcostdt=/1‘\742 '2sintcostdt—i—,BZ/ZSintcostdt
5 A 0 Hy

0
+ /(_4,3}, + 10ﬁ61_6h2) -2sint costdt

0
_ (=
= L{:(z) -2sint cost dt + B2 sin® 6
H
A

0
+/(_45 + 105 Ch)h - 2sint cos dr.

Recalling (35), we obtain from the above equality that



J. Lu/ J. Differential Equations 266 (2019) 4394—4431 4407

[ 0
I g el <3254 [ 15— o .
7 2sintcostdt — B~sin“ 0| <328 | fa — f(F)|sintdr + 3248(max |A|) sin” 0.
A
0 0

Then (43) is simplified into

6
3287 , .
> [ fa — f(5)|sint dt + 324(max |k|) sind,
in

0

|h' cos® + hsind| < -

namely

32873

.3
sin2 6

0
h’ cotf +h| sin% 0 < / |fa— f(5)|sintdt +324(max|h|)sin% 0.
0

Integrating both sides over [0, 7 /2], we have

|l cot + h|sin? 0 do

O\m|:a

7 0
do
532,8_5/ . \9f|fA—f(%)|sintdt+162n(max|h|) (44)
sin
0 0

[S1[o%}

L

%
do
:32,3*5/|f,4—f(%)|sintdt/ —— + 1627 (max |A]).
0 sin2 6

t

Note that

s
2

do 7\3 [ do
=G
sin2 6 02

t t

e

[[%)

TN\ 2 _1 _1
=(3)" 2 - @27
2
< 4sin7% t,
then (44) is reduced into

ps

5 5
/|h/cot9+h|sin%9d9 < 128ﬂ_5/|fA — F(Z)|sin? tdt + 1627 (max |h]).  (45)
0 0

Now similar to (42), we have
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T
(W cosO + hsin6 +/85in9)2 = / % -2sint |cost|dt, VO e[n/2,m].
A
0

Then following almost the same arguments used to obtain (45), one can get

T g
/|h/cot9+h|sin%9d9 < 128,3_5f|f,4 — F(Z)|sin? £ dt + 1627 (max |]).

[N
[N

Adding (45) and (46) together, we have

(40)

T T
/|h’cot9+h|sm%9deg 128,6’5/|f,4—f(%)|sin%tdt+324n-max|h|. (47)
0 0

Now we can estimate the integral about R, in (41). By the definition of R, in (40), there is

T b4
/|R”(9)|Si“%9d95/10ﬂ5r‘6h2sm%9d9
0 0

T
+fﬂ—1|h”+h||h/cot9+h|sin%9d9
0
s
< 6407'[,8_1(max|h|)2 +mk/|h/cot9 +h|sin% 6de,
0

where (35) is used, and my, is defined as
my:=B"" max |h"(0)+ h()]| sin? 6.
0el0,7]

By estimate (47), the above inequality becomes into

T
/ |R.(6)| sin? 0d6 < 64078~ (max |h])? + 3247w my, - max |A]
0

g
+ 128ﬂ_5mk/|fA — F(Z)|sin tdt.
0

(48)

Recall Lemma 6 (b), |h”(9) + h(8)| sin% 6 converges uniformly to O on [0, 7] when kK — 400,

which implies

my — 0as k — 4o00.
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Also recall max |h| — 0. We can assume when k > kg that

1
640778~ max || + 3247w my < TR

Then (48) is simplified into
m 1 ] b s
/|Ra(9)|sin% 66 < — max | + Eﬂ’S/ |fa — f(Z)]sin? £ dt. (49)
0 0
Now combining (41) and (49), we obtain
b3
max || < 129,3’5/|fA — F(Z)|sin? 0.do,
0

which is just 31) forn =2. O
The following Lemmas 8 and 10 have been used in the proof of the above Lemma 7.

Lemma 8. Assume h € C*(R) is 2 -periodic and even. If it satisfies the following differential
equation

W +4h=g, (50)

and h(5) =0, then there is
mﬂgxlm =ligllz1i0,7) -

Proof. One can easily solve equation (50) to obtain

0 0
1 1
h(0) =cjcos260 + ¢ sin260 — 3 cos 260 / g(t)sin2¢dr + 3 sin 20 / g(t)cos2tdt,
0 0

where ¢; and ¢, are constants to be determined. Then we have

0 0
K (0) = —2c1 sin20 + 2¢5 cos 26 + sin 26 / g(t)sin2¢ dt + cos 26 / g(t) cos 2t dt.
0 0

From #’(0) =0, we get ¢; = 0. And h(%) = 0 implies

s

1
c1= Efg(t) sin2¢ dr.

0



4410 J. Lu/ J. Differential Equations 266 (2019) 43944431

Therefore & is given by

(STE]

0

1 1

h(0) = —COS29/g(l)Sin2[dl+ EsinZ@/g(t)costht.
6 0

Hence when 6 € [0, ],

s

6
1 1
|h(9)|§§ /g(t)sintht +5 /g(t)costht

4 0

1
5/|g(r)|dr+ /|g<z>|dr

=/|g(t)|dt,
0

which leads to the conclusion of this lemma. O

Lemma 9. The homogeneous differential equation

W' +h cotd +6h =0 in (0, 7)

has the following two fundamental solutions:

h1(0)=1—3cos29

—cosb

3
h2(0)——zcos9+ (1 —3cos? 9)logm.

These two solutions have the following properties:

@ hi(5) =1, k|(Z)=0and ha(%) =0, hy(%) =1.
(b) Abel’s identity: hih), — h'hy =csc6, VO € (0, 7).
(c) h} () =6sin6 cosb.

) [h2(6)] <2 —logsin, VO € (0, ).

(e) [hy(0)sind| <5/2, VO € (0, 7).

(f) As@—)OJr or @ — 1w, there is

—~1/2+0(1)

1) =
26) sin@

Proof. Direct computations show that #1 and &, are solutions to the differential equation in the
lemma. And one can easily check (a), (b) and (c).
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‘We note that

1 —cosé
14 cosé

< —logsin6 +1log2, VO € (0, ).

! 1
— |lo
3 g

Since both sides are symmetric with respect to & = 7 /2, we only need to verify it for 6 € (0, w /2],
which is a direct corollary of the following equality:

1 1 —cos6 1 1 —cos?0 sin @
—|log————| == |log——— | = |[log——|.
2 1+cosf| 2 (1 4 cosh)? 1+ cosf
Now by the expression of /5, there is
I (9)|<3+1 | 1 —cosé
— — O _—
2O = T 2 ¥ T coso

3
< 7 — logsin6 +log2
<2 —logsind,

which is just (d).
Computing ki, we have

5(0) 3sin9—+-3s'n0005910 1—cos9+1(1 3cos?6) csch
= — — S1 e — — .
2 4 4 g1+cos€ 4
Then
3 3 1 —cos6 1
By (0)] < = + = sinf |log ————| + = cscO
I )|_4+4s1n 0gl+cos€‘+2csc

3 3 1
< 2 + Esine - (—logsin® +log?2) + 50809
1
<24+ - 0,
< —|—2c:sc

which implies (e).
By the expression of k), we see as § — 0T or § — 7~ that

1
5(0)sinf — ——,
2
yielding (f). O

Lemma 10. Assume h € C2(R) is 27 -periodic and even. If it satisfies the following differential
equation

h" 4 h' cotd 4+ 6h =g, (51)
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and h(5) =0, then there is
T
max || 52/|g(9)|(2—logsin9)sin9d9. (52)
0

Proof. Recalling Lemma 9, & and &, are two fundamental solutions to the homogeneous dif-
ferential equation:

h' 4+ h cotd +6h =0 in (0, ).

By method of variation of parameters and Lemma 9 (b), we solve (51) in (0, ) and obtain

0 0
h(9)=01h1+czh2—h1/hz(t)g(t)sintdt—i-hz/hl(t)g(t)sintdt, (53)
/2 /2

where ¢ and ¢, are constants to be determined. Note the assumption h(%) =0, and by (53)

h(%) =c1h1(53) + c2ha(F) =ci,

there is ¢; = 0. Then

6 6
h' () = cohy — h / ha(t)g(t)sint dt + h) / hi(t)g(t)sintdt. (54)
/2 /2

To determine ¢y, we need to compute 4’(0).
By Lemma 9 (d), |A2] is an integrable function in (0, 7 /2]. Then

0

/ ho(t)g(t)sint dt

/2

is a finite number. For small 6 > 0, one can rewrite (54) as

0 0
! [h/(9)+h’1(9)/h2(t)g(t) sintdt]:cz+/hl(t)g(t)sintdt. (55)
"y ®) 2 2

Letting & — 0T, and recalling 4’ (0) =0, h’1 (0) =0 and Lemma 9 (f), we obtain

0

O=c+ f hy(t)g(t)sint dt,
/2
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namely

/2

cy = / hi(t)g(t)sintdr.

0

Therefore (53) is simplified into
0 6
h(@)=—h; / ho(t)g(t)sintdt + hy / hi(t)g(t)sintdr. (56)
7/2 0

Recalling Lemma 9 (d) and the expression of 4 given in (56), we obtain for any 6 € (0, /2]
that

/2 0
1h(0)] 52f(2—logsint)|g(t)|sintdt—I—(2—10gsin9)/2|g(t)|sintdt.
0 0

Observing
% [
2- 10gsin9)/2 lg(t)|sintdt < 2/(2 — logsint)|g(t)|sint dt,
0 0
we have
/2
lh(@)] <2 /(2 — logsint)|g(t)|sintdt, V6 € (0,7/2].
0
Namely

T
max |h| < 2/(2 — logsint)|g(¢)|sint dr. &)
[0,7/2]

0

Again by Lemma 9 (d), we see

b

/ ho(t)g(t)sint dt

/2

is a finite number. Since (55) is also true when 6 is close to =, letting 6 — 7, and recalling
h' () =0, h' () =0 and Lemma 9 (f), we obtain



4414 J. Lu/ J. Differential Equations 266 (2019) 43944431

T

O=c + / h1(t)g(t)sint dr.
/2

Recall the expression of ¢, there is

T

/hl(t)g(t) sint dr =0.

0

Now 4 in (56) can be also expressed as

0 0
h@®) =—h; / hz(t)g(t)sintdt+h2/h1(t)g(t)sintdt. (58)
/2 b4

By Lemma 9 (d), we obtain for any 6 € [7/2, ) that

6 T
1h@®)] 52/(2—logsint)|g(t)|sintdt+(2—10gsin9)/2|g(t)|sintdt.
[4

/2
Observing
T T
(2—10gsin0)/2|g(t)|sintdt 52/(2—10gsint)|g(t)|sintdt,
6 0
we have
T
|h(0)] <2 /(2 —logsint)|g(t)|sintdt, V6 € [n/2, 7).
/2
Namely
T
max |h| < 2/(2 — logsint)|g(¢)|sint dr. 59)
[7/2,7]
0

Now combining (57) and (59), we obtain (52). O

Based on Lemma 7, one can easily find out the asymptotic behavior of Hy, .
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Lemma 11. Assume ay — +00 as k — +00. Then we have

—1 .
e a, logay, ifn=1,
Hy, — ()72 =0(1) {

al ifn=2,
where the bounds of O (1) depend only on | flc1.

Proof. Let

Ag =/\f(yak(0)) — f(Z)|sin®6do, S=0o0r1/4.
0

Consider the variable substitution

0 (t) = arc ( cost )
=V = COs | - s
/9% i1/, (1)

see (17) for its definition. Direct computations show that

- sint
sinf =
) 2 ’
(sin®t + aj cos?1)1/2
a
o = k dr

sint + a,% cos2t
Then we have

g

Ax = / |f() = F(%)

sin® ¢ . ay dt
: 2 2
(sin” t 4 a; cos?1)1+?

0
[ lt—n/2 ad
t—m - ay dr
sllfllclf :
(si
0

n?r+ ai cos? 1)1 +d

3
|t — /2| dt
~21flcra
Flle (sin2t+a,%cos2 D
0

s
i d
rar
=20 flle1 / .
¢ (cos2t + a,% sin? £)1+3
0

4415

(60)

(61)

Since a; — +00 as k — 400, we can assume a; > 2 without loss of generality. For r € [0, /2],

we have
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cos’t +ajsin®t =1+ (af — 1)sin*t

2
a 4
> ] _k._t2
Zl+ 50—

- %(n2 +azr?).
Then (61) can be simplified as
7 tdt
A < 23 I fllc Clkb/ m

a; Mogay, if§=0,

<20 fllery _
2a; ", if§=1/4.

Now note f4,(0) = f(vq,(9)), (31) is reduced into

—1 .
a, logay, ifn=1,
maX|HAk — f(%)2n|+2‘ <cl* .
= 1 )
[0,7] a; -, ifn=2,

where C > 0 depends only on || f||1. This inequality immediately leads to (60).

We can prove the following

Lemma 12. Assume aj — +00 as k — +00. Then we have

T — .
1 ay sin” 0 cos 6 a, 2 log2 ag, ifn=1,
e = o 1™ |

o HAk lak (0) a]: s lfn — 2’

where the bounds of O (1) depend only on || fllc1.
Proof. Let Ay denote the integral on the left hand side of (63), and
o
hk = HAk — f(7)271+2 .

Observe that

n—1

Han—l — [f(%)an-f—Z +hk]_

= f(Z) 7 —(n+ DT "2y,

1
where 7 is between f(5)2+2 and Hy,. Then

0O

(62)

(63)



J. Lu/ J. Differential Equations 266 (2019) 4394—4431

e

T
n -n
Asz(%)_%/akm.n 0 cos dG—(n+1)/r_"_2hk~ak51n Gcosede
i

2.0 i2.(6)

/g
in"6 cos 6
=—(n+ 1)/r—"—2hk AT .
2 )

Recall Hy, = f (%) w2 uniformly on [0, 7], we can assume that

| I 3
zf(j)z”” <1< Ef(j)z'”'z

for sufficiently large k. Therefore

ay sin"9

2.0

T
|Ak|§c/|hk|- 4
0

for some positive constant C depending only on n and f (7).
(a) Whenn =1. By Lemma 11,

he = 0(1a; ' logay.

Then we obtain from (64) that

e

[Axl < Clo dkf.—
g a,f sin? 6 + cos? 0

sin @

where C > 0 depends only on || f||-1. Assume a; > 2 and recall (62), we have

P 3
/ sin6 do _ 2/ sin6 do
a,% sin26 +cos20 a,% sin? 6 + cos? 6
0 0

/ 6do
2 +alo?
0

<2 a,:zlogak.

I/\

Thus (65) says
Akl < Ca; *log” ay,

which is just (63) for n = 1.

4417

(64)

(65)
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(b) When n =2. By Lemma 11,

he=0(a; .
Then we obtain by (64) that
w
Al <C / sl g
a?sin® 0 + cos? 6
< Cna,:2,
where C > 0 depends only on || f||1. Thus (63) withn =2 is true. O

Now we can strengthen [30, Lemma 3.2] whenn =1, 2.

Lemma 13. Assume a; — +00 as k — +00. Then we have

| al, ifn=1,
do = f()2[ni(f) +o(D)] (66)

a; *logal, ifn=2.

T
f'(Va, (0))  ay sin"@ cos
Hy i2.(0)

0

Proof. Let Ay denote the integral on the left hand side of (66). Then

de

g T
A / ' 0) — f'(5)  agsin"6 cos6 o+ f' (%) agsin"0coso
k= . : . :
) HX:’l i2 (0) / szrl i2.(0)

=: I + II.
(a) When n = 1. Applying [30, Lemma 3.2] to I; and Lemma 12 to f;, we have
1 _ _
Ak=fB) i (f) +ola; ' + f'(3) - 0()a; * log® a
= F&)7 i () +o(Dlag .
(b) When n = 2. Applying [30, Lemma 3.2]" to I; and Lemma 12 to Iy, we have
1. _ _
Ak=fB)2ni(f) +o(Dla *logag + f'(5) - O(Dag
1 -
= fB)72ni(f) +o(Dlag *logai.
The proof of this lemma is completed. O

We are in position to complete the proof of Theorem 3.

1 One can check that the conclusion for n = 2 is still true under the weaker assumption f € Cz*“(Sz).
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Proof of Theorem 3. By [30, Theorem 1.1], we only need to obtain a uniform positive lower
bound for rotationally symmetric solutions. Suppose to the contrary that there exists a sequence
of rotationally symmetric solutions {Hy} to equation (1) such that ming: Hy — 0% as k — +o0.
For each k, we define ay, Ay and Hy, as in (8) and (9). By Lemma 4, Hy, is uniformly bounded
from above and below. Then we have either ay — +o00 or ay — 0.

Recall Hy, is a rotationally symmetric solution to equation (6) with A replaced by Ax. Ap-
plying the obstruction condition (4), we have the following

T

/ f;‘k () sin"0 cos
= n+1
5 H, " (0)

T 67)
_ [ e 8) agsin"6 cosd
) oHT e i2O)

dé.

For the case when a; — 400, applying Lemma 13 to (67), we have ni(f) = 0. For the case
when a; — 07, since by Blaschke selection theorem a subsequence of {H Ak} converges uni-
formly to some positive support function on S$”, we apply [30, Lemma 3.3] to (67), and see
pi(f) =0.Inboth cases we reach a contradiction with our assumptions on f in Theorem 3. The
proof of this theorem is completed. O

4. Proof of Theorem 2

In this section, we prove Theorem 2, which dealing with the case when n > 3. The method
given in the previous section is not applicable to the higher dimensional case. Instead, we use the
variational method and blow-up analyses posted in [27].

By arguments in [27], in order to obtain a rotationally symmetric solution to Eq. (1), we only
need to find a maximizer of

sup inf J[H(x) —& - x], (68)

|X|=kn i1 §€

where the supremum is taken among all rotationally symmetric bounded convex bodies X in
R"*+! containing the origin with volume ;1 1, the infimum is taken among all points £ € X, H
is the support function of X, and the functional J is given by

JIH]= L f . (69)
n+1 Hn+l
Sn

Note that for each H, infzex J[H (x) —& - x] is attained at a unique point £ € X. By the Blaschke—
Santal6 inequality (2), the maximizing problem (68) has an upper bound. But it may not admit
a maximizer for some f, see [28]. So we need to impose additional conditions on f to obtain
the existence of a maximizer. A class of these conditions can be found by the method of blow-up
analysis.

Let {Hy} be a maximizing sequence to (68). If it is uniformly bounded, by the Blaschke
selection theorem, a subsequence of { H} converges uniformly to a support function Hy, which
would be a maximizer. If not, namely
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sup Hy — 400 as k — oo, (70)
Sn

then we will deduce a contradiction by the assumptions of Theorem 2, and thus complete the
proof of this theorem.

Let X be the convex body determined by Hy. For each k choose a unimodular linear trans-
formation AkT € SL(n + 1) that normalizes X;. Namely the convex body

Xa, = Af (Xp)

is normalized. Denote its support function by Hj,,. Since X4, has the same volume k1, they
are uniformly bounded. On account of Blaschke selection theorem, we assume without loss of
generality that X4, converges to some normalized convex body X, namely H,, converges uni-
formly on S” to H, the support function of X. One can prove that His positive on S”. Applying
formula (7) and the bounded convergence theorem, one gets

Jsup i = kll>n;o J[Hi]

— 1 1 fAk
_kggon—i— 1 g+l
sn Ak 71

_ 1 / /
T n+1) farr’

sn

where f is the limit function of f4,. We want to find some rotationally symmetric H with volume
Kn+1, such that

Jsup < irslfJ[H(x) —&-x]. (72)

This is a contradiction, from which we will know (70) is false and then complete the proof of the
theorem.

To construct (72), we need to find out the expression of f first. Note by the rotational sym-
metry of Xy, the normalizing matrix AkT can be chosen as

1 1

Al =diag (A7, AT AT with A > 0.

Recalling the definition in (7), we have

ARXTy w0y AeXpy Xptl
fAk(Xl,-“,xn,anrl):f( ot .

\/)»,%(x% X)) X
By the assumption (70), there are only two cases:

M — 0or Ay — 00, as k — oo.
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Correspondingly, we have

N f 0:
fxr, - Xn, Xng1) = J(entr); 1 Tt = when Ak — 0, (73)
f(—=ent1), ifxy41 <0
or
. e x,. 0
O X X)) = f<¥) when Az — 0. (74)
Vx4 x2

For the case when Ay — 0, we can still use the arguments in [27, Section 4.1] to show (72)
under the assumption pi(f) > 0.

It remains to consider the case when Ay — co. Now the analyses in [21,27] are no longer
suitable. We provide new blow-up analyses in the following. Since f is rotationally symmetric,
one can see from (74) that

f is a constant function on S$” when Ay — oo.

This fact is crucial in our following proof.
A good upper bound of Jg,p will be needed.

Lemma 14. Assume Ay — 00. There is Jsyp < f/cn_H.

Proof. Recall [27, (3.12)]:

1 fx)dS(x)
Jsup = inf / = .
gexnt 1) (Hx)—& 2!

Note f is now a constant, by the Blaschke—Santal6 inequality (2), we have

A / dS(x)
inf =
gexn+1 o (H(x) —& - x)ntl

which is just our lemma. O
To prove (72), we consider a family of ellipsoids:
Ea={s eR™ 1 A@g| <1},
where A(a) € SL(n + 1) is given by

, 1 L o
A(a):dlag(anJrl,...7an+1,a n+l)’ a>0.
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Note each E, is a rotationally symmetric ellipsoid with volume «;,1. And its support function,
H,, is given by

H,(x)=|A(a) x|, VxeS".

Now we define

J(@):= inf J[Hy(x) —& -x]. (75)
§€k,
By (7), we have
_ 1 b
J(a) _glenbfg a1 / (Hy — £ - x)i+]
Sll

_ fa@
_|sl|rg1 n+1/(1 — & . x)ntl (76)

Sn

1 fu
_‘n+1/<1—sa-x>"+1’

S)‘l

where the infimum is attained at &,, and f;, = fa(q) is defined as

JaX1, oo Xn, Xg1) = f( LB Tt ) 77)
\/az(xlz 4 x2) +x3+1
Recalling (74), we see when a — oo that
fu— f ae.on S". (78)

For the function f defined on S”, one can extend it to R+ guch that it is homogeneous of
degree zero. Note that f remains rotationally symmetric in the whole R"*!. For a point x €
R+ we write x = (x/, z) where

x/=(x15'.'9xn)9 Z=xn+1’

Then we can use the standard notations in Euclidean space such as f, f. for partial derivatives
of f with respect to z.
The following analysis about f, will be needed.

Lemma 15. For any ¢ € C(S"), we have as a — oo that

f @) fa(x) — f1dS(x)

SVI

2 1
";(li?fz dS(x)+%. (79)

1 1
=2 fleen | PO 4500 + - f1e) /
a x| a
Sn

|
sn
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Proof. Let A, denote the integral on the left hand side of (79). By virtue of the Taylor’s expan-
sion, for each x = (x/, z) € §" with x" # 0, there exists a ¢ (x) € (0, 1/a) such that

N 1 2
fa¥) = f = f( 2)a) — F(x,0) = fl(x, 0>§ + 3 A tz>2—2
Then

1 1
Ay = —f‘p()&fé(xCO)ZdS(x) + _2/¢(x)f// ', IZ)Z dS(x)
a 2a
) v (80)
1 1

=: -1 .
a+22

To deal with these integrals, we need the following formula:

e

fg(x)dS(x)zan,l /g(~,cos€)sin"_10d0 (81)

NG 0

for any rotationally symmetric and integrable function g defined on S”. One can easily check it
by the coarea formula.
Now for 7, since fz/ is homogeneous of degree —1, then

L0 |’|fz<| Ik ) |’|f2

1=fen [ “’l(x’“,f as (). (82)
Sn

Therefore

We remark that [ is well defined, since when n > 3,

T
m dS(x) =on_1 /cos@ sin"20.do = C(n) < +o0.
0

sn

For I, note that f] is homogeneous of degree —2, then

2
X, 1z Z
x i ’
o( )fzz \/m |x/|2—|—t2z2

Z2

< oI fllez - —,
lellco - I flle e

“ﬂ(x)fz/;(x/, tz)zz‘ =

which is integrable on S”, since when n > 3,
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Z2 r
f P dS(x) = 0,1 /00529 sin” 30 df = C(n) < +o0.
X
n

Applying the dominated convergence theorem to I, we obtain

ali{goll=/<ﬂ(x)f”(x 0)z”dS(x)
Sn

/ Z2
/“”Qw)wﬁm)

&@jfﬁdﬂ)
S)l

Namely

—fz’;(el)/ ‘”|( /T; dS(x) +o(1) asa — oo. (83)
S’l

Now combining (80), (82) and (83), we will obtain (79). O

We also need to analyze &, defined in (76). Since f, is rotationally symmetric, by [27, (3.9)],
&, can be written as

& = Ngen+1 for some n, € R. (84)
The following asymptotic behavior of 5, will be needed.

Lemma 16. When a — oo, we have

( —b1 f](e1) . (1)>1’ (85)
(n+2)bo f a
where
2
b0=/z2dS(x), b =fmdS(x) (86)
S’l S)'l

Proof. Since |£,| < 1, we assume without loss of generality that £, — £, as a — 00. By the
definition of &, in (76), for each || < 1, there is

f fu </ fa
(=g = ) =gl
NG NG
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Passing to the limit and recalling (78), we obtain

/(1_ )n+1 —/(1 )n+1’ V|$|<1'

Note f is a constant, there is

1 ) 1
/(1—soo-x)"+1:|§P<flf(1—é-x)”“'
g sn

Thus &5 = 0. Namely &, — 0 as a — oo, which implies

N — 0 asa — oo. 87

By definition, &, is the unique minimum point of

/ Ja
(1—¢-x)mtl’
sn

which is a strictly convex function with respect to &. The vanishing first order derivatives yield

fa .
— —x;=0, i=1,2,---,n+1.
S[(l—&z'x)"'ﬂ ’

Recall (84) and that f, is rotationally symmetric, these equalities are equivalent to

Jaxn1
——— = (83)
| (I- naxn+1)n+2
For simplicity, we write
1
o(t)=——— prEE R Vit >0.
Recall x = (x/, z), then (88) says
/d’(l —Na2) fazdS(x) =0. (89)

By (87), for sufficiently large a, there is |n,| < 1/2. Then

1
—<1l—nuz<=.

2 2
Thus
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1
¢(1 —n2) =) — ¢'(Dnaz + §¢”<r>n3z2,

where t varies in (1/2, 3/2). Inserting it into (89), we obtain

(1) / fuzdS() — ' (Dina / fu2dS() + %nﬁ / ¢ (1) fuz dS(x) = 0,
Sn Sn Sn

which obviously can be written as

(1) / FazdSG) — ' (Dia / o2 dS(x) + O(1)n2 = 0. (90)
Sn

sn

Recalling f is a constant, and applying Lemma 15, we have as a — oo that

/faZdS(x):fZ(fa — f)ds(x)

sn sn

2
_ ! (fz’(el)/ Z—dS(x)+o(1)) o1
a x|

1
=;[b1f£(61)+0(1)].

By (78), there is

ffazzdS(x) =f/z2dS(x)+0(1)
Sl‘l

o (92)

=bo f +o(1).

Now combining (90), (91) and (92), we obtain as a — oo that

1 .
¢ (DIb1 f;(e1) +o(1)] i ¢'(Dnalbo f +o()]1+ O(1n; =0,

which yields
_¢Wbifilen +o] 1
¢'(Dlbof +o()] @
_ (¢(1)b1f1(§1> +O(1)>1.
&' (Wbo f a

Observing ¢ (1) = —1 and ¢’(1) =n + 2, we obtain (85). O

Now we can obtain the asymptotic behavior of J(a) defined in (75)—(76).
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Lemma 17. When a — oo, we have

- byfli(e)  bifl(en)? 1
J(a) = fk +< < A+0(1)>—, 93)
Pt T\ 505D~ 2t 2607 a
where by and by are given in (86), and
2
by = / S5, (94)
Sl‘l
Proof. For simplicity, we write
(1) = Lz—"—l Vi>0
n+1 ’ ’
Then (76) says
J(a) =/¢(1 — &4 x) fadS(x)
v 95)
=/¢(1 — 1az) fa dS(x),
S}l

where (84) and x = (x/, z) have been used for the second equality. By Lemma 16, one can assume

—<l—nuz<=

2 2

for sufficiently large a. Then

1
(1 —na2) = (1) — ¢’ (naz + §¢”(1)nﬁzz ¢”’(T)naz ,

where t varies in (1/2, 3/2). Inserting it into (95), we obtain

1 1
J@ =¢(1) / fa—®' (D / faz+ 58" (D / fud =~ 2 / 8" (0) fu®

sn

—¢(1)/fa ¢ (l)na/faZ+ ¢”(1)na/faz +0(n,.

sn

Recalling (87), (91) and (92), we have as a — oo that

1 1 A
J(a)= (1)/fa ¢'(Dna [b1f£(€1)+0(1)]5 + Efﬁ”(l)ni [bof +o(D].

Sﬂ
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Note by Lemma 16,
—b f! 1
= (ﬂ +o(1>)—,
(n+2)bo f a

_b2 l 2 1
J(@) = ¢<1>/ fa— ¢’<1)(ﬂ +o(1>>;
Sn

one gets

(n+2)bo f

1 b fl(e1)? 1
—o"(1 1Jz _ D)=
e )<(n+2)2bof o )>02

Observe ¢ (1) = # ¢'(1) =—1and ¢"(1) =n + 2, then J (a) is simplified as

2 2 2 2
1/2(e1) ) 1 ( by fl(e1) ) 1
J(a)=—— " ~+o0 ————+o(l) | =
(= / fat <(n+2)b0f . wromg V)@
1 b fl(e1)? 1 o
—brJjlen
= " —_— 1 )—.
By Lemma 15, when a — oo,
" o(1)
/[fa(X) f1dS(x) = — - [ (e 1)/ P dS(x )+—
_ ! by fl 1
_a_z(i 2fzz(el)+0( ))7
namely
1 (baf].(e1)
/fa—fKn+l+ (2( 1) +0(1))- G
Inserting (97) into (96), we obtain when a — oo that
@) = P + <b2 Ter)  bIfl(er)? —i—o(l))i
T 20D 2+ 2bof a’
which is just (93). O
Now by Lemma 17, if
" 2 rr 2
bafi(er)  bifi(er) -0, 98)

20+1) 2 +2)bof
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then for sufficiently large a there is
J(@ > frnsr.
Recalling Lemma 14, for the case Ay — 00, we have Jgp < f Kn+1- Thus
J(a) > Jaup

for sufficiently large a. Recalling the definition of J (@) in (75), we see this inequality is just (72).
So to obtain (72) for the case when Ay — 00, it remains to check (98). Recalling our notations,
we have

f@) = f(-,cos0) = f(sin6,0,---,0,cosh).
Note that (%) = f(e1) = f. Also there is
f(0) =cosOf| —sinbf]
= —cos6f] cotd — sinff,
A

sin@’

where that V f(x) - x = 0 has been used for the second equality. Therefore one immediately gets
that f'(%) = — f/(e1), and that

—ni(f)=f"(5) = fl.(e1).
Now (98) is equivalent to

_bani(f) __ BIS'GB?
2n+1) 2m+2bof(Z)

namely

(n+ 1)b?

M) < = 2bobs

(R (99)

Here we recall that by, b1 and b; are given in (86) and (94), which depend only on n and can be
easily worked out by formula (81). Observe that

2
b = / = dS(x)

X’
Srl

2 22
</z dS(x)~f—2dS(x)
x’]
Sll

Srl
= by b,

then the assumption on ni ( f) in Theorem 2 implies (99), namely (98).
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Now we have obtained (72) in both possible blow-up cases under assumptions of Theorem 2.
According to our previous discussion, the proof of this theorem is completed.
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