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1 Introduction

We introduce the following class of tri-linear operators which can be viewed as a hybrid of the

bilinear Hilbert transform (BHT for short) and paraproduct.

T(f1, f2, f3)(x) = Y Hi(f1, f2) (@) far(z), z€R, (L.1)
kEZ
where
Hy(f1, fo) (@ / Fi(&1) fa(E)e?m(Er+E)eg, (’51 §2)dsld§2
(1.2)
— /]Rfl(x—t)fg(a:—b-t)fbl(thﬂk dt,
and

Fan( /f 27r1£:E(I> (2§k>d§ (1.3)

Here o € R and various conditions (about smoothness, support, etc) can be imposed on the
cut-off functions ®; and ®.

In the study of BHT B(f1, f2)(x) = [ fi(x —t) fa(z + t) , the usual set up is to decompose
the kernel + = 3, _, ®(2¥1)2* using a nice function ® (e.g. [4, 5]). The bilinear operator
Hy(f1, f2) then appears naturally as the piece of the decomposition at scale k. Meanwhile, a
function with a cut-off in frequency as fs; is a fundamental unit in many paraproducts (e.g.
[1, 7, 11]). These two facts explain why T is a hybrid of BHT and paraproduct.

We became interested in such type of operators when it came out in our study of tri-linear
Hilbert transform along curves such as operator Te:(f1, fo, f3)(x) = [ fi(z —t) fa(x + ) f3(z —
t2)dt, Whose boundedness is still unknown. We may compare TC with its bilinear analogue
Be(fi, f2)(z) = [ fi(z — t)fo(z — t2)%, whose boundedness is proved in [8] and [9]. Bc
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contains a paraproduct of the form P(f1, f2)(x) = > .y fir() for(x) where fi and for are
defined the same way as fs; in (1.3). Proving boundedness of P is the first step to study Be
(see [7]). T plays the same role in T as P in Be.

Let us first investigate a simple case of T. Let D = {(p1,p2,p3) € R® : 1 < p1,ps <

oo,p—1—|——<— 1 < p3 < oo}. We have

Proposition 1.1 Let ®; be a smooth function satisfying <i>\1(0) = 0 and P, be an integrable
C* function satisfying ®3(0) = 0 and |®o(x)| + |®4(z)| S (1+ |z|)~2. Assume a # 0. Then the
operator T defined by (1.1)—(1.3) is bounded from LP* x LP2 x LP3 to LP, % = pil + piz + p%,
whenever (p1,p2,p3) € D.

The proof of Proposition 1.1 is straightforward. Under the hypotheses of the proposition,
the two cut-off functions &)\1 and (i)\g are supported away from 0. Hence Proposition 1.1 follows
from the Cauchy—Schwartz inequality, Holder inequality, Littlewood—Paley theorem and its
bilinear analogue (Theorem 6 in [2]).

T becomes more interesting and more difficult to handle when 6\2 is supported near 0. This

paper is mainly devoted to this case.

Theorem 1.2 Let & and ®o be a smooth functions satisfying suppé\l C [L, L + 1] for some
large L and supp @2 C [—1,1]. Assume a = 1. Then the operator T defined by (1.1)—(1.3) is
bounded from LP* x LP2? x LP3 to LP, % = p% + p% + p%, whenever (p1,pa,ps) € D.

We believe that Theorem 1.2 holds for a larger class of operators and we have the following

conjecture.
Conjecture 1.3 The assumption o = 1 in Theorem 1.2 can be dropped.

Unfortunately our proof of Theorem 1.2 relies on the homogeneity of the scales and thus
can not cover the a # 1 case. A suitable use of the telescoping trick as in [3, 6] and [12] is
expected to solve the conjecture.

We provide the proof of Theorem 1.2 in the rest of the paper. In Section 2, we simplify the
study of T to a model form. Then we prove the boundedness of the model form in Section 3
using three lemmas whose proofs can be found in Sections 4-6. Throughout the paper we use
C to denote a positive constant whose value may change from line to line. We may add one or
more subscripts to C' to emphasize dependence of C. A < B is short for A< CB and A <y B
means A < CnyB. If A < B and B < A, then we write A ~ B. xg will be used to denote the
characteristic function of the set E.

2 Reduction to the Model Form

The goal of this section is to reduce Theorem 1.2 to the study of a model form using wave
packet decomposition. Let S(R) denote the class of Schwartz functions on R. Given f; € S(R),
j €41,2,3,4}, consider the 4-linear form A associated with T

A(fr; f2: f3, f4) SZ/T(f17f27f3)(I)ﬁ(I) dx
- Z///ﬁ (61) f2(&2) fa(&) @ (51 52) (gg)fzx(& + &+ &3)d61déadés. (2.1)

kEZ

Theorem 1.2 is then equivalent to
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Theorem 2.1 Under the hypotheses of Theorem 1.2, the 4-linear form A satisfies

IA(f1s f2o f3, f)l S 1l 1 f2llps 1 fs s I fallpa

fO’l” any (p17p27p3) € D7 ps =1- p% - p% - 77 and fl € S( )7 1€ {172a354}

We plan to localize each function in both time and frequency spaces. The following process
is called wave packet decomposition. Pick a 1 € S(R) such that supp ) C [0,1] and >, 12(5 —
L) =1 for any ¢ € R. Define @(f) = {b\(f_z,:ll) for (k,1) € Z*. Also pick a non-negative
¢ € S(R) with suppp C [-1,1] and $(0) = 1. Let gp(z) := 2*p(2kz), k € Z. For every
(k,n) € Z?*, denote I, := [27%n,27%(n + 1)). Then for each scale k € Z and function
f € S(R), we have

> frnts (2.2)

(n,l)ez?
where
fona(@) = xq,., (@) f * Pri(2), and (2.3)
x7(x) := xr1 * pr(z) for any interval I. (2.4)

Note that supp m C [2’“(% -1, 2’“(% +2)] and fg,, is essentially supported on I, in the
sense that

dist(z, Ix n) x —y| M
< 1 . 2.
s @ Svar (1 BEIDY T L (1 22 Ty

S0 fk,n, is indeed well-localized and the wave packet decomposition is complete.

Now we can apply the decomposition (2.2) to all the four functions in (2.1) and obtain

Midatat)= > [[[ S @ @

kEZ
(n1,m2,n3,n4)€Z*
(I1,l2,l3,14)€2*

(58 )E (&) €+ 6 € vt

Here fjrmn;1;, J € {1,2,3,4}, is defined as in (2.3) for f = f;. By the support of functions,

each term in the sum is non-zero only when

l; l;
& € [2’@(5z —1>,2’“<§z +2>] for i =1,2,3;

§—& € [LQk’ (L + 1)2k)’ |£3| S 2k;

1+ +6&¢€ [2’f(%—1>,2’“<l§ +2>}

These imply that |lo — (11 —2L)| < 1, |I3] £ 1, and |l4 — (203 — 2L)| < 1. In other words, among

the four parameters 1,2, 13,4, only one is free (say l1). Without loss of generality we can fix

a dependence relation between o, 3,14 and Iy, and think of A(f1, f2, f3, f4) as

Z /// fl kot (§1) f2,k, o, 12(52)f3k ns,ls (£3)

k1
n1,m2,m3,m4
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" P (fl 9k s ) Py <§3 >f4k7n4,l4(§1 + & + &3) dErdEadEs.

We then drop the cut-off functions in the above expression by the Fourier expansion trick and

ignore fast decay terms so that A(f1, f2, f3, f4) becomes essentially as

Z ///flknl 1 () 2.k 1o (T) 3 ks s (T) Fakeona 1 (7)) d

k1
ni1,m2,n3,n4g

Since f; kn, 1, is almost supported in Iy, ,,, = [27%n;,27%(n; + 1)), there is no harm to assume
n1 = ny = ng = ng due to the fast decay in other cases. Therefore the original 4-linear form
has been simplified to the following model form (we still use A to denote the model 4-linear

form by abuse of notation):

Afr forfan fa) = ) /Hf],knl (2.6)

(k,n,l)ezs

Here [y =1,1 =1—2L, I3 =0 and I4 = 2] — 2L. This model form is similar to that of BHT.
[10] contains an elegant proof of Lacey—Thiele Theorem on BHT and thus we plan to adopt the
ideas there to handle A. Of course we have to take extra care to the term fsj.

We will prove directly that T is of restricted weak type (see [10, p.312] for the deﬁnition)
when (p1,p2,ps3) is in a smaller range Dy := {(p1,p2,p3) : 1 < p1,p2 < 2,p—1 + 5, < —,p3 €
(1,00)}. More precisely,

Theorem 2.2 Let (p1,p2,ps3) € Do. For any measurable sets Fy, Fy, F3, F of finite measure,

there exists measurable set F' C F with |F'| > 3|F| such that A defined in (2.6) satisfy
I N
(A(f1s fos fos fO)| S |FL|PT | Fo P2 | Fy|Ps | |7 (2.7)

for every | fil < Xy, |fol < XFyo [fsl < xpy and |fa] < xpr. Here o =1~ (5 + - + 5-).
Theorem 2.1 follows from Theorem 2.2 by interpolation and the fact that three adjoints of

T can be handled by the same method (see the Appendix of [10] for a similar interpolation

treatment in the context of BHT). To prove Theorem 2.2, we pick up an arbitrary finite subset

S C Z? and aim to obtain (2.7) for

As(fi, fo 3, fa) = ) /Hf],knl (2.8)

(k,n,l)es

provided the bound does not depend on the set S. We can also assume |F| = 1 by dilation
invariance. Next we make the geometric structure of Ag clearer. To each tuple s = (k,n,1) € Z3,
we plan to assign a time-interval I := Iy, and four frequency-intervals w;;, j € {1,2,3,4},
representing the localization of functions in the time-frequency space. More precisely, I, and

ws;’s satisty:

fikmy,; (x) is dominated by (2.9)

dist(x, I5) ) / < y|>
Chy. 14 s/ dy;
war (16 ) 1o )

The Fourier transform of f; j ,1,is supported on wg;, . (2.10)
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We will call s = (k, n,l) a 4-tile (or simply a tile) as it corresponds to 4 single-tiles s; := I, Xws;,
J€1{1,2,3,4}. Write f,, := frng, and fjs, = fjrn,, for simplicity.

We can take finitely many sparse subsets of S and transform ws,’s by fixed affine mappings
if needed (since only relative locations of Fourier supports matter) so that Iy and ws,’s enjoy

nice geometric properties as follows:

jway | = s | = lwsg| = lws, | = CIL| ™ (2.11)
dist(ws, ,ws,) = dist(ws,,ws,) = |ws, |; (2.12)
c(ws,) > c(ws,) > c(ws,), where ¢(I) is the center of the interval I; (2.13)
{Is}ses is a grid (defined below); (2.14)
{ws, Uws, Uws, }ses is a gird; (2.15)
ws, & J for some i € {1,2,4}, J:i=wy Uwy Uwy, s§€S= (2.16)

ws; C J for all j € {1,2,4}.

Here a grid is defined as a set of intervals having the property that if two different elements
intersect then one must contain the other and the larger interval is at least twice as long as the
smaller one. See [4] for a detailed construction of the time and frequency intervals. From now
on we fix a finite set of tiles S C Z* and assume the tiles satisfy (2.9)-(2.16). Theorem 2.2 has

been reduced to the following theorem.

Theorem 2.3 Let p > 1 be arbitrary. Given any (p1,p2,p3) € Do with ps > p and any sets
of finite measure Fy, Fy, F5, F with |F| = 1, there ezists F' C F with |F'| > % such that

1 1 1
|AS(f17f27f3>f4)|§ ‘F1|pl‘F2|p2|F3|p3
for every | fi| < xr,, [fol < XBy, [f3] < XFy and |fa] < xFr-

3 Boundedness of the Model Form

In this section we prove Theorem 2.3 using three lemmas to be proved in the remaining sections.
Fix p > 1, (p1,p2,p3) € Do with p; > p, and measurable sets Fy, Fy, F3, F with |F| = 1. Let
M denote the maximal operator. Define the exceptional set

h= (_U{x L M(xp) (@) > c|Fj|}) U{w s M(xr,)(x) > C|Fs|7}.

Then || < 1 when C is large enough. Set F’ := F \ Q so that [F’| > 1. Decompose
S = Ugen 5%, where
S.={seS:1+dist(I,, Q)| 7! ~ 27}. (3.1)
Clearly, it suffices to obtain the estimate
4 L

|Asa(fi, fo, fa fa)| S 272 Fu|P7 |[Fo| 72 |Fa|s for d € N. (3.2)
The main idea is to group the tiles in S carefully so that there is orthogonality among the
groups. The following definitions will be used in the grouping algorithm.
Definition 3.1 Let j € {1,2,4}. Given two 4-tiles s and s', we write s; < s if [ C Iy and
Ws; 2 W - We call T C S a j-tree if there exists at € T such that s; <t; foralls €T. t is
called the top of T and It := I;.



34 Dong D. and Li X. C.

Definition 3.2 Let i,j € {1,2,4} and i # j. A finite sequence of i-trees Ty, To, ..., Ty is

called a chain of strongly j-disjoint trees if

li #1l, seTy,, s§eT,=I X ws; # Iy X W (3.3)
h#l, sel,, seT, w,S wy, = Iy NIg =0 (3.4)
i <ly, sE€ T'll, s’ e T'lz, Ws; = ws; = Iy N ITll = 0. (35)

Definition 3.3 For any P C S, j € {1,2,4} and f € S(R), define

1

. 1 2
size; (P, f) = sup (@Z Iijlé)

T is an i-tree for some i#j s€T

and )
3
energy, (P, f) = supsup 2”( 3 |1T|) ,

ne€zZ T TeT

where T ranges over all chains of strongly j-disjoint trees in P having the property that

1

2 1
(Z Il fs, ||§) >2"Ip|z2  for allT € T and such that
seT

1
( Z | fs, ||§> ’ < 2""YIn |3 for all subtrees T' C T € T.
seT”
We need the following three lemmas, whose proof will be given in Sections 4, 5, 6, respec-
tively.
Lemma 3.4 For any 0<601,05,04 <1 with614+603+60,=1andd €N,

|ASd(flaf2,f3af4)| 591,02 2d H Sizej(sdafj)ajenergyj'(sdafj)1_9j|F3|E~

je{1,2,4}
Lemma 3.5 Forany PCS, j€{1,2,4}, f € S(R), and d € N,
ize;(P, f) < L 27Md inf M
size; (P, f) S sup I fll L (s.24r,) + mn f) |-
seEP |Is| ye2d],

Lemma 3.6 For any PC S, j € {1,2,4} and f € S(R),

energy; (P, f) S | fl2-

By the above lemmas and the definitions of S% and the exceptional set 2, we have

|Asa(fr, for fs, fa)l Sar 27| B
from which (3.2) follows.

1467 1464

1
T | Fp| T2 | Byl rs,

4 4-linear Form Estimate

We prove Lemma 3.4 in this section. For notational convenience, in the rest of this paper we

write
S; = size;(S%, f;) and Ej:= energyj(Sd,fj), je{1,2,4}. (4.1)

The following lemma is the main ingredient of the “grouping” algorithm we will use.
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Lemma 4.1 Let j € {1,2,4} and P C S? satisfy
size; (P, f;) <27"E; for somen € Z.
Then we can decompose P = P’ U P" such that
size; (P, f;) < 27"'E; (4.2)

and P" is a union of a collection .F of trees T with > pc o |I7] < 22™.

Proof  Ani-tree T with top ¢ is called “upward” if c(ws;) > c(wy,) for all s € T. We can define
“downward” i-tree with obvious modifications. Note that every i-tree is a union of an upward
tree and a downward tree and the two trees intersect only at the top. Initially set .# = ().
Consider all upward i-trees T for some i # j satisfying > op | fs,|* > [I7|(27" 1 E;])2 If
there are no such trees, then we stop. Otherwise, we choose a tree T satisfying two conditions:
firstly it is maximal with respect to set inclusion; secondly, if ¢ denotes the top of T', then c(wy; )
is as large as possible. After selecting such a T', we define a j-tree by 7”7 := {s € P\T : s; < t;}.
Add T and T’ to the collection .# and remove tiles of T and T” from P. Repeat this process
and when we stop we have 11,17, T, 15, ..., Ty, Th; € F.

We claim that 17,75, ..., Ty form a chain of strongly j-disjoint tress. To see this, let us
verify (3.3)—(3.5). (3.3) is automatically satisfied by construction. Let Iy # lo, s € T}, s’ € T},
with w;, g Wt Then Tj, is selected first by (2.16) and “upward” tree structure. Suppose
In, NIy # (). Then I1,, D Iy and thus s' € T} , which contradicts s' € Tj,. This proves (3.4).

l
(3.5) can be verified in the similar way.

< 227, Since T; and T} have

the same top, Y ez [ I7] S 22" as well. The termination of the previous algorithm implies

By the claim and the definition of energy;, we have Zi\il | I,

that for any upward i-tree T in the remaining set P\ (I3 UT{ U --- U Ty U T},), we must
have Y cp Ifs, 113 < 272" 2|Ip||E;[2. We can run the algorithm again for downward trees
with apparent modifications and the remaining set P’ satisfy (4.2) by definition of size;. The
estimate > .. o [I7| < 22" still holds after adding downward trees to .%. This finishes the proof
of the lemma. 0

Lemma 4.1 provides a way to reorganize the trees according to their sizes. To sum up all
the trees with different sizes, we need to estimate the contribution from a single tree, which

leads to the following lemma.
Lemma 4.2 Let T C S% be a tree. Then
. 1
AT (f1, f2s f, fa)| S 2% 7| H size; (T, f;)| F3|7s .
j6{17274}

Proof Without loss of generality, assume T is a 1-tree. By the definition of Ag in (2.8) with S
being the single tree T', Cauchy—Schwartz inequality, (2.9), and the definition of tree, we have

A7 (f1, f2, f3, f4)| < /ilelg |f1,sl<z f2,52|2> ) (Z |f4,54|2) ) sup | f3,551

seT seT

1
1 2
< |Ir|su s1lloo | 75 |3
< trlsup ol (17 3 el

seT
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dlst(y,I ))N
(|I|Z”f“4'2) sop g 1 1+ 2552

seT
< 241y sup 1,5 |0 sizea (T, fo) sizes(T, f4)|F3|E-
EIS

It remains to prove || f1 s, ||oo < size1 (T, f1) for any s € T. This follows from the estimate

_1
1180 lloo S Wf1s0ll2Hs 72, (4.3)

since {s} is a 2-tree. To prove (4.3), recall for s = (k,n,l), fis (z) = X7, , (@) f1 * Yr(2),
where 1y, (z) = 2¥¢(2Fz)e 227, Let b be a real number such that |L —b| = 2% and define
f;;(x) = 2™z f;  (2). Then f;;/(:v) = Bf1.s,(v) for some 3 < 2F. Hence

e [ ! k _1
Hfl,slnoo = Hf1,81||oo 5 Hf1,81||2Hf1,81 H2 5 22 ||f1,81H2 5 ||f1,51H2|Is| 2,

as desired. g
We are now ready to prove Lemma 3.4, which is equivalent to
9,,
Lo a d S\
A g <9 —L Fale: 4.4
‘ Sd(E E af37E4 ~ - H E] | 3| 3, ( )
je{1,2,4}

where S; and E; are defined as in (4.1). Apply Lemma 4.1 inductively to decompose S¢ =
T, where .%, is a collection of trees satisfying Ip| < 227 and j-size
neZ \JTeF, TeFn ~
(UTG% T, fj) < min(%,sj) for any j € {1,2,4}. So

Ags (fl f2,f3, )‘ Sy AT(fl f2’f3’£_i)‘

n TeZ,
2dz22” H min (2 " Fj)|F3|m (by Lemma 4.2)
je{1,2,4}

S\ B
<2d 'l FalPps .
2 ]I <E> [Fs|

je{1,24y N7

The last inequality follows from the observation 27" < max;c 1,24} (E—’) (see Section 6.7 in [10]
for a similar trick).
5 Estimates on Size

We prove Lemma 3.5 in this section. The following lemma is closely related with the John—
Nirenberg inequality.
Lemma 5.1 Forany PC S, j€{1,2,4} and f € S(R),

1
(Z HfS]”%XI )2
seT |I| ’

S

sizej (P, f) ,S ;Lég)) m
T is an i-tree for some i#j

Proof Fix j e {1,2,4}, P C Sand f € S(R). Let T C P be an i-tree for some i # j such that

soes (P.) = (1 |ansju)

seT

1,00
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For simplicity write as := || fs, |2 for s € T and we aim to show

XI
(IT ZT |I I\ = 2T 1,00

Denote the left-hand side (LHS) and the right-hand side (RHS) of (5.1) by A and B, respectively.
Let C be a large constant and define the set

{ (S;MX} >%>CB}QIT. (5.2)

By the definition of weak 1 norm,

[

(5.1)

BlIr| _ Iz
cB  C

Write £ as a joint union of intervals ' = (Jmc ;u [™, where J M is the set of maximal elements

|E| < (5.3)

in

2\ 3
J = {I:ISO for some sg € T : (Z aIS ) > CB}- (5.4)

seT | S‘
I,DI

By the definition of A,

Atrl =3 " /Zu\ /IT\E

seT

= H+K. (5.5)

Use the decomposition E = J;m jM I™ to split H further as

= > /m > |I|XI+ > / PO mxl — Hy + H,. (5.6)

ImegM seT ImegM seT
1. D[m I,crm

Since each I™ is maximal in J defined by (5.4),
Hi< Y (CBPI™| = (CB)E| < (CB)|Ixl. (5.7)
ImegM

For each I™ € JM {s € T : I, C I"™} is still an i-tree by the grid structure. So the definition
of size;(P, f) and (5.3) give

m m [Ir|
Hy= Y | <|1m| > aﬁ)g > \A2=A2|E|gA27T. (5.8)

ImegM IsgITm ImegM

Since the integrand in K is dominated by C'B by (5.2), we have

K < (CB)*|Ir|. (5.9)
Putting (5.5)—(5.9) together, we obtain
I
A?|Ip| =H, + Hy + K < (CB)*|Ir| + A2% + (CB)*|Ir|, (5.10)
from which (5.1) follows. O

By the previous lemma, to prove Lemma 3.5 it suffices to show for any i-tree T with ¢ # j,

(%)

seT

Sur 1l arry +27 inf Mf@IE].  (5.10)
ye2d],

1,00
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Write f = fxs.241, + fX(5.2¢1,)c- LHS of (5.11) is bounded by

1 1
H(Z I(fx5-241, sJ|| I X5200r)s; 112, )2 n H(Z H(fX(5.2d1T)c)st%XI >2
|I ‘ ° 1,00 seT ‘IS| °

seT
Term I is bounded by C|| f||11(5.241,) since the discrete square-function operator is of weak type

=:I1+1IL
1

(1,1) by the L? estimate and Calderén—Zygmund decomposition. Using the fact /2 norm is no
more than {! norm, we estimate II by

1
Z I(fX(5-2017)¢)s; 12152

seT

It remains to show

S NUX 2010y )5, 21Tl 2 S 2-Md inf  Mf(y)|I7|. (5.12)

€247,
seT

Using (2.9) we control the function (fx(s.2d1,)c)s; by
‘(fX(s-zdIT)C)sj ()]

dist (I, (5-2407))\ N dist(z, I,)\
< P Sk
SN (1+ 7 1+ TA yé?dfz Mf(y).

Hence
dist(I,, (5 - 2917)°)\
LHS of (5.12) <y 1nf Mf Z|I|<1—|— & )
= | 1|
SNI 2_Md inf Mf(y)|IT|,
ye2d1;
as desired.

6 Estimates on Energy

We prove Lemma 3.6 in this section. Fix j € {1,2,4}. Let n and T be as in the definition of
energy; in Definition 3.3 where the supremum is attained, i.e.,

1

energy, (P, f) = 2“( 3 |IT> 2

TeT

Here T is a chain of strongly j-disjoint trees in P having the property that

(leflez) > 9" Ip|7  forall T €T, (6.1)
seT
and such that
1
3
( Z | fs, ||§> < 2" I |3 for all subtrees 7' C T € T. (6.2)

seT’

We need to show

» (% |IT|)% S (63)

TeT
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By (6.1),

(LHS of (6.3 ( Z |IT|) < 22ngmn Z Z ||fe,||2 Z Z ||f€J||27

TeT TET seT TET seT
and thus it remains to prove
> I3 S A1 (6.4)
TET seT
For each 4-tile s, define an operator A, by A, f(z) = fs,(x). By the Cauchy-Schwarz inequality,

> D lfl3= < ZZA:ASf,f> <[ S5 aza,

TeT seT TeT se€T TeT seT

Hence (6.4) follows from the following estimate:

DDAl S (Z > ||fsj|§) : (6.5)

TeT seT TeT seT

To prove (6.5), write
(LHS of (65))* = Y Y (AiAf, ALAsf) = T+1I,

T.T'€T seT
s'eT’

where T contains all off-diagonal terms in which T" # T, and II contains all diagonal terms

where T = T’. Finally We only need to prove the following estimates:
Lemma 6.1 IS rerd serllfs; 13 and IT < >orer 2user I fs; 3.

Proof We only prove the estimate for I. II is easier to control and we omit the proof. Apply
Cauchy—Schwartz inequality,

I< 30 > 1A el A AL I A fla- (6.6)

TAT! seT
s'eT’

The following estimate for ||As;A% | is the key to sum up all the terms in (6.6).
Lemma 6.2 ||A,A% | # 0 only when w,; N wyr # (. Moreover,

1 . —N
|AAS | < |Is/| <1 dlStT?iIs,)) if ws; C wer- (6.7)
Proof - Write A A% f(x) = [ K () (y) dy, where K(z,y) = xj, (2)x], (u)s; * s, (x = 1),

Vs, = Yy, for s = (k,ml) and §(z) := g(—x) for any function g. Note that ’(/JS/ * s (t) =

f@(f)q//};(f)e%ift dg is non-zero only when wy, Nwy 7 0 by (2.3) and (2.10). Assume w;; C W' -
By definitions of x% (2.4) and v, and using the triangle inequality (1 + |a|)™! + (1 + [b])~!
<(1+Ja+b)7!

dist(x,]s) -2 dist(y, Is)\
K <y (14 85 14 sty Lsr)

A 1+ ‘Nd
|u|fsf| L L) :

dist(I,, I,)\ N 1 dist (@, I,)
< 14+ —"- 1
NN( BTN L\ T
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Hence
dist(I,, I,)\ Y
/|K($ay)|d$ SN (1 + T) (6.8)
S
Similarly,
dist(I, I,)\ N |1,
/IK(%y)Idy SN (1+ dist(Ls, ') )> | (6.9)
1] 1|

(6.8) and (6.9) imply (6.7) by Schur’s lemma. O

By Lemma 6.2 and symmetry, we can assume without loss of generality wy, C Wt - In the
following we assume further that ws, ; We?,- The case ws, = W/, can be handled the same way.

Forany T, 7" € T, T AT and s € T, s’ € T', by (6.1) and (6.2), we have

1
2

A SlolT <271 <20 and 27 < (|IT-1 T |f<so>,.||§)

so€eT
These imply
1
1 1 2
1Aufll2 < 11} Il 2(2 ||f<so>j|§) . (6.10)
so€T
Similarly,
1
1 _1 2
1Ay flle < 1o 1?11z 2(2 ||f<so>].|%) . (6.11)
so€eT
Using (6.10) and (6.11), RHS of (6.6) can be estimated by
S S Al AL A £l
T#T’ s€T,s' €T’
LUC(—U !
SjFETs;
1 1 _ *
<Y Y LB ( T ||f<30>j|§)||AsAsf||
T#T' se€T,s' €T’ so€T
wsj;ws;
1 1 — *
-y ( T ||f<so>j|§)( S L 1|A5As,||).
TET NsoeT SET,T'#T
s/ET’,wsj;ws{_

Therefore, the estimate for I will be done once we show that for any 7' € T,

1 1 _
S LI AAL ] S L
seT, T'#T
s'GT',ij gwsg

By (6.7), this amounts to

dist(I,, I,)\ N
S () s @12

SET, T’ #T

! ’
s'eT Ws ;‘*’59

which is an immediate consequence of the separation condition (3.4). O
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