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Abstract. We introduce an irrational factor of order k defined by Ij(n) =
{Oéi, if a; < k

Hf;:1 pfi, where n = Hizl p;* is the factorization of n and §; = L .
) if (673 2 k

(27

It turns out that the function I"r—(f) well approximates the characteristic function of

k-free integers. We also derive asymptotic formulas for [7_, Ix (v)%7 D n<e Ie(n)
and anx (1 — %) I (n).

1. Introduction

The study of k-power free integers arises naturally in number theory
(see [8] or Ch. VI in [9] for a nice survey). In [2], Atanassov defined the

irrational factor function I(n) = Hé:l p: , where n = Hé:l p;* is the factor-

ization of n. Alkan et al. in [1] noticed that I(n) may be used to measure
how far n is away from being k-power free or k-power full. More precisely,
large values of I(n) correspond to k-power free integers and small values of
I(n) correspond to k-power full integers. However, since k is not involved
in the definition, I(n) is a rough measurement. Motivated by Alkan et al.’s
observation, we introduced a parameter k£ to the function I so that the new
functions I can do a better job. For any integer k = 2, we define the irra-
tional factor function of order k as follows:

! a;, if oy < ki
Ii(n) = Hp?i, where ;=< 1
i=1

(&%

)
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354 D. DONG and X. MENG

Let ug(n) denote the characteristic function of k-free integers (this notation
is motivated by the formula pg(n) = 3", n(d), where p(n) is the Mobius
( ) ;

function). We can see that L
On one hand,

is very close to p(n) in the following sense.

1

<
= 2]@—% )

— pg(n)

which is small for large k. The difference is even smaller in the following
important special cases:

0, if n is k-free;

> if n is k-power full.
n- k2

On the other hand, the average values of L) and pr(n) are also very close
to each other (see the remark after Theorem 2).

Our goal is to obtain some properties of I;(n). Note that Ix(n) = I(n)
when k = 2. We first recall some results on /(n). Panaitopol [7] proved that

T<G(n) =11, I(v)% < n. Moreover, Alkan et al. [1] established the
following asymptotic formulas for averages of I(n).

THEOREM. There are absolute constants ci, ca, c3 > 0 such that
(i) G(n) = T[l_y I(v)" = cin + O(V/n) .

(ii) anx I(n) = coz? + O(;pg(log w)%)

(i) Y (1 2)I(n) = §a? 4 O esllogn)"/ loglogz) /"),

It is natural to ask if similar results hold for I;(n). We then define

n
1

Gr(n) = [ ] In(v) "

v=1

Inspired by the techniques used in [1], we derived the following corresponding
results for k£ = 3 (all the implied constants in big O depend on k).

THEOREM 1. For k = 2, we have
Gr(n) = e™""°n+ O(n¥),

where

(k_k>zlogp+ D ( Hl))Zloglp_

k+1<1 p
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IRRATIONAL FACTOR OF ORDER k 355

THEOREM 2. For k = 3, we have

Z Ix(n) = 122{“((]{2:)) z? + O(w”(k) log? x),

nlx
where Ki(2) is a constant depending only on k, and

REMARK. It is known that (see [12]) the number of k-free integers that
are < x is

Z pr(n) = ﬁ + O(fﬁi eXP{ — ¢k log® x(loglogx)*é}),
<z

Using partial summation, it follows from Theorem 2 that the average of

71'“7(Ln) is 71?21(3) It is easy to see that limy_ oo K (2) =1 (see the definition of

Kj(s) in the proof). Therefore, for large k, %

in average.

and ug(n) are very close

THEOREM 3. For k 2 3, we have

n 9 ot
S (1= fem) = ?C’“((]f))x +0(A(x>>,

nz

where

A(SL‘) _ 6c(log x)% (log log m)_%

for some constant ¢ > 0.

We remark that we get better estimates of error terms for larger k.

2. Asymptotic formula for the geometric mean

In this section, we prove Theorem 1. By the definition of Ix(n) and
Gk(n)a

(21) Gk(n)n = ﬂ Hpﬂp(v) = H Xn:pﬁp(v) — Hpa(nyp),

v=1 plv p=n v=1 p=n
plv
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356 D. DONG and X. MENG

where
a(n,p) =Y By(v).
v=1
plv
Then,
k—1 00 n 1
a(n,p) = [+ Z 7
1= V)= 1=k v=1
b 8,0t
k—1

=1

o0
1
#{isvsnp o Mo+ {1 vsnsp o, p T o}
=k

(3] D) -2 (] )

S0 [ 2 s 5]

=1 l=k+1

And we know that (see [4], Theorem 416, p. 342)

n! = H pli[ﬁ].

p<n

Thus, by (2.1) and the above formula,

logn! — nlog Gi(n)

(DB 2 0o t) )

p=n
1 n 1 n
:Z k——)|=|logp+ Z 1+ —7—— Z 7| logp
k) Lp ; I(l=1) p
pE<n k+1§l§[%]+l pE+i<n
1 log p 1
:(k—k)nz - —|—O<<k‘—k>zlogp>
pk<n pksn
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o2 Urm) 25

kH1SIS ]2 ] 41 pFrisn

+O< > logp>
k+1SIS[lesn )41 phtisn

log 2

k+1SI<[ o n 41

Tog 2

1 logp 1

k+1SIS[22]41 p>n T
We have
logp 1 1 logp 1
n Y B o), (k-1) X B o),
k+1 1
p>n p>nk
and so
n L Z log p O(nHl logn)
I(l+1) !
kSIS (] poneh
Let

P k+1<l
Then,
(2.2)
1 logp 1
logn! —nlogGr(n) =cn—n Z (1+l(l—|—1)>z o +O(nk).
>[le2]+1 v
Further,
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and

1 lo 1
> (1+z<z+1)>z pglp:()(" [Z 2l>20(1)'
p >

l>[logn]+1 logn]+1

log 2 log 2

Thus, by (2.2), we deduce

1 ! 1—k
(2.3) log Gi(n) = oen —c+0(nw ).
n

Hence, by (2.3) and Stirling’s formula (see [6], Ch. III, Theorem 5, pp. 44),
Gr(n)=e'"n (1 +0 (nk)) —e 17 + O(n%).
n

3. Asymptotic formula for ) - Ix(n)

We will first consider the Dirichlet series with I;(n) as coefficients and
then prove Theorem 2. Let L(s) =Y >, # From our definition, we can

see that Ii(n) is multiplicative. Then, i(s) has Euler product,

2 m s —
L@):H(HI’;(SP)+I’§£)+---+I’iﬁs)+---> :MM(S),

where Kj(s) =[] (1+ Ap(s)), and

[e.°] o0

1 1 1

Z ms— L k—1 Z ms+4L— —1
m:k P m P k m:() P k m+k
1 1 - 1
po—1t + -+ p(k71)(371) 1 + ps—1

Let s = o +it. Then

Ap(s) = 1+

1 .
+ p(k—l)(s—l)

_ 1 1
> 1 pk(a—l) > ]. - DR(o—1)

=

1— —1
pFG—1)

1
1- ps—1

1
ps1 P

)

‘1+

(k—1)(s—1)

1

1
ko—-

and

[e.e]

1
Z ms+4——L

m=0 p m+k

1 1
gl‘f‘ﬁ‘i‘ﬁ"ﬁ‘"':l_ 1 §2-
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So that
21— 5) 1

|Ap(5)| <

1
k

1+ g pko
then,

_ 1
Z}Ap(s)|§2(1 271)2 ! - < 00.

1 _1
1+ 5= 577k

It follows that Kj(s) =[] (1+ A,(s)) is absolutely convergent and defines

P
an analytic function on R(s) > 1. Moreover, for any fixed o9 > 1,

‘Kk(s)‘ gH(1+|Ap( <H<1+ 20071) 1_) = Choy < OO.

1+2k(00 1) p 70Tk

Hence, Kj(s) is uniformly bounded on R(s) = o¢. The fact that Kj(s) is
analytic on R(s) > 1 shows that L(s) has meromorphic continuation to this
half-plane. Further, since ((s — 1) has a simple pole at s = 2 and ((ks — k)
has no zeros on R(s) > 1+ 1, it follows that L(s) has analytic continua-
tion to R(s) > 1+ %, with the exception of a simple pole at s = 2. Under
the Riemann Hypothesis, this function would have analytic continuation to
R(s) > 1+ 5.

Now we turn to the proof of Theorem 2. By Perron’s formula (see [10],
pp. 300-303; and [11], pp. 60-62),

1 a+iT s
Z a(n) = — / —A(s)ds + R(z, o, T),

21 JoiT S

aOO

R0 <209

— n|logx/n|’

|a(n)]

Fix 0<T <22 Puta=2+ ez for some ¢ >0 and a(n) = Ix(n), and
o
Ik(n S— 1)
= Ky
Z ns k _ k) (8)
n=1
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We have

31 Y In) = — /QHTSC()K()CZ + R(z,a,T)
’ = W= o a—ir SC(ks —k) B\S) 48 LI

where

0] =052 Z oga7)

n=1 n=

To treat the sum in the error term We decompose it into three subsums (see

3], pp. 106-107): n < £, £ <n < 32 and n > 3£, We can get

2
|R(z,a,T)| =0 <x lzcig:c> .

By residue theorem, we obtain

a+iT s
1 + X C(S— I)Kk<s)d3: Kk(2)$2+ZJU,

BB o | sclks —h) 0

v=1

where J; represents the integral along the path C; and C; = {a —iT:alo
S144h Co={1+4+it: -T<t<T},and C3={o+iT: 1+ <0
< a}.

It is well known that (see [5], Theorem 1.9, pp. 25)

Ot logt), if 050 <1
|¢(o +it)| =< O(logt), if 1<0<2,
0(1), if o022

On the line segments on which s = o +4iT, 1+ % < o £ a, by the above
estimates, we have

O(T'"3logT) if 1+ 1 <o <2,
|C(oc—1+4T)| = k
O(logT) if 20 = a,
and by (3.6.1) in [10]
1

}((ka —k+ Zk‘T)‘ = Ok (logT).
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So that

B « ’xU—HTHC(O'—l—f—ZT)’ .
33 Pl O</1+; o +iT|[¢(ko — k + ikT)] [Filo -+ i) et

2 g Qo 2loggsc
—0 1029;/ (95) da—i—/ T 4o :0<x>.
(g llﬂ VT 2 T r

On the line segment s = 1 + % +it, t € [-T,T),

1

m =O(logT) = O(log z).

So that
T |x1+§+itHC(%+it)‘ L.
T 14,
:O(xlﬂlogﬂc/ Wdt>
o |14 3 +it

1+/1TWdt]>.

By the mean square of ((s) (see [5], Theorem 1.11, p. 28),

=0 <x1+,ﬁ log x

3.4 ' )| 2dt = O(T), for -~ 1
(3.4) /O|C(O'+Z)‘ =O0(T), for g <o<l

For 0 < o < 3, we need the functional equation ((s) = x(s)¢((1 — s) where
X(s) = WS_%F(%(l — s))/I‘(%s) By Stirling’s formula ([6], Ch. III, Corol-
x(o +it)| = (]t| +2) 277 So we get the estimate

lary 2, pp. 45),

[C(o+it)] = O((t]+2) > 7| ¢(1— o +it)]).

1
C <k‘ +Zt>

Thus, by (3.4), we get

r

2

2
dt = O(T*%).
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.
C(k"i"tt)

(3.5) |Jo| = O(J:H% logzlogT - T%*%).

Then, by Cauchy—Schwarz,

[l (/d)(/

2

|-

2\ :
dt) =O(T=7%).

Hence,

At last, we combine all the estimates (3.3), (3.5) and formulas (3.1),
(3.2), and take a = Q?Ei:;) and T = z® to get the desired result.

4. Asymptotic formula for }_, (1— %) I (n)

We use another form of Perron’s formula to derive Theorem 3:

n 1 a+i00 CCSC:(S _ 1)
> (1 - E) Tp(n) = m/a (51 1)C(hs — k) Rr(8)ds

i S
n<w 100

We want to use Vinogradov—Korobov zero-free region (see [11], p. 135)

g 2 1- 2 “ r, t z to.
(logt)s (loglogt)s
And
1 2 1
——— = O((logt)3 (loglogt)s ).
oy~ )
Fix T,U > 0, such that 7' < U < z?. Let
1
a=2+ 65, and =14 - — 266 -
log x k' (log2T)5 (loglog 275

We know that (see [11], p. 45)

-0 7 >
ey~ Ol e
By the residue theorem,
Ki(2 2
(4.1) 3 (1 - g) Ii(n) = 64"‘((@)3:2 +3"
nlx v=1
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where J; denotes the integral along the path C; and

1
Ci={a+it:t2U}, Cg—{a—l—iU:l—i—kafa},
. , 1
C’gz{l+k—|—zt:T§t§U}, C4z{a+zT:ﬁ§0§1+k},
1
Cs={B+it: t| =T}, Cﬁz{a—iT:ﬁ§a§l+k},

<o

[IA

1
C7z{1—i—k+it: —U§t§—T}, C’gz{U—iU: 1+

a}.

1
k
ng{a—i—z't: té—U}.

In the following, we will estimate these J;’s (i = 1,2,...,9).
First, we estimate J; and Jy, s = o + it, |t| = U, and we know

[¢la—1+it)] < |¢(a—1)] = O(logx),

and
1

|((ka — k +ikt)|

= 0(1).

So,

42)  |4]]Js| = O /°° 24| Gla— 1+ i) [Ku(atit)]
7 v latit] - |a+1+dt|[((ka — k + ikt)|

° dt 22 log x
= 2] / — )= .
O (m ogx S O i

Jg,anng,s:a:tiU7l+%§a§a.

[((0—1+iU)| =0(U" 5 logU), 1+

and
1

|¢((ko — k +ikU))|

= O(log kU) = Ox(log z).
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Then,

(4.3) | Jal,|[Js| =0 /a |Cle 14| [Kulo +i]
’ 112 |o + iUl o + 1+ iU||¢(ko — k + ikU)|

2 1-2 «
U "z loglU x%logU logz
:O(/1+11€U210g$d0+/2 Tda

21/ z\° oz z2log? z
= 0| log®z / () d0+/ — do :O<>.
( i [ 142 UAVU 2 U? u*

J3, Jris=1+¢+it, T<|t| S U.
= O(log kt) = Oy (logU).

v
|C(1+ ikt)]

By the mean square theorem and functional equation,

X
/ [C(o +it)|*dt = O(X>7%), for 0<a<%.
1

Then,

7 |1+ +it] |24 5 +it] [C(1 +ikt)|
Ulc(L g
:O<x1+ilogU/ Wdt)
T

For the last integral,
2 o +in)]
t2
2l

U 14

U 14+ 1, . I
!Js\,\J7|:0</ 2T ¢ ( +it)| [ Ko (1 + ¢ +it)] dt)

_ (;;T(;) (2) H) ~0 (T1+> .
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Thus,

i log x
i)

2

(4.4) sl |7 =o(

Ju, Js: s:a+iT,5§a§1+%.

|C(o —1+4T)| = O(T' "% log 7).

W=

[¢(ko ; kD] Ox((1og T3 (tog o5 7)),

Then,

(45)  |Jal. 1| = O /H'“ wltlo Lt [ Kulo D],
’ s lo+iT||o +1+iT||¢(ko — k + ikt)|

_ o(ﬂogT)g(lz?glogT); /BH’t (ff)a da)

_o (x”i(log T)5 (log log T>i>

T3t
Js: s =B +it, [t| ST

[C(B—1+it)] = O((Jt] +2) '~ log (Jt] +2))-

1 5 ;
ey~ 0o (14 2))* (oglog (1#+2)) ).
Then,
- T af it (B —1+it)| | Ki(B+it)|
(46) || —O</_T B+ it| |8+ 1+ it][ (kB — k + ikt)] dt)

241

T (1t +2) "2 (log (|t + 2)) 7 (log log ( |t] + 2))

:O<lﬁ/ (1t]+2) "> (tog (11| +2))° (toglos (I1] +2)) dt>zo(ﬁ)‘
-T

We combine (4.1) and all the estimates (4.2-4.6), and take U =z, T' =

exp {07(10“6)51}, and (07)g = cg. Then we get the desired result.
(loglogz)s
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