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Abstract

In this paper, a class of FETI-DP preconditioners is developed for a fast solution of the linear system arising from staggered discontinuous Galerkin discretization of the two-dimensional Stokes equations. The discretization has been recently developed and has the distinctive advantages that it is optimally convergent and has a good local conservation property. In order to efficiently solve the linear system, two kinds of FETI-DP preconditioners, namely, lumped and Dirichlet preconditioners, are considered and analyzed. Scalable bounds C(H/h)C(H/h) and C(1+log(H/h))2C(1+log(H/h))2 are proved for the lumped and Dirichlet preconditioners, respectively, with the constant CC depending on the inf–sup constant of the discrete spaces but independent of any mesh parameters. Here H/hH/h stands for the number of elements across each subdomain. Numerical results are presented to confirm the theoretical estimates.







Do you want to read the rest of this article?
Request full-text
 [image: Request Full-text Paper PDF]







Citations (7)
References (39)







	... An analysis of the SDG method for incompressible Navier-Stokes equations is given in [22]. For a more complete discussion on the SDG method, see also [13, 14, 15, 16, 20, 21, 32, 33] and the references therein. In the finite element formulation of IB method in [4], the convection term was neglected and linearized Navier-Stokes equations was considered.  ...
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In this paper, we present a staggered discontinuous Galerkin immersed boundary method (SDG-IBM) for the numerical approximation of fluid-structure interaction. The immersed boundary method is used to model the fluid-structure interaction, while the fluid flow is governed by incompressible Navier-Stokes equations. One advantage of using Galerkin method over the finite difference method with immersed boundary method is that we can avoid approximations of the Dirac Delta function. Another key ingredient of our method is that our solver for incompressible Navier-Stokes equations combines the advantages of discontinuous Galerkin methods and staggered meshes, and results in many good properties, namely local and global conservations and pointwise divergence-free velocity field by a local postprocessing technique. Furthermore, energy stability is improved by a skew-symmetric discretization of the convection term. We will present numerical results to show the performance of the method.
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	... Following [8,14151627,28], we first define the triangulation. For rectangular mesh, we can use the idea in [9].  ...
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	... Recently, a new class of discontinuous Galekin methods based on a novel type of staggered grid is introduced in Chung & Engquist [8, 9] for the wave equations, in Chung & Lee [12] and Chung & Kim [10] for the curl-curl operator, in Chung, Ciarlet & Yu [14] for Maxwell's equations, in Chung & Lee [13] for the convection-diffusion equation, in Kim, Chung & Lee [21] for the Stokes system and in Chan & Chung [5] for the Burgers equation. Moreover, wave transmission problems in the interface between classical material and meta-material using this kind of method is proposed and analyzed in Chung & Ciarlet [7], and fast solvers have been developed in Chung, Kim & Widlund [11], Kim, Chung & Lee [22] and Kim, Chung & Lee [23]. These methods have the advantages that the structures, such as energy and mass, arising from the partial differential equations are preserved.  ...
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In this paper, we develop and analyze a new class of spectral element methods for the simulations of elastic wave propagation. The major components of the method are the spatial discretization and the choice of interpolation nodes. The spatial discretization is based on piecewise polynomial approximation defined on staggered grids. The resulting method combines the advantages of both staggered-grid based methods and classical non-staggered-grid based spectral element methods. Our new method is energy conserving and does not require the use of any numerical flux, because of the staggered local continuity of the basis functions. Our new method also uses Radau points as interpolation nodes, and the resulting mass matrix is diagonal, thus time marching is explicit and is very efficient. Moreover, we give a rigorous proof for the optimal convergence of the method. In terms of dispersion, we present a numerical study for the numerical dispersion and show that this error is of very high order. Finally, some numerical convergence tests and applications to unbounded domain problems with perfectly matched layer are shown.
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	... The above linear system is solved for them and then the unknowns for the velocity gradient are calculated from (6.1). We note that the linear system preserves the structure of the Stokes problem and existing domain decomposition algorithms for the Stokes problem can be easily applied for fast solutions, see [25]. The results for the numerical experiments are summarized in Tables 6.1-6.3.  ...
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Discontinuous Galerkin (DG) methods are a cl ass of efficient tools for solving fluid flow problems. There are in the literature many greatly successful DG methods. In this paper, a new staggered DG method for the Stokes system is developed and analyzed. The key feature of our method is that the discrete system preserves the structures of the continuous problem, which results from the use of our new staggered DG spaces. This also provides local and global conservation properties, which are desirable for fluid flow applications. The method is based on the first order mixed formulation involving pressure, velocity, and velocity gradient. The velocity and velocity gradient are approximated by polynomials of the same degree while the choice of polynomial degree for pressure is flexible, namely, the approximation degree for pressure can be chosen as either that of velocity or one degree lower than that of velocity. In any case, stability and optimal convergence of the method are proved. Moreover, a superconvergence result with respect to a discrete H 1-norm for the velocity is proved. Furthermore, a local postprocessing technique is proposed to improve the divergence free property of the velocity approximation and it is proved that the postprocessed velocity retains the original accuracy and is weakly divergence free with respect to pressure test functions. Numerical results are included to validate our theoretical estimates and to present the ability of our method for capturing singular solutions.
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In this paper, we present an embedded staggered discontinuous Galerkin method for the convection-diffusion equation. The new method combines the advantages of staggered discontinuous Galerkin (SDG) and embedded discontinuous Galerkin (EDG) method, and results in many good properties, namely local and global conservations, free of carefully designed stabilization terms or flux conditions and high computational efficiency. In applying the new method to convection-dominated problems, the method provides optimal convergence in potential and suboptimal convergence in flux, which is comparable to other existing DG methods, and achieves $L^2$ stability by making use of a skew-symmetric discretization of the convection term, irrespective of diffusivity. We will present numerical results to show the performance of the method.
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In this paper, we develop a new mass conservative numerical scheme for the simulations of a class of fluid–structure interaction problems. We will use the immersed boundary method to model the fluid–structure interaction, while the fluid flow is governed by the incompressible Navier–Stokes equations. The immersed boundary method is proven to be a successful scheme to model fluid–structure interactions. To ensure mass conservation, we will use the staggered discontinuous Galerkin method to discretize the incompressible Navier–Stokes equations. The staggered discontinuous Galerkin method is able to preserve the skew-symmetry of the convection term. In addition, by using a local postprocessing technique, the weakly divergence free velocity can be used to compute a new postprocessed velocity, which is exactly divergence free and has a superconvergence property. This strongly divergence free velocity field is the key to the mass conservation. Furthermore, energy stability is improved by the skew-symmetric discretization of the convection term. We will present several numerical results to show the performance of the method.
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Based on a particular overlapping domain decomposition technique, a parallel finite element discretization algorithm for the gener- alized Stokes equations is proposed and investigated. In this algorithm, each processor computes a local approximate solution in its own subdomain by solving a global problem on a mesh that is fine around its own subdomain and coarse elsewhere, and hence avoids communication with other processors in the process of computations. This algorithm has low communication complexity. It only requires the application of an existing sequential solver on the global meshes associated with each subdomain, and hence can reuse existing sequential software. Numerical results are given to demonstrate the effectiveness of the parallel algorithm.
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A non-overlapping domain decomposition algorithm is proposed to solve the
linear system arising from mixed finite element approximation of incompressible
Stokes equations. A continuous finite element space for the pressure is used.
In the proposed algorithm, Lagrange multipliers are used to enforce continuity
of the velocity component across the subdomain domain boundary. The continuity
of the pressure component is enforced in the primal form, i.e., neighboring
subdomains share the same pressure degrees of freedom on the subdomain
interface and no Lagrange multipliers are needed. After eliminating all
velocity variables and the independent subdomain interior parts of the
pressures, a symmetric positive semi-definite linear system for the subdomain
boundary pressures and the Lagrange multipliers is formed and solved by a
preconditioned conjugate gradient method. A lumped preconditioner is studied
and the condition number bound of the preconditioned operator is proved to be
independent of the number of subdomains for fixed subdomain problem size.
Numerical experiments demonstrate the convergence rate of the proposed
algorithm.
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This paper is concerned with the staggered discontinuous Galerkin method for convection-diffusion equations. Over the past few decades, staggered type methods have been applied successfully to many problems, such as wave propagation and fluid flow problems. A distinctive feature of these methods is that the physical laws arising from the corresponding partial differential equations are automatically preserved. Nevertheless, staggered methods for convection-diffusion equations are rarely seen in literature. It is thus the main goal of this paper to develop and analyze a class of staggered numerical schemes for the approximation of convection-diffusion equations. We will prove that our new method preserves the underlying physical laws in some discrete sense.Moreover, the stability and convergence of the method are proved. Numerical results are shown to verify the theoretical estimates.
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This paper is concerned with a staggered discontinuous Galerkin method for the curl–curl operator arising from the time-harmonic
Maxwell equations. One distinctive feature of the method is that the discrete operators preserve the properties of the differential
operators. Moreover, the numerical solution automatically satisfies a discrete divergence-free condition. Stability and optimal
convergence of the method are analysed. Numerical experiments for smooth and singular solutions are shown to verify the optimal
order of convergence. Furthermore, the method is applied to the corresponding eigenvalue problem. Numerical results for rectangular
and L-shaped domains show that our method is able to produce nonspurious eigenvalues.
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Discontinuous Galerkin (DG) methods are a cl ass of efficient tools for solving fluid flow problems. There are in the literature many greatly successful DG methods. In this paper, a new staggered DG method for the Stokes system is developed and analyzed. The key feature of our method is that the discrete system preserves the structures of the continuous problem, which results from the use of our new staggered DG spaces. This also provides local and global conservation properties, which are desirable for fluid flow applications. The method is based on the first order mixed formulation involving pressure, velocity, and velocity gradient. The velocity and velocity gradient are approximated by polynomials of the same degree while the choice of polynomial degree for pressure is flexible, namely, the approximation degree for pressure can be chosen as either that of velocity or one degree lower than that of velocity. In any case, stability and optimal convergence of the method are proved. Moreover, a superconvergence result with respect to a discrete H 1-norm for the velocity is proved. Furthermore, a local postprocessing technique is proposed to improve the divergence free property of the velocity approximation and it is proved that the postprocessed velocity retains the original accuracy and is weakly divergence free with respect to pressure test functions. Numerical results are included to validate our theoretical estimates and to present the ability of our method for capturing singular solutions.
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Staggered discontinuous Galerkin methods have been developed recently and are adopted successfully to many problems such as wave propagation, elliptic equations, convection-diffusion equations and the Maxwell’s equations. For wave propagation, the method is proved to have the desirable properties of energy conservation, optimal order of convergence and blockdiagonal mass matrices. In this paper, we perform an analysis for the dispersion error and the CFL constant. Our results show that the staggered method provides a smaller dispersion error compared with the classical finite element method as well as non-staggered discontinuous Galerkin methods.
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A BDDC (Balancing Domain Decomposition by Constraints) algorithm is developed and analyzed for a staggered discontinuous Galerkin (DG) finite element approximation of second order scalar elliptic problems. On a quite irregular subdomain partition, an optimal condition number bound is proved for two-dimensional problems. In addition, a sub-optimal but scalable condition number bound is obtained for three-dimensional problems. These bounds are shown to be independent of coefficient jumps in the subdomain partition. Numerical results are also included to show the performance of the algorithm.
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SUMMARYA unified framework of dual‐primal finite element tearing and interconnecting (FETI‐DP) algorithms is proposed for solving the system of linear equations arising from the mixed finite element approximation of incompressible Stokes equations. A distinctive feature of this framework is that it allows using both continuous and discontinuous pressures in the algorithm, whereas previous FETI‐DP methods only apply to discontinuous pressures. A preconditioned conjugate gradient method is used in the algorithm with either a lumped or a Dirichlet preconditioner, and scalable convergence rates are proved. This framework is also used to describe several previously developed FETI‐DP algorithms and greatly simplifies their analysis. Numerical experiments of solving a two‐dimensional incompressible Stokes problem demonstrate the performances of the discussed FETI‐DP algorithms represented under the same framework.Copyright © 2012 John Wiley & Sons, Ltd.
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In this paper we discuss the stability of some Stokes finite elements. In particular, we consider a modification of Hood–Taylor and Bercovier–Pironneau schemes which consists in adding piecewise constant functions to the pressure space. This enhancement, which had been already used in the literature, is driven by the goal of achieving an improved mass conservation at element level. The main result consists in proving the inf-sup condition for the enhanced spaces in a general setting and to present some numerical tests which confirm the stability properties. The improvement in the local mass conservation is shown in a forthcoming paper (Boffi et al. In: Papadrakakis, M., Onate, E., Schrefler, B. (eds.) Coupled Problems 2011. Computational Methods for Coupled Problems in Science and Engineering IV, Cimne, 2011) where the presented schemes are used for the solution of a fluid-structure interaction problem.
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Some electromagnetic materials exhibit, in a given frequency range, effective dielectric permittivity and/or magnetic permeability which are negative. In the literature, they are called negative index materials, left-handed materials or meta-materials. We propose in this paper a numerical method to solve a wave transmission between a classical dielectric material and a meta-material. The method we investigate can be considered as an alternative method compared to the method presented by the second author and co-workers. In particular, we shall use the abstract framework they developed to prove well-posedness of the exact problem. We recast this problem to fit later discretization by the staggered discontinuous Galerkin method developed by the first author and co-worker, a method which relies on introducing an auxiliary unknown. Convergence of the numerical method is proven, with the help of explicit inf–sup operators, and numerical examples are provided to show the efficiency of the method.



View
Show abstract










	Convergence and superconvergence of staggered discontinuous Galerkin methods for the three-dimensional Maxwell’s equations on Cartesian grids

Article
	Feb 2013
	J COMPUT PHYS




	 [image: Eric Chung]

Eric Chung
	 [image: Patrick Ciarlet Jr]

Patrick Ciarlet Jr
	Tang Fei Yu


In this paper, a new type of staggered discontinuous Galerkin methods for the three dimensional Maxwell’s equations is developed and analyzed. The spatial discretization is based on staggered Cartesian grids so that many good properties are obtained. First of all, our method has the advantages that the numerical solution preserves the electromagnetic energy and automatically fulfills a discrete version of the Gauss law. Moreover, the mass matrices are diagonal, thus time marching is explicit and is very efficient. Our method is high order accurate and the optimal order of convergence is rigorously proved. It is also very easy to implement due to its Cartesian structure and can be regarded as a generalization of the classical Yee’s scheme as well as the quadrilateral edge finite elements. Furthermore, a superconvergence result, that is the convergence rate is one order higher at interpolation nodes, is proved. Numerical results are shown to confirm our theoretical statements, and applications to problems in unbounded domains with the use of PML are presented. A comparison of our staggered method and non-staggered method is carried out and shows that our method has better accuracy and efficiency.



View
Show abstract










	Local Discontinuous Galerkin Methods for the Stokes System

Article
	Apr 2002
	SIAM J NUMER ANAL




	Bernardo Cockburn
	 [image: Guido Kanschat]

Guido Kanschat
	 [image: Dominik Schoetzau]

Dominik Schoetzau
	 [image: Christoph Schwab]

Christoph Schwab


In this paper, we introduce and analyze local discontinuous Galerkin methods for the Stokes system. For arbitrary meshes with hanging nodes and elements of various shapes we derive a priori estimates for the L 2 -norm of the errors in the velocities and the pressure. We show that optimal order estimates are obtained when polynomials of degree k are used for each component of the velocity and polynomials of degree k 1 for the pressure, for any k 1. We also consider the case in which all the unknowns are approximated with polynomials of degree k and show that, although the orders of convergence remain the same, the method is more ecient. Numerical experiments verifying these facts are displayed.
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Poincaré--Friedrichs inequalities for piecewise H1 functions are established. They can be applied to classical nonconforming finite element methods, mortar methods, and discontinuous Galerkin methods.
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Balancing Neumann-Neumann methods are introduced and studied for incompressible Stokes equations discretized with mixed finite or spectral elements with discontinuous pressures. After decomposing the original domain of the problem into nonoverlapping subdomains, the interior unknowns, which are the interior velocity component and all except the constant-pressure component, of each subdomain problem are implicitly eliminated. The resulting saddle point Schur complement is solved with a Krylov space method with a balancing Neumann-Neumann preconditioner based on the solution of a coarse Stokes problem with a few degrees of freedom per subdomain and on the solution of local Stokes problems with natural and essential boundary conditions on the subdomains. This preconditioner is of hybrid form in which the coarse problem is treated multiplicatively while the local problems are treated additively. The condition number of the preconditioned operator is independent of the number of subdomains and is bounded from above by the product of the square of the logarithm of the local number of unknowns in each subdomain and a factor that depends on the inverse of the inf-sup constants of the discrete problem and of the coarse subproblem. Numerical results show that the method is quite fast; they are also fully consistent with the theory. © 2002 John Wiley & Sons, Inc.
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We present the convergence analysis of a new domain decomposition technique for finite element approximations. This technique was introduced in [11] and is based on an iterative procedure among subdomains in which transmission conditions at interfaces are taken into account partly in one subdomain and partly in its adjacent. No global preconditioner is needed in the practice, but simply single-domain finite element solvers are required. An optimal strategy for an automatic selection of a relaxation parameter to be used at interface subdomains is indicated. Applications are given to both elliptic equations and incompressible Stokes equations.
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Three domain decomposition methods for saddle point problems are introduced and compared. The first two are block-diagonal and block-triangular preconditioners with diagonal blocks approximated by an overlapping Schwarz technique with positive definite local and coarse problems. The third is an overlapping Schwarz preconditioner based on indefinite local and coarse problems. Numerical experiments show that while all three methods are numerically scalable, the last method is almost always the most efficient.
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Balancing Neumann-Neumann methods are extented to mixed formulations of the linear elasticity system with discontinuous coefficients, discretized with mixed finite or spectral elements with discontinuous pressures. These domain decomposition methods implicitly eliminate the degrees of freedom associated with the interior of each subdomain and solve iteratively the resulting saddle point Schur complement using a hybrid preconditioner based on a coarse mixed elasticity problem and local mixed elasticity problems with natural and essential boundary conditions. A polylogarithmic bound in the local number of degrees of freedom is proven for the condition number of the preconditioned operator in the constant coefficient case. Parallel and serial numerical experiments confirm the theoretical results, indicate that they still hold for systems with discontinuous coefficients, and show that our algorithm is scalable, parallel, and robust with respect to material heterogeneities. The results on heterogeneous general problems are also supported in part by our theory.
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Selection of primal unknowns is important in convergence of FETI-DP (dual-primal finite element tearing and interconnecting) methods, which are known to be the most scalable dual iterative substructuring methods. A FETI-DP algorithm for the Stokes problem without primal pressure unknowns was developed and analyzed by Kim et al. (2010) [1]. Only the velocity unknowns at the subdomain vertices are selected to be the primal unknowns and convergence of the algorithm with a lumped preconditioner is determined by the condition number bound C(H/h)(1+log(H/h)), where H/h is the number of elements across subdomains. In this work, primal unknowns corresponding to the averages on edges are introduced and a better condition number bound C(H/h) is proved for such a selection of primal unknowns. Numerical results are included.
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In this paper, we give an analysis for a domain decomposition technique for Stokes problems. The technique involves the application of domain decomposition directly to the Stokes problem and gives rise to an indifinite system for the velocity nodes on the subdomain boundaries and the mean values of the pressure on the subdomains. We analyze the resulting system and show how it can be efficiently solved.
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A parallel implementation of the Balancing Domain Decomposition by Constraints (BDDC) method is described. It is based on formulation of BDDC with global matrices without explicit coarse problem. The implementation is based on the MUMPS parallel solver for computing the approximate inverse used for preconditioning. It is successfully applied to several problems of Stokes flow discretized by Taylor–Hood finite elements and BDDC is shown to be a promising method also for this class of problems.
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Overlapping Schwarz preconditioners are introduced and studied for saddle point problems with a penalty term, such as Stokes equations and mixed formulations of linear elasticity. These preconditioners are based on the solution of local saddle point problems on overlapping subdomains and the solution of a coarse saddle point problem. Numerical experiments show that these are parallel and scalable preconditioners, since the rate of convergence of the preconditioned operator is independent of the mesh size h, the number of subdomains N, and the penalty parameter.
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The standard BDDC (balancing domain decomposition by constraints) preconditioner is shown to be equivalent to a preconditioner built from a partially subassembled finite element model. This results in a system of linear algebraic equations which is much easier to solve in parallel than the fully assembled model; the cost is then often dominated by that of the problems on the subdomains. An important role is also played, both in theory and practice, by an averaging operator and in addition exact Dirichlet solvers are used on the subdomains in order to eliminate the residual in the interior of the subdomains. The use of inexact solvers for these problems and even the replacement of the Dirichlet solvers by a trivial extension are considered. It is established that one of the resulting algorithms has the same eigenvalues as the standard BDDC algorithm, and the connection of another with the FETI-DP algorithm with a lumped preconditioner is also considered. Multigrid methods are used in the experimental work and under certain assumptions, it is established that the iteration count essentially remains the same as when exact solvers are used, while considerable gains in the speed of the algorithm can be realized since the cost of the exact solvers grows superlinearly with the size of the subdomain problems while the multigrid methods are linear.
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This paper proposes a framework for non-overlapping domain decomposition methods applied to viscous incompressible flows governed by Stokes equations modelled by the hp version of the finite element method. Preconditioning methods developed earlier for elliptic problems are extended to this case. Suitable condition number bounds are obtained for both the hierarchical hp preconditioners of the type proposed in [9] and Neumann-Neumann preconditioners proposed in [10]. Systematic procedures for constructing compatible hp approximations for incompressible flow are also described.
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We devise and analyze a new local discontinuous Galerkin (LDG) method for the Stokes equations of incompressible fluid flow. This optimally convergent method is obtained by using an LDG method to discretize a vorticity-velocity formulation of Stokes equations and by applying a new hybridization to the resulting discretization. One of the main features of the hybridized method is that it provides a globally divergence-free approximate velocity without having to construct globally divergence-free finite-dimensional spaces; only elementwise divergence-free basis functions are used. Another important feature is that it has significantly less degrees of freedom than all other LDG methods in the current literature; in particular, the approximation to the pressure is only defined on the faces of the elements. On the other hand, we show that, as expected, the condition number of the Schur-complement matrix for this approximate pressure is of order h -2 in the mesh size h. Finally, we present numerical experiments that confirm the sharpness of our theoretical a priori error estimates.
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Seismic data are routinely used to infer in situ properties of earth materials on many scales, ranging from global studies to investigations of surficial geological formations. While inversion and imaging algorithms utilizing these data have improved steadily, there are remaining challenges that make detailed measurements of the properties of some geologic materials very difficult. For example, the determination of the concentration and orientation of fracture systems is prohibitively expensive to simulate on the fine grid and, thus, some type of coarse-grid simulations are needed. In this paper, we describe a new multiscale finite element algorithm for simulating seismic wave propagation in heterogeneous media. This method solves the wave equation on a coarse grid using multiscale basis functions and a global coupling mechanism to relate information between fine and coarse grids. Using a mixed formulation of the wave equation and staggered discontinuous basis functions, the proposed multiscale methods have the following properties. • The total wave energy is conserved. • Mass matrix is diagonal on a coarse grid and explicit energy-preserving time discretization does not require solving a linear system at each time step. • Multiscale basis functions can accurately capture the subgrid variations of the solution and the time stepping is performed on a coarse grid. We discuss various subgrid capturing mechanisms and present some preliminary numerical results.
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	A FETI–DP Formulation for the Three-Dimensional Stokes Problem without Primal Pressure Unknowns
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A scalable FETI-DP (Dual-Primal Finite Element Tearing and Interconnecting) algorithm for the three-dimensional Stokes problem is developed and analyzed. This is an extension of the previous work for the two- dimensional problem in (8). Advantages of this approach are the coarse problem without primal pressure unknowns and the use of a relatively cheap lumped preconditioner. Especially in three dimensions, these advantages provide a more robust and faster FETI-DP algorithm. In three dimensions, the velocity unknowns at subdomain corners and the averages of velocity unknowns over common faces are selected as the primal unknowns in the FETI-DP formulation. Its condition number bound is analyzed to be C(H=h), where C is a positive constant which is independent of any mesh parameters and H=h is the number of elements across each subdomain. Numerical results are included.
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	A Neumann--Dirichlet Preconditioner for a FETI-DP Formulation of the Two-Dimensional Stokes Problem with Mortar Methods

Article
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	Hyea Hyun Kim
	Chang-Ock Lee


A FETI-DP (dual-primal finite element tearing and interconnecting) formulation for the two-dimensional Stokes problem with mortar methods is considered. Separate sets of unknowns are used for velocity on interfaces, and the mortar constraints are enforced on the velocity unknowns by Lagrange multipliers. Average constraints on edges are further introduced as primal constraints to solve the Stokes problem correctly and to obtain a scalable FETI-DP algorithm. A Neumann-Dirichlet preconditioner is shown to give a condition number bound, C maxi=1,...,N{(1 + log (Hi/h i))2}, where Hi and hi are the subdomain size and the mesh size, respectively, and the constant C is independent of the mesh parameters Hi and hi.
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	Two-Level Non-Overlapping Schwarz Preconditioners for a Discontinuous Galerkin Approximation of the Biharmonic Equation
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We present some two-level non-overlapping additive and multiplicative Schwarz methods for a discontinuous Galerkin method for solving the biharmonic equation. We show that the condition numbers of the preconditioned systems are of the order O(
H3/h3) for the non-overlapping Schwarz methods, where h and H stand for the fine mesh size and the coarse mesh size, respectively. The analysis requires establishing an interpolation result for Sobolev norms and Poincaré–Friedrichs type inequalities for totally discontinuous piecewise polynomial functions. It also requires showing some approximation properties of the multilevel hierarchy of discontinuous Galerkin finite element spaces.
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In this paper, we develop and analyze a new class of discontinuous Galerkin (DG) methods for the acoustic wave equation in mixed form. Traditional mixed finite element (FE) methods produce energy conserving schemes, but these schemes are implicit, making the time-stepping inefficient. Standard DG methods give explicit schemes, but these approaches are typically dissipative or suboptimally convergent, depending on the choice of numerical fluxes. Our new method can be seen as a compromise between these two kinds of techniques, in the way that it is both explicit and energy conserving, locally and globally. Moreover, it can be seen as a generalized version of the Raviart-Thomas FE method and the finite volume method. Stability and convergence of the new method are rigorously analyzed, and we have shown that the method is optimally convergent. Furthermore, in order to apply the new method for unbounded domains, we apply our new method with the first order absorbing boundary condition. The stability of the resulting numerical scheme is analyzed.
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	An Overlapping Schwarz Algorithm for Almost Incompressible Elasticity

Article
	Jan 2009
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	Olof B. Widlund
	Clark R. Dohrmann


Overlapping Schwarz methods are extended to mixed finite element approximations of linear elasticity which use discontinuous pressure spaces. The coarse component of the preconditioner is based on a low-dimensional space previously developed for scalar elliptic problems and a domain decomposition method of iterative substructuring type, i.e., a method based on nonoverlapping decompositions of the domain, while the local components of the preconditioner are based on solvers on a set of overlapping subdomains. A bound is established for the condition number of the algorithm which grows in proportion to the logarithm of the number of degrees of freedom in individual subdomains and, essentially, to the third power of the relative overlap between the overlapping subdomains, and which is independent of the Poisson ratio as well as jumps in the Lamé parameters across the interface between the subdomains. A positive definite reformulation of the discrete problem makes the use of the standard preconditioned conjugate gradient method straightforward. Numerical results, which include a comparison with problems of compressible elasticity, illustrate the findings.



View
Show abstract










	A FETI-DP Formulation for the Stokes Problem without Primal Pressure Components

Article
	Jan 2010
	SIAM J NUMER ANAL




	Hyea Hyun Kim
	Chang-Ock Lee
	 [image: Eun-Hee Park]

Eun-Hee Park


A scalable FETI–DP (Dual-Primal Finite Element Tearing and Interconnecting) algorithm for the Stokes problem is developed
and analyzed. Advantages of this approach are a coarse problem without primal pressure unknowns and the use of a relatively
cheap lumped preconditioner. Especially in three dimensions, these advantages provide a more robust and faster FETI-DP algorithm.
In three dimensions, the velocity unknowns at subdomain corners and the averages of velocity unknowns over common faces are
selected as the primal unknowns in the FETI-DP formulation. A condition number bound of the form C (H/h) is established, where C is a positive constant which is independent of any mesh parameters and H/h is the number of elements across individual subdomains.
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	Analysis of HDG methods for Stokes flow
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In this paper, we analyze a hybridizable discontinuous Galerkin method for numerically solving the Stokes equations. The method uses polynomials of degree k for all the components of the approximate solution of the gradient-velocity-pressure formulation. The novelty of the analysis is the use of a new projection tailored to the very structure of the numerical traces of the method. It renders the analysis of the projection of the errors very concise and allows us to see that the projection of the error in the velocity superconverges. As a consequence, we prove that the approximations of the velocity gradient, the velocity and the pressure converge with the optimal order of convergence of k+1 in L(2) for any k >= 0. Moreover, taking advantage of the superconvergence properties of the velocity, we introduce a new element-by-element postprocessing to obtain a new velocity approximation which is exactly divergence-free, H(div)-conforming, and converges with order k + 2 for k >= 1 and with order 1 for k = 0. Numerical experiments are presented which validate the theoretical results.
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In this paper a new local discontinuous Galerkin method for the incompressible stationary Navier-Stokes equations is proposed and analyzed. Four important features render this method unique: its stability, its local conservativity, its high-order accuracy, and the exact satisfaction of the incompressibility constraint. Although the method uses completely discontinuous approximations, a globally divergence-free approximate velocity in H(div; Omega) is obtained by simple, element-by-element post-processing. Optimal error estimates are proven and an iterative procedure used to compute the approximate solution is shown to converge. This procedure is nothing but a discrete version of the classical fixed point iteration used to obtain existence and uniqueness of solutions to the incompressible Navier-Stokes equations by solving a sequence of Oseen problems. Numerical results are shown which verify the theoretical rates of convergence. They also confirm the independence of the number of fixed point iterations with respect to the discretization parameters. Finally, they show that the method works well for a wide range of Reynolds numbers.
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	FETI-DP, BDDC, and block Cholesky methods

Article
	Apr 2006
	INT J NUMER METH ENG




	 [image: Jing Li]

Jing Li
	Olof B. Widlund


The FETI-DP and BDDC algorithms are reformulated using Block Cholesky factorizations, an approach which can provide a useful framework for the design of domain decomposition algorithms for solving symmetric positive definite linear system of equations. Instead of introducing Lagrange multipliers to enforce the coarse level, primal continuity constraints in these algorithms, a change of variables is used such that each primal constraint corresponds to an explicit degree of freedom. With the new formulation of these algorithms, a simplified proof is provided that the spectra of a pair of FETI-DP and BDDC algorithms, with the same set of primal constraints, are essentially the same. Numerical experiments for a two-dimensional Laplace's equation also confirm this result.
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	BDDC Algorithms for Incompressible Stokes Equations
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The purpose of this paper is to extend the BDDC (balancing domain decomposition by constraints) algorithm to saddle-point problems that arise when mixed finite element methods are used to approximate the system of incompressible Stokes equations. The BDDC algorithms are iterative substructuring methods, which form a class of domain decomposition methods based on the decomposition of the domain of the dierential equations into nonoverlapping subdomains. They are defined in terms of a set of primal continuity constraints, which are enforced across the interface between the subdomains and which provide a coarse space component of the preconditioner. Sets of such constraints are identified for which bounds on the rate of convergence can be established that are just as strong as previously known bounds for the elliptic case. In fact, the preconditioned operator is eectively positive definite, which makes the use of a conjugate gradient method possible. A close connection is also established between the BDDC and FETI-DP algorithms for the Stokes case.
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We have developed and analyzed a new class of discontinuous Galerkin methods (DG) which can be seen as a compromise between standard DG and the finite element (FE) method in the way that it is explicit like standard DG and energy conserving like FE. In the literature there are many methods that achieve some of the goals of explicit time marching, unstructured grid, energy conservation, and optimal higher order accuracy, but as far as we know only our new algorithms satisfy all the conditions. We propose a new stability requirement for our DG. The stability analysis is based on the careful selection of the two FE spaces which verify the new stability condition. The convergence rate is optimal with respect to the order of the polynomials in the FE spaces. Moreover, the convergence is described by a series of numerical experiments.
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	Balancing Neumann-Neumann Preconditioners for the Mixed Formulation of Almost-Incompressible Linear Elasticity

Article
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Balancing Neumann-Neumann methods are extended to the equations arising from the mixed formulation of almost-incompressible linear elasticity problems discretized with discontinuous-pressure finite elements. This family of domain decomposition algorithms has previously been shown to be e#ective for large finite element approximations of positive definite elliptic problems. Our methods are proved to be scalable and to depend weakly on the size of the local problems. Our work is an extension of previous work by Pavarino and Widlund on BNN methods for Stokes equation.
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	A Dual-Primal Feti Method For Incompressible Stokes Equations
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. In this paper, a dual-primal FETI method is developed for incompressible Stokes equations approximated by mixed nite elements with discontinuous pressures. The domain of the problem is decomposed into nonoverlapping subdomains, and the continuity of the velocity across the subdomain interface is enforced by introducing Lagrange multipliers. By a Schur complement procedure, solving the indenite Stokes problem is reduced to solving a symmetric positive denite problem for the dual variables, i.e., the Lagrange multipliers. This dual problem is solved by a Krylov space method with a Dirichlet preconditioner. At each step of the iteration, both subdomain problems and a coarse problem on the coarse subdomain mesh are solved by a direct method. It is proved that the condition number of this preconditioned dual problem is independent of the number of subdomains and bounded from above by the product of the inverse of the inf-sup constant of the discrete problem and the square of the logarithm of the number of unknowns in the individual subdomain problems. Illustrative numerical results are presented by solving a lid driven cavity problem. Key words. domain decomposition, Stokes, FETI, dual-primal methods AMS subject classications. 65N30, 65N55, 76D07 1.
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Convergence Analysis for Eigenvalue Approximations on Triangular Finite Element Meshes.
January 2004 · Lecture Notes in Computer Science
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Todor Dimitrov Todorov

The paper is devoted to the eigenvalue problem for a second order strongly elliptic operator. The problem is considered on
curved domains, which require interpolated boundary conditions in approximating finite element formulation. The necessary
triangulations for solving the eigenvalue problem consists of isoparametric elements of degree n, where n is any integer greater than two.

An ... [Show full abstract] approximating numerical quadrature eigenvalue problem is investigated. The considered convergence analysis is a crucial
point for estimating of the error in approximating eigenvalues. An isoparametric approach is the basic tool for proving the
convergence.
View full-text

Article

An investigation of first‐ and second‐order mixed plate‐bending elements
March 1980 · International Journal for Numerical Methods in Engineering
	 [image: Hasan U. Akay]

Hasan U. Akay

Numerical convergence of first- and second-order plate-bending elements is investigated. Using iso-parametric formulation, general bilinear and biquadratic quadrilaterals, with the three moment components and the transverse deflection as dependent variables, are obtained. The same elements are also used as degenerate triangles by collapsing one side. A constant bending moment patch test, applied ... [Show full abstract] numerically to the elements, indicated poor performance for linear triangles, while the bilinear, quadratic and biquadratic elements behaved well, with exact results in uniform meshes. Further numerical examples showed the same general trend as the patch test. Although bilinear, quadratic and biquadratic elements were always able to yield the correct solutions with mesh refinements, the linear triangles were in general unable to do so.
Read more
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A Multigrid Method for the Pseudostress Formulation of Stokes Problems
January 2007 · SIAM Journal on Scientific Computing
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Zhiqiang Cai
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Yanqiu Wang

The purpose of this paper is to develop and analyze a multigrid solver for the nite element discretization of the pseudostress system associated with the dieren tial operator A grad div over 2 2 matrix-valued functions. This system is derived from the pseudostress- velocity formulation (11) of two-dimensional Stokes problems through the penalty method or natural time discretization for the ... [Show full abstract] respective steady or unsteady state problems. Here > 0 is a constant associated with either the penalty parameter or the time-step size and A is a singular map. In this paper, we develop a multigrid solver for the discrete problem using both the RT and the BDM nite elements. We show that the multigrid convergence rate is O( 1+ 2 1+ 2+m ), where m is the number of smoothings. This convergence rate is independent of the mesh size and the number of levels used in multigrid. Moreover, numerical results presented in this paper show that the multigrid convergence rate for the BDM elements does not depend on the parameter .
View full-text

Article

A Comparison Of Optimization Software For
October 2002
	Lori Freitag
	Todd Munson

Simplicial mesh shape-quality can be improved by optimizing an objective function based on tetrahedral shape measures. If the objective function is formulated in terms of all elements in a given mesh rather than a local patch, one is confronted with a large-scale, nonlinear, constrained numerical optimization problem. We investigate the use of six general-purpose state-of-the-art solvers and two ... [Show full abstract] custom-developed methods to solve the resulting largescale problem. The performance of each method is evaluated in terms of robustness, time to solution, convergence properties, and scalability on several two- and three-dimensional test cases.
Read more

Article

An Energy Stable Approach for Discretizing Hyperbolic Equations with Nonconforming Discontinuous Gal...
June 2017 · Journal of Scientific Computing
	Jeremy E. Kozdon
	Lucas C. Wilcox

When nonconforming, discontinuous Galerkin methods are implemented for hyperbolic equations using quadrature, exponential energy growth can result even when the underlying scheme with exact integration does not support such growth. Using linear elasticity as a model problem, we proposes a skew-symmetric formulation that has the same energy stability properties for both exact and inex- act, ... [Show full abstract] quadrature-based integration. These stability properties are maintained even when the material properties are variable and discontinuous, and the elements non- affine (e.g., curved). The analytic stability results are confirmed through numerical experiments demonstrating the stability as well as the accuracy of the method.
Read more

Conference Paper

An augmented EFIE with discontinuous Galerkin discretization
February 2016
	Kai-Jiang Xu
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Xiao-Min Pan
	Xin-Qing Sheng

The discontinuous Galerkin (DG) method is combined with the augmented electric field integral equation (AEFIE). AEFIE is proved to be stable in the low-frequency regime. The DG method admits non-conformal elements by using square-integrable, basis and test functions during the discretization. The resultant AEFIE-DG formulation is thus suitable solving the low frequency problems with non-conformal ... [Show full abstract] mesh. Numerical results are carried out to validate the proposed method.
Read more
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Virtual element method for semilinear elliptic problems on polygonal meshes
April 2019
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Sundararajan Natarajan
	E. Natarajan

In this paper, the virtual element method is employed to approximate semi-linear elliptic problems over arbitrary polygonal meshes. The nonlinear load term is approximated by employing the orthogonal L 2 projection. The finite dimensional formulation and its implementation are discussed in detail and optimal a priori error estimates in L 2 and H 1 norms are derived following an asymptotic ... [Show full abstract] expansion of the approximations. Further, two numerical experiments are conducted in order to illustrate the performance of the proposed schemes and to numerically justify the theoretical convergence rate. It is observed that the proposed method yields optimal convergence rates in both L 2 and H 1 norm.
Read more
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Unstructured spectral/hp element methods for shallow water flows
September 2004
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We present spectral/hp element methods for 2D modelling of the Boussinesq equations, as well as the shallow water equations, on unstructured meshes. For the advective part a discontinuous Galerkin formulation is used where the local elements are coupled together by numerical fluxes – evaluated using an approximate Riemann solver. The dispersive part is computed using the continuous Galerkin ... [Show full abstract] formulation and involves solving a Helmholtz problem. The Boussinesq and shallow water models are applied to test cases involving smooth flows. First we demonstrate the exponentially fast convergence with regard to polynomial order, and finally we apply the models to problems involving solitary waves.
Read more

Chapter

Local discontinuous Galerkin methods for incompressible flow
December 2003
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Dominik Schoetzau

This chapter reviews the local-discontinuous Galerkin (LDG) methods for the numerical solution of incompressible flow problems. The derivation of these methods is explained in the chapter in the context of the Oseen equations and presents the corresponding stability properties and a priori error estimates—which are obtained under suitable assumptions on the data and the domain. LDG methods are ... [Show full abstract] extremely flexible in the mesh-design and can easily handle irregular meshes and elements of various types. Numerical results show that the methods behave well for a wide range of the Reynolds number. The methods allow using convenient equal-order velocity–pressure pairings; they are stable and optimally convergent. The methods behave robustly in convection-dominated regimes.
Read more
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Local Discontinuous Galerkin Methods for the Stokes System
April 2002 · SIAM Journal on Numerical Analysis
	Bernardo Cockburn
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In this paper, we introduce and analyze local discontinuous Galerkin methods for the Stokes system. For arbitrary meshes with hanging nodes and elements of various shapes we derive a priori estimates for the L 2 -norm of the errors in the velocities and the pressure. We show that optimal order estimates are obtained when polynomials of degree k are used for each component of the velocity and ... [Show full abstract] polynomials of degree k 1 for the pressure, for any k 1. We also consider the case in which all the unknowns are approximated with polynomials of degree k and show that, although the orders of convergence remain the same, the method is more ecient. Numerical experiments verifying these facts are displayed.
Read more
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Fast hp adaptive finite element mesh design
October 2000 · Computer Methods in Applied Mechanics and Engineering
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Eduardo Alberto Fancello
	Clovis Sperb de Barcellos

An optimum hp adaptive mesh design is accomplished by minimizing the number of equations for a specified error limit. This new approach leads to a problem in which the h and p mesh parameters appear explicitly in the formulation. The optimal conditions yields a non-linear equation for each element which simultaneously supplies the optimum values for h and p parameters. The methodology here ... [Show full abstract] developed is applied to the numerical solution of several unidimensional elliptic boundary value problems.
Read more

Article

High-order accurate discontinuous Galerkin method for the indefinite time-harmonic Maxwell equations
January 2009
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D. Sármány
	Ferenc Izsák

We introduce a high-order accurate discontinuous Galerkin (DG) method for the indefinite frequency-domain Maxwell equations in three spatial dimensions. The novelty of the method lies in the way the numerical flux is computed. Instead of using the more popular local discontinuous Galerkin (LDG) or interior-penalty discontinuous Galerkin (IP-DG) numerical fluxes, we opt for a formulation which ... [Show full abstract] makes use of the local lifting operator. This allows us to choose a penalty parameter that is independent of the mesh size and the polynomial order. Moreover, we use a hierarchic construction of $H$(curl)-conforming basis functions, the first-order version of which correspond to the second family of Nédélec elements. We also provide a priori error bounds for our formulation, and carry out three-dimensional numerical experiments to validate the theoretical results.
Read more
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