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Abstract

In this paper, we develop an adaptive Generalized Multiscale Discontinuous Galerkin Method (GMs-
DGM) for a class of high-contrast flow problems, and derive a-priori and a-posteriori error estimates for
the method. Based on the a-posteriori error estimator, we develop an adaptive enrichment algorithm for
our GMsDGM and prove its convergence. The adaptive enrichment algorithm gives an automatic way
to enrich the approximation space in regions where the solution requires more basis functions, which
are shown to perform well compared with a uniform enrichment. We also discuss an approach that
adaptively selects multiscale basis functions by correlating the residual to multiscale basis functions (cf.
[4]). The proposed error indicators are La-based and can be inexpensively computed which makes our
approach efficient. Numerical results are presented that demonstrate the robustness of the proposed
error indicators.

1 Introduction

Model reduction techniques are often required for solving challenging multiscale problems that have multiple
scales and high contrast. Many of these model reduction techniques perform the discretization of the problem
on a coarse grid where coarse grid size is much larger than the fine-grid discretization. The latter requires
constructing reduced order models for the solution space on a coarse grid. Some of these techniques involve
upscaled models (e.g., [13} 28]) or multiscale methods (e.g., |2} 5], 14} 18 19, 20, 211 [6, 10, [7, [8]).

In this paper, we develop an adaptive Generalized Multiscale Discontinuous Galerkin Method (GMsDGM)
for a class of high-contrast flow problems, and derive a-priori and a-posteriori error estimates for the method.
We propose an adaptive enrichment algorithm for our GMsDGM based on the a-posteriori error estimator
and prove its convergence. The enrichment is done using inexpensive Lo-based error indicators which allows
adding more basis functions in an automatic way.

The Generalized Multiscale Finite Element Method (GMsFEM), introduced in [15], is a generalization of
the classical multiscale finite element method ([22]) by systematically enriching the coarse spaces and taking
into account small scale information and complex input spaces. While GMsFEM uses continuous Galerkin
methods as coarse grid solvers, the GMsDGM considered in this paper is based on the interior penalty
discontinuous Galerkin method as the coarse grid solver. The discontinuous Galerkin formulation has several
key advantages in multiscale finite element methods (see [16]). The basis functions for the GMsDGM are
totally decoupled across coarse element boundaries. In addition, the GMsDGM is constructed following
the general framework on GMsFEM [I5]. In particular, given a coarse grid partition of the computational
domain, a snapshot space is defined for each coarse element. The snapshot space for a specific coarse element
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contains all functions defined in the underlying fine grid. A space reduction is then performed to obtain
a much smaller space by means of spectral decomposition. Our analysis shows that we need two spectral
problems for the space reduction. More precisely, the snapshot space is decomposed into two components,
which consists of harmonic extensions and functions that are vanishing on coarse element boundaries. Two
separate spectral problems are used to compute reduced spaces. A-priori error estimate is derived showing
that the error is inverse proportional to the first eigenvalue corresponding to the first eigenfunction that is
not used in the construction of the reduced space. We remark that similar results are obtained for GMsFEM
[18, 7).

It is evident that different coarse elements need different number of basis functions in order to obtain
accurate representation of the solution. For example, in less heterogeneous regions, one needs fewer basis
functions compared to the regions with more heterogeneities and high contrast. It is therefore another
objective of the paper to consider adaptive enrichment of basis functions. We derive a-posteriori error
estimate for the GMsDGM. By using the error indicator, we construct an adaptive enrichment algorithm
and prove its convergence. One important feature of our adaptive enrichment algorithm is the ability to
adaptively select basis functions in the space of harmonic extensions and the space of functions vanishing on
coarse element boundaries. In addition, the error indicators are Lo-based, which can be computed efficiently.
This is an advantage over the H ~!-based adaptive enrichment algorithm developed for GMsFEM [9]. We
also present a procedure for removing basis functions. Our analysis is based on the idea in [3] 24} @], and
do not consider the error due to the fine-grid discretization of local problems and only study the errors due
to the enrichment. In this regard, we assume that the error is largely due to coarse-grid discretization. The
fine-grid discretization error can be considered in general (e.g., as in [Il [I2]) and this will give an additional
error estimator. We remark that there are many related activities in designing a-posteriori error estimates
[111 [12] 11, 23] 25] 27] for global reduced models. The main difference is that our error estimators are based on
special local eigenvalue problem and use the eigenstructure of the offline space. We also discuss an approach
that adaptively selects multiscale basis functions from the offline space by selecting a basis with the most
correlation to the local residual (cf. [4]).

The rest of the paper is organized in the following way. In the next section, we present the basic idea
of GMsDGM. The method is then detailed and analyzed in Section Bl Then in Section [l we elaborate the
adaptive algorithm and state the main convergence results related to this algorithm. In Section B, numerical
results are illustrated to test the performance of this adaptive algorithm. The proofs of the main results are
presented in Section

2 Preliminaries

We will start this section with the problem settings and some notations. Let D be the computational domain
consisting of a medium modeled by the function x(x). The high-contrast flow problem concerned in this
paper is

—div(k(z)Vu) = f in D, (1)

subject to the homogeneous Dirichlet boundary condition v = g on D. The main difficulty in numerically
solving the above problem is that x(x) is highly heterogeneous with many scales and high contrast. We
assume that x > 1. In order to efficiently obtain an approximate solution to (), we will need the notion of
fine and coarse grids.

Consider a given triangulation 7 of the domain D with mesh size H > 0. We call T the coarse grid
and H the coarse mesh size. Elements of 7% are called coarse grid blocks and we use N to denote the
number of coarse grid blocks. The set of all coarse grid edges is denoted by €. We also introduce a finer
triangulation 7" of the computational domain D, obtained by a conforming refinement of the coarse grid
TH. We call T" the fine grid and h > 0 the fine mesh size. We remark that the use of the conforming
refinement is only to simplify the discussion of the methodology and is not a restriction of the method.

Now we present the framework of GMsDGM. The methodology consists of two main ingredients, namely,
the construction of local basis functions and the global coarse grid level coupling. For the local basis functions,



a snapshot space V2P ig first constructed for each coarse grid block K; € 7. The snapshot space contains
a large library of basis functions, which can be used to obtain a fine scale approximate solution to (). A
spectral problem is then solved in the snapshot space V#*"%P and eigenfunctions corresponding to dominant
modes are used as the final basis functions. The resulting space is called the local offline space V*°f for the
i-th coarse grid block K;. The global offline space V°f is then defined as the linear span of all these V*°ff for
i=1,2,---,N. This global offline space V°f will be used as the approximation space of our discontinuous
Galerkin method, which can be formulated as: find u%¢ € Vo such that

apa(ug”,v) = (fiv), Yoe Ve, (2)

where the bilinear form apg is defined as

u = a u,v) — KVU- N v RKVU-N u —,Y RiUwj|v
apc(u,v) m(u,v) GEEH/ ({ Vv p}Hvl +{kV ol ]]) + eEgH h/ [u] [v] (3)
with
ag(u,v) = E a“(u,v), a“(u,v) = kVu - Vu, (4)
H - H H /

where v > 0 is a penalty parameter, ng is a fixed unit normal vector defined on the coarse edge E € £,
Note that, in @), the average and the jump operators are defined in the classical way. Specifically, consider
an interior coarse edge E € £ and let K+ and K~ be the two coarse grid blocks sharing the edge E. For
a piecewise smooth function G, we define

G*+G7), [Gl=Gt-G~, onE,

DN =

{G} =

where G = G|+ and G~ = G|k~ and we assume that the normal vector ng is pointing from K+ to K.
Moreover, on the edge E, we define & = (ky+ + kg )/2 where k=« is the maximum value of k over K.
For a coarse edge F lying on the boundary 0D, we define

{G} =[G] =G, and FE=kxk on E,

where we always assume that ng is pointing outside of D. We note that the DG coupling () is the
classical interior penalty discontinuous Galerkin (IPDG) method [26] with our multiscale basis functions as
the approximation space.

3 GMsDGM for high-contrast flow problems

In this section, we will give a detailed description of the method. We will first give the construction of the
snapshot space, and then give the definitions of the local spectral problems for the construction of the offline
space. Furthermore, a priori estimate of the method will be derived.

Let K; € TH be a given coarse grid block. We will define two types of snapshot spaces. The first type
of local snapshot space V;"*** for the coarse grid block K; is defined as the linear span of all harmonic

extensions. Specifically, given a function d; defined on OK;, we find wi’snap € Vi(K;) by

/@VUJ?@’SMP Vo=0, YuveVp(K),
) (5)

z/JZ’Snap =6, on 0K,
where V},(K;) is the standard conforming piecewise linear finite element space with respect to the fine grid

defined on Kj, V,?(Ki) is the subspace of V},(K;) containing functions vanishing on 0K; and 0y, is piecewise
linear on OK; with respect to the fine grid such that d; has the value one at the k-th fine grid node and



value zero at all the remaining fine grid nodes. The linear span of the above harmonic extensions is the local
snapshot space V{"*"*" namely

‘Gz,snap _ Span{wlzc,snap7 k— 17 2, . 7]\41,51[1&1)}7

where M“S"P is the number of basis functions in V;"***", which is also equal to the number of fine grid
nodes on AK;. The second type of local snapshot space V;™* for the coarse grid block K; is defined as
V9P = VO(K;). Tt is easy to see that Vi (K;) = V"™ + V"™ namely the space V,(K;) is decomposed
as the sum of harmonic extensions and functions vanishing on the boundary 0K;. Moreover, the global
snapshot space V" is defined so that any v € V" if v| g, € V;"*"*P. The space V5" is defined similarly.

We will perform dimension reductions on the above snapshot spaces by the use of some carefully selected
spectral problems. Based on our analysis to be presented in this section, we define the spectral problem for

Vf’snap as finding eigenpairs (¢,(f),)\§f)k), k=1,2,---,M"»"P guch that

_ A9 _ .
/ Vo Vo= [ R, Yo e Vi, (6)

where ¥ is the maximum of % over all coarse edges E € 0K;. Moreover, we assume that

)\Y)l < )\% << )\gz)Mp

For the space V™, we define the spectral problem as finding eigenpairs ({,(j), /\;iac), k=1,2,---, such that

: ALY . _
/ /@V{,(;) Vv = sz/ /@{,(;)v, Yo € V=P (7)
Ki H? Jg,

i

where we also assume that . .
MY <Al <

In the spectral problems (6 and (), we will take respectively the first I3 ; and la; eigenfunctions to form
the offline space for the coarse grid block K;. The local offline spaces are then defined as

Vvli,off _ Span{¢l(i)7 [=1,2,--- 7ll,i}7
‘/27;70H = Span{gl(i)7 l == 17 27 o 7l2xi}'

We define Vioff = Vli’OH—i— V;")H. The global offline space VP is defined so that the restriction of any function
v € V% on the coarse grid block K; belongs to Vf’OH. The definition for VT is defined similarly. In addition,
we define Voff = Vet 4 Ve This space is used as the approximation space in (2.

Now we will analyze the method defined in (). For any piecewise smooth function u, we define the
DG-norm by

lullbe = antww+ S 1 / #[u? ds.
Eecéy E

Let K be a coarse grid block and let ngx be the unit outward normal vector on 0K. We denote V,(9K)
by the restriction of the conforming space V;,(K) on K. The normal flux kKVu - ngk is understood as an
element in V;,(0K) and is defined by

/ (/@Vu-naK)~v://£Vu~Vﬁ, v e VHOK), (8)
oK K

where ¥ € V},(K) is the harmonic extension of v in K. By the Cauchy-Schwarz inequality,

=

/ (kVu - ngk) - v < aﬁ(u,u)% o (0,0)2.
OK



By an inverse inequality and the fact that v is the harmonic extension of v
K 2 -1 2
ap; (0,0) < krCh h / [v]?, (9)
OK
where we recall that kx is the maximum of k over K and Cj,, > 0 is the constant from inverse inequality.
Thus,
1 1 1
/8 (VU nok) v < k3 Cinvh™ 2 ||0]| 2o afy (u, u)?.
K
This shows that
/ |kVu - nok|? < keC2 b~ ak (u, ). (10)
oK
Our first step in the development of an a priori estimate is to establish the continuity and the coercivity
of the bilinear form (B)) with respect to the DG-norm.

Lemma 3.1. Assume that the penalty parameter «y is chosen so that v > C2 The bilinear form apg

mv -
defined in [3) is continuous and coercive, that is,

a1llull pe [[vllpe (11)
aol[ulBe (12)

1

for all w,v, where ag =1 — Cim,v_% >0anday =1+ Cipyy™ 2.

apa(u,v)

<
apc(u,u) >

Proof. By the definition of apg, we have

+ 3 7 [ Al

apc(u,v) = ag(u,v) / {kVu-ng}v] +{kVv- ng}tu
Ec&H

EcEH
Notice that
arr(wo)+ 3 7 / "l - [] < llulle [vllpe.
E

For an interior coarse edge E € £EH | we let K+, K~ € T be the two coarse grid blocks having the edge E.
By the Cauchy-Schwarz inequality, we have

/E{RVU ‘ng}-v] < (h/E{HV’U, . nE}Q(E)fl) : (% /EE[[U]]Q);. (13)

Notice that
h/E{mVu np}(E) < h(/E(fiJrVqu ngp) (k) t + /E(Ii_Vu_ -nE)Q(fin)_l)

+

where u® = u|g+, kT = K|g+. So, summing the above over all E and by ([{), we have

h Z /{RVU ng}(®) ' <h Z / (kVu-nax ) (k) ™t < CEam(u,u).

EegH KeTu

Thus we have )

> /{Wu np}[v] < Cinvam(u, u% Z /n[[v ds g (14)

EecegH EecegH

Similarly, we have

Z /{HVU ng}u] < Civan (v, U)%( Z %/EE[[u]]2 ds)%.

EegH Eec&H



Summing the above two inequalities, we have
> [ (6690 nedlel + (690 nsad) < Gyl ol (15)
pegu ' E

This proves the continuity (IT).
For the coercivity (I2), we have

anlwn) = [upe = Y [ (teVu-np}- fal+ (6Vu-ng} - )

EecegH

By ([I5), we have
1
apc (u,u) > (1 = Cinyy™2)|JullBa

which gives the desired result.

In the following, we will prove an a priori estimate of the method ([2)). First, we let
Vi ={ve L3(D) : v|g € VMK)}.
Let up, € Vi, be the fine grid solution which satisfies
apc(un,v) = (f,v), Vv e V. (16)

It is well-known that u; converges to the exact solution u in the DG-norm as the fine mesh size h — 0.
Next, we define a projection uy € Vi of u;, in the snapshot space by the following construction. For each
coarse grid block K, the restriction of u; on Kj; is defined as the harmonic extension of uy, that is,

kVup - Vo =0, Vo e VK,
/m 1 0(,) -

uy = up, on O0K;.
The following theorem gives an a priori estimate for the GMsDGM (2)).

Theorem 3.2. Let u, € VA be the fine grid solution defined in {I8) and uy be the GMsDGM solution
defined in (@). Then we have

N 2
H ~vH H
o =l < (30— =) [ Vo) + 32 Il
i=1 I{Al,ll,i‘f‘l h)\l,l1,z‘+1 OK; KeTn 72,12, +1
1
+Ci2nv Z E/ E[[’U/h]]2>,
EecEH E

where uy is defined in (I7).

Proof. First, we write up, = u1 + us where us = u — u1. Notice that, on each coarse grid block K, the
functions u; and us can be represented by

M;
U = ch(bl(l) and ug = Z dlgl(’) (18)

=1 1>1

where M; = M%*2P and we assume that the functions (bl(i) and {l(i) are normalized so that

r Z')2: N K Z')2:.
/aKiwl) 1 and /Ki<sl> |



Notice that, the functions u; and us belong to the snapshot spaces Vi and V3" respectively. We will
need two functions %; and s, which belong to the offline spaces VP and VP respectively. These functions
are defined by

l1.; l2.;
=Y g and Gy=Y dg” o K.
=1 =1

We remark that 41 and s are the truncation of u; and us up to the eigenfunctions selected to form the

offline space.
Next, we will find an estimate of ||u; — U1||pa. Let K; € TH be a given coarse grid block. Recall that

the spectral problem to form Vf’OH is

| NG _ _
/ Ve Vo= 5 [ Relu, vue 1P

By the definition of the flux defined in (8)), the above spectral problem can be represented as
_ A _
/ (fdiS;;) Nk, )V ds = 17]@/ R ](;)’U.

By the definition of the DG-norm, the error ||u; — U1 ||pe can be estimated by

Y ~/~
i1 — us||g < Z (/ K|V (U —w)” + 7 /axi K(ur — Ul)z)'

Note that, by (IJ)), we have

O O R Ay,
~ 2 _ ) 1N\2 2
J V@ - wl = 3 G < 3 (G
v l:ll’i“rl 1,l1,i+1 l:ll,iJrl
and
- KU —w))” =+ < —m (—F)7ci
h OK; hl:l1,i+1 h()\ggl +1)2 I=l1,:+1 H
Furthermore,
M; (1) M; (%)
A A _
S R <Y (e = m) / (kY1 - nox, )%
H H oK.
l:l11i+l =1 v

Consequently, we obtain the following bound

[ur — “1||DG < Z

Next, we will find an estimate of [uz — Uz|/pc. By definition of the bilinear form apg,

apc(uz,v) = —apg(ui,v) Z/ {kVv - nE}[[ul]]) (f,v)

EegH

vH
Ay

(1+

i+l

(Z )/ (kVus - nox)?.
R 0 i1 0K

which holds for any v € V;"*". In addition, by the fact that any function in V3" is zero on boundaries of
coarse grid blocks, we have

lus — @2||pe = apa(uz — Ua, up — U2) = apg(ug, us — Uz),



where the last equality follows from the fact that the eigenfunctions of () are k-orthogonal on every coarse
grid block. Therefore we have

= allpe = 3 [ ({59 =) mgdual) + (e = ). (19)

EegH

The second term on the right hand side of ([9) can be estimated as

(fruz = T2) < % [fll2e) 167 (uz = T2) | 210 -

KeTH
By (@), for every K; € T, we have
R H? A H? _
/ Rlwe =) = Y. & < (7—) Hi’zldlz:T/ )V (e — )P
“ [>12.i+1 2,00, +1 I=lzi+1 2,05, +1 i

For the first term on the right hand side of (I9]), we use inequality ([I4]) to conclude that
1
~ _1 ~ Y _ 2
Z / ({KV(UQ — Uy) - nE}[[ul]]) < Cinvy ™ 2lJuz — U2||DG( Z 7 / 'i[[ul]]2) :
peen ' E peen I E
Consequently, from ([I9) and the fact that [u1] = Jup] for all coarse edges, we obtain the following bound
~ 112 <C 02 1 — 2 H2 2
[uz — Us|lpe < Y 7 E’f[[uh]] + ) )\(THJCHL%K) :
Ec&EH KeTu 72,l2,;+1
Finally, we will prove the required error bound. By coercivity,
aol|Ty + U2 — unl|bg < apc(y + U2 — ug, Uy + Uz — ug)
= apc (U1 + Ug — upy,Us + Uz — up) + apc(Ur + U2 — upg, up — up).

Note that apg (U + Us — ug, up, — ug) = 0 since Uy + Uz — ug € VOF. Using the above results,

[y + a2 — ur||Ba
N

H ~H H?2 1 [ _

- + -
~ ") hAY)
=1 1,01, +1 1,01,+1 KeTu 72,0241 EegH

The desired bound is then obtained by the triangle inequality
|un —unlpe < llun — Ullpc + U — um|pe,

where @ = Uy + us. This completes the proof.

We remark that, the term

N

H H
>+ )/ (kY1 - nox)” (20)
im1 FALL 4 AL, 41 JOK

corresponds to the error for the space V{)H and the term

H2
> iz

KeTy 2,l2,i+1



corresponds to the error for the space V. Moreover, the term
C2 1 = 2
inv Z E Hﬂuh]]
EceH E

is the error in the fine grid solution uy. This is the irreducible error, and an estimate of this can be derived
following standard DG frameworks.

h AP h AP
1/48 | 1.0021e+03 1/48 | 7.7650e+05
1/96 | 1.0193e+03 1/96 | 1.6569e+06

1/192 | 1.3094e+403 || 1/192 | 3.3254e+06

Table 1: Left: oversampling basis, Right: no-oversampling basis

Remark 3.3. It is important to note that one can also replace (9) by

o (5,5) < AR / ]2, (21)
oK

where A3 is the largest eigenvalue for the spectral problem (@). Therefore, (I0) can be replaced by
kYU - nok|? < AR alS (u,u).
K H
oK

By following the above steps, we see that one can choose 7 in [(20) so that
> C.h max A3
7 " gern K

where the constant Cy is defined as
maxpcok Rk

C. = max — —
KCTH mMINgcok K
We remark that this constant Cy is order one if we assume that every coarse element has a high contrast
region.
One can take smaller values of v if oversampling is used (oversampling method is discussed in Section
[B). The main idea of the oversampling is to choose larger regions for computing snapshot vectors. For every
coarse block K;, we choose an enlarged region K", and find oversampling snapshot functions 1, °*" by solving
(32). We have performed numerical experiments and computed A}’ with and without oversampling. Denote
A;?fp to be the largest eigenvalue corresponding to the oversampled problem. In our numerical results (see
Table[dl), we have removed linearly dependent snapshot vectors with respect to the inner product corresponding
to faK |v|? before computing the largest eigenvalue. Our numerical results show that one can have about three
orders of magnitude smaller value for A7 compared to Ai'*". Moreover, our numerical results show a weak
h-dependence for A}'17 as we decrease h, while A" behaves as h™' (when no-oversampling is used).
Our error analysis holds when oversampling snapshot space is used. The term in (20) will becone

N

H aC)\, max AP H
>+ ) / (kY1 - nox)? (22)
i=1 FALLL ALl 41 OK;

when v = aCyhmaxg7u A;?fp. If A;?ﬁp is a weak function of h, e.g., if it is bounded with respect to h,

then the terms involving A;?fp doesnt influence the error and the error is dominated by the first term. We
emphasize that our discussions in this Remark are based on our numerical studies and their analytical studies

are difficult because it requires interior estimates for solutions. We plan to study them in future.



4 A-posteriori error estimate and adaptive enrichment

In this section, we will derive an a-posteriori error indicator for the error u; — uy in energy norm. We will
then use the error indicator to develop an adaptive enrichment algorithm. The a-posteriori error indicator
gives an estimate of the local error on the coarse grid blocks K;, and we can then add basis functions to
improve the solution. Our indicator consists of two components, which correspond to the errors made in
the spaces V7" and V;"*P. By using the indicator, one can determine adaptively which space has to be
enriched. This section is devoted to the description of the a-posteriori error indicator and the corresponding
adaptive enrichment algorithm. The convergence analysis of the method will be given in the Section
Recall that VSG is the fine scale DG finite element space, and the fine scale solution uy, satisfies

apa(up,v) = (f,v) for all v € V. (23)
Moreover, the GMsDGM solution uy satisfies
apc(ug,v) = (f,v) for all v e VO, (24)

We remark that Vo  Vi4,. Next we will give the definitions of the residuals.

Definitions of residuals:

Let K; be a given coarse grid block. We will define two residuals corresponding to the two types of
snapshot spaces. First, on the space V;"*"*P| we define the following linear functional

Ry;(v) = / fv—apc(umg,v), ve Vf’snap. (25)
K;
Similarly, on the space V™" we define the following linear functional
Ry i(v) = fv—apc(ug,v), ve ‘/Q’i,snap' (26)
K;

These residuals measure how well the solution uy satisfies the fine-scale equation (23). Furthermore, on the
snapshot spaces V""" and V,*"*" we define the following norms

ol iy = H™' / R and [ol3, 0, = H? / (27)
BKi Ki
respectively. The norms of the linear functionals R; ; and Ry ; are defined in the standard way, namely
Ry ;v Ry (v
|Ri4|| = sup IO R Ryl = sup Raa(o)l (28)
UGVE’S‘“‘}) ||UHV1(K1) vev;*snap HU”Vz(Kz)

The norms || Ry ;|| and ||Rz2;|| give estimates on the sizes of fine-scale residual errors with respect to the
7,Snap 7,snap
spaces V) and Vj, .
We recall that, for each coarse grid block K;, the eigenfunctions of the spectral problem (@) corresponding
to the eigenvalues )\517)1, e ,/\glz1 . and the eigenfunctions of the spectral problem ([@) corresponding to the

eigenvalues /\él;)l, e 7)‘;;2 . are used in the construction of Vo, In addition, the energy error in this section

and Section [Bis measured by ||ul|? = apg(u,u), which is equivalent to the DG norm.
In Section [6] we will prove the following theorem, and we see that the norms ||R; ;|
the size of the energy norm error ||up — w4

Theorem 4.1. Let up, and up be the solutions of 23)) and 24) respectively. Then

give indications on

N 2
lun —uml? < Cor 33 IRIPAS) )7 (29)

i=1 j=1

where Cepyr is a uniform constant.

10



We will now present the adaptive enrichment algorithm. We use m > 1 to represent the enrichment
level, V°%(m) to represent the solution space at level m and u'y to represent the GMsDGM solution at the
enrichment level m. For each coarse grid block K;, we use [7; to represent the number of eigenfunctions in

Vji’OH used at the enrichment level m for the coarse region K;. Assume that the initial offline space V°&(0)
is given.
Adaptive enrichment algorithm: Choose 0 < 6§ < 1. For each m =0,1,---,

1. Step 1: Find the solution in the current space. That is, find 7} € V°%(m) such that
apc (uff,v) = (f,v) for all ve VT(m). (30)
2. Step 2: Compute the local residuals. For each coarse grid block K;, we compute
M = 1Rl PN )" =12

Then we re-enumerate the above 2N residuals in the decreasing order, that is, n? > 73 > -+ > 03y,
where we adopted single index notations.

3. Step 3: Find the coarse grid blocks and spaces where enrichment is needed. We choose the smallest
integer k£ such that

k
0y nr <Y (31)

4. Step 4: Enrich the space. For each J = 1,2,---  k, we add basis function in Vf"OH according to the

following rule. Let s be the smallest positive integer such that )\;il)m ot
Ny

of Theorem F2) compared with )\gzl);n Iy

the basis functions. The resulting space is denoted as V°F(m + 1).

, is large enough (see the proof

Then we include the eigenfunctions in the construction of

We remark that the choice of s above will ensure the convergence of the enrichment algorithm, and in
practice, the value of s is easy to obtain. Moreover, contrary to classical adaptive refinement methods, the
total number of basis functions that we can add is bounded by the dimension of the snapshot space. Thus,
the condition ([BII) can be modified as follows. We choose the smallest integer k such that

2N
0> m3<> 7,
J=1 Jel

where the index set I is a subset of {1,2,--- , k}.
Finally, we state the convergence theorem.

Theorem 4.2. There are positive constants d, p and Ly, such that the following contracting property holds

1 2N 1 N
m—+1)2 m—+1\2 mi|2 m\2
I W+ OS5 < e((lu— il + 57 >_(55) ).

Note that 0 < e <1 and
0°(1 = pLin/Lt1)
0% + CopdLy,

We remark that the precise definitions of S’ as well as the constants ¢, p and L,,, are given in Section Gl

e=1-
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5 Numerical Results

In this section, we will present some numerical examples to demonstrate the performance of the adaptive
enrichment algorithm. The domain 2 is taken as the unit square [0,1]? and is divided into 16 x 16 coarse
blocks consisting of uniform squares. Each coarse block is then divided into 32 x 32 fine blocks consisting
of uniform squares. Consequently, the whole domain is partitioned by a 512 x 512 fine grid blocks. We will
use the following error quantities to compare the accuracy of our algorithm

. lur —unllL2o) Vapc(ua — un,um — up)
2 = =
lunllrz@) 7~ apa (un, un)
snap __ HU’H - usnapHL2(Q) Shap \/QDG (uH — Usnap, UH — usnap)
2 HusnapHLQ(Q) e \/aDG (usnapu usnap)

where ug and uj, are the GMsDGM and the fine grid solutions respectively. Moreover, ugnap is the snapshot
solution obtained by using all snapshot functions generated by an oversampling strategy, see below.

We consider the permeability field £ which is shown in Figure [l The boundary condition is set to be
bi-linear, g = x1x2. We will consider two examples with two different source functions f. We will compare
the result of V7 enrichment, V; — V5 enrichment, oversampling basis enrichment, uniform enrichment and the
exact indicator enrichment. The following gives the details of these enrichments.

e 11 enrichment: We use the error indicator, 77%1- to perform the adaptive algorithm by enriching the
basis functions in V; space only, that is, basis functions obtained by the first spectral problem (). We
use 4 basis functions from (Bl) and zero basis function from () in the initial step.

e 7 — V5 enrichment: We use both the error indicators, n%)i,ngﬂ- to perform the adaptive algorithm
by enriching the basis functions in both V; and V5 spaces, that is, basis functions from both spectral
problems (@) and (7). We use 4 basis functions from (Bl and zero basis function from () in the initial
step.

e Oversampling enrichment: For every coarse block K;, we choose an enlarged region K :r (in the
examples presented below, we enlarge the coarse block in each direction by a length H, that is K;r is

i,0ver

a 3x3 coarse blocks with K; at the center). Then we find oversampling snapshot functions 1, €
Vi (K;") by solving

/’mvwﬁmﬁvw:xn Vo e V(K.
3 (32)
Z,over = 5, on (’“)l(vzJr

The linear span of these snapshot functions is called V°¥°". Then we choose 40 dominant oversampling
basis functions by POD method. Specifically, we solve the following eigenvalue problem

7 = A, / U, Yo e Ve,
K; oK
and choose the first 40 eigenfunctions with largest eigenvalues. Then we use these 40 functions as

boundary conditions in () and repeat the remaining construction of the offline space.

e Uniform enrichment: We enrich the basis functions in V; space uniformly with 4 basis functions
from the V; space in the initial step.

e The exact indicator enrichment: We use the exact error as the error indicator to perform the
adaptive algorithm by enriching the basis functions in V; space only with 4 basis functions in the space
V1 in the initial step. Here, the exact error is defined as ||u — ug||q-

12
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Figure 1: Left: Permeability field x. Right: Fine grid solution with f = 1.

Example 1

In our first example, we take the source function f = 1. The fine grid solution is shown in Figure [l In
Table @] and Table [B] we present the convergence history of our algorithm for enriching in V; space only,
enriching in both V; and V4 spaces and enriching by the oversampling basis functions. We remark that, in
the presentation of our results, DOF means the total number of basis functions used in the whole domain.
We see from Table 2] that the behaviour of enriching in V space only and enriching in both V; and V, spaces
are similar. The is due to the fact that the source function f is a constant function, and the space V5 will
not help to improve the solution. This is in consistent with classical theory that basis functions obtained by
harmonic extensions are good enough to approximate the solution. In Table B the convergence behaviour
is shown for the oversampling case, and we see again that a clear convergence is obtained. For this case, we
use 40 snapshot basis functions per coarse grid block giving a total DOF of 10240, and the corresponding
snapshot errors (that is, the difference between the solution obtained by these 10240 basis functions and the
solution wuy,) of 4.5195 x 10~* and 9.8935 x 10~* in relative L? norm and relative a-norm respectively. In
addition, we observe that the oversampling basis provides more efficient representation of the solution than
the non-oversampling basis. To further demonstrate the efficiency of our algorithm, we compare our result
with the uniform enrichment scheme. The convergence history for using uniform enrichment is shown in
Table Bl and we see that our adaptive enrichment algorithm performs much better than uniform enrichment.
Finally, a comparison among all the above cases and the enrichment by exact error is shown in Figure Bl in
which the energy error is plotted against DOF. From the figure, we clearly see that our enrichment algorithm
performs much better than uniform enrichment. Moreover, our enrichment algorithm performs equally well
compared with enrichment by the exact error. This shows that our indicator is both reliable and efficient.

DOF es €q DOF es €a

1024 | 0.1082 | 0.0479 1024 | 0.1082 | 0.0479
1769 | 0.0456 | 0.0178 1639 | 0.0802 | 0.0239
2403 | 0.0156 | 0.0105 2584 | 0.0194 | 0.0114
3135 | 0.0070 | 0.0067 3822 | 0.0061 | 0.0063
5607 | 0.0016 | 0.0031 5660 | 0.0021 | 0.0037

Table 2: Convergence history with §=0.4. Left: Enrich in V; space only. Right: Enrich in both V; and V5
spaces.

Example 2

In our second example, we will take the source f to be the function shown in the left plot of Figure [l
and the corresponding fine grid solution shown in the right plot of Figure [3l In Table dl and Table B we

13



DOF €9 €q ey P esnap DOF €9 €q

1024 | 0.0940 | 0.0469 | 0.0939 | 0.0469 1024 | 0.1082 | 0.0479
1975 | 0.0204 | 0.0121 | 0.0202 | 0.0121 2048 | 0.0671 | 0.0199
2648 | 0.0087 | 0.0077 | 0.0084 | 0.0077 3328 | 0.0423 | 0.0150
3422 | 0.0046 | 0.0056 | 0.0043 | 0.0056 5888 | 0.0161 | 0.0059
6748 | 0.0009 | 0.0022 | 0.0006 | 0.0020 8448 | 0.0128 | 0.0044

Table 3: Left: Convergence history for oversampling basis with § = 0.4 and enrichment in V; space only.
Right: Convergence history for uniform enrichment in V; space only.

enrich V!
enrich V! V2

— - — oversample
uniform
exact

L L
10°* 10%° 10%° 10%7 10%°

Figure 2: A comparison of different ways of enrichment.

present the convergence history of our algorithm for enriching in V; space only, enriching in both V; and V5
spaces and enriching by oversampling basis. We see from Table [ that enrichment in both V; and V5 spaces
provides much more efficient methods than enrichment in V7 space only. In particular, for an error level of
approximately 1%, we see that enrichment in both V4 and V5 spaces requires 3144 DOF while enrichment in
V1 space only requires 3483 DOF. In Table[Bl the convergence behaviour is shown for the oversampling case,
and we see again that a clear convergence is obtained. For this case, we use 40 snapshot basis functions per
coarse grid block giving a total DOF of 10240, and the corresponding snapshot errors (that is, the difference
between the solution obtained by these 10240 basis functions and the solution u;) of 0.0078 and 0.0093
in relative L? norm and relative a-norm respectively. In addition, we observe again that the oversampling
basis provides more efficient representation of the solution than the non-oversampling basis. To further
demonstrate the efficiency of our algorithm, we compare our results with the uniform enrichment scheme.
The result for using uniform enrichment is shown in Table[Bland we clearly observe that our adaptive method
is more efficient. Moreover, a comparison of the performance of various strategies is shown in Figured where
the errors against DOF are plotted. From the figure, we see that our method is much better than uniform
enrichment. Furthermore, enrichment in both Vi and V5 spaces has the best performance, which suggests
that both Vi and V4 spaces are important for more complicated source functions.

5.1 Adaptive enrichment algorithm
5.1.1 Adaptive enrichment algorithm with basis removal

In our adaptive enrichment algorithm, we can add basis functions to the offline space by using the error
indicators. However, the addition of the basis functions must follow the ordering of the eigenfunctions.
There may be cases that some of the intermediate eigenfunctions are not required in the representation of
the solution. Therefore, we propose a numerical strategy to remove basis functions that do not contribute or

14



100 200 300 400 500

DOF

€9 Ca
1024 | 0.2052 | 0.0554
2028 | 0.0362 | 0.0191
2717 | 0.0152 | 0.0140
3483 | 0.0111 | 0.0118
5116 | 0.0084 | 0.0102

DOF

€9 €q
1024 | 0.2052 | 0.0554
2023 | 0.0486 | 0.0206
3144 | 0.0113 | 0.0105
4456 | 0.0050 | 0.0066
7407 | 0.0013 | 0.0034

Table 4: Convergence history with 6=0.4. Left: Enrich in V; space only.

spaces.
DOF e €q ey P esnap
1024 | 0.1882 | 0.0540 | 0.1865 | 0.0532
1926 | 0.0296 | 0.0182 | 0.0269 | 0.0156
2626 | 0.0137 | 0.0135 | 0.0098 | 0.0098
3368 | 0.0105 | 0.0116 | 0.0057 | 0.0070
6677 | 0.0080 | 0.0097 | 0.0007 | 0.0025

0.9
0.8
0.7
0.6
05
0.4
03
0.2
01
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Figure 3: Left: The source function f for the second example. Right: The fine grid solution.

Right: Enrich in both V3 and V5

DOF es €q

1024 | 0.2052 | 0.0554
2048 | 0.0923 | 0.0282
3328 | 0.0659 | 0.0215
5888 | 0.0278 | 0.0135
8448 | 0.0226 | 0.0121

Table 5: Left: Convergence history for oversampling basis with § = 0.4 and enrichment in V; space only.
Right: Convergence history for uniform enrichment in V; space only.

contribute less to the representation of the solution. In the following, we will present this numerical strategy.
Adaptive enrichment algorithm with basis removal: Choose 0 < # < 1. For each m =0,1,-- -,

1. Step 1: Find the solution in the current space. That is, find u%; € Vo (m) such that

apa(ufy,v) = (f,v) for all v € VOF(m). (33)
2. Step 2: Compute the local residuals. For each coarse grid block K;, we compute
nhe = IRl A o)™ G =1,2
Then we re-enumerate the 2NV residuals in the decreasing order, that is, n? > n3 > --- > n3,, where

we adopted single index notations.

3. Step 3: Find the coarse grid blocks where enrichment is needed. We choose the smallest integer k such

that

0

2

=

<
Il

15

k

<y
1 J=1

(34)
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Figure 4: A comparison of different ways of enrichment.

4. Step 4: Enrich the space. For each J = 1,2,---  k, we add basis function in V;OH according to the

following rule. Let s be the smallest positive integer such that Ay%, , is large enough (see the proof

+s+

of Theorem [2]) compared with /\Yz);g +1- Then we include the eigenfunctions in the construction of

the basis functions. The resulting space is denoted as \A/Oﬁ(m + 1). Note that this is the offline space
without basis removal.

5. Step 5: Remove basis. For each coarse grid block K;, we can write the restriction of the current solution
up on K; as
0 15
a6l + > az €.
=1 =1

Fixed a tolerance € > 0. Then the basis function (bl(i) or {l(i) is removed if

m m m m
Iy 37 I I3

2 2 2 2 2 2
oy < 5( E g + E ag)l) or ay; < 5( E i + E am)
=1 =1 =1 =1

is satisfied. The resulting space is called V°&(m + 1).

To test this strategy, we consider our second example with the source function f defined in Figure[3l We
will consider three choices of e, with values 107!2, 107!3 and 10~*. The convergence history of these cases
are shown in Table [l We can see that our basis removal strategy gives more efficient representation of the
solution. For example, comparing the errors with DOF of around 2000 with basis removal (Table [6]) and
without basis removal (Table [), we see that the method with basis removal gives a solution with smaller
errors in both L? norm and a-norm. On the other hand, we see that the choice of ¢ = 10~'* performs better
than ¢ = 10712, In particular, for DOF of around 2200, the error with ¢ = 107'* is around 2% while the
error with ¢ = 107!2 is around 4%. However, one expects that smaller choices of ¢ are not as economical as
larger choices of ¢.

5.1.2 Adaptive enrichment using local basis pursuit

In this section, we discuss an algorithm that follows basis pursuit ideas [4] and identify the basis functions
which need to be added based on the residual. The main idea is to find multiscale basis functions that
correlate to the residual the most and add those basis functions. More precisely, we identify basis functions

16



DOF | Ls-error | a-error DOF | Ls-error | a-error DOF | Ls-error | a-error
1024 | 0.2052 | 0.0554 1024 | 0.2052 | 0.0554 1024 | 0.2052 | 0.0554
951 0.1824 | 0.0502 996 0.1767 | 0.0501 1048 | 0.1774 | 0.0500
1074 | 0.1158 | 0.0415 1107 | 0.1236 | 0.0431 1185 | 0.1280 | 0.0434
1742 | 0.0461 0.0174 2006 | 0.0266 | 0.0154 2235 | 0.0223 | 0.0150
2218 | 0.0404 | 0.0153 2824 | 0.0192 | 0.0123 3275 | 0.0147 | 0.0117

Table 6: Enrichment with # = 0.4 and basis removal as well as enrichment in V; space only. Left: ¢ = 10712
Middle: € = 1072, Right: ¢ = 10~

that has the largest correlation coefficient with respect to the residual and add those basis functions. In the
following, we will present the details of the numerical algorithm.

Adaptive enrichment algorithm using local basis pursuit: Choose 0 < # < 1. For each m =
0,1,--,

1. Step 1: Find the solution in the current space. That is, find u7} € V°%(m) such that

apa(ufy,v) = (f,v) for all v € VO(m). (35)

2. Step 2: Compute the local residuals. For each coarse grid block K;, we compute

Rji(v)]?
LG
Utllv; (k)
Then we re-enumerate these residuals in the decreasing order, that is, (3 > (2 > - -, where we adopted

single index notations. Note that |R;;(v;)| is the inner-product that identifies the basis functions that
have the largest correlation to the residual. More precisely,

|Rji(v)| = |/ fu —apa(ufy,v)|
K;

which is just the local inner-product of the residual vector and basis function v;.

3. Step 3: Find the coarse grid blocks where enrichment is needed. We choose the smallest integer k such
that

e > On1. (36)

4. Step 4: Enrich the space. Foreach J =1,2,--- , k, we add the basis function v; € V;(Kj;) corresponding

to (7. The resulting space is denoted as ?Oﬂ(m + 1). Note that this is the offline space without basis
removal.

5. Step 5: Remove basis. For each coarse grid block K;, we can write the restriction of the current solution
u on K; as

l{'?i l;”li
Z 041,19251(1) + Z 062,151(1)-
=1 =1

Fixed a tolerance £ > 0. Then the basis function (bl(i) or §l(i) is removed if

0 127 I L2
2 2 2 2 2 2
aj; < E(Zal,l+za2,l) or aj; <5(Zalﬂl+2a271)
1=1 =1 =1 1=1

is satisfied. The resulting space is called V°f(m + 1).
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To demonstrate the performance of this strategy, we will consider two examples. In the first example,
the source function f is defined as in Figure Bl and the rest of the parameters as in the Example 2. In the
second example, we will take the solution (see Figure Bl) which only contain the component of the 1st, 17th
and 30th eigen-basis. The boundary conditions are as in Example 2 and the source term is calculated based
on this sparse solution. The convergence history for the first example is shown in Table [l Comparing these
results to Table[@ we can see that the adaptive enrichment provides a better convergence. The convergence
history is substantially improved if we consider the sparse solution as in our second example. The numerical
results are shown in Table

DOF es €q

1024 | 0.2052 | 0.0554
1036 | 0.1474 | 0.0405
1259 | 0.0585 | 0.0230
2096 | 0.0129 | 0.0125
2643 | 0.0099 | 0.0111

Table 7: Enrichment using basis pursuit with § = 0.8 and basis removal as well as enrichment in V; space

only.
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Figure 5: Solution with sparse coefficient

DOF es €q DOF es €q

1024 0.0150 0.0424 1024 | 0.0150 | 0.0424
941 0.0069 0.0286 997 | 0.0150 | 0.0424
934 0.0032 0.0135 1327 | 0.0108 | 0.0412
688 0.0001 0.0010 2447 | 0.0023 | 0.0154
744 | 1.20e-06 | 2.13e-05 889 | 0.0003 | 0.0022

Table 8: Enrichment with #=0.8 . Left: basis pursuit. Right: standard enrichment

6 Convergence analysis

In this section, we will provide the proofs for the a-posteriori error estimates (Theorem []) and the conver-
gence of the adaptive enrichment algorithm (Theorem [.2)).

For each coarse grid block K;, i =1,2,---, N, we define two projection operators P; ; : Vji’Snap — Vji’OH',
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7 =1,2, from the local snapshot spaces to the corresponding local offline spaces by

/ RPyi(v)w = / Fow  Yw e Vol

/ kP i (v)w :/ Kow Yuw € V3ot
Ki K'L

For any v € V""" we can write v = Zl]\il cl_,lqﬁl(i). By orthogonality of eigenfunctions, we have Py ;(v) =

i!l c171¢l(i). Therefore, by the equivalence of || - ||, and || - ||pg, we have

Y -
umwnisM(/’MVHAMP+5/ maﬁmﬂ.
K; 0K,

By the spectral problem (@) and the fact that the eigenvalues are ordered increasingly, we have

ll,i (7,)

1,0 v ~
[Pz <ar [ D) fciz + E/a RP;(v)?
1=1 i
N 7| & - H
Sl1,i o (7) Y
S aq Hl + E ;Cil = a1 )\1-,l1,i + T ||’UH%/1(K1)
Similarly, for v = 3", 027151(1'), we have P ;(v) = i:l czylgl(i). Therefore, by the equivalence of || - ||, and

I Ipc, we have

H%AM%SM(A

By the spectral problem ([7]) and the fact that the eigenvalues are ordered increasingly, we have

I<J|VP2)i(U)|2) :

k3

l2,i (Z) él% lgyi
2,1 RO i
[1P2,i(v)]|2 < an ﬁcg,z <a H; ch,z = al)‘gjz,i 10113, (-
=1 =1

Thus the projections P;; satisfy the following stability bound

1
1 ) ~H 2 . '
||Pj,i(1})||a < a12 <A.§/7Ll)Jl + T) H’U”VJ(Kl)a ] = 1, 27 i = 172, .. ,N. (37)
Next, we will establish some approximation properties for the projection operators P; ;. Indeed, by the
definitions of the operators P;;, for any v € 1/;_%5!0&107

iy i - )‘(‘il) i -
M—BAM&%VJJJEj%ﬁq&$01§:3%%:u%ﬁ01/mww,
1>1;,+1 I>1;,+1 K
and therefore the following convergence result holds
@ ) :
o= Pl < (A, 0) ([ wvel) (39)

For the analysis presented below, we define the projection II : Vs"aP — Voff by [Ty = Efil Z?:l P; ;(v).
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6.1 Proof of Theorem H4.1]

Let v € VSG be an arbitrary function in the space Vgg. Using ([23)), we have
apc(up —upg,v) = apc(up, v) — apg(umg,v) = (f,v) — apc(um, v).
Therefore,
apc(up —um,v) = (f,v) —apc(um,v) = (f,v —v) + (f,IIv) — apc (v, Iv) — apc (um, v — o).
Thus, using (24)), we have
apc(up —um,v) = (f,v —Iv) — apg(ug,v — Iv). (39)

lS)mce the space Vi, is the same as V5", we can write v = SN | E] 1 ](i) with v]@ € V"*"*P_ Hence, ([BJ)
ecomes

apG(up — upg,v) ZZ / f(v; Pjv; ))—CLD(}(’U,H,’U;) Pﬂv(l))) (40)

1=1 j=1

We remark that, in the computation of the term apg(um, vj(-i) - Pj_,ivj(.i)) in ({A0), we assume that the second
argument is zero outside the coarse grid block Kj.
Using the definition of R, ;, we see that (40) can be written as

N 2
apg (up — upg,v) = Z Z — Pj0i").

Thus, we have

apg(up — um,v S

2
Z Ryl (v = Piavf)llv,

HMZ

Using (B8),
N 2 _1 1
2 i 2
apc(up —um,v) < ZZ |R;;, 1”( N 1+1) (/K H|Vv§ )|2)
1=1 j=1 Q

The inequality (23) is then followed by taking v = up —uy and 3 E?Zl Jxe. f£|VvJ(.i)|2 < |vlEg < aollv]?.

6.2 An auxiliary lemma

In this section, we will derive an auxiliary lemma which will be used for the proof of the convergence of the
adaptive enrichment algorithm stated in Theorem We use the notation P to denote the projection
operator P;; at the enrichment level m.

In Theorem EI] we see that ||R; ;|| gives an upper bound of the energy error |u, — ugllo. We will first
show that, ||R, ;| is also a lower bound up to a correction term (see Lemma[G.I]). To state this precisely, we
define

(41)

)\l |Rji(v — Pji(v))]
S_;?z = (/\S?l)gnd_l) 2 sup ZH’UH J°
s ve‘/jz,snap ‘/J(Kz)

Notice that the residual R;; is computed using the solution u% obtained at enrichment level m. We omit
the index m in R;; to simplify notations. Next, we will obtain

(S7)% = I1R;l (A, ]zm ) (42)
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Indeed, by the fact that PJ"(v) € Vji’OH,

R;i(Pfi(v)) = . fPj(v) — apc (ufy, Pfi(v)) = 0.

Thus,
- [Bji(v = PRI ) . |B5.i(v)] (i) !
sm= (@, )b sy 2T IO @ y-h gy AL @ e
Js VYR vevian HUHVj(Ki) VYR vevian HUHVj(Ki) 5,0+

This implies ({@2]).
To prove Theorem .2, we will need the following recursive properties for S (see Lemma [6.T]). Notice
that, the notation ||ulle K, is defined as

ull2 x, = apc (u,u) = / K| Vu|* —
K;

Z 2/E{"€VU'7”LE}[[U]]+ Z %/EE[[u]]2

EcoK; EcoK;

Lemma 6.1. For any o > 0, we have

(@)
)‘j,l;'}iﬂ
2@

PR

(7)< (1 +a) (87 + (1 + o™ Har Djug ™ — uf|lf (43)

where the enrichment level dependent constant D is defined by by

D Aji vH
o (1) (4)
)‘j,l;’fjlﬂ h)‘j,l;fjhrl

(@)
l

with Aj; = max; )\j7 .

Proof. By direct calculations, we have
[ o= PRt w) — ans (o - P 0)

- / fv—apc(uftt v)
K;

(44)
= . fv—apc(uf,v) +apc(uf — u’H”H,U)
= [ o= P - ano(uti. v - PEO) + avuf - o)
By definition of S7;, we have
m i 1 | Jie, f(v = P%(v)) — apc (ulf, v — P (v))]
ST = ()\;71)7,1_+1) 2 sup K. J / ) (45)
» IS Vv, ()
Multiplyin by A, )" E v —1 . and taking supremum with respect to v, we have
g Y A 1 Vi (K,) g
,\@ 1
m—+1 ]’l??i-i_l 2 am
Sii o < (@7) Sii+ 1, (46)
AR
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+1
NG! _1 lapg (uf — ufr" )|
I'= O‘jflﬁﬂ) s sup o] :
5 Ue‘/jz,snap ‘/J(Kl)

where

To estimate I, we note that
m+1 pPm

an(ui PLi) = [ FP) = vl P,

Therefore, we have
apc (ulf —ufy ™, v) = apa(uf — uff v — Ph(v) < luff — uf ok,

where we remark that v has value zero outside K;. By the stability bound (1),

U= Pj@(v)”a,Kﬂ

vH

1
m 1 yH\ * - 1 :
M—%AMMSW(MW+IJ W—%Aﬂwmnﬁﬁ(MrFf>lﬂw%y

Thus we have

1
yH\®
—) ™ = witla.x, -

Using G, we get

Nl=

A, 1 . A H
m+1 ]’lj,i+1 2 3 7, Y m+1 _  m
Sj,i S ( (i) Sj,i + aj /\(z) + h,)\(z) Ums umSHa7K’i'
PR RS

A
PR

Hence, ([A3)) is proved.

6.3 Proof of Theorem
In this section, we prove the convergence of the adaptive enrichment algorithm. First of all, we recall that
(47)

M = Ryl PN )" = (57

We will use the single index notation 7, and S7" for 7;; and S7; respectively.
Let 0 < 8 < 1. We choose an index set I so that

2N
IEDIE
J=1

Jel

(48)

We will then add basis function from Vji’Snap with J € I. Then, using Theorem ]l and (@), we have

2N
92”“}1 - uanHi < 192Ccrr Z 773 < Cerr Z 773-
J=1 Jel
By @), we also have
C
Jun — w2 < S22 S (sm2. (19)
Jel
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On the other hand,

N
Z Serl Z(Serl +Z Serl

J=1 JerI JEI
By lemma [6.1] we have
N )\(1)
m+1 J’ly z+1 m2 —1 m
S < 3 (4 a5 E (8P + (1 o Har Dl — w2 )
J=1 Jel G
+) (1 +a)(S7)? + (1 + a D Dljugy ™ — w2 ) -
JgI

We assume the enrichment is obtained so that

A 1
) —maxi <y <1,
Jer )\
l7n+1+1
where Jg is independent of m. We then have
2N 2N
DT < (14a) Y (87 = (L+a)(1—6o) Y (S7)* + OL|ugy™ — w2,
J=1 J=1 Jerl
where
_ -1
L= Np(1 4o or ( max max, D). (50)
where Ng is the maximum number of edges of coarse grid blocks, and we also emphasise that L,, 1 depends
on m. By {3,
2N 2N 2N
ST < (1+a) Y (ST = (L+)(1=80)0° Y (ST)? + 0L ™ — w3
J=1 J=1 J=1

Let p= (1+a)(1—(1—580)0?). We choose a > 0 small enough so that 0 < p < 1. The above is then written
as

2N 2N
S STTE <Y (ST + 0Lt — w2, (51)
J=1 J=1

Note that, by Galerkin orthogonality, we have

[t = a2 = llun — wlls = llun — g 2.
So, we have
2N 2N
D ST < p > (ST + 6L (lun — w3 — lun — w12 (52)
J=1 J=1
which implies
2N 2N
g2 s S O(SH? < un — 2+ < ()R (5
5Lm+1 J= 5Lm+1 = ’
Finally, using (@9),
2N 2N
1 6C P
o, m+12 Sm2<1_ _,,m|2 err SmZ'
lun =i e+ 57— JZ:f 7)< (U= B)llun —wlIZ + (=5 + aLm+1)J§< 7)
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Let 5 =

0°(1 — pLin/Lt1)

7 C oL and combining the above with (&3], we obtain
2N (1-8) 2N
m+12 m—+1\2 m||2 — m\2
[l = uy; Ha+6Lm+1J¥1(SJ )7 =< (U= B)llw —wiflla + =57 ;(SJ) : (54)

Hence, Theorem .2 is proved.
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