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ABSTRACT. We show that a compact operator A is a multiple of a positive semi-definite operator
if and only if
0(AB) CW(A)W(B), for all (rank one) operators B.

An example of a normal operator is given to show that the equivalence conditions may fail in
general. We then obtain conditions to identify other classes of operators A so that equivalence

conditions hold.

1. INTRODUCTION

Let B(H) be the algebra of bounded linear operators on a complex Hilbert space H. We identify
B(H) with M, the algebra of n x n complex matrices, if H has finite dimension n. The spectrum
o(A), and the numerical range W (A) of an operator A € B(H) are defined by

o(A) ={X: A— Al is not invertible}, and W(A)= {(Az,z): 2 € H,|z| =1},

respectively. Here, (-,-) and || - || denote the inner product and its corresponding norm of H.
The Hausdorff-Toeplitz theorem asserts that W (A) is always a bounded convex subset of the
complex plane. When H is finite dimensional, it is compact. In general, the closure of the numerical

range satisfies

o(A) CW(A).
When A is normal, we have
convo(A) =W(A).

Here, conv S denotes the convex hull of a set S in a vector space. The spectrum and the numerical
range are useful tools for studying operators and matrices. Motivated by the theoretical develop-
ment and applications, researchers have obtained many interesting results; see, for example, [7], [8,
Chapter 22| or [10, Chapter 1].

In perturbation theory, one might want to estimate o(A+ B) for “small” B, but it is known that

0 M 00
0(A+B) € 0(A)+o(B). For example, let A = (O 0 > and B = ( 0) with positive M,e > 0.
€
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Then 0(A) = o(B) = {0}, whereas (A + B) = {£V Me}. Nevertheless, we always have
0(A+B) CW(A+ B) CW(A) + W(B).

Thus, W(A) + W (B) provides a containment region for o(A + B).

In (multiplicative) perturbation theory, one considers A = AB such that B is closed to the iden-
tity operator I. However, neither of the inclusion o0(AB) C o(A)o(B) nor W(AB) C W(A)W(B)
holds. The following example in [9] tells us that the above inclusions may not hold even for 2 x 2
hermitian matrices A, B. Let

A:(l 0) and B:(O 1).
0 -1 10

0(AB) ={£v-1}  W(AW(B) = [-1,1].
Nevertheless, it was shown in [12] that if A, B € B(H) and 0 ¢ W(A), then

Then

o(A7'B) C W (B)/W(A).
It follows from this result that if A € M,, is a multiple of a positive semi-definite matrix,
o(AB) CW(A)W(B) for all B € M,

In [5, Theorem 3|, it was shown that if A € B(H) is a (multiple of a) positive semi-definite operator,
then
convo(AB) CW(A)W(B) forall B e B(H).

It is natural to consider the converse problem; namely,

Question 1.1. Is A € B(H) a multiple of a positive semi-definite matrix if
o(AB) CW(A)W(B) forall Be B(H)?

In [1], the author considered this question for matrices A € M, and an affirmative answer to this
question was claimed in the paper. In [6], the authors there pointed out a gap in the proof in [I,
Theorem 2.4], and repaired it. In [2], the authors there studied inequalities related to the spectral
radius and the numerical radius of products of matrices. In the last section of [2], they pointed out
another problem in [I], and fixed it using the results in their paper.

In this paper, we consider Question [[. Tl for infinite dimensional operators. In particular, we refine
the finite dimensional result to the following.

Theorem 1.2. Suppose A € B(H) is a compact operator. The following conditions are equivalent.

(A1) A is a multiple of a positive semi-definite operator.
(A2) 0(AB) CW(A)W(B) forall Be€ B(H).
(A3) 0(AB) CW(A)W(B)  for all rank one B € B(H).

Of course, it would be nice to further extend the result to general operators. However, the
following example shows that it is impossible even on a separable Hilbert space. (A verification of
the example will be given in the next section).



Example 1.3. Consider a Hilbert space H with a countable orthonormal basis { f1, fa,...}. Suppose
{p1, pa, ...} is a dense set of the unit circle {e® : t € [0,2m)} and T is the diagonal operator on H
satisfying T fr, = pinfn. Then A= T+T, which is not a multiple of positive semi-definite operator,
satisfies

o(AB) CW(A)W(B), forall Be€ B(H).
A key step in the proof of the finite dimensional result is to show that if A € M, satisfies
condition (A2) in Theorem [[.2] then A is normal. We can modify Example [[3] to show that this

implication is not true for general operators in the following. (The verification will also be done in
the next section.)

A 1
Example 1.4. Suppose A =A@ (0 Cf) € B(H @ C?), where A is defined as in Example[L3 and

d € (0,1]. Then A is not normal and condition (A2) in Theorem T2 holds.

Apart from Examples [[L3 and [[.4] we obtain the following theorem, which allows us to identify
other classes of operators A such that the conditions (A1), (A2), (A3) are equivalent.

Theorem 1.5. Let H be a Hilbert space of finite or infinite dimension. Consider the following
conditions for an operator A € B(H).

(A1) A is a multiple of a positive (semi-definite) operator.
(A2) 0(AB) CW(A)W(B) for all B € B(H).
(A3) 0(AB) C W(A)W(B) for all rank one B € B(H).

Then the following implications hold:
(A1) = (A2) = (A3).

The implication

(A3) = (A1)

holds when there is a boundary point p of W(A) attaining the numerical radius |u| = w(A) and

lying on two different support lines of W(A).
By Theorem [I.5] we have the following.

Corollary 1.6. In each of the following cases, conditions (A1), (A2), (A3) in Theorem[I.] are
equivalent for an operator A € B(H).

(1) W is a convex polygon, which may degenerate to a line segment or a point. This covers
the cases when A is a scalar multiple of a hermitian operator, or when A is a mormal
operator with finite spectrum.

(2) A € B(H) is normal and there is an isolated point X in o(A) attaining the spectral radius
A =1r(A).



2. PROOFS AND AUXILIARY RESULTS

We focus on the proof of Theorem [[LA] and deduce Theorem and Corollary as conse-
quences. We then verify Examples [[.3] and [[.4]

The implication (A1) = (A2) in Theorem [[.5lis a result in [5]. Furthermore, it was shown that
if (A1) holds, then W (A)W (B) is always convex. We give a short proof of the result.

Proposition 2.1. Suppose A € B(H) is a multiple of a positive semi-definite operator. Then for
any B € B(H), the set W(A)W (B) is convez, and

o(AB) C W(A)W (B).

Proof. Without loss of generality, we can assume that A is positive semi-definite. Note that

W(A) = [a1,a2], ag > a1 > 0, and W (B) is a compact convex set. Thus,

WAW®B) = |J wWB)= J tW(B)
LEW (A ar<t<as

is convex.

Now, suppose A € 0(AB). If A =0, then AB is singular, so that A is singular or B is singular.
Hence, 0 € 6(A) € W(A) or 0 € 0(B) € W(B) so that 0 € W(A)W(B).

If A # 0, then A € 0(AB) \ {0} = 6(AY/2BAY?)\ {0}.

Assume first that ) is an approximate eigenvalue of A1/2BAY2. Then there is a sequence of unit
vectors {x,} such that

|AY2BAY 22, — Az, || — 0.

We may assume that A2z, # 0 for all n € N. Thus t,,(Byn, yn) — X in W(A)W (B) with

Yn = AV 22, [||AV 22, and t, = (Az,, z,) € W(A).

Assume next that ) is not in the approximate point spectrum, and thus AY/2BAY/2 — X does not
have a dense range. Consequently, we can find a norm one element y in H orthogonal to its range.
In particular,

(AY2BAY2 — N\yy,y) =0.
This gives
A= (A1/2BA1/2y,y> = t(Bz,x),
and A2y # 0. Here, t = ||A/?y||? = (Ay,y) € W(A), and = = AY2y/||AY?y| is of norm one.
Hence, A € W(A)W(B). ]

The implication (A2) = (A3) is clear. We now focus on the condition under which the impli-

cation (A3) = (A1) holds.

Proposition 2.2. Suppose A € B(H) satisfies (A3). Then there is i € W(A) such that |u] =

w(A). Moreover, if such a p lies on two different support lines of W(A), then (A1) holds.

We need some preliminaries to prove Proposition Let A € B(H) satisfying (A3). Note that
conditions (A1), (A2) and (A3) will not be affected by replacing A with vUU A*U* for any nonzero
v, unitary U € B(H), A* € {A, A*, A*}. We will use this fact in our proof.

Lemma 2.3. Suppose A € B(H) satisfies (A3).
4



(1) The operator A is radialoid. That is, r(A) = w(A) = ||A]|.

(2) Suppose n € W(A) satisfies |n| = w(A). Then A is unitarily similar to the orthogonal
sum nI ® Ay where w(A1) < w(A) and W(A;) C{X: |n—A < w(A)}. Consequently,
n— ul < w(A) for all p € W(A).

Proof. We may replace A by A/||Al| and assume that || A|| = 1. To prove (1), suppose Az, = A\pyn
for some unit vectors x,,y, € H with positive scalars A, 1T 1. Let B, € B(H) be the rank one
operator z — (z,yn)xn. Then AB,y, = A\yyn, and thus \, € o(AB,) C W Since
w(By) < 1, we have A\, < w(A). That is, 1 < w(A). Thus w(A) = 1, and hence r(A) =1 (see [T,
Theorem 1.3-2]).

Next, consider (2). Suppose n € W(A) with |n| = 1. Then for any unit vector z such that
(Az,x) = n, we write Az = nz + vy for some unit vector y orthogonal to z. Then

[ = || A1 > | Az|? = [n]* + |v[*.
Thus, v =0 and Az = nx. Similarly, we can show that A*xz = . The first assertion follows.

1 0
For the second assertion, we may replace A by A/n and assume that A = <0 4 > Let
1

1
A € W(A1). We can assume that the leading (upper left) 2 x 2 submatrix of A is (0 2 . LetU =

1 1 .
% (1 1 be the 2 x 2 unitary matrix. Then the leading 2 x 2 submatrix of A = (U®I)A(UDI)*

1+XA 1—2A (o 0 .
equalsA():%(l_)\ 1+)\>.LetB:(U€BI) ((2 0)@0) (UaI). Then tr(AB) =1—\is

the nonzero eigenvalue of the rank one matrix AB. Since 0(AB) C W(A)W(B) C{z € C: |z| < 1},
we have |1 — \| < 1.
The last assertion follows from the fact that W (A) = conv ({1} U W (A4;)). ]

In [I], the authors showed that if a matrix A satisfies (A2), then there is u € W(A) satisfying
|| = ||Al|, and tried to prove that (A1) holds. Lemma [23[1) shows that for any A € B(H)
satisfying (A3), there is yu € W(A) such that |u| = ||A|| and p is an eigenvalue of A.

We will use Lemma [2.3] to prove Proposition In the finite dimensional case, W (A) = W(A)
is compact, and there are unit vectors attaining the norm of A. However, it might not be the case

if the underlying Hilbert space H is infinite dimensional. Nevertheless, we can use the Berberian
construction (see [3]) to overcome this technicality.

In connection to our problem, we will impose additional requirement in the Berberian construc-
tion, namely, we will need a generalized Banach limit which is multiplicative. We include some
details of the construction for completeness. We identify the space £, of bounded scalar sequences
with the C*-algebra C(SN) of continuous functions on the Stone-Cech compactification SN of N.
Here, a bounded sequence A = () in £, corresponds to a function Ain C (BN) with 5\(71) = )\, for
alln =1,2,.... Take any point £ from SN\N. The point evaluation \ — 5\(5) of /., gives a nonzero
multiplicative generalized Banach limit, denoted by glim, that satisfies the following conditions.

For any bounded sequences (a,) and (b,) in ¢ and scalar v, we have
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Equivalently, we can define glim (a,,) = limg a,, through a free ultrafilter 4l on N, when we consider
OGN consisting of ultrafilters on N and those outside N are free (i.e. (4 = (). Note that all
multiplicative generalized Banach limits on ¢, arise from the above construction. Note also that
we do not assume the translation invariant property on glim . Indeed, the only translation invariant
multiplicative generalized Banach limit is zero.

Denote by V the set of all bounded sequences {x,} with z,, € H. Then V is a vector space
relative to the definitions {x,} + {yn} = {zn + yn} and Y{z,} = {y2,}. Let N be the set of all
sequences {x,} such that glim ((z,,z,,)) = 0. Then A is a linear subspace of V. Denote by x the
coset {z,} + N. The quotient vector space V/N becomes an inner product space with the inner
product (x,y) = glim ((z,,,yn)). Let K be the completion of V/N. If z € H, then {z} denotes
the constant sequence defined by z. Since (x,y) = (x,y) for x = {z} + N and y = {y} + N, the
mapping x — x is an isometric linear map of H onto a closed subspace of K and K is an extension
of H. For an operator A € B(H), define

Ao({zn} + N) = {Az,} + N.

We can extend Aj on K, which will be denoted by Ag also. The mapping ¢ : B(H) — B(K) given
by ¢(T) = T is a unital isometric *-representation with o(T") = o(T). Moreover, the approximate
eigenvalues of T' (and also T') will become eigenvalues of T'. See [3].

It is clear that rank one operators in B(H ) become rank one operators in B(K). However, rank
one operators in B(K) does not necessarily come from rank one operators in B(H). A counter
example can be given by the rank one operator e ® e defined by k — (k, e)e for a nonzero vector e
in K orthogonal to H. Nevertheless, in connection to our study, we have the following.

Lemma 2.4. Let A € B(K) be the extension of A € B(H) in the Berberian construction. Suppose
o(AB) C W(A)W(B) for all rank one B € B(H). Then

W(A) =W(A), and o(AB") C W(A)W(B') for all rank one B' € B(K).

Proof. Clearly, we have W(A) C W(A). On the other hand, if (Az,,z,) — p € W(A), then
p = glim ((Az,, z,)) = (Ax, %) €
H. Thus, W(A) = W(A).
To prove the second assertion, we make some simple observations.
1. W(B) = W(B) for any rank one B € B(H).
2. If x,y,u € K correspond to the sequences {x,}, {yn} and {u,} of unit vectors in H, then

W (A) with x arising from the sequence {z,} of unit vectors in

(x®y)u,u) = (u,y){x,u) = glim ((un, yn)) glim ({2, un)) = glim [({un, yn)) ({Zn, un))].
6



Let B’ = x ® y with x,y in K arising from the sequences {z,}, {y,} of unit vectors in H. We
will show that

o(AB') C {(Ax,y),0} C W(AW(B).
Obviously, 0 € W(A)W (B’). Observe that
(Ax,y) = glim ((Azy, yn)),

where

(Azn, yn) € 0(Alzn @ yn)) S W AW (20 @ yn) = W (AW (2 @ yn)

by the fact that W(A) = W(A) and 1. above. It follows that

<Axn7 yn> = <Avn7 'Un> <(xn & yn)urm un> = <Avn7 'Un> <un7 yn> <xn7 un>
for some unit vector v, € K and unit vector u, € H. By 2. above,

glim [((un, yn)) ((Tn, un))] = (x @ y)u,u) € W(x®y) = W(B’).

By the compactness of W(A) and W(B'), we have
glim (Azy, yn) = glim ((Avy, va)) glim [((un, yn)) ({0, un))] € W(A)W (B'). u

Proof of Proposition [2.2. We may replace A by A/||A|| and assume that ||A|| = 1. Furthermore, we
may apply the Berberian construction and assume that conditions (a) — (e) hold. For simplicity,
we assume H = K and A = A.

By Lemma 23] we have r(A) = w(A) = ||A|| = 1 and we may assume that A = ul @ A; for some
contraction A; such that p is not an eigenvalue of A;. Without loss of generality, we may assume
that pu =1, A=1® A;. We need to show that A; is positive semi-definite. Assume that it is not
the case so that W (A;) Z [0,1].

By our assumption, there is a support line of W (A) passing through 1 and 1 + rie for some
m/2 < a; < 3r/2 and m € [0,1]. Replacing A with A* if necessary, we can also assume that
/2 < a; <7 and

W(A) C{z= 1+re® . re [0,1], a1 <a <37m/2, |z| <1}

Let B = By @ O with

By = 2¢i(n/2-a1) cosf 0 ’
sinf 0

where 0 € (0,7/2) such that 2r; sina; > tan . Observe that

(sin oy cos @ + 71 sin 0)? = (sin oy cos ) 4 27 sin g cos O sin 6 4 77 sin”

> (sin o cos 0)? + sin? 6,

ie.,

(2.1) sin aq cos § + rysin > \/(sin 1 cos 0)2 + sin? 6.
7



With a suitable unitary transform, we may assume that A has a leading 2 x 2 submatrix Ay =

1 0 . 1 [T —t
(0 1+Tlem1).LetU:UOEBIwthO:E(l 1).Then

A= te(UAU*B) = tx(UyAoUg Bo)
2¢'(7/279) ¢os 0 + 11 " tr (Up EaaUg Bo)
2¢'("/270) ¢os 0 + 11 " tr ( Ean UG BoUp)
= 2sinaqcosf + rysinf + i(2 cos g cos § + 71 cos 9)’

which is the nonzero eigenvalue of the rank one matrix UAU*B.
To derive a contradiction, we will show that

(2.2) AgWAWB) = |J W(=B).
zeW(A)

Recall that for any compact operator, and thus any finite matrix, 7', the right support line of W (T)
is the set of complex numbers with real part equal to the maximum eigenvalue of (7' + 7)/2. For
each z = 1 +re!® € W(A) with r € [0,1] and oy < a < 37/2, the maximum eigenvalue of the

matrix

1 (2Bo +7B7) — ((sin a1 +rsin(a; —a))2cos  —i- el - Zsin 0)
9 0/ = i

7-e . zgin6 0

equals

(2.3) v+ 4/72 + |2|2sin? @ with v = (sinag + rsin(a; — a)) cos 6.

Because 7/2 < aq < o < 37/2, we have o) — a € (—m,0) and sin(ag — «) < 0. Suppose v > 0, i.e.,
sinaj > |rsin(a; — a)]. Then by (Z1]) we have

v+ 1/72 + |2]? sin? § < sin o cos O + \/(sinal cos )2 +sin?f < 2sinay cos@ + rysinf.

If v <0, ie., sinag < |rsin(a; — «)|, then by (2.1) we have

¥4 1/72 + |22sin? 0 < |z|sin 6 < 2sin oy cos @ + ry sin 6.

Thus, the real part of every point in W (zB) is strictly less than 2sin aj cos@ + r1sin 6, and not

equal to A. Since this is true for any z € W (A), we get the desired contradiction. [ |

Proof of Theorem[L.2. We want to show that the implication (A3) = (A1) is valid when A is
compact. Let A € B(H) be compact satisfying (A3). Since A is compact, every nonzero element
in 0(A) is an eigenvalue of A. Hence we have o(A4) \ {0} € W(A). In view of Lemma 23] we can
assume that ||A|| = r(4) = w(A) = 1 which is an eigenvalue of A, and write A = I @ A; such that
|A1|l <1 and 1 ¢ o(A;). Note that the largest eigenvalue A of the compact operator (A; + A7)/2
is less than 1. Indeed, if there is a unit vector = such that (4; + A})z/2 = x, then the inequality
*
1= <%x,x> = %(Alx,@ + %( jz,z) <1
8



implies that 1 = (A2, z) and hence A;z = z, contradicting that 1 ¢ o(A;). Since
W(A) C{v e Cip| < 1,01 1| <1, and (v +7)/2 < A},

and W(A) = conv ({1}UW(A;1)), we see that there are two different support lines of W (A) passing
through 1. It then holds (A1) by Proposition ]

Proof of Corollary [0, The assertions in (1) are clear. For (2), let A € B(H) be normal satisfying
(A3) and let, without loss of generality, 1 = ||A|| be an isolated point in the spectrum o(A) of A.
Write A = I; @ A; (an orthogonal sum), where I; is the eigen-projection of A for 1, and 1 ¢ o(A;).
Moreover, we can separate 1 from o(A;) by a straight line in the complex plane. Consequently, 1

and W (A;) = convo(A;) are contained in two disjoint open half spaces. Since W (A) is the convex

hull of the set {1} UW (A1), we see that 1 lies on two different support lines of W (A). Proposition
applies and finishes the proof. [

Verification of Example[I.3. By the Berberian construction, we may assume that A = I + T such
that T is normal and every point e on the unit circle is an eigenvalue. Suppose that A\ € o(AB).
The case A = 0 is done, since 0 € W(A)W(B) as 0 € W(A). Suppose A # 0. Because 0(AB) and
o(BA) have the same nonzero elements, we see that \ € o(BA).

Assume first that A is an approximate eigenvalue of BA. By the Berberian construction, we
may assume that there is a unit vector x such that BAx = Ax. Let Az = ay1x + ao1y such that
a11 = (Az,z) and y is a unit vector orthogonal to z. Because A — I is unitary, we have

(2.4) ]an — 1‘2 + ‘a21‘2 =1.

Using an orthonormal basis with x,y as the first two vectors, and abusing notations for matrices
of uncountable sizes, we see that the operator matrices of A and B have the form

ai]p *x X B b b
*
a1 *x ok and ! with B1 = 1 12 .
ok ba1  boo
0 *x =x
Then W(B;) C W(B),
A=buan +bizazr  and  baian + baaz = 0.
It follows from (2:4) that a;; — 1 lies in the closed unit complex disk. Hence we can write
a1 —1=—a+ (1 —a)”

for some r € [0,27) \ {w} and some « € [0, 1].
0 0

0 1+
{fr, fr}. Let u=/afr++v1—af,. Then

<(A0 — Ig)u,u> = a1 — 1.

Let Ag = be the compression of A on the two dimensional subspace spanned by

Because Ay — I is unitary, ||[(Ag — I2)u|| = 1. In view of ([24]), we see that Ay — I3 is unitarily

aj; — 1
similar to a matrix of the form 1

. T aip *
. Hence, Ay is unitarily similar to A; = and
as1 * a1 *
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W(A1) = W(Ap) € W(A). Note that By A, is in upper triangular form with A lying in the (1,1)
position. Thus, A € 0(B1A;1). Note that Ay, as well as Aj, is a multiple of positive semi-definite
matrix. By the implication (A1) = (A2) in Theorem [L.5] we have

A€ o(BiAr) CW(B)W (A1) C W(B)W(A).

At this point, we have shown that W (B)W (A) contains all approximate eigenvalues of BA. Let
a € 0(BA) and « is not an approximate eigenvalue of BA. Then « is in the interior of o(BA)
and thus there is an approximate eigenvalue A of BA, which is a boundary point of o(BA), such

that a = A with 0 < 8 < 1. Since A € W(B)W(A) = U|,_1<; 2W(B), we have o = Bzb for

some b € W(B) and z satisfying |z — 1| < 1. Since |5z — 1| < flz — 1| + (1 — ) < 1, we have
a € W(B)W(A) as well. ]

Verification of Ezample [T} For any B in B(H), we show that o(AB) C o(BA)U{0} C W (A)W (B).
Since 0 € W(A), we have 0 € W(A)W(B). So, we focus on those nonzero \ € o(BA).

Similar to the Verification of Example[I.3] we only need to consider the case when A is a nonzero
approximate eigenvalue of BA. Using a similar argument as in the Verification of Example [[.3] we
may assume that the operator matrices of A and B have the form

ai]p *x X B b b
*
as] * % and ! with B = 12
koo ba1  boo
0 x =x
Then W(B;) C W(B), and
A =bi1a11 +bi2a21  and  bajaiy + bazag = 0.

Because A — I is a contraction, we see that

lary — 112 + |agi|? < 1.

We can then construct a unitary matrix Ag € M3 with first column equal to (a;;1—1, ag1, agl)t, where

/2 Since A —1I is a unitary operator with spectrum {e’ : ¢ € [0,2x)},

az1 = (1— a1 — 11> —|az1 *)
we may regard Ay as a compression of A — I, and hence I + Ag is a compression of A and can
be viewed as the leading principal submatrix of UAU*, whose first column has only three nonzero
entries, namely, a11, as1,az1. So, the first column of (By @ [0])(I + Ap) equals (), 0,0)¢, and thus
the first column of (B; & O)(UAU™) has only one nonzero entry A lying in the (1,1) position. Since

A satisfies (A2), we have
Aeo((B1®O)UAU")) =o((U*(B1 @ O)U)A)
Co(AU*(B1eO)U))u{0} CWAWU*(B1e0O)U)=W(A)W(B; & O0).

Note that W(B; @ O) = conv{W(B;) UW(O)} = {rb: b€ W(By),r € [0,1]}. By the convexity
of W(A) and the fact that 0 € W(A), if a € W(A) and r € [0,1], then ra € W (A). Therefore,
A€ W(A)W (B & O) implies that A = a(rb) with a € W(A), b € W(B;) C W(B), r € [0,1]. It
follows that A\ = (ra)b € W(A)W (B) = W(A)W (B). |
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