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ABSTRACT. A convex subset B of a real locally convex space X is said to
have the separation property if it can be separated from every closed convex
subset A of X, which is disjoint from B, by a closed hyperplane. The strong
separation theorem says that if B is weakly compact, then it has the separation
property. In this paper, we present two versions of the converse and discuss an
application of them. For example, we prove that a normed space is reflexive
if and only if its closed unit ball has the separation property. Results in this
paper can be considered as supplements of the famous theorem of James.

1. INTRODUCTION

Let B be a bounded convex subset of a real locally convex (Hausdorff) space X.
B is said to have the separation property if it can be strictly separated from every
closed convex subset A of X, which is disjoint from B, by a closed hyperplane, i.e.
there is a continuous linear functional f of X such that

inf{f(z): z € A} > sup{f(z) : © € B}.

B is said to have James’ property if every continuous linear functional f of X attains
its supremum on B, i.e. there is a b in B such that
f(b) =sup{f(z) : z € B}.

The classical strong separation theorem of Klee [7] states that if B is weakly
compact, then B has the separation property. It is also plain that if B has the
separation property, then B has James’ property. In this paper, we shall investigate
possible converses of the above two implications.

In a series of papers [2, 3, 4, 5, 6], R.C. James established the famous James’
Theorem which was extended by J. D. Pryce [8] as

James’ Theorem. For a complete bounded conver subset B of a locally convex
space X, B is weakly compact if and only if B has James’ property.

A major application of James’ Theorem is a characterization of the reflexivity
of Banach spaces: A Banach space E is reflexive if and only if the closed unit ball
of F has James’ property.
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James’ Theorem cannot be extended further to incomplete bounded convex sets.
In [5], R.C. James presented a counterexample to show that a bounded convex set
with James’ property is not necessarily weakly compact even if it is the closed unit
ball of a normed space. We shall use the same example to show that a bounded
convex set with James’ property does not necessarily have the separation property,
either (see Example 6). In other words, the separation property is closer to weak
compactness than James’ property in general. As evidence, we obtain

Theorem 1. A bounded convex body (i.e. convex set with nonempty interior) B
in a real normed space X is weakly compact if and only if B has the separation
property. In particular, a real normed space is reflexive if and only if its closed unit
ball has the separation property.

Conjecture. A bounded convex subset B of a real locally convex space X is weakly
compact if and only if B has the separation property.

We shall present in Theorem 3 a sufficient condition under which our conjecture
holds. Theorem 7 demonstrates an application of our results. It shows clearly
that even a partial answer of our conjecture can improve many classical results, in
particular, for those involving completeness conditions. Although we discuss only
real locally convex spaces in this paper, our results should be easily extended to
complex cases.

We would like to take this opportunity to express our great gratitude to Louis
de Branges and Yau-chuen Wong for their kind motivation and encouragement.

2. MAIN RESULTS

In the following, B always denotes a bounded convex subset of a real locally
convex space X. We note that if B has the separation property, then B is weakly
closed. It is clear that Theorem 1 is a corollary of James’ Theorem and the following
lemma.

Lemma 2. Let B be a bounded convex body in a real normed space X. If B has
the separation property, then B is complete.

Proof. Without loss of generality, we can assume 0 € B. Let B be the closure of B
in the completion X of X. Note that B is a bounded convex body in X. For any
nonzero b in B, Ab belongs to the boundary of B, where A = sup{k : kb € B} > 1.
We want to show that B = B. It suffices to verify that B contains the boundary
of B.

Suppose there were an element b in the boundary of B such that b ¢ B. Let b be
contained in a supporting hyperplane H of B such that H = {z € X : f(z) = 1}
and B C {z € X : f(z) < 1} for some continuous linear functional f of X. In
particular, f(b) = 1. Let b, = (1+ )b for n =1,2,3,---. Let Bg(a;6) denote the
open ball {z € X : ||z —a| < &}. Since Bg(bn;2)N{z € X : f(z) > 1+ 1} is

non-empty and open in X foreachn =1,2, -+ and X is dense in X, we can choose
an’s from X so that a, € Bg(bn; L)N{z € X : f(z) > 1+1}. Then f(a,) >1+2
forn=1,2,3,---, and the sequence (a,,) converges to b in norm.

Let A be the closed convex hull of the a,,’s in X. We want to show that ANB = (.
Suppose an element y in X exists such that y € ANB. Note that y # b since b ¢ B.
Let N be a positive integer such that Bg(b; %) NBx(y; %) = 0. Since y € A, there
exists a sequence {y, } of convex combinations of a,’s converging to y in norm. For
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. k ) k
each n, write y, = > ;" ol'a;, where o > 0 for i = 1,2,--- ,k,, > ;"o =1,

and k,, is a positive integer depending on n. Since y,, — y in norm and f(y) = 1,
there exists a positive integer M; such that f(y,) < 1+ % for alln > M. For each
n> My, 1+ % > f(C0 afa) = X af flai) > S5y e (1+4) = 1+ 257, 4
This implies Zfﬁl O‘TZL < % On the other hand, there exists a positive integer
Mj such that y, € Bg(y; %),Vn > M,. For n > M =max{M, Ms}, |ly, — b|| =
IS0 afa; = bl = [ aa: = bl < T2 aflla; — bl < 2307, 4 < 2.
This implies y, € Bg(b; %),Vn > M. This contradicts the fact that Bg(b; %) N
Bg(y; %) =0. Hence ANB = .

By the separation property of B, there is a continuous linear functional g of X
such that

sup{g(u) : v € B} < inf{g(a) : a € A}.
Let g’ be a continuous extension of g to X. Since a,, — b as n — oo in X,
g'(b) = lim g(a,) > inf{g(a) : a € A} > sup{g(u) : u € B} > ¢/(b).
This is a contradiction! Therefore B = B, and thus B is complete. O

Let (X,S) be a locally convex space. A subset B of X is said to be absolutely
convez if Aa + b € B whenever a,b € B and | A | + | 8 |< 1. For any absolutely
convex $-bounded subset B of X, let X (B) be the linear span of B. Then X (B) =
\,, nB, and B is absorbing in X (B). Hence the gauge vp of B, defined by

~vg(z) =inf{\ > 0:2 € AB},
is a seminorm on X (B) and
{z € X(B): yp(z) < 1} C BC {z € X(B) : y5() < 1}.
Moreover, the boundedness of B ensures that 3| xp) (the relative topology induced

by ) is coarser than the yp(-)-topology. Thus, v is actually a norm on X (B).

Theorem 3. Let B be a bounded absolutely convexr subset of a real locally convex
space (X, ) such that (X(B),vs)* = (X(B),S|x(p))". Then B is weakly compact
if and only if B has the separation property.

Proof. The necessity is clear. For the sufficiency, we shall show that every closed and
bounded convex subset A of (X(B),vp), which is disjoint from B, can be strictly
separated from the closed unit ball B of (X(B),vg). Since the yp(-)-topology is
consistent with the duality ((X(B),S|xm)), (X(B),S[x(B))*), A is also a closed
convex subset of (X(B),3[x(p)). By the boundedness of A in (X(B),vg), A is
closed in (X, S). The separation property of B provides an f in (X, $)* such that

sup{f(b) : b€ B} <inf{f(a):a € A}.
Let g = flx(m); then g € (X(B),S[x(p))" = (X(B),v5)" and
sup{g(b) : b € B} < inf{g(a) : a € A}.

Therefore, the closed unit ball B of (X (B),vg) has the separation property, too.
By Theorem 1, B is weakly compact in (X (B),vg). Note that the topology 3| x (g
is coarser than the yg(-)-topology. It turns out that B is weakly compact in (X, S),
and we complete the proof. O
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Remark. The following two examples indicate that the weak compactness of B
and the condition that (X (B),vp)" = (X(B),S|x())" in the last theorem are
independent in general.

Example 4. Let B be the closed unit ball of the reflexive Banach space ({2, || - ||2)-
Let (X,9) = (2, ||  |loo). Then (X (B),v5) = (f2,] - ||2) and B is weakly compact
in (X(B),vs). Since the || - |[w-topology is coarser than the || - ||2-topology, B is
weakly compact in (X, S). But

(X(B),v8)" = (fa, || - |2)" # (b, | - loo)™ = (X(B), Slx(m))"
O

Example 5. Let X = ¢y, the space of finite sequences, and B be the closed unit
ball of the normed space (fo, || - ||oo). Let & be the weak topology of (Lo, || - ||oo)-
Then

(X(B),78)" = (fo, [ - o)™ = (£0, )" = (X(B), S|x(m))"-
But B is not weakly compact in (X, <), since ({o, || - ||oo) is not reflexive. O

3. A COUNTEREXAMPLE

The following example, which is based on a construction of R.C. James [5], may
help readers to have a better insight into our conjecture.

Example 6. Let E be a countable real Hilbert product of increasing finite-dimen-
sional cp-spaces, so that the members of F are of the form

— 1.,..2 .2, .3 .3 ,.3.
T = ($17$17x27w17$27$37' )

with
(1)

(| = [ 21 [ +(sup{| 27 |,| 23 [})* + (sup{| 27 |,| 23 |, [ 23 [})? +--]'/? < o0,
Let X be the linear span of all members x of F such that
(2) | 27 |=| 25 |= - =] ] | foraln=1,2,---.
Since E is a Hilbert product of reflexive spaces, E is reflexive. It is easy to see that
X is dense in E. Note that

(*) If z € X and « is a linear combination of n members of X satisfying (2), then

for each m > 2" at least two of 27, --- , ] are equal.

Thus the sequence {%} belongs to £ but not to X. Therefore X # F and X is
not complete. In particular, the closed unit ball B of X is not weakly compact.

We shall verify two facts:
(a) B has James’ property (this part is due to R.C. James [5]).

Let f be an arbitrary continuous linear functional on F and x in F be such that
=]l = 1 and f(z) = || f|]. Then there is a sequence of numbers (f/*) such that

(3) flx) = flat + (ffad + f323) + (fiad + foos + f33) +

The norm of z as given by (1) is not changed if for each n we replace each z}* by
+ sup; |z}|, where the “4” is used if f/* > 0 and the “~” if f* < 0. The changes
do not decrease the sum in (3), so the sum does not change and the new x is a
member of the closed unit ball of X at which f attains its supremum.

(b) B does not have the separation property.
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Let

VB net2g gl 111111 ] 1
= G s = V3G g g g gst T g e gt )

By (*), v ¢ X and ||z|| = 1. Let

1 1 1 1 1 1 1 1
=V3(Z: e

:El \/_(27227227237237237 72n7 72n7 )7

1 1 1 1 1 1 1 1
562:\/3(5;?72_3;2_372—3’2_3;“.;2_n7“.72—n’ ")7

111 1 1 1 1 1 1 1 1 1
:CS_\/g(E 2_272_332_372_47532_47§72_47¥3"';2_,17"'72_”;"')7

1 1 1 1 1 1 1 1 1 1 1 1
xn:\/g(i;z_Q’Q—S;z_S’ﬁ’Z?;.”;2_n72n+1’”.’22n71;2n+1’2n+1’.”’2’n+1;”.)'
It is easy to see that anXand |zl = 1 for all n = 1,2, - ~and:rn—>:rin
norm as n — oo. Let a, = (1+ 1)z, It follows that a, € X, ||an||—1+ for all
n=1,2,---,andanﬂxinnormasnﬂoo

Let A be the closed convex hull of the a,’s in X. We want to verify that A and
the closed unit ball B of X are disjoint. Suppose y = (y{”)?jmn is an element
of the convex hull of the a,’s. Let y = Zle a;a,, for some positive integer k,

where a; > 0 and Z _,o; = 1. Then |ly|| = 1+ p, where p = Zf 1o >0,
and y* > y3* - > ym for m = 1,--- ,ng (without loss of generality, assume
ny<ng < < nk). In particular, the convex hull of the a,’s is disjoint from B.
If a is a cluster point of the convex hull of the a,,’s in E with ||a|| = 1, then a* >
agt > --- > al for all m. In fact, there exists a sequence {y,} in the convex hull
of the ay,’s such that y, — a as n — oo, say y, = Zfﬁl ala; = Zf;l (14 1),
where o' > 0, Zf;l of =1, and k, is a positive integer. Then for any positive
integer m, 1 < 5 < m,

m—1 m—1 an \/§ kn kn a?
(Yn)j" = Qm(zo‘?+ 71>+W(Za?+271>-
i=1 i=1 i=m i=m

ajt —ajfy, = nh_{go[(yn)?l = (yn)i]
V3 VB Lk ay
= (Gt -)[nh_{go(z af + Y )

2 (Gt~ )l

2m+j
k
3 3 -
V3 V3 . Z o
If limy, 00 Z = 0, then for any given £ > 0, there exists a positive integer

M such that Zi:m o' < e for all n > M. This implies > ", o > 1 —¢ for all
n > M. It follows that for all n > M,

m—1 m—1 m—1
(Yn)j" = 5o Z +Z 22—ml+%)(2a”)>é/j(l+ 1)(1—5).

=1
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Therefore

al' = nlLH;o(y">7 > 2—m(1 + E)(l —e).

Let ¢ — 0; we have a* > 2‘/—3(14— L) for all positive integer m and 1 < j < m. Then
la]| > 1, which contradicts the fact that ||a|| = 1. Hence lim,,—. Zfﬁm af > 0 and
m V3 V3 w

jaiiy > (2m+j—1 - 2m+j)(nh—>ngo Z a;’) >0

=m

a

for all positive integers m and 1 < 7 < m — 1. By (*), a ¢ X, and consequently,
a ¢ B C X. Hence A and B are disjoint. Next, we show that A and B cannot be
strictly separated. Suppose there were a continuous linear functional f of E such
that

sup{f(d) : b € B} = ||f|| < inf{f(a): a € A}.
Since a, — x as n — 00,
inf{f(a):a € A} < nli_)H;Of(an) = f(z) <[ fll.

This is a contradiction! Hence A and B cannot be strictly separated. |

4. APPLICATIONS

Let us recall that a Banach space is reflexive if and only if its unit ball is weakly
sequentially compact [1]. The following extends some of James’ results (cf. [4])
from Banach spaces to normed spaces.

Theorem 7. Let B be the closed unit ball of a real normed space N. Then the
following are equivalent:
(1) B is weakly compact.
(2) B is weakly countably compact.
(3) For each sequence {xy} in B there is an x in B such that for all continuous
linear functionals f,

lim () < f(z) < T f ().
(4) If {K,} is a decreasing sequence of closed convex sets in X and B[ K, is
non-empty for each n, then BN ([,>, Kn) is non-empty.
(5) B is weakly sequentially compact. -
(6) If S is a weakly closed set and BN S is empty, then d(B,S) = inf{||b — s]| :
be B,se S} >0.
(7) B has the separation property.

Proof. The implications (1) = (2) = (3) = (4) and (1) = (5) = (6) = (7) are
proved in [4], and the implication (7) = (1) follows from Theorem 1.

We shall show that (4) = (7). Suppose (4) holds but there were a closed convex
set A disjoint from B which cannot be strictly separated from B by a closed hyper-
plane. In particular, d(A, B) = 0. We can thus choose a,,’s in A and b,,’s in B such
that ||a, — by|| — 0 as n — oco. Let K, be the closed convex hull of {b,, by41,- -}
forn =1,2,---. We want to show that (), K, = 0. If there exists an element b
in ,,>1 Kn, then for all continuous linear functionals f, we have

i f (bn) < f(b) < T f (bn).
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As
|f(an) = F(0n)] < [ fllllan = ball — O,
we have
limf(an) < f(b) <limf(an), Vfe X"
By the strong separation theorem, b is in the closed convex hull of {a,,ant1, -}
forn=1,2,---. Then b € AN B. This is a contradiction, and thus ﬂn21 K, =0.
This again conflicts with (4). Hence B has the separation property. O

We end this paper with an open problem which seems to be an intermediate
(and possibly critical) step to our conjecture.

Problem. Does the continuous linear image of a bounded convex set with the
separation property still have the separation property?

It is clear that similar questions concerning weak compactness and James’ prop-
erty have positive answers.
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