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1 Introduction

Let H be a real Hilbert space endowed with an inner product (-, -). The complementarity
problem CP(K,T) in H is, for any given closed convex cone K C ‘H and a continuously
F(réchet)-differentiable mapping 7': H — H, to find a vector € H such that

re K, T(x)e K* and (z,T(z)) =0 (1)

where K* := {x € H | (x,y) > 0 Yy € K} is the dual cone of K. A closed convex
cone K in H is called self-dual if K coincides with its dual cone K*; for example, the
non-negative orthant cone R% := {(z1,...2,) € R" | ; >0, j =1,2,...,n} and the
second-order cone (also called Lorentz cone) IK" := {(r, /) € R x R" | r > ||2/||}.
This paper is concerned with the complementarity problem associated with the infinite-

dimensional second-order cone IK in H which is closed, convex and self-dual (see Section
2 for its definition). The problem, denoted by CP(IK,T), is to find an = € IK such that

relK, T(z)elK and (z,7(z)) =0. (2)

This class of problems arises directly from the optimality conditions of certain types of
infinite-dimensional optimization problems such as the one in [10], which is the refor-
mulation of a min-max optimization problem with linear constraints in a Hilbert space.

Recently, nonlinear symmetric cone optimization and complementarity problems in
finite-dimensional spaces such as semidefinite cone optimization and complementarity
problems, second-order cone (SOC) optimization and complementarity problems, and
general symmetric cone optimization and complementarity problems, become an active
research field of mathematical programming. Taking SOC optimization and comple-
mentarity problems for example, there have proposed many effective solution methods,
including the interior point methods [2, 18, 21, 22|, the smoothing Newton methods
[5, 9, 11], the semismooth Newton methods [16, 19], and the merit function method
6, 3]. However, to our best knowledge, there are few works about nonlinear symmetric
cone optimization and complementarity problems in infinite-dimensional spaces except
[10], in which with the JB algebras of finite rank primal-dual interior-point methods are
presented for some special type of infinite-dimensional cone optimization problems.

In this paper, we consider a merit function method for solving the problem CP(IK, T').
The method aims to seek a smooth merit function ¥ : H x H — IR, satisfying

U(r,y) =0 <= v K, yeckK, (r,y) =0, (3)
and reformulates the problem CP(IK,T') as a smooth minimization problem

gél?ril U(x,T(x)) (4)



in the sense that x* is a solution of CP(IK, T') if and only if 2* solves (4) with zero optimal
value. We call such U a merit function associated with IK. Like handling complemen-
tarity problems in finite-dimensional spaces, we seek a merit function associated with IK
with a complementarity function (C-function for short) associated with IK. Specifically,
a mapping ®: H x H — H is called a C-function associated with IK if for any z,y € H,

O(z,y) =0 <= €K, yelK and (z,y)=0.

Clearly, the squared norm of ® induces a merit function associated with IK.

When H is the Euclidean space IR™, the Fischer-Burmeister (FB) and natural residual
(NR) C-functions associated with the SOC IK" [9] are respectively defined as

O . (z,y) = (2% + y2)1/2 —(r4+y) Vr,yeR" (5)

and
®NR(x7y) =T (l‘ - y)—i— V:v,y € IRna (6)

where 22 = z ez with “e” means the Jordan product in IR™, z'/2? with = € IK" is a vector
such that z'/2 @ 1/2 = z, and (z), denotes the projection onto IK". The function @
was well-studied in [6, 20], and particularly its squared norm was shown to be a smooth
merit function in [6]. Since the squared norm of & is not differentiable, it is often
involved in the smoothing methods for the SOCCPs [5, 11]. The above two C-functions
are subsumed in Kanzow and Kleinmichel C-function associated with IK":

Py(z,y) = [(z — y)* + 2z 0 y] V2 _ (x+y) Vr,yeR" (7)

where ¢ is an arbitrary but fixed real number from [0, 2). This function was studied in [4]
and its squared norm with ¢ € (0,2) was shown to be continuously differentiable. Note
that, when n = 1, ®_., & . and ®; reduce to the FB NCP-function [8], the minimum
function [14], and the Kanzow and Kleinmichel NCP-function [12], respectively.

To define these C-functions in the Hilbert space H, we introduce the Jordan product
associated with the cone IK, and extend the Kanzow and Kleinmichel C-function defined
in (7) to H and show that it satisfies the property (3) for each t € [0,2). In Section 4, we
prove that the squared norm of this class of C-functions with ¢ € (0,2) are continuously
F-differentiable in H x H. Note that the corresponding results in [4, 6] were proved by
the spectral factorization of vectors, but here we shall not formally use this concept. In
Section 5, under the monotonicity assumption, we establish that every stationary point
of the unconstrained minimization problem involving this class of merit functions is a
solution of CP(IK, T"), which generalizes the results of [4, Prop.4.1] and [6, Prop.3].

Throughout this paper, || - || denote the norm induced by the inner product (-,-) in
‘H. For any given Banach spaces X and Y, let £(X,)) denote the Banach space of all
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continuous linear mappings from A" into . We simply write L(X, X) = L(X) and de-
note GL(X') by the set of all invertible mappings in £(X). The norm of any [ € £(X,))
is defined by ||| := sup{||i(z)|| | = € X and ||z|| = 1}. In addition, for any self-adjoint
linear operator [ from X — X, we write [ > 0 (respectively, [ > 0) to mean that [ is
positive definite (respectively, positive semidefinite).

2 Lorentz cone and Jordan product

This section is devoted to introducing the Lorentz cone IK mentioned above which is the
unique self-dual cone in a family of pointed closed convex cones K in H. Every cone
in K is the image of IK under some mapping in GL(#). Associated with the self-dual
closed convex cone, the Jordan product is introduced into the Hilbert space H.

For every integer n > 1, the Lorentz cone IK™ given in Section 1 can be written as
1
K':=<qzeR" | (x,e) > —|x with e = (1,0) € R x R"*.
{rem oz} (1.0)
This motivates us to consider the following closed convex cone in the Hilbert space H:
K(e,r) = {w et | (w.e) =)ol |
where e € H with |le|| =1 and r € R with 0 < r < 1. Observe that K(e,r) is pointed,
ie, K(e,r)N(—K(e,r)) ={0}. Let (e)* :={w € H | (x,e) =0}. Then any z € H can
be written as z = 2’ + e with 2’ € (e)* and A € IR. By noting that
z,e) > rlz]| = A>r(|2]]?+ \)V? —= A> |l ,
(x,e) = (] = r([|] ) _mH I

the closed convex cone K (e, r) can be expressed as

K(e,T‘): {x/_i_AeeHl LE‘/G <6>J- andAZﬁ“x/H}

Proposition 2.1 For any unit vector e € H and 0 < r < 1, the dual cone of K(e,r) is
K(e,v/1 —1r2). Hence, the cone K (e, \%) ={2' +Xee M| x> ||} is self-dual.

Proof. Let x =2’ + Xe € K(e,v/1—1?) and y = ¢ + ue € K(e,r) be arbitrary. Since
A > [[#'] - [yl we have (z, y) > (', y') +||2[| - |y'[| = 0. This proves that

K(e,vV1—1r2)C K*(e,r).



Conversely, let x = 2’4+ Xe € K*(e,r) be arbitrary, and we will prove x € K(e,v/1 —1?),
e, A >r~1y/1 —r2|[2/|. This is trivial when 2’ = 0. When 2’ # 0, by considering the
element v = —r~1y/1 —r22’ + ||2'|| € of K(e,r), we have

0< (o) = (A= VI= 22|} '],

which implies the result. The proof is complete. O

Note that the unit vector e € H is not unique. Every unit vector e determines a
Lorentz cone K (e, \/LE) In this work, we consider a fixed unit vector e and write

]K:K(e,%) :{x’—l-)\ee’}-l | )\2||x’||}.

Unless stated otherwise, we shall alternatively write any x € H as x = 2’ + Ae with
7' € (e)* and A\ = (x,e). This expression is needed for stating many results and sim-
plifying the computation in the subsequent analysis. In addition, for any x,y € H, we
shall write x > y (respectively, z = y) if x — y € intIK (respectively, z — y € IK).

Next we show that the solution sets of complementarity problems associated with
any K (e,r) are related to those associated with IK via the mappings in GL(H).

Lemma 2.1 For any given 0 <r,s <1, let A, o : H — H be the mapping defined by

V1 — g2 A
Apsy(' + Xe) = F‘Zx’%—%e Vo' + de € H.
-7

Then, the following statements hold.
(a) Ap,s) € GL(H) with A(’T’ls) = N, and A5y maps K(e,r) onto K (e, s).
(b) Let A, = A(r,%)' If r? + s* =1, then (A (z), As(y)) = 5= (x,y) for all z,y € H.

Proof. (a) It is clear that A, is linear and A(’T’ls) = As). For 2’ € (e)+ and X € IR,
1—s? s 1—s? s
/ 2 _ "2 2 / 2
el 00 = 155 P+ 55 2 < ma{ 125 e el
This proves the continuity of A 4. Also, A5y maps K (e,r) onto K (e, s) by noting that
o'+ Xe € Aoy (K(e,r)) <= Ain(a'+ Xe) € K(e,r)
rA T V1—1r2

= -2 : Egl

s V1—r2  /1-—s2
— A>—" ||
T V11— 52 .




(b) We write x = 2’ + e and y = y' + pe. Then,

1 A 1 A
A (2" 4+ Xe) = '+ e = x + e:
S TR Y, Ry, MY »
1 " 1 "
Ay + pe) = '+ e= "+ €.
&+ pe) V2r Y 2(1—r?) V2r Y V2s
Now, the assertion follows immediately by a direct computation. O

From Lemma 2.1, we immediately obtain the following proposition.

Proposition 2.2 Let 0 < r,s < 1 be such that r*> + s> =1, and T: H — H be given.

(a) A point x € H solves the problem CP(K(e,r),T) if and only if A,.(x) solves the
problem CP(IK,AgoT o A71).

(b) If & : H xH — H is a C-function associated with IK, then the mapping ®,(x,y) :=
DA (x),As(y)) is a C-function associated with K (e,r).

Next we introduce the Jordan product associated with the Lorentz cone IK. For any
x=a'+Xe € H and y =1y + pe € H, we define the Jordan product of x and y by

zey = (uz' +Xy)+ (z,y)e, (8)

and write > = z e z. Clearly, when H = IR" and ¢ = (1,0) € IR x IR™!, this
definition is same as the one given by [7, Chapter II]. By the definition in (8) and a
direct computation, it is easy to verify that the following properties hold.

Property 2.1 (i) rey=yex andzee=x forallz, y € H.

(i) (x+y)ez=xez+yez forallx, vy, 2€H.

(iii) (z,yez)=(y,xez2)=(z,xe0y) forallzx,y, z€H.

(iv) Foranyz =2 +Xe € H, 22 =z ex =2\ + ||z|*c € K and (2% ¢) = ||z||.

(v) If z =2’ + de € K, then there is a unique 2"/ € IK such that (v'/%)* = z, where

0 ifz=0; . A+ /A2 — [|2]]2
/2 _ ’ —
. { ' /(27) + Te  othewise with 7 \/ 2 - 0

(vi) Every x =’ + e € H with \*> — ||2/||*> # 0 is invertible w.r.t. the Jordan product,

i.e., there is a unique point v~ € H such that x e =1 = e, where
/
-1 —x + e
= 10
e P 1o

Moreover, x € intIK if and only if 7! € intIK.
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Associated with every x € H, we define a linear mapping L, from H to H by
L,y:=xey foranyyeH. (11)

Clearly, L, € L(H). Also, the mapping possesses the following favorable properties.

Lemma 2.2 For any x € H, let L, € L(H) be defined as above. Then, we have
(a) 2>k 0<«<= L, >0 and z >k 0<= L, = 0.
(b) If z= 12"+ Xe with A\ # 0 and |\| #||2'||, then L, € GL(H) with the inverse given by

Lily=X"(y — (@ ya') + (e ye foranyy=y' +puecH.  (12)

Proof. (a) Fix any z = 2/ + Ae € H. It suffices to prove the first equivalence, and the
second equivalence follow from the first equivalence and the closedness of IK. Note that
L, = 0if and only if (h, L,h) > 0 for any h = h' + {e € H\{0}, whereas

(hy L h) >0 <= MW|*+2/, b)Y + A\ > 0
<= A>0 and 4(z/,h)* —4N|R|> <0
< A>0 and [|2] <A\

(b) To prove L, € GL(H), it suffices to prove that L,y = 0 for some y = ¢/ + pe € H
implies y = 0. Indeed, since L,y = 0 implies ||z ® y||*> = 0, which is equivalent to

M 4+ py =0 and (2/,y") + Ap=0.

Since A\ # 0, from the first equality we have y' = —X~'uz’. Substituting it into the
second equality yields p = 0, and so ¢ = 0. A direct computation verifies (12). O

3 Kanzow-Kleinmichel merit function

In this section, we will extend Kanzow-Kleinmichel C-function in (7) to the real Hilbert
space H, and present some technical lemmas that will be used in the subsequent analysis.
Let ¢ be an arbitrary real number in [0,2). Define the mapping ®;: H x H — H by

1/2
Ou(z,y) = [(z—y)?+2(@ey)]”” — (@ +y). (13)
Note that, for any ¢t € [0,2) and any z,y € H,

(z—y)+2(rey)=(z+(t—1y)?+t2—1t)y’ €K (14)



Hence, the function &, is well-defined. It is easy to see that when t = 1 and ¢t = 0, ¥,
reduces to the FB and the NR C-function associated with IK, respectively.

To show that each ®; is a C-function associated with IK, we need the following result
which is an infinitely dimensional version of [9, Prop.2.1]. The proof given in [9] was
based on the geometry of vectors in Euclidean spaces, that is, the notion of an angle
between vectors. We here give another proof without using this notion.

Lemma 3.1 For any =, y € H, the following statements are equivalent:
(a) v e K, ye K and (z, y) =0;

(b)) zeK,yecIK andzrey =0;

(c) z+yelK andzey=0.

(d) It holds that (i) v =0, y € K; or (ii) x € K, y = 0; or (i11) v € K, y € K and
(x,y) =0, where 0K := {2/ + e € H | A= ||2’||} denotes the boundary of IK.

Proof. Clearly, (b) = (c¢) and (d) = (a). We need to prove (a) = (b) and (c¢) = (d).

(a) = (b). Write x = 2/ + Xe and y = ¥ + pe. By (8) and (x,y) = 0, we have
reoy=(ux’+ \y). Since A > ||2/|| and u > ||| by =,y € IK, it follows that

lna’ + My |1* = i l2/|]* = 2X°% + M ly'[I* < 0,

and pua’ 4+ Ay’ = 0 follows. Thus, we obtain x e y = 0, and hence (a) implies (b).

(¢) = (d). Since z @ y = 0 implies ||(uz’ + \y') + (z,y)e||* = ||pa’ + N/ ||* + (z,y)*> = 0,
we have (z,y) = 0 and pa’ + Xy’ = 0. If A = 0, # 0, then from pz’ + Ay’ = 0 and
(x,y) =0, we get 2’ =0, and then x = 0. Together with x 4+ y € IK, we obtain y € IK,
and so Case (i) holds. If A # 0, = 0, a similar argument yields that Case (ii) holds.
If \ = u =0, then from = + y € K it follows that ||z’ + ¢/|| = 0. This along with
(x,y) =0 and A = 0, = 0 yields that 2 = 0 and y' = 0, and consequently, x = y = 0.
Hence, Cases (i), (ii) and (iii) hold. Now, assume that Ay # 0. From pz’ + Ay’ = 0
and (z, y) = 0, we obtain A\ = ||2/||* and p® = ||¢/||>. This, together with z + y € IK,
ie. (A+wp)? > ||2/ + ¢/||?, implies Au > (', v') = —Au, and hence Ay > 0. Since
A p > |2+ ||, we get A >0 and g > 0. Thus, A = ||2/|| and p = ||3/||, which implies
that z,y € IK. That is, Case (iii) follows. O

Let U;: H x H — IR, denote the squared norm of the function ®;, that is,

\Ijt(x7y) = ||(I)t(x7 y)||2 V$,y eH. (15)



From the expression of ®; and Lemma 3.1, it follows that

Uy(z,y) =0 Oz, y) =0 & z+yeclKand (z—y)>+2t(vey) = (v +y)
& r+yelKandrxey=0
& ek, yel, (x,y)=0.

These equivalence immediately implies the following result.

Proposition 3.1 The functions ®; and V; are respectively a C-function and a merit
function associated with IK.

In what follows, we provide some necessary technical lemmas that will be used later.

Lemma 3.2 For any given 0 <t <2, x =12+ e € H and y =y + pe € H, we have

(x -y +2t(rey) €K <= 2?+y* € IK
= (Al =12l [l =11, A=y (16)
= Ny = ua’
Proof. Using |A| = ||2/||, x| = ||¥/|| and A = {2/, /'), it is easy to verify ||[A\y'—uz'||* = 0.
So, the implication in (16) holds. Now we prove the second equivalence. Noting that
2yt = 200"+ py) + (2P + yl?)e,
200" + /| < 2] + 2wyl < Ml + Iyl

we have 22 + y? € JIK if and only if ||| + ||y||* = 2|| /|| + 2||xy/|| = 2| Az’ + /||, i-e.,
(AT =12'D* + (el = Mly'1)* = 0 and [|Az’[| + |py/[| = [[A2" + p/|]. Thus, we have

o’y € 0K <= |\ = |2/, [ul = IVl Aada’s ') = [l - [l [yl
We may argue that, when |A| = ||2/|| and |u| = |||, there holds that
Al y') = [l -2 ]l = A= (2 y).

Indeed, if the equality on the right hand side holds, then Au(z’,y’) = AN2u® = |\l -
2’|l - ||¥/]], which implies the equality of the left hand side. Assume that the equality of
the left hand side holds. If Ay = 0 or ||2/| - [|¢/|| = 0, then & = 0 or y = 0, and thus
Ap=0=(2",y); and if Au # 0 and [|2'|-||y/'|| # O, using Adu(2’, y') = [Ap|-[|2[| -[[y/[| > O
then yields that [(z/,v')| = ||2|| - ||¥/]| = | | and (2’,3') = Ap. This proves that the
equality of the right hand side holds, and the second equivalence in (16) follows.

To establish the first equivalence in (16), it suffices to prove that
(z—y)* +2t(zoy) €K = [N =|2'll, lul =¥l = ("y). (A7)

9



Recall that (x —y)2 +2t(zey) = (x + (t — D)y)? + (1 /t(2 — t) y)?. By the result above,

(z—y)’+2xey) €K = A+ (t—1)pu| ="+ -1y, |ul =y,
pA+ (= Dp) = @'+ (t =y, ¢).

Taking into account that |u| = [|3/|| implies the following equivalences

A+ (t—Dpl = llz" + (¢ = 1)y || <= N +2(t —DIp = ||l2'|* +2(t — 1){z",3),
pA+ (= 1Dp) =@+t -1y, y) <= = ("),

we immediately obtain (17). Thus, the proof is complete. O
The following lemma is essentially proved in [6, Lemma 3]. We give a simpler proof.

Lemma 3.3 For j =1,2, let x; = 2, + N\je € H. If My} + Xoxy # 0, then for j =1, 2,
/\117/1 + )\21"2 2

. /\1[E/1+)\21L‘/2 2
Aj+(—1) , < :
(] - <\|A1xa+A2xg|| ) s Tz + e

<l + llwall* + 2(=1)7 |y + Aazs .

o+ (=1 X

Proof. It suffices to prove the inequalities for j = 1. The first inequality holds trivially
since (v, w)| < ||v]| - [Jw|| for all v,w € H. The second inequality is proved as follows.

2 2

[ A1z 4 Aowh]|

)\11‘/1 + /\21‘/2
[ A1z 4 Aoah]|

Ty — M = ||1z}|I* - (A1, A 4 Aoh) + A3

2()\2$/2, )\11"1 + )\21”2>

2 / /
= |lz1||* = 2| A\ 12 + Xoxs ]| +
|| 1” || 141 2 2“ ||)\1$I1—|—/\2ZL’/2||

<zl = 2002 + Aoas|| + 20 [l
< lal® = 20M2y + Aoz + [l
where the last inequality is using ||z2||* = A3 + |25 ||*. Thus, the proof is complete. O

To end the contents of this section, we recall the concept of F(réchet)-differentiability
and present some continuously F-differentiable mappings for later use. For given Banach
spaces X and ), a mapping f from a nonempty open subset X of X into ) is said to
be F-differentiable at x € X if there exists [, € L(X,)) such that

fle+h) = flz) —lh _

lim =0,

h—0 | Al

and [, is called the F-differential of f at x, written by f’(x). When f is F-differentiable
at every point of X, we say that f is F-differentiable on X. If f is F-differentiable
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on a neighborhood U C X of a point 2z, € X, and if, as a mapping from U into
the Banach space L£(X,)), the mapping z —— f'(z) is continuous at zo, then f is
said to be continuously F-differentiable at xo. The mapping f is called continuously
F-differentiable on X if it is continuously F-differentiable at every point of X. Note
that if f € £(X,)), then f is continuously F-differentiable on X with f'(z) = f for
every © € X, i.e., f'(x)v = f(v) for all v € X. By the definition, it is easy to verify the
continuous F-differentiability of the mappings given below.

Example 3.1 (i) f(z) = (x.e) for any x € H with f'(z)v = (v,e) for all v € .
(ii) f(z) =2 — (z,e)e for any x € H with f'(x)v = v — (v, e)e for allv € H.
(iii) f(z) =22 =z ez for any x € H with f'(x)v =2z ev for allv € H.

(iv) f(z) = ||z|]? for any = € H with f'(z)v = 2(x,v) for all z,v € H.

(v) f(z) = |lz]| = (x,2)? for any x € H. Such f is continuously F-differentiable only
on H\ {0} with f'(z)v = = (x,v) for allv € H.

[l

4 Smoothness of merit function

This section is devoted to establishing the continuous F-differentiability (smoothness) of
U,. For this purpose, we first investigate the F-differentiability of two special mappings
defined as in the following two lemmas, respectively.

Lemma 4.1 Let o(x) := 2'/% for any v € IK. Then, the following statements hold.

(a) o is continuously F-differentiable on intlK, and for all v € H,

A% — [l

2T

v—(v,e)e

<I'_1/2, U)l‘_1/2 +
27

o'(x)v =
where T is given as in (9).
(b) For every x € intlK, 20'(z)v = L;(lx)v for allv e H.

(c) For every x € intlK, the F-differential o'(z) is a self-adjoint operator in L(H),
i.e., {(o'(z)v,w) = (v, 0’ (x)w) for all v,w € H.

Proof. (a) Recall that o(z) = % +7e for x = 2’ + Ae € IK\ {0}. Since 7 as a mapping
of x € K\ {0} is F-differentiable on intlK, the function o is F-differentiable on intIK.
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The differential of o is computed as follows. Taking into account 272 = A ++/\2 — ||2/||?,
by Example 3.1 it is not hard to calculate that for all v € H,

Mv,e) — (v,2')  (v,27%e —a)

e VA F B

4rr'(x)v = (v,e) +

and consequently,

1 ! 1
T’(I)U = —— ( Te — $_7U — —<$_1/2,U>.
2/ N — [|l'||? 27 2

Together with the expression o(z) = & + e, we obtain that

o(z)v = _7—2,5_?1}:10’ + % (v—(v,e)e) + (T'(x)v) e
x71/2 v —ZB,
= { 27_’ ><2T +7 >+%(v—(v,e)e) (18)
)

= A2 — |22 /2 4 — (v, €e)e).

We next prove that the F-differential ¢’ is continuous at any given point a = a’ + ae €
intlK. For any z = 2/ + Ae € intlK, we write

A 2 _ ]2 N2 _ 212
T(I‘):T:\/ + 5 [l and p(x):—QT(J’)xH.

Then, from the last equality in (18), it follows that for all v € H,

lo”(z)v = o’(a)u]|
1 1

< [lo@) 2 02 = pla)a a2 o | = o= (o el
< ble) — @) [ 0] o]+ pla) [ a2 ] e
_ _ _ 1 1
#p(a)-|(@ 0] - a2 = a2 | s = s
1 1
— 22 — .
< Ile) = @)l B ol + |5 = |
+p(a) - le=2 = a7 (|22 + [ []) - ol
This implies that
1 1

Ioz) = @I < 1) = p@)l- =7 + |5~ 5

+p(a) - [Ja™2 = a 2| (2 2) + la2))
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and consequently ||o’(z) — o’(a)|| — 0 as z — a.

(b) From the second equality in (18) and equation (12), we obtain for any v = v'+fe € H,

1 —a v’
2 / — - —1 . _
o'(x)v T(a(m) ,V) ( o +’7‘€) +
1 ! 1 1
/ — — —
= (V=@ ) 4 e e = Lk
(c) For any given v,w € H, we write ¢'(x)v = v; and o’(z)w = wy. Then, by part (b),
we have v = 20(x) ® v; and w = 20(z) @ wy, and consequently
(o' (x)v,w) = 2(vy,0(x) @ wy) = 2{c(z) ® v, w1) = (v, 0’ (z)w).

This shows that ¢’(z) is a self-adjoint operator. The proof is completed. O

Lemma 4.2 For any z,y € H andr € R, let ¢, (z,y) = 2((x* + y2)1/2 ,x+1y). Then,
(a) v, is F-differentiable at every point (a,b) € H x H with a®> + b € JIK.
(b) For any given x =2’ + Xe € H and y = y' + pe € H with 2* + y* € 9K \ {0},

C2(A+rp)

"z, y)(v,w) = ——=2
for all v,w € H. Furthermore, ||y (z, )| < 4(1+ |r)\/|lz]]? + ||y||*.

Proof. (a) For any (z,y) # (0,0), it can be seen that 1, is F-differentiable at (0, 0)
since

(¥ (2, y) = 0 (0,0)] = 2 [{(2® + y*) " &+ ry)| < 24/l + [yl - [l + ryll.

(v, z) + (w,y)) +2<(m2 +y2)1/2,v+7“w>

Next, we consider the case where (a,b) # (0,0). Write a = a’ + ae and b = b’ + fe.
Since a? 4+ b* € JIK, we have 2||aa’ + V|| = ||a||* + ||b]|* > 0. So, there exist a convex
and bounded open neighborhood U of (a,b) in ‘H x H and a constant p > 0 such that
|Az" + By/|| > p for any (z,y) € U with x = 2/ + Ae and y = ¢y + pe. Notice that

Az’ + py'

2 211/2 _
Tty =
( ) T(z,y)

+7(x,y)e

where

P Tl + VP + TTlP)? = 4llhe’ + |2

13



Write
7 =7i(x, y) = [z + lyl? + 2(=1)7 |A2’ + py/|| for j =1,2.

It is not difficult to verify that

1 _
T(x,y) = VaRavE and _ YRovn . (19)
2 T(z,y) 2  + ||
Consequently,
)\ / !
Ur(z,y) = 2 <%x’ + ry'> + 27 (2, y) (A + 711
(VR VA <Mx+y> (VA V) ()
| Az" + py/||

= oi(z,y) + e2(2,y)

where

Az’ + py'

wi(z,y) = /Ti(z,y) | A+ +—1j<ﬁ,
) =t (Aot (1) (A

2 —I—ry’>> for j =1, 2.
Since Az’ + py’ # 0 for any (z,y) € U, the mappings
(z,y) — A2’ + /|| and (z,y) — A2’ + py/|| ™

are continuously F-differentiable on U, and then \/75(z, y) is continuously F-differentiable
on U since o(z,y) > 0 for (z,y) # (0,0). Hence, ¢ is continuously Fréchet differentiable
on U. To prove that ¢ is F-differentiable at (a,b), we let

fle,y) = Atrp,  gle,y) = '+, ple,y) = ||§Ez’ zill’
h(z,y) =" +ry, psz,y) = flz,y) — (p(z,y), h(z,y))

for any (z,y) € U with x = 2’ + Ae and y = ¢/ + pe. Then,
]

iz, y) = [zl + lylI> = 2llg(z,9)|| and @1(z,y) = V/7i(2,y) s(x,y). (20)

By Example 3.1, it is not hard to calculate that for any (v,w) € H x H,

f/(ZL“, y)(v7w) - <U, 6) + T<w’ 6>;

g (@, y)(v,w) = M+ (v,e)(@" = Ae) + pw + (w,e)(y' — pe);
o) = JEYw) (g y)(vw),g(zy)
P = Syl loGylr Y
W (z,y)(v,w) = v—(v,e)e+rw—r{w,ee.
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Note that ||g(z,y)|| > p for all (z,y) € U. By the boundedness of U, there is a constant
¢ > 0 such that ||z|| + ||y]| < ¢ for all (z,y) € U. Thus, for any (z,y) € U and any
(v,w) € H x H, from the last four equalities it follows that

17, y) (v, w) | < (rl+ D)ol + [[wl), 11z, y) (v, w)]| < (r] + Dol + [lwl),
[v

I )0 )] < 2elo] + ), o)) < L)

Consequently,

171 (. y) (v, )]

e+ 20, - 2000 st )]

lg(x, y)
< 2c(flofl + [[wll) + 2[lg (2, y) (v, w) || < 6e(l|lofl + [[wl]),

s (z, y) (v, w)| < (1 (@, y) (v, w)|| + 112 (2, y) (v, w)|| - [, 9) || + 17 (2, y) (v, )|
< Mi(|lv]l + [lwl)

where My = 2(|r] + 1) + 4p~*c*(Jr| + 1). By the mean-value theorem, for any given
(x,y) € U, there exists (Z,y) € U on the line segment joining (a, b) to (z,y) such that

|03z, y) — w3(a, b)| = |£5(2,9)(x — a,y = b)| < My(||lz — all + [ly — b))

We claim that @3(a,b) = 0. To see this, from Lemma 3.2, |a|] = ||d/|, |8| = [|V']| and
af = (a’,'), which implies that ||aa’ + 8| = o + 32, and

1
ps(ab) = atrf—— " (alld'|[* + (rac+ B)(a", V') + rB|V']*)
= a+rf— a2+62(a3+ra2ﬁ+aﬁ2+rﬂ3) = 0.
This claim implies that
lps(@, y)| < My([lz —all + [ly —0l]) for any (z, y) € U. (21)

In addition, noting that 71(a,b) = 0 and applying the Mean Value Theorem to 7y,

Vri(e,y) < Mz /llz = all + ly = bl| for any (z,y) € U, (22)

where M, = v/6¢. Now from equations (20)-(22) it follows that, for any (z,y) € U,

lp1(2,y) = pa(a,b)] = lpi(x,y)| < MiMa(l|lz — all + [ly — bI)*?,

which says that ¢, is F-differentiable at (a,b) with ¢} (a,b) being the zero mapping in
L(H x H,IR). So, 1, is F-differentiable at (a,b) with ¢/ (a,b) = ¢4(a,b).

(b) From part (a), we know that ¢/(z,y) = ¢,(z,y). To compute ©h(z,y), we write

Ay,
x,y) = flz,y) + (p(z,y),h(z,y)) = A+71 +<—,x +ry ).
i) 2= )+ (ol ), b)) = Aot (e E

15



From the expression of yy(z,y), it follows that wo(z,y) = \/T2(z,y) - pa(x,y). Hence,

eitrow) = BELEED o)+ VRl e pew) 3

for any v, w € H. By the expressions of ¢4(x,y) and m(x,y),

Py w) = [ y) (0, w) + (B, y)(0,w), (e, y) + (o), B @, )0, w),
(95 9) (0, w), 9(r,9) o)

@ w) = 20v2)+ 2w, y) + 250

Since |A| = [[2'[[, |u] = [ly']l, A2’ + py'[| = A* + 42, (2',y') = Au by Lemma 3.2, we have
g(z.y) =N+ 1%, Vr(zy) =2y N+ 2 and  pa(z,y) = 2(A + rp).
Using these equalities and px’ = A\y/, it is not hard to calculate that for any v, w € H,

f(z,y)(v,w) = (v,e) +r{w,e) = {(v+rw,e);
(. y) (0. w0), h(z.y)) = L@ h@.Y)

lg(z, y)ll
(g (2,9) (v, w), g(x,y)) -
Hg ,y)|® (9(z,y), Mz, y)) = 0;
(p(z,y), h(z,y)(v,w)) = <||§ (z,9) || — (v, e)e +rw — r(w,e)€>

= N+ 0+ oy v+ rw)
(¢ (z,y)(v,w),g(z,y)) = A, " +py') + (v,e) - (2" = Ae, Az’ + pyf)

+(pw, Az’ + py') + (w, e) - (Y — pe, A’ + py')

= (0,2 + A\y') + Mo, e)(A* + p?)
+w, A’ + 2y + pw, e) (A + %)

= (V42 (v, ") + Mo, e) (N + %)
HN 4 ) (w, o) + p(w, e) (N + 1)

= N+ ) ((v,2) + (w,y)).

Combining the last three equations with equation (24), it follows that

(@, y)(v,w) = 4{v,z) + 4w, y);
(2, y)@i(z, y) (v, w) = QVW{(HW(; A~”’3+uy,v+rw>}

)\2+M2

_ o )\:z: +,uy

+ e, v+rw>
— 2<($2+y2)l/2 v—l—?"w>
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where the last equality holds since 7(z,y) = m2(x,y). This together with (23) yields that

/ 20\ +rp) 2 2
Alo)(ew) = —e () + () +2 {0 +y

)1/2,'U+7”/LU>7

s )@ w)l < 20+ PNl - el + ol - ) + 23/12T + Tyl - o+ ro]
< 41+ )V + Tyl - ol + Tl

Together with ¢/ (z,y) = ¢5(x,y), we obtain the desired results. O

Next we use Lemmas 4.1 and 4.2 to establish the F-differentiability of W;, and present
the explicit formula for the differential of ¥;. Note that, for any given point (z,y) €
H x H, the differential V}(z,y) induces two continuous linear mappings in L(H,IR),
which are v — U}(z,y)(v,0) and w — ¥}(x,y)(0,w) for v,w € H, called the partial
derivatives of ¥, at (z,y) w.r.t. = and y, respectively. It is well known that for any
given | € L(H,IR) there is a unique point a € H such that [(v) = (a,v) for all v € H.
We let D1V, (z,y) € H and DoV (z,y) € H be such that

Vi(w,y) (v, 0) = (D1 Wi(x,y),v)  and Wiz, y)(0,w) = (D2¥y(z,y), w)

for all v,w € H. By identifying D;V(z,y) with the mapping v — V}(x,y)(v,0), we
shall call D;W,(x,y) the partial derivative of W, at (z,y) w.r.t. x. Similarly, DoW,(z,y)
is called the partial derivative of ¥, at (z,y) w.r.t. y.

Theorem 4.1 The function ¥, with 0 <t < 2 is F-differentiable on H x H. Also,

(a) If (z,y) = (0,0), then D1W(x,y) = DyWy(v,y) =0 € H.

(b) Ifx=2"+Xe€H andy =1y + pe € H with 2* + y* € O \ {0}, then

D\Vy(z,y) = 2 </\+(t7———1)u - 1) Dy, y)
Dyly(z,y) = 2 <w - 1) By, 1) (25)

with 7= /(A — )% + 2tApu.
(¢) If (x,y) € H x H with 2* + y* € IntIK, then

DiWy(z,y) = 2[(z+ (t—1)y) e L7 Oz, y) — ©y(z,y)]
DoWy(z,y) = 2[((t =Dz +y)e L 'Oz, y) — O4(z,y)] (26)

with z = [(x — y)? + 2t(z @ y)]"'* and L' defined as in equation (12).
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Proof. For 0 <t < 2, we consider the mapping S; : H x H — H x H defined by

Si(z,y) = (x +(t— 1Dy, Vt(2—-1) ) .

Note that S; € GL(H x #H) with the inverse given by

1—t Y
S x,y) =z + , for any x, y € H,
() ( e DN \/t(2—t)> YTy
and
B0 S (wy) = (22 +12) — (x VT 1 y) . (27)
Therefore, every ®, is continuously F-differentiable on the open set
Q = {(z,y) eHxH| (x—y)*+2t(zey) € intK}
= {(z,y) e H xH | 2* +y* € intIK}, (28)

if the mapping (z,y) +— (2% + y*)'/? is continuously F-differentiable on 2, where the

second equality in (28) is due to Lemma 3.2. Since the mapping x — 22 is continuously
F-differentiable on H, the mapping (x,y) — z*+y? is continuously F-differentiable on
H x H. By Lemma 4.1 (a), (z,y) — (22 + 3?)/2 is then continuously F-differentiable
on €). It remains to show that V¥, is F-differentiable on

00 = {(z,y) eHxH|(x—y)+2(zxey) € IK} (29)
= {(z,y) e HxH | 2> +y* € 0K} .
From equation (27), for any z, y € H,

2

?

oS (wy) = @08 @yl = @2+ )2 ~ @+ VAT 1 y)|
= 2l + Iyl = o, ) + 2+ oy

with r = v/2¢t=1 — 1. Notice that the mapping x — ||2||? is continuously differentiable,
whereas by Lemma 4.2 (a) the mapping ¢,.(z, y) is F-differentiable at every point of 0.
Therefore, W, is F-differentiable on the set 0€).

(a) By Lemma 4.2, W}(0,0) is the zero mapping in £L(H x H,IR), which implies that

D10,(0,0) = DoW,(0,0) =0 € H.

We next compute the partial derivatives of W, at points in H x H \ {(0,0)}. From
the definition of W, it follows that for any x,y € H,

Ti(z,y) = o+ (t = DylI* + 82 = O)lly]* = vy 0 Si(z,y) + |2 +y]*
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with r = /2t=1 — 1. Therefore, for all v,w € H, we have

Uiz, y)(v,w) = 2(x+ (t— Dy, v+ (t — Dw) + 2¢(2 — t){y, w)
(S, y)) 0 Sy(v, w) + 2(x +y,v + w),

which in turn implies that

Ui (x,y)(v,0) = 22z + ty,v) — .(Si(x,y)) o Si(v,0), (30)
\I[;<xay)(07w) = 2(7537 + 2y7w> - Tﬁ;(st(%y)) © St(07w) (31)

(b) Let z =2’ + e € H and y = ¢ + pe € H with 22 +y? € 9K \ {0}, and write
a=xz+ -1y b=t2—t)y, c=(t—Dz+y, and z = (a* +°)"/*.

Note that z € 0IK \ {0} and ®4(x,y) = z — (v + y). It follows from Lemma 4.2 (b) that

@Z};(a?b)(%w) = ’ ((a,v) + <b7 w>) + 2<Z7U + rw>

for all v,w € H, where a = (a,e) = A+ (t — 1) and B = (b,e) = \/t(2 — t)u. Since
a+rB=A4+p 2 +p=r and v+ (t — Dw +r/t(2 —t)hw = v + w,
we have

U (Se(x,y)) 0 Sy(v,w) = 4fi(a, b)(v+ (t — Dw, V/E(2 = thw)

= —2()\: 2y ((a,v) + (c,w)) + 2(z, v + w).
This means that
WS ) o 5iw.0) = 2 o) oz )
/ 2(A +p)
V. (Si(z,y)) 0 S0, w) - (e, w) + 2(z,w).

Using equations (30) and (31), it then follows that

1 A A
—D1Vy(z,y) = 2x+ty— +M~a—z: (1— +'u>a—<1>t(x,y)
T

2 T

1 A A

§D2\I/t(x,y) = tox+2y— s c—z= (1— +M)c—@t(x,y).
T T

Now to obtain the two equalities in (25), it suffices to prove that

AEU=DE 0y = (1—A+”) a,

w O(r,y) = (1 _ Ai”) c. (32)
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Since a = (a, e) and 7 = (z,e), we write a = a’ + ae and z = 2’ + Te with

A+ (- D"+ (At —1) + py"

ad=2+{t—-1)y and (=

Noting that ®;(x,y) = z — (z + y), we readily have

A+ (t—1)u
T

@o)e =2 r-a-w=(1-2H) a

T

On the other hand, since \y/ = uz’ by Lemma 3.2, it is not hard to verify that

A
M = ax', pd =y, g(atl—i-y’):ﬁal,
T T
A+(t—1 A Nt —1 !
@y - ARU-Dp A A= Ddp pa
T T T T T

and consequently

g(z’—:lc’—y’): (1—)\+M) a.

T T

The two sides show that the first equality in (32) holds. Using the similar arguments,
we can prove that the second equality in (32) also holds.

(c) Write ¢(z,y) = 22 + y?. Then, by the definition of o(x) given by Lemma 4.1,

(2, y) = (olq(z,y)), 2 + ).
Applying the Chain Rule of differential, we have for any v,w € ‘H
U (Se(@,y)) 0 Si(v,w) = 2(0(2%) 0 ¢ (Si(x,y)) © Si(v,w), @+ y) + 2(z, v+ w),
and consequently,

wé(st(xa y)) © St(v’ 0) = 2<J/(22) o q/(St(I7 y))(l), 0)7 T+ y) + 2<Zv U>
U (Selz,y)) 0 Si(0,w) = 2(0’(2%) 0 ¢/ (Se(w,y))((t = Dw, VE(2 = t)w), = +y)
+2(z, w).

Noting that ¢'(z,y)(v,w) = 2(z e v) + 2(y e w) and o’(z?) is self-adjoint, we have
(0'(2%) 0 ¢'(Se(x,y))(v,0), x+y) =2aev,0'(2)(z +y)) =2(v,a e 0'(2*)(z +y))
and

<0'(z2) o ¢ (Su(x, ) ((t — Dw, VE2 — H)w), z + y>
= 2t —1){w,bed'(2*)(x+y)) +2t(2—1t)(w, be o' (*)(z +y))
= 2(w,bed'(2*)(z+y)).
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Together with equations (30)—(31), it then follows that

1
sD10w,y) = 2wtty 2000 ()(z +y) -z,
1
—DoVy(z,y) = tx+2y—2bed (%) (z+y)— 2

2

From Lemma 4.1, we have 20/(2%)v = L 'v for all v € H. Therefore,
1 _
§D1\I’t($a y) = (+({t—-1)y) — P(z,y) —ae L] Yz +y)

= ae L'z —®yz,y) —ae L] (z +y)

= ae L;l(I)t(ﬂj" y) - (I)t(xu y)7
where the second equality is using L 'z = e. This proves the first equality in (26).
Similar, we can obtain the second equality in (26). The proof is complete. O

In what follows, we investigate the continuity of the differential ¥}. From the proof
of Theorem 4.1, we see that, to establish the continuity of W} in H x H, it suffices to
show that the differential of 1, is continuous at every point (a,b) € 9€2. The following
proposition shows that v/ is continuous at 9Q\{(0,0)}.

Proposition 4.1 Let ¢, be defined as in Lemma 4.2. Then its F-differential is contin-
uous at every point (a,b) € 9Q\{(0,0)}.
Proof. We shall use notations given in the proof of Lemma 4.2. Recall that

Ur(2,y) = 1(2,y) + oz, y) for any (z,y) € U,

and ¢, is continuously F-differentiable on U, particularly at (a,b). To prove the continu-
ity of F-differential of ¢ at (a,b), we recall that ¢/ (z,y) =0 € L(H x H,IR) whenever
(z,y) € U with 2? + y* € JIK. Hence, for any (z,y) € U with 2? + 3* € intlK,

(@) (0, w) — Gh(a, B)(w,w) = ZAEDOO) s ) () (v, w).

71 ([L’, y)
From the proof of Lemma 4.2, we know that for any (x,y) € U and any v, w € H,

171z, y) (0, w)|| < Ge([Jvfl + [[wll)  and  [l@s(x, y) (v, w)]| < My([[oll + Jw]]),

where M; > 0 and ¢ > 0 are constants. In addition, from the expression of p3(z,y) and
Lemma 3.3, it follows that for any (x,y) € U with 2* + 3? € intIK,

Az’ + py’
— )\ _ I A / /
lps(z,y) ‘ + v <|W’+uy’ll’w +ry
'+ py' '+ py'
S‘A‘<ww+umrf Firte = A Y
< (1+r]) - m(z,y).
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Now, for any (z,y) € U with 22 4+ y* € intIK and for any v, w € H, we have

(@, y) (v, w) = ¢ (a,0) (v, w)] < [12e(1 + |r]) + Mi] v/ 71 (2, y) - ([Jo]l + Jwl]),

which in turn implies that

1 (2, y) = #i(a, b)l| < 2[12c(1 + |r]) + M| /7 (2, y) for any (z,y) € U.

Since 71 (a,b) = 0, we have ||¢)|(x,y) — ¢} (a,b)|| = 0 as (z,y) — (a,b). O

To prove the continuity of the differential ¢ at (0,0), we need the following lemma
which establishes the boundedness of the differentials of (z,%) — (2% 4+ 3?)/2 on Q.

Lemma 4.3 Let o : IK — K be given as in Lemma 4.1 and q(x,y) := x* + y* for any
x,y € H. Then 6 = o o q is continuously F-differentiable on €2, and moreover, there is
a constant Cy > 0 such that ||6'(z,y)|| < Cy for all (z,y) € Q.

Proof. Since o is continuously F-differentiable on intlK, and ¢ is continuously F-
differentiable on ‘H x H, it follows that ¢ is continuously F-differentiable on 2. In
the following, we prove that the F-differential of ¢ is bounded on (2. For any point
(x,y) € Q, we write x = 2’ + Xe and y = 3 + pe. Then, for all v,w € H,

q(z,y)(v,w) = 2[(1}, e)x’ + M+ (v, 2')e + (w, )y + pw + (w, y’)e}.
Now, applying Lemma 4.1 (a) yields that

&' (x,y)(v,w) = o'(a® +y*) o q'(z,y) (v, w)

_ VTIT2 _ <(x2 +3/2)_1/2,q/(x,y)(v,w)> (x2+y2)_1/2

2T

+% ' [q’(x,y)(v,w) - (q’(g;,y)(v,w),e)e}, <33)

where 7 = 7(x,y) and 7; = 7;(x,y) for j = 1,2 with 7(z,y) and 7;(x,y) given as in the
proof of Lemma 4.2. Using a direct computation and noting that +/||z]|2 + [Jy[|? < V2T,

1 2
oI (@) (v, w) = (d (@, y) (v, w),e)ell < =Vel” + [yl Vvl + [l
< 2V2¢/[[ol? + [Jw]> (34)
By writing z = ”:\\i:fmg:” and using equations (10) and (19), it follows that
2 212 _ 1 —Az' — py
(° +v°) = 7 ( - + Te

\/%(\/T_lgﬁz+ﬁ;\/ﬁe>
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This together with the expression of ¢/(x,y)(v,w) implies that

<(ac —i—y) q(z,y) v,w)>
= (nm)™ (\/_ V72) [<v,e>< '>+A<z )+ (w, e) (2, y) + piz, w)]
+Hmm) A (VR + V) Mo, o)+ pw, e) + (w, )]
= 7 P+ (z.2)(v, >+<x+Az v> (1 + (2.9)(w, €) + (uz + 3/, w)]
+r Pl = (2 v, e) + (2 = Azv) + (i — (2,9)) (w, €) + (¥ — pz,w))].

Noting that

12"+ Azl + [ly + pz|

V(llzll +llyl) < 2v/7,
A+ (z2) + (20 <2Vn

V2(ll]l + Ilyll)

it follows that

LH(>\ +(z.2)(v,e) + (2" + Az, v) + (u+ (2,9))(w, ) + (pz + ¢, w)l| < 4wl + [w])-

VT2

On the other hand, applying Lemma 3.3, we have

%H(A —(z,2)(v,e) + (@' = Az,v) + (1= (2,9))(w, ) + (y — pz, w)|| < 2(||v[| + w]).

Therefore,
(22 4+ 52)72, (@, ) (o, w)] < 6(0loll + Jll) < 120/ ol + P (35)

In addition, since

a2 - 2|2+ |yl? 972
H(xz_i_yz) / ‘ :<(x2+y2) 1,6> [| ]| [yl <
T1T2 7172
we also have .
VTIT2 9 2\ —1//2
< —, 36
5 (2* + ) <75 (36)

Now combining the inequalities (34)—(36) with equation (33) leads to
16" (2, y) (v, w)|| < 8V2V/[[v]? + [Jw]?

for all (x,y) € Q and v, w € H. Therefore, ||6'(x,y)|| < 82 for all (z,y) € Q. O

Proposition 4.2 Let 1, be the mapping defined as in Lemma 4.2. Then, there is a
constant C' > 0, independent of v, such that

[ (z, Il < CA+ [NV Izl + lyll* for all =, y € H.

Consequently, the F-differential of 1, is continuous at (0, 0) € H x H.
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Proof. From Lemma 4.2(b), we have ¢/.(0,0) = 0. So, it suffices to prove the inequality
given in the theorem for (z,y) € H x H \ {(0,0)}. Let & be given as in Lemma 4.3.
Then, from the definition of 1), it follows that for any (z,y) €  and for v,w € H,

Ui, y) (v, w) = 2(6"(z, y) (v, w), @ + ry) +2(6 (2, y), v + rw).

By Lemma 4.3, there is a constant C; > 0 such that for any (z,y) € Q and v,w € H

216" (z, y) (v, w), % + ry)| < 2011+ )/ Jo ]2 + [lwl2/ 22 + [yl

In addition, from the definition of 6(z,y), we also have

2/((2,y), v+ rw)] <201+ [r)VIl2 ]2 + [yl2 - Vol + [lw].

The last three equations show that, for (z, y) € Q,

[z, ) < 2(Cr+ DA+ D)Vl + [yl

The inequality together with Lemma 4.1 imply that for all (z,y) € H x H,

[ (2, )l < CA+ )Vl + llyll?,

where C' = 2max{2,Cy + 1} is independent of r. O
From Theorem 4.1, Prop.4.1 and Prop.4.2, we readily obtain the following result.

Theorem 4.2 The function ¥, with 0 <t < 2 is smooth everywhere on H X H.

5 Stationary point conditions

From the previous discussions, we learn that the complementarity problem CP(IK,T") in
the Hilbert space ‘H with the continuously F-differentiable mapping 7" : H — H can be
transformed into an unconstrained smooth minimization problem

leélill f(z) =V, T(x)) with 0<t<2. (37)
However, when applying minimization algorithms for (37), we can only expect to obtain
stationary points of (37). Thus, it is natural to ask under what conditions each stationary
point of the minimization problem (37) is a solution to the problem CP(IK,T’). To
achieve this goal, we first establish some favorable properties for the differential W} (z,y).
This needs the following key lemma which generalizes the result of [9, Prop. 3.4] to H.
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Lemma 5.1 For any x,y € H and z = 0, the following implications hold

Prxa’+y = LI-L2-L2-0, (38)

ekt = z>Ko. (39)

Moreover, the implications (38) and (39) remain true when “~” is replaced by “=".

Proof. Similar to [9], we first prove (38) for the case where z = (2% + y? + de)'/? for
some 0 > 0. Fix any ,5 € H and any § > 0. Let z = (2 + 32 + de)'/2. Tt suffices to
prove that for any nonzero vector h in H,

0<(h,(L2—L%—L)h) = (L.h,L.h)—(L.x,L.x)— (L.y, L.y)
= |z hl]* — [z e h|I* —[ly o A"

Let z =2"+ Xe, y =9y + pe, z= 2"+ ve and h = b’ + £e. We calculate that

20 hlP =l @ B> = g e hlP = €2 + V2RI + 4002/, 1) + (2 )2
— [E2 0l + XN + 46N ) + (o )
— [yl + g2 + 46l B + ('Y
= & 2l — el = IylP] + [0 = A% — 2] ')
+ ({1, = (W) = Gy )
HA(E{, ) = N ) — &y 1)) (40)

From the expression of z = (22 + 32 + de)'/2, it is not hard to obtain that
=11\ +py) and v=r,

where

__ =P+ Dyl? +de+ V(2P + NlyllP + 6e)* — 4flAa’ + py' |1
5 .

Substituting the expression of 2’ above into (z’, h’) and using v = 7 yields that
Ev(Z' By —EXN' b)) — Euly' By = 0 (41)
and

% = N = W+ (2 B2 = (et B = ()
= [1/2 _ )\2 o Iu2]||h/||2 + ()‘2 + /1’2 — 7'2)(<l',, h/>2 + <y/7 h,>2) o (h’,,u:r;’ B )‘y,>2
T2 T2
(7 = N = @) (PP = @ 1) = 102 (B e = Ay

2 2

(42)

T T
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Now combining equations (41)-(42) with equation (40) yields that

h,, ! — )\y/ 2
I o B2 iz o B = lly o B = €2 [ — faf? — ] — L2220

L2 = )PP = @) ()

2

(43)

T

Notice that ||z[|? = ||z|* + |y||* + § > ||=]|* + ||ly||* is equivalent to

Xz + py/||?

= + 72> 2P+ N+ Y+ e

Multiplying the two sides of the last inequality with 72, and then adding 12||2'[|?+ ||/ ||?
to the both sides of the inequality, we obtain

A+ i) U+ 1% + 78 = 7212+ X2+ Y17+ 6?) > (e = M)
or
(7% = 121" = /1) (7% = A* = ®) > [lpa” = Ay/[|*. (44)

This means that both 72 — ||2/||* — ||¢/||* and 72 — A\* — u? are positive or negative. If
both are negative, then we would have ||2/||* 4 [|¢/||* > 7% and A? + p? > 72, which leads
to a contradiction that ||z||* + ||y||> > 272 > ||z||* + ||y||* + 0. Consequently,

=2 = |y[|? >0 and 7° — X\ — p* > 0.
Together with (43) and (44) and ||z||* > ||z||* + ||y||?, it follows that

Iz @ hll* = [z o hf|* — [ly o Al
(72 = N =) = 1° = [l IPURI° IXIPIA = 'l
2 2 ’
T T

So, (38) holds for any =,y € H and z of the form z = (22 + 32 + de)'/? for some § > 0.
In view of Lemma 2.2, the rest arguments are same as those of [9, Prop. 3.4]. O

Lemma 5.2 Let ¥, be given in (15) with 0 <t < 2. Then, for any x,y € H,
(a) (D1Vy(x,y), DoV (z,y)) > 0 with equality holding if and only if ®(z,y) = 0;
(b) <D1\I/t(x7 y)7 CL’> + <D2\I/t(x7 y)7 y> - 2\1jt(x7 y);

(c) D1Vy(z,y) =0 <= DyV¥y(z,y) = 0 <= Vy(z,y) = 0.
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Proof. (a) We proceed the arguments by three cases shown as below.

Case (a.1): (z,y) = (0,0). Since D;¥;(0,0) = DyW;(0,0) = 0, the result is true.
Case (a.2): 2° +y* € OK\{0}. Let z = 2’ + Ae and y = 3’ + pe. By Theorem 4.1,

(DyUy(2,y), Doy (, y)) = 4 <“<t—_”“ _ 1) (M _ 1) Uy(z,y)

T T

where 7 = \/(A — )% + 2t Ap. Noting that 7 can be rewritten as

— VOF (= D+ 12— 812 = /(u+ (= DA + 12— DV,

and A and p can not be zero simultaneously by Lemma 3.2, it follows that

()\-I—(t—l)p_l) (qu(t—l))\_l) ~o

T T

Hence, (D1W:(z,y), DoV (x,y)) > 0, and the equality holds if and only if ®;(x,y) = 0.
Case (a.3): 2° + y? € intIK. By Theorem 4.1 and the definition of L,, we have

(DyW (2, ), Dol )
(Lo Lz = 1) @u(2,y), (Lys-nals' = 1) Pol,y))

= ((Lote-ny = L2) L7 ®u(2,9), (Lys-1)e — Lz) LT (2, y))

= <L;1<I>t(x, Y), (Lz — Lx+(t—1)y) (Lz - Ly+(t—1)x) Lz_lcbt(% y)> (45)

where z = [(z—vy)?+2t(zey)]*/? and I € L(H) is an identity mapping. From elementary
calculation, we obtain that

(L: = Lot (-1yy) (L = Ly+<t—1>x) + (Le = Lyt(e-1)a) (Lz = Las-1yy)

2

Since 22 + 2 € intIK, from Lemma 3.2 we get z € intIK. Noting that

2 (et (- 1)~ (VI y) =0

we have L2 Lth 1y — L? =Dy = 0 by Lemma 5.1. Along with (45) and (46),
t -
(D1Vy(2,y), DoWy(,y)) > 5 H(Lz —L,—L,)L; 1<I>t(x, y)H2 >0,

which in turn implies that

(DyVy(x,y), DoWy(z,y)) =0 <= (L,— L, — L,)L;'®(z,y) =0
< L., ,L;'®(z,y) =0
—

(I)t(xa y) (Lz q)t(xvy)) = 0.



Since x e y = 0 implies (x,y) = 0, the last equivalence means that
(D1W4(2,y), DaWi(2,y)) = 0 = (®y(2,y), L7 ®s(2,y)) = 0 = Py(2,y) =0

where the last implication is due to z € intIK and Lemma 2.2. Conversely, if ®;(z,y) = 0,
(D1Vy(z,y), DaWy(x,y)) = 0 follows directly from (45). This proves part (a).

(b) It suffices to prove the assertion for (x,y) € H x H\ {(0,0)}. If 22 + y* € 0K\ {0},
then using the formula (25), we obtain

<D1\I/t<l',y),l'> + <D2\Ijt(x7y)7y>
t—1 t—1
T T
When 22 + y? € intlK, from the formula (26), it follows that

(D194(z,y),z) + (D2We(z,y),y)
= ALy (z,y), (+ (t—Dy) ez + (y+ (t — 1)z) 0 y) — 2(Py(z,y), 2 +y)
= 2AL;'®(z,y),2%) = 2(Py(2,y), 7 + )
= 2AP(z,9),z — (z +y)) =2V (z,y).

(c) The result is direct by part (a) and the expression of ¥} given by Theorem 4.1. O

Now we are in a position to establish the main result of this section by Lemma 5.2.

Theorem 5.1 Let T : H — H be a given continuously F-differentiable mapping and
fz) = Vy(z, T(x)) with 0 <t < 2. If T is monotone, then for every x € H, either (i)
f(x) =0 or (ii) f'(x) # 0 and (d(x), f'(x)) < 0 with d(x) = —DyV(z,T(x)).

Proof. Fix any x € H. From Theorem 4.2 and the continuous F-differentiability of T,
it follows that f : H — IR, is continuously F-differentiable on H. By the chain rule of
differential, we have for any v € H,

fllx)v = Wz, T(x))(v,0) + Vy(z,T(2)) (0,T'(x)v)
= (D1Vy(z,T(x)),v) + (DyWy(x, T(x)), T (x)v),

which means that

fl(x) = DiWy(w,T()) + (T'(x))" DaWe(w, T(2)).

Suppose that f’(z) = 0. Then the last equation implies that

(D1Wy(z,T(x)), DoVy(x, T(x))) = —(DoVy(x, T(x)), T () DoV (x, T(x))).
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Since 7' is continuously F-differentiable and monotone, the right hand side is nonpositive,
and consequently, (DY (z,T(z)), DoWi(x,T(x))) < 0. Together with Lemma 5.2, it
then follows that f(z) = W(x,T(z)) = 0.

Suppose that f'(z) # 0. Then, from the expression of d(z), it follows that

(d(z), f'(x)) = —(D2Wy(x,T(x)), D1W(x, T(x)) + (T"(x))" DoWs(x, T(x)))
= —(D2Wy(x,T(2)), D1¥y(z, T(x)))
—(DyWy(z,T(x)), (T"(2))" Dy Wy (2, T(x)))
< —(DVy(2,T(x)), D1Ve(2, T(z))) -

£}

where the first inequality is using the monotonicity of 7. By Lemma 5.2 (a), the right
hand side is nonpositive and equals zero if and only if ¥;(x, T'(z)) = 0, i.e., x is a solution
of the minimization problem (37). However, the latter can not be true since f'(x) # 0,
and consequently, (d(z), f’'(xz)) < 0. The proof is completed. O

Theorem 5.1 states that if x € H is not a solution of CP(IK,7"), then we can always
find a descent direction d(x) at this point. Based on this, an iterative descent algorithm
can be designed for the self-dual conic complementarity problem CP(IK,T)).

6 Conclusions

We have developed a merit function method for the infinitely dimensional SOCCP
CP(IK,T) by extending Kanzow and Kleinmichel NCP-function to the Hilbert space.
We believe that the merit functions given in this paper will be useful in other contexts,
and further research work will be given to the specific applications of the merit function
method. Using the techniques in this paper, other well-known merit functions, for ex-
ample, the Yamashita-Fukushima merit function [15] can be also extended analogously.
Specifically, we can define the Yamashita-Fukushima merit function in Hilbert space as

wYF('r?y) = w0(<x7y>)+wFB(x7y) V:C,yEH XHv
where 9y : R — IR, is any smoothing function satisfying
o(t) =0 VYt <0 and () >0 Vi>0.

In addition, although the spectral factorization of vectors is not used in the analysis of
this paper, we want to point out that, by the Jordan product associated with IK, every
x =2’ + Ae € H can be written as x = A\ (x ) —i—)\g( Ju & with

Aj(@) = A+ (1) [/)| and o« = = (e + (—=1)F), j=1,2

N | —
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where 7' =

_a’

1
||| )

if ' # 0, and otherwise z’ is an arbitrary unit vector in (e
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