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1. Introduction

Let H be a real Hilbert space of dimension dim(H) > 3 endowed with an inner product (-, -)
and its induced norm || - ||. Fix a unit vector e € H and denote by (e) the orthogonal complementary
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space of e, i.e., (€)= = {x € H | (x, e) = 0}. Then each x can be written as
X = Xe + xpe for some x, € (e)l and xg € R.

The second-order cone (SOC) in Hi, also called the Lorentz cone, is a set defined by
K:= {er| X, e) f||x||}:{xg+xoeeH|xoz||xe||}.

From [7, Section 2], we know that K is a pointed closed convex self-dual cone. Hence, H becomes a
partially ordered space via the relation >g. In the sequel, for any x, y € H], we always write x >K y

(respectively, x >k y) whenx — y € K (respectively, x — y € intK); and denote X, by the vector ” o H

if xo # 0, and otherwise by any unit vector from (e) L.
Associated with the second-order cone K, each x = x, + xpe € H can be decomposed as

x = A1 (ui(x) + A2 (X)uz(x), (1)

where 1;(x) € Rand u;(x) € Hfori = 1, 2 are the spectral values and the associated spectral vectors
of x, defined by

Aix) = x0 + (=D'[lxell, wi(x) = (e+( 1)'%e). )

Clearly, when x, # 0, the spectral factorlzatlon of x is unique by definition.

Let f: ] € R — R be a scalar valued function, where J is an interval (finite or infinite, closed or
open) in R. Let S be the set of all x € H whose spectral values A;(x) and A, (x) belong to J. Unless
otherwise stated, in this paper S is always taken in this way. By the spectral factorization of x in (1)
and (2), it is natural to define f5°¢: S C H — H by

00 = fa@)ur®) +f(Ra())uz(x), Vx €S. (3)

It is easy to see that the function f5°¢ is well defined whether x, = 0 or not. For example, by taking
f(t) = t%, we have that f°°(x) = x> = x o x, where “o” means the Jordan product and the detailed
definition is see in the next section. Note that

A1) = 2% + (a(0) — 220))% = 2(IIxII* + IylI* — 2x0y0 — 2lIxelllyel)
< 2% + lIyl> = 2(x, y)) = 2/lx — yI>.

We may verify that the domain S of f*°° is open in H if and only if ] is open in R. Also, S is always
convex since, for any x = x, + xpe, y =Y. +yoe € Sand 8 € [0, 1],

M [Bx+ (1= Byl = (Bxo + (1 = Blyo) — |Bxe + (1 — B)yell = min{i1(x), 21 (1)},

M [Bx+ (1 =Byl = (Bxo + (1 — B)yo) + lIBxe + (1 = B)yell < max{Az(x), 221},

which implies that Sx 4+ (1 — B)y € S. Thus, f*°° (Bx + (1 — B)y) is well defined.
In this paper we are interested in two classes of special scalar valued functions that induce the
maps via (3) to preserve the monotone order and the convex order, respectively.

Definition 1.1. A functionf: ] — R is said to be SOC-monotone if for any x, y € S,

x>y = %) =k ) (4)
and f is said to be SOC-convex if, for any x, y € Sand any 8 € [0, 1],
F5(Bx+ (1 = By) =k B (x) + (1 — BF* ). (5)

From Definition 1.1 and Eq. (3), it is easy to see that the set of SOC-monotone and SOC-convex functions
are closed under positive linear combinations and pointwise limits.
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The concept of SOC-monotone (respectively, SOC-convex) functions above is a direct extension of
those given by [5,6] to general Hilbert spaces, and is analogous to that of matrix monotone (respec-
tively, matrix convex) functions and more general operator monotone (respectively, operator convex)
functions; see, e.g.,[17,15,14,2,11,23]. Just as the importance of matrix monotone (respectively, matrix
convex) functions to the solution of convex semidefinite programming [19,4], SOC-monotone (respec-
tively, SOC-convex) functions also play a crucial role in the design and analysis of algorithms for convex
second-order cone programming [3,22]. For matrix monotone and matrix convex functions, after the
seminal work of Lowner [17] and Kraus [15], there have been systematic studies and perfect char-
acterizations for them; see [8,16,4,13,12,21,20] and the references therein. However, the study on
SOC-monotone and SOC-convex functions just begins with [5], and the characterizations for them are
stillimperfect. Particularly, it is not clear what is the relation between the SOC-monotone (respectively,
SOC-convex) functions and the matrix monotone (respectively, matrix convex) functions.

In this work, we provide the sufficient and necessary characterizations for SOC-monotone and SOC-
convex functions in the setting of Hilbert spaces, and show that the set of continuous SOC-monotone
(SOC-convex) functions coincides with that of continuous matrix monotone (matrix convex) functions
of order 2. Some of these results generalize those of [5,6] (see Propositions 3.2 and 4.2), and some are
new, which are difficult to achieve by using the techniques of [5,6] (see, for example, Proposition
4.4). In addition, we also discuss the relations between SOC-monotone functions and SOC-convex
functions, verify Conjecture 4.2 in [5] under a little stronger condition (see Proposition 6.2), and present
a counterexample to show that Conjecture 4.1 in [5] generally does not hold. It is worthwhile to point
out that the analysis in this paper depends only on the inner product of Hilbert spaces, whereas most
of the results in [5,6] are obtained with the help of matrix operations.

Throughout this paper, all differentiability means Fréchet differentiability. If F: H — HI is (twice)
differentiable at x € H, we denote by F'(x) (F”(x)) the first-order F-derivative (the second-order
F-derivative) of F at x. In addition, we use C"(J) and C°(J) to denote the set of n times and infinite
times continuously differentiable real functions on J, respectively. When f € C!(J), we denote by f (1
the function onJ x J defined by

A)— .
f( z_fl;(lt) if A 75 ",

MG, ) =
[y ifa=uw

and when f € C2(J), denote by f[?! the function onJ x J x J defined by

(2, 1. 73) 1= Mz, 1) — (7, 13)
1, 2, L3) .—

T2 — 13
if 71, 19, T3 are distinct, and for other values of 71, 132, 73, f 12 is defined by continuity; e.g.,

f(r3) — f(r1) — f'(t1) (13 — T1)

A, 0, ) =
(13 — 11)?

1
, B, 0, 0) = @,

For a linear operator £ from H into H], we write £ > 0 (respectively, £ > 0) to mean that £ is positive
semidefinite (respectively, positive definite), i.e., (h, £h) > 0 for any h € H (respectively, (h, £h) > 0
forany 0 #~ h € H).

2. Preliminaries

This section recalls some background material and gives several lemmas that will be used in the
subsequent sections. We start with the definition of Jordan product [9]. For any x = X, + xge, y =
Ve + yoe € Hi the Jordan product of x and y is defined as

xoy = (Xo¥e + YoXe) + (x, y)e.
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A simple computation can verify that forany x, y, z € H and the unit vectore, (i)eoe = eandeox = x;
(ii)xoy =y ox;(iii)xo (x** 0y) = x> o (x o y), where x> = x o x; (iv) (X +y) 0z = X0z +y o z. For
any x € Hi, define its determinant by

det(x) 1= A1(x)A2(x) = x5 — [|1xe|I*.

Then each x = x, + xgpe with det(x) # 0 is invertible with respect to the Jordan product, i.e., there is
aunique X' = (—x, + xpe)/det(x) such thatx o x~! =e.

We next give several lemmas where Lemma 2.1 is used in Section 3 to characterize SOC-
monotonicity, and Lemmas 2.2 and 2.3 are used in Section 4 to characterize SOC-convexity.

Lemma2.1. LetB := {z € () | ||z|| < 1}. Then, for any given u € (e)- with ||u|| = 1and §, 1 € R,
the following results hold.

(a) 6 + A{u,z) > 0foranyz € Bifandonly if6 > |A|.
(b) 6 — |xz]|> = (0 — A*){u, 2)% forany z € B ifand only if — A% > 0.

Proof. (a)Suppose thatd + A(u,z) > 0foranyz € B.If A = 0, then 6 > |A| clearly holds. If A # 0,
take z = —sign(A)u. Since ||u|| = 1, we have z € B, and consequently, & + A(u, z) > 0 reduces to
6 — || > 0.Conversely, if @ > ||, then using the Cauchy-Schwartz inequality yields & + A(u, z) > 0
forany z € B.

(b) Suppose that 8 — ||Az||?> > (8 — A?)(u, z)? for any z € B. Then we must have & — A% > 0. If not,
for those z € B with ||z|| = 1 but (u, z) # |[u||||z]|, it holds that

@ =) (w.2)* > 0 = 2D)|ull’llz]* = 6 — [122])?,
which contradicts the given assumption. Conversely, if 8 — A? > 0, the Cauchy-Schwartz inequality
implies that (9 — A?)(u, z)2 < 0 — ||Az||* foranyz € B. O
Lemma 2.2. For any givena, b, c € R and x = x, + xge with x, # 0, the inequality

a [||he||2 — (he, ie)z] + blho + (%e, he)]2 + c[ho — (e, he)]2 >0 (6)
holds for allh = h, + hpe € Hifand onlyifa > 0, b > 0andc > 0.
Proof. Suppose that (6) holds for all h = h, 4+ hge € H. By letting he = X, hg = 1 and h, =

—Xe, hg = 1, respectively, we get b > 0 and ¢ > 0 from (6). If a > 0 does not hold, then by taking

he = bJr‘Z‘H ”Z” with (ze, xe) = 0and hy = 1, (6) gives a contradiction —1 > 0. Conversely, if

a> 0, b>0andc > 0,then (6) clearly holds forallh € H. O

Lemma 2.3. Letf €C%(J) and u, € (e)" with ||ue|| = 1. For any h = h, + hge € H, define

ho — (U, he h e> he
ja ) = "5‘_2) Ja(h) = °+\(/“_2) w(h) = /el — (te, he)?.

Then, for any given a, d € R and A1, Ay € ], the following inequality

4f" )" (A2 1 (N o (h)? + 2(a — d)f () 2 (h)* 1 (h)?

+2 @+ d) f' O ()’ u(? + (¢ = d) (i

—2[(a—d) p1(h) + (a+d) (W) u(h)*> >0 (7)
holds for allh = h, + hge € H if and only if

@ —d* >0, f'(a)a—d) > (a+d)?andf”(r)(a+d) > (a—d)>. (8)
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Proof. Suppose that (7) holds for all h = h, + hge € HL. Taking hy = 0 and h, # 0 with (h,, u,) = 0,
we have t1(h) = 0, up(h) = 0and u(h) = ||he]| > 0, and then (7) gives a> — d*> > 0. Taking
he # 0 such that |(ue, he)| < ||hell and hg = (ue, he) 7# 0, we have w1 (h) = 0, ua(h) = /2hg and
p(h) > 0, and then (7) reduces to the following inequality

4[@=df"02) — @+ d°| 1 + @ — d)(lhe]* = ) = 0.

This implies that (a — d)f” (A2) — (a + d)® > 0.If not, by letting hy be sufficiently close to ||f||, the
last inequality yields a contradiction. Similarly, taking h with h, # 0 satisfying |(ue, he)| < |/he|| and
ho = —(ue, he), we get f” (A1) (a + d) > (a — d)? from (7).

Next, suppose that (8) holds. Then, the inequalities f” (A,)(a — d) > (a+d)* and f” (A1) (@ +d) >
(a — d)? imply that the left-hand side of (7) is greater than

4" 0a)f" G2)pr (0 2 () — 4(@® — d*)pa (W pa (W (h)* + (@ — @) (),

which is obviously nonnegative if 11 (h) ;2 (h) < 0.Now assume that j¢1 (h) 2 (h) > 0.1fa> —d?> = 0,
then the last expression is clearly nonnegative, and if > — d? > 0, then the last two inequalities in
(8) imply that f” (A1)f" (A2) > (a* — d?) > 0, and therefore,

4" A)f " G2 (D2 () = 4@ — ) (W po W (h)? + (0 — d°) w(y*
> 4@ — A () pa(h)? — 4(a® — d*) s (W) pa (W) + (@ — d) pu(hy*
= (@ — &) [2u1 (W pa() — u 0] = 0.
Thus, we prove that inequality (7) holds. The proof is complete. [

To close this section, we introduce the regularization of a locally integrable real function. Let ¢ be a
real function of class C°° with the following properties: ¢ > 0, ¢ is even, the supportsuppgp = [—1, 1],
and [p ¢ = 1.Foreache > 0,letg,(t) = %(p(g).Then suppp, = [—¢, €] and ¢, hasall the properties
of ¢ listed above. If f is a locally integrable real function, we define its regularization of order ¢ as the
function

£:5) = [ 16 = 0pcdt = [ 16— ep(o. (9)
Note that f, is a C°° function for each ¢ > 0, and lim,_, ¢ fe (x) = f(x) if f is continuous.
3. Characterizations of SOC-monotone functions

In this section we present some characterizations for SOC-monotone functions, by which the set of
continuous SOC-monotone functions is shown to coincide with that of continuous matrix monotone
functions of order 2. To this end, we need the following technical lemma.

Lemma 3.1. Forany given f: ] — R with ] open, let f5°¢ : S — HI be defined by (3).

(a) f*°¢is continuous on S if and only if f is continuous on J.
(b) f5°¢ is (continuously) differentiable on S iff f is (continuously) differentiable on J. Also, when f is
differentiable on J, for any x = x. 4+ xpe € Sand v = v, + vge € H,
' (xo)v if xo = 0;
(F) v = 1 (b1(x) — ao(X)) (Re, Ve)Xe + €1 (X)VoXe (10)
+ao(x)ve + b1 (X)voe + ¢1(X) (xe, ve)e if xo # O,

where ag(x) = [2L=I0100) () — L0200 0o ¢ () = L0200 Cate),
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(c) Iff is differentiable on J, then for any givenx € Sand allv € Hi,
(fsoc)/(x)e _ (f/)soc(x) and (e, (fsoc)/(x)v> _ <V, (f/)soc(x)>.
(d) Iff’ is nonnegative (respectively, positive) on ], then for each x € S,

() (x) = 0 (respectively, (f*°)’(x) > 0).

Proof. (a) Suppose that f*°¢ is continuous. Let Q2 be the set composed of those x = te with t € J.
Clearly, @ C S, and f*°° is continuous on £2. Noting that f*°“(x) = f(t)e for any x € Q, it follows that
f is continuous on J. Conversely, if f is continuous on J, then f*°¢ is continuous at any x = X, + xge € S
with x, # 0 since A;(x) and u;(x) for i = 1, 2 are continuous at such points. Next, let x = x, + xpe
be an arbitrary element from S with x, = 0, and we prove that f5°C is continuous at x. Indeed, for any
z = z, + zpe € S sufficiently close to x, it is not hard to verify that

15 (2) — F ()| < If(?»z(Z))z—f(Xo)l n |f(M(Z))2—f(Xo)| n If(22(2)) ;f(M(Z))I‘

Since f is continuous on J, and A1 (z), A2(z) — Xg as z — x, it follows that
f(1(2)) — f(xo) and f(22(2)) — f(xo) as z — x.

The last two equations imply that f5°¢ is continuous at x.

(b) When f*°C is (continuously) differentiable, using the similar arguments as in part (a) can show that
f is (continuously) differentiable. Next assume that f is differentiable. Fix any x = x, +xge € S. We first
consider the case wherex, # 0.Since A;(x) fori = 1, 2and ﬁ are continuously differentiable at such
x, it follows that f(X;(x)) and u;(x) are differentiable and continuously differentiable, respectively, at
x. Then f*°¢ is differentiable at such x by the definition of f5°¢. Also, an elementary computation shows
that

’ i (Xe, v — (v, e)e) i (Xe, Ve)
L) ]v={(v,e) + (=) —— =vg + (—1) , (11)
[IXe |l [IXe |l
( e ) Vol ev—(veete _ Ve (e Vet 2
lIxell lIxel [EA lIxel llxell®

for any v = v, + vpe € H, and consequently,
i (X ’ v >
[F iG] v = f' (i) [vo + (—1)1”;”‘?} :
e
Ve (Xe, Ve>xei|

lIxell lIxell®

/ 1 i
[ui)]'v=-(=1)
2
Together with the definition of f5°¢, we calculate that (f5°¢)’(x)v is equal to

[/ ) [VO_ <xe,ve>}(e_ Xe )_f(M(X))[ Ve <xe,ve>xe}

2 el el 2 el el
f/()\Z (%)) (Xes Ve) Xe FRa(x)) Ve (Xes Ve)Xe
L [VO T el Ke ||xe||)+ 2 [nxen TR }

=by(x)voe + c1(x) (Xe, Ve) € + c1(x)voXe + b1(x) (Xe, Ve)Xe

+ap(x)ve — ag(x)(Xe, Ve)Xe,

where A3 (x) — A1(x) = 2]|x.|| is used for the last equality. Thus, we get (10) for x, 7% 0. We next
consider the case where x, = 0. Under this case, for any v = v, + vge € H],
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fsoc(x +v) —fSOC(X) :f(XO + V(;_ lvell) (e —7,) + fxo + V(;+ lIvell) (e + 7o) — f(xo)e
o) vo — [Ivel) | f'(x0)(vo + [Ivell)
= 5 e+ 5 e

f'(x0) (vo + lvell) _
+ 2 Ve 2
=f"(x0) (voe + ||vellVe) + o(lIvI]),

if ve # 0, and otherwise V, is an arbitrary unit vector from (e)~. Hence,

_ [T x0)(vo — IIvell) +o(vl)

Ve
[[vell

IF5°x 4+ v) = F° ) = f (xo)vIl = o(IvID).
This shows that f*°¢ is differentiable at such x with (f5°¢)’ (x)v = f’(xo)v.

Assume that f is continuously differentiable. From (10), it is easy to see that (f5°¢)’(x) is continuous
at every x with x, # 0. We next argue that (f5°)'(x) is continuous at every x with x, = 0. Fix any
x = xpe with xg € J. For any z = z, + zpe with z, # 0, we have

(£ @)v — (F°) (vl < |b1(2) — ao@)|[IVell + |b1(2) — ' (x0) Vol
+lao(@) — f' o) [Ivell + le1 @[ (Ivol + lIvel)). (13)

Since f is continuously differentiable on J and A5 (z) — xg, A1(z) — X¢ asz — x, we have

where v, =

ao(z) — f'(x0), b1(z) — f'(x0) and ¢;(z) — O.

Together with Eq. (13), we obtain that (f5°¢)'(z) — (f*°)'(x) asz — x.

(c) The result is direct by the definition of (f/)*°¢ and a simple computation from (10).

(d) Suppose that f/(t) > Oforallt € J. Fixany x = X, + xge € S.If x, = 0, the result is direct. It
remains to consider the case x, # 0. Since f'(t) > Oforallt € J, we have by (x) > 0,b;(x) — ¢q(x) =
f'(A(x)) > 0,b1(x) + c1(x) = f/(A2(x)) > 0and ap(x) > 0. From part (b) and the definitions of
b1 (x) and ¢ (x), it follows that for any h = h, + hge € H,

(h, (F°°%) ()h) = (b1 (x) — Qo (X)) (e, he)? + 21 (X)ho (Re, he) + b1 ()G + ao (%) || he 1
1
= a0(0) [Ihell” = (%e. he)* | + 5 (1) = €1(0) [ho — (%e. he)

+% 5100 + 1)) [ho + (Re, he) 2 = 0.

This implies that the operator (f°)’(x) is positive semidefinite. Particularly, if f'(t) > O forall t € ],
we have that (h, (f5°)’(x)h) > 0 for all h # 0. The proof is complete. [

Lemma 3.1(d) shows that the differential operator (f5°¢)’(x) corresponding to a differentiable non-
decreasing f is positive semidefinite. So, the differential operator (f°°¢)’(x) associated with a differen-
tiable SOC-monotone function is also positive semidefinite.

Proposition 3.1. Assume thatf € C'(J) with ] open. Then f is SOC-monotone if and only if (f*°°) (x)h € K
foranyx € Sand h € K.

Proof. If f is SOC-monotone, then foranyx € S,h € Kandt > 0, we have
o+ th)y — f°(x) > O,
which, by the continuous differentiability of f5°° and the closedness of K, implies that

(F°9)' (x)h = 0.
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Conversely, for any x, y € S with x > y, from the given assumption we have that

1
PO () — [ (y) = /0 (F°Y (x + t(x — y)) (x — y)dt € K.

This shows that f5°¢(x) >k f5°°(y), i.e., f is SOC-monotone. The proof is complete. [

Proposition 3.1 shows that the differential operator (f°°¢)’(x) associated with a differentiable SOC-
monotone function f leaves K invariant. If, in addition, the linear operator (f*°¢)’(x) is bijective, then
(f5°¢)’(x) belongs to the automorphism group of K. Such linear operators are important to study the
structure of the cone K (see [9]).

Corollary 3.1. Assume that f € C'(J) with J open. If f is SOC-monotone, then

(a) (f)*°°(x) € K foranyx € S;
(b) f*°¢ is a monotone function, i.e., (f*°“(x) — f*°“(y),x —y) > O foranyx,y € S.

Proof. Part(a)is direct by using Proposition 3.1 withh = e and Lemma 3.1(c). By part(a),f’(t) > 0for
all T € J. Together with Lemma 3.1(d), (f5°¢)’(x) > 0 for any x € S. Applying the integral mean-value
theorem, it then follows that

1
(P () — f(y), x — y) = /0 (x — . (F°) (y + t(x — ) (x — y))dt > 0.

This proves the desired result of part (b). The proof is complete. [

Note that the converse of Corollary 3.1(a) is not correct. For example, for the function f(t) =
—t72 (t > 0), it is clear that (f')*°°(x) € K for any x € intK, but it is not SOC-monotone by Exam-
ple 5.1(ii). The following proposition provides another sufficient and necessary characterization for
differentiable SOC-monotone functions.

Proposition 3.2. Let f € C'(J) with ] open. Then f is SOC-monotone if and only if

N 1 fey  f@ @
[f (Tl»T1)f[](T1,T2):|: 1 Fa—

M) M) || L0 ZI0)p

1— 172

>0, Vr,n €. (14)

Proof. The equality is direct by the definition of fI'1. It suffices to prove that f is SOC-monotone if and
only if the inequality in (14) holds for any 71, 73 € J. Assume that f is SOC-monotone. By Proposition
3.1, (f°°) (x)h € K forany x € Sand h € K. Fix any x = x, + xge € S. It suffices to consider the case
where x, # 0. Since (f*°°)'(x)h € K for any h € K, we particularly have (f°°)’(x)(z + e) € K for any
z € B, where B is the set defined in Lemma 2.1. From Lemma 3.1(b), it follows that

(£ () (z +e) = [(b1(X) — ap(x)) (Re, 2) + 1(X)]Xe + A0 (X)Z + [b1 (x) + c1(X) (Xe, 2) ] e.

This means that (f5°¢)'(x)(z + e) € K for any z € B if and only if
b1 (%) + c1(%)(Xe, z) = 0, (15)

[b1(0) + c1 () (%e, 2) 1> = [ (01(X) — 20(X)) (%e, 2) + €1 ()[R + a0()z]* . (16)

By Lemma 2.1(a), we know that (15) holds for any z € B if and only if b;(x) > |cy(x)|. Since by a
simple computation the inequality in (16) can be simplified as

b1(x)? = 100 — ag(0)? IIz)1* = [b1(0)? — c1(x)? — a0 (®)?] (2, %),
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applying Lemma 2.1(b) yields that (16) holds for any z € B if and only if
b1 (0)? — c1(x)* — ap(x)* = 0.
This shows that (f*°¢)'(x)(z + e) € K for any z € B if and only if

bi(x) > |c1(®)] and by ()% — ¢1 ()% — ap(x)? > 0. (17)

The first condition in (17) is equivalent to by (x) > 0, b1(x) — c1(x) > 0and by (x) + c¢1(x) > 0, which,
by the expressions of by (x) and c; (x) and the arbitrariness of x, is equivalent to f'(t) > Oforall T € J;
whereas the second condition in (17) is equivalent to

f(r2) — f(T1)

2
>0, Vi, €.
—7

[ @)f () — [
The two sides show that the inequality in (14) holds for all 71, 7, € J.
Conversely, if the inequality in (14) holds for all 7, T2 € J, then from the arguments above we have
(f5°°)Y (x)(z + e) € K for any x = x, + xge € S and z € B. This implies that (f5°°)'(x)h € K for any
x € Sand h € K. By Proposition 3.1, f is SOC-monotone. [

Propositions 3.1 and 3.2 provide the characterizations for continuously differentiable SOC-
monotone functions. When f does not belong to C!(J), one may check the SOC-monotonicity of f
by combining the following proposition with Propositions 3.1 and 3.2.

Proposition 3.3. Letf: ] — R be a continuous function on the open interval ], and f, be its regularization
defined by (9). Then, f is SOC-monotone if and only if f. is SOC-monotone on ], for every sufficiently small
& > 0,whereJ, := (a+¢&,b —¢&) for] = (a, b).

Proof. Throughout the proof, for every sufficiently small ¢ > 0, we let S; be the set of all x € H whose
spectral values A1(x), A2 (x) belong to J.. Assume that f, is SOC-monotone on J, for every sufficiently
small ¢ > 0. Let x, y be arbitrary vectors from S with x > y. Then, for any sufficiently small & > 0,
we havex + e, y+¢ce € S, and x 4 ee > y + €e. Using the SOC-monotonicity of f; on J, yields that
(x4 ge) =k f°°(y + ee). Taking the limit ¢ — 0 and using the convergence of f5°°(x) — f*°°(x)
and the continuity of f*°“ on S implied by Lemma 3.1(a), we readily obtain that f°°(x) > f*°°(y). This
shows that f is SOC-monotone.

Now assume that f is SOC-monotone. Let ¢ > 0 be an arbitrary sufficiently small real number. Fix
anyx,y € S, withx >k y.Then,forallt € [—1, 1],wehavex—tce, y—tee € Sandx—tee >k y—tee.
Therefore, f°°(x — tee) >k f5°°(y — tee), which is equivalent to

fu—te) +fGo —te)  f(ur —te) +f(up — te)
2 2
- Hf(/\l —te) —fOa—te)_ flu —te) —f(u2 —te)

e el -

2 2

Together with the definition of f, it then follows that
fe(h1) + fe(A2) _ fe(ur) + fe(u2)

2 2
:/[f()n —te) +fa—te)  fQu _t8)+f(uz_t8)}(p(t)dt
: 2 2
A —e) — [ — — &) — f(uz —
Z,/Hf( 1—¢€) 2f( 2 E)RE_f(m €) 2f(uz 8)?e o(O)dt
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_ H/ [f()\l —&) —fla—e)  flu—6) —f(na—e)

2 2

fea) —fe)_ fe(ur) — fe(ua) _
2 Xe ™ 2 Vel -

By the definition of f°¢, this shows that f3°°(x) >k f°°(y), i.e., f; is SOC-monotone. [

ye} p(t)dt

From Proposition 3.2 and [2, Theorem V. 3.4], f € C!(J) is SOC-monotone if and only if it is matrix
monotone of order 2. When the continuous f is not in the class C!(J), the result also holds due to
Proposition 3.3 and the fact that f is matrix monotone of order n if and only if f; is matrix monotone
of order n. Thus, we have the following main result.

Theorem 3.1. The set of continuous SOC-monotone functions on the open interval | coincides with that of
continuous matrix monotone functions of order 2 on J.

Remark 3.1. Combining Theorem 3.1 with Lowner’s theorem [17] shows that if f : | — Risa
continuous SOC-monotone function on the open interval J, then f € C'(J).
4. Characterizations of SOC-convex functions

This section is devoted itself to the characterizations of SOC-convex functions, and shows that
the continuous f is SOC-convex if and only if it is matrix convex of order 2. First, for the first-order
differentiable SOC-convex functions, we have the following characterizations.
Proposition 4.1. Assume that f € C'(J) with ] open. Then, the following results hold.

(a) f is SOC-convex if and only if for any x,y € S,
F0) = £ = (F°) () (v — %) = 0. (18)

(b) Iff is SOC-convex, then (f')5°C is a monotone function on S.

Proof. By following the arguments as in [1, Proposition B.3(a)], the proof of part (a) can be done easily,
and we omit the details. From part (a), it follows that for any x, y € S,

F0) = £ 0) = (F°) ) (x = y) =« O,
W) = £ = () 0 — ) =k 0.

Adding the last two inequalities, we immediately obtain that

[ 0) = (7 0] v = %) =« 0.
Using the self-duality of K and Lemma 3.1(c) then yields

0= (e, [V D) = (Y @] ¢ —0) =y —x ) 0) = ()™ ).
This shows that (f')%°° is monotone. The proof is complete. [

To provide sufficient and necessary characterizations for twice differentiable SOC-convex functions,
we need the following lemma that offers the second-order differential of f*°°.
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Lemma 4.1. For any given f: ] — R with ] open, let f*°°: S — H be defined by (3).
(a) f5°¢ is twice (continuously) differentiable on S if and only if f is twice (continuously) differentiable

on J. Furthermore, when f is twice differentiable on J, for any given x = x, 4+ xpe € Sandu =
Ue + uge, v = v, + vge € H, we have that

(79" () (u, v) = f" (x0)ugvoe + f” (xo) (ugve + voue) + f” (xo0) (Ue, ve)e

if e = 0; and otherwise
(£ @) (, v) = (b2(x) — a1(x))uo (Re, Ve)Xe + (c2(X) — 3d(X)) (Xe, Ue) (Xe, Ve)Xe
+d(x)[(Ue, Ve)Xe + (Xe, Ve)lle + (Re, Ue)Ve]| + C2(X)UgVoXe
+(b2(x) — a1(x))(Xe, Ue)VoXe + a1 (x)(voue + ugve)

+b (x)ugvoe + c2(x)[vo (Xe, Ue) + o (Re, Ve) e

+aq (%) (ue, ve)e + (ba(x) — aq(x))(Xe, Ue) (Xe, Ve)e, (19)
where
") — f" (A (x)) "2 () + f (A (x))
(X)) = 5 . ba(x) = 5 ,
0100 = (A2 (%) —f’(M(X))’ d(x) = b1 (x) — ao(X).

A2(x) — A1 (%) llxel
(b) Iff is twice differentiable on ], then for any givenx € Sand u, v € H,

(fSOC)//(X)(u’ V) — (fSOC)//(x) (V, u)’
(u, ()" (0w, v)) = (v, ()" X (u, w).

Proof. (a)The first part is direct by the given conditions and Lemma 3.1(b), and we only need to derive
the differential formula. Fix any u = u, + uge, v = v, + vge € H. We first consider the case where
Xe = 0. Without loss of generality, assume that u, 7 0. For any sufficiently small t > 0, using Lemma
3.1(b)and x + tu = (xg + tug) + tue, we have that

(F°%) (x + tu)v = [b1 (x + tu) — ag(x + tu)] (U, Ve)Ue + €1 (X + tu)volle

+ag(x + tu)ve + by (x 4 tu)voe + c1(x + tu) (U, ve)e.

In addition, from Lemma 3.1(b), we also have that (f°)'(x)v = f’(xo)voe + f’(xo)ve. Using the
definition of by (x) and ag(x), and the differentiability of f" on J, it follows that

by (x + tu)vge — f'(xo)voe
lim 1(x + tu)voe — f'(xo)Vvo — " (x0)tioVoe.
t—0 t

t _ /

lim ao(x + tu)ve — f'(xo) Ve — £ (x0)UoVe.
t—0 t
. bi(x 4 tu) —ap(x + tu)
lim =0,
t—0 t

. ax+tu)
lim ———
t—0

= f" (x0) llute .
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Using the above four limits, it is not hard to obtain that
SOC/X—}-tuV— S0CY/ (x)y
) 6 vy — i &) B OV = (% ()
t—0 t
= f"(xo)ugvoe + f” (x0) (ugve + voue) + f” (x0) (te, ve)e.
We next consider the case where x, # 0. From Lemma 3.1(b), it follows that
(F°9) (X)v = (b1 (x) — ap(x)) (Xe, Ve) Xe + €1(x)VoXe
+ao(X)ve + b1(x)voe + c1(X) (Xe, ve) e,
which in turn implies that
(F°)" ) (u, v) = [(b1(X) — ap(x)) (Xe, ve) Xel u + [c1 (X)voXe] u
+ [ag(x)ve + b1 (x)voe] u + [c1(x) (Re, ve) €] u. (20)

By the expressions of ag(x), b1 (x) and c; (x) and equations (11) and (12), we calculate that

_ [702(0) [uo + (Re, Ue)] + F" () [uo — (Xe, ue)]
2 2

(b1 (x))'u
= b2(x)u0 + (X) <Xe’ u€>7

(c1(x) u=c2(x)ug + b2 (x) (Xe, Ue),

f020) = fOa @) i) —ae®
M) — @) Al e

=a;(x)ug + d(x) (Xe, Ue),

_ ’ < 1 <¥€1 u€>7 >
((Xe, ve)) u= Ue — Xe, Ve ).

e
1%l [1%e |l

Using these equalities and noting that a; (x) = c1(x)/||Xe||, we obtain that

(@o(®)'u=

(0160 = a0(0) (Fe. ve)e | u = (b2(0) — a1 () ttg + (c2x) — () (Re. 1) | Re. ve)e

1 (Xe, Ue) _ _
+(b1(x) — ao(X))< - e ve>xe

—— U X
lIxel lIxel

_ 1 (Xe, Ue) _
+ (b1(x) — ap(x)) (Xe, ve) [ - Xe:|

Ue
llxel lIxe I

= [(b200) — a1 (X))o + (€2(0) — (X)) (Re. Ue) | Re, Ve e

+d(X) (ue, Ve)Xe — 2d(X)(Re, Ve) (Xe, Ue)Xe + d(x) (Xe, Ve)Ue;
[a0Gove + by (0voe] u = [a1 (o + () (Re. 1) ]ve + [b2 (0o + €200 Re. ) Jvoe:

_7 - _ Ue — (Xe, Ue)Xe
[61 (X)VOXe] u= [Cz (o + bz (%) (Xe. ue>]vae +a (X)VOT

= [c2(00t0 + by (X) (R, te) [voXe + a1 (X)vo[ e — (Re, Ue)Re |
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and
_ / _ _ Ue — (Xe, Ue)Xe
(€100 (%, vele] u=[c2(0ttg + b2(0) (Re. o) | (%e, ve)e + ¢1(x) <”X”, ve>
= (o (Re, vele + (b2 (x) — @1 (X)) (Re, Ue) (Re, Ve) € + a1 (X) {ue, ve)e.

Adding the equalities above and using Eq. (20) yields the formula in (19).
(b) By the formula in part (a), a simple computation yields the desired result. [J

Proposition 4.2. Assume that f € C2(J) with J open. Then, the following results hold.

(a) fis SOC-convex if and only if for any x € S and h € H, (f*°¢)"(x)(h, h) € K.
(b) f is SOC-convex if and only if f is convex and for any t1, T2 € ],

f"@) () = f() —f' (@)@ =) [f(n) —f(5) = f (1) (11 — mT o

2 (12 — 11)? - (12 — 11)?

(c) f is SOC-convex if and only if f is convex and for any 71, T3 € ],

f@)—f@)—f ) —n) f(r)—f(@)—f(w)(n - n)
(12—11)? (12 — 11)?

(d) f is SOC-convex if and only if for any 71, 7o € Jand s = 11, Ty,

[2] (2]
[N (12, s, 12) (12,5, T1) 0.
By, s,v) (s, o)

1
Zf”(fl)f”(fz)z . (22)

Proof. (a) Suppose that f is SOC-convex. Since f*°C is twice continuously differentiable by Lemma
4.1(a), we have for any given x € S, h € H and sufficiently small t > 0,

FO(x + th) = f°(x) + t(F°) (x)h + %rz (F°9) (x) (h, h) + o(t?).

Applying Proposition 4.1(a) yields that %(fsoc)”(x) (h, h) + o(t?)/t? >k 0. Taking the limit ¢ | 0, we
obtain (f°¢)”(x)(h, h) € K. Conversely, fixanyz € K and x, y € S. Applying the mean-value theorem
for the twice continuously differentiable (f5°“(.), z) at x, we have

(W), 2) = (F°(0), 2) + () (0 v — %), 2)
1
+5((fs°°)”(x +Hy—x))y—xy—x),2)
for some t; € (0, 1).Since x + t;(y — x) € S, the given assumption implies that

(@) = 0 = () 0y — %), 2) > 0.

This, by the arbitrariness of z in K, implies that f5°¢(y) — f5°¢(x) — (f°°)/(x)(y — x) >k 0. From
Proposition 4.1(a), it then follows that f is SOC-convex.
(b) By part (a), it suffices to prove that (f5°¢)”(x)(h, h) € K for any x € Sand h € H if and only if f is
convex and (21) holds. Fix any x = x, + Xge € S. By the continuity of (f*°°)”(x), we may assume that
Xe 7 0. From Lemma 4.1(a), for any h = h, + hge € H],

(%) () (h, B = [ (€2(X) = 3d(X)) (Re, he)? + 2(b3(X) — @10 ho (Re, he) [%e
+[e200hG + d@ eI JRe + [2a1 (X0 ho + 2d(x) (e, he) |he
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+[2c2(0ho (Re, he) + b2 (R + a1 (W1 I e
+(b2(0) — a1() (Re, he)e.
Therefore, (f°¢)”(x)(h, h) € K if and only if the following two inequalities hold:

bo() (G + (e, he)?) + 202000 (e, he) + a1 (0) (Ilhell> — (Re, he)?) = 0

and

(0200 (1 + (Re. he)?) + 262 (0o Re. he) + 1) (I > — (e, he)?) |

> | (c200h3 + dCO IRell?) Re + 2 (b3 (X) — a1(X)) ho(Re, he)%e

+(€2(%) = 3d(0) (e, he)2Xe + 2 (a1 (o + d(X) (Re, he)) b

Observe that the left-hand side of (23) can be rewritten as

F"(A2(0) (ho + (%e, he))? n F" (A1) (ho — (e, he))?
2 2

From Lemma 2.2, it then follows that (23) holds for all h = h, + hge € H if and only if

f' () 20, f"(22(x)) = 0 and a;(x) > 0.

In addition, by the definition of b, (x), c2(x) and a; (x), the left-hand side of (24) equals

[ 260N a0 + 5 G 0)pr (W + an )]

+ a1 () (lhell* = (Xe, he)?).

1277

(23)

(24)

(25)

(26)

where (1 (h), nz(h) and p(h) are defined as in Lemma 2.3 with u, replaced by X.. In the following,
we use i1, (2 and w to represent juq(h), uo(h) and w(h) respectively. Note that the sum of the first

three terms in || - ||? on the right-hand side of (24) equals
1 _ _
5 (€00 +b2() = a1(9) (ho + (e, he))* %e

1
+2 (@) = b () + a1 (0) (ho — (Xe, he))? Xe
+d00) (e ll” = (e, he)®) Xe — 2d(0) (Re, he)Xe
= " (2 (x) 3% — f" 1 () 3%e — (a1 (%) + d(x)) p3%e
+(a1(x) — d(X)) iixe + 2d () paprXe + d(X) e
=:E(x, h)Xe,
where (2 — i1)? = 2(Xe, he)
(@1(x) — d(x)) (ho — (Re, he)) he + (a1(x) + d(x)) (ho + (Re, he)) he

= V2 (@1(0) = d(x) prhe + V2 (@1(x) + d(x) phe.
Thus, we calculate that the right-hand side of (24) equals

2 is used for the equality, while the last term is

EGe, h)? + 2[ (@ () — dG)ur + (a1 () + dG0) ez el

+24/2E(x, h)[a1 (x) — d(x)] i1 (Re, he) + 28/2E(x, B)[a1(X) + d(x) |2 (Re, he)
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= E(x, )% +2[ (@1 () — d00) 1 + (@) + d(0)pez ] [MZ + (’“_2’“)2}
+2E(x, 1) (12 — ) [ (@1 () — dG0) e + (@1 (X) + (X)) 2

= [EGe ) + (12 — ) (@1 (3) — Ay + (@1 (6) + dx)pal |
+2[ (@100 — ) 1 + (@1 () + d) pa | 122, (27)

where the expressions of it1, (2 and u are used for the first equality. Now substituting the expression
of E(x, h) into (27) yields that the right-hand side of (27) equals

1/ 2 i 2 2 2 2 2
[ 023 = 1" 0 )i + deop?]” + 2] (@1 (x) = dX) i + (@1 () + ) 2] 1.
Together with Eq. (26), it follows that (24) is equivalent to
4f" (M )" (M2 ()i 3 + 2 (a1 (x) — d(x)) f" (A2 (0)) 3>
+2 (@1 (%) + d00) ' Oa )i + (a1 (0? — d(0)?) p*

—2[(a1(x) — d(x)) u1 + (a1(x) +d(x)) p2]* n? > 0.
By Lemma 2.3, this inequality holds for any h = h, + hge € H if and only if
G (02 —dx)? >0, f'(A®)(a1(x) —dXx) > (a1(x) +d(x))*,

F(a(0) (@1 (0 + d®) > (a1 () — d(x))?,

which, by the expression of a; (x) and d(x), are respectively equivalent to

[02) =fO1) =[G G2 = A1) fO1) =f(2) = f'02) 1 = 42) 0

(A2 — A9)? (A2 — 21)? '
f"(A2) f(h2) = f(r1) = f (M) (A2 — Aq) - F) —fG2) —f(Ga) (ki — a2) TP (28)
2 (A2 — 11)? - (A2 — 21)? '

f7Oq) fF) — fF(R2) — f(A2) (kg — A2) - [f()Q) —fO) = ') (g — M)T
2 (A2 — A1)? N (A2 — A1)? ’

where A1 = A1(x) and A, = A, (x). Summing up the discussions above, f is SOC-convex if and only

if (25) and (28) hold. In view of the arbitrariness of x, we have that f is SOC-convex if and only if f is

convex and (21) holds.

(c) It suffices to prove that (21) is equivalent to (22). Clearly, (21) implies (22). We next prove that (22)
implies (21). Fixing any 7, € J, we consider g(t) : | — R defined by

f"(r2) [f(t) — f(r2) — f (2 (t — T2) I
2 (t—1)?

if t # 15, and otherwise g(t;) = 0. From the proof of [12, Theorem 2.3], we know that (21) implies
that g(t) attains its global minimum at t = 7. Consequently, (21) follows.
(d) The result is immediate by part (b) and the definition of f%! given in Section 2. O

g(t) =

[F@) = f©) = (O -] -

By Proposition 4.2(b) and (c), using the same arguments as in [12] gives the following result.

Corollary 4.1. Letf € C*(J) with ] open. Then, the following results hold.
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(a) fis SOC-convex if and only if forany t € J,
OO

1o 1S [0
6 24

where f ® and f ) denote the third and the fourth derivatives of f, respectively.
(b) Iff”(t) > Oforeveryt € ], thenf is SOC-convex if and only if there exists a positive concave function
c(t) onJ such that f" (t) = c(t) > forevery t € J.

Propositions 4.1 and 4.2 and Corollary 4.1 provide the characterizations for continuously differen-
tiable SOC-convex functions, which extend the corresponding results of [6, Section 4]. When f is not
continuously differentiable, the following proposition shows that one may check the SOC-convexity
of f by checking that of its regularization f,. Since the proof can be done easily by following that of
Proposition 3.3, we omit the details.

Proposition4.3. Letf: ] — IR be a continuous function on the open interval J, and f, be its regularization
defined by (9). Then, f is SOC-convex if and only if f, is SOC-convex on J, for every sufficiently small ¢ > 0,
where J; :== (a+ &, b — ¢) for] = (a, b).

By Corollary 4.1, [12, Theorem 2.3] and Proposition 4.3, we have the following result.

Theorem 4.1. The set of continuous SOC-convex functions on the open interval | coincides with that of
continuous matrix convex functions of order 2 on J.

Remark 4.1. Combining Theorem 4.1 with Kraus’ theorem [15] shows thatiff : ] — Risa continuous
SOC-convex function, then f € C2(J).

To close this section, we establish another sufficient and necessary characterization for twice con-
tinuously differentiable SOC-convex functions f by the differential operator (f°°)’.

Proposition 4.4. Let f € C>(J) with ] open. Then f is SOC-convex if and only if
xxpy = (F*)Y® — () y) =0, Vx,yeSs. (29)

Proof. Suppose that f is SOC-convex. Fix any x, y € Swithx > y,and h € H. Since f*°¢ is twice con-
tinuously differentiable by Lemma 4.1(a), applying the mean-value theorem for the twice continuously
differentiable (h, (f5°¢)’(-)h) aty, we have

(h [ ) = (Y W] ) = (b, () v + 1 = ) (x =y, b))
=(x =y, () + 1 x =) (h, b)) (30)

forsome t; € (0, 1), where Lemma 4.1(b) is used for the second equality. Noting thaty +t;(x —y) € S
and f is SOC-convex, from Proposition 4.2(a) we have

(F°Y"(y + t1(x — y))(h, h) € K.

This, together with x — y € K, yields that (x — y, (f*°)"(x + t;(x — y))(h, h)) > 0. Then, from (30)
and the arbitrariness of h, we have (f5°¢)’(x) — (f°¢)'(y) > 0.

Conversely, assume that the implication in (29) holds for any x, y € S. For any fixed u € K, clearly,
Xx + tu > x forall t > 0. Consequently, for any h € H], we have

(h [ ¢ + ) — Y 0] ) = 0.
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Note that (f°°¢)’(x) is continuously differentiable. The last inequality implies that
< (h )" @, b)) = (u, ()" %) (h, ).

By the self-duality of K and the arbitrariness of u in K, this means that (f5°¢)” (x)(h, h) € K. Together
with Proposition 4.2(a), it follows that f is SOC-convex. [

5. Examples and applications

This section gives some examples of SOC-monotone functions and SOC-convex functions, and then
discusses their applications in establishing certain important inequalities. First, by Proposition 3.2, one
may easily verify that the following functions are SOC-monotone.

Example 5.1. (i) f(t) = t" on [0, +00) is SOC-monotone if and only if 0 < r < 1.
(ii) f(t) = —t~" on (0, +00) is SOC-monotone if and only if 0 < r < 1.

(iii) f(t) = In(t) on (0, 4+-00) is SOC-monotone.
(iv) f(t) = — cot(t) on (0, 7r) is SOC-monotone.
(v) f(t) = CH on (—o0, ¢) and (c, +00) are SOC-monotone, where ¢ > 0 is a constant.
(vi) f(t) = _t on (—o0, ¢) and (c, +00) are SOC-monotone, where ¢ > 0 is a constant.

By Corollary 4.1, it is easy to verify that the following functions are SOC-convex.

Example 5.2. (i) The function f(t) = t" with r > 0 is SOC-convex on [0, +00) if and only if
r € [1, 2]; and the function f(t) = t~" with r > 0 is SOC-convex on (0, +00) if and only if
r € [0, 1]. Particularly, f(t) = t? is SOC-convex on R.

(ii) The function f(t) = t" with r > 0 is SOC-concave if and only if r € [0, 1].

(iii) The entropy function f(t) = tInt (t > 0) is SOC-convex.

(iv) The logarithmic function f(t) = — Int (t > 0) is SOC-convex.

v) f(t) =t/(t — o) witho > 0on (o, 400) is SOC-convex.

(vi) f(t) = —t/(t + o) witho > 0on (—o, +00) is SOC-convex.

(vii) f(t) = t*/(1 — t) on (—1, 1) is SOC-convex.

Next we illustrate the applications of the SOC-monotonicity and SOC-convexity of certain functions
in establishing some important inequalities. For example, by the SOC-monotonicity of —t " and t" with
r € [0, 1], one can get the order-reversing inequality and the Lowner-Heinz inequality, and by the
SOC-monotonicity and SOC-concavity of —t ~!, one may obtain the general harmonic-arithmetic mean
inequality.

Proposition 5.1. Foranyx,y € Hand 0 < r < 1, the following inequalities hold:

(@ y "=k x"ifx =gy >k 0;
(b) X" =k y"ifx >y >k O;
-1
(©) [Bx'+ (1 =By =k Bx+ (1 — By foranyx,y = 0and B € (0, 1),
From the second inequality of Proposition 5.1, we particularly have the following result which

generalizes [10, Eq. (3.9)], and is often used when analyzing the properties of the generalized FB SOC
complementarity function ¢, (x, y) := (|x[P + lyP)'P — (x + ).

Corollary 5.1. Foranyx,y € H, let z(x, y) := (|x|P + |y|P)'/? for any p > 1. Then,

z(x,y) =k |x| =k x and z(x,y) >k |yl =k y.
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The SOC-convexity can also be used to establish some matrix inequalities. From (10) we see that,
when H reduces to the n-dimensional Euclidean space R", the differential operator (f5°¢)’ (x) becomes
the following n X n symmetric matrix:

b1(x) a1 (XL
c1(X)%e ag(x)I + (b1(x) — ag(x))XeX,

where ag(x), b1 (x) and c;(x) are same as before, and I is an identity matrix. Thus, from Proposition
4.4, we have the following result which is hard to get by direct calculation.

Proposition 5.2. Iff € C2(J) is SOC-convex on the open interval J, then for any x,y € Swithx > y,

b1 (%) ¢ (x)x! - b1 (y) VA
c1(0Fe ao()I + (b1(X) — ap(X)XXL | | et a0 + (b1(y) — Go(Y)ReX, |

Particularly, when f (t) = t> (t € R), this conclusion reduces to the following implication
X0 X

-T =T
Xy = | 0 | = |V
Xe Xol Ve Yol

In addition, with certain SOC-monotone and SOC-convex functions, one can easily establish some
determinant inequalities.

Proposition 5.3. Forany x,y € K and any real number p > 1, it holds that
2
Jdet(x +y) > 202 (,"/ det(x) + ¥ det(y)) .

Proof. Since f(t) = t1/P is SOC-concave on [0, +00), we have (
fact that det(x) > det(y) whenever x >k y > 0, implies that

277 det (YxFy) = det W;T;y) > clet(*p&;r W) > det(J%) : det(*%_’),

where det(x + y) > det(x) 4+ det(y) for x, y € K is used for the last inequality. In addition, by the
definition of det(x), it is clear that det(&/x) = ¥/det(x). Thus, from the last equation, we obtain the
desired inequality. The proof is complete. [

1/p
X+
TY) -

1/pyy1/p .
%, which, by the

6. Relations between SOC-monotone and SOC-convex

Comparing Example 5.1 with Example 5.2, we observe that there are some relations between SOC-
monotone and SOC-convex functions. For example, f(t) = tInt and f(t) = — Int are SOC-convex on
(0, +00), and its derivative functions are SOC-monotone on (0, +00). This is similar to the case for
matrix convex and matrix monotone functions. However, it is worthwhile to point out that they can not
inherit all relations between matrix convex and matrix monotone functions, since the class of contin-
uous SOC-monotone (SOC-convex) functions coincides with the class of continuous matrix monotone
(matrix convex) functions of order 2 only, and there exist gaps between matrix monotone (matrix
convex) functions of different orders (see [13,20]). Then, a question occurs to us: which relations for
matrix convex and monotone functions still hold for SOC-convex and SOC-monotone functions.
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Lemma 6.1. Assume that f : ] — R is three times differentiable on the open interval J. Then, f is a
non-constant SOC-monotone function if and only if f' is strictly positive and (f "=1/2 is concave.

Proof. “<=". Clearly, f is a non-constant function. Also, by [12, Proposition 2.2], we have

T =JW) o), Voon ). -

h—1t

This, by the strict positivity of f” and Proposition 3.2, shows that f is SOC-monotone.
“=". The result is direct by [8, Theorem III] and Theorem 3.1. [

Using Lemma 6.1, we may verify that SOC-monotone and SOC-convex functions inherit the following
relation of matrix monotone and matrix convex functions.

Proposition 6.1. Iff : ] — Risa continuous SOC-monotone function, then the function g(t) = j;ff(s)ds
with some a € ] is SOC-convex.

Proof. It suffices to consider the case where f is a non-constant SOC-monotone function. Due to
Proposition 3.3, we may assume f € C>(J). By Lemma 6.1, f/(t) > O forall t € Jand (f')~/? is
concave. Since g € C*(J) and g”(t) = f'(t) > Oforall t € J, by Corollary 4.1 in order to prove that g
is SOC-convex, we only need to argue

F0g0 [P0 oo [roP
> — =S Vel (32)

48 36 48

Since (f')~'/2 is concave, its second-order derivative is nonpositive. From this, we have

1/, 2 1, 3)
— t < —f(t t) Vte],
5 "0) = fOfPm veeg
which implies the inequality (32). The proof is complete. [

Similar to matrix monotone and matrix convex functions, the converse of Proposition 6.1 does not
hold. For example, f(t) = tz/(l — t)on (—1, 1) is SOC-convex by Example 5.2(vii), but its derivative
g'(t) = (11702 — 1 is not SOC-monotone by Proposition 3.2. As a consequence of Proposition 6.1 and

Proposition 4.4, we have the following corollary.

Corollary 6.1. Letf e C2(J).Iff' is SOC-monotone, then f is SOC-convex. This is equivalent to saying that
foranyx,y € Swithx >k y,

Y00 =k (@) = ()0 = ') = 0.

From [2, Theorem V. 2.5], we know that a continuous function f mapping [0, +00) into itself is
matrix monotone if and only if it is matrix concave. However, for such f we can not prove that f is
SOC-concave when it is SOC-monotone, but f is SOC-concave under a little stronger condition than
SOC-monotonicity, i.e., the matrix monotonicity of order 4.

Proposition 6.2. Let f be a continuous function mapping [0, +00) into itself. Then,

(a) f is SOC-monotone whenever f is SOC-concave;
(b) f is SOC-concave whenever f is matrix monotone of order 4.

Proof. Using the same arguments as [5, Proposition 4.1], we can prove part (a). By [18, Theorem 2.1],
if f is continuous and matrix monotone of order 2n, then f is matrix concave of order n. This, together
with Theorem 4.1, implies part (b). O
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Note that Proposition 6.2 verifies Conjecture 4.2 of [5] partially. From [2], we know that the functions
in Example 5.1(i)—(iii) are all matrix monotone, and so they are SOC-concave by Proposition 6.2(b). In
addition, using Proposition 6.2(b) and noting that —t~! (t > 0) is SOC-monotone and SOC-concave
on (0, +00), we readily have the following corollary.

Corollary 6.2. Let f be a continuous function from (0, 400) into itself. If f is matrix monotone of order 4,
then the function g(t) = J% is SOC-convex.
Proposition 6.3. Let f be a continuous real function on the interval [0, o). If f is SOC-convex, then the
indefinite integral of f(Tt) is also SOC-convex.

Proof. The result follows directly by [21, Proposition 2.7] and Theorem 4.1. [J

For a continuous real function f on the interval [0, ), Theorem V. 2.9 of [2] states that the following
two conditions are equivalent:

(i) f is matrix convex and f(0) < 0;
(ii) The function g(t) = f(t)/t is matrix monotone on (0, o).

Now we cannot establish the equivalence between the two conditions for the SOC-monotone and SOC-
convex functions though the given examples in Examples 5.1 and 5.2 imply that this seems to hold,
and we will leave it as a future topic.

At the end of this section, let us take a look at Example 5.1(i)—(iii) and (v)-(vi). We find that these
functions are continuous, nondecreasing and concave. Then, one naturally ask whether such functions
are SOC-monotone or not. This is exactly Conjecture 4.1(a) of [5]. The following counterexample shows
that Conjecture 4.1(a) of [5] does not hold generally.

) —tlnt+t te(0,1), . S . .
Example 6.1. Consider f(t) = This function is continuously differen-
t €1, 4+00).

tiable, nondecreasing and concave on (0, +00). However, letting t; = 0.1 and t; = 3,

e - (f T @Y (a1
Fef () ( — )_ ( —

By Proposition 3.2, we know that the function f is not SOC-monotone.

2
) = —0.0533.

7. Conclusions

We provided the necessary and sufficient characterizations for SOC-monotone and SOC-convex
functions in the setting of a general Hilbert space, by which the set of continuous SOC-monotone
(respectively, SOC-convex) functions is shown to coincide with that of continuous matrix monotone
(respectively, matrix convex) functions of order 2. These results will be helpful to characterize the SC-
monotone (i.e., symmetric cone monotone) and SC-convex functions, which are scalar valued functions
that induce Lowner operators in Euclidean Jordan algebra to preserve the monotone order and convex
order, respectively.
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