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Abstract The circular cone Ly is not self-dual under the standard inner product and
includes second-order cone as a special case. In this paper, we focus on the monotonicity
of f%¢ and circular cone monotonicity of f. Their relationship is discussed as well. Our
results show that the angle 6 plays a different role in these two concepts.
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1 Introduction

The circular cone [11, 32] is a pointed closed convex cone having hyperspherical sections
orthogonal to its axis of revolution about which the cone is invariant to rotation. Let its half-
aperture angle be 6 with 6 € (0, 90°). Then, the n-dimensional circular cone denoted by Lg
can be expressed as

Lo :={x=(x1,x)" e RxR""|cosfx]| <x}.
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212 J. Zhou, J.-S. Chen

Note that L450 corresponds to the well-known second-order cone K" (SOC, for short),
which is given by

K" = {x = (1,27 € Rx R [[Ix2]] < x1).
There has been much study on SOC, see [5, 6, 8] and references therein; to the contrast,
not much attention has been paid to circular cone at present. For optimization problems
involved SOC, for example, second-order cone programming (SOCP) [1, 2, 17, 19, 21] and

second-order cone complementarity problems (SOCCP) [3, 9, 14, 16, 28], the so-called
SOC-functions (see [5-7])

0 = fha)u) + FO0)u®  Vx=(x, )" e Rx R (1)

play an essential role on both theory and algorithm aspects. In expression (1), f : J — R
with J C R is a real-valued function and x is decomposed as

x = (x) - ulD 4 ax) - u® )

where A1 (x), A2(x) and u)(cl), u)(cz) are the spectral values and the associated spectral vectors
of x with respect to K", given by

: : 1 1
Ai(x) =x1+ (D2l and ul) = 3 [(_1)%} 3)
for i = 1,2 with X := xp/||x2|| if x2 # 0, and X, being any vector in R"~! satisfying
|x2]] = 1if x = 0. The decomposition (2) is called the spectral factorization associated

with second-order cone for x. Likewise, there is a similar decomposition for x associated
with circular cone case. More specifically, from [31, Theorem 3.1], the spectral factorization
associated with Ly for x is in form of

x=20) - uld + 2 x) - ul )
where
A(x) = x1 — ||x2]|ctand )
Aa(x) = x1 + [|x2| tan &
and

RO 1 [1 0 H 1 ]_[ sin® @ ]

YT 1a4ctan26 | Octand - I || —x; |~ | —(sinf cosO)x2 ©)
e - 1 |:l ][1]_[ cos? 0

YT I4tan20 | Otan@ -1 || x|~ | (sinfcos@)i,

Analogously, for any given f : R — IR, we can define the following vector-valued function
for the setting of circular cone:
FEe) = f ) ul? + f Go) ud. (7)
For convenience, we sometime write out the explicit expression for (7) by plugging in 2; (x)
and uy):
Jf i — lxzlictand)  f(x1 + [Ix2]| tan6)

c _ 1 + ctan26 1 + tan2 6
[ = Fx1 — [xalictand)ctand  f(xi + xal tan6) tano\ _ |- @
— X
1 + ctan26 1 + tan2 6 2

Clearly, as 8 = 45°, the decomposition (4)—(8) reduces to (1)—(3). Since our main target is
on circular cone, in the subsequent contexts of the whole paper, A; and u,(f) stands for (5)
and (6), respectively.
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Monotonicity Associated with Circular Cones 213

Throughout this paper, we always assume that J is an open interval (finite or infinite) in
R,ie., J := (¢,7') with ¢, € R U {£o0o}. Denote S the set of all x € R" whose spectral
values A; (x) fori = 1,2 belong to J, i.e.,

S=xeR"|AKx)eJ, i=1,2}.

According to [24], we know S is open if and only if J is open. In addition, as J is an
interval, we know S is convex because

min{A;(x), A1 (M)} < A1 (Bx + (1 = B)y) < A2(Bx + (1 — B)y) < max{rz(x), r2(y)}.
We point out that there is a close relation between Ly and K" (see [31]) as below

tan 6 0]

n __ Py—
K" =ALy where A.—|: 0 1

It is well-known that K" is a self-dual cone in the standard inner product (x, y) =
Y1 xiyi. Due to £ = ,C%_g by [31, Theorem 2.1], Ly is not a self-dual cone unless
6 = 45° In fact, we can construct a new inner product which ensures the circular
cone Ly is self-dual. More precisely, we define an inner product associated with A as
(x, y)a := (Ax, Ay). Then

Ly = {xI(x,y)a=0, ¥y e Lo} ={x]|({Ax,Ay) = 0, ¥y € A”'K")
= {x[{Ax,y) =20, Vy e K"} = {x | Ax € K"}
= ATIK" = L.
However, under this new inner product the second-order cone is not self-dual, because
(K" = {x{x,y)a 20, Vy e K"} = {x | (Ax, Ay) = 0, ¥y € K"}
= {x|(A%x,y) >0, Vy e K"} = {x | A%x € K"} = A72K".

Since we cannot find an inner product such that the circular cone and second-order cone
are both self-dual simultaneously, we must choose an inner product from the standard inner
product or the new inner product associated with A. In view of the well-known properties
regarding second-order cone and second-order cone programming (in which many results
are based on the Jordan algebra and second-order cones are considered as self-dual cones),
we adopt the standard inner product in this paper.

Our main attention in this paper is on the vector-valued function f%¢. It should be empha-
sized that the relation IC" = ALy does not guarantee that there exists a similar close relation

between f£¢ and f£%°°. For example, take f(¢) to be a simple function max({z, 0}, which
corresponds to the projection operator I1. For x € Ly, we have Ax € K" which implies

Me,(x) =x = A" (Ax) = A" T in (Ax).

Unfortunately, the above relation fails to hold when x ¢ Ly. To see this, we let tanf =
1/4 and x = (—1, 1)7. Then, it can be verified

3
Mgy,(x) =0 and A~ 'Tlxn(Ax) = [5}
8

which says Iz, (x) # A~ (Ax). This example undoubtedly indicates that we cannot
study f%£¢ by simply resorting to f5°°. Hence, it is necessary to study f£¢ directly, and the
results in this paper are neither trivial nor being taken for granted.

Much attention has been paid to symmetric cone optimizations, see [22, 23, 27] and
references therein. Non-symmetric cone optimization research is much more recent; for
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214 J. Zhou, J.-S. Chen

example, the works on p-order cone [30], homogeneous cone [15, 29], matrix cone [12];
etc. Unlike the symmetric cone case in which the Euclidean Jordan algebra can unify the
analysis [13], so far no unifying algebra structure has been found for non-symmetric cones.
In other words, we need to study each non-symmetric cones according to their different
properties involved. For circular cone, a special non-symmetric cone, and circular cone
optimization, like when dealing with SOCP and SOCCP, the following studies are crucial:
(i) spectral factorization associated with circular cones; (ii) smooth and nonsmooth analysis
for f Lo given as in (7); (iii) the so-called Ly-convexity; and (iv) Lg-monotonicity. The
first three points have been studied in [4, 31, 32], and [33], respectively. Here, we focus
on the fourth item, that is, monotonicity. The SOC-monotonicity of f have been discussed
thoroughly in [5, 7, 24]; and the monotonicity of the spectral operator of symmetric cone has
been studied in [18]. The main aim of this paper is studying those monotonicity properties
in the framework of circular cone. Our results reveal that the angle 6 plays different role in
these two concepts. More precisely, the circular cone monotonicity of f depends on f and
6, whereas the monotonicity of f<¢ only depends on f.

To end this section, we say a few words about the notations and present the definitions
of monotonicity and Lg-monotonicity. A matrix M € R"*" is said to be Ly-invariant if
Mh € Lg forall h € Lo. We write x >, y tomean x — y € Ly and denote L the polar
cone of Ly, i.e.,

Lo:={yeR"|(x,y) <0, Vx € Lp}.

Denote e := (1,0, ...,0)7 and use A(M), Amin(M), Amax (M) for the set of all eigenval-
ues, the minimum, and the maximum of eigenvalues of M, respectively. Besides, S” means
the space of all symmetric matrices in R"*" and S’ is the cone of positive semidefinite
matrices. For a mapping g : R" — R™, denote by D, the set of all differentiable points of
g. For convenience, we define 0/0 := 0. Given a real-valued function f : J — R,

(a) f issaid to be Lyg-monotone on J if for any x, y € S,
xzg,y = [P@) =g, [P0
(b) £~ is said to be monotone on S if
(£5 @) = f5 ), x —y) =0, Vx,y €S,

(c) f** is said to be strictly monotone on § if

<f£9(x) — R (), x —y> >0, Vx,yesS, x#y.
(d) % is said to be strongly monotone on § with i > 0 if

(F200) = f2 ) x = y) = ullx = yI°, Va,yes.

2 Circular Cone Monotonicity of f

This section is devoted to the study of Lg-monotonicity. The main purpose is to provide
characterizations of £g-monotone functions. To this end, we need a few technical lemmas.

Lemma 2.1 Let A, B be symmetric matrices and yT Ay > 0 for some y. Then, the
implication [zT Az > 0 = zT Bz > 0] is valid if and only if B s AA for some A > Q.

Proof This is the well known S-Lemma, see [7, Lemma 3.1] or [25]. O
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Monotonicity Associated with Circular Cones 215

Lemma 2.2 Given ¢ € R, u € R"™', and a symmetric matrix 8 € R"™. Denote B :=
{z e R* |zl < 1}. Then, the following statements hold.

(a) & being Lg-invariant is equivalent to & |:ct0;n9 ] € Ly forany z € B.
{ l/lT . 1 . . . . .
(b) IfE= 0 H with H € S"7°, then E is Lg-invariant is equivalent to

¢ > |lull tan6
and there exists ). > 0 such that

;“2 — ctan0|u|)? — A ¢ tan)uT — ctandu™ H
(¢ tan@)u — ctandHu  tan® Quu’ — H* + A1

] zgn 0.
Proof (a) The result follows from the following observation:
BLy € Ly & BATIK" e ATIK" <= AEA™IK" e K"
— AEA"! [l] eK" <= EA™! [l] e ATIK"
:»EA“[He&M:E[Cin@]eLO, ©)

where the third equivalence comes from [7, Lemma 3.2].
(b) From (9), we know that

1)1 ¢ tanOu’ 1 ¢ +tanu’z
= 1 = = n
Ag4 [Z] [ctan@u H ][z:| [ctan@u—f—Hz € K%

which means
;“—i—uthan@ >0, VzeDB, (10)
and
C+ulztan6 > |ctandu + Hz|, VzeB. (11)
Note that condition (10) is equivalent to

¢ > tanf max{—u’ z|z € B} = tan 6 ||u||
and condition (11) is equivalent to
T_\? 2

(; + tan Ou z) > ||ctanfu + Hz||?,

ie.,
zT(tan2 Ouul — Hz)z +2 ({ tan Ou’ — ctan@uTH) z+ {2 — ctan?0u’u >0 VzeB,
which can be rewritten as
[1 ﬂ@[;]zo vz e B, (12)
with
0 — ¢? —ctan®0uTy (¢ tan®)u’ — ctanfu’ H
" | (¢tan@)u — ctand Hu tan? Quu’ — H? ’
We now claim that (12) is equivalent to the following implication:

[kuT][(l)_ol][ﬁ]zo — [va](H)[i]zO, v[’;]en{". (13)
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216 J. Zhou, J.-S. Chen

First, we see that (12) corresponds to the case of k = 1 in (13). Hence, it only needs to show
how to obtain (13) from (12). We proceed the arguments by considering the following two
cases.

For k # 0, dividing by k2 in the left side of (13) yields

bl s][t]zo

which implies v/k € B. Then, it follows from (12) that

v 1
[1 (%)T] | v|=o.
k
Hence, the right side of (13) holds.
For k = 0, the left side of (13) is ||v]| < 0, which says v = 0, i.e., (k, v)T = 0. Therefore,
the right side of (13) holds clearly.
Now, applying Lemma 2.1 to ® ensures the existence of A > 0 such that
¢? —ctan*0u’u ¢ tanOu’ — ctandu’ H 10
20, T _ g2 - s 0.
CtanOu — ctand Hu tan“ Quu’ — H (U +

Thus, the proof is complete. (]

X1 x2T

Lemma 2.3 F ix being i H = B
emma 2.3 For a matrix being in form of |:x2 ol + ’szsz

] , where a, B € R,
then

max{x; + [[x2[l, x1 — B} + max{0, @ — x; + B}

Amax (H) = Amin(H)

min{x; — [[x2], x; — B} + min{0, &« — x1 + B}.

v v

Proof First, we split H as sum of three special matrices, i.e.,

X1 x2T | *1 sz _ﬂ 0 0 + 0 0
xy al + Biox] |7 | x2 ;i1 01— %%l 0 (@ —x1+p)I

and let
T
x| 0 0 10 0
Ql'_|:x2x1l] 'B[OI—)EQJEZT]’ Qz'_[O(a—xl—i-ﬂ)I ‘

Then, A(R21) = {x1 — [Ix2ll, x1 + [Ix2]l, x1 — B} by [6, Lemma 1] and A(22) = {0, o« —
x1 + B}. Thus, the desired result follows from the following facts:

Amin (€21 + 22) = Amin(21) + Amin(€22) and  Amax (21 + £22) < Amax (21) + Amax (£22).
This completes the proof. O
Next, we turn our attention to the vector-valued function f L9 defined as in (7). Recall

from [4, 32] that f Ly is differentiable at x if and only if f is differentiable at A;(x) for
i =1,2and

P flanI , xo = 0;
VfE(x) = £ ox] (14)
[gxz 1+ (y —T)izizT] *2 #0.
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Monotonicity Associated with Circular Cones 217

where
= fO2(x)) = f(A(x)) £ f((x)) " fOa(x))
T A(x) — A x) 1 —|— ctan?0  1+tan?6’
. ctanf
0 = —mf( l(x))+ f( 2(x)),
ctan?6 tan?
n = mf(l(x))+l+t f(z(x))

The following result shows that if f%¢ is differentiable, then we can characterize the
Lg-monotonicity of f via the gradient V f£¢.

Theorem 2.1 Suppose that f : J — R is differentiable. Then, f is Lo-monotone on J if
and only if V 29 (x) is Lg-invariant for all x € S.

Proof “=" Suppose that f is Lg-monotone. Take x € S and h € Ly, what we want to prove
is Vf£9(x)h € Ly. From the Lo-monotonicity of f, we know f<¢ (x + th) >y FE9(x)
for all + > 0. Note that £y is a cone. Hence

FE0(x +th) — £ (x)
t

>z 0. 15)

Since Ly is closed, taking the limit as + — 0T yields Vfﬁe xX)h >, 0, ie,
V L0 (x)h € Ly.
< Suppose that V ££¢(x) is Lg-invariant for all x € S. Take x, y € S with x >, y (i.e.,
x —y € Ly). In order to show the desired result, we need to argue that fﬁﬁ (x) >z, f‘cf’ ).
For any ¢ € L3, we have

1
(¢, F2 ) — 2 () = fo (6. V5 x41(x—y) (x —y)dr <0,  (16)

where the last step comes from Vfﬁf’ (x+1t(x—y)(x—y) € Lybecause x +1(x — y) €
S (since S is convex) and V f£¢ is Ly-invariant over S by hypothesis. Since ¢ € L5 is
arbitrary, (16) implies f£0(x) — f£9(y) € (L£3)° = Ly, where the last step is due to the
fact that Ly is a closed convex cone. This means f Lo (x) = o f Lo ). O

Note that f is Lipschitz continuous on J if and only if f%¢ is Lipschitz continuous on
S, see [4, 32]. The nonsmooth version of Theorem 2.1 is given below.

Theorem 2.2 Suppose that f : J — R is Lipschitz continuous on J. Then the following
statements are equivalent.

(@) f is Ly-monotone on J;
(b) 0p f‘C@ (x) is Lg-invariant for all x € S;
(c) fLo(x) is Lg-invariant for all x € S.

Proof “(a) = (b)” Take V € dp f Lo (x), then by definition of B-subdifferential there exists
{xx} C Dfag such that x; — x and Vf‘f’ (xi) — V. According to (15), we obtain

VL (x;)h =1, Ofor h € Ly. Taking the limit yields Vi >, 0. Since V € dp £~ (x) is
arbitrary, this says that dp f~¢ is Lg-invariant.
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218 J. Zhou, J.-S. Chen

“Mb) = (c)” Take V € af L (x), then by definition, there exists V; € dp f Lo (x) and Bi €
[0, 1] such that V = ), B;V; and ) ; B; = 1. Thus, for any h € Ly, we have Vi =
> BiVih € Ly, since V; is Lg-invariant and Ly is convex. Hence 9f Lo (x) is Lg-invariant.
“(c) = (a)” The proof follows from Theorem 2.1 by replacing (16) with

(¢, fP0) — f2 () = (¢, V(x —y)) <0,

for some V € 3f%¢(z) with z € [x, y] by the mean-value theorem of Lipschitz functions
[10]. O

With these preparations, we provide a sufficient condition for the Lg-monotonicity.

Theorem 2.3 Suppose that f : J — R is differentiable. If for all t;, t € J witht; < tp,

(tan® — ctand) (f'(1) — f'(t2)) = 0, (17)
and
[ w
f)—fay o) =g O, (18)
— [
h—1n

then f is Lg-monotone on J.

Proof According to Theorem 2.1, it suffices to show that V f L6 (x) is Lg-invariant for all
x € S. We proceed by discussing the following two cases.

Case 1 For x; = 0, in this case it is clear that V f Lo (x) being Lg-invariant, i.e.,
VLo (x)h = f'(x1)h € Lg forall h € Ly, is equivalent to saying f’(x;) > 0.

Case 2 For xp # 0, let
H:=tl+ (n— )%

Then, applying Lemma 2.2 to the formula of V f Lo(x) in (14), V f Lo (x) is Lg-invariant if
and only if

& > |loll tan6 (19)
and there exists A > 0 such that
v g2 —ctan?0p? — A Etan QQ)EZT - ctan@gizTH e O (20)
| §tanfox; — ctanfoHx, tan® 0?%r%] — H? + A1 =8

Hence, to achieve the desired result, it is equivalent to showing that the conditions (17)
and (18) can guarantee the validity of the conditions (19) and (20). To check this, we first
note that (19) is equivalent to

—tan6f’(A1(x)) — ctanff' (A2 (x)) < —tanOf' (A1 (x)) + tan 6’ (A2 (x))
< tan@f’ (A1(x)) + ctanf f’ (A2 (x))
1 — ctan6
— f'(M(x)) =0 and f'(Ai(x)) > f.f/(kz(ﬂ). 21

This is ensured by (17) and (18). In fact, if tan6 > ctan6, then we know from (17) that
F/a@) = fO2(x) = ((1 —ctan®0)/2) f'(A2(x)) where the second inequality is due
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Monotonicity Associated with Circular Cones 219

to f'(A2(x)) > 0 by (18). If tand < ctand, then 1 — ctan?d < 0, and hence f’(ri(x)) >
0> ((1 — ctan29)/2) f'(Aa(x)) since f'(r;i(x)) > 0fori = 1,2 by (18).
Now let us look into the entries of Y. In the Yj-entry, we calculate
52 — ctan2t9g2
1 2 20y ¢/ 2 20 £/ /
S e [(tan 0 — ctan20) f'(h1 (x))? + 2(1 + ctan®6) £/ L (x)) f (Az(x))]
= m [(tan2 6 — ctan®0) f'(A1(x))? + (ctan’6 — tan® 0) f' (A (x)) f’(,\z(x))]

2 2 / /
+7(tan9 )2 [2 + tan~ @ 4+ ctan 9] ST () fr(Aa(x))

wA f O )) f (o (x)),
with

— % 29 2 ’ 2 2, 2 , ,
K= and + ctand)? [(tan 0 — ctan”0) f' (11 (x))” + (ctan“f — tan~ ) f'(A1(x)) f (Az(x))]
tanf —ctanf , , )
= mf M) [f/ ) = f/Oa2x))]

>0,

where the last step is due to (17). In the Y2-entry and Y»;-entry, we calculate

(& tan O)Q)EzT - ctan@g)?zTH
1
= ané + ctand)? [(~tan?6 + ctan®0) £/Gu ()% + (1an? 6 = ctan®) fGur (2)) £ Ga(0)) | £

_ tanf —ctant , , T
= —mf 1) [/ M) = f2(x)] 5,

=T
= —UX;.

In the Yy-entry, we calculate

(tan 6 + ctand)? [(tanz 6 — ctan’9) f'(h1(x))

tan? 0@222)22T —H?> = %I+ <r2 +
=201+ tan? 6) £ G (0) ' G2) | ) 5281
= =21+ (P u = 01 @) f G2(0) B2

Hence, Y can be rewritten as

T T2
T =
[Tzl T2

_ [u + 100 (0)) f/ (o (x)) — A —uil ]
— X =+ (24— @) fGax) X2x] |

Now, applying Lemma 2.3 to Y, we have
A1) = min {11 = |ul, Ti = (224 1 = F/ a0 f G2
wmin {0, (1= 72) = Ti1 + (2 41— £ 01D FOa))
= min { /(1 () f Ga(0) = & 2 G () f (o) = 72 = 2]
+2min {0, A — f'G1(x) f 2D} (22)
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220 J. Zhou, J.-S. Chen

Using A1(x) < X2(x) and condition (18) ensures

fa(x) — f(xl(x)))z

FOa() 20, f'(Ga(x)) 20, and f'(1(x)) f' (ha(x)) Z( () — )

which together with (15) yields
F @) fGa(x) =0 and £/ (A (x) f'(A2(x)) — 7% = 0.
Thus, we can plug A := f'(A1(x)) f'(A2(x)) > 0 into (22), which gives Ayin () > 0.

Hence T is positive semi-definite. This completes the proof. O

Remark 2.1 The condition (17) holds automatically when 6 = 45°. In other case, some
addition requirement needs to be imposed on f. For instance, f is required to be convex as
6 € (0,45°) while f is required to be concave as 6 € (45°,90°). This indicates that the
angle plays an essential role in the framework of circular cone, i.e., the assumption on f is
dependent on the range of the angle.

Based on the above, we can achieve a necessary and sufficient condition for Lg-
monotonicity in the special case of n = 2.

Theorem 2.4 Suppose that f : J — R is differentiable on J and n = 2. Then, f is Lgy-
monotone on J if and only if f'(t) > Oforallt € J and (tan 0 —ctand)(f'(t;)— f'(2)) = 0
forallt, tr € J witht; < 1.

Proof In light of the proof of Theorem 2.3, we know that f is Lg-monotone if and only if
for any x € S,

ctan?6
@) =0, f(hax) = ff’()»z(x», (23)
and there exists A > 0 such that

r— [u+f/(m<x)>f’(xz(x)> — A i
+u w— f' M) f (ha(x)) + A

where the form of T comes from the fact that x; = =1 in this case. It follows from (24)
that 122 — (' (01 (x)) f/(ha(x)) — 1% — 2 > 0, which implies & = f/(A1 (X)) f/(ha(x)).
Substituting it into (24) yields

== 1 +1
T_[iu M]_“[il 1| =8 O

which in turn implies i > 0. Hence, the conditions (23) and (24) are equivalent to

]zgi 0, (49

1 — ctan

29
@) =0, f'(rikx) = ff’(kz(x»,
(tanf — ctand) f' (A1 (X)) [ f' (k1 (x)) — f'(Ra(x))] = 0.

Due to the arbitrariness of A; (x) € J and applying similar arguments following (21), the
above conditions give f/(z) > 0 for all 7 € J and (tan 0 — ctanf)(f'(r;) — f'(r2)) > O for
all 11, tp € J with #; < fp. Thus, the proof is complete. O
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Monotonicity Associated with Circular Cones 221

3 Monotonicity of f<*

In Section 2, we have shown that the circular cone monotonicity of f depends on both
the monotonicity of f and the range of the angle 6. Now the following questions arise:
how about on the relationship between the monotonicity of f%¢ and the Lg-monotonicity
of f? Whether the monotonicity of f%¢ also depends on 7 This is the main motivation
of this section. First, for a mapping H : R” — R", let us denote d H(x) st O (or
dH (x) >g O) to mean that each elements in d H (x) is positive semi-definite (or positive
definite), i.e.,

OH(x) =gy O (or =51 0) <= Axg O (or >z 0), YA€ dH().

Taking into account of the result in [26], we readily have

Lemma 3.1 Let f be Lipschitz continuous on J. The following statements hold:
(@) f% is monotone on S if and only if 3f “ (x) st O forall x € S;
() Ifaf%e (x) >sn O forall x € S, then £~ is strictly monotone on S;

(c)  f* is strongly monotone on S if and only if there exists i > 0 such that df = (x) =g
wl forall x € S.

Lemma 3.2 Suppose that f is Lipschitz continuous. Then,

[ (x) =g O = 0f(x) =g1 O and Ip ™ (x) g1 O <= df*(x) g1 O.

Proof The result follows immediately from the fact 9/%¢ (x) = convdg f £ (x). O

Lemma 3.3 The following statements hold.

(a) Foranyh € R"

2 2
f (hl - cmne)z{hg) i (h1 —l—tanO)EzThz) +13 <||h2||2 - (;{hz)z) >0 (25)

ifand only ift; > O fori =1,2,3.
(b) Forany h € R"\{0}

2 2
f <h1 — ctandi! hz) T (h1 + tan 037 hz) +1 (||112||2 — @l hz)z) -0 (26)

ifand only ift; > Qfori =1, 2,3.

Proof (a) The sufficiency is clear, since |)E2T ha| < ||x21lllA2]l = |lh2|| by Cauchy-Schwartz
inequality. Now let us show the necessity. Taking & = (1, —ctané x»)”, then (25) equal to
11 (14 ctan?6)? > 0, which implies #; > 0. Similarly, let 7 = (1, tan @ %2)T, then (25) yields
(1 4 tan? 0)2 > 0, implying # > 0. Finally, let 4 = (0, u)” with u satisfying (u, Xp) = 0
and ||u|| = 1, then it follows from (25) that 3 > 0.

(b) The necessity is the same of the argument as given in part (a). For sufficiency, take a
nonzero vector k. If ||h2||—)€2Th2 > (, then the result holds since 13 > 0. If ||h2||—)22Th2 =0,
then h, = BX,. So the left side of (26) takes t;(h; — Bctand)? + fr(hy + Btan6)? > 0,
because h; — fctand = hy + Btan6d = 0 only happened when 8 = 0 and h; = 0. This
means hy = 0 since hy = Bx3,s0 h = 0. O
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If f is differentiable, it is known that f Lo is differentiable [4, 32]. It then follows from
Lemma 3.1 that £ is monotone on S if and onlyif V f Lo (x) s O forall x € S. Hence,

to characterize the monotonicity of f£¢, the first thing is to estimate V £ (x) =g1 O via

f.

Theorem 3.1 Given x € R" and suppose that f is differentiable at A;(x) fori = 1, 2.
Then ¥ f%(x) gy O ifand only if f'(i(x)) 2 0fori = 1.2 and f(ha(x)) = f(R1(x).

Proof The proof is divided into the following two cases.

Case 1 For x; = 0, using Vf“(x) = f'(x1)e, it is clear that V% (x) =g O is
equivalent to saying f’(x1) > 0. Then, the desired result follows.
Case 2 For x; # 0, denote

@) FRACELED))
,— [020)

b = ——-—"7— = .
! 1 + ctan26 an 1+ tanZ 6

Then, £ = by + by, 0 = —bjctand + by tanf, and n = bictan?6 + b, tan? 0. Hence, for
allh = (b1, ho)T € R x R"™!, we have

(h, V f%*(x)h)
= (b1 + bp)h? + 20h1XF hy + ||ha|? 4 (bictan®0 + by tan® 0 — 7) (%] hy)?
= (b1 + ba)h? + 2(—bctand + by tan )k %3 hy + (bictan®6 + by tan® 0) (3] ha)?

7 (2 = G h2)?)

S (h% — 2ctandh i hy + ctanZO(JEzThz)z) + by (h% +2tan 0hy &7 hy + tan? 9(;22Th2)2)
7 (Iha? = G h2)?)

= by (i - ctaneizThz)z + bz (I + tan ex{hz)z +7 (Il = T h2)?).
In light of Lemma 3.3, the desired result is equivalent to

b1 >0, bp >0, t= JfO2) = fFi(x)) >0
Aa(x) — Ap(x)

ie. [/ @) 2 0, f/(ha(x)) = 0,and f(2(x)) = f (A1 (x)) due to 2a(x) > A (x) in this
case. O

)

By following almost the same arguments as given in Theorem 3.1, we further obtain the
following consequence.

Corollary 3.1 Given x € R" and suppose that f is differentiable at \;(x) fori = 1, 2.
Then for xa # 0, V %0 (x) >sn O ifandonly if f'(A;i(x)) > O0fori =1,2and f (A (x)) >

FO1(x)); forxp =0, VL6 (x) >gt O if and only if f'(x1) > 0.

When f is non-differentiable, we resort to the subdifferential dp (f ‘:9), whose estimate
is given in [32].
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Lemma 34 Let f : R — 1R be strictly continuous. Then, for any x € R", the
B-differential 3 (f~?)(x) is well defined and nonempty. Moreover,

(i) ifxy #0, then

S S a() = f ()

§ oxd /x|l } A (x) — A1 (x)

oxa/lwal o+ - o i || 185 & 5H o)

n =& — o(ctanf — tan9)

(L)) = [

27
(i) ifxy =0, then
; T €df(h(x), lwll=1
c § ow § — octant) € 9p f (A1 (x))
9p(f7)(x) < |:Qw I+ (n— ‘L')wa] & +otanf € 9p f(A1(x)) (28)

n =£& — o(ctand — tan0)

Lemma 3.4 presents an upper estimation on dp f¢ (x) when x, = 0. Here we give an
lower estimation.

Lemma 3.5 Suppose that f is locally Lipschitz at x with x, = 0. Then,

dpf(x))I € 0p £ (x).

Proof First, take u € dp f(x1). Since f is locally Lipschitz at x;, there exists t € Dy
satisfying + — x1. Note that A; (te) = ¢ fori = 1, 2. Then, f£9 is differentiable at te, i.e.,
te € DfL9 and V f%4 (te) = f'(t)1. Hence,

ul = lim f'(t)I = lim V£ (te) € 35 £ (x).
—>x te—x

Since u is an arbitrary element in dp f (x1), the desired result follows. O

Using Lemmas 3.4 and 3.5, the nonsmooth version of Theorem 3.1 is given below.

Theorem 3.2 Given x € R", then dp [~ (x) >sn O if and only if o f (A;(x)) > O for
i=1,2,and f(ha2(x)) = f (A1 (x)).

Proof Consider the following two cases.

Case 1 For xp # 0, according to (27), we know for V € 9p fﬁf? (x), there exists v; €
dp f(Ai(x)) fori = 1,2 such that & — pctand = vy, £ + o tanf = v, and

[ ¢ 0%y
0%y T+ (n— )il |
Hence,

v tan 6 + vpctand vy — U] victand + vy tan 6

, 0=———— and 7
tan 6 + ctanf tan 6 + ctanf tan 6 + ctan6
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and
(h, Vh)
vy tan6 + voctand , V-V _7 victand + v tanf _p 5
— —————— I ——————X; hoh1 + ——————— (%, h2)
tan 6 + ctanf tan 6 + ctanf tan 6 + ctanf

+7 [Ih2? = & 2]

tan @ 2 ctand 2

O W hetand] 4 S Dyt ho ane]
and & ctanQUl [ 1 (x2 2)ctan + and + otand v2 | hy + (X5 hp) tan

+7 [l = G h)?). 29

Applying Lemma 3.3, we have (h, Vh) > 0O for all 2 € IR" if and only if vy, v > 0, and
7 > 0. In other words, 3z f £ (x) =gt O if and only if 9 f(%i(x)) = 0 fori = 1,2 and
fGa(x) = fh(x)).

Case 2 For x; = 0, the sufficiency follows by along the same arguments as above. In fact,
the every element of the left set (28) is positive semidefinite. Then, the necessity follows
from Lemma 3.5. O

Likewise, we have a nonsmooth version of Corollary 3.1 which is given below.

Corollary 3.2 Given x € R, then for xo # 0, g £~ (x) = 0 if and only if 3g f (Ai (x)) >
0fori = 1,2, and f(r2(x)) > f(A1(x)); for xo = 0, agfﬁ"(x) > 0 if and only if
8Bf(x1) > 0.

One point needs to be mentioned here. Because we cannot characterize the strict mono-
tonicity by subgradients (see Lemma 3.1), we resort to the definition of monotonicity.
Indeed, inspired by [18], we obtain the following result.

Theorem 3.3 Suppose that f is locally Lipschitz continuous on J. Then,

(@) % is monotone on S if and only if f is nondecreasing on J;

(b)  f%o is strictly monotone on S if and only if f is strictly increasing on J;

(c)  f*¢ is strongly monotone on S with i > 0 if and only if f is strongly increasing on S
with u > 0.

Proof (a) =>.Take t1, 1, € J with#; < ;. Since f Lo is monotone, we have

0 < (1 — e, fX(ne) — fX (ne)) = (1 — ) (f (1) — (1),

which implies f (1) < f(t2).

<. Take x € S. Since f is monotone on J, we know dp f(¢) > O for all r € J, and
hence df (t) > O for t € J. Because A;(x) € J fori = 1, 2, it implies dp f (A; (x)) > 0O for
i = 1,2. In addition, f(A2(x)) — f(A1(x)) = y(A2(x) — A1(x)) for some y € df (tp) and
1o € (A1(x), A2(x)) € J. Hence, f(A2(x)) > f(A1(x)) duetoy € df(7) > 0. Applying
Theorem 3.2 yields 9z f £ (x) =g O, which means f £¢ is monotone on S by Lemma 3.1.
(b) =. Given 11,1, € J witht; > t,. Since f Lo is strictly monotone on S, we have

(f(r) — f() (1 — 1) = (5 (r1e) — f50 (e, (11 — h)e) > O,

which together with the fact t; > t, yields f(¢1) > f(fp). This says f is strictly increasing
onJ.
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. Letx,y € S with x # y. We shall show the strict monotonicity of f*¢ by checking
definition. To proceed, we consider the following four cases.

Case 1 For x, = yp = 0, it is clear that

(200 = 23 x = y) = (fO) = FOD) (1 = 1) > 0,
where the last step is due to the fact that f is strictly monotone and x; # yj, since (x1, 0) =

X #y = (y1, 0) under this case.

Case 2 For x, = 0 and y, # 0, we have
(0 = @),y = x)

(Tl 0a ) = FED]+ gL G200 = £ (yl o )
A\ [F255 170200 = Fe] = (820 (£Ga o) — fel]52) T\

1
= ———= [SOu() = F&D] (yt — x1 — [ly2[lctand)

1 + ctan?6
+1+tﬁ [f(A2(y) — F(xD] (1 — x1 + |[y2] tan 6)
- 1Jrcﬁ[f(h(y)) — fD] () — x1)
+1+tﬁ Lf (R2(0) — fxD] (A2(y) — x1)
>0

where the second step follows by taking X = y, and the last step is due to the strict
monotonicity of f.

Case 3 For x; # 0 and y, = 0, the argument is similar as above.

Case 4 For xp, y» # 0, we further discuss two subcases. If y» ¢ Rx, := {rxz|t € R},
that is, y» is not parallel to x», then 0 ¢ [x2, y»]. This can be verified by contradiction: if
0 € [x2, y2], there exists A € (0, 1) such that 0 = Axz 4 (1 — 1) y;. It implies y, = —ﬁxg,
which is a contraction with y» ¢ Rx;. Hence, z; # O for all z € [x, y]. We now claim that

(y—x,V(y—x))>0, Vz€[x,y] and V € 35~ (2). (30)

In fact, according to Theorem 3.2, V =g 0, and hence (y—x, V(y—x)) > 0. However,

if (y —x, V(y — x)) = 0, then it follows from (29) that

_ Axa + (1 =)y

N—X=Y2=yY——_
llz2|]

i — [O20M)=f0r X))
for some y > 0, since v = =LA =08

y2 € Rxp, which is a contradiction.

> 0 by the strict increasing of f. Hence,

Therefore, applying (30) and using the fact

(fE@) = 20, x—y) econv i (y—x, Vo—0)Ve |J afr“@y¢,

z€[x,y]
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we have
(f5x) — fX (), x —y) > 0.

If y» € Rxo, i.e., yo = Bx, for some S € R, we proceed as follows. For 8 > 0, we have
y2» = X7 and hence

(fE () = f2(x), y — x)
[f M () = FO1EN] (1 — x1 — (B — 1)[|x2]Ictand)

1+ ctan29

+1—|—tﬁ [f(2(3) = fO2(eNT (1 — x1 + (B — Dllx2] tan0)
= Toemng 109 = fGDT 01 =31 = (2l = a2 etand)

+1+tﬁ [f R2(0) — Fa(N] (1 — x1 + (ly2ll — lIx2]]) tan 6)
= m[f(kl(y)) — D] (y) — A (x))

+mﬁ [f(G2(3) = £ ()] (Ra(y) = 22(x)
> 0.

For B < 0, take 7 := ﬁy + %x. Thus, z = 0 and

B—1
y—x:T(y—z)z(l—ﬁ)(z—x).

This yields

(f5(y) — fX(x), y — x)
= (fY @) — fX0),y —x) + (@) — fX 0,y —x)
—1
= ﬂTo“*’ ) = 2@,y —2) + (L= B () — X 2), 2 —x)

> 0,

where the last step is due to z2 = 0 by following the similar argument as Case 2, and
coefficients (8 — 1)/8, (1 — B) are positive.
(c) The result follows by applying part (a) to the function f(¢) — nt. O

Theorems 2.3 and 3.3 indicate an interesting thing: the angle 6 plays different role in
these two concepts. In other words, the circular cone monotonicity of f depends on f and
6, whereas the monotonicity of f%¢ only depends on f.

Corollary 3.3 For two scalars vy, vo € R with vi < vy, then

(@) Ifopf(t) € [vy, vl fort € J, then vyl =sn BBfL‘) (x) st val forall x € S;
®) Ifopf() C (v, v) fort € J, then vl <sn 83f£“ (x) <sn val forall x € S.

Proof (a) Define gy, (t) := f(¢t) — vit. Then, (gvl)Lg (x) = f£9 (x) — v1x which says
dp(g0,)(1) = dpf(t) —vi and dp(gy,)™" (x) = dp [~ (x) — vi1.
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Since dp f(t) < [v1, v2], we obtain dg gy, (t) > Oforallz € J, and hence g,, is nondecreas-
ing on J. This implies that (gvl)l:" is monotone by Theorem 3.3. Moreover, this together
with Lemma 3.1 gives 85 (gy)“* (1) =g O, i.e., 35 (t) =g vil. Similarly, we can
obtain dp fL" (x) jgr_;_ vol.

(b) Note that dp f‘:9 is a closed set. Hence, if dp f(t) € (v1, v2), there exists 1/1 and vé
satisfying v; < v, vj < vy and dp f(r) C [v], vj] forall r € J. Applying part (a) yields
vy s ap fX0 (x) =g v5 I, which in turn implies v{ 1 <s dp %0 (x) <gy v2l. O

Finally, let us discuss the relationship between Lg-monotonicity of f in Section 2 and
monotonicity of f£¢ in Section 3.

Theorem 3.4 Given f : J — R, if f is Lg-monotone, then f~¢ is monotone.

Proof Given ty,1t; € J with t] < fp, then t;e € S since A;(tie) =t; € J fori = 1, 2. Note
that e >, tie. Since f is Ly-monotone, then

76 ] = r0 e, s20me = | 7V ]

which implies f(t2) > f(t1), i.e., f is monotone on J. This, together with Theorem 3.3,
means that ¢ is monotone on S. O

In general, the converse of Theorem 3.4 is false. However, it holds under some particular
cases.

Theorem 3.5 When n =2 and 6 = 45°, the following statements are equivalent.

(a) f is nondecreasing on J;
(b) f is Lg-monotone on J;
(c) fL" is monotone on S.

Proof If f is differentiable, then the result follows from Theorems 2.4 and 3.3. It remains
to show the results hold true when f is nondifferentiable. As n = 2 and 6 = 45°, then

fler = |x2)) + f(x1 + |x20) ]

soc _ l
Fr =3 [(f(xl 1)) — £ — [xa])) sign(x2)

Given x,y with x >)2 y,ie,x —y € K2, then X1 — Y1 = |x2 — y2|, which in turn
implies that A; (x) > A;(y) fori = 1, 2. Note that for x # 0, then x» = sign(x3). Therefore
for x», y» # 0, we have

1 [ Fxr = lx2D) + £+ |x2l) }
2 [ (fGer 4 [x2) = f(x1 — |x2])) sign(x2)

! [ FO1 =1y + FO1 + 2D }
2| (FO1+ 2D = FOi — [y2) sign(ya) |

[P0 = 20 =

It needs to show that

fOr—x) — fOr— )+ fOr+x)— fOr+ D 3D
> [[f G+ |x2D) = f(x1r — |x2DIsign(x2) — [f (y1 + [y2) — f(y1 — |y2D] Sigﬂ(m)’.
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If sign(x2) = sign(y2), then (31) takes
fOa=1Ix2D) = fOr = 1y2D) + fOa + |x2) = fO1 + |y2D)

> | O+ x) — fOr —|x2D) = fOr + 1y2D) + F O = 1y2D)]s
ie.,
—fr = lx2D) + fO1 = 1y2D) = fx1 + |x2D) + f(y1 + [y2])
< flr+x2) = fGr —IxD) — fOr+ 12D+ fOr — 12

< flor = x2D) = f1 = |y2D) + fr + Ix2]) = fOr + [y2D),

which is ensured by f(x1 + [x2[) = f(y1 + [y20) and f(x1 — |x2]) = f(y1 — |y2]) since f
is nondecreasing and A; (x) > A;(y) fori =1, 2.
If sign(xy) = —sign(yy), then (31) takes

Fler = x2l) = fOn = Iy2) + f G+ Ixal) = FOn =+ 120

> [ fOr+x2) = fGr — 2D + fOr+ 12D — fOr — 132D,
ie.,
—fCr = |x2D) + f 1 = ly2) = f + 1x2)) + f1 + [y2D)
< flr+ D) = fOr = lxD) + fOr+1y2D) = fFOr = 1y20)

< fOr =D = fOr =D+ fGr+xl) = fOr + 2D,
which is ensured by f(x1 + [x2]) = f(y1 — |y2]) and f(x1 — [x2]) = f(y1 + [y2]) since

X1 — Y1 > |x2 — y2| = |x2| + |y2| where the last step is due to sign(xp) = —sign(yz).
The case of either x, = 0 or y, = 0 follows by the similar arguments. This completes
the proof. O

The requirements of & = 45° and n = 2 in Theorem 3.5 are essential. This can be illus-
trated by the following examples, which indicate that the converse statement of Theorem 3.5
is false when either 6 7~ 45° or n # 2.

Example 3.1 For n = 2, consider the function f(¢) = —1/¢ and J := (0, 00).

Then, f'(1) = 1/t*> > Oforallt € J and f'(t)) = 1/t} > 1/t = f'(t,) whenever
t1,tp € J with t; < 1. Hence, according to Theorem 2.4, we know that f is Ly-monotone
on S (in fact S = intLy since J = (0, 00)) when 6 > 45°. However, f is not Ly-monotone
on S when 6 < 45°. To see this, let tan® = 1/2, and take x = (16,2)7, y = (8, —=2)7

which yields
8
xX—y= [4] € Ly.
Noting
c c _ 13 _5 23
re - oo = 7] - [ 23] =[]
102 18 153
and

1 23 20 10

(and) (700 = [E0) = 5 % 302 < 200 = 153 = | B @ = £ 0]

we see that f£9 (x) ?fge fo? (), i.e., f is not Ly-monotone for & < 45°. In addition, f‘f’
is monotone, since f(t) = —1/t is monotone on (0, co).
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Whether Theorem 3.5 still holds when n = 2 and 8 > 45°? This is not true as showing
by the following example.

Example 3.2 For n = 2, consider the function f(¢) = 2 and J := (0, 00).

Since f (1) = 12 is increasing on (0, 00), f~¢ is monotone by Theorem 3.3. For 6 > 45°,
we have f/(t)) — f/(t2) = 2(t — 1) < O as ;] < t, which says f is not Ly-monotone by
Theorem 2.4. This can be verified by another way. Let tand = 10 and take x = (2, 1)7,
y=(1,97. Then, x —y = (1, —8) € Ly, ie., x >, y. Since f%¢(x) = (5,13.9)7 and
£ (y) = (82,819.9)7, we see that f£0(x) — f£9(y) ¢ Lo dueto £ (x) — £/ (y) < 0.

Example 3.3 For 6 = 45°, consider the function f(¢) := % and J := (0, +00).
Let n > 3. Since f(t) = ¢* is increasing on J = (0, +00), then f°° is monotone

on §. Take x = (1,3/10,0,0,-3)7 and y = (1/2,0,2/5,0,_3)7 where 0,_3 denotes
,---,0)7 € R"3. Then

[ aror—

x—y=| 1o | eK",
-3
On73
i.e., x >xn y. By a simple calculation, we have
218 82
1 120 1 0
soc _ soc _
PR =0l o | omd P =5 g |-
0n—3 0n—3
which implies
136
1 120
soc __ fsoc _ n
0n—3

i.e., f3°°(x) % f5°°(y). Hence f is not SOC-monotone on S.

4 Conclusions

There exist many similarities and differences between functions associated with circular
cone and second-order cone. From one side, some properties of between f2¢ and f is anal-
ogous to that between f°° and f, such as first-order differentiability, Lipschitz continuity,
and nonsmoothness [4, 31]. On the other hand, as our first impression, SOC has additional
algebraical property. Our results further indicate that the angle 6 plays an essential property
in the properties of f%¢, for example, L£y-monotonicity. If § = 45°, then the conditions
(17) and (18) reduces to [7, Theorem 3.1]. However, in the SOC setting, these conditions
are necessary and sufficient conditions for f to be SOC-monotone (noting that (17) holds
automatically in the SOC case). In this paper, we are only able to show that the conditions
(17) and (18) are sufficient for f to be Ly-monotone. How to establish the necessary and
sufficient conditions for Lg-monotonicity is rather important and interesting. In addition,
the nonsmooth version of Theorem 2.3 merits further research.

@ Springer



230 J. Zhou, J.-S. Chen

At last, we talk about the contribution of this paper. As mentioned earlier, although it is
possible to construct a new inner product which ensures the circular cone Ly is self-dual,
it is not possible to make both £y and K" are self-dual under a certain inner product. The
relation K = ALy does not guarantee that there exists a similar close relation between f£¢
and f5°°. Hence, the study on f%¢ is necessary. As we see, the arguments are not trivial and
also pave a way to deal with non-symmetric cones.

In general, to determine whether a mapping is monotone from the original definition
is not an easy thing. Fortunately, for symmetric cone programming, due to the spec-
tral algebraic structure (called Jordan algebra) associated with symmetric cone, we can
define a (vector-valued) Lowner operator by using a given simple real-valued function.
The previous work has discovered that many properties of the vector-valued function are
inherited by the given real-valued function, such as directional derivative, differentiability,
B-subdifferentiability, semismoothness, etc.. This no doubt helps us to judge the property
of vector-valued function by simply checking the real-valued functions. The monotonic-
ity of Lowner operator in the settings of symmetric cone and second-order cone has been
established in [18, 24]. We further study the monotonicity for a special non-symmetric
cone, circular cone. Since checking the monotonicity of a scalar function f : R — R
is simple, our result can help us to verify the Lg-monotonicity of f and the mono-
tonicity of f%£¢ quickly. For example, for any fixed ¢ > 0, and let f(r) := ﬁ (or
f@):=t—o, f@t) = H%U). Then, fﬁe is monotone and f is Lg-monotone on (o, +00)
as 6 € [45°,90°). In particular, from the formula (3.9) in [14, Proposition 3.4], we know
that for any x € IR" and w >y 0, there holds

w? >Kcn = w >xn X. (32)

The proof for [14, Proposition 3.4] is not trivial. Here by taking ¢ = 0 and f(¢) = 1172,
f is Ly-monotone as 6 € [45°, 90°). Hence, particularly for 6 = 45°, the L4-monotonicity
of f ensures that w? > x2 implies w >x» |x| >xn x, i.e., (32) can be proved by just
checking the properties of a scalar function f () = ¢/2.

On the other hand, we recall that the circular cone complementarity problem is

x €Ly, yeLy, (x,y)=0. (33)

In a very recent work [20], the authors study how to construct the complementarity func-
tion (based on Fischer-Burmeister (FB) function and natural residual (NR) function) and the
merit function for circular cone complementary problems. Here, the concept of monotonic-
ity plays an important role to ensure the existence of solution and error bound theory, see
[20] for more details. In addition, using the relation between circular cone and second-order
cone, (33) can be rewritten equivalently as

xeATIK", yeLy=Lz_g=AK", (Ax,A7'))=0
— u=AxekK", v:i=A"lyeK", (u,v)=0. (34)
Here we simply discuss the Mangasarian class of complementarity functions, defined as
¢m(a,b) = f(la—0bl) — fla) — f(D)

for all (a,b) € R2, where f is required to be strictly increasing and f(0) = 0. The
corresponding vector-valued function ®j; : R” x R* — RR” is given by

D, v) == 5 (u— o)) — L) — 5 ).

Let Qf,l(x, y) = Oy (Ax, A_ly). Then, the monotonicity of f Ly (coming from the
monotonicity of f) ensures that ®j; is a complementarity function in the framework of
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second-order cone (as 6 = 45°); see the detailed discussion given in [18, Theorem 4]. Thus,
we have

(x,y) solves (33) <= (u,v) solves (34) <= Oy (u,v) =0
= by(Ax,A7ly) =0 = o} (x,y) =0.

From this, we see that @f,, (x, y) and ||<I>ﬁ(x, y)|| serves as complementarity function
and merit function of (33), respectively.

In summary, the main target of this paper is to discover the role played by the angle. In
particular, our study shows that the angle is crucial for circular cone monotonicity. This is a
surprising and interesting discovery.

Acknowledgments The authors are gratefully indebted to the anonymous referees and editor for their
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