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Abstract In this article we provide a proof of the Iitaka Cnm conjecture for
algebraic fiber spaces over tori.

1 Introduction

Let p : X → Y be an algebraic fiber space, i.e. X and Y are non-singular
projective manifolds and p is surjective with connected fibers. An important
problem in birational geometry is the Iitaka conjecture, stating that

κ(X) ≥ κ(Y ) + κ(X/Y ) (1.1)

where κ(X) is the Kodaira dimension of X , and κ(X/Y ) is the Kodaira dimen-
sion of a general fiber of p.

In this article our goal is to show that the log-version of the inequality (1.1)
holds true, provided that the base Y is an abelian variety; this generalizes
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the result obtained by Kawamata in 1982, cf. [25]. More precisely, our main
theorem states as follows.

Theorem 1.1 Let p : X → A be an algebraic fiber space, where A is an
Abelian variety. Let � be an effective Q-divisor such that the pair (X, �) is
klt, and let F be a generic fiber of p. Then

κ(KX + �) ≥ κ(KF + �F ), (1.2)

where �F = �|F .
Wewill give next a few hints about the proof, so as to situate our work in the

impressive body of papers dedicated to this problem, cf. [6,7,16–18,21,22,24,
28–30,35,37,39,40] among many others. The key ingredient of their proof is
the positivity of direct image sheaves p�(mKX/Y + m�) (notable exceptions
to this statement are the works of Hacon-Chen cf. [18] and Birkar-Chen [7],
respectively), where m ∈ N such that m� is a line bundle. Up to a certain
point, the arguments presented here follow this main stream.

Roughly speaking, we only have to deal with the following two extreme
cases: either the determinant of the direct image p�(mKX/Y +m�) is big, or
it is topologically trivial. This is obtained as consequence of Theorem 3.3 in
Sect. 3.

In the first case we show that the relative canonical bundle KX/Y + � is
greater than the p-inverse image of an ample divisor, up to a divisor whose
image has codimension at least two in Y . This will allow us to extend pluri-
canonical sections from the fibers of p, and therefore proves Theorem 1.1 in
the case under discussion. The main result involved in this part of our proof is
Theorem 3.4, which is nothing but a generalization of Viehweg’s weak semi-
stability results, cf. [37,40].

If the determinant of the direct image is flat, then we consider the direct
image sheaf

p�(mKX/Y + m�),

where m is as above. General results show the existence of a subset �0 ⊂ Y
whose codimension is at least two, such that the restriction

E := p�(mKX/Y + m�)|Y\�0

corresponds to a vector bundle. Now, if the vector bundle E is e.g. trivial, then
it is a simple matter to extend the pluricanonical sections mKX/Y + m�|Xy

defined on a general enough fiber Xy . Of course, a priori we cannot expect this
to happen; nevertheless, we show that there exists an open set � ⊂ Y whose
codimension is at least two, such that

E |Y\�
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is a Hermitian flat vector bundle when endowed with a canonical L2 metric
(the so-called “Narasimhan-Simha”). This relies on the metric properties of
the sheaves p�(mKX/Y +m�) (for which we refer to [34]), combined with a
result of Raufi concerning the existence of the curvature current corresponding
to a singular Hermitian metric (see the results in [36]).

We remark that the classification of flat vector bundles on elliptic curves used
in [25] is replaced in this paper by the following considerations. The bundle E
considered above gives a unitary representation ρ of rank r of π1(A\�). As
we have already mentioned, the analytic set � has codimension at least 2, so
the fundamental group of its complement in A equals π1(A), which is a free
abelian group. If the image of ρ is finite, then an appropriate power of any
section of the restriction (mKX/Y +m�)|Xy extends to X\p−1(�). Moreover,
the resulting section has finite L2 norm, so it extends across p−1(�). Next,
a unitary representation of any free abelian group splits as a direct sum of
representations of rank one. If the image of the representation ρ is infinite,
then one of the factors of the splitting will have the same property. In this case
we conclude by using another crucial result due Campana-Peternell cf. [12,
Theorem 3.1], as well as the generalization in [11].

Our article is organized as follows. In Sect. 2 we will collect some basic
facts concerning the construction of metrics on relative pluricanonical bundles
and their direct images, as well as a few results concerning singular Hermitian
metrics on vector bundles. The main result we establish in Sect. 3 is Theo-
rem 3.4; the techniques needed to prove it refine the arguments of E. Viehweg
and H. Tsuji, among many others. The proof of the inequality (1.2) is com-
pleted in Sect. 4. As a complement to the techniques and results we obtain in
this article, we establish in Sect. 5 a version of (1.2) for an arbitrary algebraic
fiber space p : X → Y for which the line bundle det p�(mKX/Y + m�) is
topologically trivial.

2 Positivity of direct images: a few techniques and results

The positivity results for direct images of twisted pluricanonical relative bun-
dles are part of the main tools in our proof. In this section we recall the
construction of the Bergmanmetric, and some of its properties; wewill equally
collect a few results taken from [2,4,34]. Even if our “language” is mostly ana-
lytic, a large part of the results here have counterparts/versions in algebraic
geometry, cf. [35] and the references therein.

2.1 The relative Bergman metric

Let X and Y be two projective manifolds, which are assumed to be non-
singular. Let p : X → Y be a surjective map, and let (L , hL) → X be a line
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bundle endowed with a Hermitian metric hL . We make the convention that
unless explicitly mentioned otherwise, the metric in this article are allowed to
be singular. As part of the set-up, we assume that we have

�hL (L) ≥ 0 (2.1)

in the sense of currents on X . Bydefinition, thismeans the following: let	 ⊂ X
be any trivialization subset for L , such that the restriction hL |	 corresponds
to the metric | · |2e−ϕL . Then (2.1) requires that ϕL is psh, so that we have√−1∂∂ϕL ≥ 0 in the sense of currents.

In this context we recall the construction of the Bergman metric e−ϕX/Y on
the bundle KX/Y + L; we refer to [2] for further details.

Let Y0 be a Zariski open subset of Y such that p is smooth over Y0, and
for every y ∈ Y0, the fiber Xy satisfies h0(Xy, KX/Y ⊗ L ⊗ I(hL |Xy )) =
rank p∗(KX/Y ⊗ L ⊗ I(hL)). Let X0 be the p-inverse image of Y0 and let
x0 ∈ X0 be an arbitrary point; let z1, . . . , zn+m be local coordinates centered at
x0, and let t1, . . . , tm be a coordinate centered at y0 := p(x0). We can assume
that zn+ j = p∗(t j ) for every j . We consider as well a trivialization of L near
x0. With this choice of local coordinates, we have a local trivialization of the
tangent bundles of X and Y respectively, and hence of the (twisted) relative
canonical bundle.

The local weight of the metric e−ϕX/Y with respect to this is given by the
equality

eϕX/Y (x0) = sup
‖u‖y0≤1

|Fu(x0)|2 (2.2)

where the notations are as follows: u is a section of KXy0
+ L|Xy0

, and Fu is

the coefficient of dz1 ∧ · · · ∧ dzn+m in the local expression of u ∧ p�dt . The
norm which appears in the definition (2.2) is obtained by the fiber integral

‖u‖2y0 :=
∫
Xy0

|u|2e−ϕL . (2.3)

An equivalent way of defining (2.2) is via an orthonormal basis, say u1, . . . , uk
of sections of KXy0

+ L|Xy0
. Then we see that

eϕX/Y (x0) =
N∑
j=1

|Fj (x0)|2 (2.4)

where Fj are the functions corresponding to u j .
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The Bergman metric hX/Y = e−ϕX/Y can also be introduced in an intrinsic
manner as follows. Let ξ be a vector in the fiber over x0 of the line bundle
−(KX/Y + L)x0 . The we have

|ξ |2 = sup
‖u‖y0≤1

|〈ξ, ux0〉|2. (2.5)

This defines a metric on the dual bundle, which induces hX/Y on KX/Y + L .
As we see from (2.4), the restriction of the metric eϕX/Y to the fiber Xy0
coincides with the metric induced by any orthonormal basis of the space of
holomorphic sections of KXy0

+ L|Xy0
. Hence the variation from one fiber to

another is in general a C∞ operation, since the said orthonormalization process
is involved. Thus it is a remarkable fact that this metric has positive curvature
in the sense of currents on X .

Theorem 2.1 [2, Theorem0.1]The curvature of themetric hX/Y on the twisted
relative canonical bundle KX/Y + L|X0 is positive in the sense of currents.
Moreover, the local weights ϕX/Y are uniformly bounded from above on X0,
so they admit a unique extension as psh functions.

Remark 2.2 The fact that the uniform boundness of ϕX/Y on X0 implies that it
admits a unique extension is a standard result in pluripotential theory (cf. [27],
p. 52 and the references therein, as well as [20], pp. 43–44) which we briefly
recall now. Let X be a complex manifold (not necessarily compact) and let Z
be a complex subvariety in X . Let ϕ be a psh function defined on X\Z . The
following assertions hold true.

(i) If codimX (Z) ≥ 2, then ϕ admits a unique extension as a psh function on
X .

(ii) If codimX (Z) ≥ 1 and ϕ is uniformly bounded from above on X\Z , then
ϕ admits a unique extension as a psh function on X .

We will use these two properties frequently in the article.

The definition (2.2), although not intrinsically formulated, is explicit enough
so as to imply the following statement. Let p : X → Y be a dominant map,
such that X is Kähler; we denote by � the analytic set corresponding to the
critical values of p. We assume that� is a snc divisor of Y , and we also assume
that the p-inverse image of � equals

∑
i∈I

eiWi (2.6)

where ei are positive integers, and Wi are reduced hypersurfaces of X .
The next statement can be seen as a metric version of the corresponding

results due to Kawamata in [26] and Campana in [9], respectively.
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Theorem 2.3 Let �X/Y be the curvature current corresponding to the
Bergman metric (2.2). Then we have

�X/Y ≥ [�p] :=
∑
i∈Ih

(ei − 1)[Wi ] (2.7)

in the sense of currents on X where Ih is the set of indexes i ∈ I such that
p(Wi ) is a divisor of Y . In particular, the current �X/Y is singular along the
multiple fibers of the map p.

Proof Let x0 ∈ W1 be a non-singular point of one of the sets appearing in
(2.6).

We consider a coordinate set 	 containing the point x0, and we fix the
coordinates (z1, . . . , zn+m) on 	, such that W1 ∩ 	 = (zn+1 = 0). The local
structure of the map p is as follows

(
z1, . . . , zn+m) → (ze1n+1, zn+2, . . . , zn+m

)
, (2.8)

so that we assume implicitly that p(W1) is given locally by t1 = 0.
The intersection p−1(t) ∩ 	 of the fibers of p with the coordinate set 	

can be identified with an open set in Cn . This allows us to bound the absolute
value of the quantity which computes the Bergman metric locally at x0, as we
see next.

Let t ∈ Y\(t1 = 0) be a point near p(x0), and let u be a section of the
KXt + L|Xt as in (2.3). If ‖u‖2Xt

= 1, then by the construction of Fu , we have

∫
Xt∩	

|Fu|2
|zn+1|2e1−2 dλ ≤ ‖u‖2Xt

= 1,

where dλ is the Lebesgue measure with respect to z1, . . . , zn . Combining this
with (2.2), we have thus

ϕX/Y (z) ≤ (e1 − 1) log |zn+1|2 + O(1), (2.9)

where the quantity O(1) in (2.9) is uniform with respect to z ∈ 	\W1. This
shows that the Lelong number of ϕX/Y at any generic point of W1 is greater
than e1 − 1. As a consequence, we have

�X/Y ≥ (e1 − 1)[W1],

and the proof is finished. ��
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The construction of the metric hX/Y has a perfect pluricanonical analogue,
as we recall next. Let u be a section of the bundle mKXy + L , where m ≥ 1
is a positive integer. Then we define

‖u‖
2
m
y :=

∫
Xy

|u| 2
m e− 1

m ϕL , (2.10)

and the definition (2.5) generalizes immediately, as follows. Let ξ be a vector
in the fiber over x of the dual bundle −(mKX/Y + L)x . Then we have

|ξ |2 = sup
‖u‖y≤1

|〈ξ, ux 〉|2. (2.11)

We denote the resulting metric by h(m)
X/Y .

We recall next the analogue of Theorem 2.1, as follows.

Theorem 2.4 [4, Theorem0.1]The curvature of themetric h(m)
X/Y on the twisted

relative pluricanonical bundle mKX/Y + L|X0 is positive in the sense of cur-
rents. Moreover, the local weights ϕX/Y are uniformly bounded from above on
X0, so they admit a unique extension as psh functions.

Remark 2.5 If the map p verifies the hypothesis of Theorem 2.3, then we infer
that

�
h(m)
X/Y

(
mKX/Y + L

) ≥ m[�p]. (2.12)

The proof is the same as in Theorem 2.3: if the local structure of the map p is
as in (2.8), then the L2/m normalization bound for the sections involved in the
computation of the metric h(m)

X/Y imply that the local pointwise norm of these

sections is bounded. The weights of the metric h(m)
X/Y are given by the wedge

product with dt⊗m , so the conclusion follows.

2.2 Singular metrics on vector bundles and direct image sheaves

We recall first the definition of singular Hermitian metrics on vector bundles
cf. [2, 33, 35]. Let E → X be a holomorphic vector bundle of rank r on a
complex manifold X . We denote by

Hr := {A = (ai j̄ )}

the set of r × r , semi-positive definite Hermitian matrices. Let H̄r be the
space of semi-positive, possibly unboundedHermitian forms onCr . A singular
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Hermitian metric h on E is given locally by a measurable map with values in
H̄r such that

0 < det h < +∞
almost everywhere. In the definition above, a matrix valued function h =
(hi j̄ ) is measurable provided that all entries hi j̄ are measurable. This notion
is somehow too general; in particular, it is impossible to define a curvature
current corresponding to it, as soon as the rank of E is at least two, see [36]
for a clear example illustrating this.

Nevertheless, as observed in [2], one can still formulate the notion of neg-
ativity/positivity in the sense of Griffiths: the bundle (E, hE ) is negatively
curved if

x → log |u|2hE ,x (2.13)

is psh, for any choice of a holomorphic local section u of E . The bundle
(E, hE ) is positively curved if (E�, h�

E ) is negative.
It is important to notice the following consequence of theGriffiths negativity

assumption for a singular Hermitian vector bundle (E, hE ). Let ξ be a local
holomorphic section of E defined on a coordinate open set U ⊂ X . Since the
function

|ξ |2 =
∑
α,β

ξαξβhαβ

is psh, in particular it follows that it is unambiguously defined at each point
of U . We infer that the same is true for the coefficients

(
hαβ

)
. Moreover, the

function |ξ |2 is bounded from above on any relatively compact U ′ � U so it
follows that we have

sup
z∈U ′

|hαβ(z)| ≤ C. (2.14)

The following result is a particular case of [36]; it gives a sufficient criteria
in order to define the notion of curvature current associated to (E, hE ) which
fits perfectly to what we will need later on in the paper.

Theorem 2.6 [36, Theorem 1.6] Let (E, hE ) be a positively curved singular
Hermitian vector bundle of rank r . We assume that the induced metric det hE
on the determinant �r E of E is non-singular. Then the coefficients of the
Chern connection form θE := h−1

E ∂hE belong to L2
loc. As a consequence, the

curvature current �hE (E) is well defined and it is moreover positive in the
sense of Griffiths. Moreover, it can be written locally as ∂θE .
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We provide here a few explanations about the statement 2.6. The fact that
�hE (E) is well defined as matrix-valued (1, 1)-current means that locally on
some coordinate set U centered at some point x ∈ X we have

�hE (E)|U =
∑
j,k,α,β

μ jkαβdz
j ∧ dzkeα ⊗ e�

β (2.15)

where μ jkαβ are measures on U (rather than smooth functions as in the clas-

sical case), (eα)α=1,...,r is a local holomorphic frame of E and (zi )i=1,...,n are
local coordinates. The positivity in the sense of Griffiths we are referring to in
Theorem 2.6 means that for any local holomorphic vector field

∑
v j ∂

∂z j
and

for any local holomorphic section
∑

ξαeα , the measure

∑
μ jkαβv jvkξαξβ (2.16)

is (real and) positive onU . The positivity of the measure (2.16) is obtained by
Raufi in [36] by using an approximation procedure: he shows that under the
hypothesis of Theorem 2.6, locally near each point of X there exists a sequence
of non-singular metrics hE,k such that (E, hE,k) is Griffiths-positively curved
(in the usual sense), and that the corresponding curvature form is converging
to ∂θE .

We will apply next this result in the context of direct images of twisted
(pluri)canonical bundles. The set-up is the same as in the previous subsection;
let Y1 ⊂ Y be the intersection of the set of regular values of pwith themaximal
subset of Y on which the direct image sheaf p�(KX/Y + L) is locally free.

The fiberwise canonical L2-metrics

g1,y(u, u) :=
∫
Xy

|u|2e−ϕL ≤ +∞ (2.17)

for u ∈ H0(Xy, KXy + Ly) induces a singular Hermitian metric gX/Y on the
bundle p�(KX/Y + L)|Y1 whose curvature is positive (cf. [40]). The following
result gives an important precision concerning this framework.

Theorem 2.7 [34, Theorem 3.3.5] We suppose that the natural inclusion

p�

(
(KX/Y + L) ⊗ I(hL)

) ⊂ p�(KX/Y + L) (2.18)

is generically isomorphic. Then the canonical L2-metric gX/Y on the direct
image p�(KX/Y + L)|Y1 has positive curvature, and it extends as a singular
Hermitian metric g̃X/Y on the torsion free sheaf p�(KX/Y + L) with positive
curvature. We say that g̃X/Y is the L2 metric on p�(KX/Y + L) with respect
to hL .
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Since p�(KX/Y + L) is torsion free, it is locally free outside a set of codi-
mension at least two, say � ⊂ Y . Theorem 2.7 shows in particular that the
restriction

(
p�(KX/Y + L)|Y\�, g̃X/Y

)
is a positively curved singular Her-

mitian vector bundle.
We consider next the line bundle det p�(KX/Y + L); by this notation we

mean the top exterior power of the direct image p�(KX/Y + L). Then we have
the following consequence of the previous results.

Corollary 2.8 We assume that the hypothesis of Theorem 2.7 are fulfilled,
and that p�(KX/Y + L) is non-trivial. Then the determinant line bundle

det p�(KX/Y + L)

admits a singular hermitian metric whose curvature current � is positive.
Moreover, we have the following statements.

(a) If � is a non-singular (1,1) form on some open subset 	 ⊂ Y\�, then the
curvature current of p�(KX/Y + L)|	 is well-defined.

(b) If� vanishes on an open subset	′ ⊂ Y\�, then so does the full curvature
tensor corresponding to p�(KX/Y + L). In this case the relative metric
g̃X/Y |	′ is smooth.

Proof Themetric g̃X/Y on the direct image induces ametric on the determinant
bundle det p�(KX/Y + L)|Y\� whose curvature is positive (and it actually
equals the trace of the curvature of the direct image in the complement of
an algebraic set). It is well-known that psh functions extend across sets of
codimension at least two (cf. Remark 2.2), hence the the first part of the
corollary follows.

The statement (a) is a direct consequence of Theorem2.6, because themetric
induced on the determinant bundle on 	 is smooth, by standard regularity
results. As for part (b), we use Theorem 2.6 again, and it implies that the
restriction of the curvature current corresponding to p�(KX/Y + L)|	′ is well-
defined. We establish its vanishing next; as we will see, it is a consequence
of the positivity in the sense of Griffiths of the curvature of p�(KX/Y + L),
combined with the fact that its trace� is equal to zero. We remark at this point
that is really important to have at our disposal the curvature current as given
by Theorem 2.6, and not only the positivity in the sense of (2.13).

A by-product of the proof of Theorem 2.6 (cf. [36, Remark 4.1]) is the fact
that the curvature current � of det E is simply the trace of the matrix-valued
current�hE (E). By using the notations (2.15) at the beginning of this section,
this is equivalent to the fact that

∑
j,k

∑
α

μ jkααdz
j ∧ dzk = 0. (2.19)
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Since �hE (E) is assumed to be positive in the sense of Griffiths, we infer that
the current

∑
j,k

μ jkααdz
j ∧ dzk (2.20)

is positive for each index α. When combined with (2.19), this implies that

μ jkαα ≡ 0 (2.21)

for each j, k, α. But then we are done, since the positivity of �hE (E) together
with (2.21) shows that for each pair of indexes α, β we have

Re

⎛
⎝ξαξβ

∑
j,k

μ jkαβv jvk

⎞
⎠ ≥ 0 (2.22)

[notations as in (2.16)] which in turn implies thatμ jkαβ ≡ 0 for any j, k, α, β.
The current �hE (E) is therefore identically zero.

The regularity statement is verified as follows. In the first place we already
know that the coefficients of h are bounded, where h stands for the local
expression of the metric g̃X/Y . This follows thanks to relation (2.14) which
implies that the absolute value of the coefficients of the dual metric h� is
bounded from above, combined with the fact that the determinant det h is
smooth.

Since ∂ of the connection form (=curvature current) is equal to zero, it
follows that the connection is smooth. Locally near a point of 	′ we therefore
have

∂h = h · � (2.23)

where � is smooth. The relation (2.23) holds in the sense of distributions; by
applying the ∂ operator to it, we see that h satisfies an elliptic equation. In
conclusion, it is smooth. ��

3 Some technical results

We recall here a result due to E. Viehweg which has been widely used in the
previous works concerning the Iitaka conjecture…

Proposition 3.1 [39, Lemma 7.3]Let p : X → Y be a surjectivemap between
two non-singular, projective manifolds. Then there exists a commutative dia-
gram
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X ′ πX−−−→ X

p′
⏐⏐

⏐⏐p

Y ′ −−−→
πY

Y

such that X ′ and Y ′ are smooth, the morphisms πX , πY are birational, and
moreover, each hypersurface W ⊂ X ′ such that codimY ′ p′(W ) ≥ 2 is πX -
contractible, i.e., codimX πX (W ) ≥ 2.

As we see in [39, Lemma 7.3], the statement above is a quick consequence
of Hironaka’s flattening theorem.

Remark 3.2 Let � be an effective klt Q-divisor on X . Then we have

π∗
X (KX + �) + E ′ = KX ′ + �′

where E ′ is effective and πX -exceptional, �′ is klt. As a consequence, there
exists a set Z ⊂ Y such that codimY Z ≥ 2 and such that we have an isometry

p′
�(mKX ′/Y ′ + m�′)|Y ′\Z ′ → π�

Y p�(mKX/Y + m�)|Y\Z , (3.1)

where Z ′ := π−1
Y (Z). Indeed, this is simply a consequence of the defini-

tion of the canonical L2 metrics g̃X ′/Y ′ and g̃X/Y on p′
�(mKX ′/Y ′ + m�′)

and p�(mKX/Y +m�) respectively (cf. the constructions in the beginning of
Sect. 4), together with the properties of the maps/manifolds in Proposition 3.1.

Moreover, by considering a further modification, we can assume that the
singular locus � of the fibration p′ is normal crossing and p′−1(�) is also
normal crossing.

We will recall now two results whose combination will reveal the strategy
of our proof.

Theorem 3.3 [8, Chapter 3.3], [13] Let T = Cn/� be a complex torus of
dimension m, and let α ∈ H1,1(T, Z) be a pseudo-effective non trivial class.
If α is not ample then there exists a submersion

π : T → S (3.2)

to an abelian variety S of dimension smaller than m so that we have α =
π�c1(H) for some ample line bundle H on S. Moreover, after passing to some
finite étale cover, the fiber of π is also a torus.

Sketch of the proof Since the pseudo-effective class on the torus can be
represented by a closed constant semipositive (1, 1)-form, there exists a holo-
morphic line bundle L on T with a smooth hermitian metric h such that
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c1(L) = α ∈ H1,1(T, Z) and i�h(L) ≥ 0. Since L is not ample, by applying
[8, Chapter 3.3], L is semiample and defines a nontrivial fibration to a subva-
riety of the dual torus of T . Combining with the fact that κ(T ) = 0, after a
finite étale cover, the image of the fibration should be an abelian variety. The
theorem is thus proved. ��
The following statement originates in the seminal work of E. Viehweg, cf.
Chapter 6 of [40] aswell as Proposition 4.5 in [41]; the generalization presented
below is stated in the article by Tsuji [37, Sect. 2.6]. We will nevertheless
provide a complete treatment here, for the sake of completeness. Also, we
stress that in the next theorem the base Y is not necessarily the modification
of an abelian variety.

Theorem 3.4 Let f : X → Y be a fibration between two projectivemanifolds.
Let L be a Q-line bundle on X endowed with metric hL whose corresponding
curvature current is semi-positive definite and such that e−ϕL is L1-integrable
on X, where ϕL is the potential of hL . Let m ∈ N be a positive integer such that
mL is a line bundle, and let� ⊂ Y be the singular locus of f . We assume that
� is snc and f −1(�) is a normal crossing divisor. Then there exist a constant
ε0 > 0 and an effective Q-divisor F in X satisfying codimY f�(F) ≥ 2, such
that

c1(KX/Y + F + L) ≥ ε0 · f �c1
(
det f�(mKX/Y + mL)

)
. (3.3)

Proof Let Y0 ⊂ Y be the maximal Zariski open set such that f | f −1(Y0) is flat
and such that that the direct image f�(mKX/Y + mL) is locally free when
restricted to Y0. Then codimY (Y\Y0) ≥ 2, as is well-known (given that X and
Y are non-singular).

By hypothesis, the inverse image of the discriminant of f can be written as

f �� =
∑

Wi +
∑

ai Vi , (3.4)

where
∑

Wi + ∑
Vi are snc and ai ≥ 2. Set W := ∑

Wi and V := ∑
Vi .

Next, we see that there exists a natural morphism

det f�(mKX/Y + mL) →
r⊗

f�(mKX/Y + mL) on Y0, (3.5)

where r is the rank of f�(mKX/Y ). In order to give a useful interpretation of
(3.5), we consider the fibered product

Xr := X ×Y X ×Y · · · ×Y X (3.6)
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corresponding to the map p (as always, the convention here is that Xr is the
component of the fibered product (3.6) which maps surjectively onto Y ).

Let f r : Xr → Y be the natural induced fibration, and let pri : Xr →
X be the projection on the i-th factor. Set Xr

0 := ( f r )−1(Y0) and Lr :=⊗r
i=1 pr

�
i (L). According to the definition in [23, Definition 5.13], the map f

is a flat Cohen-Macaulay fibration over Y0. Moreover, the results established
in [23, Corolllary 5.24] show that we have the crucial equality

ωXr/Y =
r⊗

i=1

pr�i (KX/Y ) on Xr
0. (3.7)

Combining (3.7) with [23, Lemma 3.17], we infer that

r⊗
f�(mKX/Y + mL) � ( f r )�((ωXr/Y ⊗ Lr )

⊗m) on Y0.

As a consequence, by (3.5) we infer that we have

H0 (
Xr
0, (ωXr/Y ⊗ Lr )

⊗m ⊗ ( f r� det f�(mKX/Y + mL))∗
) �= 0. (3.8)

Let π : X (r) → Xr be a desingularization of Xr which is an isomorphism
at non-singular points of Xr , and let f (r) := f r ◦ π be the map induced by
f r . Set X (r)

0 := π−1(Xr
0).

X (r)

π

��

f (r)

��

Xr
pri ��

f r

��

X

f
����

��
��

��

Y

By hypothesisW is snc, so the variety Xr
0 is normal at each point of the sub-

set Wr
0 := W ×Y0 · · · ×Y0 W ; moreover, it is Gorenstein with at most rational

singularities. This is yet another consequence of [23, Lemma 3.13, Theo-
rem 5.12].

We consider the canonical bundle KX (r) of the manifold X (r); we will com-
pare next its π -direct image with ωXr . To this end we recall that there exists a
non-zero morphism

π�O(KX (r) ) → ωXr (3.9)
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on Xr , cf. [23, 3.20], which is moreover an isomorphism on the locus where
Xr
0 is normal and has at most rational singularities.
The map (3.9) and the identity (3.7) show in particular the existence of a

meromorphic section of the bundle

K−1
X (r)/Y

⊗ π�

(
r⊗

i=1

pr�i (KX/Y )

)
(3.10)

whose zeroes and poles are contained in X (r)\Xr
0, together with the comple-

ment of the locus where Xr
0 is normal and has at most rational singularities.

As a consequence, there exists a couple of effective divisors E1, E2 on X (r)

such that we have

KX (r)/Y + E1 = π�ωXr/Y + E2 on X (r)
0 (3.11)

and moreover, each component � of the support of Ei belong to one of the
following category.

(a) The f (r)-image of the divisor � is contained in Y\Y0, i.e. a set of codi-
mension at least two.

(b) The codimension of the projection of � by some maps pri ◦π is at least
2, or it is equal to one of the Vl .

These properties will be important for the rest of our proof.
When combined with (3.8) and [32, III, Lemma 5.10], the equality (3.11)

shows that the bundle

mKX (r)/Y + mπ∗Lr + mE1 − f (r)� det f�(mKX/Y + mL) + E3 (3.12)

is effective, where E3 is an effective divisor on X (r) which projects in codi-
mension two, i.e. we have (π ◦ f (r))�(E3) ⊂ (Y\Y0).

Let ε > 0 small enough (which depends onm and Lr ) such that if we define

� = ε(mKX (r)/Y + mπ∗Lr + mE1 + E3 − f (r)� det f�(mKX/Y + mL))

then the pair
(
X (r)
y , � + π∗Lr |X (r)

y

)
is klt for any y ∈ Y in the complement

of a set of measure zero. Here, “klt” means that e−2 ln |�|−∑r
i=1(π◦pri )∗ϕL is

L1-integrable on the fiber X (r)
y . We set �̃ := � + π∗Lr .

123



J. Cao, M. Păun

By the results in [4], there exists a very ample line bundle AY → Y such
that for any point y ∈ Y as above the restriction map

H0
(
X (r), f (r)�AY + kKX (r)/Y + k�̃

)

� H0
(
X (r)
y , f (r)�AY + kKX (r)/Y + k�̃|

X (r)
y

)
(3.13)

is surjective for every k sufficiently divisible.
To simplify the notations we set Dk = AY − kε det f�(mKX/Y +mL) and

we have

f (r)�AY + kKX (r)/Y + k�̃

= f (r)�Dk + k(1 + εm)(KX (r)/Y + π∗Lr ) + εkmE1 + εkE3. (3.14)

Therefore the map (3.13) becomes

H0(X (r), f (r)�Dk + k(1 + εm)(KX (r)/Y + π∗Lr ) + εkmE1 + εkE3)

� H0(X (r)
y , kKX (r)/Y + k�̃). (3.15)

As a consequence, we have the following crucial extension property.

Claim 3.5 There exists a constant C > 0 independent of k such that for any
section u of the bundle k(1 + εm)(KX/Y + L)|Xy there exists a section

U ∈ H0(X, r f �Dk + rk(1 + εm)(KX/Y + L) + Ck[V ] + kF) (3.16)

whose restriction to the fiber Xy is equal to u⊗r , where F is an effective divisor
on X (independent of k) such that codimY f∗(F) ≥ 2.

We admit this statement for the time being, and we finish next the proof of
Theorem 3.4. By Claim 3.5 the bundle

r f �Dk + rk(1 + εm)(KX/Y + L) + Ck[V ] + kF ≥ 0

is effective, which is equivalent to say that

r f �AY + rk(1 + εm)(KX/Y + L) + Ck[V ]
−rkε f � det f�(mKX/Y + mL) + kF

is effective as well. Thanks to Theorem 2.3, we have

KX/Y + L ≥ ε0[Vh]
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for some ε0 > 0, where Vh is the divisor corresponding to the components of
V projecting in codimension one. Therefore we have

r f �AY +
(
rk(1 + εm) + Ck

ε0

)
(KX/Y + L)

−rkε f � det f�(mKX/Y + mL) + k F̃ ≥ 0

for some effective divisor F̃ satisfying codimY f∗(F̃) ≥ 2. Theorem 3.4 is
thus proved by letting k → ∞. ��

We establish next the claim.

Proof The point y ∈ Y is supposed to be generic, so we have the equality

X (r)
y = Xy × · · · × Xy (3.17)

where the number of the factors in the product (3.17) is r . Since Xy is a smooth
fiber, we have

k(KX (r)/Y + �̃) + f (r)�AY |
X (r)
y

= k(1 + εm)(KX (r)/Y + π∗Lr )|X (r)
y

by construction. Thus the section uwe are given by hypothesis defines a section
u(r) of the bundle

k(KX (r)/Y + �̃) + f (r)�AY |
X (r)
y

(3.18)

by considering the tensor product of the pri -inverse images of u.
The property (3.15) and the relation (3.14) show that there exists a section

U (r) of the bundle

f (r)�Dk + k(1 + εm)(KX (r)/Y + π∗Lr ) + εkmE1 + εkE3, (3.19)

extending u(r) and we show next that the “restriction to the diagonal” of U (r)

satisfies all the properties required by the claim.
We recall that by properties (a) and (b), for any component � of the divisor

Ei |X (r)
0

there exists a projection pri ◦π for which the image of � is contained

in one of the Vl . In particular, we have

E1 + E2 ≤ C
∑
i,l

(pri ◦π)�Vl (3.20)

on the open set of X (r)
0 whose complement projects in codimension greater

than 2 via pri ◦π .
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We consider next a covering of X (r) with coordinate open sets	α on which
all our global bundles become trivial. Let sEi be the canonical section corre-
sponding to Ei . The expression

skE1

sk+εkm
E2

·U (r) (3.21)

can be seen as a meromorphic section of the bundle

k(1 + εm)π�

(
r⊗

i=1

pr�i (KX/Y + L)

)
+ f (r)�Dk

[via (3.11)] which is holomorphic on f (r)-inverse image of the intersection of
Y0 with the set of regular values of p. It corresponds to a collection of local
meromorphic functions (U (r)

α ) for which the pole order is given by (3.21).
Let Y\� be the set of regular values of f ; then the fiber X (r)

y0 is equal to
Xy0 ×· · ·× Xy0 for any y0 ∈ Y\�. We consider the collection of holomorphic
functions

sckV,αU
(r)
α

(
x, . . . , x, f (x)

)
(3.22)

which are defined on the diagonal subset of the product Xy0 × · · · × Xy0
intersected with 	α ∩ ( f (r))−1(Y\�). Here sV,α denote the local equations
corresponding to the divisor V , and c is a constant which can be easily com-
puted from (3.21) [we use the bound (3.20)]. The local holomorphic functions
(3.22) glue together as a section U of

rk(1 + εm)(KX/Y + L) + r f �Dk + ckV (3.23)

except that it is only defined on some open set X0 ⊂ X whose codimension in
X\V is at least two. However, the relations (3.20) and (3.21) show that U is
bounded near the generic point of the support of V ∩ f −1(Y0), so it extends to
f −1(Y0) and another application of [32, III, Lemma 5.10] will end the proof,
as follows.

Indeed, the lemma in question shows that there exists a divisor F on X ,
such that f�(F) ⊂ Y\Y0 and such that

f�
(
rk(1 + εm)(KX/Y + L) + ckV

)��

= f�
(
rk(1 + εm)(KX/Y + L) + ckV + kF

)
(3.24)

where we denote byF�� the double dual ofF . The sheaves we are dealingwith
are torsion free, and in this case (3.24) combined with the projection formula
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show that we have

f�
(
rk(1 + εm)(KX/Y + L) + r f �Dk + ckV

)��

= f�
(
rk(1 + εm)(KX/Y + L) + r f �Dk + ckV + kF

)
(3.25)

(we are using here that (F⊗L)�� = F��⊗L for any locally free L and torsion
free F , respectively). The claim is therefore established. ��
Remark 3.6 The proof just finished shows that given any line bundle P such
that the sheaf

(
r⊗

p�(mKX/Y + mL)

)
⊗ P−1

has a global (non-identically zero) section, then c1(KX/Y +L+F) ≥ ε0c1(P).
However, the bundle det p�(mKX/Y + mL) seems to be “the best” for what
we have to do next.

The following result is classical, cf. [18,25]: it shows that in order to
prove (1.2) it would be enough to establish the inequality κ(KX + �) ≥
min{1, κ(KF + �F )}.
Proposition 3.7 Let p : X → A be a fibration from a projective manifold to
a simple Abelian variety A (i.e. there is no strict subtorus in A) and let � be
a klt Q-divisor on X. Let F be a generic fiber of p. If κ(X + �) ≥ 1, then

κ(KX + �) ≥ κ(KF + �F ),

where KF + �F = (KX + �)|F .
Proof We use here an approach which goes back to Y. Kawamata, [25, p. 62].
Modulo desingularization, we can assume that the Iitaka fibration of KX + �

is a morphism ϕ : X → W .

X
ϕ

��

p
��

��
��

��
� W

A

Let G be the generic fiber of ϕ and set �G := �|G . Then KG + �G =
(KX + �)|G and we have

κ(KG + �G) = 0. (3.26)
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Let p : G → p(G) be the restriction of p on G. We will analyze next among
three cases which may occur.

Case 1: We assume that p(G) = A; then we argue as follows. Let p̃ :
G → Ã be the Stein factorisation of p : G → A:

G
p

��

p̃
��

��
��

��
��

A

Ã

s

���������

After some desingularization p̃, we can assume that Ã is smooth. There are
two subcases:

Subcase 1 The ramification locus of s : Ã → A is of codimension 1 in
A. Let [E] be the divisor corresponding to the ramification locus. Since A is a
simple torus, [E] is an ample divisor on A. Therefore KÃ is big. In this case,
it is well known that κ(KG + �G) ≥ dim Ã ≥ 1. We get a contradiction with
(3.26).

Subcase 2 The ramification locus of s : Ã → A is of codimension at least
2 in A. As the Stein factorisation extend uniquely over closed analytic subsets
of codimension ≥ 2, Ã is thus an abelian variety.

Let t ∈ Ã be a generic point. Let Gt be the fiber of p̃ over t and set
�Gt := �|Gt . By induction, (3.26) implies

κ(KGt + �Gt ) = 0. (3.27)

We next estimate the dimension of G. Let F be the fiber of p : X → A
over s(t) ∈ A. Then F is a generic fiber. By restricting ϕ on F , we obtain a
morphism

ϕt : F → V

where V is a subvariety of W . Let Ṽ → V be the Stein factorisation of ϕt .

F
ϕt ��

ϕ̃t ��
��

��
��

� V

Ṽ

���������

Since G is generic, we infer that the fiber of p̃ : G → Ã over t coincides with
a generic fiber of ϕ̃t . Combining this with (3.27), then [38, Theorem 5.11]
implies that
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κ(KF + �F ) ≤ dim Ṽ = dim F − dimGt .

Therefore we have

dimGt ≤ dim F − κ(KF + �F )

and thus we infer that

dimG = dimGt + dim Ã ≤ dim F − κ(KF + �F ) + dim A

= dim X − κ(KF + �F ).

Finally, by constructionof the Iitakafibration, dimG = dim X−κ(KX+�);
we obtain the inequality

dim X − κ(KX + �) ≤ dim X − κ(KF + �F ),

and in conclusion κ(KX + �) ≥ κ(XF + �F ).
Case 2: We assume that the image p(G) has dimension zero Since G

is connected, p(G) is a point in A. This means that we can define a map
W → A, which can be assumed to be regular by blowing upW . We have thus
the commutative diagram

X
ϕ

��

p
��

��
��

��
� W

q
����

��
��

�

A

Set t := p(G). Let F be the fiber of p over t . Then F is a generic fiber of p
and G is a generic fiber of

ϕ : F → ϕ(F),

and by [38, Theorem 5.11] we infer that

κ(KF + �F ) ≤ κ(KG + �G) + dim ϕ(F) = dim ϕ(F).

Note that ϕ(F) is the fiber of q over t ∈ A. We have dimW = ϕ(F)+ dim A.
Therefore dimW ≥ κ(KF + �F ) + dim A. Combining this with the fact that
ϕ is the Iitaka fibration, we have thus

κ(KX + �) = dimW ≥ κ(KF + �F ) + dim A,

and we are done.
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Case 3: The remaining case p(G) is a proper subvariety of A Since we
are assuming that A is simple, by [38, Corollary 10.10], any desingularization
of p(G) is of general type. In this case, it is well known that κ(KG + �G) ≥
dim p(G) ≥ 1. We get a contradiction. ��

4 Proof of the main theorem

After the preparations in the previous sections, we will present here the argu-
ments for our main result. To start with, we apply Proposition 3.1 for the map
p : X → A. We will use the notation

p′ : X ′ → A′ (4.1)

for the resulting fiber space, and we keep in mind that the projective manifold
A′ is birational to an abelian variety.

X ′ πX−−−→ X

p′
⏐⏐

⏐⏐p

A′ −−−→
πA

A

The gain is that we can allow ourselves any effective “error divisor” in X ′
whose p′-projection in A′ has codimension at least two.

We will choose next a metric on the relative canonical bundle of p′ which
reflects the properties of the canonical algebra of a generic fiber of p. By
hypothesis, we know that κ(KXa + �a) ≥ 0 for any generic a ∈ A, where
�a := �|Xa . The important result [5] states that the canonical ring of the
pair (Xa, �a) is finitely generated. Let m � 0 be a large enough positive
integer, so that the singularities of the metric of KXa + �a induced by the
linear system mKXa + m�a are minimal (i.e. equivalent to the singularities
given by the generators of the canonical algebra). Of course, the same integer
m will work for any a ∈ A′ generic. As we have already recalled in Sect. 2, we
can construct the m-Bergman kernel metric hX ′/A′ on the bundle KX ′/A′ + �′
by using the fiberwise liner systems mKXa + m�a .

Our proof relies on the positivity and regularity properties of the direct
image sheaf

F ′
m := p′

�

(
mKX ′/A′ + m�′) (4.2)

of the relative pluricanonical bundle of p′.
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We introduce the bundle

L ′
m := (m − 1)KX ′/A′ + m�′ (4.3)

and we endow it with the corresponding power of the relative Bergman metric
(m − 1)hX ′/A′ + h�′ , where h�′ is the canonical singular metric on �′; then
we have

p′
�

((
KX ′/A′ + L ′

m

) ⊗ I
(
h⊗(m−1)
X ′/A′ · h�′

))
⊂ F ′

m . (4.4)

It turns out that (4.4) is generically isomorphic, as we verify next.
Let a ∈ A′ be a generic point and let u ∈ H0(X ′

a,mKX ′/A′ + m�′) be a
holomorphic section. Thanks to the explicit construction of hX ′/A′ , we infer
that we have

log |u|2 ≤ (m − 1)ϕX ′/A′ |X ′
a
+ O(1) (4.5)

(by a slight abuse of notation). Combining this with the fact that (X ′, �′) is klt,
we obtain u ∈ H0(X ′

a, (KX ′/A′ + L ′
m) ⊗ I(h⊗(m−1)

X ′/A′ · h�′)
)
. Therefore (4.4)

is generically isomorphic. We refer to [3, Corollary A.2.4] for more details.
Thanks to Theorem 2.7, the torsion free sheaf F ′

m can be endowed with
the canonical L2 metric g̃X ′/A′ with respect to the metric on L ′

m constructed
above; it has positive curvature. Moreover, we see that the Hermitian line
bundle (KX ′/A′ + L ′

m, h⊗(m−1)
X ′/A′ · h�′) satisfies the hypothesis of Theorem 2.7.

We can therefore apply Corollary 2.8 to (F ′
m, g̃X ′/A′) and thus the determinant

line bundle det F ′
m has a positive curvature current denoted by � ≥ 0 if

endowed with the metric induced by g̃X ′/A′ .
Set Fm := p∗(mKX/A + m�). By using the same construction as above,

we have a canonical L2 metric g̃X/A on Fm . Thanks to Remark 3.2, we have
an isometry

(
F ′
m, g̃X ′/A′

) |A′\Z ′ → π∗
A(Fm, g̃X/A)|A\Z (4.6)

where codimAZ ≥ 2 and Z ′ := π−1
A (Z).

Theorems 3.3 and 3.4 show clearly how we will proceed for the rest of our
proof. Roughly speaking, if (πA)∗� is neither ample nor trivial, then we are
done by induction, cf. Theorem 3.3. If not, then we will analyze the remaining
two extreme cases in the following subsections.
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4.1 The direct image of the curvature current of the determinant is
non-zero

By the construction at the beginning of this section, we have a commutative
diagram satisfying the properties in Proposition 3.1 and Remark 3.2:

X ′ πX−−−→ X

p′
⏐⏐

⏐⏐p

A′ −−−→
πA

A

If the curvature current corresponding to the determinant of F ′
m is non-

identically zero on A′\Z ′, i.e.

πA�� �= 0, (4.7)

then � is automatically a big class in H1,1(A′, Z) (cf. Theorem 3.3) if A is a
simple torus1.
As a consequence of Theorem 3.4 we obtain the following result.

Corollary 4.1 If the class {�} is big, then for any generic point a ∈ A′ and
for any k � 1 sufficiently divisible we can find an effective divisor E in X ′
satisfying codimA′ p′

�(E) ≥ 2, such that the restriction map

H0(X ′, kKX ′/A′ + k�′ + E) → H0 (
X ′
a, kKX ′/A′ + k�′)

is surjective.

Proof Thanks to Remark 3.2, we can assume that the singular locus of p′ is
normal crossing and we can thus apply Theorem 3.4 to the fibration p′. Let
AY be a very ample divisor on A′. Since det p′

�(mKX ′/A′ + m�′) = � is big
on A′, by Theorem 3.4 we can find a parameter m1 ∈ N large enough, and an
effective divisor E satisfying codimA′ p′

�(E) ≥ 2, such that

m1KX ′/A′ + m1�
′ + E = (p′)�AY + �1. (4.8)

for some pseudo-effective divisor �1 on X ′.
By [4], the restriction map

H0 (
X ′, kKX ′/A′ + k�′ + (p′)�AY + �1

)
→ H0(X ′

a, kKX ′/A′ + k�′ + (p′)�AY + �1) (4.9)

1 We can add this assumption by the argument in the beginning of Theorem 4.4.
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is surjective, for any k ≥ m1 divisible enough. Indeed, this can be seen as fol-
lows: �1 is pseudo-effective, so its first Chern class contains a closed positive
current T . If we choose a ∈ A′ very general, and m1 � 0, then the restriction

of the current
1

k
T to X ′

y is well-defined, and the correspondingmultiplier ideal

sheaf I(�′ + 1
k T ) is trivial for any k ≥ m1. We endow the Q-bundle

KX ′/A′ + �′ + 1

k
�1

with the k-Bergman metric, and then we write

kKX ′/A′ + k�′ + (p′)�AY + �1

= KX ′ + �′ + 1

k
�1 + (k − 1)

(
KX ′/A′ + �′ + 1

k
�1

)
+ (p′)�AY

so that the surjectivity of the map (4.9) follows by the usual extension results.
The relation (4.8) shows that we have

kKX ′/A′ + k�′ + (p′)�AY + �1 = (m1 + k)(KX ′/A′ + �′) + E,

we therefore infer

H0(X ′, (m1+k)(KX ′/A′ +�′)+E) � H0 (
X ′
a, (m1+k)(KX ′/A′ + �′) + E

)

and this last vector space is equal to

H0 (
X ′
a, (m1 + k)(KX ′/A′ + �′)

)
,

as a consequence fact that p′
�(E) � A′. The corollary is proved. ��

In particular we have κ(KX + �) ≥ κ(KXa + �a) by Proposition 3.1.

4.2 The curvature current of the determinant is zero

In this subsection we assume that p : X → A is a fibration from a projective
manifold to an abelian variety, and we have

πA,�� = 0, (4.10)

where � is the determinant of F ′
m as in (4.7).

Set Fm := p�(mKX/A +m�) and let g̃X/A be the corresponding canonical
L2 metric on Fm constructed in the beginning of Sect. 4. By (4.6), it follows
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that the curvature of det(Fm) is equal to zero on A\�, i.e. in the complement
of a set of codimension at least two. However, it is known that (cf. for example
[20, Chapter III, Corollary 2.11]) the support of a closed positive (1, 1)-current
cannot be contained in such a small set, unless the said current is identically
zero. We therefore have

�
(
det(Fm), det g̃X/A

) = 0, (4.11)

and it follows that there exists a subset of A still denoted by � such that the
next properties hold true.

(a) The codimension of � in A is at least two, i.e. codimA� ≥ 2.
(b) The restriction of the direct image sheaf Fm |A\� is a vector bundle.
(c) The canonical L2 metric g̃X/A is non-singular on A\�, and the couple(

Fm |A\�, g̃X/A
)
is a Hermitian flat vector bundle.

This is a consequence of Corollary 2.8, combined with (4.11). In what follows,
we will write

(E, h) := (
Fm, g̃X/A

)|A\� (4.12)

in order to simplify the notation. Thus E → A\� is a vector bundle endowed
with a non-singular metric h whose associated curvature is equal to zero. Then
the parallel transport induces a representation

ρ : π1(A\�) → U(r), (4.13)

where r is the rank of E and where U(r) is the unitary group of degree r .
The next proposition is a consequence of the fact that π1(A) is commutative.

Proposition 4.2 Let ρ : π1(A) → U(r) be the representation (4.13). The
following assertions hold true.

(i) If the image of ρ is infinite, then there exists a non-zero section of the
bundle mKX + m� + L, where L is a non-torsion topologically trivial
line bundle on X.

(ii) If the image of ρ is finite, we have κ(KX + �) ≥ κ(KF + �F ).

Proof Since π1(A) = π1(A\�) is abelian, ρ can be decomposed as the direct
sum of r representations {ρi }ri=1

ρi : π1(A\�) → U(1).

(i) If the image of ρ is infinite, there exists at least one index, say i = 1,
such that the image of the corresponding representation ρ1 is infinite. Then ρ1
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corresponds to a topologically trivial non-torsion line bundle L1. We therefore
infer the existence of a section

s ∈ H0(p−1(A\�),mKX + m� − L1
)

(4.14)

such that |s|g̃X/A(y) = 1 for every generic point y ∈ A.
It follows that the L2-norm of s with respect to any smooth metric on the

bundle mKX + m� − L1 is finite. Indeed, this is a consequence of the fact
that the weights of the metric h(m)

X/Y are bounded from above, cf. Theorem 2.4.

Then s can be extended as an element in H0(X,mKX + m� − L1) and the
claim (i) of our proposition is established.
(ii) If the image of ρ is finite, set l := |ρ(π1(A))|. For every τ ∈
H0(F,mKF + m�), the paralel transport of τ⊗l induces an element in

s ∈ H0(p−1(A\�),mlKX + ml�),

We invoke the same argument as above (namely the finiteness of the L2 norm
of s) to show that it extends to X . It defines therefore a non-zero element in
H0(X,mlKX + ml�), and the proposition is proved. ��
The following result due to Campana-Peternell [12, Theorem 3.1] together

with its generalization in [11] will allow us to conclude.

Theorem 4.3 [12, Theorem 3.1] [11, Theorem 0.1] Let X be a projective
complex manifold, and let � be an effective Q-divisor on X, such that the
pair (X, �) is log canonical. Let L ∈ Pic0(X) be a topologically trivial line
bundle. Then:

(a) For any positive integerm ≥ 1we have κ(KX+�) ≥ κ(mKX+m�+L).
(b) Let l ∈ N be a positive integer. Then there exists infinitely many d ∈ N for

which we have

h0(X, l(KX + �) + dL) ≥ h0(X, l(KX + �) + L).

(c) If κ(KX + �) = κ(mKX + m� + L) = 0, then L is a torsion bundle.

In [11] the point (b) is not explicitly stated, so we will provide here a
complete treatment for the convenience of the readers. The argumentwe invoke
in what follows is borrowed from [12, Proposition 3.2, (4)].

Proof We remark that the point (a) is a direct consequence of [11, Theo-
rem 0.1]. In order to establish (b), we first observe that for each q and l, the
set

Vq,l = {λ ∈ Pic0(X) : h0(X, l(KX + �) + λ) ≥ q}
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is a finite union of torsion translates of complex subtori of Pic0(X), cf. [11,
Sect. 2]. In particular, if L ∈ Vq,l , then there exists a torsion line bundle ρ and
a subtorus T ⊂ Pic0(X) such that L belongs to the component ρ + T of Vq,l .
If we denote by s the order of ρ, than we see that d · L ∈ Vq,l provided that
d := p · s + 1, where p is any positive integer. The point (b) is thus proved.

To prove the point (c), we suppose by contradiction that there exists a non-
torsion bundle L ∈ Pic0(X) such that κ(KX +�) = κ(mKX +m�+ L) = 0.
After passing to some multiple of m and L , we can assume for simplicity that

h0(X,mKX + m� + L) = 1.

As V1,m is a finite union of torsion translates of complex subtori of Pic0(X),
we can find a torsion bundle L tor ∈ Pic0(X) and a non-trivial bundle F ∈ T ′,
(where T ′ is a subtorus of Pic0(X)), such that L = L tor + F and L tor + T ′ ⊂
V1,m . As a consequence, for every t ∈ R, we can find three non-trivial sections

st ∈ H0(X,mKX + m� + L tor + t F),

s−t ∈ H0(X,mKX + m� + L tor − t F) (4.15)

aswell as s0 ∈ H0(X,mKX+m�+L tor).When |t | is small enough, st ·s−t and
s0 ·s0 are two linearly independent elements in H0(X, 2mKX +2m�+2L tor).
Then κ(KX + �) ≥ 1 and we get a contradiction. ��

We are now ready to prove our main theorem.

Theorem 4.4 Let p : X → A be a fibration from a projective manifold to
an Abelian variety. Let � be an effective klt Q-divisor on X and let F be a
generic fiber of p. Then

κ(KX + �) ≥ κ(KF + �F ), (4.16)

where �F = �|F .

Proof Without loss of generality, we can assume that A is a simple torus, i.e.,
there is no nontrivial subtorus in A. In fact, since A is Abelian, if there is
a nontrivial subtorus A1, by Poincare’s reductibility theorem (cf. [19, Theo-
rem 8.1]), after a finite smooth cover, A = A1 × A2, where A2 is another
subtorus of A. Then (4.16) can be proved by induction.

We follow the notations in the beginning of Sect. 4. In particular, we have
the commutative diagram
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X ′ πX−−−→ X

p′
⏐⏐

⏐⏐p

A′ −−−→
πA

A

and the positive curvature current � on A′.
If (πA)∗(�) �= 0, we can use the results in the case 4.1. In particular, as A

is simple, Theorem 3.3 implies that� is big on A′. By using Corollary 4.1 and
Proposition 3.1, we obtain κ(KX + �) ≥ κ(KF + �F ).

If (πA)∗(�) = 0, we are in the case 4.2. If the image of the representation
ρ in Proposition 4.2 is finite, then Proposition 4.2 implies (4.16). If not, using
Proposition 4.2 again, there exists L ∈ Pic0(A) which is not a torsion point,
such that

κ(mKX/A + m� + p�L) ≥ 0. (4.17)

Combined this with Theorem 4.3, we have

κ(KX + �) ≥ 1. (4.18)

Indeed, we necessarily have κ(KX + �) ≥ 0, and we cannot have equality as
it would contradict (4.17) and the point (b) of Theorem 4.3. Thanks to (4.18)
and Proposition 3.7, we obtain (4.16) and the theorem is proved. ��

5 Further results and remarks

Throughout the current section, the notations we will be using are the same as
in Sect. 4. The following result is a direct consequence of the arguments used
in paragraph 4.1, so we simply state it without any comment about the proof.

Theorem 5.1 Let p : X → Y be an algebraic fiber space, and let � be an
effective Q-divisor on X such that (X, �) is klt. We assume that for some
positive m divisible enough we have det Fm is big. Then we infer that

κ(KX + �) ≥ κ(KF + �F ) + κ(Y ), (5.1)

where �F = �|F .
Developing further the ideas in the proof of our main result here, we obtain

the following statement in which the flatness of det Fm is shown to have
stronger consequences.
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Theorem 5.2 Let p : X → Y be a fibration between two projective mani-
folds and let � be an effective Q-divisor, such that (X, �) is klt. If det Fm is
topologically trivial, then (Fm, g̃X/Y ) is a hermitian flat vector bundle on Y .

Proof We use the same argument as in the beginning of Sect. 4.2, and infer the
existence of a subset of � ⊂ Y such that the properties (a)–(c) cf. 4.2, right
after (4.11), hold true.

As we will see next, our result is a consequence of the correspondence
between the unitary representations of the fundamental group of Y and the
Hermitian flat vector bundles on Y , together with the fact that codimY� ≥ 2.

Let (Uα) be a finite cover of Y with contractible coordinate sets. For each
index α the set Uα\� is equally contractible –this is a consequence of (a)
we are referring above. The parallel translation with respect to the flat metric
g̃X/Y |Y\� gives a holomorphic trivialization

θα : Fm |Uα\� → (
Uα\�) × Cr (5.2)

which is moreover an isometry provided that the right hand side in (5.2) is
endowed with the Euclidean metric. Therefore the transition functions, say
gαβ , corresponding to the trivializations θα are matrices in U(r).

Let (E, hE ) be the Hermitian vector bundle of rank r on Y given locally
by

(
Uα × Cr )

α
, together with the transition functions

(
gαβ

)
α,β

(so that the
metric hE corresponds to the flat metric onUα × Cr ). This construction gives
an isometry

i : Fm |Y\� → E |Y\�. (5.3)

By Hartogs’ theorem, i extends to an injection of sheaves

Fm → E (5.4)

on Y which we still denote by i . We show next that in fact the map (5.4) is an
isomorphism.

To this end let U be a coordinate topologically open subset of Y and u ∈
H0(U, E) be a holomorphic section whose norm at each point of U is equal
to one, i.e.

|u|hE (y) = 1 (5.5)

for each y ∈ U . By (5.3), the restriction of u to U\� belongs to the image of
i , so that we have

u|U\� = i(v0) (5.6)
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for a v0 ∈ H0(U\�, Fm). The main point next is that i is an isometry, so we
infer that

|v0|g̃X/Y (y) = 1 (5.7)

for any y ∈ U\�.
The section v0 corresponds to an element in H0(p−1(U\�),mKX/Y +m�

)
whose pointwise norm with respect to the canonical L2 metric is equal to one.
Therefore, we are in the same situation as in Proposition 4.2, so v0 extends
across the inverse image of �. In conclusion, we have constructed a local
section v of Fm |U such that i(v) = u and the theorem is proved. ��

A rather immediate application of Theorems 3.4 and 5.2, is the next result,
which already appears in [28] in a slightly less general form.

Lemma 5.3 Let p : X → Y be an algebraic fiber space, and let � be an
effective Q-divisor, such that (X, �) is klt. If there exists an integer m ≥ 2
such that

c1(p∗(mKX/Y + m�)) = 0 ∈ H1,1(Y, R),

then Fm1 := p∗(m1KX/Y + m1�) is hermitian flat for any m1 ∈ N such that
Fm1 is non zero.

Proof Let m1 be a positive integer as above. The idea of the proof is very
simple: the positivity carried by the determinant of Fm1 can be injected into
Fm via Theorem 3.4. Since we already know that the first Chern class of Fm
is equal to zero, the conclusion follows. We give next the details.

As we have already seen, the determinant L1 := det Fm1 of the sheaf Fm1 is
a pseudo-effective line bundle. There exists thus a metric hL on L1 such that

�hL (L1) ≥ 0

in the sense of currents on Y . By applying Theorem 3.4 (with the Q-bundle
“L” corresponding to �) we infer the existence of an effective divisor T on X
such that the codimension of the projection is large, i.e. codimY (p�(T )) ≥ 2
and such that c1(KX/Y +�+ T − ε1 p

�L1) is pseudo-effective on X for some
positive ε1 > 0.

As a consequence, we can equip the bundle (m − 1)(KX/Y + �) + T with
a metric h such that

�h
(
(m − 1)(KX/Y + �) + T

) ≥ ε2 p
��hL (L1) (5.8)
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on X , where ε2 > 0 is a positive real number, and such that

H0 (
Xy,

(
m(KX/Y + �) + T

) ⊗ I(h|Xy )
)

= H0 (
Xy,m(KX/Y + �) + T |Xy

)
(5.9)

for generic y ∈ Y .
Let hX/Y be the metric on p∗(mKX/Y + m� + T ) induced by h as in

Theorem 2.7.
By Lemma 5.4 below, the relation (5.8) gives the following lower bound for

the curvature of the determinant: we have

�dethX/Y
det p∗(mKX/Y + m� + T ) ≥ rε2�hL (L1), (5.10)

on Y , where r is the rank of the direct image p�(mKX/Y + m� + T ).
Since codimY (p∗(T )) ≥ 2, we have

det p∗(mKX/Y + m� + T ) = det p∗(mKX/Y + m�) = 0 ∈ H1,1(Y, R).

Combining this with (5.10), we know that the current �hL (L1) is identically
zero, and the lemma is proved. ��

The following statement was used during the proof of Lemma 5.3.

Lemma 5.4 Let p : X → Y be an algebraic fiber space. Let (G, hG) and
(L , hL) be Hermitian line bundles on X and Y , respectively. The metrics
hG and hL are allowed to be singular and we assume that the following
requirements hold true.

(i) We have �hL (L) ≥ 0 and

�hG (G) ≥ ε0 p
��hL (L) (5.11)

on X, where ε0 is a positive real number.
(ii) The direct image p�(KX/Y + G) is non-zero, and we have

p�

(
(KX/Y + G) ⊗ I(hG)

)
y = p�

(
KX/Y + G

)
y (5.12)

for any generic y ∈ Y .

Let hX/Y be the L2 metric on the direct image sheaf p�

(
KX/Y + G

)
induced

by hG. Then we have

�det hX/Y

(
det p�(KX/Y + G)

) ≥ rε0�hL (L) (5.13)

on Y .
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Proof Our arguments are based on themain results in [34] combinedwith very
basic properties of psh functions, as follows.

Let y0 ∈ Y be an arbitrary point, and let 	0 ⊂ Y be an open subset of Y
centered at y0. Let 	 ⊂ p−1(	0) be an open subset of X contained in the
inverse image of 	0. We assume that the restriction of hG to 	 is given by
the weight e−ϕG , and that the restriction of hL to 	0 is given by e−ϕL . By
hypothesis we have

√−1∂∂ϕL ≥ 0,
√−1∂∂ϕG ≥ ε0 p

�
√−1∂∂ϕL (5.14)

on 	. In particular, we can write the local weight of hG

ϕG = (ϕG − ε0ϕL ◦ p) + ε0ϕL ◦ p (5.15)

as sum of two psh functions (actually the difference ϕG − ε0ϕL ◦ p is only
psh up to modification in the complement of a measure zero set, but this is not
relevant for what we have to do next).

We remark that the local expressions ϕG −ε0ϕL ◦ p glue together as a global
metric on G|p−1(	0)

; the resulting object is denoted by

h0G := e−ε0ϕL◦phG (5.16)

and we have �h0G (G|p−1(	0)
) ≥ 0. By [34], the restriction

p�(KX/Y + G)|	0 (5.17)

is positively curved when endowed with the L2 metric induced by h0G . Here
the important fact is that the hypothesis (5.12) implies a similar relation for
h0G .

Let ξ be a local holomorphic section of the dual of the bundle (5.17). The
positivity of the curvature together with the expression (5.16) show that we
have

√−1∂∂ log |ξ |2hX/Y
≥ ε0

√−1∂∂ϕL (5.18)

and this implies (5.13). ��
We recall next the following deep result due to Zuo [44, Corollary 1] (see

also [10, Theorem 1]); it will play a crucial role in our next statement.

Theorem 5.5 [44, Corollary 1] Let Y be a compact Kähler manifold, and
let ρ be a finite dimensional representation of π1(Y ), whose Zariski closure
is a reductive algebraic group. If κ(Y ) = 0, the ρ splits as a direct sum of
representations of rank one, modulo an étale cover of Y .
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As a consequence of the considerations in this paper together with Theo-
rem 5.5, we obtain the following main theorem of this section.

Theorem 5.6 Let p : X → Y be an algebraic fiber space, and let � be an
effective Q-divisor on X such that (X, �) is klt. We assume that for some
m ≥ 2 the line bundle det Fm is topologically trivial. Then we have

κ(KX + �) ≥ κ(KF + �F ) + κ(Y ), (5.19)

where �F = �|F .
Proof Since det Fm = 0 we infer that Fm is hermitian flat vector bundle of
rank r over Y , by Theorem 5.2. We obtain a representation

ρ : π1(Y ) → U(r)

induced by the parallel transport corresponding to (Fm, g̃X/Y ).
The unitary group U(r) is compact, therefore the Zariski closure of the

image of ρ is automatically reductive.
We are therefore lead to distinguish among three cases, corresponding to

the Kodaira dimension of Y .
• Case 1: The Kodaira dimension of Y is equal to −∞, i.e. κ(Y ) = −∞ In
this case, we have immediately (5.19).
• Case 2: The Kodaira dimension of Y is equal to zero, i.e. κ(Y ) = 0 Thanks
to Theorem 5.5, we infer that ρ splits into a direct sum of 1-dimensional
representations, after a finite étale cover pY : Y ′ → Y . We denote by X ′ the
fibered product of X and Y ′ over Y , pX : X ′ → X the natural projection and
a : Y ′ → Alb Y ′ the Albanese map of Y ′.

X ′ pX−−−→ X

p′
⏐⏐

⏐⏐p

Y ′ pY−−−→ Y

a

⏐⏐
AlbY ′

We have thus

p′∗(mKX ′/Y ′ + m�′) = p∗
Y Fm =

r⊕
j=1

L j , (5.20)

where r is the rank of Fm , �′ = p∗
X� and L j ∈ Pic0(Y ′).
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Thanks to Lemma 5.3, we can assume that m is large and sufficiently divis-
ible. Then κ(Y ) = 0 implies that a∗(mKY ′) is a trivial line bundle. Since
L1, . . . , Lr are pulled back from Alb Y ′, we have L j = a∗ L̃ j for some
L̃ j ∈ Pic0(Alb Y ′). We have thus

(a ◦ p′)∗(mKX ′ + m�′) � a∗(mKY ′) ⊗
⎛
⎝ r⊕

j=1

L̃ j

⎞
⎠ �

r⊕
j=1

L̃ j . (5.21)

Set V1,m := {L ∈ Pic0(AlbY ′)|h0(mKX ′ + m�′ + L) ≥ 1}. Then (5.21)
implies that

V1,m = {−L̃1, . . . , −L̃r }. (5.22)

In this case it follows from Theorem 4.3 (b) that V1,m is a finite union of
torsion line bundles (because the corresponding subtori much have dimension
zero). Then the bundles L̃1, . . . , L̃r have finite order. Therefore L1, . . . , Lr
have finite order in Pic0(Y ′)

By [5], we infer that

q⊗
Fm → Fqm = p∗(qmKX/Y + qm�)

is surjective for every q ∈ N. Combining this with (5.20), we obtain the
surjective morphism

q⊗ ⎛
⎝ r⊕

j=1

L j

⎞
⎠ → p∗

Y Fqm for every q ∈ N.

As L1, . . . , Lr have finite order, by taking q divisible enough we have

h0(X ′, qmKX ′ + qm�′) ≥ C1 rank Fqm ≥ C2q
κ(KF+�F )

for someC1,C2 > 0 independent of q; we remark that pX : X ′ → X depends
on m but is independent of q. Then

κ(X ′, KX ′ + �′) ≥ κ(KF + �F ).

Since the Iitaka dimension is not affected by the finite étale cover, we have
thus

κ(X, KX + �) ≥ κ(KF + �F ) + κ(Y ).
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• Case 3: The Kodaira dimension of Y is greater than one, i.e. κ(Y ) ≥ 1 In
this case we use the Iitaka map corresponding to the canonical bundle of Y .

Let m0 � 0 be a large enough positive integer, such that the Iitaka map

q0 : Y ��� Z

of KY is given by the linear system |m0KY |. Here Z is a smooth manifold, of
dimension equal to κ(Y ).

There exist a modification of πY : Y ′ → Y such that the induced map
q := q0 ◦ πY is an algebraic fiber space

q : Y ′ → Z (5.23)

such that κ(Y ′
z) = 0, where Y ′

z := q−1(z) is a general fiber of q. The map πY
is such that the base points of the bundle π�

Y (m0KY ) are divisorial, i.e. there
exists an effective divisor D on Y ′ such that

π�
Y (m0KY ) = D + L (5.24)

where L is a line bundle generated by its global sections. Actually, the map q
in (5.23) is associated to the base-point free linear system |L|. Therefore, for
any point z ∈ Z which is not a critical value of q, the fiber Y ′

z is given by the
equations

σ1 = 0, . . . , σd = 0 (5.25)

where d = κ(Y ) and the σ j above are sections of L .
Let X ′ be a desingularization of the fibered product X ×Y Y ′. We consider

the natural projection p′ : X ′ → Y ′; we can assume that the exceptional
divisor of the map

X ′ → X ×Y Y ′ (5.26)

is contained in the p′-inverse image of Y ′\Y0, where by definition Y0 is the
Zariski open subset of Y ′ such that πY |Y0 is biholomorphic. Let

X ′
z := (p′)−1(Y ′

z) (5.27)

be the inverse image of Y ′
z; it is a non-singular manifold, provided that z is

general enough. We have

KX ′/Y ′ + �X ′ + EY = π�
X

(
KX/Y + �X

) + EX (5.28)
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where EX is πX -exceptional, p′(EY ) is πY -exceptional and (X ′, �X ′) is klt.
Wewill denote by F ′

m := p′
�(mKX ′/Y ′+m�X ′) the direct image corresponding

to p′ and g̃X ′/Y ′ the corresponding metric on F ′
m .

X ′ πX−−−→ X

p′
⏐⏐

⏐⏐p

Y ′ πY−−−→ Y

q
⏐⏐
Z

The argumentswewill use for the rest of our proof are a bitmore complicated
than what they should be, because it is not clear that the bundle F ′

m is flat.
In any case, we have the natural isometry

i : π�
Y Fm → F ′

m on Y0. (5.29)

The inverse image bundle π�
Y Fm is Hermitian flat on Y ′. As i is an isometry,

by the argument at the end of the proof of Theorem 5.2, given any flat local
section u of π�

Y Fm the image

i(u|Y0) (5.30)

extends across Y ′\Y0 as a section of F ′
m . In this way we obtain a morphism

i : π�
Y Fm → F ′

m (5.31)

defined globally on Y ′.
Theorem 5.6 will be established by using classical L2-extension theorem

and the following three lemmas; our goal is to show that we have

κ(KX + �) ≥ κ(KF + �F ) + κ(Y ). (5.32)

The first step of the remaining part of our proof is as follows.

Lemma 5.7 Let z ∈ Z be a general point. Then we have

κ(Y ′
z, KY ′

z
+ S|Y ′

z
) = 0 (5.33)

for any effective divisor S on Y ′ whose support is contained in the exceptional
loci of πY .
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Proof Let

KY ′ = π�
Y KY + � (5.34)

where � is the exceptional divisor of πY . The properties of the Iitaka map
show in particular that we have

h0(Y ′
z, lKY ′

z
) = h0

(
Y ′
z, l

(
π�
Y KY + �)|Y ′

z

) = 1 (5.35)

for every l sufficiently divisible.
Fix u0 a non-zero section of some multiple of KY . The support of S is

contained in Supp(�), and therefore it would be enough to show that we have

h0
(
Y ′
z, r1KY ′

z
+ r2�|Y ′

z

)
= 1 (5.36)

for any r1, r2 ∈ N sufficiently divisible. This is however immediate, because
the sections in (5.36) can be injected in the space H0(Y ′

z, (r1 + r2)KY ′
z
) by

multiplication with an appropriate power of u0. Thanks to (5.35), h0(Y ′
z, (r1+

r2)KY ′
z
) = 1 and so the proof is finished. ��

The next result establish a very useful map between the sections of the
bundles m

(
KX ′/Y ′ + �X ′

)|X ′
z
and mπ�

X (KX/Y + �X )|X ′
z
, respectively.

Lemma 5.8 For every L ∈ Pic0(Y ′
z), the morphism (5.31) induces an isomor-

phism

H0(Y ′
z, π

�
Y Fm ⊗ L) → H0 (

Y ′
z, F

′
m ⊗ L

)
. (5.37)

In particular, we have the natural isomorphism

H0(Y ′
z, π

�
Y Fm) → H0 (

Y ′
z, F

′
m

)
(5.38)

and

κ(KX ′
z
+ �X ′ |X ′

z
) ≥ κ(KF + �F ). (5.39)

Proof As Fm is hermitian flat and κ(Y ′
z) = 0, by Theorem 5.5, we have

π�
X Fm |Y ′

z
=

r⊕
i=1

Li , (5.40)

modulo an étale cover of Y ′
z , where Li ∈ Pic0(Y ′

z) and r is the rank of Fm .
In what follows, we still denote by Y ′

z the resulting manifold, in order to keep
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the notation as clean as possible –we observe that it is enough to establish the
lemma for the pull-back of u.

Let u ∈ H0(Y ′
z, F

′
m ⊗ L). Thanks to (5.29), u induces a section

û := i−1(u) ⊗ (σT |Y ′
z
) ∈ H0 (

Y ′
z, π

�
X Fm ⊗ T ⊗ L

)
,

for some effective divisor T supported in the exceptional loci of πY , where σT
is the canonical section of T . Let si be the components of section û according
to (5.40), and let v0 ∈ H0(Y ′

z,m1KY ′
z
) for some m1 ∈ N large enough. Then

we have

v0 ⊗ si ∈ H0(Y ′
z,m1KY ′

z
+ T + Li + L

)
. (5.41)

By combining Lemma 5.7 with Theorem 4.3, we infer that Li + L is a torsion
point in Pic0(Y ′

z) as soon as the corresponding section si is non-zero.Moreover,
we have already a section v0 ⊗ (σT |Y ′

z
) ∈ H0(Y ′

z,m1KY ′
z
+ T ). Using again

Lemma 5.7, we infer that

div(si ) = [σT |Y ′
z
].

Therefore

div(̂u) = div
(
i−1(u) ⊗ (σT |Y ′

z
)
)

= [σT |Y ′
z
].

As a consequence, û
σT

∈ H0(Y ′
z, π

�
X Fm ⊗ L) and (5.37) is proved.

It remains to prove (5.39). Set

V1,m :=
{
L ∈ Pic0(Y ′

z)|h0(X ′
z,mKX ′

z
+ m�X ′ + q∗L) ≥ 1

}
.

Then (5.37) and (5.40) imply that

V1,m = {−L1, . . . , −Lr }. (5.42)

Indeed, let L ∈ Pic0(Y ′
z) be a line bundle in the set V1,m . The equality (5.37)

shows that some of the bundles L − L j is effective; this establishes (5.42).
By using the same argument as in the case 2 of the proof of Theorem 5.6,

we deduce that L1, . . . , Lr have finite order. The inequality (5.39) is therefore
proved.

��
The last technical statement which we need is the following.

123



J. Cao, M. Păun

Lemma 5.9 Let V be a section of the bundle mπ�
X (KX/Y + �X )|X ′

z
. Then we

have

sup
X ′
z

|V |2e−ϕX/Y < C < +∞ (5.43)

for some constant C > 0. Here e−ϕX/Y is the pull-back of the corresponding
relative Bergman metric on X.

Proof We consider a flat local frame for π�Fm ; by this we mean that we have
local sections σ1, . . . , σr of π�Fm at a point y0 ∈ Y ′

z such that the quantity

∫
Xy

∣∣∣σ 0
j

∣∣∣2 e−ϕ�X −(m−1)ϕ(m)
X/Y (5.44)

is a (non-identically zero) constant with respect to y in the complement of an
analytic subset. In the notation above, σ 0

j is such that σ
0
j ∧ dp = σ j .

Bydefinition, theweight of theBergmanmetric satisfies the pointwise estimate

ϕX/Y (x) ≥ log
|σ j |2∫

Xy

∣∣∣σ 0
j

∣∣∣2 e−ϕ�X −(m−1)ϕ(m)
X/Y

(5.45)

where y = p(x) and combined with (5.44), we obtain

|σ j |2e−ϕX/Y ≤
∫
Xy

∣∣∣σ 0
j

∣∣∣2 e−ϕ�X −(m−1)ϕ(m)
X/Y ≤ C. (5.46)

The result follows, since we can express the section V in terms of the flat
generators σ j . ��
We have now at our disposal all the ingredients needed to finish the proof of
Theorem 5.6. Let u be a section of the bundlemπ�

X (KX/Y +�X )|X ′
z
, and let τ0

be a section of the bundle m0KY , where we assume that m and m0 are greater
than 2. Thanks to (5.31), the tensor product

û := u ⊗ (p ◦ πX )�τ0 (5.47)

induces a section of the bundle

KX ′ + �X ′ + (m − 1)π�
X (KX/Y + �X ) + (m0 − 1)(πY ◦ p′)�KY |X ′

z
.

(5.48)

We endow the bundle π�
X (KX/Y +�X ) with themth root of the metric used in

Lemma 5.9, and the bundle π�
Y KY with the metric given by the decomposition
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(5.24). By Ohsawa-Takegoshi extension theorem, there exists a section U of
the bundle

KX ′ + �X ′ + (m − 1)π�
X (KX/Y + �X ) + (m0 − 1)(πY ◦ p′)�KY

(5.49)

whose restriction to the fiber X ′
z is precisely û in (5.47). Indeed, we are using

here the fact that X ′
z is given by the inverse image of the (5.25), together with

Lemma 5.9.
Let (u j ) be a basis of the space of global sections of the bundlemπ�

X (KX/Y+
�X )|X ′

z
and let (Uj ) be the sections of (5.49) obtained by the procedure

explained above. If we denote by (τk) a basis of the bundle (m − m0)KY ,
then the family of sections

Uj ⊗ (πY ◦ p′)�τk

are linearly independent. Moreover, they induce holomorphic sections of the
bundle KX ′ + �X ′ + (m − 1)p∗

X (KX + �X ). Combining this with (5.38) and
(5.39), we get

κ(KX ′ + �X ′ + EY ) ≥ κ(KF + �F ) + κ(Y ).

Notice that EY is the exceptional loci of πX , the proof of Theorem 5.6 is thus
finished.

��
Remark 5.10 An interesting question related to the proof just finished is the
following. We assume that the bundle det Fm is topologically trivial; it follows
that Fm itself is flat. If we consider a birational map πY : Y ′ → Y and
p′ : X ′ → Y ′ as in (5.26), does it follows that F ′

m is flat as well? This is
clearly the case if πY is finite instead of birational.

Recently, the first named author of the present article has obtained the fol-
lowing result.

Theorem 5.11 [14] Let p : X → Y be an algebraic fiber space, where Y is
a projective variety of dimension at most two. Let � be an effective Q-divisor
such that the pair (X, �) is klt, and let F be a generic fiber of p. Then

κ(KX + �) ≥ κ(KF + �F ) + κ(Y ), (5.50)

where �F = �|F .
This settles the Iitaka conjecture in the case of a two-dimensional base. The

proof in [14] uses the techniques developed in the present article, together with
some results in the theory of orbifolds of Calabi-Yau type.
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