DK CONJECTURE FOR DERIVED CATEGORIES OF GRASSMANNIAN FLIPS
NAICHUNG CONAN LEUNG, YING XIE

ABSTRACT. The DK Flip Conjecture of Bondal-Orlov [3] and Kawamata [6] states that there should
be an embedding of derived categories for any flip, which is known to be true for toroidal flips. In
this paper, we construct new examples of Grassmannian flips which satisfy the DK Flip Conjecture.

1. INTRODUCTION

It is well-known that the birational geometry of an algebraic variety Y is closely related to its
bounded derived category of coherent sheaves D’Coh(Y), or simply D(Y ). The DK Conjecture by
Bondal-Orlov [3]] and Kawamata [6] is one of the most fundamental open problems in this area.
Recall that a birational map f : X, --+ X| between two smooth varieties X| and X> is called a flop
if there is a third smooth variety X with two birational morphisms 71 : X — X; and 1 : X — X
such that f = mj o 7r2_1 and m;Kx, = m{Kx,. fis called a flip if 75Ky, = ©{Kx, + D for some
effective divisor D on X [1]

there is a derived embedding:
D(X;) —— D(X3).

Unlike the situations for flops (see [11] for the survey of DK conjecture), there are few examples
of flips proven to satisfy the DK conjecture except for some toroidal flips (see [[7], [8], [9] and [[1O]).
In this paper, we construct some new examples of flips that satisfy the DK flip conjecture.

Consider the partial flag variety

FI(1,2,N)={(V;,Vh)|Vi CV, C CN,dim V; = 1,dim V5 = 2}
which admits two projective space fibrations onto PY~! and Gr(2,N) respectively:

ITn some contexts or references, the definition of flop (resp. flip) used here is usually called K-equivalence (resp.
K-inequivalence).



Gr(2,N) PN-1

Note that FI(1,2,N) = Pg, n)(U) = Ppy-1(Q), where U is the tautological rank 2 subbundle
on Gr(2,N) and Q is the tautological rank (N — 1) quotient bundle on PY~!. Denote the ample
generator of Pic(PN~1) (resp. Pic(Gr(2,N))) by h (resp. H). Let

X =Totpy1 o) (O(H+1)"), Xy =Tot(p1(O(H+h)"), Xo=Tot(pr(O(H+h))").
It is easy to check that

p2O0(h+H)=U"®O(H), (1.1)
p1xO(h+H) = Q" ® O(2h). (1.2)

Then X, = Totg, o n)(U(—H)), X1 = Totpn-1(Q(—2h)) and X will be isomorphic to the two blow-
ing ups: Bl (> )Xz and Blpy-1X) with the same exceptional divisor E = FI(1,2,V):

E = FI(1,2,N)
N
Gr(2,N) X PN~ (1.3
- L
Xy - L > X

So we get a birational map f from X; to X;. Now an easy computation implies that
D = m,Kx, — m{Kx, = (N —3)E.
Hence fisaflipif N >3 and a flopif N =3.
Theorem 1.1. The flip f : X» --+ X| considered above satisfies the DK Flip Conjecture, i.e. there
is a fully-faithful embedding of triangulated categories:
D(X1) "= D(Xa).
Remark 1.2.

(1) When N = 3, (1.3)) is the Mukai flop of Qp2.
(2) Theorem|[I.T]holds for any flip which locally looks like (1.3).

Convention. In this paper, P(V) = Proj(Sym®*V") for any vector bundle V. The derived functors
RHom(—,—) and Ext®*(—,—) are taken over the total space X. We will omit the natural functors

P71, D5 and js, i1, iz« if no confusion occurs.



Strategy of Proof. Firstly, we can embed D(X;) and D(X;) into D(X) by Orlov’s blow up formula
[17] so that we have the following two semiorthogonal decompositions (SOD) of D(X):

D(X) = (x{D(X2), j-p3D(Gr(2,N))), (1.4)
D(X) = (mD(X1), (ju(piDE* ) (kH))ocken-3) ). (15)

The left orthogonal complements of D(X)) and D(X5) are (copies) of derived categories of Grass-
manianns. It is known that both D(PY~!) and D(Gr(2,N)) admit full exceptional collections by
[1] and [13]. The former one consists of line bundles only while the latter one involves Sku,
symmetric powers of the tautological subbundle U on Gr(2,N).

Secondly, we use SOD of D(Gr(2,N)) involving SKU to simplify to the form (3.1 :

D(X) = (2O (th))-1<izn-1: 7 (Fe)ostzn2. 5" UH) . f (¢H))2icn2)

via mutation techniques by Kuznetsov in [14] (C.f. also [15], [19] or [16]). However, there are
still lots of symmetric powers of U remain in the left orthogonal complement of &, which does
not happen for flop situation (see remark [3.7).

Thirdly, to get rid of the remaining S*U’s, we apply the chess-game method introduced in [18]
(also in [4]) which is a systematic method to do cancellation of categories and prove Theorem [L.1]
then. Roughly speaking, chess-game method is an analogy of the spectral sequence argument in
cohomologies.
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Laurent Manivel, Yukinobu Toda, Zhiwei Zheng, Yan Zhou and especially Yalong Cao, Qingyuan
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discussions and suggestions when preparing this paper. The authors are supported by grants from
the Research Grants Council of the Hong Kong Special Administrative Region, China (Project No.
CUHK14301117 and CUHK14303518).

2. VANISHING OF COHOMOLOGY AND MUTATIONS

In this section, we list vanishing results and mutations that will be used later in the subsequent
sections. For ¢ > 0, let

o = (0,0, 7Sn—l—1U\/>;;
o) = <SlU\/,Sl+1U\/,”_ 7Sn—lU\/>

By = (O((L+1)h),S'UY(H—h));

6, = (O(th),S'UY (H —2h));

& =(0(th), S UV (H—h),0((t+1)(H —h) —h));



5 {(SZUV(H),ﬁ((£+2)(Hh)),ﬁ’((€+3)(Hh) _h) il <n—4
.

(S'UY(H),0((¢+2)(H —h))) if £ >n—4;
N KC(C R DNCR) ifn=2;
) (oH-2h),0(H 1), 0(2H —3h)) iftn>3;

Lemma 2.1 (Kapranov [3] and Kuznetsov [13]). D(Gr(2,N)) admits a full exceptional collections:

pGrany) | " D oskent, (S EHDn-acrcanmr) N =2n, o
(o (kH))o<r<n—1 ifN =2n+1,
Lemma 2.2. (1) Forany0<k<n-—1,
RHom(S" U (H —h), %) = 0.
(2) For0<k<n-—1,
RHom(%12(—h), O (kh)) = 0;
RHom(/" *=Y(H —h), 6(kh)) = 0.
(3) For1<k<{<n-2,
RHom(%;,8*'UY (H —h)) = 0.
(4) For 1 <k<n—-2andn—k</{<n-—1,
RHom(S" > XU (H —h), 0 (tH)) = 0;
RHom(S" UV (H — h),«/** ' (H)) = 0;
RHom (O ((n—k)(H —h) — h), *"2(H)) = 0.

(5) Forany0</{<k<r,r=[(n—1)/2], i.e., the greatest integer no bigger than [(n—1)/2|,
RHom(y_20_1(n+0)H), 7> ((n+k)H)) = 0.
(6) Either (i)2<a—b<2n—3andb > 0or (ii) b <O,
Ext*(&(ah),0(bH)) = 0.
Proof. We give a proof of (1) here and the rest can be obtained using same arguments (See Appen-
dix [A1|for detailed proof of others). By adjunction of pullback-pushforward,
RHom(S" U (H — h), &%) = RHomg (Lj* j.S" ¥ UV (H — h), o7%).

Recall the distinguished triangle associated to the closed immersion j: E — X:

O(H+m)[1] = Op(—E)[1] — Lj*ju —s id 2 2.2)



and hence inducing a distinguished triangle of complex of vector spaces:
RHomg (S" %10V 2H)[1], #*) — RHom(S" *'UV(H — h), &%) —
RHomg ("0 (H — h), o) s

So it is sufficient to show the vanishing of the first and third terms. With the help of projection
formula (1.1) or Lemma we have the following for0 <a<n—k—1:

(i) Extg (8" *1UY (2H),S°UY) = Extg,, o 4y (8" UV (2H),8°U"Y),
(if) Exty (S UV (H = 1),8°U") = Extg;, 5 (S" UV (H),8UY @ UY)
= Extg;, o, ) (8" UV (H), 5 MUY @ 57UV (H)).

It is noted that all these vanish by SOD of D(Gr(2,N)) (2.1) except for the case k = 0,a =n—1:
Extg, oz (S" UV (H),S"UY) = 0.

By Littlewood-Richardson rule,

n—1
Sn—lU\/(_H) ®SnU\/ — @Zn—t—l,—n-ﬂU\/‘

=0
Then
n—1
EXtg;, oz (8" UY(H),S"UY) = @D H*(Gr(2,N), 2" 1"HUY) = 0
=0
by checking the criterion of Theorem [A2](BWB). O

For the projection p;, there exists a relative Euler sequence on E = Pg, (5 v) (U):
0— OH—h)— U — O(h) — 0.
For each k, there are two short exact sequences on E and X by taking k-th symmetric power :

0— SV (H—h) — S*UY — O0(kh) — 0; (2.3)
0 — O(k(H—h)) — S*UY — S5 10UV (kh) — 0. (2.4)

Not surprisingly, these two induce the following mutations (See Appendix [AT]for the proof):
Lemma 2.3. Forany 1 <k<n-—1,

(l) Lsk—lUv(Hih)SkUv — ﬁ(kh),

(2) Ry SKUY = S5 10UV (H — h);
(kh)

(3) Rsk—lU\/(ih)SkUv — ﬁ(k(H —h)>

5



3. MUTATIONS ON DERIVED CATEGORY OF X ODD CASE

In this section, we simplify SOD of D(X) (1.4) by mutation techniques when N =2n+1 (N =2n
case will be explained in section E| The main result of this section is

Proposition 3.1. Forn > 2,

DX) = {2 (O(h)) r<eznr A (Fehoztzu,S" UH), o (H))ozrcanz) B
where 9 =Ly (_p) o (H-n)) T D(X2).
Proof. At first we left mutate (<7 ((2n— 1)H), <7 (2nH)) to the far left. Note that

= — @ Kx|dimX]
(' ((2n—1)H),o/ (2nH))

and KX‘E =0(—h—(2n—1)H) (see Lemma. Thus

Lot o (2n—1)H) o7 (2nE)) -

D(X) = (. (~h),.o/ (H — h), TD(Xa), (o (kH)Jokcan 2.
Then left mutate 75 D(X,) through (o7 (—h), o/ (H — h)):
D(X) = (2.t (—h)..of (H =),/ (kH)oi<an—2)- (3:2)

To arrive (3.1), we need to do mutation on (<7 (—h), o/ (H —h), </, </ (H)) which is involved
and consists of the 4 inductive steps.

(1) First Inductive Step (n > 1): Mutation on (<7 (H — h), /).
Lemma 3.2. For1 <k <n,

(f (H—h), o) = <,;z%k(H ), (B nreton—2, STIUV (H —h)>.

Proof. Prove by induction on k.
e Base case (k = 1). We can exchange S"'U"Y(H — h) and </ by Lemma (k=0):

LHS = (/' (H —h),s"'UY(H - h), o) = (/' (H — h),o/,8" 'U" (H — h)) = RHS.
e Assume that we have SOD for case k. Then

RHS = <,@{k+1 (H—h),S" " 'Y (H - h),a* s"*U", <%’£>n—k§€§n—2>

- <M+1 (H—h),a* s" % 'UV(H —h),s" *U", <%g>n_k§g§n_2>

= (N H =), T (B k120202 )-

This is just the case k+ 1 and the lemma follows. In the second line, we exchange
S"*=1yV(H — h) and «7* by Lemma and the in the last line we left mutate
§"*UY through " *~'U" (H — h) (Lemmal[2.3).

2The readers can refer to Appendixfor the preliminaries and background knowledge of left and right mutations.
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Apply Lemma [3.2] for the final case k = n:
(o (H 1), /) = (0. Bi)oseen-2.5" UV (H ). (33)
Remark 3.3. Whenn =1, is nothing but
(O(H—h),0)=(0,0(H—h)).
(2) Second Inductive Step (n > 2): Mutation on <m (—h), 0, <,%’g>0§g§n_2>.
Lemma 3.4. Forany 1 <k<n-—1,
<£71(—h), 0, <=@e>og£gn—2> = <<Cg£>0§€§k—17~@7k+1 (=h), " 1 (H — h), <<%’£>k—1g6gn—z>-

Proof. Prove by induction on k:
e Base case k = 1 is equivalent to (U"(—h), @5 (—h),0) = (O,0(H —2h), a5 (—h)),
which can be proved by firstly exchange & and .o (—h) using Lemma (k=0)
and right mutate U" (—h) through &' (Lemma 2.3).
e Assume we have the SOD for case k. Then

RHS = <<C5£)ogégk—1,5kHUv(—h)a«Qf}c+2(—h)>ﬂn*k*l(H —h), ﬁ(kh)askflUv(H —h), <f@€>k§€§n72>
= <<Cg€>0§€§k—l 7Sk+1Uv(_h)7 ﬁ(kh)v '52{/(-1-2(_]1)7%”_]((1_] - h)v <'%7l>k§€§n—2>

= <<%>ogegk,£fk+2(—h)aﬂﬂ_k(H —h), <f%)€>k§€§n—2>-

This is the case k + 1. In the second line we exchange .7 (—h) and (/" *~1(H —
h),0(kh)) by Lemma and in the third line we right mutate S*"'1UY (—h)
through &' (kh) (Lemma 2.3).

U

Apply Lemma [3.4]to the final case (k =n—1):
((=h). 6. (Brhosten-2) = (Gostzn2. 7 (H—1), B2,
(3) Third Inductive Step (z > 3): Mutation on <<<@>1g§n_2, o/ (H — h)>.
Lemma 3.5. Forany 1 <k<n-—1,

<<Cgé>1§£§n—2adz(1f—h>> = <<é‘2>1§e§k—1 AC k<t<n—2, T 1 (H —h)>.

Proof. Prove by induction on k
e Base case k =1 is trivial.



e Assume that we have the SOD for the case k. Then

RHS =

(6)1<0<k—1, O (kh),SU" (H — 2h), <‘5€>k+1g€§n—275k_1Uv(H—h)a%z(H—h)>

(E)1<0<k—1, O(kh),SUY (H —21h),S* 'UY (H — h), (sz>k+1§£§n—2a%2(f1—h)>

(6 <vks (G <vca-2, SH ~ ).

This is the case k+ 1. In the second line we exchange (67)+1<¢<,—> and SyV(H -
h) by Lemma and in the third line we right mutate S*U" (H — 2h) through
S1UY (H — h) (Lemmal2.3).

0

Apply Lemma [3.5]to the final case (k =n—1):

<<Cg£>1§€§n727%2(H - h)> = (&) 1<t<n—2.

Lastly in the third inductive process, we do mutation on (S"'UV(H — h), o' (H)) by

first exchanging "~ 'UY(H — h) and </?(H) by Lemma @) and then right mutating

S"~1UV(H — h) through §"2U" (H):
(" 'UY(H —h), o/ (H)) = (*(H), Py 2).

(4) Forth Inductive Process (n > 3):Mutation on <<é"g)1§g§n_2,%n_2, o/*(H )>
Lemma 3.6. Forany 1 <k<n-—2,
(0 1<rn 2, Bn 2,57 *(H))
=< (E1<t<n1-4 (O(CH))pk<r<n1, T (H), (c%)n—z—kgegn—3>-

Proof. Prove by induction on k.
e Base case k =1 is equivalent to

(B2, (H)) = (0((n—1)h),/*(H), F—3).

We can exchange S"~2U" (H —h) and <73 (H) by Lemma2.2({4) and then right mutate
§""2U"(H — h) through $"3U" (H) (Lemma[2.3). That is,

(HS = (0((n—1)h),«/>(H),S"2U" (H — h),S"3U" (H))
= RHS.



e Assume that we have the SOD for case k. Then

RHS = <<gg>1g§n_2_k, O((n—1-k)h),s" > *U"(H—h),0((n—k)(H—h)—h),

<ﬁ(€H)>nfk§€§n71 ) %k—ﬂ (H) ) Sn_k_3U\/ (H)7 <9€>n727k§€§n73>
= <éa£>l§£§n727k7 O((n—1—k)h),(O(LH))p—k<i<n—1,9 7 (H),

S RUY(H — h),S" *3UY(H), 0((n—1—k)(H — h) — h), <<%>n—z—kg5§n—3>

= <<5z) 1<t<n—2— 1 (OCH) ) p_1 _k<t<n—1,/* 3 (H), (ffe)n—s—kgegn—3>-

This is just the case k+ 1. It is very similar with the argument in the base case above
by Lemma and Lemma (i) Exchange (S" 2~ kUY(H —h),0((n—k)(H —
h) —h)) and ((6(CH))—y<r<n—1, /%3 (H)): (i) Exchange &((n—k)(H —h) — h)
and §"~*=3UV (H); (iii) Right mutate S"~>~KU" (H — h) through S"*3UV (H).

O

Apply Lemma [3.6]to the final case (k =n—2):
((Etzn2,Bn2, > (H) ) = (6, (OWH) 212n 1, ( Fehostzn ).
In summary, the outcome of inductive step 1-4 is
(6 (<), (H = ). of o/ (H)) = ((OUH))-r<zn1, A (Filocrzna) (0 22). (B4)

We will get SOD (3.1)) after reorganizing the collections (3.4) by Lemma [2.2] (6).
0

Remark 3.7. For N = 3, the inductive steps 2-4 are not needed and SOD @ becomes the fol-

lowing:
DX)=(2,0(—h),0,0(H—h)). (3.5)
In this case, we left mutate &'(H — h) to the far left and left mutate Z to the far left:
D(X) = (Lp(—on)?,0(=2h),0(—h),0). (3.6)
Then Theorem I.1|follows by comparing SOD with (and actually gives a derived equiv-

alence).

4. PROOF OF MAIN THEOREM BY CHESS GAME METHOD: ODD CASE

In this section we use chess game method developed in [18] and [4] to prove the theorem (1.1
To do this, we need to mutate SOD (3.1)) and (I.5) properly.

9



4.1. Mutation of SOD (3.1).

(1) Transposition on (%7 (¢H)),<¢<on—2-
For any 0 < ¢ <r, where r = [(n— 1) /2], we can write the SOD of .o/ ((n+ ¢)H) as

A ((n+0OH) = (> (n+ OH), yz0-1 ((n+ OH)).

By Lemma2.2|(5), we can transpose (.7 2‘+!((n+£)H))o<¢<, to the far left of (o7 (¢H)),<p<an_2
so that we get the following SOD:

<52{(€H)>n§€§2n—2 = < <%2€+] ((l’l + f)H»Ogégr; <%—2€—1 ((l’l + E)H»OSZSH <'Q{(£H)>n+1+r§€§2n—2> > .

(2) Left mutate <<%,2g,1 ((n+0)H))o<i<r, (d(ﬁH))nHJrrggzn,z» to the far left and then
left mutate & to the far left:

D(X) =<%, (Dn—20-1((=n+14+0)H —h))o<o<r, (F (L =20+ 1)H — h))pi14r<e<2n-2,
(O(CH)) _1<t<n—1, 70 (F1)o<t<n—2,S" U (H), (o (kH))2<t<n—1,
2 (n+ OH) o<, ), @.1)

where 2, =1L 9.
<<%—2€—1 ((—’H‘1+£)H—h)>ogzgn<@7((€—2”+1)H—h)>n+1+rgg2n—2>

4.2. Mutation on SOD (1.5). Denote j.(pj&(ah)® O (bH)) by O(a,b) and we use the following
SOD for D(P?"):

D(P*) = (O/(kh))_1 —n<k<n—1 (Cf. Figure|l)

Consider the following staircase shape subcategory .%; (0 < k < n—2) of 7} D(X;):

O(n—1-2k,n+k), O(n—2—-2kn+k), O(n—3-2kn+k), e O(n—2,n+k), O(n—1,n+k)
< O(n—3—2kn+k—1), On—2,n+k—1), On—1,n+k—1) >
On-3,n+1), On-2,n+1), Omn—1,n+1)

O(n—1,n)

Left mutate .,,_» (blue part in Figure I]) to the far right by applying Lemma [2.2](6)).
D(X) = <7TTD(X1), (e (PID(®*)) (kH ) )o<kn, (0(a,n)) -1 -n<azn-2,
<L<7k71 ﬁ(_l —n,n+ k)? <ﬁ(a7 n+ k)>—n§a§n—2k—2>1§k§n_27 ynf3>' (42)

Note that the red part is (L., ,&(—1 —n,n+k))1<k<,—2 in Figure [2| Then left mutate .#,_, to
the far left and left mutate 717 D(X;) to the far left (Figure 2):

D(X) =( 21,42, (o (PIDP)) (kH) Dok, (601(@,1)) -1 -nasn-2:

<L§/’k_1 ﬁ(_l —nmn + k)? <ﬁ(a’ n+ k)>fn§a§n72k72>1§k§n_2> (43)
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where
S =S ®0(—1,1-2n), P =Ly mD(X1).

2n—2

n+1

—1—-n —n l1-n 2—n 3—n 4—n n—4 n—-3 n—-2 n-—1
FIGURE 1. SOD of Lni" D(Xl). The horizontal (resp. vertical) direction cor-
responds to &'(h) (resp. O(H)).

2n—2

n+1

—n—+2
—n—+1

—1—-n —n l-n 2—n 3—n 4—n n—4 n—-3 n—2 n—1
FIGURE 2. Mutated Chessboard (SOD of + 2, 1;

4.3. Proof of Theorem To prove that there is a fully-faithful embedding from D(X;) into
D(X,), it is equivalent to show
%, V(17
¢:@1 i) D(X) l) @2

is fully-faithful, where ig, is the natural embedding and 7, is left adjoint to the natural embedding.
That is, for any x,y € 2,

HOM@Z(QI)(X),(D()))) = H0m91 (X,y).
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By adjunction,

Hom(¢(x),0(y)) = Hom(ng,ig x,Rg,igy) = Hom(ig x,ig,Rg,igy).
So it is sufficient to show that
Cone(y — mg,y) = 0. 4.4)

Note that 7, =IL. 5, and to achieve 1| , we will show that Hom(* %, y) = 0, which is equivalent
to say that -2, lies in the whole region in Figure 2| Actually, we will show that + 2, lies in the
subregion consisting of the union of two parts:

(@)
x+2y<3n-12;
0<y<2n-2;
—n<x<n-—1;
(i1)

—n<x+2y<3n-—4;
—n<x<n-2.
Proposition 4.1. For any integer k,
SKUY € (0 (k—20,0))o<i<k
Proof. We prove by induction on k. Note that the RHS forms an exceptional collection by Lemma
2.2)(6).

(1) Base case k = 0 is trivial.
(2) Assume that we have SKUY € (0(k—2(,1))o< <k and thus

S'UY(H —h) € (0(k—20— 1,0+ 1))oe<k = (O(k—20,0))1<ppr1-
By short exact sequence (2.3), S¥T1UY € (0(k —26,0))o<i<k 1.
]

Remark 4.2. We can view that S¥U" lies in the “segment” {x+2y =k,0 <y <k,—k <x <k}.
Hence, we have that for any integers a, b,

(i) S“UY(bH) liesin {x+2y=a+2b,b<y<a+b,—a<x<a};
(i) SUYV(bH —h) liesin {x+2y=a+2b—1,b<y<a+b,—a—1<x<a-—1}.

Now we divide the objects of -2, into two groups:
(1) <<~<Z/n—2e—1 ((=n+14+6)H —h))o<e<r, (< (({ —2n+1)H — h)>n+1+r§é§2n—2>;
(2) <<ﬁ(€H)>—1§€§n—17%7 (F0)o<t<n—2,8""UY (H), (< (kH))2<f<n—1, (42%2€+1((n+£)H)>0§g9>.

Claim 4.3. Group (1) (resp. (2)) lies in region (1) (resp. (2)).
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Proof. For S°UY (bH —h) € (01 ((—n+ 1+ £)H — h))o<¢<,, it is easy to check that
—n<a+2b—1<3n—-4, -—n<a—1<n-2, —a—1>-n
under the conditions:
b=n—-2{—1, 0<a<n—1, 0</<r

So (¢ 1((—n+ 1+ £)H — h))o<<, lies in region (1). The other cases can be proved by the
same arguments. U

Therefore (4.4) holds and the fully faithful functor ® is given by the composition of following
functors

R
: ’;72 ﬂ,'ik <<.47(”72///71((71‘[‘%1+(?>H7h)>0§[§r,<e§?‘7(<k72n+1)H*h)>n+l+r§[{§2n—2> nz*R

L, o
DX,) ——— %1 — D

(s (=h),f (H=))

D(X>).

5. EVEN DIMENSIONAL CASE: N =2n(n > 2)

We sketch the process to prove even dimensional cases as follows:

(1) Step 1: Left mutate «7'((2n —2)H), /' ((2n — 1)H) to the far left and then left mutate
m;D(X) to the far left:

D(X) = (' (=), /" (H = h).(/ (¢H) o1, (" (KH))sieon—s )
where

.@/ = L(ﬂﬂ(—h)@ﬂ(H—h))ﬂ’-;D<X2)'
(2) Step 2: Mutations on (<7 ! (—h), o/ (H —h), o/, </ (H)).

(6 (=), f (H =), f 7 (H)) = ({OH) 1<oa 1,7 (Fhhosien 3,5 20" (H), S UV (H)).

Here
(O(H —h)) ifn=2;
' = (O(H —2h),0(H —h)) ifn=3;
(O(H—2h),0(H—h),0(2H —3h)) ifn>4
P (S'UY(H),0((¢+2)(H—h)),0((1+3)(H—h)—h)) ifl<n-S5;
=

(SCUY(H),0((£+2)(H —h))) if ¢ >n—5.

(3) Step 3: mutation on (/! (¢H)),<¢<2,_3. Let / = [(n—1)/2] — 1 and consider the follow-
ing SOD for o (aH) where 2n—2—r' <a <2n-2,

A ((n+OH) = (> ((n+OH), )_y_5((n+OH)).
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Next left mutate <S”_1UV((n —DH), (! ,, 3((n +€)H))0§g§,/> to the far left and
then left mutate 2’ to the far left:

D(X) =(75,8"~'UY (=H = 1), () gy _5(~(C+2)H = ))o<r<p

(AN (0 —2n+3)H —h))pspi1<t<on3, (OCH)) _1<i<n_1,
A F)o<i<n—3,8"2UY(H),S" UV (H), (o (CH))2<p<n2,

(7 (n+ DH)) - 1<rs ).
where

gL 7
<sHUv((nf1)H),%ngfz((n%)f’)wg’>

(4) Step 4: mutation on the SOD (1.5)) of D(X): mutate blue part to the far left and mutate
D(X)) to the far left (Figure [3)).
(5) Step 5: Conclude the main theorem via analyzing L.@é.

Remark 5.1. It should be noted that when n = 2, N = 4, there is no U"(H) in the final SOD of
D(X) since we have mutated it to the far left in the beginning of step 3:

D(X) = (Lyv(_y_n?',U"(—H — h),6(—h),0,6(h),6(H — h), O(H)).

2n—173

n+1

—n l-n 2—n 3—n 4-—n n—-4 n—-3 n—-2 n-—1
FIGURE 3. Mutated Chessboard (+2))
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APPENDIX . BACKGROUND ON MUTATIONS AND BOREL-WEIL-BOTT

Al. Semiorthogonal decompositions and mutations. A semiorthogonal decomposition (SOD)
of a triangulated category .7, written as:

T =N, T2, Tn), (1

is formed by a sequence of full triangulated subcategories .77, ..., 7, of .7 such that

(1) the natural inclusion functor t 5 : .7; — 7 admits both right and left adjoints.

(2) Hom# (t,t;) =0 for all ty € J and ty € 7, if k > ¢, and

3) A, %,...,T, generates 7, i.e., the smallest triangulated category containing .71, %, ..., I,
that is closed under shifting and taking cones.

The subcategory .7; satisfying the condition (1) is called admissible. A sequence 77,...,.7,
satisfying the conditions (1) & (2) is called a semiorthogonal collection. When each .7; is generated
by only one object E;, the sequence E1, ..., E, is called an exceptional collection.

Suppose .7 is an admissible subcategory of a triangulated category .7. Then denote

T = [T € 7 |Hom(7",T) =0}, 7" :={T € 7 |Hom(T, =) =0}

to be the right and respectively left orthogonal of 7" inside .7. 7'+ and +.7" are both admissible,
and we have SOD .7 = (7'+ .7\ = (T',+.T").

Starting with a SOD, one can obtain a whole collection of new decompositions by mutations. Let
7' be an admissible subcategory of a triangulated category 7. Then the functor L 7 :=i 5. g -
T — T (tesp. Rgr:= i1 i, g1+ — T)is called the left (resp. right) mutation through 7 ’,
where i}, | (resp. i} y/) is the left (resp. right) adjoint functor to the inclusion i 5. : .7’ L 7.
The following results are standard, see [[14], [2] and [12].

Lemma Al. Let ' and 9,..., 9, be admissible subcategories of a triangulated category 7
where n > 2 is an integer.

(1) Forany b € 7, there are distinguished triangles

izt (B) 5 b= Lgrb Dy Rgrb— b — ignity (b) s

(2) (Lz1)| 7 =0 and (Rg) |z = 0 are the zero functors, and (L) | 51 =1d g1 : T+ —
T, Rg)|Lgr =1d1 g : 2 T" — LT are identity functors. Furthermore (L g1)|1 o :
LT T and (Rz)| g+ T+ — LT are mutually inverse equivalences of cate-
gories.

(3) If T admits a Serre functor S, then L1 51 =S |L 5 and R g | 51 = S}l | 1.

(4) Ify: <%a"'7%*17%7‘%{+1a"'7%>’ then

<¢%>"‘7%—17%7%+17"'7%> = <¢%7"'7‘7].6—271[‘%,1(1%{)7%—17%4-17"'7‘7">
= <¢%7"'7%717%7R%(%71)7%717%+17"'7%>-
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In particular, if .77 is generated by only one object E, then for b € .7,

Lg(b) = Cone(RHom(E,b) ® E < b) (2)
Ry (b) = Cone(b <> RHom(b,E)" @ EV)[~1]. (3)

Al. Borel-Weil-Bott Theorem. We will use the following special case of Borel-Weil-Bott (BWB)
theorem repeatedly. Recall that for any non-increasing sequence of integers (a,a;), one can asso-
ciate the Schur functor X**2. The readers can refer to section 2 of [13]] for the general statement
of BWB and relevant background.

Theorem A2 (Special case of BWB). For any integers a; > ay,
H*(Gr(2,N),xU") =0
fl-N<a1<-20r2—N<a <-1.
Also we will use the following projection formula frequently.
Lemma A3. For any integer a,

seyv ifa>0,
Rpo.O(ah) =<0 ifa=—1,
S 2URO(—H)[-1] ifa< 2.
Proof. Only the third line need checking:

A om(Rpy. O(ah), 0) = Rpy. 7 om(0(ah), psO) = Rpy..€om(O(ah), O(H — 2h)[1])
= Rpp Hom(0,0(H+ (—a—2)h)[1]) = O(H) @ S~ 2U*[1].

Al. Proof of Lemma2.2]

Proof of Lemma2.2]([2)): Follow the proof of (1), it is sufficient to show for k+2 <a <n—1 and
0<b<k,

RHomg (S°U", 6((k+1)h)) = Extg, ) (SUY, S UY) =0

RHompg (S°U ( ), 0 (kh)) = Bxtg;, 3y (S°UY (H),S'U ) = 0

RHompg (S"U" (H), O((k+1)h)) = Extg;, ) (S"UY (H),S'UY) = 0
(S

PUY(2H), O (kh)) = Extg, v (S"U" (2H),SUY) = 0
)

NS

Y

RHomg
These all hold by SOD of D(Gr(2,N)). O
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Proof of Lemma 2.2 (3)): 1t is sufficient to show that

Exty(O(¢H),S* UV (H — h)):Ext'_(l mSTU(=H), ST U(-H)) =0

(O

xtp (O ((H), 8 UY (=2h)) = Extg, ;5 (87'U,8'U) = 0;

Xty (S'U Y (H —2h), 81U (H — h)) = Bxtg, 4 (S'UY @ 87U, py. 6/(—h)) = 0;
Xt (S'UY (2H — ), S 10UV (H — b)) = Bxtgy, ) (S'U " (H),8"1UY) = 0.

The third line uses the projection formula (Lemma and the rest use the SOD of D(Gr(2,N)).
U

Proof of Lemma 2.2 ({)): 1t is sufficient to show for0 <a<n—k—2and0<b<n—k—-3,
RHompg (S" > *UY (H — h), O(tH)) = Extg;, o 5 (8" UV (H), S UY) = 0;

RHomg (S" > *UY (2H), O (LH)) = Exty, 4 (S > UV (2H),S'UY) = 0;

RHompg (S" U (H —h),5°U" (H)) = ExXtg, 5 3y (8" *UY (H),5VY @ UY) = 0;

RHomp (S"*UY (2H),5U" (H)) = Extg,p vy (" U (H),5°U") = 0;

RHomg (0((n—k)(H —h) —h,5°U" (H)) = Bxt,, ) (O((n— 1= )H),8"U" @ " *'UY) = 0;
RHompg (6((n—k)(H — h),S"U") = Extg, o (0 (n—k)H),S"UY @ S *UY) = 0.

All these can be shown by theorem[A2]and SOD of D(Gr(2,N)). O
Proof of Lemma 2.2 (5)): 1t is sufficient to show forn —2¢—1<a<n—1and0<b <n—2k—2,
Ext%(SUV ((¢—k)H),S?UY) = H*(Gr(2,N), 58U @ S’UV ((k—1)H)) = 0;

Ext} (S“UY (¢ —k+1)H),8°U" (—h)) = 0.

The second line uses the projection formula (Lemma [A3). For the first line, by Littlewood-
Richardson rule,

b
SaU ®SbU\/((k—£>H — @Zb—lﬁ-k—&—a-ﬁ-l-ﬁ-k—ZU\/.
t=0

It is easy to check that —a+t+k—¢ € [2—N,—1] whenever 0 <t <b,n—20—1<a<n—1,0<
b<n—2k-20<l<k<r 0

Proof of Lemma2.2]([6). 1t is sufficient to show that

Exty(0(ah), 6(bH)) = H*~1(Gr(2,N), £t~ 10=a+1y V) = 0,
Exty(6((a+ 1)h), 0((b— 1)H) = H* " (Gr(2,N),x0~>b=a-1yV) =,

These hold whenever condition (i) or (ii) by theorem [A2] d
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Al. Proof of Lemma

Proof of Lemma 2.3} 'We will give the proof of (1) only. The others are very similar. We need to
compute

Ext*(S*"'UY(H —h),$UY).
For that, we need to compute (i) Exty(S*"1UY(2H),S*UY) and (ii) Exts (S~ 'UV (H — h),S*UVY)
by the distinguished triangle (2.2)).
Actually, by SOD of D(Gr(2,N))
(i) Exty (S 'UY(2H),S*UY) = Extg;, o 5 (S UV (2H),SUY) = 0.
(i) Exty(S“'UY(H —h),S"UY) = Extg, (S 'UY(H),S'UY 0 UY) =
EXtE;, ) x) (S*'uV(H), S uY o sV (H)) = C[o).

By (2).

L1 (k-1)a1-1 S U
= Cone(RHom(S*'U" ((k—1)(H — h)),$*U") @ S* UV ((k—1)(H — h)) — S*U")
= Cone(S* UV ((k—1)(H — b)) — S*UY) = O(kh).

The last equality uses the short exact sequence (2.3)). 0
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