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Quantum Correction and the Moduli Spaces of
Calabi-Yau Manifolds

Kefeng Liu, Changyong Yin

Abstract

We define the quantum correction of the Teichmiiller space 7 of Calabi-Yau mani-
folds. Under the assumption of no weak quantum correction, we prove that the Te-
ichmdtiller space 7 is a locally symmetric space with the Weil-Petersson metric. For
Calabi-Yau threefolds, we show that no strong quantum correction is equivalent to
that, with the Hodge metric, the image ®(7) of the Teichmdiiller space 7 under the
period map @ is an open submanifold of a globally Hermitian symmetric space W of
the same dimension as 7. Finally, for Hyperkdhler manifold of dimension 2n > 4,
we find both locally and globally defined families of (2,0) and (2n, 0)-classes over the
Teichmiiller space of polarized Hyperkahler manifolds.

Contents

1 Introduction

2 Locally Geometric Structure of the Moduli Space
2.1 The Construction of the Teichmiiller Space . . . ... ... ... .......
2.2 Local Deformation of Calabi-Yau Manifolds . . . . . ... ... ... .....
2.3 Canonical Family of (n,0)-Classes . . . .. ... ... ... ..........

3 Hermitian Symmetric Space and Quantum Correction
3.1 Hermitian SymmetricSpace . . . . .. .. ... ... Lo
3.2 Quantum Correction . . . . . . . . . . . . e

4 Quantum Correction and the Weil-Petersson Metric
41 The Weil-Petersson Geometry . . . .. ... .. ... ... ...........
4.2 Property of the Curvature Tensor . . . . ... ... ... .. ... ........
4.3 Quantum Correction and the Weil-Petersson Metric . . . .. ... ... ...

5 Quantum Correction and Calabi-Yau Threefolds
51 Period Domain . . . . .. . . . . . . ..
5.2 Quantum Correction and Calabi-Yau Threefolds . . . .. ... ... ... ..

10

14
14
15
18


http://de.arxiv.org/abs/1411.0069v1

6 Compact Hyperkdhler Manifolds 27

6.1 PreliminaryResults . . . ... ... ... ... .. ... .. . 0. 27
6.2 Local Family of (2,0)- and (2n,0)-Classes . . . . ... ... .......... 28
6.3 Global Family of (2,0)- and (2n,0)-Classes . . . . ... ... ... ....... 32

1 Introduction

In this paper we study the Teichmiiller space of Calabi-Yau and Hyperkdhler manifolds.
Recall that a compact projective manifold X of complex dimension n with n > 3 is called
a Calabi-Yau manifold, if it has a trivial canonical bundle and satisfies H' (X, Ox) = 0 for
0 < i < n. A compact and simply connected projective manifold of complex dimension
2n > 4 is called Hyperkdhler, if it admits a nondegenerate holomorphic (2, 0)-form.

In the first part, we study Calabi-Yau manifolds. A polarized and marked Calabi-Yau
manifold is a triple (X, L, ) of a Calabi-Yau manifold X, an ample line bundle L over X
and a basis v of the integral middle homology group modulo torsion, H, (X, Z)/Tor. We
will denote the moduli space of a polarized and marked Calabi-Yau manifold X by 7.
Actually, the Teichmiiller space 7 is precisely the universal cover of the smooth moduli
space Z,, of polarized Calabi-Yau manifolds with level m structure with m > 3, which
is constructed by Popp, Viehweg and Szendrdi, for example in [S99, Section 2]. Here, A
basis of the quotient space (H,,(X,Z)/Tor)/m(H,(X,Z)/Tor) is called a level m structure
with m > 3 on the polarized Calabi-Yau manifold (X, L). The versal family X — 7T of po-
larized and marked Calabi-Yau manifolds is the pull-back of the versal family Xz, — Z,,,
see [S99]. Therefore, 7 is a connected and simply connected smooth complex manifold.
There has been very active studies about when a horizontal subvariety of a Griffiths pe-
riod domain is a globally Herimitian symmmetric space and to classify the possible vari-
ations of Hodge structure parameterized by a globally Hermitian symmetric space. The
reader can refer [F-.13] and its reference. In this paper, we will characterize a class of
Calabi-Yau manifolds whose Teichmdiller spaces are locally Hermitian symmetric spaces
or globally Herimitian symmetric spaces, by studying the quantum correction as moti-
vated by mirror symmetry from String Theory.

Fix p € T, let X be the corresponding Calabi-Yau manifold in the versal family and {¢;,
<+, oy} € HYY X, TH°X) be an orthonormal basis of harmonic Beltrami differentials
with respect to the Calabi-Yau metric. Then we can construct a smooth family of Betrami
differentials

o) = ther,
[7]>1

which describe the deformation of complex structures around p € 7. Our essential idea is
to consider the strong quantum correction at point p € 7, which can be simply described
as the following identity of cohomology classes,

2(6)] = 2] — [exp(> tip) €Y,

i=1



where (2 is a holomorphic (n,0)-form over X and €2°(¢) is the canonical family of holo-
morphic (n,0)-forms in a neighborhood of p € 7. And the weak quantum correction at
point p € T is defined as the lowest order expansion of [=(¢)] with respect to 7', i.e.,

EWh = Y titjtelpispnQ.

i k=1

When n = 3, i.e., for Calabi-Yau threefolds, no strong quantum correction implies no
quantum correction of the Yukawa coupling in physics literatures, the reader can refer to
[B-C-O-V94] for details about quantum correction of the Yukawa coupling.

We first prove the following result which characterizes the Teichmdiller space 7 of Calabi-
Yau manifolds without quantum correction,

Theorem 1.1. Let T be the Teichmiiller space of polarized and marked Calabi-Yau manifolds. If
there is no weak quantum correction at any point p € T, i.e., [Z(t)]y = 0, then T is a locally
Hermitian symmetric space with the Weil-Petersson metric.

Here, locally Hermitian symmetric property is equivalent to VR = 0, which is not nec-
essarily complete. Moreover, for polarized and marked Calabi-Yau threefolds, we found
the following equivalent condition for no strong quantum correction at any pointp € 7.

Theorem 1.2. Let T be the Teichmiiller space of polarized and marked Calabi-Yau threefolds and
¢ : T — D be the period map. Then the following are equivalent:

1. T has no strong quantum correction at any point p € T,

2. With respect to the Hodge metric, the image ®(T) is an open submanifold of a globally
Hermitian symmetric space W of the same dimension as ‘T, which is also a totally geodesic
submanifold of the period domain D.

In the second part, we study Hyperkdhler manifolds. Let 7 be the Teichmdiller space of
polarized Hyperkédhler manifolds. By explicitly computing the Taylor expansions of the
canonical families of (2, 0) and (2n, 0)-classes at any point p € 7, we show that they have
no strong quantum correction at any point p € 7. Therefore the Teichmdiller spaces of po-
larized Hyperkédhler manifolds are locally Hermitian symmetric with the Weil-Petersson
metric, which is proved without using the local Torelli theorem for Hyperkahler mani-
folds. We then show that these local expansions are actually global expansions on the
Teichmiiller spaces. More precisely, let X be a Hyperkahler manifold with dim¢ X = 2n
and Q*° be a nowhere vanishing (2,0)-form over X, then we can actually construct a
globally defined families of (2,0) and (2n, 0)-classes over the Teichmdiller space 7.

Theorem 1.3. Fix p € T, let X be the corresponding Hyperkihler manifold in the versal family
and Q*° be a nowhere vanishing (2,0)-form over X, then, in a neighborhood U of p, there exists
the local families of (2, 0) and (2n, 0)-classes defined by the canonical families [H(e®*® ,Q>°)] and



[e®® 5 A™ O20). Furthermore their expansions are actually globally defined over the Teichmiiller
space T, i.e.,

N N
1
%] + Z[%JQQ’O]E + 52[%4%492’0]%% e H*(X),
=1

i=1

N
nQ2O Z 4,02_1/\ Q20
=1

1 i )
+EZ ( Z szlJ.-.JSOZ‘kJ A\ 9270]t21t22 .. ‘tlk> € H2 ,O(Xt)’

2n
Tk=1 \1<i1<..<ip<N

are globally defined over T.

This paper is organized as follows. In Section 2, we briefly review the construction of
the Teichmiiller space of polarized and marked Calabi-Yau manifolds, the local defor-
mation theory of Calabi-Yau manifolds and the construction of the canonical family of
(n,0)-forms. In Section 3, the definition and criteria of Hermitian symmetric space are
introduced. Also, we define the quantum correction of the Teichmdiller space 7, which
originally comes from physics literatures. In Section 4, we review the Weil-Petersson met-
ric over the Teichmiiller space 7, and find a local formula for the covariant derivatives of
the curvature tensor V, R and V; R in the flat affine coordinate ¢. Under the assumption of
no weak quantum correction at any point p € 7, we prove that the Teichmdiller space 7
is a locally Hermitian symmetric space with the Weil-Petersson metric by computing the
local formulas of V, R and VzR. We remark that the results in Sections 2.2 to 4 actually all
hold for both Calabi-Yau and Hyperkédhler manifolds. In Section 5, for Calabi-Yau three-
folds, we show that no strong quantum correction is equivalent to that the image ®(7)
of the Teichmidiller space 7 under the period map is an open submanifold of a globally
Hermitian symmetric space with the same dimension as 7. In Section 6, we construct a
globally defined families of (2,0) and (2n, 0)-classes over the Teichmiiller space 7 of po-
larized Hyperkahler manifolds with dim¢ X = 2n.

Acknowledgement: The authors would like to thank Professors Xiaofeng Sun and An-
drey Todorov for useful discussions on some topics in this paper.

2 Locally Geometric Structure of the Moduli Space

In Section 2.1, we review the construction of the Teichmiilller space of polarized and
marked Calabi-Yau manifolds based on the works of Popp [77], Viehweg [V95] and
Szendroi [S99]. In Section 2.2 and Section 2.3, the smooth family of Betrami differentials
®(t) and the canonical family of (n,0)-forms over the deformation space of Calabi-Yau
manifolds was introduced. The results in Section 2.2 and Section 2.3 also hold for polar-
ized Hyperkédhler manifolds.



2.1 The Construction of the Teichmiiller Space

In this section, we briefly review the construction of the Teichmiiller space of polarized
and marked Calabi-Yau manifolds and its basic properties. For the concept of Kuranishi
tamily of compact complex manifolds, we refer to [S-U02, Pages 8-10], [’77, Page 94] or
[V95, Page 19] for equivalent definitions and more details. If a complex analytic family
m: X — S of compact complex manifolds is complete at each point of S and versal at
the point 0 € S, then the family 7 : X — S is called the Kuranishi family of the complex
maniflod X = 77'(0). The base space S is called the Kuranishi space. If the family is
complete at each point of a neighbourhood of 0 € S and versal at 0, then this family is
called a local Kuranishi family at 0 € S. In particular, by definition, if the family is versal
at each point of S, then it is local Kuranishi at each point of S.

A polarized and marked Calabi-Yau manifold is a triple of a Calabi-Yau manifold X, and
an ample line bundle L over X and a basis of the integral middle homology group mod-
ulo torsion, H, (X, Z)/Tor. A basis of the quotient space (H,, (X, Z)/Tor)/m(H, (X, Z)/Tor)
is called a level m structure on the polarized Calabi-Yau manifold with m > 3. For defor-
mation of a polarized Calabi-Yau manifold with level m structure, we have the following
theorem, which is a reformulation of [S99, Theorem 2.2]. One can also refer [P77] and
[V95] for more details about the construction of the moduli space of Calabi-Yau mani-
folds.

Theorem 2.1. Let m > 3 and (X, L) be a polarized Calabi-Yau manifold with level m struc-
ture, then there exists a quasi-projective complex manifold Z,, with a versal family of Calabi-Yau
maniflods,

XZm — Zm7 (2.1)

containing X as a fiber, and polarized by an ample line bundle L, on the versal family X, ..

Define the Teichmiiller space 7., (X) to be the universal cover of the base space Z,, of the
versal family above,
T (X) — Z,

and the family
X — Ti(X)

to be the pull-back of the family (2.1) by the projection 7. For simplicity, we will denote
7.(X) by T. And the Teichmiiller space has the following property:

Proposition 2.2. The Teichmiiller space T is a simply connected smooth complex manifold, and
the family
X —T (2.2)

containing X as a fiber, is local Kuranishi at each point of the Teichmiiller space T .

Note that the Teichmiiller space 7 does not depend on the choice of level m. In fact, let
my, ms be two different positive integers, X1 — 7; and X, — 7, are two versal families
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constructed via level m; and level m, respectively as above, both of which contain X as
a fiber. By using the fact that 7; and 7; are simply connected and the definition of versal
families, we have a biholomorphic map f : 71 — 75, such that the versal family &} — T;
is the pull- back of the versal family X, — 7, by the map f. Thus these two families
are isomorphic to each other. One can check that the Teichmiler space defined above is
precisely the moduli space of marked and polarized Calabi-Yau manifolds. See [C-G-1.13]
for more details.

2.2 Local Deformation of Calabi-Yau Manifolds

Fix p € T, we denote the corresponding polarized Calabi-Yau manifold in the versal
family by (X, L). Yau’s solution of Calabi conjecture assigns a unique Calabi-Yau metric
g on X, and its imaginary part w = Im g € L is the corresponding Kéhler form. Under
the Calabi-Yau metric g, we have the following lemma which follows from the Calabi-Yau
theorem directly,

Lemma 2.3. Let Q2 be a nowhere vanishing holomorphic (n, 0)-form on X such that

—1 n(n— J—
() EDTEeAT =W
Then the map « : A%Y(X, T"X) — A"1(X) given by o(p) = ¢ is an isometry with re-
spect to the natural Hermitian inner product on both spaces induced by the Calabi-Yau metric g.
Furthermore, the map . preserves the Hodge decomposition.

Under the Calabi-Yau metric g, we have a precise description of the local deformation of
the polarized Calabi-Yau manifolds. By the Hodge theory, we have the following identi-
fication

1,07~ ~v 7770,1 1,0
THOT = HOY(X, THOX),

where X is the corresponding fiber in the versal family X — 7. By the Kodaira-Spencer-
Kuranishi theory, we have the following convergent power series expansion of the Be-
trami differentials, which is now well-known as the Bogomolov-Tian-Todorov Theorem
[B78, T87, T89].

Theorem 2.4. Let X be a Calabi-Yau manifold and {¢,, - - -, on} € HOY (X, T'0X) be a basis.
Then for any nontrivial holomorphic (n, 0)-form Q on X, we can construct a smooth power series
of Betrami differentials as follows

(I)<t) = Z tISOI = Z ()01/1---1/Ntlfl U tjy\;'v € AO,I(X7 T)l(’o)a (23)

[7|>1 vittrn>1,
eachv; > 0,1 =1,2,--- N

where py...,,..0 = ;. This power series has the following properties:
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1) 0d ( ) = [@(t), ®(t)], the integrability condition;
2)0 ¢ = Ofor each multi-index I with |I| > 1;

3) <p1_|Q is O-exact for each I with |I| > 2.

4) it converges when |t| < .

For the convergent radius, the reader can refer to [[.-R-Y14, Theorem 4.4]. This theorem
will be used to define the local flat affine coordinates {t;, - - - , ¢y} around the pointp € T,
for a given orthonormal basis {1, -, pn} of H* (X, T"°X) with respect to the Calabi-
Yau metric over X.

2.3 Canonical Family of (n,0)-Classes

Based on the construction of the smooth family ®(¢) of Beltrami differentials in Theorem
2.4, we can construct a canonical family of holomorphic (n, 0)-forms on the deformation
spaces of Calabi-Yau manifolds. Here we just list the results we need, the reader can refer
[L-R-Y14, Section 5.1] for detalils.

Let X be an n-dimensional Calabi-Yau manifold and {1, - ,pn} € H*Y(X,T°X) a
basis where N = dim H*!(X, T X). As constructed in Theorem 2.4, there exists a smooth
family of Beltrami differentials in the following form

Z (‘Ozt + Z (‘Oltl Z SOVI"'VNI%I e tVNN S A071<X7 T)l(,())

1]>2 ity >1
for t € CV with |t| < e. Itis easy to check that the map

e?® 0 ANX, Kx) = A°(X,, Kyx,) (2.4)
is a well-defined linear isomorphism.

Proposition 2.5. For any smooth (n,0)-form Q € A™(X), the section e®® Q) € A"0(X,) is
holomorphic with respect to the complex structure Jo ) induced by ®(t) on X, if and only if

00 + 0(B(t)10Q) = 0. (2.5)

Proof. This is a direct consequence of the following formula, which is [I.-R-Y14, Corollary
3.5],
e P d (e*W Q) = 90 + 0(D(t) Q).

In fact, the operator d can be decomposed as d = 0; + 0;, where 0, and 0, denote the
(0,1)-part and (1, 0)-part of d, with respect to the complex structure Jp(;) induced by ®(t)
on X,. Note that ¢ _Q € A™°(X,) and so

9,(e* Q) = 0.

Hence,
—®® 9, (Gq)(t)JQ) =00+ O(P(t).Q),

which implies the assertion. O



Theorem 2.6. Let 2 be a nontrivial holomorphic (n, 0)-form on the Calabi-Yau manifold X and
Xi = (X4, Jow)) be the deformation of X induced by the smooth family ®(t) of Beltrami differen-
tials on X as constructed in Theorem 2.4. Then, for |t| < ¢,

Q(t) == e®W Q) (2.6)
defines a canonical family of holomorphic (n, 0)-forms on X, which depends on t holomorphically.

Proof. Since (2 is holomorphic, and ®(¢) is smooth, by Proposition 2.5, we only need to
show that
I(P(t)o02) =0

in the distribution sense. In fact, for any test form 7 on X,

N
(@(t)20,0"n) = lim ((Z @,tf) JQ,a*n) = lim (Zl tipi Q2+ > tfawl,n) =0,

1<k 2<|1|<k

as ¢;Q, 1 < i < N are harmonic and ¢;.Q = 0¢; are J-exact for |I| > 2 by Theorem
2.4. O

Corollary 2.7. Let Q°(t) := e®®) _Q be the canonical family of holomorphic (n, 0)-forms as con-
structed in Theorem 2.6. Then for |t| < e, there holds the following expansion of [Q°(t)] in
cohomology classes,

()] = [ + > _lpiaQts + O(It]?), (2.7)

i=1

where O(|t|?) denotes the terms in EB H""7(X) of order at least 2 in t.
j=2

3 Hermitian Symmetric Space and Quantum Correction

In Section 3.1, we review the definitions of locally Hermitian symmetric spaces and glob-
ally Hermitian symmetric spaces. In Section 3.2, we define the quantum correction over
the Teichmdiller space of polarized and marked Calabi-Yau manifolds, which originally
comes from the quantum correction of Yukawa coupling in the Kodaira-Spencer theory
developed in [B-C-O-V94]. The definition of quantum correction also applies to polarized
Hyperkéahler manifolds.

3.1 Hermitian Symmetric Space

First let us review some basic definitions of symmetric spaces, the reader can refer to
[[K-N69, Chapter 11] or [Z00, Chapter 3] for details. Let N be a Riemannian manifold,
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p € N, and r, > 0 the injective radius at point p. Consider the diffeomorphism s, from
the geodesic ball B,, (p) onto N defined by

sp(exp, (X)) = exp,(=X), VX € B, (0) C T,N. (3.1)

The map s, is called the geodesic symmetry at p. It has p as an isolated fixed point, and
(sp)«p = —id. In general, it is not an isometry.

Definition 3.1. A Riemannian manifold NV is called a locally Riemannian symmetric space,
if for any point p € N, the geodesic symmetry s, is an isometry on 5, (p). N is called a
globally Riemannian symmetric space if, for any point p € NN, there exists an isometry in
its isometry group /(/N) whose restriction on B, (p) is s,.

Clearly, globally Riemannian symmetric spaces are locally Riemannian symmetric spaces.
Applying the theorem of Cartan-Ambrose-Hicks [C46, A56, H59, H66] to the map s, and
the isometry I = —id at 7, N, we immediately get the following lemma

Lemma 3.2. A Riemannian manifold N is a locally Riemannian symmetric space if and only if
VR =0, i.e., the curvature tensor is parallel. Also, if a locally Riemannian symmetric space is
complete and simply-connected, then it is a globally Riemannian symmetric space. Two locally
Riemannian symmetric spaces are locally isometric if they have the same curvature at one point.

Now, let us consider the complex case,

Definition 3.3. A Hermitian manifold N is a locally Hermitian symmetric space if, for
any point p € N, 5, : exp,(X) — exp,(—X),VX € T,N is a local automorphism around
p of N, ie., s, leaves its Levi-Civita connection V and complex structure J invariant. It
is called a globally Hermitian symmetric space if it is connected and for any point p € N
there exists an involutive automorphism s, of N with p as an isolated fixed point.

Similarly, in terms of the curvature tensor, we have the following characterization of
locally Hermitian symmetric spaces.

Theorem 3.4. A Hermitian manifold is a locally Hermitian symmetric space if and only if
VR=0=VJ (3.2)
where V is the Levi-Civita connection associated to the underlying Riemannian metric.

Corollary 3.5. Let N be a Kihler manifold , if N is a locally Riemannian symmetric space, then
N is a locally Hermitian symmetric space.

For the Riemannican curvature tensor, Nomizu and Ozeki [N-O62] and later Nomizu,
without assuming completeness, proved the following proposition.

Proposition 3.6. (Nomizu and Ozeki [N-O62], Nomizu) For a Riemannian manifold (N, g), if
VKR = 0 for some k > 1, then VR = 0.



3.2 Quantum Correction

In this section, we will define the quantum correction over the Teichmdiller space of polar-
ized and marked Calabi-Yau manifolds. Our motivation for quantum correction comes
from the Kodaira-Spencer theory developed in [B-C-O-V94, Chapter 5].

The physical fields of the Kodaira-Spencer theory are differential forms of type (0,1) on
X with coefficients (1, 0)-vectors, i.e., sections ¢ € C*(X, T*"' X @ T'°X) with

where (2 is a nowhere vanishing (n,0)-form normalized as in Lemma 2.3. Then the
Kodaira-Spencer action is given as follows

NS0, 0lp) = 5 [ 6208 0w + 5 [ (0 + D) AW+ RN W+0)0

where ) is the coupling constant. The Euler-Lagrange equation of this action is

B(o-2) + 200+ ¢) A (U + )22 = 0.

They also discussed that the Kodaira-Spencer action is a closed string theory action at
least up to cubic order. In a properly regularized Kodaira-Spencer theory, the partition
function should satisfy

WV el ) :/D@Z)es(kwlt?t). (3.3)

The effective action W (A, ¢|t,t) is physically computed in [B-C-O-V94] in the flat affine
coordinate t = (t1,ts, -+ ,tx). The term Wy(\, ¢, ) in front of \~? satisfies

Wo(A, @lt, B) = N So(p, |t 1), (3.4)

where 1(t) and Wy (A, plt, t) satisfy

8?,5(?) =0 = 1, 0(92) + %((@ + (1) A (9 + (1)) 2 =0 (3.5)
and
X _
% = Cij(ta, b2, -+, tn). (3.6)

Wo(plt, t) may be viewed as the effective action for the massless modes ¢ from which the
massive modes will be integrated out. It is quite amazing that integrating the massive
modes has only the effectivity of taking derivatives of the Yukawa coupling. For example
the four point function give rise to V,;C}j, the five point function to V,V;C;;;, and the six

10



point function to V,V,V,C;j;. Thus all the discussion suggests us to define the quantum
correction of the Yukawa coupling as

oo
Z Ctz‘jlc,sl;“,sz\rtkl‘;1 U t?\]fv' (37)

s1+-tsy=1

On the other hand, besides the canonical family of holomorphic (n, 0)-forms, we can de-
tine the classic canonical family as

Q°(t) = exp()_ tipi)oQ € A"(X,C). (3.8)

i=1

Proposition 3.7. Fix p € T, let X be the corresponding fiber in the versal family X — T.
Let Q be a nontrivial holomorphic (n,0)-form over X and {p;}., be an orthonormal basis of
H*' (X, T+ X)) with respect to the Calabi-Yau metric. If the cohomology class

[E(0] = [Q°(0)] = [9°()] = [2°(8)] = lexp (D _ tagpi) 4] = 0,

i=1

then the quantum correction of the Yukawa coupling vanishes, i.e.,

o
S SN _
> Cijksi,sytl' -ty = 0.

s1t+-+sn=1
N
Moreover, > tititi[eiapi-Q] = 0 if and only if the first order quantum correction of the
i.j.k=1

Yukawa coupling

S S
E  Cijtsy syt - 130 = 0.

s1t++sn=1

Proof. From the definition of Yukawa coupling, with the flat affine coordinate ¢ = (¢, -- ,tn),
we have

20

0 al
= [ COAN—— 0) 00+ E
/X (t)Aatiatjatk (exp(;:1 tipi) 2+ (t)>,

N
where =(t) = Q°(t) — exp()_ tip;) o2 Direct computation shows that
i=1

0 ZN
atlatjatk (exp(i:1 90 )J ) 90 JQOJJQO]CJ

11



thus the term

P N
QA —2 £.0.) 00
/X (&) A 01,00t eXp(; i)

has order zero with respect to ¢. Thus the quantum correction of Yukawa coupling satis-
ties

o0
Z Cijkst,sntl = N :/ Q°(t) NE().
s1t-tsy=1 X

Therefore, [=(¢)] = 0 implies that the quantum correction of the Yukawa coupling van-
ishes. Moreover, we have

s s .
§ : Cijkvsly'"ySNtll e 't]\]fv = 0;

s1++sy=1

/ QN @;ap5 0780 +/ ©i AN a2 =0 forany 1<i,j <N and |I|=2;
X X

!

!

/%JQ/\%JWJQ:O, forany 1<, <N and |I|=2;
X

(as @i Q2 A pjapr Q2 = QA @10 101 10) 5
< H(p;up;00) =0, forany 1<j<N and |I|=2;
(as {[p:i2Q]}Y, isabasisof H*'(X));

N
< Z titjtk[goiJngkJQ] =0.
i,5,k=1
O

Lemma 3.8. Under the conditions as Proposition 3.7, the form Z(t) are identically zero, i.e.,
E(t) = 0ifand only if [;, ;] = 0 forall 1 <i,j < N. And, for |t| < €, there holds the following
expansion of [=(t)] in cohomology classes,

EMI = D titstrlpispmaQ] + O(lt*). (3.9)

i,j,k=1
where O(|t|*) denotes the terms of order at least 4 in t.

Proof. From the construction of the smooth family 2.3 of Beltrami differentials, see [M-K71,
page 162] or [189], we have

1
e =50 G > leres]) for |K|>2. (3.10)
I+J=K

12



Thus we have

N
E(t)=0 <= |exp Z ort! | —exp <Z cpl-ti) 0=0

[1]>1 i=1

N
Z prt! = Z pit;
1

11 P
<~ ;=0 for |I|>2
< [pi,p;] =0 for 1<4,j <N byFormula/(3.10).

Moreover, by the property that ¢;.Q = 0¢; for |I| > 2 by Theorem 2.4, the cohomology
class of the quantum correction satisfies

E@)] = exp Zwtl — exp (Z%h) ne

[I[>1
r N N
— 1Y (e tits + Y (Pispins® + ittty + O(l1]*)
Li,j=1 i,j, k=1
N
= ) titjtelpip Q) + O(Jt*).
i,j,k=1

0

Thus the lowest order quantum correction has the form Zgj’kﬂ tititi[piop;ra8Y], so we
have the following definition,

Definition 3.9. We define the cohomology class [=(%)] to be the strong quantum correction
at point p € 7 and the cohomology class

N

B = ) titjtelpivoas,

i.j,k=1

to be the weak quantum correction at point p € 7. If [=(¢)]; = 0, we will say that there
is no weak quantum correction at point p € 7. Moreover, if [=(¢)] = 0, we will say that
there is no strong quantum correction at point p € 7.

Remark 3.10. For Calabi-Yau threefolds, by Proposition 3.7, no strong quantum correction
at point p € 7 implies that there is no quantum correction of Yukawa coupling at point
p € T. Moreover, no weak quantum correction at point p € 7T is equivalent to that the
tirst order quantum correction of Yukawa coupling at p € 7 vanishes.
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4 Quantum Correction and the Weil-Petersson Metric

In Section 4.1 and Section 4.2, we review the Weil-Petersson metric over the Teichmiiller
space 7 and derive a local formula for V, R and V3R in the flat affine coordinate. In
Section 4.3, under the assumption of no weak quantum correction at any point p € T,
we prove that 7 is a locally Hermitian symmetric space with the Weil-Petersson metric
by using the formula of V, R and V;R. The results in this section also hold for polarized
Hyperkéahler manifolds.

4.1 The Weil-Petersson Geometry

The local Kuranishi family of polarized Calabi-Yau manifolds 7 : X — S is unobstructed
by the Bogomolov-Tian-Todorov theorem [187, T89]. One can assign the unique Ricci-
flat or Calabi-Yau metric g(s) on the fiber X := X in the polarization Kdhler class [Y78].
Then, on the fiber X, the Kodaira-Spencer theory gives rise to an injective map p : 7,5 —
HYX, TWX) =2 H*Y(X,T'°X), the space of harmonic representatives. The metric g(s)
induces a metric on A%! (X, T"X). The reader may also refer to [\W03] for the discussion.
For v, w € TS, one then defines the Weil-Petersson metric on S by

gwp(v,w) = /X (V). p(1))g(e)dv0ly(5). (4.1)

Let dim X = n, by the fact that the global holomorphic (n,0)-form Q := ()(s) is flat with
respect to g(s), it can be shown [187] that

Q(i(v)Q, i(w)Q)
Q(Q,Q '

gwp(v,w) = — 4.2)

Here, for convenience, we write Q(-,-) = (v/—1)"Q(, -), where Q is the intersection prod-
uct. Therefore, Q has alternating signs in the successive primitive cohomology groups
HPS C HP4, p+ q =n, which we simply denote by H? for convenience.
The formula (4.2) implies that the natural map H'(X,7'°X) — Hom(H™°, H"~ 1) via
the interior product v — v is an isometry from the tangent space 7,5 to (H™?)*®@ H" 1.
So the Weil-Petersson metric is precisely the metric induced from the first piece of the
Hodge metric on the horizontal tangent bundle over the period domain. Let /™™ denote
the Hodge bundle induced by H™°. A simple calculation in formal Hodge theory shows
that
wwp = Ricg(F") = =00 log Q(Q, Q) = —Q(?ZQ’ %Q) + Q(&QLQ) Q_(Q’ an), (4.3)
Q(2,9Q) Q(02, Q)?

where wyy p is the 2-form associated to gy p. In particular, gy p is Kdhler and is indepen-
dent of the choice of Q. In fact, gy p is also independent of the choice of the polarization.

14



Next, we define

and

for 1 < i < N. And it is easy to check that D, is the projection of 9,Q into H"~'! with

respect to the quadratic form Q)(-, -). And if we denote the Christoffel symbol of the Weil-
Petersson metric by I'};, it is easy to check that

D;DiQ) = 9;D) — T D + K;D;Q,

is the projection of 9;D;(2 into H" %2,

4.2 Property of the Curvature Tensor

To simplify the notation, we abstract the discussion by considering a variations of polar-
ized Hodge structure H — S of weight n with 4™° = 1 and a smooth base S. Also, we
always assume that it is effectively parametrized in the sense that the infinitesimal period
map

P, ,: T, — Hom(H™, H* ") @ Hom(H" "', H" **) @ - - - (4.4)

be injective in the first piece. Then the Weil-Petersson metric gy p on S is defined by
formula (4.2). In our abstract setting, instead of using H} in the geometric case, we will
write H?4 directly for simplicity.

Theorem 4.1. For a given effectively parametrized ploarized variation of Hodge structure H — S
of weight n with h™° = 1 and smooth S, the Riemannian curvature of the Weil-Petersson metric
gwp on S satisfies:

1. Its Riemannian curvature tensor is

Q(DyD;2, D;D;<)
Rif = + G109k — — — .
ki — 9ij 9kl T GitGk;j 0(9,9)

2. The covariant derivative of the Riemannian curvature tensor is

Q(0,0,0:, DD;%)

VTRZ‘_’ 7 - ~ J—
o Q(2, Q)
Q(Dy.D;<2, 9,0,0,Q
V?RZ‘;]J — ( k _ T 1Yy )
Q(2, Q)

15



The main idea of the proof is that, when we use the canonical family of (n,0)-classes
constructed in Corollary 2.7 to express the Weil-Petersson metric, the flat affine coordinate
t = (t1,- -+ ,ty) is normal at the point ¢ = 0. Since the problem is local, we may assume
that S is a disk in CV, where N = dim H" !, around ¢ = 0. The first part of the above
theorem for the curvature formula of the Weil-Petersson metric is due to Strominger. See
[WO03].

Proof. Let Q°(t) be the canonical family of holomorphic (n, 0)-forms constructed in Theo-
rem 2.6, so we have

Q) = Q+Zt2%ﬁ+2t praQ+ ) AFD(t).

|1|>2 k>2

= QO+ ZMOHQ + — Z tit(piap; a0 + i590)

i=1 Tag=1

1
—|—§ Z f}itjf}k((pi_l(pj_l(pk_lQ + QOiJQOijQ + (,OiijQ) -+ O(| t |4)

Tig<k

N
= ag+ Y ati+-+ > at’ +
=1

|I|=k

And the coefficients satisfy Q(ag, ap) = 1 @(al,aj) = —¢;; and Q(ao,az) = Q(ag,a;) =
Q(a;, ar) = 0 for |I| > 2. For multi-indices I and J, we set 47 = — Q(ay,ay). Then we have

q(t): = Q(t), (1))

= 1—Ztt + ) 2,2'qmﬂttkt 7

i,5,k,l

o 1 -
+ Y 2'—3'qik%titkt]~tltr+ > quikrvﬁtitktrtjtk+0(t6)7

i7j7k“7l77‘ i7j7k“7l77‘

where

Qg 51 = Q(SOZ'JSOI@—'Q, @j.l(,Ol_lQ),

1~
Tk jir = gQ(%‘J%JQ @11 + Prapjr L+ o),

1~
G 7T = gQ(QpiJkaTJQ + ©r Qi 1+ O 1P €Y, P LY).
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Thus, the Weil-Petersson metric can be expressed as

ga = —Ok0plog q = q‘Q(akq&q — qOO5q)

= (1+2 Zt Tttty — (1= tE) (=0 + Y _ qujitil;

i?j
D gty + ) duggititeli )]

7]7’ 7]7‘

- 5kl+5klztt e = Y Gty + Y G girtiit + D gititsfi+

7] 7] T 7] T

As a result, the Weil-Petersson metric g is already in its geodesic normal form at ¢ = 0, so
the Christoffel symbols at point ¢ = 0 is zero, i.e. I'};(0) = 0. So the full curvature tensor
att = 0 is given by

629 -
Ria(0) = 52(0) = 8,80+ by + e

Rewrite this in its tensor form then gives the formula in the theorem.
By using the well-known formula:

0
VTRﬁkZ = %Rﬁkz - FgZRqul FrkRUqh
Vil = a?Rijkf - szRiqkl P 1Rijigs

at the point t = 0, we have

0 )
VrRi5(0) = a—trRﬁki(O)? Vr Riz(0) = 7

Ri5(0).

as Ffj(O) =0forany 1 <i,j,k < N. And, from the formula of Riemannian curvature for
Kéahler manifold )

R~ = 0 gﬁ_ — gPt 09iq 6giE

Ukl Ot Ot oty ot

(4.5)

gkl & 91
Ot,0t;0t, ' OLOL, 0,

each term of V. RR;;;; or ViR 57 includes degree 1 term as a factor, except
thus it is zero at ¢t = 0 from the expression of g,;. So we have

a3g _
VrRﬁkZ(O) = 7—/“(0) = Gikr 30>

ot;0t;0t,
o3 917
ViR=7(0) = ——ZL—(0) = ¢, 7=
zgkl( ) 8tl(’3t]8tr ( ) qZk,]lr
Rewrite this in its tensor form, we get the formula. O
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4.3 Quantum Correction and the Weil-Petersson Metric

In this section, we consider the locally Hermitian symmetric property of the Teichmdiller
space T of polarized and marked Calabi-Yau manifolds.

Theorem 4.2. Let T be the Teichmiiller space of polarized and marked Calabi-Yau manifolds. If
there is no weak quantum correction at any point p € T, i.e., [Z(t)]y = 0, then T is a locally
Hermitian symmetric space with the Weil-Petersson metric.

Proof. Fix p € T, let X be the corresponding fiber in the versal family X — 7. If there is
no weak quantum correction at pointp € T, i.e,,

EMh= ) tititleinena =0,

itjt+k=1

then [p; 19 2Q] + [ 20 2Q] + [prapi; 29 = 0 for any 1 < 4,5,k < N. So, from Theorem
4.1, we have

g7 1~
ViR5a(p) = W(p) = Qi ji = gQ(%’JSOerQ + Pr i S+ Pr i I8, ;a0 082) = 0,
P91 L5
ViR 5u(p) = W(P) = Qi jir = g@(%‘J%JQ’ @11 + Prapjr L+ Q) = 0,
i.e.,, VR =0. So T is a locally Hermitian symmetric space by Lemma 3.2. O

On the other hand, by the definition of locally Hermitian symmetric spaces, the follow-
ing condition can also guarantee the locally Hermitian symmetric property for the Te-
ichmiiller space 7.

Theorem 4.3. Let T be the Teichmiiller space of polarized and marked Calabi-Yau manifolds and
Q°(t) the canonical form constructed in Theorem 2.6. If the Weil-Petersson potential Q0. Q%)
only has finite terms, i.e., a polynormial in terms of the flat affine coordinate t, then T is a locally
Hermitian symmetric space with the Weil-Petersson metric. Furthermore, if T is complete, then
T is a globally Hermitian symmetric space with the Weil-Petersson metric.

Proof. Because of Proposition 3.6, to prove a Kdhler manifold is a locally Hermitian sym-
metric space, we only need to show its curvature tensor satisties V"R = 0 for some
positive integer m. If the Weil-Petersson potential Q(€2(¢), 2(¢)) only has finite terms, i.e.,

it is a polynomial of the flat affine coordinate ¢t = (1,%2,--- ,tx). Then, in the flat affine
coordinate ¢, the coefficients of the Weil-Petersson metric and its curvature tensor
ga = —Ok0plog Q(2(1), (1))
2
R-,; = 0 95 _ gpqag@ 8923.
ikl OtL Ot oty Ot
is a polynomial of variable (¢, ta,- - ,tn,t1,t2, -+, tn).
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On the other hand, from the proof of Theorem 4.1, the flat affine coordinate ¢ is a normal
coordinate at the point ¢ = 0. So we have the Christoffel symbols at the point ¢ = 0
vanish, i.e., F@(O) = (. Thus, at the point ¢ = 0, the covariant derivative V, 7' = 9,T for
any (0, m)-tensor T'. Therefore, for a large enough integer m, we have V" R(0) = 0. Thus
the Teichmiiller space 7 is a locally Hermitian symmetric space with the Weil-Petersson
metric. U

In particular, we have the following corollary,

Corollary 4.4. If the canonical family of (n,0)-classes [Q2°(t)] constructed in Corollary 2.7 has
finite terms, i.e., a polynormial in terms of the flat affine coordinate t, then T is a locally Hermitian
symmetric space with the Weil-Petersson metric.

Proof. The proof follows directly from Theorem 4.3. O

5 Quantum Correction and Calabi-Yau Threefolds

In Section 5.1, we review some basic properties of the period domain from Lie group
and Lie algebra point of view. In Section 5.2, for Calabi-Yau threefolds, we show that no
strong quantum correction is equivalent to that the image ®(7) of the Teichmiiller space
7 under the period map is an open submanifold of a globally Hermitian symmetric space
with the same dimension as 7.

5.1 Period Domain

Let us briefly recall some properties of the period domain from Lie group and Lie algebra
point of view. All results in this section are well-known to the experts in the subject. The
purpose to give details is to fix notations. One may either skip this section or refer to
[G-S69] and [S73] for most of the details.

A pair (X, L) consisting of a Calabi-Yau manifold X of complex dimension n with n > 3
and an ample line bundle L over X is called a polarized Calabi—Yau manifold. By abuse
of notation, the Chern class of L will also be denoted by L and thus L € H*(X,Z). The
Poincaré bilinear form @ on H} (X, Q) is defined by

Q(u,v) = (—1)%/)(21/\@

for any d-closed n-forms u, v on X. Furthermore, () is nondegenerate and can be extended
to A" (X, C) bilinearly. Let f* = 3" h*"“"and F* = FNX) = H}.°(X)®---@ H" (X)),
from which we have the decreasing filtration H),(X,C) = F* O --- D F"". We know that

dime F* = f*, (5.1)
H(X,C) = FraFrr1 and HEH(X) = FFnFrk, (5.2)
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In terms of the Hodge filtration, then the Hodge-Riemann relations are

Q(FF, F""") =0, and (5.3)
Q(Cv,0) >0 if v#0, (5.4)

where C is the Weil operator given by Cv = (/ —1)%7” v forv € H" *(X). The period
domain D for polarized Hodge structures with data (5.1) is the space of all such Hodge
filtrations

D={F"c---CcF’=H}(X,C)|(5.1),(5.3) and (5.4) hold } .
The compact dual D of D is
D={F"c---CcF'=H}(X,C)|(5.1)and (5.3) hold } .

The period domain D C D is an open subset. Let us introduce the notion of an adapted
basis for the given Hodge decomposition or the Hodge filtration. For any p € 7 and
f* = dim Flf for any 0 < k < n, We call a basis

C: {CO?Cla"' 7CN7"' 7ka+17"' 7ka717"' 7Cf27"' 7€fl—07Cf0—1}
of H"(X,C) an adapted basis for the given filtration
ananl QQFO

if it satisfies F* = Span.{(o, - - -, {pr_1} with dimcF* = f*.

The orthogonal group of the bilinear form () in the definition of Hodge structure is a
linear algebraic group, defined over Q. Let us simply denote He = H"(X,C) and Hgr =
H™(X,R). The group of the C-rational points is

Gc ={g9 € GL(H¢)| Q(gu, gv) = Q(u,v) for all u,v € Hc},
which acts on D transitively. The group of real points in G is
Gx = {g € GL(Hg)| Qgu, gv) = Q(u,v) forall u,v € Hg},

which acts transitively on D as well.

Consider the period map ® : 7 — D. Fix a point p € 7 with the image O = ®(p) =
{F} C---C F)} € D. Thepoints p € T and O € D may be referred as the base points or
the reference points. A linear transformation g € G¢ preserves the base point if and only
if gF¥ = F} for each k. Thus it gives the identification

D ~Ge¢/B with B={geGc|gFy=F), forany k}.
Similarly, one obtains an analogous identification

D~Gg/V <D with V =GpnB,
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where the embedding corresponds to the inclusion Gg/V = Gg/Gr N B C G¢/B. The Lie
algebra g of the complex Lie group G¢ can be described as

g =1{X € End(H¢)| Q(Xu,v) + Q(u, Xv) =0, forall u,v € Hc}.

It is a simple complex Lie algebra, which contains gy = {X € g| XHr C Hg} as a real
form, i.e. g = go ® igo. With the inclusion Gg C G¢, go becomes Lie algebra of Gr. One
observes that the reference Hodge structure {H; " *}}_, of H"(M,C) induces a Hodge
structure of weight zero on End(H" (M, C)), namely,

8= @Qk‘ﬁk with gk’fk ={X e g|XH;v"*T C H;Jrk,nfrfk}.
kEZ

Since the Lie algebra b of B consists of those X € g that preserves the reference Hodge
filtration { ¥} C --- C F}}, one thus has

b= @ gk’_k.

k>0

The Lie algebra vy of V is by = goNb = goNbNb = goNg*°. With the above isomorphisms,
the holomorphic tangent space of D at the base point is naturally isomorphic to g/b.

Let us consider the nilpotent Lie subalgebra n, := @&;>;97"*. Then one gets the holo-
morphic isomorphism g/b = n,. Since D is an open set in D, we have the following
relation:

Té:(i]zD - Té:(}]lD 20 gfl’l/b — g/b = n,. (55)
We define the unipotent group N, = exp(n. ).

Remark 5.1. With a fixed base point, we can identify N, with its unipotent orbit in D
by identifying an element ¢ € N, with [] = ¢B in D; thatis, N = N, ( base point ) =
N.B/B C D.In particular, when the base point O is in D, we have N, N D C D. We can
also identify a point ®(p) = {F;) € F)~' C --- C F)} € D with any fixed adapted basis
of the corresponding Hodge filtration, we have matrix representations of elements in the
above Lie groups and Lie algebras. For example, elements in [V, can be realized as non-
singular block upper triangular matrices with identity blocks in the diagonal; elements in
B can be realized as nonsingular block lower triangular matrices.

5.2 Quantum Correction and Calabi-Yau Threefolds

For any point p € T, let (X,,, L) be the corresponding fiber in the versal family X — T,
which is a polarized and marked Calabi—Yau manifold. The period map from 7 to D is
defined by assigning each point p € 7 the Hodge structure on X, that is

d:T =D, p—dp)={F"(X,)C---CFX,)}
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In [G-569], Griffiths and Schmid studied the Hodge metric over the period domain D. In
particular, this Hodge theory is a complete homogenous metric. Consider the period map
on the Teichmiiller space ® : 7 — D. By local Torelli theorem for Calabi-Yau manifolds,
we know that the period map @ is locally injective. Thus it follows from [G-569] that the
pull-back of the Hodge metric over D by ¢ on 7 is well-defined Kéhler metrics. We will
call the pull-back metric the Hodge metric over Teichmiiller space 7, denoted by h.

Theorem 5.2. Let T be the Teichmiiller space of polarized and marked Calabi-Yau threefolds and
¢ : T — D be the period map. Then the following conditions are equivalent:

1. There is no strong quantum correction at any point p € T.

2. With respect to the Hodge metric, the image ®(T) is an open submanifold of a globally
Hermitian symmetric space W of the same dimension as ‘T, which is also a totally geodesic
submanifold of the period domain D.

This theorem also implies that, under the assumption of no quantum correction at any
point p € T, the Teichmiiller space 7 is a locally Hermitian symmetric space and its im-
age ®(7) under the period map is a totally geodesic submanifold of the period domain
D, both with the natural Hodge metrics. Moreover, assuming the global Torelli theo-
rem in [C-G-L13] for Calabi-Yau manifolds, another consequence of this theorem is that
the period map ¢ embed the Teichmdiller space 7 as a Zariski-open subset in the totally
geodesic submanifold V.

Proof. Fix p € T, let X be the corresponding Calabi-Yau manifold in the versal family
and ¢y, , oy € H (X, T X) be an orthonormal basis with respect to the Calabi-Yau
metric. If (2 is a nowhere vanishing holomorphic (n,0)-form over X and 7, = ¢;2Q €
H2Y(X), then [, [m], -, o], [], -+, ], [Q] is a basis of H3(X) adapted the Hodge
filtration of X. Assume t is the flat affine coordinate around p € 7, then we have ¢; =
k() where k0 T)0T — HON(X, TH0X) = H*! (X, T X) is the Kodaira-Spencer map.
And if we assume

[%’Jm] [ﬁl]
: =A; | |,
i mn] v

for some N x N-matrix A;, then, from the identity [©;_7;] = 0y [Q], we have

o | R 1 N

Qi o 0N><N i Ui B ' n

[pim] | Onen €| || = Eilml (5.6)
2R 0 | Q]

where ¢; = (0, - - - ,1,.T.. ,0), [n] = [[771]7 o 7[77NHT, 7] :T[[ﬁl]’ N v[ﬁNHT, (o] =

[[piom], -+ [pionn]] ™ and [p;21] = [[iam], - -+ [eimin]] -
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Moreover, if we define A(t) = Zf\il t;A;, then it is easy to check that

N N i am] 7]
D titslping Q) = > tilty, - ty) : = (t1, -+, tn)AQR) |
W= =t [pimn] 7]

And, from the identity [p;_7;] = 0;5[¢2], we know that

N N N
1 1
30 E titjtrlpinpjpp Q] = 30 (E tiSDi)J < E tjtk[90j4<ﬂk49]>
’ =1

T ijk=1 k=1
] N 7]
= St AW Zwi» s
=1 v
1 K
= gt tw) AR |
tn

Therefore, the classic canonical form

N N N N
1 1
Qcc(t) = eXp( E tZ(pZ)JQ =0 -+ E tZ(pZJQ -+ E E tithOiJQOjJQ + g E titjtk(piJ(ij(kaQ,
i=1 i=1 ’

satisfies
[€2]
Q)] = [1, (tr, - o tn) &ty EN)A®), &t - EN)AWE) (B, )T ] % . (6.7)
]

On the other hand, let O := ®(p) be the base point or reference point. If we define £; :=
Cb*(a%) € g !, then a = span.{E;, F, - - - , Ex} is an abelian Lie subalgebra, see [C-M-P,
Lemma 5.5.1, page 173]. So we can define

N
W .= eXp(Z TZEZ) N D,
i=1

which is a totally geodesic submanifold of D with respect to the natural Hodge metric.
We consider the map p : CV¥ — D given by

p(r) = eXP(Z i)
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where 7 = (1y,--+,7y) is the standard coordinates of CV. Then the Hodge-Riemann
bilinear relations define a bounded domain 3 ¢ CV, which is biholomorphic to W via the
map p. As the E/s commute with each other, thus, for any z, w € 3, we have

) () = exp(Y 2 ) expl— Zw E;) = exp( Z( —w)E) =1
<~ 7z =w; for 1Z§2§N,

i.e., p is one-to-one, which means that it defines a global coordinate 7 over V.

(1) = (2): First we show that there exists a small coordinate chart U, of p € T such
that ®(U,) C W. For any point ¢ € U, with flat affine coordinate ¢, there is a unique
upper-triangle matrix o(t) € N,, i.e., an nonsingular upper triangular block matrices
with identity blocks in the diagonal, such that

o (t) (192, [n), (7], (2] (5.8)

is a basis of H?(X,) adapted to the Hodge filtration at X,,.

Also, we know that [Q°(t)] = [e*™ Q)] is a basis of F*(X,), so [5-Q°(t)] € F?(X,),1 <
i < N by Griffiths” transversality. By the assumption that the there is no strong quantum
correction at point p € 7 and Formula 5.7, we have

kS

SS)

[Qc<t)] = [Qcc(t>] = [17(t17"' 7tN)7%(t17"' 7tN)A(t)7%(t1>"' 7tN)A(t)(t1>"' 7tN)T}

<

And, for any 1 <7 < N, we have

00¢(t
[ a; )] = [piaQ)] + Zt [0iap; 29 + Z titk[piap;a0psQ
v j=1 _]k 1
Pid 1 (7]
= ]+ (b, - ty) | + é(tl,--- i) A(t) : ,
Qi IMN (i 1T y]

which implies that

250
| = EAWE g 00AD) )
o |
g
_ 1T c )T
= [0nx1s Lnxn, A(t), AT () (1, -, tn)T] i
)
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Thus {[Q°(t)], [ZX2]... [22W]} is a basis of F2(X,) as they are linearly independent,

ot1 ot
which implies that the uniqllvle matrix o(t) € N4 has the form

[ <t17”' 7tN> %(tlu 7tN>A(t> %(tla 7tN>A(t)(t17 7tN>T
I A(t) TAT()(ty, -+ tn)T
o(t) = { AT, ,
1

where * represents an unknown column vector. Meanwhile, we know o(t) € G, i.e.

1 1

U(T)T _INXN J(t) — / _IN><N
NXN
—1 —1

which implies that

I (b, oty) 3(t, e tn)A) gt tn) AW (Er, - tn)T
_ I A<t) . %AT@)(tlv"' 7tN)T
U(t) = I <t17"' ,tN)T
I

Direct computation shows that

0 (ti, - ,tn)
Onxn A
Onsn  (Er, - tn)T
0

N
o(t) =exp = eXp(Z tE;) e W, (5.9)

i.e., ®(q) € W for any point g € U, which implies that ®(U,) C .

Take ¢ € T such that ®(¢q) € ®(7)NW, then, the same argument for the point ¢ € T, there
exists a neighborhood U, of ¢ such that ®(U,) C W, so ®(U,) C ®(7) N W. By the local
Torelli theorem for Calabi-Yau manifolds, ®(U,) C ®(7) N W is an open neighborhood of
®(q) as 7 and W has the same dimension, thus ®(7) N W C @(7) is an open subset of
®(7). On the other hand, W = exp(Zﬁil 7,E;) N D C D is a closed subset of the period
domain D. The closedness of W C D implies that ®(7) N W C @®(7) is also a closed
subset. Therefore, ®(7)NW = &(T),i.e., (7)) C W as ®(7) is connected and not empty.
(2) = (1): Fixp € T, we have ®(T) € W = exp(3.~, 7 E;) N D with 7 € 2. If the flat
affine coordinate of ¢ € U, is t where U, is a small coordinate chart, then we know the
canonical family of (3, 0)-classes is given by

Q)] = [e*®.0] € F3(X,).

Moreover, from the fact that ®(q) € W, there exists 7 = (71, -+, 7n) € Jsuch that
N
®(q) = exp(d_niFy),
=1
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i.e., the image of ¢ € U, under the period map @ is

o[«
B) = exp(dnE) | ()
B (0]
1 (Tlv 7TN) %(Tlv"' 7TN>A(T> %(Tlv"' 7TN)A(T)(7-17"' 7TN)T [Q]
_ Inxn A(T) AT (- )T [7]
Inxn (71, ,TN)T [_ﬁ] ’
1 €]

which is a basis adapted to the Hodge filtration over X,,. In particular, we know the first
element in the basis

[€2]
Aty = (1, (m,---,7N), %(ﬁ, o TN )A(T), %(ﬁ, e TN)AT) (- )T %
]

S F3(Xq) = H370(Xq)-

Thus, by the fact that H*°(X,) = C and [Q°(¢)] € H*°(X,), there exists a constant A € C
such that

Aq(t) = A[Q°(1))]-
Also, we have
Prgsn o) (A (1)) = P (26(0)]) = [,
so A,(t) = [Q2¢(t))]. Thus

N
Pryzax) (1) = Pryza x => 7iln (5.10)
=1
and, from Corollary 2.7,
N
= [+ tilm] + At), (5.11)

where A(t) € H"*(X) ® H*3(X). Then we have

N
Zt nil =il
=1

which implies that 7; = ¢;, 1 <i < N as {[n;]}Y, is a basis of H*!(X). Therefore,

2]
()] — . 1 1 oy [ e
[Q (t)] - (17 (tla it ) 921 (tla ) tN)A(t) 3! (t17 ) tN)A(t)(th ) tN) ) [ﬁ] - [Q (t)]7
€
by Formula 5.7, i.e., there is no strong quantum correction at pointp € 7. O
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6 Compact Hyperkdhler Manifolds

In Section 6.1, we review some preliminary results about Hyperkdhler manifolds and the
period domain of weight 2. In Section 6.2, we construct the canonical families of (2, 0) and
(2n, 0)-classes by using the canonical families of smooth forms e®® ,0Q*® and holomorphic
forms e®®_ A" Q20. In Section 6.3, we prove the expansions of the canonical families of
(2,0) and (2n, 0)-classes are actually globally defined over Teichmdiller space 7.

6.1 Preliminary Results

In this section, we will review some preliminary results about Hyperkédhler manifolds
and the period domain. We define Hyperkahler manifolds as follows,

Definition 6.1. Let X be a compact and simply-connected Kéhler manifold of complex
dimension 2n > 4 such that there exists a non-zero holomorphic non-degenerate (2, 0)-
form Q%% on X, unique up to a constant such that det(2*?) # 0 at each point € X and
H'(X,0x) = 0. Then X is called a Hyperkihler manifold.

The conditions on the holomorphic (2, 0)-form Q*° imply that dim¢ H*(X, Ox) = 1. A pair
(X, L) consisting of a Hyperkéhler manifold X of complex dimension 2n with 2n > 4 and
an ample line bundle L over X is called a polarized Hyperkédhler manifold. By abuse
of notation, the Chern class of L will also be denoted by L and thus L € H*(X,Z). Let
w = wy correspond to the Calabi-Yau metric in the class L, then

Hy' (X, T'°X) = {p € H*(X, T"X)|[pw] = 0}

And we know that if ¢ € H)' (X, T"°X) is harmonic, then ¢ _w is a harmonic (0, 2)-form.
Thus we have the identification

H)' (X, TH°X) = {p € H*Y(X, T"°X)|pw = 0}
Furthermore, the primitive cohomology groups satisfy:

1,1 ~ 1,1 _ 1,1 2n—1 __
2 _ 2,0 1,1 0,2
H,(X) = H”(X)® H, (X)® H"(X)

The primitive cohomology group H; (X) carry a nondegenerate bilinear form, the so-
called Hodge bilinear form

Qa, p) = — /Xw2"2 ANaA S, a, e ng(X), (6.1)

which is evidently defined over Q.
We consider the decreasing Hodge filtration H (M, C) = F° O F' O F? with condition

dimeF? =1, dimeF'=b, —2, dimcF° =5, — 1. (6.2)

27



Then the Hodge-Riemann relations becomes

Q(F*, F¥ %) =0, (6.3)

Q(Cv,v) >0 if v#0, (6.4)

where C'is the Weil operator given by Cv = (v/—1)**"2v for v € H}>"*(M) = FF 0 F2-F,
The period domain D for polarized Hodge structures with data 6.2 is the space of all such
Hodge filtrations

D={F’CcF'cF’=H(X,C)[6.2, 6.3 and 6.4 hold}.
The compact dual D of D is
D={F*C F'C F*=H2(X,C)|6.2 and 6.3 hold}.
The period domain D C D is an open subset. We may identify the period space D with
the Grassmannian of positive 2-plans in L*, and this gives us
D = 50(by —3,2)/S0O(2) x SO(by — 3).

So the period domain D is a global Hermitian symmetric space.

Let 7 = 7T, be the Teichmiiller space of the polarized irreducible Hyperkdhler manifold
(X, L) which is a smooth complex manifold. The following result follows from [V09] or
[C-G-L13, C-G-L14],

Theorem 6.2. The period map
: T =D

is injective.

6.2 Local Family of (2,0)- and (2n,0)-Classes

In this section, we derive the expansions of the canonical families of (2,0) and (2n,0)-
calsses [H(e®® _,020)] and [e®® A" 2], where Q%° is a nowhere vanishing holomorphic
(2,0)-form over the Hyperkaher manifold X. First we have the following Bochner’s prin-
ciple for compact Ricci-flat manifolds:

Proposition 6.3. (Bochner’s principle) On a compact Kihler Ricci-flat manifold, any holomorphic
tensor field (covariant or contravariant) is parallel.

The proof rests on the following formula, which follows from a tedious but straightfor-
ward computation [B-Y53, p. 142]: if 7 is any tensor field,

A(lI7I1%) = [V,

Therefore A(||7]|?) is nonnegative, hence 0 since its mean value over X is 0 by the Stokes’
formula. It follows that 7 is parallel.

Then we consider the canonical family of smooth (2, 0)-forms Q%20(t) = ¢?® Q%% whose
harmonic projection has the following expansion,
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Theorem 6.4. Fix p € T, let (X, L) be the corresponding polarized Hyperkihler manifold and
029 be a nonzero holomorphic nondegenerate (2,0)-form over X and {gp,}N be an orthonormal
basis H)'' (X, T X) with respect to the Calabi-Yau metric. Then, in a neighborhood U of p, there
exists a locally canonical family of smooth (2, 0)-forms,

Qc;Q,O(t) _ €<I>(t)JQZ,O’
which defines a canonical family of (2, 0)-classes

N

N
[H(QC;Q’O(t))] = [QQ’O] + Z[QOZ‘JQQ’O]ti + %Z [QOZ‘JQO]‘JQQ’O] tzt] (65)

i=1 i=1

Proof. Let us consider the canonical family of smooth (2, 0)-forms

2t )20 — ZSO 10204 4 L Z %J%JQ + ©ij Jon)
irj=1 (6.6)
+Z <Q0]J920 E QDJJ()OKJQZO) .

11]>3 JHK=I

We claim that

Claim 6.5. Suppose, for any multi-index J, K with |J| > 2, the harmonic projection
H (70 10%0) = ¢ - Q20 for some constant ¢, then we have

H ((p T 120 A AROZ0 A NHW)) = ¢ A"Q20 A APQ2Z0, (6.7)
Proof. By the Hodge decomposition, we have
0y 0 = 020 4 day + d* .

The proof bases on the following facts:

Ap aBy — Z Va‘PAp By’ _*SO)AP,EQ = (‘1)p+1 Z gﬁava¢AP,5—Bq7 (6.8)
a7ﬁ

and their conjugate, which can be found in [M-K71]. From the formula
V(iaAB)=VaAhp+aAV}, (6.9)
and VQ*° = 0, which comes from the Bochner principal 6.3, we have
Via A A2 A ATTI020) = Va A APQ20 A ATTIO20, (6.10)
From the formulas 6.8 and their conjugate, we have
d(ay A AP0 A ATTIO20) = dag A ATQEO A ATTIO20,

d*(ag A AP0 AATTIO20) = dFay A ATQPO A ATTEO20,
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Thus we have

07305 S0 A APQ0 A APTIOZ0
= - A" AATQ20 4 d(ag A AMQEY A ATTEQR0) 4 dF (g A ATQEY A ATTIQ20),

which implies our claim. O

Direct computations show that
(20K s00) AN = (,0%0) A (g o*0) A AP0 (6.11)

as a smooth (2n, 2)-form. Therefore, for any multi-index J, K with |.J| > 2, we have
/ (0700 020) A Q2O A APTIQE0 A APTIQ20
X
= /X (a2 A (preaQ*0) A ATTIQ20 A APT1Q20
— %/X(WJ A" Q20 A (g a020) A APTEO20

1 -
= —/ Oy A (praQ*°) A AVTIO20
X

n
_ 1 2,0 n—1092.0 20 A An—1020 ic d.
= n/ Ay A (pr Q=) ANTQ20) (as pr Q" ANT020 is d-closed).
X
= 0.

On the other hand, by Claim 6.5 and the Stokes” formula, we have
0= / (720K Q%0 A Q20 A ATTIQP0 A ATI020 = ¢ / ATQZ0 A ATQ20
X X

So we have ¢ = 0 i.e., H ((ps10r10*°)) = 0 for any multiple-index J, K with |.J| > 2.
Next, for the (1,1)-form ¢;.0%°, we claim that

Claim 6.6. 1. ¢;.0*is harmonic for 1 <i < N.
2. For any multi-index I with || > 2, ¢, ,0Q*° is §-exact, which implies that
H(p;.0*%) = 0.

Proof. 1. As ¢, is harmonic and O*° is parallel with respect to Levi-Civita connection. So,
from the formula 6.8 and

V((,Oi_IQQ’O) = VQOZ'JQZO + (,Oi_IVQz’O,
we have

d(p; 2Q*%) = dip; JO*° = 0,
d* (ia0*°) = d*;0%° = 0,
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i.e., p;10?Y is harmonic for 1 <i < N.

2. As Q*' is a nowhere vanishing holomorphic (2,0)-form, so we can define Q**° ¢
['(X, A?0) by requiring (Q*°, Q*2) = 1 pointwise on X. Actually, in a coordinate chart
{21, 22, , 2o, }, We can assume

2n
9270 = Z aijdzi VAN de with A5 = —Qyj;

ijl

*2,0 — ..
Q20 = meazz/\a—z] with by = —by;.

Then, if we define matrices A = (a;;) and B = (b;;), then det(A) # 0 and

2n
(@0, Q20 = " ayby = tr(AB") =

i,j=1

so, locally, the matrix B can be defined by

_ L A-I\T
B= (A7)

And it is easy to check that this definition is independent of the local coordinates and
V20 = 0 by the Bochner’s principle 6.3. Then, by Theorem 2.4, we have

pra A" Q0 = oxyy, |1 > 2,
which implies that
01020 = APIQI20 (0 AT Q20) = ATTLOR0 G, = GATTIO0 ),
by formulas 6.8 and 6.9. O
Thus, the harmonic projection of the family of (2, 0)-forms e®® 0" is given by
N N
H (e2®.0*0) = 020+ ", 0> + %Z (piop; 1Q*0) tit;.
i=1 i=1
Theorem 6.4 is proved. O

Corollary 6.7. Fix p € T, let (X, L) be the corresponding polarized Hyperkahler manifold and
020 be a non-zero holomorphic non-degenerate (2, 0)-form over X and {¢;} | be an orthonormal
basis H)'' (X, T X) with respect to the Calabi-Yau metric. Then, in a neighborhood U of p, there
exists a canonical family of holomorphic (2n, 0)-forms,

Q°(t) = W Am Q20
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which defines a canonical family of (2n, 0)-classes

N 2n
1
[Qc(t>] = [/\an,O} + 2 : [SOZJ A" Q2,0] ti + EE : < § : [Qpil—'"'JQOikJQ] Liytiy - - tlk) :
i=1 k=1 \1<i;<..<iz<N

(6.12)
In particular, the expansions imply that the Teichmiiller space T is a locally Hermitian symmetric
space.

Proof. From the Proposition 2.6, we have the harmonic projection
H(e?® 5 A" Q*0) € H0(X,).
And from Theorem 6.4, we know that
H(e®®_07%) € H**(X,),
therefore, we have
H[A"H(e®® 10%%)] € H>0(X,).
Because of dim¢ H*"?(X;) = 1, there exists A € C such that
H(e?® 5 A" Q20) = XH[AH(e2® LQ%0)]. (6.13)
On the other hand, we have
Prygzao(x) (H(e® 5 A" Q*0)) = Prygeno(x) (H[A"H(e®®_020)]) = AmQ20. (6.14)

Thus A =1, i.e.,

[Q(t)] = [e*PLA" Q20 =

N N
A" <Q2,0 + Z(,Oi_IQQ’Oti -+ %Z (QOiJQOjJQz’O) tﬂj)]
i=1 =1
N 1 2n
= [/\nQQ’O] + Z [QDZJ A" QQ’O] t; + EZ ( Z [QDZ‘lJ...JQDZ‘kJQ] tiltig s tm) s

i=1 k=1 \0<ii<...<iy
which is a polynomial in terms of the flat affine coordinate ¢ = (¢, -- ,tn). Thus, by the
Corollary 4.4, the Teichmiiller space 7 of polarized Hyperkdhler manifolds is a locally
Hermitian symmetric space. ]

6.3 Global Family of (2,0)- and (2n,0)-Classes

In this section, we will show that the flat affine coordinate ¢ is globally defined over the
Teichmiiller space 7, so do the expansions of the canonical families of (2,0) and (2n, 0)-
classes.
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Fixp € T, let (X, L) be the corresponding polarized Hyperkdher manifold. Fix a nowhere
vanishing holomorphic (2, 0)-form Q?° over X and a basis of harmonic form 7, -+ ,ny €
HLH(X). Then [Q2Y], [m],- -+, [nn], [229] is a basis of H2.(X,C). We normalize this basis
such that Q([2*7], [229]) = —1 and Q([n:], [n;]) = d;;. Moreover, we can pick up a harmonic
basis of H)' (X, T"°X), denote by 1, - - - , o, such that ;10> = 7,.

Using the point O = ®(p) as the base point or reference pint, we can parameterize the
period domain D. Lete; = (0,---,1,---,0) with 1 < i < N be the standard basis of C".
Here we view e; as a row vector, then we can define

0 €; 0
E;= 10 0 eI'| egth
0 0 O
It follows that E,; = 0if i # j and
00 1
E?=10 0 0],
000
which implies that
N 1 (7’1,"',7’]\[) %Ei]ilTiz
eXp(Z tiE;) = |0 Inxn (r1,- 7))
i=1 0 0 1

Let 3 C C" be the domain enclosed by the real hypersurface

N 1 N
1= IR+ 517 =0,
1 =1

i=

Let 7 = (7, ,7n) be the standard coordinates on CV, then the map p : 3 — D given
by p(t) = exp(zij\i1 7, ;) is a biholormorphic map. This is the Harish-Chandra realization
[H-C56] of the period domain D. Moreover, from the the global Torelli theorem (cf. [V09]
and [C-G-1.13, C-G-L14]) for Hyperkdhler manifolds, we know that the map

plod: T — 3, (6.15)

is an injective map. So the coordinate 7 = (7, --- ,7y) are global coordinates on the Te-
ichmdiller space 7. We call it the Harish-Chandra coordinate. We know that, in a neigh-
borhood of p € T, there is another flat affine coordinate ¢. Actually, these two coordinates
coincide, and we have the following theorem:

Theorem 6.8. Fix p € T, in a neighborhood U of p, the global Harish-Chandra coordinate T
coincide with the flat affine coordinate t. So the flat affine coordinate t is globally defined and the
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expansions of the canonical families of cohomology classes 6.5 and 6.12, i.e.,

N N
1
[%°] + Z[%‘JQQ’O]E + 52[%4%‘492’0]%%‘ e H*'(Xy),
i—1 -1

N
/\nQQ 0 + Z D A" QQ 0
i=1

1
+EZ ( Z [SOHJ...JSOikJ A" QQ’O]tiltig e %) H2n O(Xt)

1<ii<..<ip<N

are globally defined over the Teichmiiller space T .

Proof. Let t be its flat affine coordinate of ¢ € U, where U, is a small coordinate and 7 be
its Harish-Chandra coordinate. We only need to show that ¢ = 7. From the definition of
7, we know that

N T 1 (7, ,7n) 12@ LT T
eXp(Z nE) | i | = |0 Inxn (71, ,TN) I
pa [iw] 0 0 1 [in)
| [020] | [020]

is a basis of H?(X,) adapted to the Hodge filtration of X,. Consider the first element in
the basis, we have

N N
1 _
Bq(t) _ [QQ,O] + Z T [7’/2] + 5 Z 7-i2 [QQ,O] c H2,O(Xq)'
i=1 i=1
On the other hand, from Theorem 6.4, we know that

[H(Q520(4))] = [QZOHZ[%JQZO]tﬁ%Z [pip; 1020] tit,

i=1 i=1
- 1L,
= [+ > It + 5 D B € HY(X,),

=1 i=1
in the flat affine coordinate ¢. Thus, by the fact that H%°(X,) = C, there exists a constant
A € C such that

By(t) = A[H(Q""(1))].
Moreover, we have
[99°) = Prizaocn) (B(t)) = APazzac ([H(Q(2)0]) = A2,

so\ =1,ie, B,(t) = [H(Q%20(t))]. Thusweknow t; = 7;, 1 <i < N,as [Q*°], ], , [nn],

[©29] is a basis of H?(X). O
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