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6 Algebraicity of the image of period map

Kefeng Liu and Yang Shen

Abstract

We prove that the image of period map is algebraic, as conjectured

by Griffiths.

0 Introduction

In this paper we study the period maps from geometry. More precisely we

have an algebraic family f : X → S0 of polarized algebraic manifolds over a
quasi-projective manifold S0. The period map

Φ0 : S0 → Γ0\D,

assigns any point q ∈ S0, modulo the action of the monodromy group Γ0,

the Hodge structure of the n-th primitive cohomology group Hn
pr(Xq,C) of

the fiber Xq = f−1(q). Here D denotes the period domain of the polarized

Hodge structures on H = Hn
pr(Xq,C).

Let GZ = Aut(HZ, Q) be the automorphism group of the integral primi-
tive cohomology HZ = Hn

pr(Xq,Z) preserving the Poincaré bilinear form Q.

Recall that the monodromy group Γ0 ⊆ GZ is the image of the monodromy

representation in GZ of the fundamental group of S0.

Let S0 be a compactification of S0 such that S0 is a projective manifold,
and S0 \ S0 is a divisor with simple normal crossings. Let S ′

0 ⊇ S0 be the

maximal subset of S0 to which the period map Φ0 : S0 → Γ0\D extends and
let

Φ′
0 : S

′
0 → Γ0\D

be the extended period map as given by Griffiths [9], which, following [30],
we call the Griffiths extension of the period map Φ0. Then one has the
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commutative diagram

S0

Φ0

��
i // S ′

0

Φ′
0 // Γ0\D.

with i : S0 → S ′
0 the inclusion map. Griffiths in [9] proved that Φ′

0 is a

proper map, therefore Φ′
0(S

′
0) is a closed analytic variety with

Φ0(S0) ⊂ Φ′
0(S

′
0)

a Zariski open subset. He conjectured that Φ0(S0) is an algebraic variety in
[10].

The following theorem, which is the main result in this paper, confirms

this conjecture.

Theorem 0.1. The images Φ0(S0) and Φ′
0(S

′
0) are algebraic varieties, more

precisely they are quasi-projective.

We remark that there are some partial results by Sommese in [29] and

[30] related to this conjecture.

As a standard method, we first lift the period map to a finite cover S of
S0, such that the lifted period map

Φ : S → Γ\D

has torsion-free monodromy group Γ ⊂ Γ0 and the Griffiths extension

Φ′ : S ′ → Γ\D

is locally liftable. See Lemma IV-A in [30] and its proof for details about

this construction. Let T ′ be the universal cover of S ′ to which we can lift
the period map to get a holomorphic map

Φ̃′ : T ′ → D.

Our method to prove this conjecture is to make substantial uses of the

generalized Riemann existence theorem of Grothendieck which is reviewed in
the appendix of this paper, the boundedness in certain complex Euclidean
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space of the image of Φ̃′ as proved in [21], together with the geometric struc-
ture of the period domain and the Griffiths transversality of the period map.

We first state the following generalized Riemann existence theorem of
Grothendieck which will be repeatedly used in our arguments.

Generalized Riemann existence theorem: Let X be a quasi-projective
variety. Let Y be a complex analytic space, together with a finite étale cover

f : Y → X. Then there is a unique algebraic structure on Y such that
f : Y → X is a morphism of algebraic varieties.

Recall that finite étale cover, or finite étale map, is a notion in algebraic
geometry. In complex analytic geometry it corresponds to a finite and sur-

jective holomorphic map between complex analytic varieties which is locally
biholomorphic. As defined in [8], a finite holomorphic map between two com-

plex analytic varieties is a proper holomorphic map with finite fibers. In the
appendix of this paper, we list several different versions of the generalized

Riemann existence theorems.

Although not used in this paper, a slightly stronger version of the gener-

alized Riemann existence theorem, together with a sketch of its proof, is also
given in the appendix of this paper, in which the map f is only required to

be a finite holomorphic map which is weaker than to be finite étale.

The following is an outline of our proof. First recall that the period
domain D and its compact dual Ď can be realized as quotients of real Lie

groups D = GR/V and complex Lie groups Ď = GC/B respectively, where
the compact subgroup V = B ∩GR.

The Hodge structure at a fixed point o in D induces a Hodge structure

of weight zero on the Lie algebra g of GC as

g =
⊕

k∈Z

gk,−k with gk,−k = {X ∈ g| XHr,n−r
p ⊆ Hr+k,n−r−k

p , ∀ r}

where H i,n−i
p = H i,n−i

pr (Xp) for 0 ≤ i ≤ n. See Section 1 for the detail of

the above notations. Then the Lie algebra of B is b =
⊕

k≥0 g
k,−k and the

corresponding holomorphic tangent spaces

T1,0
o Ď ≃ T1,0

o D
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of Ď and D at the base point o ∈ D are naturally isomorphic to

g/b ≃ ⊕k≥1g
−k,k , n+.

Clearly we can identify the nilpotent Lie subalgebra n+ to the complex
Euclidean space T1,0

o D with induced inner product from the homogenous

metric on D at o . We denote the corresponding unipotent group by

N+ = exp(n+)

which is considered as a complex Euclidean space with induced Euclidean

metric from n+. Since N+ ∩ B = {Id}, we can identify the unipotent group
N+ ⊆ GC to its orbit N+(o) ⊆ Ď so that the notation N+ ⊆ Ď is meaningful

in this sense.

Next we consider the subspace of n+,

p+ = ⊕k odd, k≥1g
−k,k ⊂ n+.

Note that p+ can be considered as the horizontal tangent subspace at the

base point o of the natural projection

π : D → GR/K

as discussed in page 261 of [12]. Let

exp(p+) ⊆ N+

which is considered as a complex Euclidean subspace of N+, and

P+ : N+ ∩D → exp(p+) ∩D

be the induced projection map. In [21], by using the method of Harish-
Chandra in proving his embedding theorem of Hermitian symmetric spaces

as bounded symmetric domains in complex Euclidean spaces, we proved that
the intersection

exp(p+) ∩D

is a bounded domain in the complex Euclidean space exp(p+) ⊆ N+ with

respect to the induced Euclidean metric.
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Since the subset D \ (N+ ∩ D) = D ∩ (Ď \ N+) is a proper analytic
subvariety of D, the projection P+ extends to a holomorphic map

P+ : D → exp(p+) ∩D.

Let us take any discrete subgroup Π ⊆ GR which acts on D from the left.

As discussed in [9], page 156, the quotient space Π\D is a complex analytic
orbifold, since the action of Π is properly discontinuous.

We will show that there is an induced holomorphic action of any subgroup

Π ⊂ GR on exp(p+) ∩ D ⊆ D, such that P+ is equivariant with respect to
the action of Π. So for any discrete subgroup Π ⊂ GR, the projection P+

descends to a holomorphic map on the quotient spaces,

PΠ
+ : Π\D → Π\(exp(p+) ∩D).

In this paper, we will use the cases when the group Π is Γ, Γ0, Λ and GZ,

where Γ and Λ are certain normal and torsion-free subgroups of finite index of
Γ0 and GZ respectively, as well as GR and certain uniform discrete subgroup

in GR.

Consider the natural projection maps

q0 : Γ0\D → GZ\D and q′ : Γ\D → GZ\D.

Define the period maps

Ψ0 : S0 → GZ\D and Ψ : S → GZ\D,

by composing the period maps Φ0 and Φ with q0 and q′ respectively,

Ψ0 = q0 ◦ Φ0 and Ψ = q′ ◦ Φ.

Let
Ψ′

0 : S
′
0 → GZ\D and Ψ′ : S ′ → GZ\D.

be their corresponding Griffiths extensions. Note that the extended period
map Ψ′

0 : S ′
0 → GZ\D is not necessarily locally liftable. As a standard

method, we apply the construction as in Lemma IV-A and its proof of [30],

to take a normal and torsion-free subgroup Λ of finite index in GZ, such that
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the period maps ΨΛ and Ψ′
Λ from S and S ′ respectively fit into the following

commutative diagrams

S

��

i // S ′

��

Ψ′
Λ // Λ\D

��

S0
i // S ′

0

Ψ′
0 // GZ\D.

Our first step is to show that the induced projection map PΛ
+ restricted

to the image of the corresponding period map, is a finite étale cover, and

then to apply the generalized Riemann existence theorem of Grothendieck.

In fact, as proved in [21] and explained above, exp(p+)∩D is a bounded
domain in the complex Euclidean space exp(p+). Therefore we can take a

torsion-free discrete subgroup Σ′ in GR such that Σ′\GR is compact. Then
the quotient space

Σ′\(exp(p+) ∩D)

is compact. See, for examples, page 163 of [9], or Theorem 2 of [20] and

the main results in [2] and [25] for the existence of such a uniform discrete
subgroup of GR.

From the theorem of Siegel or its extension by Bailey [1], [24], we de-
duce that the quotient space, Σ′\(exp(p+)∩D) is a projective manifold with

ample canonical line bundle, and that exp(p+) ∩D is a bounded domain of
holomorphy.

Moreover from [24] and [33], we know that the Bergman metric on the

domain exp(p+) ∩D is a complete canonical metric and invariant under the
group of automorphisms of the bounded domain exp(p+)∩D, which contains

the Lie group GR. Furthermore, let Λ be a normal and torsion-free subgroup
of finite index in GZ which is an arithmetic subgroup of GR. By using the

GR-invariance of the Bergman metric, we will prove that the volume of the
quotient manifold

Λ\(exp(p+) ∩D)

with the Bergman metric is finite. From Corollary 2 in [33], we deduce that

Λ\(exp(p+) ∩D) is quasi-projective.

Next we prove that the restriction of the projection map PΛ
+ to the image
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Ψ′
Λ(S

′),
PΛ
+ : Ψ′

Λ(S
′) → PΛ

+(Ψ
′
Λ(S

′)) ⊂ Λ\(exp(p+) ∩D)

is a finite étale cover. Therefore PΛ
+ (Ψ

′
Λ(S

′)) is a closed analytic subset of the

quasi-projective variety Λ\(exp(p+)∩D), and hence it is quasi-projective. By
applying the generalized Riemann existence theorem, we deduce that Ψ′

Λ(S
′)

is also quasi-projective.

Then we consider the normal and torsion-free subgroup of finite index Γ
in Γ0, where Γ = Γ0 ∩ Λ. Let

q : Γ\D → Λ\D

be the natural projection map. It is easy to see that q is a covering map. We
prove that the restriction of q,

q : Φ′(S ′) → q(Φ′(S ′)) = Ψ′
Λ(S

′)

is a finite étale cover by a direct application of the properness of the extended

period maps as proved by Griffiths in [9]. By applying the generalized Rie-
mann existence theorem again, we conclude that Φ′(S ′) is quasi-projective,

and q is a morphism of algebraic varieties. Since Φ(S) is a Zariski open
subset of Φ′(S ′), we have that Φ(S) is quasi-projective.

Finally we consider general monodromy group and the corresponding pe-

riod map Φ0 : S0 → Γ0\D, and its Griffiths extension

Φ′
0 : S

′
0 → Γ0\D.

It is easy to show that Φ′
0(S

′
0) is the quotient of the quasi-projective variety

Φ′(S ′) by the finite quotient group Γ\Γ0. From Corollary 3.46 in [31] which
asserts that the quotient of quasi-projective variety by a finite group is quasi-

projective, we get the algebraicity of Φ′
0(S

′
0). Since Φ0(S0) is a Zariski open

subvariety of Φ′
0(S

′
0), it is quasi-projective, which proves Theorem 0.1.

From our proof one can see that an ample line bundle on Φ′
0(S

′
0) and

Φ0(S0) is induced by the canonical line bundle of exp(p+) ∩ D which is in-
variant under the action of its automorphism groups. Indeed, from [24], [1]

and [33], we see that the projective embeddings of the quasi-projective man-

ifold Λ\(exp(p+)∩D) and the quasi-projective variety GZ\(exp(p+)∩D) are
given by multiples of their canonical line bundles.
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This paper is organized as follows. After reviewing the basic facts from
variation of Hodge structure, period map and period domain in Section 1,

we recall, in Section 2, some results from [21], in particular the boundedness

of the image of the lifted period map

Φ̃′ : T ′ → N+ ∩D

in the complex Euclidean space N+, as well as the boundedness of exp(p+)∩D
which was proved by following Harish-Chandra’s argument to prove that any
Hermitian symmetric space can be embedded in complex Euclidean space as

a bounded symmetric domain.

In Section 3 we define the holomorphic action of any subgroup of GR on

exp(p+) ∩ D and prove the equivariance of the projection P+ with respect
to the actions on D, and discuss several natural properties of the action.

Section 4 contains applications of the famous Siegel theorem about quotient
spaces of bounded domains and its generalizations. Several basic results

about quotient spaces and maps of discrete subgroup actions we defined is
proved in Section 5. In Section 6 we prove the quasi-projectivity of the images

of the period maps when the monodromy group is either Λ or GZ. In Section
7 and Section 8 we prove the quasi-projectivity of the images of the period

maps for torsion-free and general monodromy groups respectively.

In the appendix, for reader’s convenience we collect several versions of
the generalized Riemann existence theorem.

We would like to thank Baohua Fu and Xiaotao Sun for helpful comments

and discussions.

1 Period domain and period map

In this section we briefly review some basic facts of the period domain and

period maps which are needed for our discussions. Most of these materials
can be found in [3], [10] or [11].

Let HZ be a fixed lattice and H = HZ ⊗Z C the complexification. Let n

be a positive integer, and Q a bilinear form on HZ which is symmetric if n is

even and skew-symmetric if n is odd. Let hi,n−i, 0 ≤ i ≤ n, be integers such
that

∑n
i=0 h

i,n−i = dimCH .
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The period domain D is the set of all the collections of the filtrations
H = F 0 ⊃ F 1 ⊃ · · · ⊃ F n, such that

dimC F
i = f i, (1)

H = F i ⊕ F n−i+1, for 0 ≤ i ≤ n,

where f i = hn,0 + · · ·hi,n−i, and on which Q satisfies the Hodge-Riemann

bilinear relations in the form of Hodge filtrations

Q
(
F i, F n−i+1

)
= 0; (2)

Q (Cv, v) > 0 if v 6= 0, (3)

where C is the Weil operator given by Cv =
(√

−1
)2k−n

v for v ∈ F k∩F n−k.

Let (X,L) be a polarized manifold with dimCX = n, which means thatX

is a projective manifold and L is an ample line bundle onX . For simplicity we
use the same notation L to denote the first Chern class of L which acts on the

cohomology groups by wedge product. Then the n-th primitive cohomology
groups Hn

pr(X,C) of X is defined by

Hn
pr(X,C) = ker{L : Hn(X,C) → Hn+2(X,C)}.

Given an algebraic family f : X → S0 of polarized algebraic manifolds
over a quasi-projective base manifold S0, we can define a period map

Φ0 : S0 → Γ0\D,

such that for any q ∈ S0, the point Φ0(q), modulo certain action of the
monodromy group Γ0, represents the Hodge structure of the n-th primitive

cohomology group Hn
pr(Xq,C) of the fiber Xq = f−1(q). Here

H ≃ Hn
pr(Xq,C)

for any q ∈ S0. Recall that the monodromy group Γ0, or global monodromy
group, is the image of the monodromy representation of π1(S0) in

GZ = Aut(HZ, Q),

the automorphism group of

HZ ≃ Hn
pr(Xq,Z)
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preserving Q.

Since a period map is locally liftable, we can lift the period map to

Φ̃ : T → D

by taking the universal cover T of S0 such that the diagram

T Φ̃ //

π

��

D

π

��

S0
Φ // Γ0\D

(4)

is commutative.

Now we fix a point p in T and its image o = Φ̃(p) as the reference points

or base points, and denote the Hodge decomposition corresponding to the
point o = Φ̃(p) as

Hn
pr(Xp,C) = Hn,0

p ⊕Hn−1,1
p ⊕ · · · ⊕H1,n−1

p ⊕H0,n
p ,

where H i,n−i
p = H i,n−i

pr (Xp) for 0 ≤ i ≤ n, and the Hodge filtration by

Hn
pr(Xp,C) = F 0

p ⊃ F 1
p ⊃ · · · ⊃ F n

p

with F i
p = Hn,0

p ⊕ · · · ⊕H i,n−i
p for 0 ≤ i ≤ n.

Let HF = Hn
pr(X,F), where F can be chosen as Z, Q, R, C. Then H = HC

under this notation. We define the complex Lie group

GC = {g ∈ GL(HC)| Q(gu, gv) = Q(u, v) for all u, v ∈ HC},

the corresponding real Lie group

GR = {g ∈ GL(HR)| Q(gu, gv) = Q(u, v) for all u, v ∈ HR},

and the discrete subgroups

GQ = {g ∈ GL(HQ)| Q(gu, gv) = Q(u, v) for all u, v ∈ HQ}.

GZ = {g ∈ GL(HZ)| Q(gu, gv) = Q(u, v) for all u, v ∈ HZ}.
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The Lie group GC acts on Ď transitively, so does GR on D. The stabilizer
of GC on Ď at the base point o is

B = {g ∈ GC|gF k
p = F k

p , 0 ≤ k ≤ n},

and the one of GR on D is V = B ∩GR. Thus we can realize Ď, D as

Ď = GC/B, and D = GR/V,

so that Ď is an algebraic manifold and D ⊆ Ď is an open complex submani-

fold.

The natural projection

π : D = GR/V → GR/K,

which is not holomorphic in general, will be frequently used in the following

sections. The period domain is called non-classical if one of the following two
cases holds: (i) GR/K is not Hermitian symmetric; (ii) the natural projection

π is not holomorphic. See [4], for example, for details of classical and non-
classical period domains.

Note that from the definition of the homogeneous metric on D as given

in [12] which we call the Hodge metric, π is a Riemannian submersion with
respect to the natural homogeneous metrics on D and GR/K. See Section 2

in [19] for more discussions about this.

The Lie algebra g of the complex Lie group GC is

g = {X ∈ End(HC)| Q(Xu, v) +Q(u,Xv) = 0, for all u, v ∈ HC},

and the real subalgebra

g0 = {X ∈ g| XHR ⊆ HR}

is the Lie algebra of GR. Note that g is a simple complex Lie algebra and
contains g0 as a real form, i.e. g = g0 ⊕

√
−1g0.

Let gc = k0 ⊕
√
−1p0. Then gc is also a real form of g. Let us denote

the complex conjugation of g with respect to the real form gc by τc, and the
complex conjugation of g with respect to the real form g0 by τ0.
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On the Lie algebra g we can put a Hodge structure of weight zero by

g =
⊕

k∈Z

gk,−k with gk,−k = {X ∈ g| XHr,n−r
p ⊆ Hr+k,n−r−k

p , ∀r}.

By the definition of B, the Lie algebra b of B has the form b =
⊕

k≥0 g
k,−k.

Then the Lie algebra v0 of V is

v0 = g0 ∩ b = g0 ∩ b ∩ b = g0 ∩ g0,0.

With the above isomorphisms, the holomorphic tangent space of Ď at the

base point is naturally isomorphic to g/b.

Let us consider the nilpotent Lie subalgebra

n+ := ⊕k≥1g
−k,k.

Then one gets the isomorphism g/b ∼= n+. Let us denote the corresponding

unipotent Lie group to be
N+ = exp(n+).

We remark that the elements in N+ can be realized as nonsingular block

lower triangular matrices with identity blocks in the diagonal; the elements
in B can be realized as nonsingular block upper triangular matrices. If

c, c′ ∈ N+ such that cB = c′B in Ď, then

c′−1c ∈ N+ ∩B = {I},

i.e. c = c′. This means that the matrix representation in N+ of the unipotent

orbit N+(o) is unique. Therefore with the fixed base point o ∈ Ď, we can
identify N+ with its unipotent orbit N+(o) in Ď by identifying an element

c ∈ N+ with [c] = cB in Ď. Therefore our notation N+ ⊆ Ď is meaningful.
In particular, when the base point o is in D, we have N+ ∩D ⊆ D.

The horizontal tangent subbundle T1,0
h D can be constructed as the asso-

ciated bundle of the principle bundle

V → GR → D

with the adjoint representation of V on the space b ⊕ g−1,1/b. Let F k,
0 ≤ k ≤ n be the Hodge bundles on D with fibers F k

s = F k
s for any s ∈ D.
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As another interpretation of the horizontal bundle in terms of the Hodge
bundles F k → Ď, 0 ≤ k ≤ n, one has

T1,0
h Ď ≃ T1,0Ď ∩

n⊕

k=1

Hom(F k/F k+1,F k−1/F k). (5)

A holomorphic map Ψ : M → Ď of a complex manifoldM into Ď is called
horizontal, if the tangent map dΨ : T1,0M → T1,0Ď takes values in T1,0

h Ď.

The period map Φ̃ : T → D is horizontal due to Griffiths transversality.

Let us come back to the setup in [10]. By Hironaka’s resolution of sin-
gularity theorem, we know that S0 admits a compactification S0, such that

S0 is smooth and projective, and S0 \ S0 is a divisor with simple normal
crossings. Let S ′

0 ⊇ S0 be the maximal subset of S0 to which the period map

Φ0 : S0 → Γ0\D extends, and let

Φ′
0 : S

′
0 → Γ0\D

be the extended map introduced by Griffiths [9]. We will call Φ′
0 the Griffiths

extension of the period map Φ0.

Then one has the commutative diagram

S0

Φ0

��
i // S ′

0

Φ′
0 // Γ0\D.

with i : S0 → S ′
0 the inclusion map. The following result is due to Griffiths,

see [9], Theorem 9.6 and Proposition 9.11, in which he also proved that
Φ′

0(S
′
0) is an analytic variety. See also Lemma 1.4 in [21].

Lemma 1.1. S ′
0 is a Zariski open subset of S0 with the complex codimension

of S0 \S ′
0 at least one, such that S ′

0 \S0 contains the points in S0 \S0, around
which the Picard-Lefschetz transformations are finite. Moreover the extended

period map Φ′
0 : S

′
0 → Γ0\D is a proper holomorphic map.

Note that in this case, the proper map Φ′
0 is not necessarily locally liftable.

To go further we need the construction as given in Lemma IV-A and its proof
of [30] which is standard now in studying period maps.
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Let Γ ⊆ Γ0 be a normal and torsion-free subgroup of the monodromy
group of Γ0, which is of finite index in Γ0. In fact, Γ can be taken as the

intersection Γ0 ∩ Λ, where Λ ⊆ GZ is a normal and torsion-free subgroup of

finite index which will be introduced in Section 3.

By Lemma IV-A in [30], we have a finite cover S of S0, where S is also
quasi-projective, such that the period map Φ0 lifts to a period map

Φ : S → Γ\D,

which satisfies the following commutative diagram

S Φ //

��

Γ\D

��

S0
Φ0 // Γ0\D.

Moreover, there exists a smooth projective manifold S with a holomorphic
surjection π : S → S0, and a Zariski open subset S ′ ⊂ S with π restricting to

a proper map π : S ′ → S ′
0, such that the period map Φ extends to a proper

holomorphic map
Φ′ : S ′ → Γ\D,

which satisfies the following commutative diagram

S
i //

��

S ′ Φ′
//

��

Γ\D

��

S0
i // S ′

0

Φ′
0 // Γ0\D.

In fact, S and S ′ can be considered as the corresponding fiber products

constructed from the covering

rΓ : Γ\D → Γ0\D

and the corresponding period maps,

Φ0 : S0 → Γ0\D, and Φ′
0 : S

′
0 → Γ0\D

respectively.

Since Γ is torsion-free, we have the following corollary of Lemma 1.1.

14



Corollary 1.2. S ′ is a Zariski open subset of S with the complex codimen-
sion of S \ S ′ at least one, such that S ′ \ S contains the points in S \ S,

around which the Picard-Lefschetz transformations are trivial . Moreover the

extended period map Φ′ : S ′ → Γ\D is a proper holomorphic map.

Note that in this case, since Γ is torsion-free, the extended period map
Φ′ is proper and locally liftable, furthermore it is easy to show that it is still

horizontal as proved in Lemma 1.6 of [21], hence it is also a period map. Let
T ′ be the universal cover of S ′ with the covering map π′ : T ′ → S ′. We then

have the following commutative diagram

T iT //

πS

��

T ′

π′

��

Φ̃′

// D

π
��

S
i // S ′ Φ′

// Γ\D,

(6)

where iT is the lifting of i ◦ πS with respect to the covering map

π′ : T ′ → S ′

and Φ̃′ is the lifting of Φ′ ◦ π′ with respect to the covering map

π : D → Γ\D.

There are different choices of iT and Φ̃′, it is shown in [21], as a elementary
topological fact, that we can choose iT and Φ̃′ such that Φ̃ = Φ̃′ ◦ iT , and

that iT and Φ̃′ are holomorphic maps.

Without loss of generality, we can assume that S0 and S are irreducible.

From the basic results a) and b) in page 171 of the book of Grauert-Remmert
[8], we know that as analytic varieties, S0, T0, S, S

′, T , T ′ and their images

under the corresponding period maps, as well as other complex varieties we
will use in the following sections are all irreducible.

2 Boundedness of the image of the period

map

In this section we review the result about the boundedness of the open set
exp(p+) ∩ D in the complex Euclidean space exp(p+). This boundedness

15



result is proved in [21] by using the argument of Harish-Chandra in his proof
of the embedding theorem of Hermitian symmetric spaces as bounded sym-

metric domains inside complex Euclidean spaces. Some related results about

the geometric structure of the period domain and the projection map P+ we
defined will also be discussed.

Recall that we have fixed the base points p ∈ T and o = Φ̃(p) ∈ D. Then

N+ can be viewed as a subset in Ď by identifying it to its orbit N+(o) in Ď.
Lemma 1.2 in [21] proves that N+ is Zariski open in Ď.

At the base point Φ̃(p) = o ∈ N+ ∩D, the tangent spaces satisfy

T1,0
o N+ = T1,0

o D ≃ n+,

and the exponential map

exp : n+ → N+

is an isomorphism. There is a natural homogeneous metric on D induced

from the Killing form as studied in [12], which we will call the Hodge metric.

The Hodge metric on T1,0
o D induces an Euclidean metric on N+ such that

the map exp : n+ → N+ is an isometry.

Let

p+ = p/(p ∩ b) = p ∩ n+ ⊆ n+

denote a subspace of T1,0
o D ≃ n+, and p+ can be viewed as an Euclidean

subspace of n+. Indeed we have

p+ = ⊕k odd, k≥1g
−k,k ⊂ n+ = ⊕k≥1g

−k,k.

Similarly exp(p+) can be viewed as an Euclidean subspace of N+ with the
induced metric from N+.

Define the projection map

P+ : N+ ∩D → exp(p+) ∩D

by

P+ = exp ◦ p+ ◦ exp−1 (7)

where exp−1 : N+ → n+ is the inverse of the isometry exp : n+ → N+, and

p+ : n+ → p+
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is the projection map from the complex Euclidean space n+ to its Euclidean
subspace p+.

The following result was proved in [21] as Corollary 4.3 by using the argu-
ment of Harish-Chandra to prove his famous embedding theorem of Hermi-

tian symmetric spaces as bounded symmetric domains in complex Euclidean
spaces.

Lemma 2.1. The complex manifold exp(p+) ∩ D is a bounded domain in
exp(p+) with respect to the Euclidean metric on exp(p+) ⊆ N+.

In fact, by the definition of exp(p+) ∩D, for any s ∈ exp(p+) ∩ D there

is a unique X ∈ p0, such that exp(X) · o = s, as well as a unique Y ∈ p+
such that exp(Y ) · o = s, where o = P+(o) is the base point in exp(p+) ∩D.

Here exp(X) · o and exp(Y ) · o denote the corresponding left translations of
the base point o. We refer the reader to [21] for details.

Indeed, we have,

X = T0(Y + τ0(Y ))

for certain real number T0, which gives one-to-one correspondence from p0
into p+, and therefore induces a diffeomorphism

exp(p0) → exp(p+) ∩D.

More precisely, after fixing the base point o in exp(p+) ∩ D, and viewing

exp(X) ∈ exp(p0) as a point in

exp(p+) ⊂ Ď = GC/B,

we have
exp(X) = exp(Y )(modB)

as in the explicit computations in Harish-Chandra’s proof of his embedding

theorem. This is equivalent to the statement that

exp(X) · o = exp(Y ) · o = s

in exp(p+) ∩D.

For a more detailed description of the above explicit correspondence from
p0 to p+ in proving the Harish-Chandra embedding, please see Lemma 7.11 in
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pages 390 – 391 in [17], page 95-97 of [23], or the discussion in pages 463-466
in [32].

Consider the projection map

π : D → GR/K.

We recall the proof of the following lemma from [21],

Lemma 2.2. When restricted to exp(p+) ∩D ⊆ D, π is given by the diffeo-

morphism
π+ : exp(p+) ∩D −→ exp(p0)

≃−→ GR/K,

and the diagram

N+ ∩D
π //

P+

��

GR/K

exp(p+) ∩D

π+

88♣♣♣♣♣♣♣♣♣♣♣

is commutative.

Proof. As discussed above, the underlying real manifold of exp(p+) ∩ D is
diffeomorphic to GR/K ≃ exp(p0). This diffeomorphism is given explicitly by

identifying the point exp(X) ∈ exp(p0) to the point exp(Y ) ∈ exp(p+) ∩D,
where X = T0(Y + τ0(Y )) for certain real number T0.

On the other hand, since the natural projection map

π : D → GR/K

is a Riemannian submersion, the real geodesic

c(t) = exp(tX) ⊂ exp(p+) ∩D

with X ∈ p0 connecting the based point o and any point z ∈ exp(p+) ∩ D
is the horizontal lift of the geodesic π(c(t)) in GR/K. This is a basic fact

in Riemmanian submersion as given in, for example, Corollary 26.12 in page
339 of [22].

Hence the natural projection π : D → GR/K maps c(t) isometrically to

π(c(t)). In particular π maps exp(X) in exp(p+) ∩ D to the corresponding

point exp(X) in
GR/K ≃ exp(p0).
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In general we can write

exp(tX) = exp(T (t)Y )(modB)

where T (t) is a monotone real valued function of t, as follows from the proof

of Harish-Chandra.

From this, one sees that the projection π, when restricted to the under-
lying real manifold of exp(p+) ∩D, is given by the diffeomorphism

π+ : exp(p+) ∩D −→ exp(p0)
≃−→ GR/K

with
π+(exp(Y )) = exp(X).

From the above discussion we get that the diagram

N+ ∩D π //

P+

��

GR/K

exp(p+) ∩D

π+

88♣♣♣♣♣♣♣♣♣♣♣

,

is commutative.

In [21] we proved that Φ̃′(T ′) ⊂ N+ ∩D is a closed subvariety. Further-
more we have the following proposition stated as Corollary 4.3 in [21] which

follows directly from Theorem 3.6 in [21].

Proposition 2.3. The restriction of the projection map

P+ : Φ̃′(T ′) → P+(Φ̃
′(T ′))

is a finite holomorphic map.

As defined in [8], a finite holomorphic map is a proper, finite, and possibly
ramified covering map onto its image which is also called an analytic covering.
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3 The action of the subgroups of GR

The main purpose of this section is to introduce the natural action of any
subgroup Π ⊆ GR on exp(p+)∩D which is a bounded domain in the complex

Euclidean space exp(p+). This construction will allow us to apply the result
of Siegel that the smooth compact quotient space of a bounded domain must

be a projective manifold as discussed in [20], and its various generalizations
in [1], or [24] and [33] for quasi-projective quotients.

Our applications will use the cases when Π is discrete subgroup of GR,

and when Π is GR itself.

Consider any discrete subgroup Π ⊂ GR which acts on D and on GR/K
from the left. Since Π acts on the left and both V and K act on right, we

have the following commutative diagram of maps,

D
p

//

π

��

Π\D
πΠ

��

GR/K
pK

// Π\GR/K,

where p and pK denote the corresponding quotient maps, and πΠ is the
induced quotient map from π.

We will define an induced action of Π on exp(p+)∩D. First, we need the
following lemma.

Lemma 3.1. The projection map

P+ : N+ ∩D → exp(p+) ∩D

extends to
P+ : D → exp(p+) ∩D.

Proof. As proved in Lemma 1.2 and discussed in detail in the proof of
Proposition 1.3 of [21], Ď \ N+ is a proper analytic subvariety of Ď, so

D \ (N+ ∩D) = D ∩ (Ď \N+) is a proper analytic subvariety of D.

Since exp(p+)∩D ⊆ exp(p+) is a bounded domain in complex Euclidean

space as proved in Lemma 2.1, from the Riemann extension theorem we get
the extension of P+.
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With the above lemma, we can define the action of any subgroup Π ⊂ GR

on exp(p+) ∩D as follows:

Definition 3.2. We define the induced Π-action on exp(p+) ∩D to be

γ̃z = P+(γz),

for any z ∈ exp(p+) ∩D and γ ∈ Π.

From the definition, it is clear that the action defined above is a holomor-

phic action. We will show that the projection map P+ is equivariant with
respect to the Π-action on D and the above defined action on exp(p+) ∩D.

More precisely we have the following lemma,

Lemma 3.3. The map P+ : D → exp(p+)∩D is equivariant with respect to
the Π-actions on D and on exp(p+) ∩D, i.e.

P+(γz) = γ̃P+(z),

for any z ∈ D and γ ∈ Π.

Proof. We only need to show that, for any z ∈ D,

P+(γz) = P+(γP+(z)) = γ̃P+(z).

The second identity is by definition of γ̃, while for the first identity, we note

that

π(P+(γz)) = π(γz) = γπ(z) = γπ(P+(z)) = π(γP+(z)) = π(P+(γP+(z)))

by the commutativity of the projection

π : D → GR/K

with the Π-action on D and on GR/K, and the commutativity of P+ and π

as given in Lemma 2.2.

This implies that z and P+(z) lie in the same fiber π−1(z′) where z′ = π(z),

and γz and P+(γz) also lie in the same fiber

π−1(γz′) = γπ−1(z′)
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of the projection π.

Since P+(γz) and P+(γP+(z)) both lie in exp(p+) ∩D and

π = π+ : exp(p+) ∩D → GR/K

is a diffeomprphism, this gives that

P+(γz) = P+(γP+(z))

as needed.

This lemma implies that

P+ : D → exp(p+) ∩D

is equivariant map with respect to the Π-action, so when Π is a discrete
subgroup, P+ descends to a holomorphic map

PΠ
+ : Π\D → Π\(exp(p+) ∩D),

such that the following diagram is commutative

D

πD

��

P+
// exp(p+) ∩D

p̃
��

Π\D
PΠ
+

// Π\(exp(p+) ∩D).

(8)

As a corollary we have the following lemma.

Lemma 3.4. The diffeomorphism

π+ : exp(p+) ∩D → GR/K

is equivariant with the actions of Π. When Π ⊂ GR is a torsion-free discrete
subgroup, we have the following diffeomorphism of smooth manifolds,

Π\(exp(p+) ∩D) ≃ Π\GR/K.
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Proof. From the definition, we have, for any z ∈ exp(p+) ∩D,

π+(γ̃z) = π(P+(γz)) = π(γz) = γπ+(z),

which implies that π+ is equivariant with respect to the Π-action on GR/K

and the induced action on exp(p+)∩D. So we have the following commutative
diagram for the Π-action on exp(p+) ∩D and on GR/K,

exp(p+) ∩D
π+

//

γ̃
��

GR/K

γ

��

exp(p+) ∩D
π+

// GR/K,

for any γ ∈ Π.

Note that if Π is a torsion-free discrete subgroup of GR, then its action

on exp(p+)∩D is free, and the quotient space Π\(exp(p+)∩D) is a complex
manifold.

In fact, if z ∈ exp(p+) ∩D is such that γ̃z = z, then we have

πγ̃(z) = γπ(z) = π(z)

which implies that z′ = π(z) is fixed by γ in GR/K which is a contradiction

to the condition that Π is torsion-free, which implies that its action on GR/K
is free.

Therefore, when Π is discrete and torsion-free, the diffeomorphism π+

descends to a diffeomorphism of smooth manifolds,

πΠ
+ : Π\(exp(p+) ∩D) → Π\GR/K,

such that the following commutative diagram holds,

exp(p+) ∩D
π+

//

p̃
��

GR/K

pK

��

Π\(exp(p+) ∩D)
πΠ
+

// Π\GR/K

where

p : exp(p+) ∩D → Π\(exp(p+) ∩D), pK : GR/K → Π\GR/K

denote the corresponding quotient maps by the action Π.
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4 Algebraicity of quotient spaces

In this section we prove the algebraicity of some quotient spaces of

exp(p+) ∩D

by certain discrete subgroups of GR. Since exp(p+)∩D is a bounded domain
in the complex Euclidean space exp(p+), the results in this section can be

considered as direct applications of the famous theorem of Siegel as discussed
in [20] and its various generalizations as given in [1], [24], and[33].

As is well-known, we have a uniform discrete subgroup Σ of GR such that

Σ\GR is compact. See related discussion by Griffiths in page 163 of [9], or
the main results in [2] and [25]

Following the discussion in page 167 of [20], as another well-known fact,

we can take a normal and torsion-free subgroup Σ′ of finite index in Σ such

that Σ′\GR is a compact manifold. From this we see that both Σ′\D and
Σ′\GR/K are compact manifolds. As a corollary of Lemma 3.4, we know

that
Σ′\(exp(p+) ∩D),

which is diffeomorphic to Σ′\GR/K, is a compact complex manifold.

Lemma 4.1. The quotient manifold Σ′\(exp(p+) ∩D) is a projective mani-
fold, and the domain exp(p+) ∩ D is a bounded domain of holomorphy with

complete Bergman metric in the complex Euclidean space exp(p+).

Proof. By the famous theorem of Siegel as discussed in [1], [20] and [24],

we know that a bounded domain in a complex Euclidean space covers a
compact complex manifold, if and only if the domain is a bounded domain

of holomorphy with complete Bergman metric, and the quotient space is a
projective manifold. See also Theorem 1 in [33].

Note that, as pointed out in Section 2 of [24], by a famous result of Mok-

Yau, there exists a complete Kähler-Einstein metric on any bounded domain
of holomorphy. Both the Bergman metric and the Kähler-Einstein metric on

exp(p+)∩D are canonical metrics, they are invariant under the action of the

group of automorphisms of exp(p+) ∩D. See Section 2 of [24] and Theorem
1 of [33] for more details about this.
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In the following discussion, we will use the Bergman metric gB on the
bounded domain of holomorphy, exp(p+)∩D. See Section 3 of [24] or Theo-

rem 1 in [33]. As mentioned above, the Bergman metric gB on exp(p+) ∩D

is a canonical metric that is invariant under the group of automorphisms of
exp(p+)∩D which contains GR as proved in Lemma 3.4. Therefore it induces

well-defined measure on the quotient spaces of exp(p+) ∩D.

With the above preparations, we can prove the following lemma. Here
recall that

Λ ⊂ GZ

is a normal and torsion-free subgroup of finite index in GZ.

Lemma 4.2. The quotient space GZ\(exp(p+)∩D) is a quasi-projective vari-

ety, and the quotient manifold Λ\(exp(p+)∩D) is a quasi-projective manifold.

Proof. By the result of Borel and Harish-Chandra [2], see also Theorem 2 in

[20], we know that the volume of the quotient space

Λ\GR

is finite with the metric induced by the GR-invariant metric on GR. Therefore

the volume of
Λ\GR/K

is finite with the metric induced by the GR-invariant metric g
GR/K

on GR/K.

Consider the GR-equivariant diffeomorphism

π+ : exp(p+) ∩D → GR/K

in Lemma 3.4. Then the pull-back metric (π−1
+ )∗gB via the GR-equivariant

diffeomorphism π−1
+ is also GR-invariant on GR/K, where gB denotes the

Bergmann metric on exp(p+) ∩D.

Let vB and v
G
R
/K

denote the volume forms of the corresponding GR-
invariant metrics gB on exp(p+)∩D and g

GR/K
on GR/K respectively. Then

we have

(π−1
+ )∗vB = c v

GR/K

on GR/K, for certain constant c > 0, which implies that

vB = c π∗
+(vGR/K

)
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on the quotient manifold

M = Λ\(exp(p+) ∩D).

So by projection formula we have the equality,
∫

M

vB = c

∫

M

π∗
+(vGR/K

) = c

∫

GR/K

v
GR/K

.

This proves that the volume of the quotient manifold Λ\(exp(p+) ∩D) with
the Bergmann metric gB is a multiple of the volume of Λ\GR/K with the

GR-invariant metric g
GR/K

, which is finite.

Since the bounded domain exp(p+)∩D covers a compact projective man-
ifold as proved in Lemma 4.1, it follows directly from Proposition 1 and

Corollary 2 in [33], that the quotient manifold Λ\(exp(p+) ∩D), which has

finite volume with the Bergman metric, is quasi-projective.

From the construction, we know that the quotient group Λ\GZ is a finite
group. Note that the variety

GZ\(exp(p+) ∩D)

is the quotient of
Λ\(exp(p+) ∩D)

by the finite group Λ\GZ. By the second part of Corollary 3.46 in [31],

which asserts that the quotient of a quasi-projective variety by a finite group
is still quasi-projective, we get that the quotient space GZ\(exp(p+) ∩D) is

a quasi-projective variety.

From [1], [24] or [33], we know that the canonical line bundles of the
quasi-projective manifold Λ\(exp(p+ ∩ D)) or the quasi-projective variety

GZ\(exp(p+∩D)) are ample, since their embeddings in projective spaces are
given by sections of multiples of the corresponding canonical line bundle.

5 Topology of quotient spaces

In this section we consider the action of any torsion-free discrete subgroup
Π ⊂ GR and discuss some basic topological properties of the quotient spaces,
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and the induced quotient map of the projection map P+,

PΠ
+ : Π\D → Π\(exp(p+) ∩D)

between the quotient spaces, as well as the restricted map of PΠ
+ on the image

of the corresponding extended period map.

Most of the results should be well-known in basic topology, or are di-
rect consequences of the geometric structure of the period domain and the

Griffiths transversality, we include the proofs here for reader’s convenience.

Recall that a map is called proper if the inverse image of any compact
subset is compact. By definition, a finite holomorphic map in complex an-

alytic geometry is a proper holomorphic map with finite fibers. See [8] for

basic results about complex spaces and holomorphic maps between them.

Lemma 5.1. The extended projection

P+ : D → exp(p+) ∩D

is a proper map.

Proof. From Lemma 2.2, we have the commutative diagram,

N+ ∩D π //

P+

��

GR/K

exp(p+) ∩D

π+

88♣♣♣♣♣♣♣♣♣♣♣

,

which induces the following commutative diagram from the extension of P+,

D
π //

P+

��

GR/K

exp(p+) ∩D

π+

88♣♣♣♣♣♣♣♣♣♣♣

.

Since π : D → GR/K is a projection of fiber bundle with compact fiber,
as a basic fact in general topology as stated in Proposition 3.4 of [6], π is

proper map. On the other hand, Lemma 2.2 tells that π+ is a diffeomorphism,
from which we deduce the properness of P+.
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The fact that π : D → GR/K is proper can also be seen directly as follows.
Since GR/K is contractible, so topologically π is a trivial fiber bundle and D

is diffeomorphic to a product

GR/K × π−1(p)

where p is a point in GR/K and K/V ≃ π−1(p) denotes a fiber of π. From
this, the properness of π is clear, since K/V is compact.

Before proceeding further, we first derive the following corollary from the

above discussions which should be a standard result in general topology.

Corollary 5.2. The holomorphic map

PΠ
+ : Π\D → Π\(exp(p+) ∩D)

is proper.

Proof. We deduce the properness of the projection map PΠ
+ from the proper-

ness of P+, as a standard fact of general topology.

In fact, let us consider the fundamental domain F ⊂ exp(p+) ∩D of the

Π-action, which by definition satisfies

exp(p+) ∩D =
⋃

γ∈Π

γF,

and γF 6= F if γ is not identity in Π. By Proposition 4.22 of [18], such a

fundamental domain F exists for the Π-action on exp(p+)∩D, since exp(p+)∩
D is complete with respect to the Bergman metric as given in Lemma 4.1,
and Π acts isometrically with respect to the Bergman metric on exp(p+)∩D.

Also by definition, the restriction of the projection map

p̃ : exp(p+) ∩D → Π\(exp(p+) ∩D)

to the closure F of F ,

p̃|F : F → Π\(exp(p+) ∩D)

is surjective.
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Let E be a compact subset of Π\(exp(p+) ∩ D), and Ẽ = (p̃|F )−1(E)
which is clearly a compact subset in F . Then the preimage p̃−1(E) is given

by the Π-orbit

p̃−1(E) = Π(Ẽ) =
⋃

γ∈Π

γẼ.

By Lemma 3.3, we have P−1
+ (γẼ) = γ(P−1

+ (Ẽ)) for any γ ∈ Π. Since P+

is proper, the preimage P−1
+ (Ẽ) is compact in D. From the commutative

diagram (8), we get that

(PΠ
+ )

−1(Ẽ) = πD(
⋃

γ∈Π

P−1
+ (γẼ)) = πD(

⋃

γ∈Π

γP−1
+ (Ẽ)) = πD(P

−1
+ (Ẽ)),

which is compact in Π\D.

Note that the argument in the proof of Corollary 5.2 actually proves the
following general fact in basic topology which should be well-known.

Corollary 5.3. Let X and Y be two complete Riemannian manifolds on
which a discrete group Π acts isometrically, properly and discontinuously.

Let f : X → Y be an equivariant proper map, then the induced quotient map
on the quotient spaces,

fΠ : Π\X → Π\Y
is also proper.

It is interesting to describe another proof of Corollary 5.2 by using Lemma
3.4, from which we show that the properness of the projection map PΠ

+ follows

from certain basic facts in general topology as given, for example, in [6].

Indeed, as discussed above, the projection map π of the fiber bundle with
compact fiber

π : D → GR/K

is proper. Since the Π-action is properly discontinuous and isometric with

respect the natural homogeneous metrics on D and GR/K, Corollary 5.3 tells
us that the induced quotient map,

πΠ
+ : Π\D → Π\GR/K,
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is proper. In fact, Proposition 3.4 in [6] applies directly to give the properness
of πΠ

+.

On the other hand, from the commutative diagram

Π\D
PΠ
+

//

πΠ
+ ''❖❖

❖❖
❖❖

❖❖
❖❖

❖❖
Π\(exp(p+) ∩D)

≃

��

Π\GR/K,

we conclude that the holomorphic map

PΠ
+ : Π\D → Π\(exp(p+) ∩D)

is also proper.

Now we will study the properties of the restricted maps of the proper
holomorphic map PΠ

+ to the images of the period maps.

First, let us consider the extended period map

Φ′ : S ′ → Γ\D

and its lifting
Φ̃′ : T ′ → D.

Suppose that the torsion-free discrete subgroup Π ⊂ GR contains the torsion-
free monodromy group Γ. Then we can define the period map

Ψ′
Π : S ′ → Π\D,

by the period map Φ′ composed with the natural quotient map

r : Γ\D → Π\D.

We are ready to prove the following lemma.

Proposition 5.4. Let the torsion-free discrete subgroup Π ⊂ GR contain the
torsion-free monodromy group Γ. Then the induced projection map

PΠ
+ |Ψ′

Π
(S′) : Ψ

′
Π(S

′) → PΠ
+ (Ψ′

Π(S
′))

is a finite étale cover.
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Proof. From Corollary 2.3, we know that

P+ : Φ̃′(T ′) → P+(Φ̃
′(T ′)) = Φ̃′

+(T ′)

is a finite holomorphic map, so

PΠ
+ : Ψ′

Π(S
′) → PΠ

+ (ΨΠ
′(S ′) = p̃(Φ̃′

+(T ′))

has finite fibers, where

p̃ : exp(p+) ∩D → Π\(exp(p+) ∩D)

is the projection map.

Also since Ψ′
Π(S

′) is a closed subvariety in Π\D, and PΠ
+ is a closed map,

we deduce that the restriction of PΠ
+ to Ψ′

Π(S
′),

PΠ
+ : Ψ′

Π(S
′) → PΠ

+ (ΨΠ
′(S ′)) = p̃(Φ̃′

+(T ′)) ⊂ Π\(exp(p+) ∩D)

is also a closed map, therefore a finite map as defined in page 47 of [8], i.e.

a proper holomorphic map with finite fibers.

On the other hand, since Φ̃′(T ′) is an analytic subvariety of the period
domain D, for any p ∈ Φ̃′(T ′) we can find a open neighborhood U of p in D

such that
U ∩ Φ̃′(T ′)

is an analytic subvariety of U .

Lemma 5.5 to be proved below, which is a direct application of the Grif-
fiths transversality, implies that the natural projection map

π : D → GR/K

is injective on U ∩ Φ̃′(T ′) if U is small enough. From Lemma 2.2, we have

π = π+ ◦ P+

on Φ̃′(T ′), which implies that P+ is injective on U ∩ Φ̃′(T ′). Therefore we
have

P+|Φ̃′(T ′) : Φ̃
′(T ′) → P+(Φ̃′(T ′))

is a locally biholomorphic map of analytic varieties.
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From this we deduce that the induced quotient map of P+|Φ̃′(T ′),

PΠ
+ |Ψ′

Π
(S′) : Ψ

′
Π(S

′) → PΠ
+ (ΨΠ

′(S ′)) = p̃(Φ̃′
+(T ′)),

is a finite, and locally biholomorphic map of analytic varieties, i.e. a finite
étale cover.

Now we prove the following lemma, which is used in the proof of Proposi-
tion 5.4. The proof is the same as that of Lemma 3.4 in [21], which is direct

consequence of the Griffiths transversality. We include it here for reader’s
convenience.

Lemma 5.5. Let the notations be as in the proof of Proposition 5.4. Then

the natural projection map

π : D → GR/K

is injective on U ∩ Φ̃′(T ′), if the open neighborhood U of p is small enough.

Proof. Following the notations of Lemma 3.4 in [21], we consider the Whitney
stratification

U ∩ Φ̃′(T ′) =
⋃

1≤i≤n

Li,

of the analytic subvariety U ∩ Φ̃′(T ′), which comes from a filtration by closed
analytic subvarieties

X0 ⊂ X1 ⊂ X2 ⊂ · · · ⊂ Xn = U ∩ Φ̃′(T ′),

such that Li = Xi\Xi−1 is smooth whenever it is nonempty, for 1 ≤ i ≤ n.

Note that, by the Griffiths transversality, we know that at any point

t ∈ Li, the corresponding real tangent spaces satisfy

TtLi ⊂ Th,tD ⊂ TtGR/K ≃ p0,

where t = π(t) and ThD is the real tangent subbundle corresponding to

the horizontal holomorphic tangent bundle T1,0
h D defined in Section 1. Here

the inclusion Th,tD ⊂ TtGR/K is induced by the tangent map of π at t.

Therefore the tangent map of

π|Li
: Li → GR/K
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at t ∈ Li is injective, and π is injective in a small neighborhood of t in Li.

From the above discussion, we see that the lemma is an obvious corollary

from the Griffiths transversality, if U ∩ Φ̃′(T ′) is smooth. The proof for
general case is essentially the same, except that we need to use the Whitney

stratification of U ∩ Φ̃′(T ′) and apply the Griffiths transversality on each
stratum Li.

From Theorem 2.1.2 of [27], we know that the tangent bundle

T(U ∩ Φ̃′(T ′))

of the stratified space U∩Φ̃′(T ′) is a stratified space with a smooth structure,

such that the projection

T(U ∩ Φ̃′(T ′)) → U ∩ Φ̃′(T ′)

is smooth and a morphism of stratified spaces.

For any sequence of points {pk} in a stratum Li converging to a point p

in U ∩ Φ̃′(T ′), the limit of the real tangent spaces,

lim
k→∞

TpkLi = TpLi

exists by the Whitney conditions, and is defined as the generalized tangent

space at p in page 44 of [7]. Also see the discussion in page 64 of [27].

Denote p = π(p). With these notations understood, and by the Grif-

fiths transversality, we get the following relations for the corresponding real
tangent spaces,

Tp(U ∩ Φ̃′(T ′)) = ∪iTpLi ⊂ (g−1,1 ⊕ g1,−1) ∩ g0 ⊂ TpGR/K ≃ p0.

This implies that the tangent map of

π|U∩Φ̃′(T ′) : U ∩ Φ̃′(T ′) → GR/K

at p is injective in the sense of stratified space, or equivalently it is injective

on each TpLi considered as generalized tangent space.

Therefore we can choose the open neighborhood U of p small enough,
such that the restriction of π to U ∩ Φ̃′(T ′),

π|U∩Φ̃′(T ′) : U ∩ Φ̃′(T ′) → GR/K,
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is an injective map in the sense of stratified spaces.

In particular, π is injective on the closure of

Ln = Xn\Xn−1 = (U ∩ Φ̃′(T ′))\Xn−1,

which contains U ∩ Φ̃′(T ′). Therefore we have proved the injectivity of the

restriction of π to U ∩ Φ̃′(T ′).

6 Algebraicity, the case of GZ

In this section we consider the period map

Ψ0 : S0 → GZ\D

and its Griffiths extension

Ψ′
0 : S

′
0 → GZ\D.

Recall that GZ\D is a complex orbifold, or a normal complex space, by the

discussion as given in page 163 of [9], or by [2] and [25].

Note that Ψ′
0 is not necessarily locally liftable. As discussed in Section

1, following the construction of Lemma IV-A in [30], we take a normal and

torsion-free subgroup Λ of finite index in GZ, and lift the period map to a

finite cover S of S0 to get the period map

ΨΛ : S → Λ\D,

and its Griffiths extension

Ψ′
Λ : S ′ → Λ\D,

such that the following diagram is commutative

S

��

i // S ′

��

Ψ′
Λ // Λ\D

��

S0
i // S ′

0

Ψ′
0 // GZ\D.
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In this case, Λ\D is a complex manifold, and the extended period map

Ψ′
Λ : S ′ → Λ\D

is still locally liftable. Taking the universal covers T of S and T ′ of S ′, we
get the lifted period maps Φ̃ : T → D and Φ̃′ : T ′ → D, which fit into the

following commutative diagram

T

��

iT // T ′

��

Φ̃′

// D

��

S

��

i // S ′

��

Ψ′
Λ // Λ\D

��

S0
i // S ′

0

Ψ′
0 // GZ\D,

(9)

such that Φ̃ = Φ̃′ ◦ iT . See Section 1 for the discussion about the existences
of the liftings iT and Φ̃′, which follow from basic general topology as proved

in the appendix of [21].

We are ready to give the proof of the following theorem.

Theorem 6.1. The images ΨΛ(S) and Ψ′
Λ(S

′) are algebraic, more precisely

they are quasi-projective.

Proof. When restricted to the images of the extended period maps, the pro-
jection maps P+ and PΛ

+ fit into the following commutative diagram:

Φ̃′(T ′)
P+

//

πD

��

exp(p+) ∩D

p

��

Ψ′
Λ(S

′)
PΛ
+

// Λ\(exp(p+) ∩D)

which follows from diagram (8).

Let

Φ̃′
+ = P+ ◦ Φ̃′ : T ′ → exp(p+) ∩D.

The image of PΛ
+ satisfies

PΛ
+ (Ψ

′
Λ(S

′)) = p(Φ̃′
+(T ′)) ⊂ p(exp(p+) ∩D) = Λ\(exp(p+) ∩D).
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Let us summarize the related maps and images in the following commutative
diagram,

Φ̃′(T ′)
P+

//

πD

��

Φ̃′
+(T ′)

p

��

Ψ′
Λ(S

′)
PΛ
+

// PΛ
+ (ΨΛ

′(S ′)).

By Corollary 5.2, the map

PΛ
+ : Λ\D → Λ\(exp(p+) ∩D)

is a proper map. As proved by Griffiths, Ψ′
Λ(S

′) is a closed analytic subvariety

in Λ\D, so

PΛ
+(Ψ

′
Λ(S

′)) = p(Φ̃′
+(T ′))

is a closed analytic subvariety in the quasi-projective manifold Λ\(exp(p+)∩
D), therefore it is quasi-projective.

From Proposition 5.4, we have that

PΛ
+ |Ψ′

Λ
(S′) : Ψ

′
Λ(S

′) → PΛ
+(Ψ

′
Λ(S

′))

is a finite étale cover. From Theorem A.1 in the appendix, the generalized
Riemann existence theorem of Grothendieck, we get that Ψ′

Λ(S
′) is quasi-

projective, or algebraic, and PΛ
+ is a morphism between quasi-projective va-

rieties.

Since ΨΛ(S) is a Zariski open subvariety of Ψ′
Λ(S

′), it is quasi-projective.

Let us now consider the period map Ψ0 : S0 → GZ\D, and its Griffiths
extension

Ψ′
0 : S

′
0 → GZ\D.

We prove the following theorem.

Theorem 6.2. The images Ψ0(S0) and Ψ′
0(S

′
0) are algebraic, more precisely

they are quasi-projective.
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Proof. From commutative diagram (9), we know that

Ψ′
0(S

′
0) = rΛ(Ψ

′
Λ(S

′))

where

rΛ : Λ\D → GZ\D
is the natural quotient map by the finite quotient group Λ\GZ.

From this we see that Ψ′
0(S

′
0) is the quotient of the quasi-projective variety

Ψ′
Λ(S

′) by the subgroup of the finite quotient group Λ\GZ that preserves
Ψ′

Λ(S
′). From Corollary 3.46 in [31] which asserts that the quotient of quasi-

projective variety by a finite group is quasi-projective, we get the algebraicity
of Ψ′

0(S
′
0).

Since Ψ0(S0) is a Zariski open subvariety of Ψ′
0(S

′
0), it is quasi-projective.

7 Algebraicity, the torsion-free case

In this section we discuss the case when the monodromy group Γ is a normal

and torsion-free subgroup of finite index in the monodromy group Γ0. We
will prove that the images of the corresponding period maps, Φ′(S ′) and Φ(S)

in Γ\D, both are algebraic by using the algebraicity of the variety

Λ\(exp(p+) ∩D)

and Ψ′
Λ(S

′) as proved in last section, and by applying again the generalized
Riemann existence theorem.

Let Λ be a normal and torsion-free subgroup of finite index in GZ, we
take the intersection

Γ = Λ ∩ Γ0 ⊆ Γ0

which is normal and torsion-free subgroup of finite index in Γ0.

We define the period map

ΨΛ : S → Λ\D
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to be the composition of the period map Φ : S → Γ\D with the natural
projection map

q : Γ\D → Λ\D. (10)

Note that ΨΛ, which is still horizontal and locally liftable, is a period map
as defined by Griffiths in Section 9 of [9].

Since the monodromy group Γ is torsion-free, the Griffiths extension

Φ′ : S ′ → Γ\D

is still horizontal and locally liftable.

The extended period map Φ′ composed with the projection map q in (10)
gives the Griffiths extension of the period map Ψ′ as

Ψ′
Λ : S ′ → Λ\D.

We write them in the diagram,

S ′

Ψ′
Λ

��
Φ′

// Γ\D q
// Λ\D.

Note that Ψ′
Λ is still locally liftable, since the Picard-Lefschetz transfor-

mations around the points in S ′ \S still lie in the monodromy group Γ which
is torsion-free, therefore the monodromy around the points in S ′ \S are triv-

ial. Hence we can lift the period maps ΨΛ and Ψ′
Λ to the universal covers T

and T ′ respectively, which are respectively the period map and its Griffiths

extension
Φ̃ : T → D and Φ̃′ : T ′ → D

as defined in Section 1.

To summarize, the extended period maps Φ′ and Ψ′
Λ = q ◦Φ′ fits into the

commutative diagram,

S

=

��

i // S ′

=

��

Φ′
// Γ\D

q

��

S
i // S ′

Ψ′
Λ // Λ\D.
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From the definition of the period maps ΨΛ and Ψ′
Λ, they also fit into the

following commutative diagram

T

��

iT // T ′

��

Φ̃′
// D

��

S

=

��

i // S ′

=

��

Φ′

// Γ\D
q

��

S
i // S ′

Ψ′
Λ // Λ\D.

See the discussion following commutative diagram (9) about the existences of
the liftings iT and Φ̃′ which is proved in the appendix of [21] by an elementary

argument in general topology.

The proof of the following lemma uses substantially the properness of the
extended period maps as proved by Griffiths.

Lemma 7.1. The induced map from the quotient map

q : Φ′(S ′) → q(Φ′(S ′)) = Ψ′
Λ(S

′)

is a finite étale cover.

Proof. Since both Γ and Λ are torsion-free, the quotient spaces Γ\D and
Λ\D are smooth, and the quotient map

q : Γ\D → Λ\D

is a covering map. Therefore the restriction of the covering map q to the

analytic subvariety Φ′(S ′), q|Φ′(S′), is locally biholomorphic. Hence the re-
striction map

q : Φ′(S ′) → q(Φ′(S ′)) = Ψ′
Λ(S

′)

is an étale cover.

Now, we only need to show that q|Φ′(S′) is a finite holomorphic map. First,

we show that
q : Φ′(S ′) → q(Φ′(S ′)) = Ψ′

Λ(S
′)

is a proper map.
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In fact, to prove that q−1(E) is a compact subset in Φ′(S ′) for any compact
subset E in Ψ′

Λ(S
′), we note that

(Ψ′
Λ)

−1(E) = (Φ′)−1(q−1(E)),

therefore

q−1(E) = Φ′((Ψ′
Λ)

−1(E)).

Since Φ′ is continuous and (Ψ′
Λ)

−1(E) is a compact subset in S ′, the

image Φ′((Ψ′
Λ)

−1(E)) is a compact subset in Φ′(S ′). From this we deduce
that q−1(E) is a compact subset in Φ′(S ′). So we have proved that

q : Φ′(S ′) → q(Φ′(S ′)) = Ψ′
Λ(S

′)

is a proper map.

On the other hand, given any point z ∈ Ψ′
Λ(S

′), q−1(z) is a discrete set,

so q−1(z) consists of finite number of points.

Therefore we have proved that q|Φ′(S′) is a finite étale cover onto its image.

Now we can prove the main result of this section.

Theorem 7.2. The complex analytic varieties Φ(S) and Φ′(S ′) are algebraic,
more precisely they are quasi-projective.

Proof. By Theorem 6.1, q(Φ′(S ′)) = Ψ′
Λ(S

′) is quasi-projective. Since

q : Φ′(S ′) → q(Φ′(S ′)) = Ψ′
Λ(S

′)

is a finite étale cover, by applying Theorem A.1 in the appendix, the gener-
alized Riemann existence theorem of Grothendieck, we know that Φ′(S ′) is

quasi-projective, such that q is a morphism of quasi-projective varieties.

Since Φ(S) is a Zariski open subvariety of Φ′(S ′), it is quasi-projective.

8 Algebraicity, general monodromy groups

In this section, we consider the period map for general monodromy group Γ0,

Φ0 : S0 → Γ0\D,
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as introduced in Section 1, and its Griffiths extension

Φ′
0 : S

′
0 → Γ0\D.

We will prove the algebraicity of Φ0(S0) and Φ′
0(S

′
0) by using the algebraicity

of Φ′(S ′).

As in Section 7, we can choose Γ to be a normal and torsion-free subgroup
of finite index in the monodromy group Γ0, by taking

Γ = Λ ∩ Γ0 ⊆ Γ0,

where Λ is a normal and torsion-free subgroup of finite index of GZ which
always exists by Selberg lemma. See for example, Proposition 4.45 and the

discussion before Proposition 4.47 in [18].

Consider the projection map

rΓ : Γ\D → Γ0\D, (11)

in the commutative diagram

S
i //

��

S ′ Φ′
//

��

Γ\D
rΓ
��

S0
i // S ′

0

Φ′
0 // Γ0\D,

which is as defined in Section 1.

Now we are ready to prove the following theorem.

Theorem 8.1. The complex analytic varieties Φ0(S0) and Φ′
0(S

′
0) are alge-

braic, more precisely they are quasi-projective.

Proof. Let Γ\Γ0 denote the quotient group which is a finite group. The
projection map rΓ in (11) is a quotient map by the finite group

Γ\Γ0.

So we have
rΓ(Φ

′(S ′)) = Φ′
0(S

′
0),
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from which we deduce that Φ′
0(S

′
0) is the quotient of Φ′(S ′) by the finite

group Γ\Γ0 that preserves Φ′(S ′) ⊆ Γ\D.

From Corollary 3.46 in [31] which asserts that the quotient of quasi-
projective variety by a finite group is quasi-projective, we see that the quasi-

projectivity of Φ′
0(S

′
0) follows from that of Φ′(S ′).

Finally, as Φ0(S0) is Zariski open in Φ′
0(S

′
0), we have the the quasi-

projectivity of Φ0(S0), which proves the following theorem.

From the above proof and the results in [24], [1] and [33], we see that

an ample line bundle on Φ0(S0) and Φ′
0(S

′
0) is induced by the canonical line

bundle of exp(p+ ∩ D) which is invariant under its automorphism group.

In particular the projective embeddings of the quasi-projective manifold
Λ\(exp(p+∩D)) and the quasi-projective variety GZ\(exp(p+)∩D) are given

by sections of the multiples of their canonical line bundles.

A The generalized Riemann existence theo-

rem

This section is a brief summary of several versions of the generalized Riemann

existence theorem which is for reader’s convenience.

First recall that a finite étale cover, or finite étale map, in the language of
complex analytic geometry, corresponds to a finite and surjective holomor-

phic map between complex analytic varieties which is locally biholomorphic.

Now we restate the generalized Riemann existence theorem in the lan-
guage of complex analytic geometry as used in this paper, which is due to

Grothendieck.

Theorem A.1. Let X be a quasi-projective variety. Let Y be a complex

analytic space, and a finite étale map f : Y → X. Then there is a unique
algebraic structure on Y such that f : Y → X is a morphism of algebraic

varieties.

This theorem is a reformulation of the following theorem of Grothendieck

in the language of complex analysis,
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Generalized Riemann existence theorem (Grothendieck). (c.f.
[13], page 333) Let X be a scheme locally of finite type over C, and Xan

be the analytic space associated to X. The functor Ψ, which associates the

analytic space X ′an to each finite étale cover X ′ of X, is an equivalence of
the category of the finite étale covers of X into the category of the finite étale

covers of Xan.

The proof of the above theorem is given in SGA1 by Grothendieck in [13].

See, for example [34], for a concise exposition. This theorem is a generaliza-
tion of the following classical theorem of Grauert-Remmert.

Generalized Riemann existence theorem (Grauert-Remmert).
(c.f. [16], page 442) Let X be a normal scheme of finite type over C. Let

X ′ be a normal complex analytic space, together with a finite morphism
f : X ′ → Xh. (Xh is the analytic space associated to X. We define a fi-

nite morphism of analytic spaces to be a proper morphism with finite fibers.)
Then there is a unique normal scheme X ′ and a finite morphism g : X ′ → X

such that X ′
h ≃ X ′ and gh = f .

We would like to sketch a proof of the following slightly more general form
of the generalized Riemann existence theorem. This theorem, although not

used in this paper, can make the applications easier, since we only need to
check the map f to be a finite holomorphic map, i.e. a proper holomorphic

map with finite fibers as defined in [8], which is a weaker condition than to
be finite étale.

Theorem A.2. Let X be a quasi-projective variety. Let Y be a complex

analytic space, together with a finite holomorphic map f : Y → X. Then
there is a unique algebraic structure on Y such that f : Y → X is a morphism

of algebraic varieties.

Sketch of the proof. Consider a finite holomorphic map,

f : Y → X.

We can take the normalizations Ŷ and X̂ of Y and X respectively and a

holomorphic map
f̂ : Ŷ → X̂
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which fits in the following commutative diagram

Ŷ
f̂

//

��

X̂

��
Y

f
// X.

By Sommese’s Lemma III-B in [30], we have that X̂ is quasi-projective.
Since the normalization Ŷ (X̂ resp.) of Y (X resp.) is a proper map with

finite fibers, i.e. a finite holomorphic map. we have, from the above commu-
tative diagram, that

f̂ : Ŷ → X̂

is also a finite holomorphic map.

Then the generalized Riemann existence theorem of Grauert-Remmert
as stated above, or the version of Mumford as stated below, implies that Ŷ

is also quasi-projective. At last, we conclude that Y is quasi-projective, by
applying the argument of Viehweg in the proof of Corollary 9.28 in page 303

of [31], which is based on Proposition 2.6.2 of Grothendieck in page 112 of
[14].

Generalized Riemann existence theorem (Mumford). (c.f. [26],
page 227) If X is any normal algebraic variety, Y any normal analytic space,

and f : Y → X is a proper holomorphic map with finite fibers, and if there is
a Zariski-open set U ⊂ X such that f−1(U) is dense in Y and the restriction

f : f−1(U) → U is unramified, then Y has one and only one structure of
algebraic variety making f into a morphism.
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