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ON THE AFFINENESS OF DELIGNE-LUSZTIG
VARIETIES

XUHUA HE

ABSTRACT. We prove that the Deligne-Lusztig variety associated
to minimal length elements in any J-conjugacy class of the Weyl
group is affine, which was conjectured by Orlik and Rapoport in

[10).

1.1 Notations. Let k be an algebraic closure of the finite prime field
F, and G be a connected reductive algebraic group over k with an
endomorphism F : G — G such that some power F'¢ of F is the
Frobenius endomorphism relative to a rational structure over a finite
subfield ko of k. Let ¢ be the positive number with ¢¢ = |ko|.

We fix a F-stable Borel subgroup B and a F-stable maximal torus
T C B. Let ® be the set of roots and («;);e; be the set of simple
roots corresponding to (B, T). For i € I, let w; be the corresponding
fundamental coweight. Let W = N(T)/T be the Weyl group and
(s;)ier be the set of simple reflections. For w € W, let l(w) be the
length of w. Since (B,T') is F-stable, F' induces a bijection on I and
an automorphism on W. We denote the induced maps on W and
I by 6. Now ¢ also induces isomorphisms on the set of characters
X = Hom(T, G,,) and the set of cocharacters XV = Hom(G,,, T') which
we also denote by 4. Then it is easy to see that F*u = q- 6 '(u) for
we XV.

For J C I, let ®; be the set of roots generated by {c;};e; and W
be the subgroup of W generated by {s;};es. Let W7 be the set of
minimal length coset representatives for W/W;. The unique maximal
element in W will be denoted by wy and the unique maximal element
in W, will be denoted by wy.

Let ag = >, ni; be the highest root and ng = >, 1.

1.2. Let B be the set of Borel subgroups of G. For w € W, let O(w) =
{(“B,9"B); g € G} be the G-orbit on B x B that corresponding to w.
Set

X(w) ={B"€ B; (B, F(B')) € O(w)}.
This is the Deligne-Lusztig variety associated to w (see [2, 1.4]). It is
known that X (w) is a variety of pure dimension [(w) (see loc.cit.) and
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is quasi-affine (see [7]). It is also known that when ¢ > h (where h is
the Coxeter number), then X (w) is affine (see [2, Theorem 9.7]).
The main result we will prove in this note is the following

Theorem 1.3. Let w € W be a minimal length element in the o-
conjugacy class {zwd(x) ™ ;0 € W}. Then X (w) is affine.

Remark. The case where w is a Cozeter element was proved by Lusztig
in [9, Corollary 2.8] in a geometric way and the cases for split classical
groups were proved by Orlik and Rapoport in [10, section 5] by finding a
minimal length element in each §-conjugacy that satisfies the criterion
[2, Theorem 9.7]. Our approach is motivated by the approach of Orlik
and Rapoport. However, a main difference is the way of choosing the
minimal length elements. We will discuss it in more detail in 1.14.

Before discussing the proof of the theorem above, we first recall some
results on the minimal length elements.

1.4. We follow the notations in [6, section 3.2].

Let w,w" € W and j € I, we write w S5 w' if w = sjwd(s;) and
l(w) < l(w). If w=wy,wq, -, w, =w"is a sequence of elements in
W such that for all k, we have wy_q 2)5 wy, for some j € I, then we
write w —5 w'.

We call w,w" € W elementarily strongly d-conjugate if [(w) = l(w')
and there exists x € W such that w' = zwd(z)~! and l(zw) = I(z) +
l(w) or l(wd(x)™') =1(x) + I(w). We call w,w’ strongly d-conjugate if
there is a sequence w = wg, wy, - -+ , w, = w’ such that w;_; is elemen-
tarily strongly d-conjugate to w;. We will write w ~s w’ if w and w’
are strongly d-conjugate.

If w~sw and w —s w’, then we say that w and w’ are in the same
0-cyclic shift class and write w =5 w’. For w € W, set

Cycs(w) = {w' € W;w =5 w'}.

The following result was proved in [5, Theorem 1.1] for the usual
conjugacy classes and in [4, Theorem 2.6] for the twisted conjugacy
classes.

Theorem 1.5. Let O be a §-conjugacy class in W and O, be the set
of minimal length elements in O. Then

(1) For each w € O, there exists w' € Opin such that w —5 w'.

(2) Let w,w' € O, then w ~s w'.

1.6. In general, O,,;, might be a union of several d-cyclic shift classes.
However, for some special d-conjugacy classes, we have a better result.
Let us first introduce some notations.

For w € W, set supps(w) = Up>pd™supp(w). Then supps(w) is the
minimal d-stable subset of I such that w € Wiupp, (w)-
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A d-conjugacy class O of W is called cuspidal if O N W; = & for all
proper d-stable subset J of I.

The following result was proved in [6, Theorem 3.2.7] for the usual
conjugacy classes, in [4, section 6] for twisted conjugacy classes of ex-
ceptional groups and in [8, Theorem 7.5] for twisted conjugacy classes
of classical groups.

Theorem 1.7. Let O be a 6-conjugacy class and w € Onn. Then
(1) If supps(w) = I, then O is cuspidal.
(2) If O is cuspidal, then O, = Cycs(w).

1.8. By [10, Lemma 2.6], if w ~; w’, then X (w) and X (w’) are uni-
versally homeomorphic. In particular, if X (w) is affine, then X (w’) is
also affine for any w’ 5 w. (However, it is unknown if the same result
holds when w' ~s w.)

By [2, Theorem 9.7], to prove our main theorem, it suffices to prove
the following result.

Proposition 1.9. Let C = {u € XV @ R; a;(p) > 0 fori € I} be the
fundamental chamber corresponding to B. Then for any d-conjugacy
class O of W and w' € Oy, there exists w ~s w' and p € XV @ R
such that a(p) > 0 for a > 0 with wa < 0 and F*p—w-p € C.

1.10 Reduction to cuspidal classes. Assume that the Proposition
1.9 holds in the case where O is cuspidal. We will prove now that it
holds in general.

Let O be an d-conjugacy class of W and w' € O.,. Let J =
supps(w’) and O’ be the d-conjugacy class of W, that contains w’.
Then w' € O, and O/ ;. C Opin. By Theorem 1.7 (1), O’ is a cuspidal
d-conjugacy class of W;. Notice that if x € W; and a € ® with a > 0
and za < 0, then a € ®;. By our hypothesis, there exist w € O, and
= c;miw; for some m; € R such that a(u) > 0 for a > 0 with
wa < 0 and ai(F*,u—w-u) >0 foralli e J. Set )\:u+mziww;’
for m > 0. Then a(\) = a(u) for a > 0 with wa < 0.

If i € J, then ai(F*)\—w~)\) = ozi(F*,u—w-,u) > 0.

If i ¢ J, then w™'(w) = o + 3¢, a0; for some a; € N with
> jes i < mo. Hence

ai(F*)\ —w - )\) =qm — w_l(ai)()\) > (q—1)m —ng I?EE?]X|m,~| > 0.

Therefore, to prove Proposition 1.9, it suffices to prove the following
statement.

Lemma 1.11. For any cuspdial 0-conjugacy class O of W, there exists
W € Opin and p € XY @ R such that a(p) > 0 for a > 0 with wa < 0
and F*pu—w-peC.
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1.12 Reduction to irreducible types. Assume that Lemma 1.11
holds in the case where (®, I) is irreducible. We will prove now that it
holds in general.

Step 1. Assume that & = &; U Py U --- U D,, where each ®; is
irreducible and generated by I; = I N®; such that 6(1;) = ;41 fori < r
and 6(7,) = I;. Then W = Wy x Wy x --+ x W, and we may regard
W7 as a subgroup of W in the natural way. In this case, O N Wj is a
cuspidal d"-conjugacy class of W;. Notice that if x € W; and o € &
with a > 0 and za < 0, then @ € ;. By assumption, there exists
W € Opin N W1 = (0N W1)in and pp = -, myw;” for some m; € R
such that a(p) > 0 for a > 0 with wa < 0 and a; ((F*)"p—w-p) >0
for all # € I;. Therefore, there exists ¢; > 0 with (1 — ¢;) sgn(m;) > 0
for all ¢ € I; such that ai(zjeh(F*)”e;_lmjwjv —w - p) > 0 for all
i€l Nowset A\=3_, | S R () muwy. Then a(X) = a(p) > 0
for all > 0 with wa < 0. Moreover, for i € I; and 0 < n < r,
as-ni(F*X = X) = ¢"miel (1 —¢;), if n #0;

i (Sjen, (F) e myw) —w-pp),  ifn=0.

ag—ni(F*A —w - \) = {

Therefore, ag-n;(F*A —w-A) >0foralli €l and 0 < n <r.

Step 2. Assume that & = &y LI ®y, where P, is generated by [, =
Iﬂq)k and 5(Ik) = Ik for k = 1, 2. Then W = W1><W2 and O = 01XOQ,
where O (resp. O,) is a cuspidal d-conjugacy class of Wy (resp. Ws).
By assumption, there exists wy € (Og)min and g = Zieli m;w,;’ for
some m; € R such that a(u;) > 0 for @« > 0 with wza < 0 and
a;(F*pu — wy - ) > 0 for all ¢ € I,. Now set w = (wy, ws) € Opin and
A = py + po. Then a(X) = a(ur) > 0 for a € ¢ with a > 0 and
wa < 0. Also ai(F*)\ —w-\) = ai(F*,uk — wg - pg) > 0 for i € I.

Step 3. Now we consider the general case. Here & = L&’ and
®* = P!, where each ®! is irreducible and generated by I} = I N @}
and for each i, 0 permutes {I JZ} cyclically. So we may apply Step 1 to
each ® and then apply Step 2 to ®. It is easy to see that Lemma 1.11
holds in general.

1.13 Reduction to the condition (J,w;). It is easy to see that the
map w — w~ ! sends an d-conjugacy class O to a §~!-conjugacy class
O*. If O is cuspidal, then so is O*. If w € Oy, then w™! € OF. . We
will prove the following variant of Lemma 1.11.

(a). Let O be a cuspidal § !-conjugacy class. Then there exists
w € Opip and € XV @R such that a(p) > 0 for a > 0 with w™la < 0
and qoy(p) — (wag-1(;))(p) > 0 for all i € 1.

In fact, we will show that for most of the cases,

(b). there exists w € O, and pu € C such that

qoi(p) — (wos-133y) (1) > 0, for all i e I.

The idea is as follows.
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For J C I and z € W% ') get
I(J,2,6™") = max{K C J;Ad(z)0 " (K) = K}.

(In fact, if Ky, Ky C J with Ad(z)d"1(K;) = K; for i = 1,2, then
Ad(l’)é_l(Kl U KQ) = K1 U Kg. Thus {K C J, Ad(x)é_l(K) = K}
contains a unique maximal element.)

By an observation in [8, section 7], for each cuspidal 6~'-conjugacy
class O in a Weyl group of classical type, there exists a maximal subset
JG I, w € W) and a cuspidal Ad(w;)d~'-conjugacy class O’ in
WI(le s-1y such that for any v € Of;,, vw; € Opin. We will see later
in 1.15 that the observation is also valid for exceptional groups.

The following condition plays an essential role in our proof.

Condition (J,w,): there exists m; € Ry for i ¢ I(J,wy,d ) such
that

(M) gail > muw)) = (W) Y mw)) >0

eI (Jawn,0-1) eI (Jaun,0-1)
fori ¢ I(J,wy,071).

Claim. Keep notations as above. Suppose that the condition (J,w;)
is true and that 1.13 (b) holds for (®r(juw, s-1), Ad(wy)6~1,0"). Then
1.13(b) holds for (®7,67*,0).

We simply write K for I(J,w;,d!). By our assumption, there exists

ve O . and m; € Ry for ¢ € I such that for i € K,
10u(3 ) — (vtmngro) (3 )
JEK jeK
= qu; Zm]w (Vw1 ij
JEK jeK
and for i ¢ K,
qo Zm]w (wios-1(5 Zm]w
JEK JEK

Set w = vw; and A = 37 omiw/ +mZJ¢Km]wV for m > 0.
Notice that wi®s-1(xy = Px. Thus for any i ¢ K, wias1) ¢ Pk
and was-133) = VW1Qs-1(;) = Wi1Qs-13) + Z]&K a;jo; for a; 6 Z with
> jex laj] < ng. Now for i € K,

qoi(A) — (was—1 = qu; ij (vwas—1) ij

JEK JEK



6 XUHUA HE
and for i ¢ K,
qai(A) — (was-1)(A)
= m(qai(z mjwjv) - (wloéafl(i))(z mjwjv)) - Z a;in;

jeK jeK jeK
> m(qai(z myw;) — (’wlOé(sfl(i))(Z m;w))) — ng maxm; > 0.
JEK JEK

Therefore the 1.13(b) holds for (®;,571, 0).

1.14. We will show below that except the cases labelled with # (case
12 for type Ejg, case 3 for type Fjy, case 1 for type G, case 2 and case
4 for type 2F}), the condition (J,w;) are satisfied. Hence by induction
on |I|, we can show that 1.13(b) holds for these cases. For the cases
labelled with #, we will prove 1.13(a) instead.

In [10, Lemma 5.4 & Lemma 5.7], Orlik and Rapoport checked the
condition (J,w; ') for type A, and B,,. In fact, in the case where § = id,
the condition (J,w; ') plays the same role in the proof of Lemma 1.11 as
the condition (J,w;) does in the proof of 1.13(a). However, there are
some big difference between the condition (J,w;) and the condition
(J, wy 1). In fact, there are more cases in the exceptional groups in
which the condition (.J, w; ) is not satisfied and for some of these cases,
Lemma 1.11 is not easy to check directly. This is the reason why we
prove 1.13(a) and the condition (.J, w;) instead of Lemma 1.11 and the
condition (J,wi?).

1.15. We use the same labelling of Dynkin diagram as in [1]. We will
use the same list of representatives of minimal length elements for all
the cuspidal 6 ~'-conjugacy classes for the classical groups as in [8, 7.12-
7.22]. For the exceptional groups, we will also list a representative of
minimal length elements for each cuspidal d~'-conjugacy class. The
representatives are presented as vw; for w; € W® ') and v is a mini-
mal length element in the Ad(w;)d~'-conjugacy class of W, s-1) that
contains v. (These representatives are obtained by direct calculation
based on the tables in [6, Appendix B] and [4, section 6]).

Set
o ) SaSam1 sy, if a > b;
a8 0, otherwise .

Type A,

Set J = I —{1}. Here wy; = s, and I(J,wy,67) = 0. The
inequality () is just gm; —m;_1 > 0 for i # 1. So we may take m; = 1
for all 4.

Type 2A4,
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Set J = I — {n}. Here w; = Sjp41-4,1) for some a < 5 + 1 and
I(J,w,67Y) = {a,a+1,---,n — a}. The inequalities (x) are just
qgm; — Mps1—; > 0fori <a—1, gme_1 — Myy1—a — Mpio_q > 0 and
gm; —my_; >0 for n —a <1 < n. So we may take

2, ifi=a—1lorn+1-—a;
m; = .
1 otherwise.

Type B, and C),
Set J =1—{1}.
Case 1. wy, = 5[;1_1@]3[7171} for some 1 < a < n and I(J,w;,071) =
{a+1,a+2, - ,n}. The inequalities (x) are just gm; —m;_1 > 0 for
1 <i<aand gm, —mg1—mg > 0. So we may take m; =1 fori < a
and m, = 2.

Case 2. w; = Sp1) and I(J,wy,671) = 0. The inequalities (x) are
just gm; — m;_1 > 0 for 1 < i < n and gm,, — m,, — em,,_1 > 0, where

1, type By;
€ =
2, type C,,.

So we may take m, = 3 and m; = 1 for i < n.

Type D,, and %D,

Set J=1—{6(1)}.

Case 1. w; = Sin—2.4]5n,1] for some a < n — 2 and I(J,wy,07%) =
{a+1,a+2, - ,n}. The inequalities (x) are just gm; —m;_1 > 0 for
1 <14 <aand gm, —me_1 —m, > 0. So we may take m, =1 for i < a
and m, = 2.

Case 2. w; = Sp1; and I(J,wy,671) = 0. The inequalities (x) are
just gm; —m;—y > 0 for 1 <7 < n— 2, gMsm—1) — Mp—2 — My > 0
and qmg(y) — Mp—2 —my—1 > 0. So we may take m,_; = m, = 2 and
m; =1fori<n—2.

Case 3. wy = Sp—1,1] and I(J,wy,671) = 0. The inequalities (x) are
just gm; —m;—; > 0 for 1 < i < n — 2, gmsp-1) — My—2 > 0 and
qMg(n) — Mp—g —My_1 — My, > 0. So we may take mg,,) = 3 and m; = 1

for i # 6(n).

Type 3D,

Here 67!(s1) = s3, 07 (s3) = s4 and §!(s4) = s1. Set J =1 — {4}.

Case 1. w; = s381 and I(J,wy,07') = (. The inequalities (x) are
just gm; — mg — ms > 0, gms — mq > 0 and gmg — my — my > 0. So
we may take (mq, ma, ms, my) = (3,2,2,1).

Case 2. wy = s31) and I(J,wy,07 ') = {1,2}. The inequality (%) is
just gmg — mg — my > 0. So we may take ms =2 and my = 1.

Case 3. wy = s1525p,1) and I(J,wy, 67 ) = {2, 3}. The inequality (x)
is just gm; — my > 0. So we may take m; = my = 1.
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Type L

Set J =1 — {6}

Case 1. wy = 55, and I(J, wy, 6 ~1) = (). The inequalities (x) are just
gmi—mg > 0, qm2—m1—m3—m4 > 0, gmz—mao—my > 0, gmy—ms >
0 and gms — mg > 0. So we may take (my, mg, mg, my, ms, mg) =
(2,4,3,1,1,1).

Case 2. wy = 53343[?3711} and I(J,wy,071) = (.. The inequalities (x)
are just gmy —my > 0, gmo —mq > 0, gmgz —mo > 0, gmy —mz —my —
ms > 0 and gms —mg > 0. So we may take (mq, mg, ms, my, ms, mg) =
(5,3,2,9,1,1).

Case 3. wy = 52343553543@}1}, I(J,wy,67Y) = {3,4}, Ad(wy) is of
order 2 on I(J,wy,d ') and v = s3 or s3s483. The inequalities () are
just gm; — ms > 0, gms — my > 0 and gms — m; — ms — mg > 0. So
we may take (ml,mg,m5,m6) (3 2,5,1).

Case 4. wy = wowy, I(J,wy,071) = {2 3,4,5}, Ad(w,) is of order 3
on I(J,wy,67') and O’ is cuspidal with (v ) = 8. The inequality (*) is
just gmy —mg > 0. So we may take m; = mg = 1.

Type *Ejs

Set J =1—{1}.

Case 1. wy = sgs[_ﬁ}4] and I(J,wy,d7') = 0. The inequalities (x) are
just gmo —my > 0, gmg—mg > 0, gmy—ms > 0, gms—1mo —msz —my >
0 and gmg — m; > 0. So we may take (mj,ms, ms,my, ms,mg) =
(1,2,1,3,5,1).

Case 2. wy = 545[6 o and I(J, wy, 6 ') = 0. The inequalities () are
just gmo—mg > 0, gmg—mg > 0, gmyg—myg—ms > 0, gms—ms > 0 and
gme —my —mg —my > 0. So we may take (mq, mg, ms, my, ms, mg) =
(1,3,5,3,2,9).

Case 3. wyp = 55543[612 I(J,wy,67 ') = {4} and v = s4. The inequal-
ities (%) are just gmo — m3 > 0, gms — ms — mg > 0, gms — mg > 0
and gmg —mq —ms —ms > 0. So we may take (my, mo, ms, ms, mg) =
(1,3,5,2,7).

Case 4. wy = 8[674]8[_6,12}7 I(J,wy,07Y) = {2,3,4,5}, Ad(w;)d~ " is of
order 3 on I(J,wy,d71), sending sy to s3, s3 to s5 and s5 to so and O’ is
cuspidal with [(v) = 4 or 6. The inequality (%) is just gmg —my —mg >
0. So we may take m; = 1 and mg = 2.

Case 5. w; = 8[573}8[674}8[_6,11]’ I(J,wy,67Y) ={3,4,6}, Ad(w;)d ! is of
order 2 on I(J,wy,07 ') and v = s3s4535¢. The inequalities (x)
gmo —mq > 0. So we may take (ml,mg,mg)) =(1,1,1).

Case 6. w; = 838111)011)0, I(J,wy,67Y) = {5,6}, Ad(w;)d™" acts
trivially on I(J,wy,07") and v = s5s6. The inequalities (x) are just
gms —mq > 0, gmg —msy > 0 and gmy —ms —my > 0. So we may take
(ml,mg,mg,m4) (1,1,1,2)

is just
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Case 7. w; = slwowo, I(Jywy,67Y) = {4,5,6}, Ad(w;)d~! acts
trivially on I(J,wq,67") and v = s 4. The inequalities (x) are just
gmo —mq —mg > 0 and gms — msy > 0. So we may take m; = 1 and
Mmoo = M3 — 2.

Case 8. w; = wowg
always satisfied.

() 6=1(J)

and v = w, . The inequalities (%) are

Type E7

Set J =1—{7}.

Case 1. wy = 5[7 y and I(J, w1, 6 ') = (. The inequalities (x) are
just gm; — mg > 0, gmg — m; —mg — myg > 0, gmz — mg — my > 0,
gmy — msz > 0, gms — mg > 0 and gmg — m7; > 0. So we may take
(ml, Mo, M3, My, M5, Mg, m7) = (2,4, 3, 1, 1, 1, 1)

Case 2. w; = 33545[_7}1] and I(J,wy,67') = 0. The inequalities (x)
are just gm; — myg > 0, gms — mq > 0, gmg — mo > 0, gmyg — mg —
—my — my > 0, gms — mg > 0 and gmg — m7 > 0. So we may take
(ml, Mo, M3, Ty, M5, Mg, m7) = (5, 3, 2, 9, 1, 1, 1)

Case 3. w; = 343385543[_7}1] and I(J,wy,6') = (). The inequalities
(*) are just gm; — ms > 0, gme — my > 0, gmz — mo — my > 0,
2my — ms3 > 0, gqms — my — —ms — mg > 0 and gmg — m7; > 0. So we
may take (ml,mg,mg,m4,m5,m6,m7) (5 3,3,2,4,1,1).

Case 4. w; = 82848385848[7}1}, I(J,wy,0 ) {3 4}, Ad(w) is of
order 2 on I(J,wy,d ') and v = s3 or s3s483. The inequalities () are
just gmqy — ms > 0, gmo — my > 0, gqms — mo — mz — mg > 0 and
gmg — my > 0. So we may take (ml,mg,m5,m6,m7) (3,2,5,1,1).

Case 5. w; = 3334523[573}3[674}5[_7’11], I(J,wy,67Y) = {4} and v = 84.
The inequalities (%) are just gm; — mg > 0, gma — my — mg > 0,
gmsz —mg > 0, gms — mo > 0 and qgmg — m3 — ms — mg — my7 > 0. So
we may take (ml,mg,mg,m5,m6,m7) (7,5,2,3,7,1).

Case 6. wy = 515354525[5,3)5[6,4] S [711 I(J,wy,0 ) {2,3,4,5}, Ad(w,)
sends s to s, as to as, ay to ay, as to ay and O is cuspidal with
l(v) = 4, 6 or 8 The inequalities (%) are just gm; — mg > 0 and
gme —mi — mg — my > 0. So we may take (ml,mG,m7) (3,5,1).

Case 7. wy = 3254333554523[673}5[77415[1’7], I(J,wy,d ) = {3, 4 5,6},

Ad(w,) is of order 2 on I(J,wy,d!) and v = wéuwl’6 . The inequal-
ities (%) are just gm; — my; > 0 and gms — my — mg > 0. So we may
take m; = my; = 1 and mq = 2.

Case 8. w; = 5[6,4]s[})’l2]sls3s4s2s[673}5[7,415[_7’11], I(J,wy,071) ={2,3,4,5},
Ad(w,) is of order 2 on I(J,w;y,d7 1) exchanging az and a5 and v =
S3855483555452. The inequalities (%) are just gm; — mg — m; > 0 and
gme —my > 0. So we may take (my, mg, m7) = (2,2,1).

Case 9. w; = wowy and v = wy. The 1nequaht1es (x) are always
satisfied.
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Type Es

Set J =1 — {8}

Case 1. wy = sz, and I(J, wy, 6 ~1) = (). The inequalities (x) are just
gmi—mg > 0, qm2—m1—m3—m4 > 0, gmz—mao—my > 0, gmy—ms >
0, gms — mg > 0, gmg — m7 > 0 and gm; — mg > 0. So we may take
(m1, mg, m3, My, M5, Mg, M7,

ms) = (2,3,4,1,1,1,1 1)

Case 2. wy = 33345[8 y and I(J,wy, 6 ~1) = (). The inequalities (*) are
just gmi—my > 0, gmao—my > 0, gmz—meo > 0, gmy—msz—my—ms > 0,
gms — mg > 0, gmg — my > 0 and gm; — mg > 0. So we may take
(ml, Mo, M3, My, M5, Mg, m7, mg) = (5, 3, 2, 9, 1, 1, 1, 1)

Case 3. wy, = 545533345[8 3 and I(J, w1,5_1) = (). The inequalities
(%) are just gmy; — ms > 0, gmg — my > 0, gmsz — my — my > 0,
qgmyg —mg > 0, gms —myg —ms —mg > 0, gmg —my > 0, gmy; —mg > 0.
So we may take (ml,mg,mg,m4,m5,m6,m7,m8) (5,3,3,2,4,1,1,1).

Case 4. w; = 82848385848[_8711}, I(J,wy,67Y) = {3,4}, Ad(wl) is of
order 2 on I(J,wy,071) and v = s3 or s3s483. The inequalities (x) are
just gmq—mg > 0, gmo—my > 0, gms —mo—ms—mg > 0, gmg—my7 >
0 and gm; — mg > 0. So we may take (my, mg, ms, mg, my,mg) =
(3,2,5,1,1,1).

Case 5 Wy = 8452553156, 4}5[8 I and I(J,wy,67%) = 0. The inequal-
ities (%) are just gm; — mg > 0, gmg — my > 0, gmg — myz > 0,
qgmyg —msz —my > 0, gms — mg > 0, gmg — myg — ms — mg — my > 0,
gmz; — mg > 0. So we may take (my,ma, ms, my, ms, Mg, M7, Mg) =
(9,5,2,3,3,17,1,1).

Case 6. w; = 8384828[573}8[6,4]8[;’11], I(J,wy,67 ') = sqand v = s4. The
inequalities () are just gm;—mg > 0, gma—my—mg > 0, gmz—ms > 0,
gms —mg > 0, gmg — m3 — ms — mg — my > 0 and gm; — mg > 0. So
we may take (mq, ms, ms, ms, mg, my, mg) = (7 5,2,3,13,1,1).

Case 7. wp = 818384828[5 3]8[64}8[811 I(J wl, ) {2 3 4 5} Ad(wl)
sends ap to a3, a3 to as, ay to ay and as to ap and O is cuspidal with
l(v) = 2,4, 6 or 8 The inequalities (x) are just gm; — mg > 0,
gme — mqy — mg — my > 0 and gmy; — mg > 0. So we may take
(mq, mg, m7, mg) = (3,5,1,1).

Case 8. w; = 84838584828[673}8[774}S[;ll], I(J,wy, 671 = {3,6}, Ad(w,)
is of order 2 on I(J,wy,0) and v = s3. The inequalities (x) are just
qgmi — my > 0, gmo — mqy — my > 0, gmg — ms > 0, gms — my —
my > 0 and gqmy; — my — ms — m7; — mg > 0. So we may take
(ml, Mo, My, M5, M7, mg) = (8, 6, 3, 5, 15, 1)

Case 9. w; = 3254333554523[673}5[7,415[;’11], I(J wy, 071 = {3,4,5,6},
Ad(w,) is of order 2 on I(J,wy,07') and v = s354 Or $4858453 oOr
wé(‘]’wl’é). The inequalities () are just gm;—mz > 0, gma—mi—my > 0

and gmy; — mg — my; — mg > 0. So we may take (my, mo, my,mg) =
(4,5,7,1).
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Case 10. w; = 85848[_7712]818384828[573}8[6,4]8[;711], I(J,wy, 671 = {2,4},
Ad(w,) acts trivially on I(J,w;,d7') and v = s38,. The inequalities
(*) are just gm; — my > 0, gmgz — ms — mg > 0, gms — m3 > 0,
gme —mq > 0, gm7; — mg — 2ms — mg — m7y — mg > 0. So we may take
(mq, ms, ms, mg, myz,mg) = (17,7,4,9,33,1).

Case 11. w1 = 8[671}84838584828[673}8[774}8[;’11], ](J wl, ) {2 3 4 5}
Ad(w,) is of order 2 on I(J,w;y,d~ 1) exchanging az and a5 and v =
$28485 OF S4555384825553. The inequalities (x) are just gmq —mg—my; >
0, gmg — my > 0 and gm; — 2mg — m7; — mg > 0. So we may take
(my, mg, mz, mg) = (9,5,12,1).

Case 12 #. w; = S[7,154535554525[6,3)5[7,4] [811 I(J,wy, 674 =1 —
{7,8}, Ad(w,) is of order 2 on I(J,wy,6 ') and O is cuspidal with
l(v) = 12, 14, 16, 18 or 36. In this case, the inequalities (*) is never
satisfied if ¢ = 2. However, notice that w; v tag = w;'ag > 0 for
all v € Wiy, 6-1). Thus if we choose v to be a representative listed
above in type 2Eg and mq, ma, - -+, mg be the corresponding positive
numbers there and take my; > —mg > maXi:1727...76{m7;}, then one can
see that 1.13(a) holds for w = vw1 and =30 m; w

Case 13. wy, = S[6.41S 6, 2}5[7413[6 2}315354323[5 3)5[s, 4}3[81 I(J wy, 07 =
{2,3,4,5,7}, Ad(w;) sending as to asz, az to as, ay to ay, as to s,
ar to ay and O’ is cuspidal with {(v) = 9. The inequalities (%) are
just gmq — mg — mg > 0 and gmg — m; — mg > 0. So we may take
(ml, me, mg) = (3, 4, 1)

Case 14. w; = 8384828[_715}8[_614} [313] [_311] [4,1]S]5, 3}8[64]828[73}8[874}8[;711],
I(J,wy,67Y) = {4,5,6,7}, Ad(w;) acts trivially on I(J,wy,d~ ") and
v = s[74. The 1nequahtles (%) are just gm; — m3 — mg > 0, gmy —
my —msg > 0 and gms — my > 0. So we may take (ml,mg,mg,mg) =
(3,3,2,1).

Case 15. wy = 515354525[_715} [;314153545;111}5[5 1]54535[6,4) S25[7, 3}5[&4}5[;’11],
I(J,wy,67Y) =12,3,4,5,6,7}, Ad(w,) is of order 2 on I(J,wy, ') and
v = 83848[5}2}8[674} [7}2] or 5[4}2] [5’121545[572}5[67415[772]. The inequality (x) is
just gm; — mq — mg > 0. So we may take m; = 2 and mg = 1.

Case 16. Wy = 8[771}84838584828[673}8[774}S[_7711]8[871]84838584828[673]8[774]8[;711},
I(J,wy, 071 = {1,2,3,4,5,6}, Ad(w;) acts trivially on I(J,wy,d™ 1)
and O is cuspidal with [(v) = 24. The inequality (x) is just gm; —
my7 —mg > 0. So we may take m; = 2 and mg = 1.

Case 17. w; = wowy and v = wy. The inequalities (*) are always
satisfied.

Type F)
Set J =1 — {4}.
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Case 1. wy = sy, and I(J,w,67") = 0. The inequalities (x) are
just gmg — my > 0, gmg — mg — m3 — my > 0 and gmy — mg > 0. So
we may take (ml,mg,mg,m4) (1, 1,5 3).

Case 2. wy = s3825p4,1) and I(J,wy,0') = 0. The inequalities (x) are
just gmo —mq —ms —2mgz > 0, gmz —my > 0 and gmy —msy —ms > 0.
So we may take (ml,mg,mg,m4) (1 12,5,9).

Case 3 #. wy = 5953525p41], L(J, w1, 0 ) {3,4}, Ad(w) is of order
2on I(J,wy,07 1) and v = s3 or s3s4s3. In this case, the inequalities (*)
is never satisfied if ¢ = 2. However, notice that w; 'v"'a; = wy oy > 0
for all v € Wy(j,,6-1). Thus if we choose v to be a representative listed
above in type 24, and mg, my be the corresponding positive numbers
there and take my > —m; > max{ms, m4}, then one can see that
1.13(a) holds for w = vw,; and p = 3"+ 1 1 w, .

Case 4. w; = s311838281], L(J,wy,07") = {2} and v = s,. The
inequalities (%) are just gms — ms — my > 0 and gmy — m; — msz > 0.
So we may take (mq, mg,my) = (1,4, 3)

Case 5. wy = sg1)8352511], 1(J,wi,07) = {2,3}, Ad(w1) acts triv-
ially on I(J,wy,d ') and v = s983 Or $9835253. The inequality (x) is
just gmyg — mq — my > 0. So we may take m; = 1 and my = 2.

Case 6. wy = slwowg(‘]), I(J,wy,67) = {3,4}, Ad(w,) acts trivially
on I(J,wy,07 ") and v = s3s4. The inequality (x) is just gmg — my —
mg > 0. So we may take m; = 1 and mo = 2.

Case 7. w; = wowy and v = wJ. The inequalities (x) are always
satisfied.

Type G

Set J = {1}.

Case 1 8. wy = 5189 and I(J,wy,d71) = (. In this case, the inequal-
ities (*) is never satisfied if ¢ = 2. However, take my > —my > 0, then
1.13(a) holds for wy and p = mywy + m2w2

Case 2. w; = 81598189 and I(J,wy,0 ') = (. The inequality (*) is
just gmq; — mq — mo > 0. So we may take m; = 2 and my = 1.

Case 3. w; = wo and I(J,wy,6 ') = . The inequalities (*) are
always satisfied.

Type *B,

Set J = {1}.

Case 1. w; = s; and I(J,wy,67 ') = (). The inequality (x) is just
gmi —myq — mg > 0. So we may take m; = 3 and my = 1.

Case 2. w; = 818951 and I(J,wy, 67 1) = (). The inequality () is just
gmi — mg > 0. So we may take m; = mo = 1.

Type %G,
Set J = {2}.
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Case 1. w; = so and I(J,wy,07 ') = (). The inequality (x) is just
gmo — myq — mg > 0. So we may take m; = 1 and mq = 2.

Case 2. wy = 898189 and I(J,wy,071) = (). The inequality (*) is just
gmo — 2mq — mg > 0. So we may take m1 =1 and my = 3.

Case 3. w; = 5951528152 and I(J,wy,071) = (). The inequality (*) is
just gmo — mq > 0. So we may take m; = mo = 1.

Type *F,

Set J =1 — {4}.

Case 1. wy = s3s1 and I(J,wy,6') = 0. The inequality (*) are just
gmy —my > 0, gms —mo —mg > 0 and gms —my > 0. So we may take
(ml,mg,mg,m4) (1 3 1 1)

Case 2 . w; = = $98(3,1] and I(J,wy,d ) = (). In this case, the
inequalities () is never satisfied if ¢ = /2. However, take —my >
my = m3 > my > 0, then 1.13(a) holds for w; and = 31, mw).

Case 3. wy = 51525[3,1], I(J wy, 671 = {2,3}, Ad(w;)d" is of order
2 on I(J,wy,671) and v = sy or s3835,. The inequality (x) is just
gmyi —mq —my > 0. So we may take m; = 3 and my = 1.

Case 4 . wy = s[31]525352514,1] and I(J, wy,071) = 0. In this case,
the inequalities (*) is never satisfied if ¢ = v/2. However, 1.13(a) holds
for w = wy and p = 3wy + wy + 3wy — 3wy

Case 5. w1 = S95[3, 1}8283828[41 I(J,wy,0) = {1,3}, Ad(wy)d ! is
of order 2 on I(J,wy,07') and v = s5. The inequality (*) is just
gms — mg — my > 0. So we may take mo = 3 and my = 1.

Case 6. w, = wowgfl(‘] I(J,wy, 671 = {2,3}, Ad(w; )0~ is of order
2 on Wi(juw,s-1) and v = s35355. The inequality () is just gmy —my >
0. So we may take m; = my = 1.
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