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PROJECTED RICHARDSON VARIETIES AND AFFINE SCHUBERT
VARIETIES

XUHUA HE AND THOMAS LAM

ABSTRACT. Let G be a complex quasi-simple algebraic group and G/P be a partial
flag variety. The projections of Richardson varieties from the full flag variety form a
stratification of G/P. We show that the closure partial order of projected Richardson
varieties agrees with that of a subset of Schubert varieties in the affine flag variety of
G. Furthermore, we compare the torus-equivariant cohomology and K-theory classes of
these two stratifications by pushing or pulling these classes to the affine Grassmannian.
Our work generalizes results of Knutson, Lam, and Speyer for the Grassmannian of type

A.

1. INTRODUCTION

Let G be a complex quasi-simple algebraic group, B, B~ C G be opposite Borel sub-
groups, and T'= B N B~ the maximal torus. The flag variety G/B has a stratification
G/B = X, = UX" by Schubert cells X, = B~wB/B and opposite Schubert cells
X" = BwB /B. The intersections ij) — X, N X" are known as open Richardson vari-
eties, and also form a stratification of G/B. The closure of )2';’) is the (closed) Richardson
variety X" = X" N X, where X,, = B~wB/B is a Schubert variety and X" = BuvB/B
is an opposite Schubert variety.

Let P C B be a fixed parabolic subgroup, and 7 : G/B — G/ P denote the projection.
The open projected Richardson varieties 1Y, = w(X?) form a stratification of G/P (for
suitable w and v). Its closure I1Y = w(X?) is called a projected Richardson variety and
was studied by Lusztig [31] and Rietsch [38] in the context of total positivity, and by
Goodearl and Yakimov [12] in the context of Poisson geometry. Projected Richardson
varieties enjoy many desirable geometric properties: Knutson, Lam, and Speyer [21] (see
also Billey and Coskun [I]) showed that they are Cohen-Macaulay, normal, have rational
singularities and are exactly the compatibly Frobenius split subvarieties of G/P with
respect to the standard splitting.

Our main results are combinatorial, cohomological, and K-theoretic comparisons be-
tween the projected Richardson varieties II!, and the affine Schubert varieties of the affine

flag variety Fl of G. These results generalize work of Knutson, Lam, and Speyer [20]
in the case that G/P is a Grassmannian of type A. The techniques of our proof dif-
fer significantly from those of [20]. In particular, the proof of the cohomological part
of [20] appears to only extend to cominuscule G/P. A more geometric comparison in
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the Grassmannian case was performed by Snider [39] who also recovered our K-theoretic
comparison in the case of the Grassmannian.

On the combinatorial side, we compare two posets. One is obtained from the closure
order of projected Richardson varieties, which we denote by @ ;. It was first studied
by Rietsch [38] and Goodearl and Yakimov [12]. The other one is the admissible subset
Adm(\) associated to a dominant coweight A, mtroduced by Kottwitz and Rapoport in

[24]. Tt is a subset of the Iwahori-Weyl group W and the Bruhat order on W gives a
partial order on Adm(\). One important result in the study of Shimura varieties is that
the special fiber of the local model is a union of finitely many opposite affine Schubert
cells Twl/I in the affine flag variety, where w runs over the admissible set Adm(\) for
the Shimura coweight A. See [34] and [43].

In this paper, we define an injection 6 : @; — Adm(\). Our combinatorial theorem
states that € is order-reversing and the image is the W x W-double coset of the translation
element t~*. In the special case where )\ is a minuscule coweight, 6 gives an order-reversing
bijection between (); and Adm(\). The proof relies on properties of the Demazure, or
monoidal product of Coxeter groups, studied for example by He, and He and Lu in
[15], 16l [18]. In Section Bl we describe some applications of our result to the combinatorial
properties of the poset @), and to the enumeration of Adm(\) for minuscule coweights
A. We also give a closed formula for the number of rational points of the special fiber of
local model for “fake” unitary Shimura varieties. The order-reversing bijection between
@, and Adm(\) also plays an important role in the proof of the normality and Cohen-
Macaulayness of local models [17].

In fact, our combinatorial theorem naturally extends to th(i\comparison of a larger
partial order on W x W7 O Q7 with a W x W-double coset in W. This partial order on
W x W arises as the closure partial order of a stratified space Z;, studied by Lusztig
[32]. In Section 1] we give maps between these stratified spaces which in part explains
the combinatorial theorems.

Now let Gr = G(K)/G(O) denote the the affine Grassmannian of G, where K = C((t))
and O = C[[t]]. Let Gr) C Gr denote the closure of the G(O)-orbit containing the torus-
fixed point t~* labeled by —\. The dense open orbit G(O)t~*G(0)/G(0) is an affine
bundle over G/P and we let p : G/P — Gr) denote the composition of the zero section
with the open inclusion G(0)t=*G(0)/G(0) C Gry. Our K-theoretic theorem states
that in Kr(Gry) we have

(1) pe([On]) = ¢* (")

where [On:] € Kr(G/P) and P?@¥) ¢ Kp(Fl) denote the K-theory classes of the
structure sheaves of projected Richardson varieties and affine Schubert varieties respec-
tively, and ¢ is induced by the composition of the inclusion Gry — Gr, with the maps
Gr~ QK — LK — LK/Tg ~ FIl. Here K C G denotes the maximal compact subgroup,
Tk C T the compact torus, and LK and QK are the free loop group and based loop
group. The same formula (II) holds for torus-equivariant cohomology classes. The proof
of the K-theoretic comparisons (Section [B]) relies on the study of equivariant localiza-
tions. We utilize the machinery developed by Kostant and Kumar [23] where equivariant
localizations of Schubert classes in both finite and infinite-dimensional flag varieties are
studied.

In Section B.6] we use our K-theory comparison to prove a conjecture of Knutson,
Lam, and Speyer [20] stating that the affine stable Grothendieck polynomials of [26] 27]
represent the classes of the structure sheaves of positroid varieties in the K-theory of the

Grassmannian. In Section (.7 we explain the implications, in the case of a cominuscule
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G/ P, towards the comparison of the quantum K-theory of G/P and the K-homology
ring of the affine Grassmannian.

Acknowledgements. The authors would like to thank Allen Knutson, Ulrich Gortz,
Jiang-Hua Lu, Leonardo Mihalcea, David Speyer, and John Stembridge for related discus-
sions. We also would like to thank the referee for careful reading and valuable suggestions.

2. COMBINATORIAL COMPARISON

2.1. Let G be a complex connected quasi-simple algebraic group. Let B, B~ be opposite
Borel subgroup of G and T'= B N B~ be a maximal torus. Let @) be the coroot lattice
and P be the coweight lattice of G. We denote by P* the set of dominant coweights and
Qt = QN PT. Let («;);es be the set of simple roots determined by (B, T). Let R (resp.
R*, R™) be the set of roots (resp. positive roots, negative roots). We denote by W the
Weyl group N(T')/T. For i € S, we denote by s; the simple reflection corresponding to
1. For a € R, we let r, denote the corresponding reﬂeic\tion.

Let W, = @Q x W be the affine Weyl group and W = P x W be the Iwahori-Weyl
group (sometimes also called the extended affine Weyl group). It is known that W, is a
normal subgroup of W and is a Coxeter group with generators s; (for i € S = S U{0}).
Here s; (for i € S) generates W and sy = 7% sy is a simple affine reflection, where 6 is
the largest positive root of G. We emphasize that W, which serves as the key indexing
set in the sequel, depends on G and not just R. -

Following [19], we define the length function on W by

(a) ((Pw) = > |06 )| + > [0 @) + 11

acRtw—l(a)eRt acRtw—l(a)eR™

For any proper subset J of S, let W, be the subgroup generated by s; for i € J and w,
be the maximal element in W;. We denote by W’ (resp. 7 W) the set of minimal length
representatives in W/WJ (resp. WJ\/W\) For J,K C S, we simply write W* N KW as
KYW7 . 1f moreover, J, K C S, then we write W” for W N W‘], KW for W N KW and
KW for W N EW7. For any w € W, the coset W w contains a unique minimal and
a unique maximal element. We denote by min(W,w) and max(W w) respectively. The
elements min(wW;) and max(wW;) are defined in a similar way.

Let 2 be the subgroup of length-zero elements of W. The Bruhat order on W, extends
naturally to W, Namely, for wy,wy € W, and 11,75 € ), we define mw; < mw, if and
only if 71 = 7 and w; < we in W,,.

2.2. Now we introduce three operations * : WxW — /W, >: W x W — W and

a: W x W = W. Here * is the Demazure, or monoidal, product and following [21] we
call > and < the downwards Demazure products. They were also considered in [18] and
[16] and some properties were also discussed there.

We describe x xy, x>y and x <y for x,y € W as follows. See [15, Lemma 1.4].

(1) The subset {uv;u < z,v < y} contains a unique maximal element, which we
denote by z x y. Moreover, x xy = u'y = zv' for some v’ < x and v/ < y and {(x xy) =
() + Uly) = £(x) + ().

(2) The subset {uy;u < z} contains a unique minimal element which we denote by
x> y. Moreover, x>y = u"y for some v’ < z with {(z>y) = l(y) — ((u”).

(3) The subset {zv;v < y} contains a unique minimal element which we denote by
x <y. Moreover, x a4y = xv” for some v" < y with £(z<y) = l(x) — £(v").
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Now we list some properties of *, > and <.

(4) If 2/ < x and v’ <y, then 2’ x ¢y’ < x *y. See [16, Corollary 1].

(5) If 2’ < z, then 2’ 9y < x<y. See [16, Lemma 2].

(6) z < z*yif and only if z<y™! < x if and only if 71> 2 < y. See [I8, Appendix].
(7) If J is a proper subset of S, then min(W;z) = wy > x, min(zW;) = z < wy,
max(Wx) = wy x x and max(zW;) = z x w,.

2.3. In the rest of this section, we fix a dominant coweight A. Set J = {i € S;(\, ;) =
0}. Any element in Wt W C W can be written in a unique way as y¢t—>z~! for x € W
and y € W. In this case, {(yt 2z~ !) = £(t7*) + {(y) — £(z). The maximal element in
Wt W is wgt™ and the minimal element is t~*w wyg.

Proposition 2.1. Let z,2' € W’ and y,yy/ € W. Then the following conditions are
equivalent:
(]) y/t—A(x/)—l < yt‘Aa:_l;
(2) There exists u € Wy such that y'u <y and zu™' < a';
(8) There ezists v € Wy such that y' < yv and xv < .

Proof. (1) = (2): Since ((yt2x~ 1) = £(t 27 1) +£(y), we have that yt 2z ~! = yxt "z~ L.
By (6), y~t> (¥t 2)) < t7*z7L. In other words, there exists z < y such that
2yt 2') 7 <7271 Now we have that

max(z 'y W)t = max(z '/t (o)) T'W) < max(t W) = w it

Therefore max(z~'y'W;) < wy and 27y € W;. We denote (y')"'2 by u. Then
u€ Wy, yu=z2<yand u 't 72(a')! <t *z71. We have that

u M) T = (Trwsws) (wswuTH (@)Y and e = (Trwjws) (wsw .
Moreover,

Cu™ M) = () + () — £(a)

= ((t 7 wywg) + Lwswy) + O(u) — (")
=t wywg) + Lwg) — L(wy) + 0(u) — (")
= ((t M wywg) + U(wg) — Lwgu™t) — £(z)

= ((tPwyws) + Lwg) — L(wyu ()71

= ((t wyws) + Lwswyu () 7).

Similarly, ¢(t 2~ ) = ((t P wyws) + Hwswyzt).

From u~'t7*(2')™! < t?27! we deduce that wswyu=t(z')"! < wswyz~!. Hence
wyu () 2wyt and rw; < Puwy. By 221 (5),
rut = (zwy) < (wyut) < (Fuwy) < (wut) <o

(2) = (1): We have that yt 27! = y(t *wyjws)(wswyr™t) and L(yt—*x~1) = ((y) +
((t P Mwyws) + Lwswyr?)
Since xu~! < 2/, we have that

rwy = (zu ) (vwy) < 2’ * (vwy) = r'uw;.
Thus wswyz™' > wswyu~t(z')~L. Also we have that y'u < y. Therefore
Yt @)t = (Yu) (Mo ws ) (wgwgu (@) ) <yt wpws) (wswa?)

= yt_)‘x_l.



(2) = (3): Since y'u <y, by 22 (4) ¥ < yuxu~' < yxu"l. In other words, there
exists v < u~! such that ' < yv. Notice that v € W;. Hence v € W;. Since x € W7, we
also have that zv < zu™! < 2.

(3) = (2): Since 3 < yv, by 22 (5) 3 <v™! < yv<v™! < y. In other words, there
exists u < v~! such that y'u < y. Notice that v € W;. Hence u € W;. Since x € W7,
we also have that zu~ ! < zv < 2. O

2.4. Define the partial order < on W7 x W as follows:
(',y') < (z,y) if and only if there exists u € W such that z'u < z and y'u > y.
Define Q; = {(z,y) € W/ x W;y < z}. Then (Q, =) is a subposet of (W7 x W, <).
We shall show in Appendix that @ is the same poset as the one studied in [38, [12].
Following [24], we introduce the admissible set as

Adm(—wg)) ={z € W:z <t for some w € Wwt.

Here —wgA is the unique dominant coweight in the W-orbit of —\.
Now we have the following result.

Theorem 2.2.
(1) The map

WY x W — Wt W, (z,y) > yt !

gives an order-preserving, graded, bijection between the poset (W7 x W, <) and the poset

(Wt2AW, <P). Here < is the opposite Bruhat order on the Iwahori-Weyl group W .
(2) Its restriction to Q; gives an order-preserving, graded, bijection between the posets
(Qy,=) and (WtW N Adm(—wg\), <°P).

Proof. (1) is just a reformulation of the Proposition 2.l Now we prove (2).

If (z,y) € Qy, then y < x. Hence yt o7 ! < at 22! = 7% So yt227! €
Adm(—wgA). On the other hand, if yt=*z~! € Adm(—wg)), then yt 2z~ ! < 7 =
wt ™ Mw~! for some w € W7. Again by Proposition 1] there exists u € W such that
y < wu < x. Therefore (z,y) € Q. O

Theorem 2.2)(2) generalizes [20, Theorem 3.16].

3. APPLICATIONS

3.1. It is a classical result of Bjorner and Wachs [3] that intervals in the Bruhat order of
a Coxeter group satisfy nice combinatorial properties known as thinness and shellability.
Verma [40] showed that the same intervals are Eulerian. Dyer [10] extended these results
by showing that these intervals and their duals were more generally EL-shellable. For the
definitions of these combinatorial properties, we refer the reader to [2]; they will not play
a role elsewhere in this paper.

Since Theorem identifies each @); with a convex subposet of (dual) affine Bruhat
order we immediately obtain

Corollary 3.1. The poset (Q; is thin, Fulerian, and EL-shellable.

This result was first established by Williams [41], who proved the more general result

that the poset obtained from ); by adjoining a maximal element is shellable.
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3.2. Recall that a nonzero dominant coweight \ is called minuscule if (X, 0) = 1, where
0 € RT is the highest root. Now we discuss the length-generating function F)(q) of the
admissible set Adm(—wg)\) for a minuscule coweight A. By definition,

Fi(q) = Z g™

weAdm(—wgA)

This is the number of IF -rational points of the union of all opposite affine Schubert cells
corresponding to the admissible set, where IF, is the finite field with ¢ elements. It is
proved in [34] and [43] that this union is the special fiber of the local model of Shimura
variety.

Now by Theorem 2.2, Fi(q) = >_(, ,)c0, W) = D @)@y g2+ =@ where p
is the half sum of the positive roots of G.

On the other hand, as we’ll see in the appendix, (@, <) is combinatorially equivalent
to the poset of totally nonnegative cells in the cominuscule flag variety G/P; (that is,
a partial flag variety G/P; where J = {i € S;(\, ;) = 0} for a minuscule coweight ).
The dimension of the cell corresponding to (x,y) € @, is £(x) — {(y). Let

A= Y

(xvy)te

be the rank generating function of totally nonnegative cells in G/P;. Then we have that

(2) Fi(q) = ¢™* Ay(q7").

In particular, the cardinality of Adm(—wgA) is Fy(1) = A;(1). When G is of classical
type, the numbers A;(1) and in some cases also the generating function A;(q) have been
calculated:

3.2.1. Type A. Let Axn(q) = As(q) where G/ Py is the Grassmannian Gr(k,n) of k-planes
in n-space, and similarly define Fj ,,(q). Postnikov [35] calculated Ay, (1) and Williams
[42] established the formula

Anla) = ¥ (1) (”) (@Tk = Tk — i + 17 — g® ik — 4 — 1]k — i)

- 1
=0

which by ([2) gives
k—1 n
ka(Q) — (_1)Z< ) <qz(nfk+1)[k - Z]Z[/{? — + 1]n71 _ anrmsz[k Y 1]Z[k - i]nfz).

Here [i{] =1+ ¢+ -+ + ¢"~! denotes the g-analog of 1.
In particular,

Finlt) = (1) @ (b =)k =i+ 1" = (k=i = 1)'(k — 1)),

=0

The formulas for Fy ,,(1) and F5 (1) was first established by Haines in [I3 Proposition
8.2 (1) & (2)].
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3.2.2. Type B. Let Fp,(q) denote Fy(q) for A = wy the unique minuscule coweight when
G is adjoint of type B. Similarly define Ag (q).

Proposition 3.2. We have

w14+ (=q¢—3¢")z+ (—q+5¢* + 4¢*)2® + ¢*(—2 — 5q — 3¢*)x® + ¢°[2]%2*
2 Fo (@ = 00— @+ 01— [2Pr + F2le?) |

n>0

Proof. Using the combinatorial description in [30, Section 9], we have the recursion

ABn+1 (q) =14+ (1+q)Ap,(q) + Z;nJrl(q)

for n > 1, where as in [30, Proposition 11.1], b,(q) = D (wswr4)eQ, q‘wsws)=tW)  Thig
gives

n l;(x,q) —(1+qz+ %
2 As. ()" = 1—(1+q)z

n>0

where b(z,q) = > om0 by(q)z™, and we have used the initial conditions Ap,(¢) = 1 and

Ap, (q) = 2 + q. Substituting the generating function for l;n(q) given in [30, Proposition
11.1], and using (2)) gives the stated result. 0

3.2.3. Type C. Let F¢, (q) denote F)(q) where A = w,/ is the unique minuscule coweight
when G is adjoint of type C. Haines [I3, Proposition 8.2 (3)] showed that Fg, (1) =
Sor 02" 'nl/dl, which is the greatest integer less than 2"nly/e. This calculation was also
done by Lam and Williams [30), Proposition 11.3] where it is shown that Fg, (1) satisfies
the recurrence Fg, (1) = 1 and F,,, (1) =2(n + 1)F¢, (1) + 1.

3.2.4. Type D. Let Fp,(q) denote Fy(q) where A\ = wy is the minuscule coweight for
G simple of type D, such that G/Pj; is an even dimensional quadric. Similarly define

Ap, (q)-

Proposition 3.3. We have

ZFDn(q)x" =

n>0

1
(1= )1 — (g + o)1 — 222 + @ 22?)

1—(q+3¢*)z— (> —¢*—4¢")2° = (2¢+3¢° —2¢° —8¢* —2¢°+3¢°) 2°+ (2¢°+3¢" —3¢° —9¢° —4¢" +¢%)2* — (¢°—3¢°—2¢°) 2"

Proof. Using the combinatorial description in [30, Section 9], we have the recursion

Apoi(q) =14 (1+q)Ap, (q) + dus1(q)

~

for n > 2, where as in [30, Proposition 11.2], du(q) = 3= (su, 1)c0, g“wsw) =4 Declaring

the initial conditions Ap,(q) = 1, Ap,(q) = 2+q, and Ap,(q) = 4+4q+¢* and proceeding
as in the proof of Proposition 3.2 we obtain the stated result. O

3.2.5. Type D. The other minuscule coweights for type D give the even orthogonal Grass-
mannians. The authors do not know of a calculation of F\(g) in this case. Part of the

enumeration is done in [30, Theorem 11.11].
7



4. GEOMETRIC COMPARISON

4.1. In this section, we explain some geometry behind the combinatorial comparison.
Here we consider three stratified spaces.

Let J C S and A € PT be related by J = {i € S;(\, a;) = 0}. Let P; be the
standard parabolic subgroup of type J and L; the standard Levi subgroup. Let Up, be
the unipotent radical of P;. Let P; be the variety of parabolic subgroups conjugate to
Pj. Then it is known that P; = G/P;.

The first stratified space we consider is the partial flag variety P; = G/P;. By [31]
and [38], G/P; = I_I(x,y)eQ(,f[?”j where ng = W(X;) are the open projected Richardson
varieties. For any (z,y) € @, the closure of H?”j is the union of Hg/l, where (2/,y") runs
over elements in @)y such that (2/,vy") < (z,y).

The second stratified space we consider is the variety Z; introduced by Lusztig in [32].
By definition,

Z; = (G x G)/Ry,

where Ry = {(lu,lu');l € Ly, u,u’ € Up,}.
For (z,y) € W/ x W, we define

[J, 2,y = (B x B)(x,y)R;/R; C Z;.

By [18, 2.2 & 2.4], Z; = Uy pew xwl/, z,y]" and the closure of [J,z,y]"~ in Z;
is the union of [J,2/,y']"™~, where (z/,y') runs over elements in W“ x W such that
(@, y') 2 (z,y).

The third stratified space is contained in the loop group G(K). Let O = C[[t]] and
O~ =C[t™']. Let I be the inverse image of B under the map p* : G(O) — G by sending
t to 0 and I~ be the inverse image of B~ under the map p~ : G(O~) — G by sending
t=! to 0. Then we have that G(O~)t"*G(O) = Uyepi-rw I wl. The closure of I-wl in
G(07)t"*G(0) is the union of I-w'I, where w’ runs over elements in W¢~*W such that

w < w' for the Bruhat order on W,

We define f : G(O)t*G(O) — Zy as f(gtg)™") = (p™(g),p (9))Rs/R; for
g € G(O7) and ¢’ € G(O). Note that there is more than one way to write an element
in G(O7)t7*G(0) as gt *(g')~! for g € G(O7) and ¢’ € G(O). Thus we need to check
that the map f is well-defined.

Lemma 4.1. The map f is well-defined.

Proof. Let I, = ker(pt) and I; = ker(p~). Let g,¢' € G. Suppose that ¢t ¢! C
I7t7 2, we'll show that (g, ¢') € Ry.

We have that ) # t*"; 't *N1,g C t*"G(O~ )t~ *NG(O). We shall study this intersec-
tion in more detail. We show that

(a) GO )t = Upew I wt 1.

Since I~w C G(O7) for all w € W, Upew I~ wt > C G(O7)t*I. On the other
hand, for any i € S and w € W, s;]-wt™ C I~ s;wt 1 U I-wt 1. Hence s; Upepw
I~wt ™I C Upew I~ wt 1. Since G(O™) is generated by I~ and s; for i € S, we have
that G(O7)Upew I~ wt M = Uyew I wt . In particular, G(O7 )t = Upep I wt 1.
(a) is proved.

Similarly,

(b) For any w € Wy, I"t Mwl C Upew, [ vt 1.

Now for any v € W; and w € W, we have that £(vt~*w) = £(vt~*) — {(w). Hence
vt M Nwl~w™) C IT7vt™ and [~vtMwl = I"vt (I Nwl~w HYwl = I-vtwl.
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Now suppose that g € BwB for some w € W. Then we may write w as w = xy for
x € Wy and y € /W. Then applying (a) and (b) we deduce that t *I1g C Upew I vt yI
and I=¢'t™ C Upew I vt=I. Since t—*,g N I~¢g't™* # (), by the disjointness of the
Birkhoff factorization (see [25, Theorem 5.23(g)]) we have y = 1 and g € Pj.

Assume that ¢ = wul with u € Up, and | € L;. Then t*g~1t* C [7'I; and
Mgt g C M g1t = tM g1, where for the last equality we use the
fact that G normalizes I;. Hence M ¢'l7't=* N I; # (). Now it follows from [25, 5.2.3
(11)] that I, = (I; N[t~ (I, Nt*t). Since U normalizes I;, comparing Lie algebras
and using the fact that I; is connected we obtain Iy NtM [t = (I, VA 1t~ (I, NAULH)
and similarly I; Nt [t = (L, N ) (L NPT ).

It is easy to see that tA\U t* NI, = {1} and t*\Ut*N I, = t*"Up,t~>. Thus I, =
(LN NI N LA Up, t2. Hence ¢/l € Up, and (g, ¢') € Ry. The Lemma is
proved. O

4.2. The group G(O~) x G(O) acts transitively on G(O~)t"*G(0O). It also acts transi-
tively on Z; via the action (g,¢') - 2z = (p*(¢'),p"(9))z. The map f: G(O~)t*G(0) —
Zy is G(O7) x G(O)-equivariant. Thus all the fibers are isomorphic. Now we give an

explicit description of the fiber over R;/R;.
By Lemma [4.1] it is

{I7Up,lt M *Up,I;;1 € Ly} = Iy Up,t *Up, 11,

where I} = ker(p™) and I; = ker(p~). Since t *Up,t* C I] and t*Up,t=> C I, we have
that

I[[Up t 2Up, I, = I;t 2t Up,t M Up, I, C I;t,Up, I,
= It Up, I, = I; (t Up,t"t
C I7t M.
On the other hand, I;¢t~*I; C I; Up,t *Up,I,. Therefore the fiber over R;/R; is
ITUp t 2 Up, I, = I[ 7 2 17 x I/ (I7 Nt Gt
and is an infinite dimensional affine space.

43. Let A : G — G x G be the diagonal embedding. Since A(P;) C Ry, there is a
unique map ¢ : G/P; — Z; such that the following diagram commutes

G A GxG

| |

G/ Py : 7.

We have the following diagram which relates the three stratified spaces

G/P;—~ 7, <1 G0 )tG(0) .

This diagram is compatible with the respective stratifications: for (z,y) € W7 x W,
f(I~ytz7 1) = (p*(Da,p~(I7)y)R;/Ry; = [J,x,y]"~, agreeing with Theorem 2.2(1).
The following proposition shows that the map ¢ preserves the stratifications on G/ Py and
Zj, agreeing with Theorem [2.2)(2).

Proposition 4.2. For (z,y) € W/ x W, «(G/P;)N[J,x,y]™~ # 0 if and only if (z,y) €
Q. In this case, L(G/Py) and [J,x,y]"~ intersect transversally and the intersection is
o(11).

9



Proof. It g € BxB N B~ yB, then (9,9)R;/Ry € [J,z,y]"~. Thus L(H?j) = L(W(Xg)) C
(G/Py)N[J,x,y]"~, where m : G/B — G/Pj is the projection map. Since «(G/P;) =
U yewxwt(G/Pr) N [J,z,y]"" and G/P; = Ue,y)eq, 15, we have that

L<ﬁ§)7 if (xv y) € Qy;

0, otherwise.

G/P)N [Tz, y)T = {

Since «(G/Py) is a A(G)-orbit on Z; and [J,z,y|t~ is a B~ x B-orbit on Z; and
Lie(A(G))+Lie(B~ x B) = Lie(G' x G), by [37, Corollary 1.5], the intersection is transver-
sal. O

5. K-THEORY COMPARISON

5.1. In this subsection, let §/B be a Kac-Moody flag variety [25]. This is an ind-finite
ind-scheme with a stratification by finite-dimensional Schubert varieties. Let W denote
the Kac-Moody Weyl group with positive (resp. negative) roots R (resp. R~). We
consider K-cohomology with integer coefficients. Kostant and Kumar [23] constructed
the Schubert basis of the torus-equivariant K-cohomology K7(G/B), where T' C G is the
maximal torus of the Kac-Moody group. Let {¢” | v € W} denote the torus-equivariant
Schubert basis ¥ € Kr(G/B) constructed by Kostant and Kumar [23]. We shall follow
the notations of [27], which differ slightly from [23]. For the precise interpretation of "
as the class of a structure sheaf of a Schubert variety in the (possibly infinite-dimensional)
G/B we refer the reader to [27].

Forv,w € W, welet e, ., = V" (w) := ¢"|, € Kr(pt) denote the equivariant localization
at the T-fixed point v € G/B. A K-cohomology class ¢ € Kr(G/B) is completely
determined by its equivariant localizations. We review certain facts concerning e, ,,.

If W is a finite Weyl group, we denote by w — w* the conjugation action w — wgwwg
by the longest element wg. The following result is [27, Proposition 2.10].

Theorem 5.1. Let v,w € W and w = s;, -+ - 5;, be a reduced expression. For 1 < j < p,
set B = sy, -+ 84, iy Then

o = (1L ) (1 ),
where the summation runs over all those 1 < j1 < -+ < jm < p such that v = s;; *- -
Sij, -
Define E to be the (infinite) matrix E = (e, ,,), and set C' = (E~!)T. Define the matrix
C' by ¢y-1-1 = v wgC y weu- Let M be the Bruhat order matrix given by my,, = 1

if v > w, and m,,, = 0 otherwise. The following result is a variant of |23, Proposition
4.16).

Proposition 5.2. We have ET = DC'M, where D is the scalar matriz with value
[Locre (1 —e%).

Proof. Define Exgx = (MT)™'E and Cxx = (Exy)?. Let Ejj be the “E”-matrix
of [23]; then by [27, Appendix A] we have (€ )vw = (€KxK)v-1w-1. Note that m,,, =
M1 =1 = Mugguw,wew- Proposition 4.16 of [23] gives Ef o = DC M1, where (cieje)ou =
V(CKK)u-twgv-1ws- Then

/ /
Cow = VCw—lwgv=lwg = E nw—lwg,u—lwgv(cKK)u—le,v_lwS = E nu,v<cKK>v,u7
u

u~lwg

where N = M~!. It follows that ET = (MTExy)? = EL, M = DC%.,. = DC'M. O
10



Now we prove some properties of e, .

Lemma 5.3. Let W be any Kac-Moody Weyl group.

(1) We have
e = [ (1—e).
a€ERTNzR~

(2) Suppose W is a finite Weyl group. Then
€(z*)~1,(y*)-1 = wgy’lew.
(3) Suppose x,u,v € W and (uv) = l(u) + £(v). Then
Caun = Y Curu(U€y ),
where the summation runs over u',v' € W such that x = u’' % v'.
Proof. (1) Let x = s;, - --s;, be a reduced expression. Then

e = (1 =€) (1 — %) = Tpepirer- (1 — €%).

(2) Let y = sy, - - - i, be areduced expression. Then (y*)~" = s} --- s, is also a reduced
expression. Moreover, = s;; *---*s; ~if and only if ()7t = Sy ke sfjl. For any
j, we have that wgy (1 —e) = wgs;, -+ s;,,,(1—e ) = si st (ws(l—e9)) =

Q%
si s, (L—e 7). Now
eyt = (=1 M wsy (1 —ePn)) - (wsy T (1 — €Pm)) = wey eny,
Here the summation runs over all those 1 < j1 < -+ < j, < psuchthat z = s;; *---xs;; .
(3) Let u = s, ---s;, and v = s; ,, - - - 5;, be reduced expressions. Let 1 < j; < --- <

Jm K P <Jms1 <+ <Jn <pbesuch that z =s;; *---xs; . Then

(1= P o (1= i) = (1= P) oo (1= B (1= eBosr) oo (1= )

= ((1—€n)...(1— eﬁjm))u((sim .. 'Sz‘jmﬂ_l(l — Mlimt1)) .. (Sipps " iy, 1 (1 — €V )))
Now part (3) follows from Theorem [5.11 O
Lemma 5.4. Let W be a finite Weyl group, and u < u' € W. Then

—1 —1 -1 _
E eu—1,0-1 (V" WsCwgu wew) (V. Wswgws) = Ouu-
v’ eWw
u<v<u' <u'

Proof. By Proposition 5.2 we have that

-1 _
§ : ewsu”,wsvews,ws - Cwsv,wsu"

u’eW

USUHSU/

oy . . _1 /

By definition, c,-1,-1 = 07 WsC,, 4, g L hus
—1 —1 -1 __ _
E eu_1,v_1(v wgewSuu,va)(U wsews,ws) = E Cu—1,9=1Cy -1 -1 = 5u7u/.

vu eW veW
u<v<u' <u’ u<v<u/

11



5.2.  We shall apply the results of 5.1l in the case where G/B is the finite flag variety
G/B, and in the case where G/B is the affine flag variety FIl = G(K)/I. We return

to the conventions of Section 2 W denotes the finite Weyl group and W denotes the
Iwahori-Weyl group. Note that the results of Bl from [25] are stated for W, (that is,
for the affine flag variety of the simply-connected G), but extend without change to the

Iwahori-Weyl group W. We shall also abuse notation in two ways. First, if x,y € W, we
shall write e,, without specifying whether we are considering equivariant localizations
of affine or finite Schubert basis, since the two agree. Secondly, if x,y € W, then " (y)
normally takes values in K;(pt) for the affine torus 7. In the following we still denote
by e, the image of this value in K7 (pt) for the finite torus 7". That is, each affine root

is considered as a root of the finite torus 7" via the natural inclusion T < T'.

Let Gr = G(K)/G(O) denote the affine Grassmannian of G. Let
Gry = G(O)t=*G(0)/G(0) C Gr

be the closure of the G(O)-orbit inside the affine Grassmannian containing the 7T-fixed
point labeled by ¢~*. Then Gry = L,\G(O)t"*G(0)/G(O), where the union is over
dominant coweights in dominance order. The subscheme Gr, is not in general smooth,
but the dense open orbit G(O)t~*G(0)/G(0O) is smooth, being a (finite-dimensional)
affine bundle over G/P;, where J = {i € S; (), ;) = 0} (see for example [33, Section 2]).

5.3.  For general facts concerning equivariant K-theory, we refer the reader to [9]. We
now fix W, J,\, and y € W, z,w € W’. The projected Richardson varieties 17 C G/P
are labeled by (z,y) € Q;. We denote by [On:] € Kr(G/B) the torus-equivariant
cohomology class, and by [Ongﬂw € Kr(pt) the equivariant localization at a fixed point.
(Note that the K-cohomology and K-homology groups of GG/P are isomorphic, and we
prefer to consider [Ops] a class in K-cohomology.) Write 7 : G/B — G/ P for the natural
projection.

Proposition 5.5. We have

1

(3) O]l = D eyt (WU W81 wguo—1) (W0 W€, 0,) "
veWy

Proof. Recall that X,, C G/B (resp. X* C GG/B) denotes the Schubert (resp. opposite
Schubert) varieties. Let X7 = X* N X, C G/B be the Richardson variety. Then in
Kr(G/B) we have the equality

[Ox,][0x+] = [Oxy]

which follows from [4, Lemma 1]. Thus,

[OXZHu = [OXyHu[OX””Hu = €y uWsCwgz,wsu
since X? is obtained from X, , by the action of wg.
By [21], Theorem 4.5], we have that 7.0x; = O and Rim, Ox: = 0 fori > 0. Applying
the equivariant pushforward . : K7(G/B) — Kr(G/P) to [Ox;] gives

O]l = (m0x; Dl = D [Oxglluc(vn) ™!

where e(1,) denotes the K-theoretic equivariant Euler class of the tangent space v, at u €

G/ B to the fiber 77!(w). This is a K-theoretic analogue of the Atiyah-Bott localization
12



formula in equivariant cohomology; see for example [0, Chapter 5]. We calculate that

e(vy) = H u(l —e”) = uw ey, w,

aER™ jurqcwWy

by Lemma [5.3(1). Finally, we apply Lemma [5.3](2) to get

WsCwgr,wgu = UWSCygr—1 weu—1-

U
Lemma 5.6. For any z,w € W7 and y € W, we have
e = ( )(wt™ )
yt=rz—lwt— w1 = Ey w\WEet—2y jwg,t— 2w jwg ) (W WJWSEywgwyu—lz—!wgwyw=1)-
ueWy,y' ew
y=y'*u"!

Proof. We have ((w(t " w wg)(wswyw™t)) = l(w) + £t wyws) + L(wswywt). By
Lemma [5.3)(3),

_ -\
Cyt—rg—1 wt—Apw-1 = E ev,w(wev’,t*AwL}ws)<wt wasev”,waJw_1>7

where the summation runs over v < w, v' < t" w wg and v" < wgwyw~!' such that
v* v xv" =yt~ z. But t P w wg is minimal in W¢=*W, and since v,v"” € W, we must
have v/ = t 2w wg. If v = wswyu~ o™, then v * (t Mwywg) * v” lies in Wt Au~tr~L.
It follows that we must have u=! € W, and (t *wywg) * v” = v~ *2~!. The result
follows. O

5.4. The affine Grassmannian Gr is weak homotopy-equivalent to the based loop group
QK, where K C (G is a maximal compact subgroup. The affine flag variety F'l is weak
homotopy-equivalent to the quotient LK /Tg of the (unbased) loop group by the compact
torus. The torus-equivariant composition QK — LK — LK /Ty induces a pullback map

r*: Kp(Fl) — Kp(Gr), and we refer the reader to [14, Section 5] and [27] for a discussion
of this. The T-fixed points of Gr are labeled by the cosets of W /W. Thus the pullback

map can be described ([27, Lemma 4.6]) in terms of equivariant localizations by the
formula

(4) P (W) (ETW) = ()

for ¢» € Kr(Fl) and a dominant coweight A. For our purposes, we can take this formula
to be the definition of r*; indeed, it is checked algebraically in [27] that (@) gives a
well-defined map on the equivariant K-theories.

Let p' : G/P — G(0)t*G(0)/G(0) denote the zero-section of the affine bundle
G(O)t*G(0)/G(0) — G/P, and let p : G/P — Gr, be the composition of p’ with
the open inclusion G(O)t*G(0)/G(0) C Gry. The map p (and also p') is a (torus-
equivariant) closed embedding, and thus a proper map.

We have a pushforward map p. : Kp(G/P) — Kr(Gr,), defined as follows. Let
K*(G/P) and KT (Gry) denote the Grothendieck groups of T-equivariant coherent sheaves
on G/P and Gr) respectively, as defined in [9, Chapter 5. We have already remarked
that K7(G/P) ~ Kr(G/P). We also have KT(Gry) ~ Kr(Gry) by [9, Proposition
5.5.6] applied to the Schubert stratification of Gry (noting that the constructions of
Kostant and Kumar [23] are carried out in topological equivariant K-theory). The push-
forward map p. : K7(G/P) — KT(Gr)) is defined on the level of coherent sheaves by
p]F] = >.(=1)'[R'p.F], whenever p is a proper map. In fact R'p, = 0 for i > 0
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since p is a closed embedding in our situation. We use the same notation p, to de-
note the map Krp(G/P) — Kr(Gry) obtained by composing with the isomorphisms
KT(G/P) ~ Kp(G/P) and KT(Gry) ~ Kr(Gry).

Let ¢* : Kr(Fl) — Kr(Gry) be the composition of 7* with the restriction Kr(Gr) —
Kr(Gry). The following theorem generalizes [20, Theorem 12.8] in two ways: from the
Grassmannian to all partial flag varieties G/ P, and from cohomology to K-theory.

Theorem 5.7. We have p*([(‘)nz]) = g (vt Ap —1)

Proof. We have yt—*z= < t* only if max(Wyt 27 1W) < max(Wt*W), only if ¢/ > A,
where p’ is the dominant coweight in the W-orbit of p. Thus ¢ (wyt_%_l) is non-zero
only on T- fixed points of the form wt™*w™ € G(0)t~*G(0)/G(0) C Gr,. Since
p(G/P) c G(O)t~*G(0)/G(0), the class p«([Ong]) is also supported on the same 7-
fixed points. A class in K7 (Gr,) is determined by its pullbacks to all the T-fixed points,

and so it suffices to compare the two sides at each of the T-fixed points wt*w™!
By Lemma B.3I(3), we have

(5) Cywn-1 = Z ey aw(Wey=1 4-1).

u<v,y’'eWw
y=y'su~"
and
*
Cwgr—1l,wgvw—1 = Cwgz—1 J(vw ) *wswyw= € wy)*,(vwy)* ((UwJ) ewsw‘]u’—lm_l,wswlzw—l) ’

where the summation runs over all v/,u” € W such that (v"w;)* * (wswyu'"'z™1) =
wgr~t. By definition, wswsu' "zt € Whwgz™! = wgWyax~! and v € W;. Then
wswyu' et = (w7 wsx™t, here (wyu't)* € Wy and wgr~! is the maximal ele-
ment in Wywgsz™t. Hence (uv"w;)* * (wswyu'"tz™!) = wer™! if and only if (u"w;)* >

(wyu'=1)*)71 ie., u"wy > vw/w;. This is equivalent to say that u” < u’. Hence

_ § : *
(6) Cwgz—1wgrw—1 = E(wwy)*,(vwy)* (('UwJ) ewswlzu’*lmfl,wswlzwfl)
v<u”’<u’ in Wy

Thus applying Lemma [5.3((2),

—1 -1
(7) UV TWSE(ywp)* (vwy)* = WJCywru/—1 =1 =V WjCy u w v
and
(8)
-1 . -1
WU "WsCygz—1 wgvw—1 = (wv wJewJu”,va)(wawsewstu’*lafl,wswlzwfl)-

v<u”’<u’ in Wy

Substituting (Bl) and (§) into (), we have that

[OHQC Z €y w 'weu—1 U_l)(wv W ey yu', va)(wU WjCwy, uu) 1(wawSewstu/_lx—l,wsw_;w_l)7
where the summation is over u < v < u” <o/ in Wy and 3y’ € W such that y = ' x u™L.
Applying Lemma [5.4] to

Z (Wey—1,5-1) (WO W 10 01 a0) (WO W sC 5 20, )

v,u’ €Wy
u<v<u' <u’
gives
[oﬂﬁﬂw - E ey’,w(wawsewstu—lx—l,waJw—l)-
ueWyy'ew
y=y'su""
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To compute p.([Ome])|we-r0-1 We apply the formula [9, Theorem 5.11.7] for the localiza-
tion of a pushforward, in the form given in [11, Equation (7)]. Since Gr, is not smooth, to
apply these results, we must first restrict to the smooth open subset G(O)t~*G(0)/G(O).
Let j : G(O)t™G(0)/G(0) < Gry denote the open inclusion. Then for any class
¥ € Kp(Gry), we have ¥|-rp-1 = (75(¥))|we-rw-1 by composing pullbacks. It thus suf-
fices to calculate (j*(p«([Onz]))|wi-2w-1. Since p is a closed embedding, and j is an open
embedding, we have j*(p.([On:])) = p.([Ong]). Now, p' : G/P — G(O)t~*G(0)/G(0O)
is a torus-equivariant closed embedding of smooth varieties, and we apply [T, Equation
(7)], as follows.

We have that pl,([Ons])|we>rw-1 = €(¥)[Onz]|w, where e(v,,) is a product of (1 — e?)
over the weights 3 of the normal space to G/P C G(O)t~*G(0)/G(O) at the point
wt™w™t. The factor e(v,) is equal to the product of the weights of the T-invariant
curves joining wt *w~! to T-fixed points z inside Gry which are outside of G/P. For
w = wgwy, these are all T-fixed points of the form z = 7t ¥s < t Mwjwg. The
product of the T-weights is thus e(11) = €-xy,wgi—rw,ws- A similar calculation gives
e(”w) = Wet-2y wg t— wyws

Combining with Lemma [5.6, we get

p*([oﬂgj]”wtﬂw*l = e(Vw)[OHij”w =q ("

>‘1‘_1)|
wt—Aw—1-

g

5.5. As claimed in the introduction, the analogue of Theorem [5.7] holds in equivariant
cohomology, either by a similar but easier proof, or by looking at the “lowest degree
terms” of the equivariant localizations.

Theorem 5.8. We have p.([II]]) = () where [II;] € H}(G/P) denotes the

equivariant cohomology class of a projected Richardson variety, and §ytﬂ”‘*’71 € H}(ﬁ)
are the torus-equivariant cohomlogy classes of Schubert varieties, constructed by Kostant
and Kumar [22].

5.6. For background material on the symmetric function notation used in this section,
we refer the reader to [5 27]. The general strategy of this section is similar to [20, Section
7).
| In this section we let G = PGL(n,C) and G/P be the Grassmannian Gr(k,n) of k-
planes in C*. In [5], Buch defined stable Grothendieck polynomials Gy(X) € A for each
partition A, lying in the graded completion A of the ring of symmetric functions. Buch
showed that the K-theory K(Gr(k,n)) of the Grassmannian could be presented as I'/ I, ,,,
where I' = [[, Z - GA(X), and I}, is the ideal spanned (as a direct product) by all G
where A is not contained in a k X (n — k) rectangle. (Buch considered the direct sum
rather than product of the Z - G(X), but the quotient is the same.)

In [26], symmetric functions G,,(X) called affine stable Grothendieck polynomials were
defined for each element w € W of the affine Weyl group (in this case, the affine symmetric
group). Let A be the quotient of the ring of symmetric functions by the ideal generated
by all monomial symmetric functions my, for A\; > n. Let A™ be the graded completion
of A, Let r*: K (ﬁ) — K(Gr) denote the pullback map in K-theory, as in Subsection
B4 In [27], it was shown that K (Gr) ~ A and that under this isomorphism one has

(9) r(¢*) = G

The following result was conjectured in [20, Conjecture 7.11].
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Theorem 5.9. Let wy denote the k-th fundamental coweight. Under the isomorphism
k: K(Gr(k,n)) ~T'/I,, we have

H([Onﬁ]) = éyt“”kx*I
where the right hand side is considered as an element of the quotient I'/I} .

Proof. When ) is the fundamental coweight wy, we have G/P ~ Gry, C Gr (see [20, Section
7]). Combining (the non-equivariant image of) Theorem [5.7 with (]), it thus remains to
check that the inclusion ¢ : G/P < Gr induces the natural quotient map A T /i
The ring A™ contains distinguished symmetric functions Gmy)(X) = Gy s esy(X)
for 1 < m < n. The completion of the subring generated by the G (X) is ex-
actly A®™. The ring homomorphism ¢* : K(Gr) — K(Gr(k,n)) is compatible with
graded completions, and is thus determined by the images of G ,,)(X). Now, in K*(Gr),
Gy rsmnsy(X) Tepresents the pullback r*(¢p*m-15m=2%0)  For m < n—k, modulo length-

zero elements of W (one has G(X) = G,(X) if v and u differ by a length-zero element),
Sm—1Sm—2 - - - S 1S the same as Sgym_1 - - - Spr15kt”“*wywg. But under Buch’s isomorphism
K(Gr(k, n)) ~ I'/I}; n, the opposite Schubert variety m(X,,, . ..s.15.) = o,
is represented by the symmetric function G,y (X) as well [5, Theorem 8.1]. Similarly,

if m > n — k one sees that * sends G,,(X) to 0. Thus ¢* induces the natural map
A®W = T/ I . O

5.7. 1In [28], Lam and Shimozono, following work of Peterson, showed that the quantum
cohomology rings Q H*(G/ P) of partial flag varieties could, after localization, be identified
with a quotient of the homology H,(Gr) of the affine Grassmannians. In particular, the 3-
point Gromov-Witten invariants of G/P could be recovered from the homology Schubert
structure constants of H,(Gr).

Let G/P be a cominuscule flag variety. In this section, we discuss the implications of
Theorem [B.7] towards the comparison of the quantum K-theory QK (G/P) of G/P and
K-homology K,(Gr) of the affine Grassmannian. We will work in the non-equivariant
setting; the T-equivariant statements are analogous. We now define four sets of integers.

(1) For u,v,w € W/W, let d? € Z denote the K-homology Schubert structure con-
stants of Ko(Gr), defined in [27, (5.3)] (we will only consider the non-equivariant
structure constants). We remark that in [27] only the affine Grassmannian Gr
of a simply-connected simple algebraic group is considered, but the extension is
straightforward; see for example [29].

(2) For u € W, and y € WS a minimal length coset representative of W /W we can
consider the coefficient k; of the K-cohomology Schubert class e, in 7’*(1/1%7),

where r* : K(Fl) — K(Gr) denotes the pullback map in K-theory, as in Subsec-
tion 5.4

(3) For a positroid variety IT* and y € W, consider the coefficient W?u,v) of the (class
of the) Schubert structure sheaf [Ox,] in O] € K(G/P).

(4) For u,v,w € W7, consider the K-theoretic Gromov-Witten invariant I,(u, v, w) =
I,(0x,,O0xv,(0x,)"); see for example [6, Section 5]. Here {[(Ox, )]} is the dual
basis to {[Ox,]|} in K(G/P). The K-theoretic Gromov-Witten invariant is de-
fined as the Euler characteristic of the product of the pullbacks of these structure
sheaves to the moduli space M,3(G/P) of three-point, genus zero, stable maps
into G/P with degree d.

We now compare the four sets of integers.
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(1) By [27, (5.1), (5.4) and Theorem 5.4],
d;fv — Z (_1)€(w)—£(v)—£(m)kz.

a5,
Thus the £ determine the d¥,, and it is easy to see that (picking v and u appro-
priately) the d¥ also determine the k7.
(2) By the cominuscule assumption we have G/P ~ Gr, C Gr, where \ is the ap-
propriate minuscule coweight. Thus p, can be identified with the identity, and
Theorem .7 states that ¢*(y¥ ") = [Onz]. Now suppose that x = wsw,

and y € W’. Then II} = 7(X,) is a usual Schubert variety in G//P, and since
yt— wywg € WS, we have r*(¥%) = (¥¢,)- 1t follows that the coefficient 7, is

(u,0)
equal to k;jt_k“_l.

(3) In [6], Buch, Chaput, Mihalcea, and Perrin studied the geometry of the Gromov-
Witten varieties associated to cominuscule G/P. An unpublishedﬂ consequence
of their work, communicated to us by L. Mihalcea, is that

(10) Ia(u,v,w) is equal to the coefficient of a Schubert structure sheaf [Ox,,] in [Or]

where I is a projected Richardson variety which depends on d,u,v. For an ex-
plicit description of IIj in type A see [20, Section 8]. For the classical types the
explicit description can presumably be recovered from [7], and for other comi-
nuscule types see [8]. Thus the coefficients W?x,z) determine all the coefficients

Iy(u,v,w).

Corollary 5.10. Let G/P be cominuscule. Assuming (I0), the K-homology Schubert
structure constants determine the 3-point K -theoretic Gromov- Witten invariants of G/ P.

APPENDIX

Here we prove that the poset (Q;, <) is combinatorially equivalent to the poset in-
troduced by Rietsch in [38, Section 5] and by Goodearl and Yakimov in [12, Theorem
1.8].

Following [38], we set

@, ={(a,b,c) e W/

max

x Wy x W7:a < cb}

and define the partial order < on ', as follows.
For (a,b,c), (a',0',c) € @), define

(', b, ) < (a,b,c)

ab™t <d(uh) Tt < dul e
Following [12], we set
Qs ={(a,b) e W

max

x Wia < b}

and define the partial order < on €2; as follows.
For (a,b), (a',V') € 2, define
(a',b") < (a,b)

ISince this paper was written, a preprint with related results has appeared as Projected Gromou-
Witten varieties in cominuscule spaces, A. S. Buch, P.-E. Chaput, L. C. Mihalcea, and N. Perrin,
arXiv:1312.2468.

17



if there exists z € W such that a < ¢’z and b’z < b.

Proposition 5.11. The maps
[:Q7 =y, (a,b,c)— (a,ch)
g:Q;—Qy, (a,b) > (min(bW;),ab™ ' min(bW;))
h:Qr— Q) (z,y) = (max(yWy),y " max(yWy), z)
give order-preserving bijections between the posets (Q';, <), (Qy, <) and (Q,, 2).

Proof. For (a,b,c) € Q'}, f(a,b,c) = (a,cb), go f(a,b,c) = (c,ab™) and hogo f(a,b,c) =
(a,b,c). Similarly, g o f o h is an identity map on ); and f o ho g is an identity map on
Q. Thus f, g, h are all bijective.

Now it suffices to show that f, g, h preserve the partial orders.

Let (a,b,c), (d, b’ ) € Q with (a/,V, ) < (a b,c). Then there exists uj € W, such
that ab™! < /()" 'u} < du) < e Thus a=ab txb < a/ (/)" *b. In other words, there
exists v < b such that a < o/ (V) Mujv. Let 2z = (V) *ujv. Then dV'z = dulv < cv < cb
since ¢ € W‘]. Hence (d/, V) < (a, cb) in Q.

Let (a,b), (d',b0') € Q; with (a/,V') < (a,b). Then there exists z € W; with a < o'z
and b’z < b. We assume that g(a,b) = (z,y) and g(da’,b') = (2/,3’). Then there exists
u,u’ € Wy such that x = bu, y = au, 2’ = b'u’ and ' = a’u’. Since vz < b, we have that
Vz<au < b<du < bu= . Hence there exists v < u such that 2'(u) 120 = b'zv < 2.

Since a € W,/

max’

y=au<av=a<v<dzav <dzw =1y () 2.

Thus (2,) 2 (2,y) in Q.

Nowlet( y)( y') € Q with (2, y)j(
’u < x and y'u > y. So we have that v’ x u
v < u with ¥/ xu = y'v and £(y'v) = L(y) +
yv <2'v<2'u <.

We assume that h(x,y) = (a,b,z) and h(z',y) = (d/,¥,2'). Then y = ab™! and
y' = d'(b')"!. We have that

,y). Then there exists u € W such that
> y'u > y. In other words, there exists
{(v). Since ' € W7, we also have that

ab =y <yv=d ) v <av <
Since o’ € Wrﬂax, ' (V) ) =L(a’)—£((b) " v) and E(y'v) =(y)+L(v) = L(a')— L)+
l(v). So £((b')"'w) + £(v) = £(). Thus (a',V,2') < (a,b,z) in Q. O
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