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Abstract

We study the intermediate extension of the character sheaves on an adjoint group to the semi-stable locus
of its wonderful compactification. We show that the intermediate extension can be described by a direct
image construction. As a consequence, we show that the “ordinary” restriction of a character sheaf on the
compactification to a “semi-stable stratum” is a shift of semisimple perverse sheaf and is closely related
to Lusztig’s restriction functor (from a character sheaf on a reductive group to a direct sum of character
sheaves on a Levi subgroup). We also provide a (conjectural) formula for the boundary values inside the
semi-stable locus of an irreducible character of a finite group of Lie type, which gives a partial answer to
a question of Springer (2006) [21]. This formula holds for Steinberg character and characters coming from
generic character sheaves. In the end, we verify Lusztig’s conjecture Lusztig (2004) [16, 12.6] inside the
semi-stable locus of the wonderful compactification.
© 2010 Elsevier Inc. All rights reserved.
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0. Introduction

0.1. Let G be a connected, semisimple algebraic group of adjoint type over an algebraically
closed field k. In [16], Lusztig introduced a decomposition of the wonderful compactification
G of G into G-stable pieces. The group G itself is a G-stable piece and each G-stable piece
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is a smooth, locally closed subvariety of G and the G-orbits on each piece (for the diagonal
G-action) naturally correspond to the “twisted” conjugacy classes of a smaller group. Moreover,
this correspondence leads to a natural equivalence between the bounded derived category of
G-equivariant, constructible sheaves on that piece and the bounded derived category of certain
constructible sheaves on the smaller group that are equivariant under the “twisted” conjugation
action (see [16, 12.3]).

Character sheaves on a reductive group are some special simple perverse sheaves on the group
that are equivariant under the (“twisted”) conjugation action. The theory of character sheaves was
developed by Lusztig in the series of papers [14] (for conjugation action) and [15] (for “twist-
ed” conjugation action). Now using the natural equivalence we discussed above, one can define
the character sheaves on each G-stable piece. The character sheaves on G are the intermedi-
ate extensions to G of the character sheaves on the G-stable pieces (see [16, 12.3]). The most
interesting cases are the intermediate extension to G of the character sheaves on G. Roughly
speaking, these sheaves can be regarded as the objects that describe the behavior at infinity of the
character sheaves on G.

0.2. 1In order to understand the intermediate extensions to G of the character sheaves on a
G-stable piece, in [7] we gave a second definition of character sheaves on G by imitating the
definition of character sheaves on groups. This new definition coincides with Lusztig’s definition
we mentioned in the previous subsection (see [7, Corollary 4.6]). Moreover, using the new def-
inition, one can show that the character sheaves on G have the following nice property (see [7,
Section 4]):

Let i be the inclusion of a G-stable piece to G, then

(1) for any character sheaf C on G, any perverse constituent of i*(C) is a character sheaf on
that piece;

(2) for any character sheaf C on that piece, any perverse constituent of ij(C) is a character
sheaf on G.

0.3. However, analyzing the intermediate extension of a character sheaf on a G-stable piece
is still a challenging problem. In [21], Springer listed some interesting questions in this direction.
One interesting question is to study the boundary values of an irreducible character of a finite
group of Lie type.

A technical difficulty in analyzing the intermediate extension is as follows.

A character sheaf on G can be understood in terms of “admissible complex”, which is obtained
by pushing forward of some intersection cohomology complex under some small, proper map to
the closure of a Lusztig’s stratum of G.

Using the G-stable piece decomposition of G and the natural correspondence between the G-
stable pieces and the smaller groups, one is able to generalize Lusztig’s stratification on G to a
decomposition on G. However, an explicit description of the closure to G of a Lusztig’s stratum
is still unknown. A more serious problem is that the small map we used to construct “admissible
complex” on G doesn’t extend to a small map on G.

0.4. In this paper, we will study the intermediate extension of a character sheaf on G, not to
G, but to the semi-stable locus G** of G, an open smooth subvariety of G that contains G. In
fact, G** is a union of some G-stable pieces. An explicit description of G** was obtained in a
joint work with Starr [11]. We call the G-stable pieces inside G** semi-stable strata.
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The idea of studying intermediate extension to G** instead of G comes from geometric in-
variant theory. Now we make a short digression from character sheaves and discuss about some
basic ideas in the theory of geometric invariant theory.

Let H be a linear algebraic group and X be a H-variety. When considering the quotient space,
a main problem is that the quotient X/H may not exist in the category of algebraic varieties.
Geometric invariant theory suggests a method to distinguish “good” H-orbits from “bad” H-
orbits in the sense that the union of “good” H -orbits forms an open subvariety U of X and U/H
exists.

Motivated by this, one may wonder if the “good” G-orbits on G are still good in the study of
character sheaves in the sense that the intermediate extension of a character sheaf on G to the
union of “good” orbits can be analyzed. The answer is YES and this is what we are going to do
in this paper.

0.5. Now let us consider the closure of a Lusztig’s stratum in G. If we take the limit in the
direction of unipotent elements in the stratum, then by the results in [6] and [12], the boundary
points are outside the semi-stable locus. On the other hand, taking the limit in the direction of
semisimple elements in the stratum is more or less the same as calculating the closure of some
subvariety in a toric variety. This naive thought suggests that the closure to G** of a Lusztig’s
stratum can be described explicitly.

The explicit description will be obtained in Section 3. Moreover, the small map we used to
construct “admissible complex” on G extends to a small map on G**. Based on this result, the
intermediate extension of an “admissible complex” to G** can also be described by a direct
image construction. This is a generalization of [15, Proposition 5.7].

Moreover, the restriction of the direct image to a semi-stable stratum can be calculated explic-
itly and is closely related to Lusztig’s restriction functor introduced in [14, 3.8] and [15, 23.3].
The precise statement can be found in Theorem 4.4. Based on this, we give a (conjectural) for-
mula for the boundary values inside the semi-stable locus of a character of a finite group of Lie
type. The formula is true if the (virtual) character is obtained from the direct image construction.
This gives a partial answer to a question of Springer [21, Problem 10].

0.6. There is a special character sheaf S on G that characterizes the semisimple elements
of G. This sheaf is the alternating sum of the induced sheaves from the trivial local systems on the
standard parabolic subgroups of G. In [16, 12.6], Lusztig generalized the notion of semisimple
elements to G and conjectured that the intermediate extension to G of this sheaf characterizes
the semisimple elements of G.

It is known that the semisimple elements of G lie in the semi-stable locus. We will calculate
the intermediate extension of S to G** and verify Lusztig’s conjecture inside the semi-stable
locus.

In order to do this, we will consider the intermediate extension of the induced sheaf from
the trivial local system on a standard parabolic subgroup P. Therefore we need to understand
the closure of P in G** and the intermediate extension of the trivial local system on P to this
closure.

Let B be a Borel subgroup of P. Then P is stable under the action of B x B and the closure
of P in G was obtained in [20, Corollary 2.5] in terms of the union of certain B x B-orbits.
However, G** is not stable under the action of B x B. To describe the closure of P in G**, we
have to use the P-stable pieces, introduced by Lu and Yakimov as a generalization of the notions
of B x B-orbits and G-stable pieces. Although the closure of P in G is not smooth in general,
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the closure of P in G** is always smooth. Therefore, the intermediate extension of the trivial
local system on P to the closure of P in G** is just the trivial local system on that closure. Now
we can explicitly calculate the intermediate extension of S to G*°.

0.7. 'We now review the content of this paper in more detail.

In Section 1, we recall the definition and properties of P-stable pieces. In Section 2, we give
an explicit description of the closure of a parabolic subgroup in G** and prove that the closure is
smooth. In Section 3, we obtain the closure of a Lusztig’s stratum of G in G**. In Section 4, we
study the intermediate extension of a character sheaf on G to G** and verify Lusztig’s conjecture
inside G**.

1. R-stable pieces on the wonderful compactification

1.1. Let G be a connected reductive algebraic group over an algebraically closed field k. Let
B be a Borel subgroup of G, T C B be a maximal torus and B~ be the opposite Borel subgroup.
Let I be the set of simple roots and W = Ng(T)/T be the corresponding Weyl group. For any
w € W, we choose a representative w of w in Ng(T).

For J C I, let W, be the subgroup of W corresponding to J and W7 (respectively Y W) be
the set of minimal length coset representatives of W/ W (respectively W;\W). Let w({ be the
unique element of maximal length in W;. (We simply write wq for w(I) ) For J, K C I, we write
WK for 7w nwk.

For J C I, let @ be the set of roots that are linear combination of simple roots in J. Let
P; D B be the standard parabolic subgroup defined by J and P; D B~ be the opposite of P;.
Let Ly =P;NP; and Gy = L;/Z(L ). For any parabolic subgroup P, we denote by Up its
unipotent radical and Hp the inverse image of the connected center of P/Up under P — P/Up.
We simply write U for Ug and U™ for Ug-.

For any g € G and subvariety H C G, we write ¢ H for gHg ™!

Now we will review the R-stable pieces introduced in [18]. We will follow the approach
in [9].

1.2.  Atriple ¢ = (Ji, J2, §) consisting of Ji, J, C I and an isomorphism 6 : W, — W, with
6(J1) = J» is called an admissible triple of W x W. For an admissible triple ¢ = (J1, Jz, §), set
We={(w,é(w)); we Wp}CWxW.

Let ¢ = (J1, J2,8) and ¢’ = (J{, J;,8') be admissible triples. For w € W7t and wy € Lw,
set

I(wi, wa, ¢, c’) =max{K C Ji; wi(K) C J{ and §'w;(K) = wr8(K)},

[wi, w2, ¢, ] = Wer (Wi Wi, wy,c.cry, w2)We CW x W.
Then

Wx W= | ] [wi, w2, ¢, ] (%)

!
wieW uye2w

See [9, Proposition 2.4 (1)].
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Moreover, define an automorphism o : Wiy, wye.cy = Wiw,wa,eey by o(w) =
8_1(w2_18’(w1ww1_1)w2). Then map Wy, w,,e,c) = W x W defined by w — (wjw, wy) in-
duces a bijection from the o-twisted conjugacy classes on Wy, w,,c,c) to the double cosets
Wo\[wy, wa, ¢, ']/ W,. See [9, Proposition 2.4(2)].

Let O be a double coset in Wy \(W x W)/ W.. Then O N (W1 x ! W) contains at most
one element (see [9, Corollary 2.5]). If O N (W71 x ! W) # ¢, then we call O a distinguished
double coset. We denote by Op;ip the set of minimal length elements in (. We have a natural
partial order on the set of distinguished double cosets defined as follows: O < O’ if for some (or
equivalently, any) w’ € O . , there exists w € Opin With w < w’. See [9, 4.7].

1.3.  An admissible triple of G x G is by definition a triple C = (Ji, J2, 85) consisting of
Ji, J2 C I, an isomorphism § : W, — W, with §(J1) = J> and an isomorphism 6s: L ;, — L,
that maps 7' to 7" and the root subgroup Uy, (for i € Ji) to the root subgroup Uy, . Then an
admissible triple C = (J1, J2,60s) of G x G determines an admissible triple ¢ = (Ji, J2, 8) of
W x W. For an admissible triple C = (J1, J2, 05), define

Re={(p.q); p< Py, q€Pp, 05(p) =3},

where p is the image of p under the map P; — L, and g is the image of g under the map
sz d LJz'

Let C = (J1, J2,65) and C" = (J7, J}, 0s') be admissible triples. For w; € W't and wy € 2 W,
set

[wi, w2, C,C'| =Re/ (B B, BinnB)YR¢e C G x G.

For any distinguished double coset O € W \(W x W)/W,, we also write [O,C,(’]
for [wy, wy,C,C’], where (wy,wy) is the unique element in O N W x JZ/W). We call
[wy, wy,C,C'laRe x Re-stable piece of G x G.

Now we list some properties of the R x R¢-stable pieces.

(1) The Rer x Re-stable piece [wy, wa, C,C'] is a locally closed, smooth and irreducible
subvariety of G x G of dimension equal to dim(G) + [I| + [(wy) + [(w2) + [(wi") + [(w).
See [18, Theorem 1.1(i)]. See also [22, Theorem 2.6].

2)GxG=_] S » - [wi, wy,C,C']. Lu and Yakimov [18, 1.3] and Springer [22,

wieW’T wye2W
Theorem 2.6] gave two different proofs of this result. A different approach is sketched in [9,
Proposition 5.6].

(3) Let w; € W/ and wy € 2W and O = W, (wy, wa)W,. Then for any (w!, w}) € Omin,
[O,C,C'l=Re(Bw) B, Bi,B)R¢. See [9, Proposition 5.3].

(4) Let (wy, wp) € W/ x 1 W . Define an automorphism 65 : L1y, wy,c,c’y = L1aw,wa.c,¢’) BY
05 (1) = 05 (15 ' 05 by LT ' )ib). Then map L (uy wy.c.cry = G x G defined by [ — (i/, i)
induces a bijection between the 6, -twisted conjugacy classes on Ly, w,.c.c) and the double
cosets Re\[wy, wa, C,C'l/Re. See [18, 1.2] and [9, Proposition 5.6(2)].

(5) For any (w1, wp) € W x W, Re/(Bw B, BunB)Rc =| |plO, C,C'], where O runs over
the distinguished double cosets in W \(W x W)/ W, that contains a minimal length element
(w}, w)) with w] < wy and w) < wa. See [9, Proposition 5.8]. A slightly more complicated
description was obtained in [18, Theorem 4.1].
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In particular,

(6) for any distinguished double coset O € W \(W x W)/ W,, we have that [O,C,('] =
|_|O,<O[(’)’, C,C']. See [9, Corollary 5.9].

Now we will come to the wonderful compactifications and the Pg-stable-piece decomposi-
tions on the compactifications.

From now on, unless otherwise stated, we assume that G is adjoint and G an algebraic group
with identity component G. Let G' be a connected component of G. We fix an element g € G'
with 8B = B and 87 = T. If G' = G, then we choose go =1 and § = id. We denote by
05 the conjugation of go on G. Then 65 gives automorphisms on / and W. We denote these
automorphisms by 8.

1.4. We consider G as a G x G-variety by left and right translation. Let G be the won-
derful compactification of G. This compactification was first constructed by De Concini and
Procesi [4] when k = C and later generalized by Strickland [24] to arbitrary algebraically
closed field k. It is known that G is an irreducible, smooth projective (G x G)-variety with
finitely many G x G-orbits Z; indexed by the subsets J of /. Here Z; is isomorphic to the
quotient space (G x G) XP]xP, G for the P; x Pj-action on G x G x G defined by

(q.p) - (g1,82.2) = (8197, g2p~ . Gzp~"), where g is the image of ¢ under the projection
P; — Gy and p is the image of p under the projection P; — G . Let h; be the image of
(1,1, 1) in Z; under this isomorphism.

1.5.  The wonderful compactification G! of G' is the (G x G)-variety which is isomorphic to
G as a variety and where the G x G-action is twisted by (g, g’) — (g,05(g")). The G x G-orbits
on G! then coincide with the G x G-orbits on G. Let Z J,5 be the orbit coinciding with Zs(y)
and hy s € Z;s be the point identified with the base point %5y € Zs(sy. Then G! is identified
with the open G x G-orbit Z; 5 via ggo — (g, 1) - hj s. Moreover, the isotropy subgroup of /7 s
inG x G is

(Upa—w x Up, Z(Ly))(Ly)s,

where (Lj)s ={(0s(1),1); [ € L;}.
In other words, we have the following commuting diagram

80
E—

Q

Qr =—Q
|ﬁ

!

where r((g1, £2) - hs() = (81,65 ' (82)) - hy 5.
For any subvariety X C G!, we denote by X its closure.

1.6. For J C I, set J; = wowy”’8(J) and 8’ = 5" o Ad(wowy”)~': W;, — W,. Then
¢=(J1,J,8) is an admissible triple on W x W. Set 6y = 65" o Ad(iowi ") :L;, — L.
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Then C = (Jy, J, Bs) is an admissible triple on G x G. We may identify (G x G)/R¢ (1, Z(Ly))
with Z; s as G x G-variety via (g1, g2) — (glu')ou')gu), g2)-hys.

Let K Cc I and C' = (K, K, id). Then each R x Re-stable piece of G x G is stable under
the right action of R¢(1, Z(Ly)). For w € W) and v e KW, set

[/, w, vlk,s = [wwy " wo, v,C.C'/Re (1, Z(Ly)) = (Px)a(Bib, BO) - hys.

We call [J, w, v]g s a Pk-stable piece on G!. In the case where K = J, a Pk -stable piece
is just a B x B-orbit and we simply write [J, w, v]s for [J, w, v]g s. In the case where K =1,
a Pk -stable piece is just Lusztig’s G-stable piece introduced in [16, Section 12] and we simply
write Z .5 for [J, w, 1]; 5.

The following properties follow easily from the properties of R x R-stable pieces that we
listed in Section 1.3. o

(1) [J, w, v]g s is an irreducible, locally closed subvariety of G1 of dimension I (wg) + |J| +
1(v) —l(w) +1(wf).

2) G'= Ly crwews o vexwld, w, vlk s

(3)Forany J C I, x e W) and y e W, (Px)a - [/, x,y]ls N Zss = | |[J, w, v]k.5, Where
(w, v) runs over all elements in W) x KW such that there exists a € Wx and b € W such that
aw(S(b)ng)wo < xwg(J)wo, avb <y and l(awS(b)wg(J)wo) + l(avb) = l(u)wg(J)wo) +1(v).

(4) For x € W®) and y € W with I(y) — [(x) = [(v) — [(w) and there exists a € W and
b € W; such that x = awé(b) and y = avb, then we have that (Pg)a - [/, x, yls =[J, w, v]lk s.

The following explicit description of the closure of a Pk -stable piece in G! was obtained in
[18, Theorem 5.1], which generalized results on the B x B-orbit closures in [20, Proposition 2.4]
and [13, Proposition 6.3] and the G-stable-piece closures in [8, Theorem 4.5].

(5) [J, w, v]g s is a finite union of P -stable pieces. Moreover, [J/, w’, v']x.s C [J, w, v]k_s
if and only if J’ C J and there exist x € Wk and y € W, such that xw’ > wé(y) and xv’ < vy.

We also need the following variation of Section 1.3 (4),

©6) [J,w,vlks = (Pk)a(Lg,,0) - hys, where K1 = max{K' C K; w™'(K') C J,
w ! (K") =8 (K")). _

Moreover, we have an explicit description of the semi-stable locus G!* for the diagonal G-
action on G! in terms of G-stable pieces (see [11]). The case where G' = G was also studied by
De Concini, Kannan and Maftfei in [3].

(7) Glm = |_|jc[ ZJ,1;8~

We call Z; 1.5 a semi-stable stratum.

The following consequence of (1) and (5) is also useful in this paper.

Corollary 1.1. For J' C J, dim({J, w, vlg.s N Z ;1 5) = dim([J, w, vg.s) — |J| + |J].

Proof. We have that [J',w,vlgs C [J,w,vlgs N Zps. By Section 1.6 (1),
dim([J', w, vlk,5) = L(wo) +1(wK) + I/ +1(v) — I(w) = L(wo) +1(wE) + || +1(v) — (w) +
(' = JD) =dim([J, w, vIg 5) — [J|+ |J'].

On the other hand, by Section 1.6 (5), [J, w, vlx s N Z s is a finite union of Pk -stable pieces
of the form [J', w’, v']g s with xw’ > wd(y) and xv" < vy for some x € Wi and y € W,. For
any such pair (w’, v’),

dim([l/,w’,v’]K’a) =l(w0)+l(w6<) + |J/| +l(v’) —l(w’)
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< (wo) ~|—l(w§) + || +1(xv) = 1(xw)
<l(wo) +1(wf) + [ +1(vy) — 1(w ()
<l(wo) + 1 (wE) + || + 1) — 1(w)
dim([J, w, vlk.s) — IJ|+|J'].

The corollary is proved. O
2. Closure of a parabolic subgroup in G1ss

In this section, we will describe the closure of a standard parabolic subgroup P in the semi-
stable locus of G and prove that the closure is smooth. The explicit description and smoothness
of the closure will be used in Section 4 to study the intermediate extension of Steinberg character
sheaf and to partially verify a conjecture of Lusztig. The explicit description of the closure will
also be used in Section 3 to study the closure of a Lusztig’s stratum in G**.

Below are some notations.

For any J C I, set Js =max{J; C J; §(J1) = Ji}.

For any K C I with §(K) = K, we write P,l( = Pggo = NgPx N G! and G}( =
Lggo/Z(Lk). L

Now we give an explicit description of P}( N G1%% using Pk -stable pieces.

Theorem 2.1. For K C I with §(K) = K, we have that

PrnGt = | | ] [7.8(w). w] .

JCl wek W wW,;NWS=+£p

Proof. By [23, Lemma 7.3], PII< = Pxgo= (Px)a - (Bgo) =11, 1, 1]k 5. Thus by Section 1.6
(%,

gﬂZJ’l;(;: I_l ([J, w, U]K,szZJ,l;S)-

weWd) veKW, xw>8(xv) for some xeWg
Letw e W), v e KW with xw > §(xv) for x € Wk. Since v € KW, we have that
l(w) 2 1l(xw) —1(x) > 1(xv) —I(x) =1(v).

By Section 1.6 3), Ga - [J,w,vlgs N Zj5=Ga - [J,w,v]s N Zjs is a union of G-stable
pieces. If [J, w, vlg,sNZj 1.6 #D,then Z; 1.5 C Ga - [J, w, v]s. Again by Section 1.6 (3), there
exists a € W and b € W, such that a8 (b)w) wo < ww) " wo, ab < v and 1(as (b)w) " wo) +

I(ab) = 1(w)"wo). Therefore a8 (b)w)” > ww)"” and

HasBywi ) > 1(wwi™) = 1) + 1w ") > 1) +1(wi)

> 1(ab) +1(w) ).
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Since (a8 (b)ywi " wo) + 1(ab) = 1w wp), we have that
1(adbywd") = 1(ab) + 1(w)").

Therefore, xw = §(xv), ad(®)w)” = wwd” and ab = v. So ws(b)™' = vb~' = a and
xvb~ = xwd (b))~ = 8(xv)8(b) ! = 8(xvb7 ).

We may write xvblasxvb~ ! =z1zpforz; € Wx and zo € KW. Then xvb~! = 8(va_1) =
8(z1)8(z2) and 8(z1) € Wk, 8(z2) € KW. Therefore z; = 8(z;) and zp = 8(z2). Write z as
2o = 7324, Where z3 € W’ and z4 € W;. Then z3 € KwJ and xw(S(b)_l =xvb~1l= 212324 =
218(23)8(z4). By [9, Corollary 2.5], (w,v) = (8(z3), z3) is the unique element in (W) x
Kw)yn O, where O = {(x'wd(y'), x'vy); x' € Wk, ¥y € Wy} ={(x'8(z3)8(y"), x'z3y"); x' €
WK, y/ (S Wj}.

Therefore Pll{ NZj1.5C LlZEij) wynwezpl s 3(2), zlk -

Now for z € KW+ such that zu = §(zu) for some u € W, we have that G - [/, §(2), Zlk s =
Ga -[J,68(2), zls- By Section 1.6 (4), Ga - [J,8(2),zls = Z;.1.5. Hence [J, §(2), zlk,s C Pll( N
Z;.1.5. The theorem is proved. O

Lemma 2.2. Let J, K C I with §(K) = K. Then the map w +— min(w W) gives a bijection
e Xwhnw? > {xe®w/, xw,nw? £0).
Moreover, for any w € Kw’sn W‘S,
max{K' C K; K'=3(K’), e(w)_l(K’) cJ}=Knws).

Proof. If w € KW/ N W? and x = min(wW). Then x € KW’ and w € xW; N W?. So the map
is well-defined.

Now suppose that x € KW/ with xW; N W?® £ @. Let y € xW,; N W8, Write y as y = ab
for a € Wg and b € KW. Since §(K) = K, we have that §(a) € Wg and §(b) € KW. Now
ab=y=258(y) =8(a)8(b).Sob=25(b).Sincex € KW’/ be WgxW; N KW =x(W; nKrw),
where K1 = K Nx~'(J).

Write b as b = wc for w € KW’ and ¢ € W,. Then we = b = §(b) = §(w)8(c) and §(w) €
Kwis s(c) e Wy,. Thus w =8(w) € Kwls \ W3 and e(w) = x. The map is surjective.

If wi,wy € KW N W? with e(w;) = e(wy). Then wy = wya for some a € W;. Thus
wia = wy = 8(wr) = §(w1)é(a) = wid(a) and a = §(a). Let supp(a) be the set of simple
roots whose associated simple reflections appear in a reduced expression of a. Then supp(a) =
8(supp(a)) C J. Hence supp(a) C Js and a € W,. Since wi, wp € W75, we have that a = 1 and
w1 = wy. The map is injective.

Let w e KW’ N WS, Then w = e(w)a for some a € Wy N W’. Let K/ c K. If
ale(w) WK = w I (K") c Js C J, then e(w) 1 (K') C @;. Since e(w) € W/, we must
have that e(w)~'(K’) C J. Moreover, §(K N wJs) = §(K) N 8(w)8(Js) = K N wJs. Hence
K Nw(Js) c max{K' C K: §(K') =K', e(w)"'(K') C J}. On the other hand, assume that
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K'CK,8(K')=K and e(w) ' (K’) C J. Then forany i € K’, w™ ! (ej) =a " 'e(w) (o) is a2
rootin @;. Since w € KW, w™(«;) is a positive root in @ ;. Now

8<w1 Za,):é(w)] Z otl-=uf1 Zai.
ieK’ ies(K')=K' ieK'

Hence, w™ ' (a;) is a positive root in @, for i € K’. Notice that w € W Thus w™!(a;) is a
simple root in @, fori € K’ and w I (K')ycJs. O

Letwe XWnwéand J C I, min(wWy;) € W8, Write w’ for min(w Wy;). Then

(PK)A(BW, Bw) - hy 5= (Pg)a(Buw', BW') - hys

= [V 8(w) wlg s

By Proposition 2.1 and the previous lemma, we have other descriptions of P11< N G155 which
are sometimes more convenient to use.

Theorem 2.3. For K C I with §(K) = K, we have that
PAnG™ =] || (Po)a(Bi,Bi) hys
JCl wekwilsnw?

=Ll U ®oa®Bu. By hy,s

JCTl weKwnw?

= U LEoaBw. By -hys

weKwnws JCI
Theorem 2.4. For any K C I with §(K) = K, the variety g N G is smooth.

The proof will be given in the rest of this section. The main idea of the proof is to find an

open covering of P11< NG5S such that each open subvariety appearing in the covering is open in
another smooth variety.

Lemma 2.5. For any K C I with 8(K) =K and w e KW N W?, | |, (Bw, BwKw) hysisa

locally closed subvariety of G! isomorphic to an affine space of dimension dim(Pk).
Proof. Since w € KW and §(w) = w, we have that
o7 (CunuT)=""unUuT =" Up nUT c¥ M UNUT,
o5(" M U nU) =" UNU =""Up nUC? UND.

Notice that (UPE—(J), Upj) . hj’(s = hj,(s and (65(]), 1) - hj,(; =1 - hj,(; foralll € L;. For
J C I, we have that
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(""" B, B) - hy s

vy, w_lwé(B) “hys

(unu) (P UnUT), " B) - hy

(w_lUﬂU)(w_lUﬂU_ ﬂLg(J)),w_lwgB) ~hys
W

1 RS IEY SN _
unu,? wOBesl(w unu ng(J)))'hj,a

UNU, T BY s

Clunu, (T BABT) (Y UNU)) by

w
w
w
w

wnu, (T BABY) (T UNUNLY)) - hys

(" UnU)es(* T U ULy, (P BABT)) hys

UNU, T BOBT) .

(
(
(
(
(
(
(
(
(

Set X = |_|JC1(1, T) - hys. Using the result of [5, 3.7 and 3.8], we see that

(="~ k) - || (B, Bukw)hss = (" Unu. T unuT) - X
Jcl

is a closed subvariety of (U, U ™) - X isomorphic to an affine space of dimension dim(Pg).

Since (U, U™) - X is open in G!, (u')’l, u')’lu')g) . |_|JC,(Bu'), B'ngw)hj,g is locally closed
inGl. O

Lemma 2.6. Forany K C I with8(K) = K and w € KWNW?, we have that|_|JC1(PKu'), Pgw)-
hj.s is smooth.

Proof. Set X =| |;;(Bw, Bu'J(Ifu')) -hyjs. Then X is isomorphic to an affine space and

|| Pk, Py -hys= | (r.@)-X.

Jcli P.q€Pk

So it suffices to prove that X is openin | |;-;(Pxw, Pxw) - hy,s.
Suppose that X is not open in chl(PK w, Pgw) - hjs. Notice that X and

| [Pk, Py -hys=] | | (Biwb, Byw)-hys
Jcl JCIx,yeWg

are unions of some B x B-orbits. Thus there exists a B x B-orbit O in |_|JC,(PK w, Pgw) -
hy.s — X whose closure contains a B x B-orbit O’ in X.
We may assume that O C Z; 5 and O’ C Z 5. Set w’ = min(wWy). Then w’ € KW/ and
dim((Bw, Bi§ w) - hys) =dim([J,8(w'), w§w'];) = 1(wo) + 17|+ I(w()
=dim((Pxw, Pxw) - hys).



X. He / Advances in Mathematics 225 (2010) 3258-3290 3269

Thus (B, B ) hy s is openin (Pg w, Px)-hy s and dim(O) < dim((Bw, Bwfw) hy s).
By Corollary 1.1,
dim(O N Zy 5) < dim((Bw, B w) -hys) — [J|+ |J']
= dim((Bw, Bw§ w) - hyr 5) = dim(0O').

Therefore O’ g O, which is a contradiction. O

Lemma 2.7. For any K C I with §(K) =K and w € KW n W?, Ll;c/(Pk)a(Bw, Bi) - hys
isopenin| |;-;(Pgw, Pxw)-hys.

Proof. By definition, (Px)a(Bw,Bw) - hys = [J,é(min(wW;)), min(wWj)lk s. Thus
LI/ (Pk)a(Bw, Bib) - hy s is a union of Pk -stable pieces.

Notice that (Px)a C Px X Px and B x B C Px x Px. Thus forany J C I and x,v e W,
either

(Pg)A(BX, BY) -hys N (Pgw, Pgkw) -hys=0
or
(Pk)a(Bx, Bv) -hy5 C (Pgw, Pkw)-hys.

In other words, chl (Pxw, Pxw) - hy s is a union of Pk -stable pieces.

Suppose that | |;-;(Px)a(Bw, Bw) - hy s is not open in | |;-;(Pgi, Pxw) - hys. Then
there exists a Pg-stable piece O in | |;-;(Pxw, Pxw) - hys — | |;c;(Pk)a(Bw, Bw) - hys
whose closure contains a P -stable piece O in | _|;-;(Px)a(Bw, Bw) - hys.

We may assume that O C Z; s and O’ C Z 5. Set w’ = min(w Wy). By Section 1.6 (1),

dim((P)a (B, Bw) - hy ) = dim([J,8(w"), w'] ;) =L(wo) + 7] +1(w)
= dim((PKli), PKIl)) . h]’(s).

Thus [J, §(w’), w']k.s is open in (Pgw, Pxw) - hy s and dim(O) < dim([J, §(w’), w']k.s). By
Corollary 1.1,

dim© N Zy5) < dim([J, 8(w'), '] ;) = 1+ ]J'|
= dim((Px)a (B, B) - hy 5) = dim(O').

Therefore 0" ¢ O, which is a contradiction. O

Proof of Theorem 2.4. We showed in Lemma 2.7 that for w € KW n W9, L Jc1(PK)a
(Bw, Bw) - hy s is an open subvariety of a smooth variety | |;-;(Pxw, Pxw) - h;s. By Lem-
mas 2.5 and 2.6, chl(PK w, Pxw) - hy s is a smooth variety of dimension dim(Px). Hence
UIC[ (Px)a(Bw, Bw) - hy s is a smooth variety of dimension dim(Pg). Now the theorem fol-
lows from Theorem 2.3. 0O
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3. A stratification on G1%

3.1. 1In[14] and [15], Lusztig introduced a stratification of G. This stratification is a key in-
gredient for defining the notion of “admissible complex” on G. In this section, we will generalize
the definition of Lusztig’s stratum to G** and prove that the decomposition of G** into Lusztig’s
strata is a stratification. We will also prove that some maps are small. These maps will be used
in Section 4 to study the intermediate extension of “admissible complex” to G*.

First, we recall a stratification of G! introduced by Lusztig in [15].

3.2. Anelement g € G is called isolated if there is no proper parabolic subgroup P of G
such that h € Nz (P) and Z(;(hs)0 C P, where h; is the semisimple part of  [15, 2.2]. Then
the set of isolated elements is closed in G' [15, Lemma 2.8] and the action of Z(G) x G on G!
defined by (z, g) - g’ = gzg’g~! leaves stable the set of isolated elements in G' and there are
finitely many orbits there [15, Lemma 2.7]. These orbits are called isolated strata of G'[15,3.3].

3.3. Let P be a parabolic subgroup of G, L be a Levi subgroup of P and S be an isolated
stratum of Ng (L) N G! such that S C Ng(P). Set $* = {g € S; Zg(gs)? € L) and Yrs =
|_|geG gS*g_l. We call Y s a stratum of G!. 1t is known that Y7 s is smooth [15, 3.17] and
Y} s (for various (L, S)) form a stratification of G' [15, Propositions 3.12 and 3.15].

Moreover, let S’ be the closure of S in Na(L)n G!and G xp (S'Up) be the quotient space
of G x (S'Up) under the P-action defined by p(g.,z) = (gp~', pzp~!). Then the proper map
f:Gxp(S'Up)— Y g defined by (g, z) — gzg~' is a small map. See the proof of [15, Propo-
sition 5.7]. o

Now we generalize the definition of strata to G155,

3.4. By [8, Proposition 1.10], the map (g,z) — (g, g) - z gives an isomorphism G X py,
(Prs, Prs) ~hys—> Zy 18-

Notice that the map (g, z) — (g, 1)z gives an isomorphism from Up]5 x (Ly,1)-hjsto
(Pjs, Pyy) - hy s and the action of Up,, on (Ly;, 1) - hj s defined by (g, z) — (1, g) - z is trivial.
Then (g, z) — (g, &) - z gives an isomorphism

Upj; x (Ly;, 1) - hys = (Pys, Pyy) - hys. (a)

Therefore

Py, XLy, (LJB, 1) hJ,S = (UP/5 S LJa) XLy (LJS’ 1) 'hJ"S
= Up, % (Lsy XLy, Ly 1) hys)
= (Py;, Py;) - hyys,
where Py, XLy, (Lys, 1) - hys is the quotient space for the L j; action on Py, x (Ly,,1)-hys
defined by I - (p,z) = (pl~", (1, 1) - 2).

Thus Zj ;.5 is isomorphic to G X Py (Pyy XLy, Ly, D)-h;js)=G XLy, (Lj;, 1) - hys via
(8,20~ (8,8) -z
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We may also identify (L, 1) - hy s with L j;80/Z(L ). Therefore we have an isomorphism
ij: G xp, Lygo/Z(Ly)=Zj 15

via (g,1g0) — (8l,8) - hys.
Notice that we have a stratification G X, Js Ligo=1]G %1 Js Y, where Y runs over strata of
L j;80. Moreover, each stratum Y of L j; go is stable under the action of Z(L j;) D Z(L ;). Then

G = | | | i7(G L, Y/Z(L))) (b)

JCIY is a stratum of Ljsgo

is a decomposition of G55 We will see in the end of this section that (b) is in fact a stratification.
For any J C I and stratum Y of L j;g0, we call i j (G XLy, Y/Z(L;)) a stratum of Gss.

We may define a decomposition for G! in the same way. But it is very hard to give an explicit
description of the closure of any subvariety appearing in the decomposition. However, [6, The-
orem 4.3], [12, Theorem 7.4] and [8, Theorem 4.5] give some evidence that this decomposition
for G! may still be a stratification.

3.5. In this subsection, we assume that G! = G. It is known [4] that the map (g,g',2) >
(g, &) - z gives an isomorphism

(GxG)xP;X,,JG_,;z_,.

Notice that any element in Z; N G is of the form (gl, g) - hx for some K C J, g € G and
I € Lx and any element in G ;* is of the form (g'l’, g’) - hx for some K C J, g’ € L and
"€ Lg. Therefore Z; NG =G - G*5.

The morphism (G x G) Xprxp, G;— G/P; x G/Py, (g,8.2) — (gP;, g Py) sends
Z; N G* to the open G A orbit O in G/P; x G/Py.ltis easy to see that O = G/L . Since each
fiber of the G-equivariant morphism Z; N G** — G /L is isomorphic to G**, by [19, p. 26,
Lemma 4], we have that

Z/NGT =G xy, Gy

Here G xp, G ;** is the quotient space for the L j-action on G x G j** defined by / - (g,2) =
(gl~', (1,1) - 7). This isomorphism extends the isomorphism Zi1id=2ZjNG¥ =G x1,Gyin
the previous subsection.

Lemma 3.1. Let Ty = {t0s(t™'); t € T}. Let J, K C I with §(K) = K and w € W®. Then

. . . _l .
ToZ(Lg) N (WT, W) -hy = (ToZ(Lk)w, w) -hy, ifw q.)KC(pJ»
?, otherwise.
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Proof. Let X =| |,;(T, 1) - hp. Then for any positive root «, the morphism 7' — k defined
by ¢ — «(t) extends in a unique way to a morphism X — k, which we denote by &. It is easy to
see that

() = o TS @

By definition, T0Z(Lg) = {t € T; [[;cp@i(t) = 1, V-orbit O of K}. So (w1, w1
ToZ(Lg)={t€T; [l;co w e (1) = 1, V8-orbit O of K}. For any root «, set

1, ifa>0;
se(@ =11 iy <o.

Notice that §(w™';) = 8 (w) " as(;y = w s (). Thus for any §-orbit O of K, either w™'a; > 0
foralli € ©® or w'a; <0 foralli € ®. So we may write sgn(w‘l(’)) for sgn(w‘lot,'), where

i€O.Now ([[;cow™! (@:)2)°E@ ' O) 5 a well-defined morphism from X to k and

(=) - ToZ(Li) = {z ex: [Tulen@ee o = 1}.
ieO

By (a), if w™! (@) € @, then [[;cx w! (a;)(2)" @' @) — 0 for all z € (T, 1) - hy and
(=1, w1 ToZ(Lg) N (T, 1) - hy = @. On the other hand, if w™!(®x) C @, then for any

z=(,1)-hyandi e K, w=(e;)(z) = w™ " (e;)(r). Therefore (w=", w=1) - TyZ(Lg) N (T, 1)-
hy={@1)-hy;te@ ', w™) ToZ(Lg)}. The lemma is proved. O

Notice that 65 (7o) = To and s Z(Lg) = Z(Lk) for K C I with §(K) = K. By the identifica-
tion of G with G! in Section 1.5, we have the following variation of the previous lemma.

Lemma 3.2. Let J, K C I with §(K) = K and w € W°. Then

(ToZ(Lk)Os (), w) -hys, ifw '@k CPy;

ToZ(Lk)goN (wT,w)-hys= .
0, otherwise.

Theorem 3.3. Let K C I with §(K) = K and S be an isolated stratum of Lk go. Let S’ be the
closure of S in Lk go. Then

UpKSﬂa”: I_l (UPKS/LDgo_l,UpKLD)~hJ’3.
JclweKwisnwsé w=1(K)cJs

Proof. Since Up, S’ C P11<, then

Upe S NG cPinG™ =] || (P)aBw.Bw) hys.
JCl weKkwlsnwo
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Since § is stable under the conjugation action of L, there exists s € (B N Lk)go such that
s € S. We may write s as s = utgo forsome t € T and u € U N Lg. Then

S={lutzgol™"; l € Lx,z€ Z(Lx)} € (Lx)a((UNLx)ToZ(Lg)go)-
By [15, Lemma 3.11], $* is open dense in S. By [15, 3.13], dim((Upy ) a - §*) =dim(Up, ) +
dim(S*) = dim(UpKS’). Since (UPK)A - S C UPKSUPK = UPKS C UPKS/, (UPK)A - S§* is

dense in Up, S" and hence (Upy)a - S is dense in Up, S’. Now consider the proper map
Px xp UtToZ(Lk)go — G! defined by (g, z) — (g, g) - z. Since

(PK)a(UITyZ(Lk)go) = Up)a(Lg)a - (UtToZ(Lg)go) D (Upg)a - S,
then
Upe S C(P)AUtTOZ(Lk)go. (a)

Let J C I and w € KW/ N W?. By definition,

(Pk)a(Bib, Bi)-hy 5 C | ) (BiB, BiBw) hys
xeWg
= |J (BiBw, Bi) - hys
xeWg

c ((wa, Biw) - hysU | (By',chuv)-h,,a).

xeWg y<xw

If (Pk)a(Bw, Bw)-hys NUp, S’ # 0, by (a) we have that

\J Biw, Biwb) - hy s
er,‘s(
= (Px)a(Bw, Bi) -hysN B
D (P)a(Bi, Bi)-hys NUtToZ(Lk)go # 9.

Therefore UtToZ(Lk)go N (BXxw, BXw) - hyjs # ¥ for some x € WI‘S(. Set X =
Uyc;(Bxw, Bxw) - hy 5. Then the map (u, u’, z) = (uxw, u’xw) - z defines an isomorphism

(UNTU)x (UnTUT) x | J @) hys— X
J'cl

Notice that UtTyZ(Lg)go C X. Then UtToZ(Lg)go N X is the closure of UtrTyZ (L )go in
X. Hence

UtToZ(Lx)goN X = (U NV iw, (UNTUT)iw) - X, (b)
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where X' = G T Z(Lg)go N Uy (T, 1) - hys. Since UtToZ(Lg)go N (Bxw, BXw) -
hys#@,then X'N(T, 1)-hy s # @. By the previous lemma, w g =w Ix 1P c @;. Since
w = 8(w) and K = §(K), we have that §(w™!®k) = w™'dx C ®,,. Notice that w € KW,
Then w1 (K) C Js.

On the other hand, suppose that w € KW N W? with w=!(K) c I. Set

Y= || (Po)aBi,B)-hps.
w—(K)ycDhcl

If w™'(K) C D, then goqu(K)gO_l = L,-1(k and by [23, Lemma 7.3], (L,,-1(g))a - (BN
wal(K))g()) = Lw—l(K)g(). Hence
(Pg)a(Bw, Bw) -hp s
=(Lx)a(Upew, Upg (BN Lw—I(K))) “hps
= Upgw, Upgw)(Lyy-105)) A (1. BN Lyy-1(x)) - hp s
= (Upgw, Upgw)(1, Lyy1()) - hps

= (Upgw, Upgw)(Ly-1(gy, Lyy-1(xy) “hp,s = (Pkw, Pgw) - hps.

Therefore ¥ = Uwfl(K)ch(PKU')’ Px) - hps. Since w™'(K) C I, Up, N VY = Up, N

Y{p . and Up, NYU™ =Up, N “"Upf . It is easy to see that the map (u,u’,z) —
v wl(K)
(u, u’) - 7 defines an isomorphism
(Upe N"U) x (Upe U™ x || @gib, L) hps— Y. (c)
w-l(K)cDcI

By the similar argument as we did for (b), one can show that the closure of §' =
(889 05 (), 1) - s in Lyt iy peg (LD, L) - hp.s is Lyt ) per (5780 05 ), ) -
hp.s.

Hence the closure of Up, S" = (Up, N U, Up, N"U7) - (S'gy ' Os(), w) - hy s in ¥ is

(Upe NP0 Up N"UT) - || (S'gy'0s(). ) hps
w-l(K)cDcCl

= L (UnSg 056, Univ) -hps
w-l(K)cDcI

= |_| (UPKS/Ii)gO_l,UPKli))-hD,(;.
w~(K)cDclI

The theorem is proved. 0O

Now we state the result on the special case that G' = G.
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Corollary 3.4. Let K C I and S be an isolated stratum of L. Let S’ be the closure of S in L.
Then for any J C I,

UpeSNG¥NZ; = || (Upgd, Upeh) - Xu,
wek W/ w=1(K)cJ

where X, is the closure Uf(Uowl(K) N LJ)“Tl S/Z(Ly) in G ;*.

36. LetJ,KCIwith$§(K)=K andweX W/’ nwd. LetSc L j; be a subvariety. Since
Zj15=G X py, (Pys, Py;) - hys, we have a projection map Z; 1.s — G/Pj;. Restricting the

projection map to ("' Px)a(S, 1) - hy.s5 C Zy,1;5, We obtain a morphism
.71 .71 ~71
(" Pg) (S, D) -hys—" Px/" PgNPy.

By [19, p. 26, Lemma 4],

.1 s —1 =1

(" PR)A(S D) hys =T P X~ penpy, (" P O Pp) A (S 1) Py
Notice that ! Pk NPy = ! Prx N UPJ(S X ! Px N Ly and
u’)—l w—]
PgkNLyy=Lg(" UpeNLy)=Lg(BNLy)=Pg NLy,

where K’ = w~1K N J;. Therefore,

Ib_l u')—l
(" PO P) (S, D) hys=(" PgN UPJS)A(PK/ NLj)A(S, 1) -hys.

Set X = (Px' N Ly)a(S,1) - hys. By Section 3.4 (a), the map (g,z) — (g, &) - z gives an
isomorphism

.1 ~ -1 ~ -]
(" Pk N Pp) xpune, X=(" Pk NUp, ) x X=(" Pk NUp,), - X.
Therefore, we have that

G Xw—lPK (lb_ PK)A - X

=G X1 (quK Xl penpy, (wilPK NPy, X)

~ G x PN Py, - X)

“.’_IPKWPJIS ((
=G X -1 PkNPy, ((u.ﬁlPK N PJB) X PyiNLyg X)

=G xXpnLy, X =G xp, (Lyg XpgnLy, X). ()
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Similarly, we may identify G - X with G x, Js (Lj;)a - X and under these identifications,

the map (g, 2) > (g.8) -z from G x,-1, (?" Pg)a - X to Ga - X is induced from the map

P €
G % (Ljs XpginLy, X) = G % ((LJ,;)A . X)
deﬁnedby (gﬂlvz)'_) (gv(l’l)z)

3.7. LetJ,K I with8(K)=K and w e KW’ N W? with w1 (K) C Js. Let S’ C Lggo
be the closure of an isolated stratum. We have that ¥~ ' Pgx = “rlUpKWILK = (“.’quK N
UPJ(S)(“'F1 PKOLJS)(WIUPK mUPfa)’ Since w € W% and w=!(K) C Js, we have that ™' Upc N
N L ;. Then

LJ5 = UPw—l(K)

(=" ™) (Pr)a(Upe Sirgy !, Upgth) - s

Pi) o (" Upe N Lyp) (7 U Up,;)w_ls/go_l’ ("' Up NUR,)) - hus
A

w

(
(w
(

(" Upe VL)™' 1) hs

.1 _
NL;)" S'g " 1)-hys.

-1
-1

PK)
-

v PK)A ((UPH,

=1k

The map f:G xp, (Pk)a(UpgS'igy", Upeh) - hys— G X1 pe (w_lPK)A((UPw N

LJS)"TI S’gal, 1) - hy s defined by (g, z) — (gw, (™", w~")z) is an isomorphism. Moreover,

7=mof, (%)
where

7:G xpg (Pk)a(Upg Sgy ! Upgth) - hys — Zy 1.5,

.71 _
Px) (Wp . NLi)Y S'g Y1) hys— Zyas.

s —1
/. w
w'G X1, (

are induced from the map G x Z 1.s — Z; 1.5 defined by (g,z) — (8. 8) - z.
As in the previous subsection, the map 7’ is induced from the map G x (L j; X P,

X) — G x ((Lj)a - X) defined by (g,/,2) — (g, (,1) - z), here

_](K)mLJS

-1 _ ~ =1
X=(WUp , NL" Sg' 1) -hys=Up , NL;)" S'/Z(Lyy).

w=lK wolK

Since ! S’/ Z(Lj,) is the closure of an isolated stratum in L, -1 go/Z(Lj;), by Section 3.3,
G - X is a union of strata in Z; .5 and the map 7’ is a small map.
As a summary, we have the following result.

Theorem 3.5. Let K C I with §(K) = K and S be an isolated stratum of Lk go. Then the proper
map

G xpg (UpgSNG) = Ga(UpeS) NG
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sending (g,z) — (g, 8) - z is small and GA(Up, S) N G55 is a union of strata in G'5.

3.8, LetJ C I and Y be a stratum of L j;go. By the same argument as above, we can show

that i ; (G XLy, Y/Z(Lj))N G'** is a union of strata of G!**. Since we don’t need this result in
the rest of the paper, we skip the details.

4. Character sheaves on G1°¢

4.1. In this section, we will use the results on the structure of the semi-stable locus estab-
lished in the previous two sections to prove our main result (Theorem 4.4), which describes the
restriction to a semi-stable stratum of the intermediate extension of an “admissible complex”. We
also give partial answers to the problem about “boundary value” of character of simple groups of
Lie type (asked by Springer) and a conjecture about semisimple elements in G (due to Lusztig).

4.2. Fix a prime number / that is invertible in k. For any algebraic variety X over k, we write
D(X) for DIC’ (X, Qp), the bounded derived category of Q;-constructible sheaves on X [1,2.2.18].

For any subgroup H of G and an H -variety X, we define the H actionon G x X by h- (g, x) =
(gh~!', h - x) and denote by G x ; X the quotient space. For any perverse sheaf A on X that is
equivariant for the H action, we denote by ig(A) the perverse sheaf on G xp X such that
p*(A)[dim(H)] = @l,g[dim(G)] X A, where p: G x X — G x g X is the projection map.

4.3. In this subsection, we only assume that G is a connected reductive group.

Let Z={g € Z(G); gg’ =g'g forall g’ € G'}. For each isolated stratum S of G! and n € N
that is invertible in k, let S,,(S) be the set of local systems on S that are equivariant for the
20 x G-action defined by (z, g) - s = gz"sg~ ' [15, 5.2]. Let S(S) be the category whose objects
are the local systems on § that are in S,,(S) for some n as above.

Now assume that & is an irreducible local system in S,,(S). For y € S, let Hy be the isotropy
subgroup of y for this Z° x G-action. Notice that for (z,g) € H,, z" = g~ 'ygy~!. By [10,
Lemma 1.1(2)], there are only finitely many possible choices for z. In particular, H? =Zs(y)".
Define a morphism £ : 20 x G/HS — S by (z,8) — (z,8) - y. Then & is a direct summand of

f!Q[’ZOXG/H}Q. Let C be the G-conjugacy class of y, then f factors through
20 G/HO L 20 x ¢ L s,

where f1(z, g) = (", gvg~") is a principal w, x Zg(y)/Zg(y)°-covering and f>(z, ¢) = zc is
a A-covering. Here A = {z € 2°; zC = C} is a finite group. Therefore £ is a direct summand
of (f2)(F X E’), where F is an irreducible local system on Z9 which is a direct summand of
ng(_)l, o for the n-th isogeny n: Z° — Z0 and £’ is an irreducible local system on C which is a

direct summand of (f} |{1}xG/H9)!Ql,G/H§?~

Now let 2’ = {z05(z)"'; z € Z(G)?}. Since Z(G)? is Abelian, Z’ is an Abelian subgroup
of Z(G)°. By [15, 1.2], Z(G)? = 202, Tt is easy to see that Z° N Z’ is finite. Since C C G!
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is stable under the conjugation action of Z(G)?, we have that Z’C = C. Therefore we have an
isomorphism Z(G)? x z» C = 29 x z0nz C. Thus we have the following commuting diagram

b
Z29xZxC— Z(G)° xC

N 0 fa
29— Z0xznz C — S,

where a, f3, ¢ are projection maps, b(z,7’,c) = (zz/,c) and f4(z,c) = zc. The square (a, b,
f3, ¢) is a Cartesian square and f> = fi o f3.

Thus ¢*(f3)1(F R &) = ba*(F R E) = b(F X Q. z M E'). Any direct summand of
c*(f3)1(FRE) is of the form F' K E’, where F is an irreducible local system on Z(G)° which
is a direct summand of ”!QI,Z(G)O for the n-th isogeny n: Z(G)Y > Z(G)°.

As a summary,

(a) € is a direct summand of (f3)E”. Here f4:Z(G)? xz C — S, (z,¢) > zc and £ is a
local system on Z(G)? x z' C whose pull back to Z(G)? x C is of the form F' K £, where F’
is an irreducible local system on Z (G)? which is a direct summand of ny(_)ly Z(G)° for the n-th

isogeny n: Z(G)? = z(G)".

Lemma 4.1. Let K C I with §(K) = K, S C L go be an isolated stratum and S’ the closure of
Sin Ligo. Letw e KW N W2 withw™ (K) C 1. Set Y = |1 x)c pes (Swgg ' w) - hp.s and
Y =y 1 x)cper (Swgy ' W) -hp.s. For J C I withw™'(K) C J, letmy:S — (Sigy "', )
hj s be the map defined by s — (su')go_l, w)-hys. Let £ € 5,(S) be an irreducible local system.
If € =n}E for some local system on Y N Zj 5, then IC(Y', E)|yinz, s =IC(Y' N Zys, ENIT —
J|1. Otherwise, IC(Y', E)|ynz, 5 =0.

Proof. Let Z = Llw—](K)CDCI(g()Z(LK)ng_I, W) - hp s be the closure of goZ(Lg) in Y'. Let
Pi80Z(Lx) = ZNZys=goZ(Lg)/WZ(L)w™", z+> (zibgy ', ) - ks be the projection
map.

We show that
_ (a) Let F be an irreducible local system on goZ(Lk). If 7 = p*F’ for some local system on
ZNZjs,then IC(Z, .5’-')|ZmzM = F'[|I — J|]. Otherwise, IC(Z, ‘7:)|an,,,; =0.

For any j ¢ w™!(K), let a)]V be the fundamental coweight. Then f;:k* — Z, a —
gowa)}/(a)u')_l is a cross section to Z N Zi_{j)s in Z. Using [14, 1.6], IC(Z’fNZﬂZ/g #0
if and only if for any j ¢ J, the monodromy of F around the divisor Z N Zi—{jsis 0,1, f;"]-'
is trivial. It is easy to see that fF is trivial for any j ¢ J if any only if 7 = p*7". In this case,
one can show that IC(Z, f)lzmzj s = F'. Part (a) is proved.

Similarly,

(b) If £ =7 ;& for some local system on Y N Z; s, then IC(Y, E)|ynz,, = E'[|I — J|]. Oth-
erwise, IC(Y, E)|ynz, s =0.

Let 2/ = {z05(z)"'; z € Z(Lg))}. By Section 4.3 (a), £ is a direct summand of (farE". Here
f1:80Z(Lg) xz' C— S, (z,0) > gy 'ze = (g5 '2)(cgy ) go = cgy ' (85 '280) and £ is a local
system on goZ(Lg) x =z C whose pull back to ggZ(Lg) x C is of the form [I* | F' KX &', where

8o
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F’ is an irreducible local system on Z(L ) which is a direct summand of nng, Z(Ly) Tor the n-th
isogeny n: Z(G)° = Z(G)° and lo1180Z (L) = Z(Lg). 2+ 8 'z

Let C’ be the closure of C in Lk go. Then the map f,:g0Z(Lk) xz C — S extends in the
natural way to amap f ZxzC =Y, (z,¢0)— (cgo_l, 1)- (go_lzgo). This is a surjective map
and each fiber is finite. In particular, f‘{’ is a small map and

1C(Y', (f1),E") = (f1)IC(Z xz C'.E").
Consider the following diagram

(ZNZj5) xz C—= (ZNZss) xz C'“—= Zxz C

] R

Ynz,;;¢——=Y'NZjs———>7Y,

where a, b are the restriction of f, and are small maps. Both squares are Cartesian squares. So

1C(Y", (f3),€")

Y'NZys — ((f!)!IC(Z xz C, g//))|Y’ﬂZj,a =bA,

where A = IC(Z x 2 C'. €M 30z, )¢ L0
Notice that the pull back of A to (ZNZ; ) x C'is IC(Z, l;,l]-'/
0

pull back is isomorphic to

)znz,, BICC', E'). The

X¢&).

IC((ZNZys) x CIC(Z, 1;‘0,17’) Ianm

By (), IC(Z, * | F) |ZﬁZJ 5 X £’ is a shift of an irreducible local system on (Zn Zjs)xCorO.
8o g
Hence A=IC((ZNZ;s5) xz C, A|(Zmz,_,;)><2/c) and

ey, (1))

= b!A = IC(Y/ N ZJ,5s a!(A|(Zr]Z],5)><Z/C))

=1C(Y'N Zy5, (i A)lynz,,)-

Y'NZys

Since IC(Y', &) is a direct summand of IC(Y’, (f):£"),

1c(Y',€)

Y'NZjs = IC(Y/ N Zj,(S, IC(Y/’ (‘:) |YﬂZ].5)

=1C(Y'NZy5.1C(Y,E)lynz, ;).
Now the lemma follows from (b). O
From Section 4.4 to Lemma 4.2, we only assume that G is a connected reductive group. We

first recall some results on character sheaves on disconnected groups. We follow the approach
in [15].
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4.4. Let P be a parabolic subgroup of G such that Nz P N G' #@.Let L be aLevi of P. Set
L'=NzPNNzLNG'= (NzPNG')/Up. Consider the diagram

L' € Gx (NoePNGY) L Gxp (NoPNGY) S G

where a, b are projection maps and c(g, h) = ghg~!. To any simple perverse sheaf A on L!
which is L-equivariant (for the conjugation action) we define indg] A = Ay, where A is the
perverse sheaf on G xp (Ng P N G) such that a* A[dim(G) — dim(P)] = b*A;. We call indél1
an induction functor.

Consider the diagram

G'<N:PNG' 5 L,

where i is the inclusion map and m is the projection. To any simple perverse sheaf B on G!

B =mi*B. We call resLll a

which is G-equivariant (for the conjugation action), we define res Py ! P

restriction functor.
4.5. For P, L and S as in Section 3.3, set
Xr.s=G xp S'Up;
Yi.5=G x1 S*=G xp (Pa-S*)
where S is the closure of S in G!, L acts diagonally on §* and P acts diagonally on P, - $* and

S'Up.
We have the following commuting diagram

~ b
Yis<~—— Vg <~——GxS§ ———§

L D

e

Y, XLs ~— GxSUp —=§,

where Y|  is the closure of Y7 s in G',a,b,d’, b are projection maps and 7, 7’ sends (g, p) —
-

8rg - 5 B 5

Let £ € S(S). Then there is a unique local system £ on Yr s with a*€ = b*E and the
intersection cohomology complex IC(S', &), IC(X s, &) are related by (a')*IC(Xp 5, &) =
(BH*IC(S',E) (see [15, 5.6]). Moreover, IC(Yi 5 m€&) is canonically isomorphic to
yr!’IC(XL,S, &)= mdL (IC(S', £)[—dim(X 1, 5)] [15, Proposition 5.7].

A simple perverse sheaf on G! is called admzsszble if it is a direct summand of the perverse
sheaf IC(Y) L. S,mé’)[dlm( s)] on G! (0 outside Y S) for some pair (L, S) as above and a

cuspidal local system £ € 8 (S) [15, 6.7]. The deﬁmtlon of cuspidal local system can be found in
[15, 6.3].
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Lemma 4.2. We keep the notations as above. Let £ € S§(S) and A be a direct summand of
IC(Yi 5 mé‘)[dim(Yi ). Let Z be a connected subgroup of Z(G). If A is equivariant for the
right Z-action, then & is equivariant for the right Z-action on S.

Proof. Consider the following diagram

Y s XLs

YL,S(%‘ YLS’

where 7 and 7/ are defined in the previous subsection. By [15, Lemma 5.5] and [15, Proposi-
tion 5.7], this is a Cartesian square and 7’ is small. So

(@) (=) ICXL.5. )5, s =7* () ICX L5, Oy, )

=t (IC(Yy 5 mE)|y, ) =7 mE.

Consider the following diagram

b ~
G xp (N xp §%) —— Yi.s

~ T
Yps — YL,

where N = {n € NgL; nSn~' = S}and G x (N x S*) is the quotient of G x (N x §*) modulo
the L x L-action, (I,1') - (g, n,s) = (gl~', In(I")™',I's(")~") and the maps a, b are defined by
a(g,n,s) = (g, nsn—1) and b(g,n,s) = (gn,s). Itis easy to see that this is a Cartesian square.
Therefore *m € = ba*E = EBIN/LI,

Since A is a direct summand of (z')/C(X[ s, g')[dim(YLS)], each direct summand of
((yr’)*A)|);L,S is a shift of £. In particular, IC(Xf,s, é~')[dim(XL,S)] is an irreducible constitute
of PH ((')* A) for some i € Z.

Notice that A is equivariant for the right Z-action and 7’ is Z-equivariant, where the Z-
action on X7 s =G xp S'Up is defined by z - (g,5) = (g,5z!). Hence ? H' ((r')* A) is also
Z-equivariant. Therefore IC(X, s, 5’) and IC(X s, 5’) |G x psup are both Z-equivariant. By defi-
nition, the pull back of IC(X s, £)|Gx psup to G x SUp is ashift of Qs KEK Q. y,, . Therefore
& is Z-equivariant. O

As in Section 3.4, we identify Z; 1.5 with G XLy, L j;80/Z(L ). Now we can prove our main
theorem.

Theorem 4.3. Let J, K C I with §(K) = K. Let S be an isolated stratum of L go, S’ its closure
in Lggo and € € S(S). Let W be the set of w € KW’ 0\ W? with w='(K) C Js and such that £
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is equivariant for the right wZ (L ;)W ™' -action on S. Then IC(G!**, indé’f‘g0 IC(S, ENNzyys is
canonically isomorphic to

~1(x)80/Z(L)

L .1
'G M w
@ 'Ly, lndLjago/Z(Lj) 1C(" S’ /Z(Ly), Egw),
weW

where Ej 4, is the local system on 'S/ 7(L ) such that & = Ad(w~")*i*E; . Herei : g

! S/Z(Ly) is the projection map and Ad(w™"): S — DN s b s,

Proof. Consider the following commuting diagram
Yigs—= Xig s Xy s

, R
YLK,S( YLK,S( YL/,K,SmGlss’

where X1,.s =G X p, (SUpg N G'5%), 7"(g,7) = (g, g) -z and 7, ' are the restrictions of 7.
Both squares are Cartesian squares. By Theorem 3.5, 7" is a small map. Therefore

I1C(G™,ind F° 1C(S', £)) = IC(G™**, m€)[dim(G) — dim(L )]

is canonically isomorphic to JT!//IC(XLK’S, g)[dim(G) — dim(L ;)]. This is similar to the argu-
ment in Section 4.5.

Therefore IC(G %%, indé’fgo IC(S', €))[— dim(G) +dim(L j)]|z, ., is canonically isomorphic
to

7' IC(X Ly, g)|GA~(SUpKﬂZJV|;5) = (n”lz,‘,.,é)!(IC(XLK,s, 5)|G><PK (SUPKOZJ,u;s))‘
‘We have shown in Theorem 3.3 that

UpySNZj1.5= I_l (UPKS/lbgal,UpKlb)~hjy5.
wekwlsnwd w=1(K)cJs

Similar to the proof of the isomorphism (b) in the proof of Theorem 3.3, we have that

(Upe N"U) x (Up NPUT) x| ] (S"bgy" Upgtd) - hps
Jcbcl

= I_l (UPKS/li)gal, UpKli)) -hp.s.
JcDcl

By Lemma 4.1, for w € Kwls 0w with w™1(K) C Js, the restriction of IC()?LK’S,E’) to
G xpg (Upy S/u')go_l, Upyw)-hysis 0if w ¢ W and is isomorphic to Q(UPK U)X (U (U~ X

IC(WIS’/Z(LJ), Eyw)l|I — J|]if w € W. Now the theorem follows from the isomorphism
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.1 . ~ -1 . .

G X pg (UpKS’wg0 ,Upew) - hjs =G XLy, (L X P, 1 )L W S'/Z(Ly)) in Sections 3.6
and 3.7 and Section 3.7 (%). O

4.6. Forany K C J C I with §(K) = K and a character sheaf A on L gg, we set

A, if A is equivariant for the right Z (L y)-action on L g go;
0, otherwise.

cj(A) = {

If B is a semisimple perverse sheaf on Lk and is a direct sum of some character sheaves B =
DA;, then we set cj(B) = ©cy(A;). By Lemma 4.2, for any K’ C K with §(K’) = K’ and a
character sheaf A on LK/go, if ¢;(A) =0, then ¢, (ind; K go (A)) = 0. By [14, Proposition 4.8]

L,—1(x)80/Z(Ly)

and [15, 27.2 and 38.3], i L, 0/ Z(L,) IC(’b_1 S//Z(LJ), E7.w) 1s semisimple and perverse.

Using Macay type formula [14 Proposition 15.2] and [15, Proposition 38.8], we can reformulate
our main theorem in the following way.

Theorem 4.4. Let K C I with §(K) = K, S be an isolated stratum of Lk gy and S’ be its closure
in Lggo. Let € be a cuspidal local system on S and A = 1ndLKg° IC(S', E[dim(S)]). Then for

any J D K, IC(GI,A)|Z“,5 = iLGJ (O[T — J|), where C is a semisimple perverse sheaf on
I s
L
L j;80/Z(L ) whose pull back to L j;80 is ¢y resGJl‘SgO Al—|I —J]].

By [14, Section 4] and [15, Theorem 30.6], any character sheaf on G! is a direct summand of
1ndLKg° IC(S’, E[dim(S)]) for some pair (S, £) as above. We have that

Corollary 4.5. Let A’ be a character sheaf on G' and J C I. Then IC(G!, ANz, .5 is of the
form ifﬁ (Ol — J|] for some semisimple perverse sheaf C on L j580/Z(L ).

Furthermore, we conjecture that the semisimple perverse sheaf C is given by the following
explicit formula.

Conjecture 4.6. Let A’ be a character sheaf on G'. Then for any J C I,

where C is the semisimple perverse sheaf on Lj,g0/Z(Lyj) whose pull back to Lj,go is
J(ggO

cyres (AN[—=|I = J|].

Let £ € S(Tgo) such that if w € W? with Ad(w)*E = &, then w = 1. Then indgf'o E[dim(T)]
is a single perverse sheaf. The character sheaves obtained in this way are called generic. See [17,
1.1].

By the above theorem, the conjecture holds for generic character sheaves on G'. We will show
in Proposition 4.7 that this conjecture also holds for Steinberg character sheaf.



3284 X. He / Advances in Mathematics 225 (2010) 3258-3290

4.7. Ll this subsection, we assume that G! = G. For any J C I, we have that Z_/ NG =
G xr, G;* (see Section 3.5). Now keep the notation in Theorem 4.4, we can show in the same
way as we did for the proof of the main theorem that

IC(G, Al zngn =i8,1C(G . C)[I11 - J1].

Notice that iLGJIC(G_J”, C) is canonically isomorphic to IC(G X, G/%, ifj (C)). Thus
IC(G, A)| Z7nGss is the intermediate extension of its restriction to Z; N G**. Since any char-
acter sheaf A’ on G is a direct sgmmand of some A considered above, we have that o B

(@) For any J C I, IC(G, A’)|meéﬁ is canonically isomorphic to IC(Z; N G*°,
IC(G, Ay, ngss) = if IC(G /5, IC(G, Alg,).

In particular, for any K c J C I, IC(G, A/)|ZKOG” is canonically isomorphic to
ifK (IC(G 55, IC(G, A|G )Gy )- Hence to verify the above conjecture for G! = G, it suffices
to verify the cases where J is a maximal proper subset of /. However, we still don’t know how
to do it.

Another thing worth mentioning is that the open embedding G — G** is an affine map. Hence
by [1, Corollary 4.1.12], for any perverse sheaf A on G, IC(G**, A)|gss_[—11] is perverse. In

other words, IC(G, A)l7;ngss[—11 is a perverse sheaf for any maximal proper subset J of /.

We showed above that for any character sheaf A, IC (G, A)|Zijﬂ(_?” [—|I — J]|] is perverse for any
subset J of I. It would be interesting to see if the result holds for arbitrary perverse sheaves
onG.

4.8.  In this and next subsections, we assume that k is an algebraic closure of a finite field I,
and that we are given an I, -structure on G with a Frobenius morphism F : G — G such that G!
is defined over ;. Then F extends to a Frobenius morphism F on G'.

Let A be a character sheaf on G' and ¢: F*A — A be an isomorphism. Then ¢ extends to
an isomorphism F *IC(a ,A) —> IC(a , A) which we still denote by ¢. Then we can define
functions X(‘; (GHF - Q; and )2(2)4 : (E)F — Q; by

X ()= (=D Tr(¢}, H'(A)y),

R @)= (=D'Tr(¢y. H'(IC(G', A),)).

The function d’;‘ is called the characteristic function of A and is constant on G -conjugacy
classes of (G1)F and f(d’? is a natural extension of .

Now for any function f:(G')¥ — Q; that is constant on G*-conjugacy classes, we can
naturally extend it to a function f : (a Vs Q1 as follows.

By [14, Theorem 25.2] and [15, Theorem 21.21], the characteristic functions (for various A)
form a basis of the vector space of functions from (G WhF o Q; that are constant on the GF-

conjugacy classes. Hence f =), ca X(Z‘, where c4 € Qy is uniquely determined by f, A and ¢.
Now define

f=) carg.
)
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We may view the restriction of f to (E yF — (G"F as the boundary values of f. The most
interesting case is when G! = G and f is an irreducible character of the finite group G*. The

study of the boundary values of irreducible characters of G is one of the open problems in
Springer’s talk [21, Problem 10] at ICM 2006.

4.9. By [16, 12.3], the map (g1, g2) - hys > (82 Py, 8! Pg(J),ngPgmgoHp,g;]) gives a
natural isomorphism of Z; 5 with {(P, Q, HpgHp); P € P;, Q € P—uys(s), & €G!, 8PN
Q is a common Levi of $P and Q}. Here P; = G/ Py is the variety of parabolic subgroups
conjugate to P;. Now letx = (P, Q. y) € (G'")" and A =IC(G', ind ¥ IC(S', £[dim(S)1)).
where Lg and S’ are defined over Fy and ¢: F*€ — £ is an isomorphism. Then ¢ induces a
natural isomorphism F*A — A, which we also denote by ¢. By Theorem 4.4, we have that

N 1
Xy (X) = W Z X(?(g)
G ge(Ns POy)F

1
= Wagr > xp@- (%)

ge(Ngony) ¥

If Conjecture 4.6 is true, then the formula (%) is true for any character sheaf A on G with
¢: F*A= A and

A 1 1
f(X)_W > f(g)—m Y. f@,

ge(Ng POY)F ge(Ng 0Ny ¥

for any function f:(EI)F — Q; that is constant on G¥-conjugacy classes and
x=(P,Q,HogHp) € (G'*)F,

4.10. 1In the case where A is a character sheaf on G, the characteristic function of reslé (A)is
the truncation of the characteristic function of A as follows
resé(A) 1

X Oh=—4 > xpl) forleL".
|UP| ueU}:

The truncation, which sends generalized characters of GF to generalized characters of LT is
well-known in the representation theory of finite group of Lie type (see [2, Section 8]).
Notice that the formula () in the previous subsection for character sheaves on G is

N 1 1
@ =—r > xf@h=—% > x4 D, (%)
Hp| <, HG| =,
p Qo

here x € G** corresponds to the triple (P, Q, HplHp), where P N Q is a common Levi of P and
Q and [/ € P N Q. This formula can be regarded as a “truncation” from generalized characters of
GF to generalized characters of (L/Z (L)F.

Now we consider a special character sheaf on G! and its intermediate extension to G 1.
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4.11. For any K C J C I with §(K) = K. The map Ly, x (Px N Ly)80/Z(Ly) —
Lj;80/Z(Ly) defined by (I, z) — (/,1) - z induces a proper map

7y.k.5 Ly Xpgnr,, (Pk N Ly;)go/Z(Ly) — Lysgo/Z(Ly).

The map 7y g s is the Springer resolution for not necessarily connected reductive group. It is
known that 77 g s is a small map. (See for example, [16, 12.6 (a)].) Set

Crxs=rx(Q.L, XpgnL, (PxOL )0/ Z(L ) [dIM(G 1) ]).
Moreover, we may identify (L, 1) - hy s with Lj80/Z(Ly) and (Px N Ly, 1) - hy s with
(Px N Ly5)g0/Z(Ly) in the natural way. Under this identification, C; g s is a perverse sheaf on

(L5, D) -hys.
Define ”3,1(,5 G xpgnry, (Pk O Ly, 1) -hys — Zj,1;5 by (8,2) > (g, 8) - z. Notice that

G xp,, (L, XpgnLy, (Pk N Ly, 1) - hys) =G XpgnLy, (Pk O Ly, 1) -hys.
Then
iLG,5 (Crkes)= (n},K,s)z((@l,GxPKmLJS (PKNLyg.1)-hys [dim(Z}.1:)])
is a perverse sheaf on G XLy, Ly, D)-hjs=Zja.s.

4.12. Let J,K C I with 8(K) =K and w € KW’ N W?. Let e(w) = min(wWj). Set
Ki =max{K’' C K; 8(K') =K', e(w)""(K') C J}. By Lemma 2.2, K| = K N wJs. By Sec-
tion 1.6 (6),

(Pr) (B, B) -hys=[J,8(ew)), e(w)]y s

= (PR)a (L, 8(e(w)), e(w)) - hy s
=(Px)a(Lg,w,w) -hys

= (PK)A(U‘)Lw*l(K)ﬂ]Sa w) 'hj,a-
The map

.o -
G Xpg (Pr)a(Bw, Bw)-hys—> G X1 p (""" Pr)\(Ly-1gyngs- D - By

defined by (g, z) — (gw, (w~!, w™1)z) is an isomorphism. Moreover, T Kws= n5 Kwsot
where

) Kws: G xXpy (PK)ABW, Bw)-hys— Zj1.5,
.1
n/J,K,w,(S:G X"l“flPK (w PK)A(Lw’](K)ﬂfg’ H-hy— Zj1:5,

are induced from the map G x Zj 1.5 = Z 1.5 defined by (g,z) — (g, 8) - .



X. He / Advances in Mathematics 225 (2010) 3258-3290 3287

Notice that

(Pw*I(K)ﬂJl; N LJa)A(Lw*I(K)ﬂJl;a 1) ‘hJ,é = (Purl(l()mJ,S N LJav 1) ' hJ,6~

By Section 3.6 (a), 7w k.5 is @ small map and

(7T, K,w,5)! (@Z,GXPK (Px)a (B, By 5 [AIM(Z 1 1:5)])

= (n‘/]vK’w"s)!(Ql,GXw_| pe (u';*l PK)A(Lw—l(I()mjavl)'hJﬁ [dim(ZJ,l;(S)])

w

T =~ .

- (”J,w—' (K)ﬂJg,B)!(QI*GXPI 1 xynss"Es (Py=1yngsNLass Db s [dlm(zl,l;é)])
-G

=i, (Cruw1x)nss.6)-

4.13. By [15, 38.11], for any J C I with §(J) = J, there is a unique simple perverse sheaf
Styson(Ly,1)-hys=Lygo/Z(Ly) suchthatSt; s is a direct summand of C; g s and St; 5 is
not a direct summand of Cj g s for any ¥ # K C J with §(K) = K. In fact,

Stys @ @ Crkes= @ Crk.s-

KCJ,8(K)=K,2{|K| KCJ,8(K)=K,2||K|

It is known that for any g € G, Hi, (Sty.5) # 0 for some i € Z if and only if the stabilizer of
g in G is reductive (i.e., g is quasi-semisimple). In this case, ) ;.5 dim(’Hfg(StJ,g)) = 1. See [15,
12.6].

Let K C I with §(K) = K. By Theorem 2.4, P}< N G1%% is smooth. By Theorem 2.1 and the
previous subsection, g : G X py (Pll( N (?B) — G5 defined by (g,z) — (g, g) - z is a small

map. Hence (nK)g(@ [dim(G)]) is a perverse sheaf on G5 whose restriction to

G1 is CK,1,8~
Let S’ be the unique simple perverse sheaf on G!* such that §'|;1 = St; 5. Then

1.Gx py (PLNGTH)

5D s @ (Q, g, rrgm [dm@)])

KclI, §(K)=K, 2{|K|

= B @1 (Q, g, prng [AMG])-

Kcl, 8(K)=K, 2||K|
Now we calculate the restriction of " to Zy 1.5.

Proposition 4.7. For J C 1, S'|z, ;= iLst (Sty sl — J|D.

Proof. For J, K c I andw e KW’ n W8, set I(J, K, w,8) =w 'K N J;.
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We have the following Cartesian square

G xpy (PLNZs1.5) " G xpg (PLNGIF)

Zj1:6¢ GIss.

Hence by Theorem 2.3,

((JTK)! (@I,GXPK (ﬁmaﬁ) [dlm(G)])) |Z‘]V|;(S

= (mk]| dim(G)])

_ \ _
Gxpy (P}(ﬂZJ,J;a))'(Ql,GXPK (Pll(ﬁzl.l;a)[

= (g |G><PK (ﬁnzj,];a))’Ql’Uwewaanwa Gx py (Pi)a (B, Bib)-h 5 [dim(G)]

@ (”J,K,w,a)!(@l,GxPK(PK)A(Bu'J,Bu';)hM[dim(G)])
wekwlsnw?

= @ iLG,(S (Criu.xw.0)[ = T1].

wekKwlisnwé

Moreover,

(a5 @D i, Crivkwsn[lI =]

Kcl, 8(K)=K, 2||K|weKw/snw?

= & D ifja (Crrukwa) [ = J1]

weWlsnwé Kcl, §(K)=K, 2||K|, wekKWw

- @ P @ sl D L

weWsnwé KCI(J,1,w,3) K'CL8(K)=K', weK'W, 1(J,K' \w,8)=K, 2||K’|

Similarly,

@ @ iLG]5 (Cr10.5w8.0)[1 = J]

KCI, §(K)=K, 4IK|wekw/snw?

= @ @ ifjs (Crr)[1—J] @ I

weW/lsnwd KCI(J,1,w,8) K'Cl, §(K"=K', weK'W, I(J,K',w,8)=K, 2{|K’|

Fixwe W/ N W3 Let J/=max{K CI; weXW}. Then§(J')=J and wI(J,I,w,8) C
J'. Tt is easy to see that for any K C I(J, I, w,8) and K’ C I with §(K’) = K’, the following
conditions are equivalent:

(WwekK'Wand I(J,K',w,8) =K;

2) K =68(K)and wK C K' cwK | |(J = wI(J, I, w,$)).
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Notice that J' — w/l (J, I, w, 8) is 8-stable. Therefore, for any K C I(J, I, w, §),

» Kl = { (—DIKI, if8(K) =K and J' — wI(J, I, w,8) =¥

, 0, otherwise.
K'cl, weK'W, I(J.K',w.8)=K

If J/=wlI(J,I,w,8), then there is no i € I such that ww({‘s e W, Hence wu)({‘S = wp and
w= wowg‘s. In this case, I (J, I, w, 8) = Js. Therefore for any w € W/ N W? with w # wow({‘s,

@D i, Coxlll-J] P 1

KcIl(J,1,w,9) K'CI, 8(K"=K’, weK'W, I(J,K’ ,w,8)=K, 2||K’|
.G
- D i, (Crx )|l —JI] P 1.
Kci(J.1,w,5) K'CI, §(K"=K', weK'W, 1(J,K',w,8)=K, 2{|K’|
Now

S/|ZJ,1;8 @ @ i1€;15 (CJ,K,S)[” - J|]

KCJs,8(K)=K,2{|K|

- D iLGJS (Crx.s)[l1 =]

KcClUs, 8(K)=K, 2||K]|

Hence S|z, ., = ifja (StysllI=JID. O

4.14. Let S be the simple perverse sheaf on G! such that S'|Gl = St;7,5. Then S| = S". By

_ aSS
the previous Proposition and [11], the following conditions on z € G are equivalent:

(1) The stabilizer of z in G is reductive;

(2) z € G55 and H(S) # 0 for some i € Z;

(3)ze G and ¥, ; dim(HL(S)) = 1.

This verifies Lusztig’s conjecture in [16, 12.6] inside G1**. More precisely, by what we have
shown above, Lusztig’s conjecture is now reduced to the following one:

Conjecture 4.8. The intermediate extension of S’ to G! is the extension by 0 outside G'ss.
Acknowledgment

We thank George Lusztig for his continuous encouragement and many helpful discussions on
character sheaves. We thank T.A. Springer for valuable suggestions on a preliminary version of
the paper, especially for the study of the restriction of IC(G, A) to the closure of Z; 1.;4 in G**

instead of Z; 1.;4. We also thank the referee for the careful reading and valuable suggestions.

References

[1] A.A. Beilinson, J. Bernstein, P. Deligne, Faisceaux pervers, in: Analysis and Topology on Singular Spaces, I, Lu-
miny, 1981, in: Astérisque, vol. 100, Soc. Math. France, Paris, 1982, pp. 5-171.



3290 X. He / Advances in Mathematics 225 (2010) 3258-3290

[2] R.W. Carter, Finite Groups of Lie Type. Conjugacy Classes and Complex Characters, Wiley—Interscience, Chich-
ester, 1993.
[3] C. De Concini, S. Kannan, A. Maffei, The quotient of a complete symmetric variety, arXiv:0801.0509.
[4] C. De Concini, C. Procesi, Complete symmetric varieties, in: Invariant Theory, Montecatini, 1982, in: Lecture Notes
in Math., vol. 996, Springer, Berlin, 1983, pp. 1-44.
[5] C. De Concini, T.A. Springer, Compactification of symmetric varieties, Transform. Groups 4 (1999) 273-300.
[6] X. He, Unipotent variety in the group compactification, Adv. Math. 203 (2006) 109-131.
[7] X. He, The character sheaves on the group compactification, Adv. Math. 207 (2006) 805-827.
[8] X. He, The G-stable pieces of the wonderful compactification, Trans. Amer. Math. Soc. 359 (2007) 3005-3024.
[9] X. He, Minimal length elements in some double cosets of Coxeter groups, Adv. Math. 215 (2007) 469-503.
[10] X. He, G-stable pieces and Lusztig’s dimension estimates, arXiv:0708.3263.
[11] X. He, J. Starr, Semi-stable locus of a group compactification, arXiv:0907.0281.
[12] X. He, J.F. Thomsen, On the closure of Steinberg fibers in the wonderful compactification, Transform. Groups 11 (3)
(2006) 427-438.
[13] X. He, J.F. Thomsen, Geometry of B x B-orbit closures in equivariant embeddings, Adv. Math. 216 (2007) 626—646.
[14] G. Lusztig, Character sheaves, I, Adv. Math. 56 (1985) 193-237;
G. Lusztig, Character sheaves, II, Adv. Math. 57 (1985) 226-265;
G. Lusztig, Character sheaves, III, Adv. Math. 57 (1985) 266-315;
G. Lusztig, Character sheaves, IV, Adv. Math. 59 (1986) 1-63;
G. Lusztig, Character sheaves, V, Adv. in Math. 61 (1986) 103-155.
[15] G. Lusztig, Character sheaves on disconnected groups, I, Represent. Theory 7 (2003) 374—403;
Lusztig, Character sheaves on disconnected groups, 11, Represent. Theory 8 (2004) 72—124;
Lusztig, Character sheaves on disconnected groups, III, Represent. Theory 8 (2004) 125-144;
Lusztig, Character sheaves on disconnected groups, IV, Represent. Theory 8 (2004) 145-178;
Lusztig, Character sheaves on disconnected groups, V, Represent. Theory 8 (2004) 346-376;
Lusztig, Character sheaves on disconnected groups, VI, Represent. Theory 8 (2004) 377—413;
Lusztig, Character sheaves on disconnected groups, VII, Represent. Theory 9 (2005) 209-266;
Lusztig, Character sheaves on disconnected groups, VIII, Represent. Theory 10 (2006) 314-352;
Lusztig, Character sheaves on disconnected groups, IX, Represent. Theory 10 (2006) 353-379;
Lusztig, Character sheaves on disconnected groups, X, Represent. Theory 13 (2009) 82-140.
[16] G. Lusztig, Parabolic character sheaves, I, Mosc. Math. J. 4 (2004) 153-179;
G. Lusztig, Parabolic character sheaves, I, Mosc. Math. J. 4 (2004) 869-896.
[17] G. Lusztig, Generic character sheaves on disconnected groups and character values, Represent. Theory 12 (2008)
225-235.
[18] J.-H. Lu, M. Yakimov, Partitions of the wonderful group compactification, Transform. Groups 12 (4) (2007) 695—
723.
[19] P. Slodowy, Simple Singularities and Simple Algebraic Groups, Lecture Notes in Mathematics, vol. 815, Springer-
Verlag, 1980.
[20] T.A. Springer, Intersection cohomology of B x B-orbits closures in group compactifications, J. Algebra 258 (2002)
71-111.
[21] T.A. Springer, Some results on compactifications of semisimple groups, in: Proceedings of the International
Congress of Mathematicians, Madrid, Spain, 2006.
[22] T.A. Springer, An extension of Bruhat’s Lemma, J. Algebra 313 (2007) 417-427.
[23] R. Steinberg, Endomorphisms of Linear Algebraic Groups, Mem. Amer. Math. Soc., vol. 80, Amer. Math. Soc.,
Providence, RI, 1968.
[24] E. Strickland, A vanishing theorem for group compactifications, Math. Ann. 277 (1) (1987) 165-171.



	Character sheaves on the semi-stable locus  of a group compactiﬁcation
	Introduction
	R-stable pieces on the wonderful compactiﬁcation
	Closure of a parabolic subgroup in G1ss
	A stratiﬁcation on G1ss
	Character sheaves on G1ss
	Acknowledgment
	References


