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Abstract A decorated surface S is an oriented surface with boundary and a
finite, possibly empty, set of special points on the boundary, considered modulo
isotopy. Let G be a split reductive group over Q. A pair (G, S) gives rise to a
moduli space Ag_s, closely related to the moduli space of G-local systemson S.
It is equipped with a positive structure (Fock and Goncharov, Publ Math ITHES
103:1-212, 2006). So a set Ag,s(Z") of its integral tropical points is defined.
We introduce a rational positive function ¥V on the space Ag_s, called the
potential. Its tropicalisation is a function W' : Ag s(Z') — Z. The condition
W! > 0 defines a subset of positive integral tropical points Aa $(Z"). For
G = SL,, we recover the set of positive integral .A-laminations on S from Fock
and Goncharov (Publ Math IHES 103:1-212, 2006). We prove that when S is
a disc with n special points on the boundary, the set Ag’ §(Z") parametrises
top dimensional components of the fibers of the convolution maps. Therefore,
via the geometric Satake correspondence (Lusztig, Astérisque 101-102:208—
229, 1983; Ginzburg,1995; Mirkovic and Vilonen, Ann Math (2) 166(1):95-
143, 2007; Beilinson and Drinfeld, Chiral algebras. American Mathematical
Society Colloquium Publications, vol. 51,2004) they provide a canonical basis
in the tensor product invariants of irreducible modules of the Langlands dual
group G*:
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WhenG = GL,,,n = 3, thereis aspecial coordinate system on.Ag, s (Fock and
Goncharov, Publ Math IHES 103:1-212, 2006). We show that it identifies the
set Ang’ s (Z") with Knutson—Tao’s hives (Knutson and Tao, The honeycomb
model of GL(n) tensor products I: proof of the saturation conjecture, 1998).
Our result generalises a theorem of Kamnitzer (Hives and the fibres of the
convolution morphism, 2007), who used hives to parametrise top components
of convolution varieties for G = GL,,,, n = 3. For G = GL,,, n > 3, we prove
Kamnitzer’s conjecture (Kamnitzer, Hives and the fibres of the convolution
morphism, 2012). Our parametrisation is naturally cyclic invariant. We show
that for any G and n = 3 it agrees with Berenstein—Zelevinsky’s parametri-
sation (Berenstein and Zelevinsky, Invent Math 143(1):77-128, 2001), whose
cyclic invariance is obscure. We define more general positive spaces with
potentials (A, W), parametrising mixed configurations of flags. Using them,
we define a generalization of Mirkovi¢—Vilonen cycles (Mirkovic and Vilonen,
Ann Math (2) 166(1):95-143, 2007), and a canonical basisin V}, ® ... ® V3,
generalizing the Mirkovi¢—Vilonen basis in V. Our construction comes natu-
rally with a parametrisation of the generalised MV cycles. For the classical MV
cycles itis equivalent to the one discovered by Kamnitzer (Mirkovich—Vilonen
cycles and polytopes, 2005). We prove that the set Aa ¢(Z") parametrises top
dimensional components of a new moduli space, surface affine Grasmannian,
generalising the fibers of the convolution maps. These components are usually
infinite dimensional. We define their dimension being an element of a Z-torsor,
rather then an integer. We define a new moduli space Locg. g, which reduces
to the moduli spaces of G%-local systems on S if S has no special points. The
set Aa ¢(Z") parametrises a basis in the linear space of regular functions on
Locge g. We suggest that the potential VW itself, not only its tropicalization, is
important—it should be viewed as the potential for a Landau—Ginzburg model
on Ag,s. We conjecture that the pair (Ag,s, VV) is the mirror dual to Locse g.
In a special case, we recover Givental’s description of the quantum cohomol-
ogy connection for flag varieties and its generalisation (Gerasimov et al., New
integral representations of Whittaker functions for classical Lie groups, 2012;
Rietsch, A mirror symmetric solution to the quantum Toda lattice, 2012). We
formulate equivariant homological mirror symmetry conjectures parallel to
our parametrisations of canonical bases.
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1 Introduction
1.1 Geometry of canonical bases in representation theory
1.1.1 Configurations of flags and parametrization of canonical bases

Let G be a split semisimple simply-connected algebraic group over Q. There
are several basic vector spaces studied in representation theory of the Lang-
lands dual group G*:

1. The weight A component U(NL)™ in the universal enveloping algebra
U (N'T) of the maximal nilpotent Lie subalgebra in the Lie algebra of G

2. The weight © subspace Vk(“ ) in the highest weight A representation V; of

GE.

The tensor product invariants (Vy, ® --- ® VAH)GL.

4. The weight u subspaces in the tensor products Vi, @ --- ®@ V;, .

bt

Calculation of the dimensions of these spaces, in the cases (1)—(3), is a fasci-
nating classical problem, which led to Weyl’s character formula and Kostant’s
partition function.

The first examples of special bases in finite dimensional representations are
Gelfand-Tsetlin’s bases [28,29]. Other examples of special bases were given
by De Concini—Kazhdan [14].

The canonical bases in the spaces above were constructed by Lusztig
[59,61]. Independently, canonical bases were defined by Kashiwara [47].
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Canonical bases in representations of GL3, Sp, were defined by Gelfand—
Zelevinsky—Retakh [27,68].

Closely related, but in general different bases were considered by Naka-
jima [66,67], Malkin [63], Mirkovi¢—Vilonen [65], and extensively studied
afterwards. Abusing terminology, we also call them canonical bases.

It was discovered by Lusztig [58] that, in the cases (1)—(2), the sets para-
metrising canonical bases in representations of the group G are intimately
related to the Langlands dual group G.

Kashiwara discovered in the cases (1)—(2) an additional crystal structure on
these sets, and Joseph proved a rigidity theorem [44] asserting that, equipped
with the crystal structure, the sets of parameters are uniquely determined.

One of the results of this paper is a uniform geometric construction of the
sets parametrizing all of these canonical bases, which leads to a natural uniform
construction of canonical bases parametrized by these sets in the cases (2)—(4).
In particular, we get a new canonical bases in the case (4), generalizing the
Mirkovi¢—Vilonen (MV) basis in V;. To explain our set-up let us recall some
basic notions.

A positive space ) is a space, which could be a stack whose generic part is
a variety, equipped with a positive atlas. The latter is a collection of rational
coordinate systems with subtraction free transition functions between any pair
of the coordinate systems. Therefore the set Y(Z') of the integral tropical
points of ) is well defined. We review all this in Sect. 2.1.1.

Let (), W) be a positive pair given by a positive space ) equipped with a
positive rational function YV. Then one can tropicalize the function W, getting
a Z-valued function

W V(7 — 7.

Therefore a positive pair (), W) determines a set of positive integral trop-
ical points:

YW@ =l e Y(Z') | W'(I) = 0}. 2)

We usually omit WV in the notation and denote the set by YT (Z').

To introduce the positive pairs (), VW) which play the basic role in this
paper, we need to review some basic facts about flags and decorated flags in
G.

Decorated flags and associated characters. Below G is a split reductive
group over Q. Recall that the flag variety B parametrizes Borel subgroups in
G. Given a Borel subgroup B, one has an isomorphism 5 = G/B.

Let G’ be the adjoint group of G. The group G’ acts by conjugation on pairs
(U, x), where x : U — Al is an additive character of a maximal unipotent
subgroup U in G’. The subgroup U stabilizes each pair (U, x). A character x
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is non-degenerate if U is the stabilizer of (U, x). The principal affine space’
Ag’ parametrizes pairs (U, x) where x is a non-degenerate additive character
of a maximal unipotent group U. Therefore there is an isomorphism

iy: Ag — G'/U.

This isomorphism is not canonical: the coset [U] € G’ /U does not determine
a point of Ag. To specify a point one needs to choose a non-degenerate
character x. One can determine uniquely the character by using a pinning,
see Sects. 2.1.2-2.1.3. So writing Ag = G’/U we abuse notation, keeping in
mind a choice of the character x, or a pinning.

Having said this, one defines the principal affine space A for the group G
by Ag := G/U. We often write A instead of .Ag. The points of A are called
decorated flags in G. The group G acts on A from the left. For each A € A,
let U be its stabilizer. It is a maximal unipotent subgroup of G. There is a
canonical projection

7: A—> B, w(A):= the normalizer of Uy. 3)

The projection G — G’ gives rise to a map p : Ag —> Ag whose fibers
are torsors over the center of G. Let p(A) = (Ua, xa). Here Uy is a maximal
unipotent subgroup of G’. It is identified with a similar subgroup of G, also
denoted by Ua. So adecorated flag A in G provides a non-degenerate character
of the maximal unipotent subgroup Uy in G:

xa iUy — AL 4)
Clearly, if u € Up, then gug_l € Ug.a, and
xa() = xg.algug™h. (5)

Example. A flag for SL,, is a nested collection of subspaces in an m-
dimensional vector space V,, equipped with a volume form w € detV,;:

Fo=FCF C---CFyu_1 CF,, dimF, =i.

A decorated flag for SL,, is a flag F, with a choice of non-zero vectors f; C
F;/F;_i foreachi = 1,...,m — 1, called decorations. For example, Agy,
parametrises non-zero vectors in a symplectic space (Va, ). The subgroup
preserving a vector f € V, — {0} is given by transformations u ¢ (a) : v —
v +aw(f,v)f. Its character yx 7 is given by x s(u r(a)) = a.

1 Inspite of the name, it is not an affine variety.
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Our basic geometric objects are the following three types of configuration
spaces:

Conf,(A) = G\A", Conf(A", B) := G\(A" x B),
Conf (B, A", B) := G\(B x A" x B). (6)

The potential V. A key observation is that there is a natural rational function
x?: Conf(B, A, B) = G\(B x Ax B) — Al

Let us explain its definition. A pair of Borel subgroups {By, B,} is generic
if B; N By is a Cartan subgroup in G. A pair {A], By} € A x B is generic
if the pair (w (A1), B>) is generic. Generic pairs {A, B>} form a principal
homogeneous G-space. Thus, given a triple {B, Az, B3} € B x A x B such
that {Ap, B3} and {A;, By} are generic, there is a unique u € Ua, such that

{A2, B3} = u - {A2, B1}. (7

So we define x°(B1, Az, B3) := xa,(u). Using it as a building block, we
define a positive rational function YV on each of the spaces (6).

For example, to define the VV on the space Conf, (A) we start with a generic
collection {Aq, ..., A,} € A", set B; := 7w (A;), and define WV as a sum, with
the indices modulo n:

W Confy(A) — A, WAL ..., Ay) = D x’Bi-1, A Bit)). (8)
i=l

Note that the potential V is well-defined when each adjacent pair {A;, A;+1}
is generic, meaning that {w(A;), m(A;+1)} is generic. Assigning the (deco-
rated) flags to the vertices of a polygon, we picture the potential YV as a sum
of the contributions y 4 at the A-vertices (shown boldface) of the polygon, see
Fig. 1.

By construction, the potential YW on the space Conf,(Ag) is the pull
back of the potential Wg for the adjoint group G’ via the natural projection
PG—g' - Conf,(Ag) — Conf,(Ag):

We = P Wer. ©)

Potentials for the other two spaces in (6) are defined similarly, as the sums
of the characters assigned to the decorated flags of a configuration. A formula
similar to (9) evidently holds.
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A, As B, Bs

Fig. 1 The potential JV is a sum of the contributions x A at the A-vertices (boldface)

Parametrisations of canonical bases. It was shown in [17] that all of the
spaces (6) have natural positive structures. We show that the potential WV is a
positive rational function.

We prove that the sets parametrizing canonical bases admit a uniform
description as the sets y;v (Z') of positive integral tropical points assigned
to the following positive pairs (), W). To write the potential VV we use an
abbreviation xa,; := x°(B;—-1, A;, B;4+1), with indices mod n:

1. The canonical basis in U(NL):
Y =Conf(B, A, B), W(BI1, Az, B3) := xa,.
2. The canonical basis in V;:
Y =Conf(A, A, B), W(A1, Az, B3) := xa, + xa,-

3. The canonical basis in invariants of tensor product of n irreducible G-
modules:

Y = Conf,(A), WAL ...,A) =D Xa (10)
i=1

4. The canonical basis in tensor products of 7 irreducible G*-modules:

n+1
Y = Conf(A"™!, B), WAL ..., Au1,B) =D xa. (11
i=1

Natural decompositions of these sets, like decompositions into weight sub-
spaces in (1) and (2), are easily described in terms of the corresponding con-
figuration space, see Sect. 2.3.2.

Let us emphasize that the canonical bases in tensor products are not the
tensor products of canonical bases in irreducible representations. Similarly, in
spite of the natural decomposition
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L
Vi, ® @V, =& Vi@ (Vi @V, ® -0 V)Y,

the canonical basis on the left is not a product of the canonical bases on the
right.

Descriptions of the sets parametrizing the canonical bases were known in
different but equivalent formulations in the following cases:

In the cases (1)—(2) there is the original parametrization of Lusztig [58].

In the case (3) for n = 3, there is Berenstein—Zelevinsky’s parametrization
[12], referred to as the BZ data. We produce in Appendix of the online version
of our paper [39] an isomorphism between our parametrization and the BZ
data. The cyclic symmetry, evident in our approach, is obscure for the BZ
data.

The description in the n > 3 case in (3) seems to be new.

The cases (1), (2) and (4) were investigated by Berenstein and Kazhdan
[10,11], who introduced and studied geometric crystals as algebraic-geometric
avatars of Kashiwara’s crystals. In particular, they describe the sets parame-
trizing canonical bases in the form (2), without using, however, configuration
spaces. Interpretation of geometric crystals relevant to representation theory
as moduli spaces of mixed configurations of flags makes, to our opinion, the
story more transparent. See Appendix of the online version of our paper [39].
Kashiwara’s crystals were related to affine Grassmannians in [13].

To define canonical bases in representations, one needs to choose a maxi-
mal torus in G* and a positive Weyl chamber. Usual descriptions of the sets
parametrizing canonical bases require the same choice. Unlike this, working
with configurations we do not require such choices.?

Most importantly, our parametrization of the canonical basis in tensor prod-
ucts invariants leads immediately to a similar set which parametrizes a linear
basis in the space of functions on the moduli space Locgr g of GE-local systems
on a decorated surface S. Here the approach via configurations of decorated
flags, and in particular its transparent cyclic invariance, are essential. See the
example when G = SL; in Sect. 1.3.1.

Summarizing, we understood the sets parametrizing canonical bases as the
sets of positive integral tropical points of various configuration spaces. Let
us show now how this, combined with the geometric Satake correspondence
[9,34,62,65], leads to a natural uniform construction of canonical bases in the
cases (2)—(4).

We explain in Sect. 1.1.2 the construction in the case of tensor products
invariants. A canonical basis in this case was defined by Lusztig [61]. However
Lusztig’s construction does not provide a description of the set parametrizing

2 We would like to stress that the positive structures and potentials on configuration spaces
which we employ for parametrization of canonical bases do not depend on any extra choices,
like pinning etc., in the group. See Sect. 6.3.
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the basis. Our basis in tensor products is new—it generalizes the MV basis in
V. We explain this in Sect. 2.4.

1.1.2 Constructing canonical bases in tensor products invariants

We start with a simple general construction. Let ) be a positive space, under-
stood just as a collection of split tori glued by positive birational maps [17].
Since it is a birational notion, there is no set of F-points of ), where F is a
field. Let K := C((¢)). In Sect. 2.2.1 we introduce a set V°(K). We call it
the set of transcendental K-points of ). It is a set making sense of “generic
IC-points of ). In particular, if ) is given by a variety ¥ with a positive ratio-
nal atlas, then Y°(KC) C Y (K). The set )°(K) comes with a natural valuation
map:

val : Y°(K) — V(Z).
For any [ € Y(Z"), we define the transcendental cell Cl° assigned to [:

C=val”' () c Y (K), K= [] ¢
1y @)

Let us now go to canonical bases in invariants of tensor products of G%-
modules (1). The relevant configuration space is Conf, (A).The tropicalized
potential W' : Conf, (A)(Z') — Z determines the subset of positive integral
tropical points:

Conf;F (A)(Z") := {l € Conf,(A)(Z") | W' () > 0}. (12)

We construct a canonical basis in (1) parametrized by the set (12).
Let O := C[[z]]. In Sect. 2.2.2 we introduce a moduli subspace

Conf$ (A)  Conf, (A)(K). (13)

We call it the space of O-integral configurations of decorated flags. Here
are its crucial properties:

1. A transcendental cell C; of Conf,(A) is contained in Conf,ﬂ9 (A) if and
only if it corresponds to a positive tropical point. Moreover, given a point
| € Conf,(A)(Z"), one has

I € Conf (A)(Z") <= C; C Conf?(A) < €7 N Conf?(A) # 0.
(14)
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2. LetGr := G(K)/G(O) be the affine Grassmannian. It follows immediately
from the very definition of the subspace (13) that there is a canonical map

K: Conf,(?(.A) — Conf, (Gr) := G(K)\(Gn)".

These two properties of Conf,?(A) allow us to transport points [ €
Confj[ (A)(Z'") into the top components of the stack Conf,, (Gr). Namely, given
apoint/ € Confj[ (A)(Z"), we define a cycle

M = closure of M C Conf, (Gr), where M; :=«(C}).

The cycle C; is defined for any [ € Conf, (A) (Z'). However, as it clear from
(14), the map « can be applied to it if and only if / is positive: otherwise C; is
not in the domain of the map «.

We prove that the map / — M provides a bijection

Conf:[r (A)(Zh - {closures of the top dimensional components
of the stack Conf, (Gr)}. (15)

Here the very notion of a “top dimensional” component of a stack requires
clarification. For now, we will bypass this question in a moment by passing to
more traditional varieties.

We use a very general argument to show the injectivity of the map/ — M.
Namely, given a positive rational function F on Conf,(A), we define a Z-
valued function D on Conf, (Gr). It generalizes the function on the affine
Grassmannian for G = GL,, and its products defined by Kamnitzer [45,46].
We prove that the restriction of D to M is equal to the value F’ (/) of the
tropicalization F’ of F at the point/ € Conf;" (A)(Z"). Thus the map (15) is
injective.

Let us reformulate our result in a more traditional language. The orbits of
G(K) acting on Gr x Gr are labelled by dominant weights of GX. We write

L; —A> L, if (L, Lp) is in the orbit labelled by A. Let [1] be the identity coset
in Gr. A set A = (A1, ..., A,) of dominant weights of G determines a cyclic
convolution variety, better known as a fiber of the convolution map:

)\. )& )‘-n
Gregy == {(L1,...,Ly) | L1 =5 Lo =5 - =5 Ly,
Ly = Lyyr =[11} C [1] x Gr* ™. (16)

These varieties provide a G(O)-equivariant decomposition

MxG"'= J] Grew. (17)
A:()\lsms)\n)
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Since G(O) is connected, it preserves each component of Gr.(y). Thus the
components of Gr.) live naturally on the stack

Conf,(Gr) = G(O)\([1] x Gr"™1).

We prove that the cycles M; assigned to the points [ € Conf;,r (A(Z') are
closures of the top dimensional components of the cyclic convolution varieties.
The latter, due to the geometric Satake correspondence, give rise to a canonical
basis in (1). We already know that the map (15) is injective. We show that the
A-components of the sets related by the map (15) are finite sets of the same
cardinality, respected by the map. Therefore the map (15) is an isomorphism.

Our result generalizes a theorem of Kamnitzer [46], who used hives [54] to
parametrize top components of convolution varieties for G = GL,,, n = 3.

Our construction generalizes Kamnitzer’s construction of parametrizations
of Mirkovi¢—Vilonen cycles [45]. At the same time, it gives a coordinate free
description of Kamnitzer’s construction.

When G = GL,,, there is a special coordinate system on the space
Conf3(A), introduced in Section 9 of [17]. We show in Sect. 3 that it pro-
vides an isomorphism of sets

Conf;(A)(Z’) AN {Knutson—Tao’s hives [KT]}.

Using this, we get a one line proof of Knutson—Tao—Woodward’s theorem
[55] in Sect. 2.1.6.

For G = GL,,, n > 3, we prove Kamnitzer conjecture [46], describing
the top components of convolution varieties via a generalization of hives—we
identify the latter with the set Conf ,j' (A)(Z") via the special positive coordinate
systems on Conf, (A) from [17].

1.2 Positive tropical points and top components
1.2.1 Our main example

Denote by Conf,’(A) the subvariety of Conf,(A) parametrizing configura-
tions of decorated flags (Ay, ..., A,) such that the flags (w (A;), m(A;41)) are
in generic position for each i = 1,...,n modulo n. The potential V¥V was
defined in (8). It is evidently a regular function on Conf,  (A).

Let P* be the cone of dominant coweights. There are canonical isomor-
phisms

a : Conf} (A) —> H, Conf(Gr) = PT. (18)
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A As L, Ls

Fig.2 Going from an O-integral configuration of decorated flags to a configuration of lattices

Configurations (Ay, ..., A,) sit at the vertices of a polygon, as on Fig. 2.
Let g : Conf,(A) — Conf,(A) be the projection corresponding to a side E
of the polygon. Denote by 7 its restriction to Conf S (A). The collection of
the maps {r }, followed by the first isomorphism in (18) provides a map

7 : Conf ) (A) — Conf5 (A)" = H".

Using similarly the second isomorphism in (18), we get a map

7Gr : Conf,(Gr) —> Conf,(Gr)"=(P™)".

Let {w;} be a basis of the cone of positive dominant weights of H. The
functions myw; are equations of the irreducible components of the divisor
D := Conf, (A) — Conf ) (A):

D := Conf,(A) — Conf, (A) = UE,iDiE.

Equivalently, the component DiE is determined by the condition that the
pair of flags at the endpoints of the edge E belongs to the codimension one
G-orbit corresponding to the simple reflection s; € W.3

The space Conf,(A) has a cluster A-variety structure, described for G =
SL,, in [17, Section 10]. An important fact [21] is that any cluster A-variety
A has a canonical cluster volume form €2 4, which in any cluster .A-coordinate
system (A1, ..., A,) is given by

Qa==xdlogA; A...AdlogA,.

The functions 7 ;w; are the frozen A-cluster coordinates in the sense of
Definition 11.5. This is equivalent to the claim that the canonical volume form

3 Indeed, wi(a(A1,Az)) = 0 if and only if the corresponding pair of flags belongs to the
codimension one G-orbit corresponding to a simple reflection s;.
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Q4 on Conf,(A) has non-zero residues precisely at the irreducible compo-
nents of the divisor D.#

All this data is defined for any split semi-simple group G over Q. Indeed,
the form €2 on Conf, (A) for the simply-connected group is invariant under the
action of the center the group, and thus its integral multiple descends to a form
on Conf, (Ag). The potential Wg is defined by pulling back the potential W
for the adjoint group G’. We continue discussion of this example in Sect. 1.4,
where it is casted as an example of the mirror symmetry.

The simplest example. Let (V», ) be a two dimensional vector space with
a symplectic form. Then SL, = Aut(V2, w), and Agz, = Vo — {0}. Next,
Conf, (Asr,) = Conf,(V>) is the space of configuration (/1, ..., /,) of n non-
zero vectors in Va. Set A; j := (w, [; Al;). Then the potential is given by the
following formula, where the indices are mod n:

n
Ajit2

W= —_—
— Diit1Ait1i42

(19)

The boundary divisors are given by equations A; ;11 = 0. To write the
volume form, pick a triangulation T of the polygon whose vertices a labeled
by the vectors. Then, up to a sign,

Q= /\dlogAE.
E

where E are the diagonals and sides of the n-gon, and Ag = A; ; if £ =
(i, j). The function (19) is invariant under /; — —I[;, and thus descends to
Conf, (ApgL,) = Conf,(V2/ £ 1).

1.2.2 The general framework

Let us explain main features of the geometric picture underlying our construc-

tion in most general terms, which we later on elaborate in details in every

particular situation. First, there are three main ingredients:

1. A positive space )Y with a positive rational function W called the potential,
and a volume form €2y, with logarithmic singularities. This determines the
set y;v (Z") of positive integral tropical points—the set parametrizing a
canonical basis.’

4 Indeed, it follows from Lemma 11.3 and an explicit description of cluster structure on
Conf (A) that the form Q 4 can not have non-zero residues anywhere else the divisors DiE .
One can show that the residues at these divisors are non-zero.

5 The set Y(Z'), the tropicalization W', and thus the subset M}, (Z/) can also be determined
by the volume form 2y, without using the positive structure onvgi.
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2. A subset of O-integral points Y© c Y(K). Its key feature is that, given an
1 e Y(Z),

le V(2 <= C cY° = nY° #0. (20)
3. A moduli space Gry yy, together with a canonical map
Kk : Y9 — Gryy. (21)

These ingredients are related as follows:
e Any positive rational function F on )Y gives rise to a Z-valued function D
on Gry yy, such that for any / € y;v(zf ), the restriction of D to «(C})
equals F'(1).

So we arrive at a collection of irreducible cycles
M; =« (C) C Gry,yy, M;:=closureof M7, [¢€ yffv(Z’).

Thanks to the e, the assignment [ —> M, is injective.

Consider the set {D.} of all irreducible divisors in ) such that the residue
of the form €2y, at D, is non-zero. We call them the boundary divisors of ).
We define

V. =Y —-UDe. (22)

By definition, the form 2y is regular on }*. In all examples the potential
W is regular on Y *.
There is a split torus H, and a positive regular surjective projection

T Y* — H.

The map 7 is determined by the form 2y. For example, assume that each
boundary divisor D, is defined by a global equation A, = 0. Then the regular
functions {A.} define the map 7, i.e. 7 (y) = {Ac(y)}.

Next, there is a semigroup HC ¢ H(K) containing H(Q), defining a cone

P:=HO/H(O) c H(Z') := H(K)/H(O) = X, (H),
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such that the tropicalization of the map 7 provides a map 7’ : y;v(zf) — P,
and there is a surjective map 7g; : Gry yy — P. Denote by 7 restricting of
7 ® K to Y. These maps fit into a commutative diagram

iz <L Y0 5 Gry oy

b AN 79| | 76 (23)

val val
P <— H° =S P

We define Grgﬁ")w and y;v (Z");, as the fibers of the maps 7 and '’ over a
A € P. So we have

Gryw = [ [ 6§y, @) = [ [ 335 @)s (24)
relP relP

The following is a key property of our picture:

e The map ! —> M, provides a bijection
y;/rv(Z’ )y < {Closures of top dimensional components of Grgi)w}.

Although the space Gry yy is usually infinite dimensional, itis nice. The map
nGr : Gry yy — Pslices itinto highly singular and reducible pieces. However
the slicing makes the perverse sheaves geometry clean and beautiful. It allows
to relate the positive integral tropical points to the top components of the slices.

Example. In our main example, discussed in Sect. 1.1 we have

Y = Conf,(A), Y* =Conf*(A), Y =Conf?(A),
Gry,yy = Conf,(Gr), H=H", P=P")".

The potential W is defined in (8), and decomposition (24) is described by
cyclic convolution varieties (17).

1.2.3 Mixed configurations and a generalization of Mirkovi¢—Vilonen cycles

Let us briefly discuss other examples relevant to representation theory. All of
them follow the set-up of Sect. 1.2. The obtained cycles M; can be viewed
as generalisations of Mirkovi¢—Vilonen cycles. Let us list first the spaces Y
and Gry )y. The notation Conf,, indicates that the pair of the first and the last
flags in configuration is in generic position.

@ Springer



Geometry of canonical bases and mirror symmetry 503

Fig. 3 An integral
lamination on a pentagon of
type (4,4,1,6,3)

Fig. 4 An integral .

lamination on a surface with

two holes, and no special

points N N

(i) Generalized Mirkovi¢—Vilonen cycles:
Y := Confy,, (A, A", B), Gry := Conf,,(A, Gr", B) = Gr".

If n = 1, we recover the Mirkovi¢—Vilonen cycles in the affine Grass-
mannian [65].
(i1) Generalized stable Mirkovic-Vilonen cycles:

Y := Conf,,, (B, A", B), Gry  := Conf,,, (B, Gr", B) = H(K)\Gr".

If n = 1, we recover the stable Mirkovi¢—Vilonen cycles in the affine
Grassmannian. In our interpretation they are top components of the stack

Confy, (B, Gr, B) = H\Gr.
(iii) The cycles providing canonical bases in tensor products
Y := Conf(A"™, B), Gry,y := Conf(Gr"!, B) = B~ (O)\Gr".

The spaces Y in examples (i) and (iii) are essentially the same. However
the potentials are different: in the case (iii) it is the sum of contributions of
all decorated flags, while in the case (i) we skip the first one. Passing from Y
to Gry )y we replace those .A’s which contribute to the potential by Gr’s, but
keep the B’s and the .A’s which do not contribute to the potential intact.

We picture configurations at the vertices of a convex polygon, as on Fig. 1.
Some of the A-vertices are shown boldface. The potential VV is a sum of the
characters assigned to the boldface .A-vertices, generalizing (8). The decorated
polygons in the cases (ii) and (iii) are depicted on the right of Fig. 8 and on
Fig. 6. We discuss these examples in detail in Sects. 2.3-2.4.
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1.3 Examples related to decorated surfaces
1.3.1 Laminations on decorated surfaces and canonical basis for G = SL»

1. Canonical basis in the tensor products invariants. This example can be
traced back to nineteenth century. We relate it to laminations on a polygon.

Definition 1.1 An integral lamination / on an n-gon P, is a collection {f;}
of simple nonselfintersecting intervals ending on the boundary of P,-vertices,
modulo isotopy Fig. 3.

Pick a vertex of P,, and number the sides clockwise. Given a collection
of positive integers ay, . .., a,, consider the set £, (a1, ..., a,) of all integral
laminations / on the polygon P, such that the number of endpoints of / on
the k-th side is ax. Let (V2, w) be a two dimensional Q-vector space with a
symplectic form. Let us assigntoan/ € £, (a1, ..., a,) an S Lo-invariant map

I:(@W)Q...0 (] V,) — Q.

We assign the factors in the tensor product to the endpoints of /, so that the
order of the factors match the clockwise order of the endpoints. Then for each
interval 8 in / we evaluate the form w on the pair of vectors in the two factors
of the tensor product labelled by the endpoints of §, and take the product over
all intervals 8 in [. Recall that the SL,-modules $¢V;, a > 0, provide all
non-trivial irreducible finite dimensional SL;-modules up to isomorphism.

Theorem 1.2 Projections of the maps1;, 1 € Ly(ay, ...,a,), 10 S"Vo®...Q
SV, form a basis in Homgr, (S V2 ® ... ® S V5, Q).

A quantum version was considered by Frenkel-Khovanov [24].

2. Canonical basis in the space of functions on the moduli space of
SL; -local systems

Definition 1.3 Let S be a surface with boundary. An integral lamination / on
S is a collection of simple, mutually non intersecting, non isotopic loops «;
with positive integral multiplicities

[ = Zﬂi[ai] n; € Zo,
i

considered modulo isotopy. The set of all integral laminations on S is denoted
by L7(S) Fig. 4.5

6 Laminations on decorated surfaces were investigated in [17, Section 12], and [19]. However
the two types of laminations considered there, the A- and X -laminations, are different then the
ones in Definition 1.3. Indeed, they parametrise canonical bases in O(Xpgy,,s) and, respec-
tively, O(Agy,,,s). while the latter parametrise a canonical basis in O(Locgy,,, 5). Notice that
a lamination in Definition 1.3 can not end on a boundary circle.
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In the case when S is a surface without boundary we get Thurston’s integral
laminations.

Given an integral lamination [/ on §, let us define a regular function M; on
the moduli space Locgy, s of SLj-local systems on S. Denote by Mong (£)
the monodromy of an SL;-local system £ over a loop « on S. The value of
the function M; on L is given by

ML) := [ [ Tr(Mong (£)).

i

Theorem 1.4 [17, Proposition 12.2]. The functions M, | € Lz(S), form a
linear basis in the space O(Locsy, ).

Recall that a decorated surface S is an oriented surface with boundary,
and a finite, possibly empty, collection {si, ..., s,} of special points on the
boundary, considered modulo isotopy.

We define a moduli space Locgsy, s for any decorated surface S, so that
laminations on S provide a canonical basis O(Locgy,, s), generalising both
Theorem 1.2 (when S is a polygon) and Theorem 10.14, see Sect. 10.3.

Let us discuss now how to generalize constructions of Sect. 1.1.2 to the
decorated surfaces.

1.3.2 Positive G-laminations and top components of surface affine
Grassmannians

A pair (G, S) gives rise to a moduli space Ag s [17]. Here are two basic
examples.

e When S is a disc with n special points on the boundary, we recover the
space Conf, (A).

e When S is just a surface, without special points, the moduli space Ag s is
a twisted version of the moduli space of G-local systems with unipotent
monodromy around boundary components on S equipped with a covari-
antly constant decorated flag near every boundary component of S.

The space Ag, s has a positive structure [ 17]. We define in Sect. 10 a potential
W on the space Ag . It is a rational positive function, with the tropicalization
W Ag s(Z) — 7.

The condition W' > 0 determines a subset of positive integral G-
laminations on S:

A s =l € Ag s(Z") | W'(1) = 0}. (25)

For any decorated surface S, the set A S(Z’ ) is canonically isomorphic
to the set of integral laminations on S, see Sect 10.3. An interesting approach
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to a geometric definition of laminations for G = SL,,, which employs the
affine Grassmannian, was suggested by lan Le [57].

There is a canonical volume form €2 on the space Ag s, which can be defined
by using an ideal triangulation of S and the volume forms on Conf,, (A). When
G is simply-connected, it is also the cluster volume form €2 4.

We also assign to a pair (G, S) a stack Grg_ g, which we call the surface
affine Grassmannian. When S is a disc with n special points on the boundary,
we recover the stack Conf ), (Gr). In general it is an infinite dimensional stack.

The components of the punctured boundary 0S5 — {sq, ..., s,} isomorphic
to intervals are called boundary intervals. We define the torus H and the lattice
P by

H .= H{boundary intervals ons} P= (P+){b0undary intervals on sy

’

The map 7 is defined by assigning to a boundary interval I the element
i(Ay,A_) € H, see (18), where (A_, A ) are the decorated flags at the ends
of the interval I, ordered by the orientation of S, provided by the very definition
of the space Ag s.

Given a point [ € Aa s(Z"), we define a cycle Mj C Grg,s. Given an
element A € P, we prove that the map [ — M gives rise to a bijection of
sets

Ag, S(Zt s - {closures of top dimensional components of Grg )S}. (26)

However in this case we can no longer bypass the question what are the “top
components” of an infinite dimensional stack, as we did in Sect. 1.1.2. So we
define in Sect. 10.5.1 “dimensions” of certain relevant stacks with values in
certain dimension Z-torsors. As aresult, although the “dimension” is no longer
an integer, the difference of two “dimensions” from the same dimension Z-
torsor is an integer, and so the notion of “top dimensional components” does
make sense.

To define the analog of the space of tensor product invariants for a decorated
surface S, we introduce in Sect. 10 a moduli space Locge . If § has no special
points, it is the moduli space of GX-local systems on S. If S is a disc with n
points on the boundary, it is the space Conf, (Agz). We prove there that the
set AJGF’ S(Z’ ) parametrizes a linear basis in O(LocgL g).

1.4 Canonical pairings and homological mirror symmetry
Below we write A for Ag etc., and use notation Aj, for AgL etc.

For any split reductive group G, the space O(.Ay) of regular functions on
the principal affine space Ay of G is a model of representations of GF:
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every irreducible G-module appears there once. This allows us to organize
the direct sum of all vector spaces of a given kind where the canonical bases
live into a vector space of regular functions on a single space. For example:

P Vu®...0V, =04 (27)
(ALsernn i) €@

D (u®...0v,)" =0U) = O0Conf,(A). (©8)
(Ao Ap)E(PT)?

Using this, let us interpret the statement that a canonical basis of a given
kind is parametrized by positive integral tropical points of a certain space as
existence of a canonical pairing.

1.4.1 Tensor product invariants and homological mirror symmetry

For any split reductive group G, the set Conf," (A)(Z") parametrizes a canon-
ical basis in the space (28). So there are canonical pairings

I : Conf; (A)(Z") x Conf,(A;) — Al. (29)
I : Conf,(A) x Conf ! (AL)(Z') — Al (30)

So the story becomes completely symmetric. The idea that the set parame-
trizing canonical bases in tensor product invariants is a subset of Conf, (A) (Z")
goes back to Duality Conjectures from [17]. It is quite surprising that taking
into account the potential we get a canonical basis in the space of regular func-
tions on the same kind of space, Conf,,(Ar), for the Langlands dual group.

To picture this symmetry, consider a convex n-gon P, on the left of Fig. 5,
and assign a configuration (A, ..., A,) € Conf, (A) to its vertices. The
potential WV is a sum of the vertex contributions; so the vertices are shown
boldface. The pair of decorated flags at each side is generic; so all sides are
dashed. Tropicalizing the data at the vertices, and using the isomorphism
Conf; (A)(Z') = PT, we assign a dominant weight Ay of GL to each side
of the left polygon. Consider now the dual n-gon * P, on the right, and a con-
figuration of decorated flags (A/, ..., A}) in G! at its vertices. The dominant
weight A, on the left corresponds to the irreducible representation V;, , realised
in the model O (A1) assigned to the dual vertex of * P,.

Tropical points live naturally at the boundary of a positive space, compacti-
fying the set of its real positive points [20]. An example is given by Thurston’s
boundary of Teichmiiller spaces, realized as the space of projective measured
laminations.
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Aj
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Mo M Ay 3
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Ay Ay 2
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Ay

Fig. 5 Duality between configurations spaces of decorated flags for G and GL. The potential
is a sum of contributions at the boldface vertices. Pairs of decorated flags at the dashed sides
are in generic position. No condition on the pairs of decorated flags at the solid sides

Itis tempting to think that canonical pairings (29) and (30) are manifestations
of a symmetry involving both spaces simultaneously, rather then relating the
tropical points of one space to the regular functions on the other space. We
conjecture that this elusive symmetry is the mirror symmetry, and the function
W is the potential for the Landau—Ginzburg model.

To formulate precise conjectures, let us start with a general set-up.

The A-model. Let M be a complex affine variety. So it has an affine embed-
dingi : M — CN. The Kahler form > dz;dz; on CV induces a Kahler
form on M (C) with an exact symplectic form w. The wrapped Fukaya cat-
egory Fwr(M, w) [2] does not depend on the embedding i. We denote it by
Far(M). A potential YW on (M, w) allows to define the wrapped Fukaya—
Seidel category FSyr(M) = FSur(M, w, W). The case of a potential with
only Morse singularities is treated in [72]. It also does not depend on the choice
of affine embedding. A volume form 2 provides a Z-grading on F Sy, (M)
[71].

The positive A-brane. In our examples M is a positive space over Q. So it has
a submanifold M (R ) of real positive points. It is a Lagrangian submanifold
for the symplectic form w induced by any affine embedding. The form € is
defined over Q, and so M(R.() is a special Lagrangian submanifold since
it restricts to a real volume form on M (R. ). The potential W is a positive
function on M. So the special Lagrangian submanifold M (R ) should give
rise to an object of the wrapped Fukaya—Seidel category of M, which we call
the positive A-brane, denoted by L.

The projection/action data. In all our examples we have a mirror dual pair
M < M equipped with the following data: a projection 7 : M — H
onto a split torus H, an action of the split torus T on M preserving the volume
form and the potential, and a similar pair of tori H;, T for M. These tori
are in duality:

X, (Tp) = X*(H), X.(H) =X"(D).
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This projection/action data gives rise to the following additional structures
on the categories.

(i) The group Hom(X,(H), C*) = ]ﬁl((C) of C*-local systems on the com-
plex torus H(C) acts on the category FSyw:(M). Namely, we assume
that the objects of the category are given by Lagrangian submanifolds in
M(C) with U(1)-local systems. Then a U(1)-local system £ on H(C)
acts by the tensor product with 77 * (L), providing an action of the subgroup
Hom(X..(H), U(1)) on the category. We assume that the action extends
to an algebraic action of the complex torus

Hom(X,(H), C*) = X*(H) ® C* = X,.(H) ® C* = H(C).

(ii) Let Tx be the maximal compact subgroup of the torus T(C). We assume
that the action of the group Tk on the symplectic manifold (M, w) is
Hamiltonian.” Then any subgroup S' C Tx provides a family of sym-
plectic maps r;, t € R/Z = S'. The map r| provides an invertible func-
torial automorphism of Hom’s of the category FSy;(M), and thus an
invertible element of the center of the category. So the group algebra
Z[X(T)] = O(T) is mapped into the center:

(9(@) —> Center (FSyr(M)).

(iii) Clearly, there is a map O(H) — Center(D?Coh(M)), and the group T
acts on D?Coh(M).

The potential/boundary divisors. It was anticipated by Hori—Vafa [43] and
Auroux [4] that adding a potential on a space M amounts to a partial com-
pactification of its mirror M, by a divisor. More precisely, denote by M ™
and M the regular loci of the forms € and Q. The potential is a sum
W =3 W,. Its components W, are expected to match the irreducible divi-
sors D of My — M7 . The divisors D, are defined as the divisors on M,
where Resp, (£27) is non-zero. So we should have

W= ZWC’ ML - MZ = U:De, Wc <1> D.. (31)

There are several ways to explain how this correspondence should work.

7 In our main examples the symplectic structure is exact, ® = da. So averaging the form o by
the action of the compact group T g we can assume that it is T g -invariant. Therefore the action
is Hamiltonian: the Hamiltonian at x for a one parametric subgroup g’ is given by the formula

a (g (x)).
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(i) The potential W, determines an element [W,] € HH (M), which defines
a deformation of the category D?Coh(M) as a Z/27Z-category. On the
dual side it corresponds to a deformation of the Fukaya category obtained
by adding to the symplectic form on My, a multiple of the 2-form w,,
whose cohomology class is the cycle class [D.] € H 2(My, Z(1)) of the
divisor D..

(i) The Landau—Ginzburg potential WV, should be obtained by counting the
holomorphic discs touching the divisor D., as was demonstrated by
Auroux [4] in examples.

(ii1) In the cluster variety set up the correspondence is much more precise, see
Sect. 11.

Example. To illustrate the set-up, let us specify the data on the moduli space
Conf,, (A).

e A regular positive function, the potential YW : Conf *(A) —> Al
e A regular volume form €2 on Conf,; (A), with logarithmic singularities at
infinity.

e A regular projection 7 : Conf,(4) — H onto a torus H :=
H{sides of the n—gon P,,}'

e An action r of the torus T := Hivertices of P}

decorated flags.

on Conf,(A) by rescaling

Changing G to G* we interchanges the action with the projection:

e The torus Ty is dual to the torus H, i.e. there is a canonical isomorphism
X(Tr) = X*(H).

By construction, the potential is a sum

W=D > W (32)

v o jel

over the vertices v of the polygon P,, parametrising configurations
(A1,...,Ay), and the set I of simple positive roots for G. Indeed, a non-
degenerate character x of U is naturally a sum x = >, x;.

On the other hand, the set of irreducible components of the divisor
Conf, (Az)—Conf, (Ayz) is parametrised by the pairs (E, i) where E are the
edges of the dual polygon *P,, see Sect. 1.2.1:

Conf, (Az)—Conf (AL) = Ug U;er DF. (33)
Since vertices of the polygon P, match the sides of the dual polygon * P,

the components of the potential (32) match the irreducible components of the
divisor at infinity (33) on the dual space.
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We start with the most basic form of our mirror conjectures, which does not
involve the potential.

Conjecture 1.5 For any split semisimple group G over Q, there is a mirror
duality

(Conf, (A), Q) is mirror dual to (Conf, (AL), Q2L). (34)
This means in particular that one has an equivalence of Axc-categories
Fur(Conf X (A)(C)) — DPCoh(ConfX(AL)). (35)

This equivalence maps the positive A-brane L to the structure sheaf O.

Itidentifies the action of the group HI(C) on the category Fy:(Conf,  (A)(C))
with the action of the group T (C) on D?Coh(Conf <(AL)), and identifies the
subalgebras

O(T) C Center(Fy,(Conf ) (A)(C))) and
O, C Center(DbCOh(Conf; (A)).

The projection/action data for the pair (34) is given by
H=H"' H,=H], T=H' T, =H].

The pair (34) is symmetric: interchanging the group G with the Langlands
dual group G amounts to exchanging the A-model with the B-model.

Using the mirror pair (34) as a starting point, we can now turn on the
potentials at all vertices of the left polygon P,. This amounts to a partial
compactification of the dual space. Namely, we take the space Conf,(AL),
and consider its affine closure Conf,, (A ), := Spec(O(A’i)GL).

Since the action of the group H” on Conf (A) alters the potential VV, and the
projection 77, onto H} does not extend to Conf, (A )a, the projection/action
data for the pair (48) is

H=H" H,={e}, T={e}, Tr=Hj].

Therefore by turning on the potentials we arrive at the following Mirror
Conjecture:

Conjecture 1.6 For any split semisimple group G over Q, there is a mirror
duality

(Conf, (A), W, Q) is mirror dual to Conf, (AL )a. (36)
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This means in particular that there is an equivalence of Aso-categories
FSur(ConfX(A)(C), W, Q) —> D Coh(Conf,(Ar)a).  (37)

It maps the positive A-brane L to the structure sheaf O, and identifies
the action of the group H(C) on the category F Sy (Conf,  (A)(C)) with the
action of Ty (C) on DPCoh(Conf, (A )a).

The geometry of mirror dual objects in Conjectures 1.5 and 1.6 is essentially
dictated by representation theory. Indeed, the tropical points are determined by
birational types of the spaces, and canonical bases tell the algebras of functions
on the dual affine varieties:®

The set Conf,'f (A)(Z") parametrises a canonical basis in O(Conf,(A7)).
(38)

The set Conf, (A7 )(Z") should parametrise a canonical basis in
O(Conf, (A)). 39)

The potential W and the projection 7w define a regular map (w, W) :
Conf X (A) —> H x A'. The form £ on Conf *(A) and the canonical volume
forms on H and A' provide a volume form Q(*€) at the fiber F, . of this map
over a generic point (a, c) € H x Al

More generally, we can turn on only partial potentials at the vertices of the
polygon P,, which amounts on the dual side to taking partial compactifica-
tions, and then considering their affine closures. This way we get an array of
conjecturally dual pairs, described as follows.

For each vertex v of the polygon P, parametrising configurations (Ay, ...,
A,) choose an arbitrary subset I, C I of the set parametrising the simple
positive roots of G. It determines a partial potential

Wi,y = Z Wy, W, = Z WY, (40)
v

i€ly

On the dual side, subsets {I,} determine a partial compactification of the

space Conf,‘(Ar), obtained by adding the divisors DiE " where i € I,,. Here
E, is the side of the polygon % P, dual to the vertex v of Py:

Conf,,(AL)q,) := Conf) (AL) [ J Uy Uier, D (41)

8 Although the claim (39) is not addressed in the paper, it can be deduced from (38).
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For each vertex v of P, there is a subgroup Hy, C H preserving the partial

potential W, at v. On the dual side, let HIL” be the dual quotient of the Cartan
group Hy . So we arrive at the projection/action data

H=H" H,=][[Hr, T=[]H, T.=H. (42)
v v

So turning on partial potentials we arrive at Conjecture 1.7, interpolating
Conjectures 1.5 and 1.6:

Conjecture 1.7 For any split semisimple group G over Q, there is a mirror
duality

(Conf ) (A), Wq,), 2) is mirror dual to the affine closure of Conf, (Ar),)}-
(43)

Its action/projection data is given by (42).

Needless to say, the positive integral tropical points of the left space para-
metrise a basis in the space of functions on the right space.

Here is another general principle to generate new mirror dual pairs. We
start with a mirror dual pair (M, Q, W) < M, equipped with the projec-
tion/action data which involves a dual pair (T, Hz). So T acts by automor-
phisms of the triple (M, €, W), and there is a dual projection 7y : M —
Hy.

Choose any subgroup T C T, and consider the corresponding T'-
equivariant category. If the group T’ acts freely, this amounts to taking the
quotient of the space with potential (M, W) by the action of T’. A volume
form on T’ gives rise to a volume form on the quotient, obtained by construct-
ing the volume form € with the dual polyvector field on T'. The subgroup
T" C T determines by the duality a quotient group H; — H , and therefore
a projection r; : My — H .

e The quotient stack (M /T, W) is mirror dual to the family n/L Mg —

In the examples below (M /T’, W) is just dual to a fiber ni_l (a) c My,

aeH,.

In particular, starting from a mirror dual pair (43), we can choose any sub-
group T C T = [], Hy, acting on the space with potential on the left. All
examples below are obtained this way.

Example. We start with the space Conf* (A"*!) with the potential Wi...n
given by the sum of the full potentials at all vertices but one, the vertex A, +1.
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A,
//‘\\ A3 A2 A3
//// \\\
Al ®A; =
N ’
N s
N ’
N A4 A1 B4
By

Fig. 6 Dual pairs (Conf* (A3, B), W] 2,3) and Confy, (Az, Br) = .A%. The H-components
of the projection A sit at the A-decorated blue dashed edges on the left. The projection u to H
is assigned to the red A3B4A (color figure online)

The action of the group H on the decorated flag A, preserves the potential
..... n- Applying the above principle, we get a dual pair illustrated on Fig. 6.
The fiber over a, illustrated by the middle picture on Fig. 6, is canonically
isomorphic to the less symmetrically defined space illustrated on the right.

In the next section we consider this example from a different point of view,
starting from representation-theoretic picture, just as we did with our basic
example, and arrive to the same dual pairs.

1.4.2 Tensor products of representations and homological mirror symmetry

The set Conf (A"+!, B)(Z') defined using the potential WV from (11) para-
metrises canonical bases in n-fold tensor products of simple GZ-modules. So
using (27) we arrive at a canonical pairing

I: Conf™ (A", B)(Z') x A7 — Al (44)

Let us present A’} as a configuration space. Recall that Conf, (A’zﬂ, Br)
parametrises configurations (Ap, ..., Ay+1, Bpy2) such that the pair
(Ap+1, Buyo) is generic. Generic pairs {A, B} form a GL-torsor. Let {AT,B7}
be a standard generic pair. Then there is an isomorphism

A =5 Confyy (AT Br), {A1L ..., Ayl —> (Ar, ..., Ay, AT, B7).
(45)

The subspace Conf X(A'L’H,BL) parametrises configurations (Ap, ...,
Au+1, Bry2) such that the consecutive pairs of flags are generic. It is the
quotient of Conf ¢ 42 (A) by the action of the group H on the last decorated

flag. The projection Conf,, ,(A) — H"*2 induces a map, see (18),

7 = (&, p) : Conf*(A"*! B) — H" x H. (46)
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A,
AN Ay Aj Ay Aj
// \\ r T r |
7 N | | | |
- A | | I |
Al <\ > A3 e | | - | |
N 7 | | | |
N L 3 L 3
N 2 A b b
N7 Al a A4 Al B4
By

Fig.7 Dual spaces Conf* (A3, B) (left) and Conf * (A3L, Br) = (right)

(Alv AR An+17 Bn+2) > (a(Alv A2)7 cecy a(Anv Al’l+1))
X (Ant1, Buso)a (A1, Bygo) L

Then the symmetry is restored, and we can view (44) as a manifestation of
a mirror duality:

(Conf* (A", B), W, @, ) is mirror dual to (Conwa(ATLl, BL), QL. rL).
47)

Here ry, is the action of H'LZJrl by rescaling of the decorated flags. The
projection/action data is

H=H"", H,={e}, T=1{e}, T,=H"",

The analog of mirror dual pair (34) and its projection/action data are given
by, see Fig. 7,

(Conf* (A", B), Q) is mirror dual to (Confx(.A’iH, BL), Q). (48

H=H"", H, =" T=n"" T,=H",

So we arrived at the two dual pairs and (47) and (48) using canonical pairings
as a guideline.

As discussed in the Example in Sect. 1.4, we can get them from the basic
dual pairs (36) and (34) using the action/projection duality e, which in this
case tells that the quotient by the action of the group H on one side is dual to
a fiber of the family of spaces over the dual group Hy over a pointa € Hy.

In particular, the dual pair (34) leads to the dual pair illustrated on Fig. 7.
Notice that configurations (A, ..., Ay+2) with a(A,+1,Apy2) = a € H
are in bijection with configurations (Ay, ..., Ay+1, Byy2) where the pair
(Ap+1, Buyo) is generic. So the two diagrams on the right of Fig. 7 repre-
sent isomorphic configuration spaces, and we get the dual pair (48) from (34).
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The dual pair (47) is obtained from (48) by adding potentials at the A-vertices,
thus allowing arbitrary pairs of flags on the dual sides.

We conjecture that the analogs of Conjectures 1.5 and 1.6 hold for the pairs
(48) and (47).

1.4.3 Landau—Ginzburg mirror of a maximal unipotent group U and it
generalisations

We view Lusztig’s dual canonical basis in O(U) as a canonical pairing, and
hence as a mirror duality:

1:U/(Z") x U — A', (U* ) ismirrordualto UY.  (49)

To define U*, we realise a maximal unipotent subgroup U as a big Bruhat
cell in the flag variety, and intersect it with the opposite big Bruhat cell. The
x is a non-degenerate additive character of U, restricted to U*. This example
is explained and generalised using configurations as follows.

Let Confy,, (B, A", B) be the space parametrising configurations (B, Ay,
.«.» Ayt1, Bygo) such that the pairs (B, B,42) and (A, +1, B,,+2) are generic,
see the right picture on Fig. 8. There is an isomorphism

Uy x A}~' = Conf o (Br, A7, BL), {Bi, Az, ..., Ay}
—> (By, A2, ..., A,,AT,B7). (50)

The group HY acts on Conf,, (B, A}, Br) by rescaling decorated flags.

The subspace Conf* (5, A", B) parametrises configurations where each
consecutive pair of flags is generic. It is depicted on the left of Fig. 8. It is the
quotient of Conf 42 (A) by the action of H x H on the first and last decorated
flags. Thus there is a map 7, defined similarly to (46):

7 = (A, ) : Conf*(B, A", B) - H"~! x H. (51)
So the projection/action data in this case is

H=H", H,={e}, T={e}, Tp=H],
For example, Conf™ (B, A, B) = U*, in agreement with U* in (49).

Conjecture 1.8 The set Conf™ (B, A", B)(Z') parametrises a canonical basis
in O(Up x A'z_l). The subset (\', ')~ V(A1, ..., An_1; V) parametrises a
canonical basis in the weight v subspace of

UNHRV, Q- ® Vi, _,.

@ Springer



Geometry of canonical bases and mirror symmetry 517

A A A A
3p oot ST
1 AY 1 \
’ \ ’ \
’ \ U \
Az.\\ ,', AS ~ AQ..\\ ,,/ BS ———
a b
Ay B,

Fig. 8 Duality Conf* (B2, A3) < Confy, (87, A3) = U x A2. In the middle: the H-
components of the map X sit at the dashed blue sides. The map  is assigned to A;B1B5A4
(color figure online)

The analogs of Conjectures 1.5 and 1.6 hold for the following mirror dual
pairs:

(Conf™ (B, A", B), Q) is mirror dual to (Conf™ (B, A7}, Br), L),

(Conf™ (B, A", B), W, @2, ) is mirror dual to (Conf,, (B, A}, BLr),rr)

These mirror pairs can be obtained from the basic mirror pairs (34) and (36)
by trading, using the action / projection principle e, the quotient by H% to the
fiber over (a, b) € H? on the dual side, see Fig. 8.

1.4.4 The Landau—Ginzburg mirror of a simple split group G

In this section we interpret a split simple group G as a configuration space, and
using this deduce its Landau—Ginzburg mirror from Conjecture 1.6 by using
our standard toolbox. The companion conjecture tells that the maximal double
Bruhat cells is selfdual, assuming that we change G to G~.

Denote by Conf* (B, A, B, A) the space parametrising configurations
(B1, Az, B3, As) where all four consecutive pairs are generic. There is a poten-
tial given by the sum of the potentials at the A-vertices:

Wh 4(Bi1, Az, B3, Ag) := xa,(B1, A2, B3) + xa, (B3, A4, By).

The space with potential is illustrated on the left of Fig. 9. Let us describe
its mirror.

Recall the isomorphism o« : Conf* (A, A) — H. Consider the moduli
space of configurations

(A1, Az, A3, Ay) € Confy(AL) | (A1, Ag), (A2, A3) are generic;
a(Ar, Ay = a(Az, A3) =e. (52)

The picture on the right of Fig. 9 illustrates this moduli space.
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Fig. 9 The Ay
Landau—Ginzburg model e Ay B
(left) dual to GL (right) N —
e N : :
Bl N > B3 — al la
AN 7/ | |
N 7/ | |
N // | |
\\.// Al A 9
Ay

Lemma 1.9 The moduli space (52) is isomorphic to the group G*.

Proof Pick a generic pair {A1, A2} with (A1, A4) = e. Then for each GL-
orbit in (52) there is a unique representative {A1, Az, Az, As} where {A1, As}
is the chosen pair. There is a unique g € GL such that g{A1, Ag} = {Az, As}.
The map (A1, Az, Az, Ay) — g provides the isomorphism. O

Conjecture 1.10 The mirror to a split semisimple algebraic group G* over
Q is the pair

(Conf* (B, A, B, A), W 4). (53)
Example. Let GX = PGL5, s0 G = SL>. Then A = A> — {0}, B = P!, and
Coan(B, A, B, A) = {(L1, vz, L3,v4)}/SL>. 54)

Here L, L3 are one dimensional subspaces in a two dimensional vector
space V>, and v7, v4 are non-zero vectors in V,. The pairs (L1, v2), (v2, L3),
(L3, v4), (v4, L) are generic, i.e. the corresponding pairs of lines are distinct.
Pick non-zero vectors /1 € L1 and I3 € L3. Then

A(ly, 13) A(ly, 13)

Wha = .
T AL v A ) | AU, va) AL va)

It is a regular function on (54), independent of the choice of vectors /1, [3.
To calculate it, set

Lh=0,0), vu=(,1/p), I3=~1,y/p), va=(0,1). (55)
Then
Conf* (B, AL, Br, AL) ={(x,y,p) € Al x A x G,, — (xy —1=0)}.

y/p y/p _ _yp L2
I/p-Gxy/p=1/p) 1-1 xy—1 p

Wha = (56)
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Fig. 10 Duality between Ay
configurations of decorated 'Y
flags for G and GL N Aa As
7 AN
7/ \\
A« /)A3 —
N 7/
\\ //
\./ A1 A2
As
Fig. 11 Dual pair of spaces Ay
obtained on Step 2
ined on Step o~ 8 S
% N 1
// \\ | |
I |
A< >Ay — ! |
NS I i
A 7/ e — |
‘e’ Ay A,
Ao

The case G = PGL;y, GY = SL, is similar, except that now Apgr, =
AZ — {0}/ £ 1.

Let us explain how this conjecture can be deduced from our general
conjecture.
Step 1. Conjecture 1.6 tells us mirror duality, illustrated on Fig. 10:

(Conff (.A), W1,2,374) <> Conf4(AL).

Step 2. We alter the pair (Conf : (A), Wi 2.3.4) by removing the potentials at
the vertices A and Aj3. This reduces the potential W > 3 4 to a new potential:

Wha(Ar, Az, Az, Ag) := xa,(B1, Az, B3) + xa, (B3, Ag, By).

In the dual picture this amounts to removing two divisors from Conf4(Ay),
illustrated by two punctured edges on the right of Fig. 11, dual to the vertices
A1 and Az on the left. Precisely, we introduce a subspace a;n/f4(AL) such
that the pairs of decorated flags at punctured sides are generic. The obtained
dual pair is illustrated on Fig. 11. In particular there is a projection provided
by the two punctured sides:

Confy(AL) — H3. (57)
Step 3. There is an action of the group H x H on Conf (A) preserves the
potential W, 4, given by (A1, Az, A3, Ag) —> (h1-Ay, Az, hy- A3z, Ag). The

quotient is the space (53):
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Fig. 12 The (tropicalised) Landau—Ginzburg model dual to G~ is obtained by gluing the two
LG models dual to Ay, along their “vertical sides”, as shown on the left

(Conf} (A), Wh.4)/(H x H) = (Conf* (B, A, B, A), Wh.4).

Step 4. The action of the group H x H is dual to the projection (57). The
quotient by the H x H-action is dual to the fiber over e € H;, x Hy . The fiber
is just the space (52). On the level of pictures, this is how we go from Fig. 11
to Fig. 9. This way we arrived at Conjecture 1.10.

Canonical basis motivation. Let us explain how the positive integral tropical
points of the space from Conjecture 1.10 parametrise a canonical basis in
O(GL). One has O(G) = @, p+ Vi ® V.

Recall that O(Ar) = @@, cp+ Va. The decomposition of O(Ay) into irre-
ducible G*-modules is provided by the Hy -action on A;. According to our
general picture,

Ap = Confy, (B, A, Ar) is mirror dual to (Conf™ (B, A, A), W 3).

The canonical basis in V) is parametrised by the fiber of the projection
Conft (B, A, A)(Z') — P overthe A € P™.This projection is the tropical-
isation of the positive rational map Conf (B, A, A) —> Conf(A, A). There-
fore the tensor product of canonical basis in Vy ® V,* is parametrised by the fiber
over A of the tropicalisation of the positive rational map Conf (B, A, B, A) —
Conf(A, A) (Fig. 12).

Lemma 1.11 The space Cont™ (B, A, B, A) is isomorphic to the open double
Bruhat cell of G.

Proof Note that Conf™ (B, A, B, A) is isomorphic to the moduli space
parametrizing the configurations (Aj, Az, Az, A4) € Confs(A) such that
a(A1, Ay) = (A4, A3z) = e and each consecutive pair (A;, Aj41) is generic.
There is a unique element g € G such that {g - A1, g - Az} = {A4, Az}. Let
(A1) = B and 7w (Ay) = B™. Then we have

{A1, A4} ={A1,g- Ay} is generic <= g € BugB,

{Az, A3} = {A2, g - Ap}isgeneric < geB wyB™.
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So the space is isomorphic to the open double Bruhat cell BwoB () B~ woB ™.
0

Conjecture 1.12 The open double Bruhat cell of G is mirror to the open
double Bruhat cell of G*.

Ay
//\\ Afl AJ
// \\ [ 1
/ N | |
/ \\ | |
B1 < D B3 > a : : a
/s
AN / | |
\\ // | |
—_— e —— -4
\v/ Al A2
Ay

1.4.5 Examples of homological mirror symmetry for stacks

As soon as our space M is fibered over a split torus H, the mirror dual space
M acquires an action of the dual torus T . Thus we want to find the mirror of
the stack M, /T . Let us discuss two examples corresponding to the examples
in Sects. 1.4.2 and 1.4.3.

Let us look first at the dual pair (47). The subgroup 1 x HY acts freely on
the last n decorated flags in Conf,,, (Bp, A’i“), and the quotient is B7. So
one has

Confy, (Br, A1) /(H x H}) = H\B,. (58)

We start with the problem reflecting the A-model to this stack.
1. Equivariant quantum cohomology of products of flag varieties. There
is a way to understand mirror symmetry as an isomorphism of two modules
over the algebra of 7-differential operators Dj: one provided by the quantum
cohomology connection, and the other by the integral for the mirror dual
Landau—Ginzburg model:

The quantum cohomology Dj-module of a projective (Fano) variety M =

The Dy-module for the Landau—Ginzburg mirror (77 : M — H, W, Q),
defined by / e Vg,

Here the space M is fibered over a torus H, the €2 is a volume form on
MY, and W is a function on MV, called the Landau—Ginzburg potential. The
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form €2 and the canonical volume form on the torus H define a volume form
Q@ on the fiber of the map 7 over an a € H. The integrals |/ e W/MQ@ over
cycles in the fibers are solutions of the Dy-module 7, (e=V/"Q) on H.

This approach to mirror symmetry was originated by Givental [35], see also
Witten [76] and [16], and developed further in [43] and many other works.
See [4-6] for a discussion of examples of mirrors for the complements to
anticanonical divisors on Fano varieties.

In our situation M is a positive space and WV is a positive function, so there
is an integral

Flas i) ::/ eVQW (@) =77 a) N M(R-g). (59)
yt(a)

If it converges, it defines a function on H(R. ). This function as well as
its partial Mellin transforms is a very important object to study. It plays a key
role in the story. Below we elaborate some examples related to representation
theory.

Let ¥, be the character of H(R.g) corresponding to an element s €
H; (R-). Recall the projection p : Conf* (A"+!, B) — H from (46). Con-
sider the integral

Feontx (antt py(a, s; ) 32/ W Wr)e VI Q@ - (a, 5) e (H" xHL)(Rao).
yt(@)
(60)

It is the Mellin transform of the function (59) along the torus 1 xH C H" L
If n = 1, one can identify integral (60) with an integral presentation for
the Whittaker—Bessel function of the principal series representation of G(R)
corresponding to the character 5. The latter solves the quantum Toda lattice
integrable system [53].

Therefore it provides, generalising Givental’s work [37] for G = GL,,
in non-equivariant setting, the integral presentation of the special solution of
equivariant quantum cohomology Dj-module for the flag variety By studied
in [30-33,36,38,56,58,64,69,70].

Recall the special cluster coordinate system on Conf3(A) for G = GL,,
from [17]. It has a slight modification providing a rational coordinate system
on Conf,,, (B, A, A), see Sect. 3.

Theorem 1.13 (i) Let G = GL,,. Then the potential VW, expressed in the spe-
cial cluster coordinate system on Conf (B, A, A), is precisely Givental’s
potential from [37].

The value of the integral Fconex(3.4..4)(@; §, 1) at s = e coincides with
Givental’s integral for a solution of the quantum cohomology Dy-module
QH*(BL) [37].
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(ii) For any group G, the integral Fcone> (3. 4 4)(as ) is a solution of the
Dr-module QHI”fIL (BpL).

Proof (1) Itis proved in Sect. 3.2.

(i1) Since integral (60) provides an integral presentation for the Whittaker
function, it is equivalent to the results of [31,69]. Observe that the para-
meter a € H(C) is interpreted as the parameter on H2 (B, C*), which is
the base of the small quantum cohomology connection, while the parame-
ter s € Hy (R~ ) is the parameter of the Hy -equivariant cohomology. O

For arbitrary n, integral (60) determines the equivariant quantum cohomol-
ogy Dp-module of B} . The latter lives on H" x Hy, it is a D-module on H",
but only O-module along Hy . Integral (60) is a solution of this Dj-module.

2. Mirror of equivariant B-model on 3] . The integral (60) admits an analytic
continuation in s provided by the analytic continuation of the character ¥ in
the integrand. The complex integrand lives on an analytic space defined as
follows. Let H(C) is the universal cover of H(C). Denote by (B x ... x B);“
the fiber of the map A in (46) over an a € H”. It is a Zariski open subset of B".
Consider the fibered product

(B x...xB)rC) 3‘/1 (B x...xB)y%C)
o m
exp

H(C) - H(C)

Let W and Q be the lifts of W and Q by the map exp. We get a locally

constant family of categories FSy (B x ... x B)y“(C), W, S~2) over H*(C).
So the fundamental group 7t (H" (C)) acts on the category for any given a. The
group 71 (H(C)) also acts on it by the deck transformations induced from the
universal cover H(C) — H(C).

On the other hand, the Picard group of the stack Hy \ 57,

Pic(H,\B}) = X*(Hy) x Pic(B}) = X*(Hr) x X*(H})
acts by autoequivalences of the category D”Cohy L (BY).

Conjecture 1.14 There is an equivalence of Ax-categories

FSui((Bx ... x Byy“(C),W, Q) ~ D’Cohy, (B}). (61)

It intertwines the deck transformation action of wi(H(C)) x the mon-
odromy action of w1 (H"(C)) on the Fukaya—Seidel category with the action
of X*(Hr) x Pic(BY}) on the category D”Cohy, (B}).
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Fig. 13 Horizontal rays are
the rays of fast decay of the
potential. Together with the

vertical line, they form the
Lagrangian skeleton of the 4mi
Kontsevich model of G

FSwr(C:a l(e +e™ 1), dt) 2n

i

The integral (60) over Lagrangian submanifolds supporting objects of the
Fukaya—Seidel category is a central charge for a stability condition on the
category.

Kontsevich argued [51] that there is a smaller class of stability conditions,
which he called “physical stability conditions”. Stability conditions above
should be from that class.

Examples.

1. Let n = 1. Then B} is the intersection B* of two big Bruhat cells in
the flag variety B. It parametrising flags in generic position to two generic
flags, say (B*, B™). N

2. Let G = SLy, n = 1. Then B = C* with the coordinate u, B = C
with the coordinate 7, u = e’, and W = a~ (¢! + ¢™') where a € C* is a
parameter. Next, B; = CP', with the natural C*-action preserving 0, 0.
Conjecture 1.14 predicts an equivalence

FSur(C:a (e +e71),dt) ~ D"Cohe+(CPY), a e C*,

The equivalence is a trivial exercise for the experts. It can be checked by
using the Kontsevich combinatorial model [1,15,49,73] for the Fukaya—Seidel
category as a category of locally constant sheaves on the Lagrangian skeleton
for a surface with potential in the case of (C, e’ + ¢~ ), shown on Fig. 13.

Varying the parameter a € C* in the potential we get a locally constant
family of the Fukaya—Seidel categories. Its monodromy is an autoequivalence
corresponding to the action of a generator of the group Pic(P!). The translation
t —> t + 2mi is another autoequivalence corresponding to the action of a
generator of the character group X*(C*) = Z on D?Cohcx(CP!).

Let us consider now the oscillatory integral

/ exp (l(_al(et +e ) — st)) dt — / efa_l(quu_l)/hus/hd_u'
L h exp(L) u
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Here L is a path which goes to infinity along the line of fast decay of the
integrand. This is an integral for the Bessel function. It defines a family of
stability conditions on the Fukaya—Seidel category depending on s € C—it is
the value of the central charge on the Ky-class of the object supported on L.
The parameter s reflects the equivariant parameter for the C*-action.

3. Mirror of equivariant B-model on 37 x Uj. There is an integral very
similar to (60):

Font* 5,418 (@, 5) 1= / 1w Ws)e Q@ (a,5) e (H'™' x Hp)(R-o).

yT(@)
(62)

Denote by A(s1) the map A onto H'i_l from (51). The integrand has an
analytic continuation in s which lives on the fibered product

hah @(©) 2235 @(©)

o "
12 ((0) DR = (o)

There is a conjecture similar to Conjecture 1.14 describing the category
D Cohy, (Bfl x Ur). For example, when n = 1 it reads as follows.

Conjecture 1.15 There is an equivalence of Aso-categories
FSwr(U*(C), W, Q) ~ D’Cohy, (Up). (63)

It intertwines the deck transformation action of w1 (H(C)) on the Fukaya—
Seidel category with the action of X*(Hp) on the category D’Cohy L(Up).

Example. If G = SL; and n = 1, then Conf,, (5, A, B) = C with the C*-
action. On the dual side, Conf* (B, A, B) = C*, m = p is the identity map,
W = u, Q = du/u. The universal cover of C* is C with the coordinate ¢ such
that u = ¢’. The integral is

o
F(s) :/ e “udu/u =T(s).
0
The equivalence of categories predicted by Conjecture 1.15 is
FSw(C,e',dt)y ~ DPCohc+(C). (64)

It can be checked by using the Kontsevich combinatorial model [50] for the
Fukaya—Seidel category.
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1.5 Concluding remarks

1. Mirror dual of the moduli spaces of G’-local systems on S. The true
analog of the moduli space of G*-local systems for a decorated surface S is
the moduli space LocgL . We view the function JV on the space Ag,s as the
Landau—Ginzburg potential on Ag s, and suggest

Conjecture 1.16
(.Aé’s, W, Q, ) is mirror dual to (LocgL g, 2L, 7L). (65)

It would be interesting to compare this mirror duality conjecture with the
mirror duality conjectures of Kapustin—Witten [48] and Gukov—Witten [42],
which do not involve a potential, and refer to families of moduli spaces, which
are somewhat different then the moduli spaces we consider. Mirror duality in
the case when S is a closed surface without punctures was studied by Hausel
and Thaddeus [74]. All these mirror dualities involve Langlands dual groups.
However they depend crucially on a choice of a complex structure on S, while
in our approach we do not use complex structure on S. See also Kontsevich
and Soibelman [52].

Notice also that if each boundary component of S has at least one special
point, then LocgL ¢ = AgL g, and so in this case we have a more symmetric
picture:

(AG.s» W, @, ) is mirror dual to (Agr 5, R, 71). (66)

(AG.s» @, ) is mirror dual to (AéL,S’ Qr,rL). (67)

2. Oscillatory integrals. The analog of integral (59) in the surface case is an
integral

Fa.s(a) := / e VIhQ@, (68)
yt@/Ts

Since the integrand is I'g-invariant, the integration cycles are defined by
intersecting the fibers with Ag s(R~¢)/I's. Notice that Ag, s(R-¢) is the
decorated Higher Teichmuller space [17]. If G = SL,, the integral converges.
For other groups convergence is a problem.

Notice also that the three convergent oscillatory integrals

Fcontz (48,8 )y Fcont*(4,4,8)(@55)s Foontz (a)(@1, a2, a3),
a;i € HR-o), s € HL(R~p)
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are continuous analogs of the Kostant partition function, weight multiplicities
and dimensions of triple tensor product invariants for the Langlands dual group
GL(R).

3. Relating our dualites to cluster duality conjectures [18]. The latter study
dual pairs (A, X), where A is a cluster A-variety, and X’V is the Langlands
dual cluster X'-variety:

A isdualto XV.

There is a discrete group I acting by automorphisms of each of the spaces
A and XV, called the cluster modular group. So it acts on the sets of tropical
points A(Z") and XV (Z"). Cluster Duality Conjectures predict canonical I'-
equivariant pairings

Li: AZY x XY — Al Iy Ax XV (@ZH) — Al (69)

As the work [41] shows, in general the functions assigned to the tropical
points may exist only as formal universally Laurent power series rather then
universally Laurent polynomials.

There are cluster volume forms €2 4 and 2y on the A and X spaces [21],
see Sect. 11.

We suggest that, in a rather general situation, there is a natural I"-invariant
positive potential YV 4 on the space .A, a similar potential JWx on the space X,
and a certain “alterations” X'V and AV of the spaces X' and A" providing
mirror dualities underlying canonical pairings (69):

(A, Wa, Qu, mt4) is mirror dual to (XY, Qayv, ryv). (70)
(X, Wy, Qu, mx) ismirror dual to (AY, Q4v, r4v). (71)

Canonical pairings (69) should induce canonical pairings related to the
potentials and alterations:

Taw,y Al (2 x XY — AL Ty 1 4 (Z) x A — AL

This should provide a cluster generalisation of our examples. For instance,
there is a split torus H 4 associated to a cluster variety .4, coming with a canon-
ical basis of characters, given by the frozen A-coordinates. They describe the
projection 74 : A — H 4, see Sect. 11.

An alteration A", given by a partial compactification of the space A", and
a conjectural definition of the potential YWy are given in Sect. 11.2.
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4. Conclusion. A parametrisation of a canonical basis, casted as a canonical
pairing I, should be understood as a manifestation of a mirror duality between a
space with a Landau—Ginzburg potential and a similar space for the Langlands
dual group.

Our main evidence is that canonical pairing (44) describing a parametri-
sation of canonical basis in tensor products of n irreducible G--modules is
related via an integral presentation to the Dy-module describing the equivari-
ant quantum cohomology of (Br)".

There is a remarkable mirror conjecture of Gross-Hacking-Keel [40], who
start with a maximally degenerate log Calabi—Yau Y and conjecture that the
Gromov—Witten theory of Y gives rise to a commutative ring R(Y), with a
basis. Its spectrum is an affine variety which is conjectured to be the mirror
of Y.

Notice that in our conjectures we give an a priori description of the mirror
dual pair of spaces, while in [40] the mirror space is encrypted in the conjecture.
For example, mirror conjecture (34) is expected to be an example of the Gross-
Hacking-Keel conjecture, but we do not know how to deduce, starting from
the pair (Conf,‘ (A), 2), the former from the latter, and in particular why the
Langlands dual group appears in the description of the mirror.

We want to stress that in our mirror conjectures we usually deal with mirror
dual pairs where at least one is a Landau—Ginzburg model, i.e. is represented
by a space with a potential. In particular canonical bases in representation
theory and their generalisations related to moduli spaces of G-local systems
on decorated surfaces S always require the dual space to be a space with a
non-trivial potential, unless S is a closed surface without boundary.

Finally, in applications to representation theory we are forced to deal with
stacks rather then varieties, as discussed in Sect. 1.4.5. This is a less explored
chapter of the homological mirror symmetry. See also a recent paper of Tele-
man [75] in this direction.

The space M (K) of K-points of a space M is a cousin of the loop space
QM(C). Heuristically, the quantum cohomology Dj-module is best seen in
the (ill defined) S'-equivariant Floer cohomology of the loop space QM (C)
[35], which are sort of “semi-infinite cohomology” of the loop space. It would
be interesting to relate this to the infinite dimensional cycles C; € M°(K).

It would be very intersecting to relate our approach to the construction of
canonical bases via cycles M; to the work in progress of Gross—Hacking—
Keel-Kontsevich on construction of canonical bases on cluster varieties via
scattering diagrams.

Organization of the paper. In Sect. 2 we present main definitions and results
relevant to representation theory. We start from a detailed discussion of the
geometry of the tensor product invariants in Sects. 2.1-2.2. We discuss more
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general examples in Sects. 2.3. In Sect. 2.4 we construct a canonical basis
in tensor products of finite dimensional G*-modules, and its parametrization.
In Sects. 2 we give all definitions and complete descriptions of the results,
but include a proof only if it is very simple. The only exception is a proof of
Theorem 2.38 in Sect. 2.4. The rest of the proofs occupy the next sections.
In Sect. 10 we discuss the general case related to a decorated surface. In the
Sect. 11 we discuss the volume form and the potential in the cluster set-up.

2 Main definitions and results: the disc case

2.1 Configurations of decorated flags, the potential ¥V, and tensor product
invariants

2.1.1 Positive spaces and their tropical points

Below we recall briefly the main definitions, following [18, Section 1].
Positive spaces. A positive rational function on a split algebraic torus T is a
nonzero rational function on T which in a coordinate system, given by a set of
characters of T, can be presented as a ratio of two polynomials with positive
integral coefficients.

A positive rational morphism ¢ : Ti — T, of two split tori is a morphism
such that for each character y of T, the function x o ¢ is a positive rational
function.

A positive atlas on an irreducible space (i.e. variety/stack) ) over Q is given
by a non-empty collection {c} of birational isomorphisms over Q

oe: T — Y,

where T is a split algebraic torus, satisfying the following conditions:

: / N |
e For any pair ¢, ¢’ the map @¢ ¢ 1=

phism of T.
e Each map «, is regular on a complement to a divisor given by positive
rational function.

o 18 a positive birational isomor-

A positive space is a space with a positive atlas. A split algebraic torus T
is the simplest example of a positive space. It has a single positive coordinate
system, given by the torus itself.

A positive rational function F on ) is a rational function given by a sub-
traction free rational function in one, and hence in all coordinate systems of
the positive atlas on Y.

A positive rational map Y — Z is arational map given by positive rational
functions in one, and hence in all positive coordinate systems.
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Tropical points. The tropical semifield Z’ is the set Z equipped with tropical
addition and multiplication given by

a-+;b=min{a,b}, a+b=a+b, a,bel.

This definition can be motivated as follows. Consider the semifield R ((¢))
of Laurent series f(¢) with positive leading coefficients: there is no “—” oper-
ation in R4 ((¢)). Then the valuation map f(¢) + val(f) is a homomorphism
of semifields val : Ry ((1)) — Z'.

Denote by X, (T) = Hom(G,,, T) and X*(T) = Hom(T, G,,) the lattices
of cocharacters and characters of a split algebraic torus T. There is a pairing
(%, %) 1 X*(T) x X(T) — Z.

The set of Z'-points of a split torus T is defined to be its lattice of
cocharacters:

T(Z") := X« (T).

A positive rational function F on T gives rise to its tropicalization F’, which
is a Z-valued function on the set T(Z"). Its definition is clear from the following
example:

2 5
X1x5 4+ 3x3x
F="2T2"2 0 pr infag + 2x0, %2 4 5x3) — min{xs + x4).
X2X4

Similarly, a positive morphism ¢ : T — S of two split tori gives rise to a
piecewise linear morphism ¢’ : T(Z") — S(Z').

There is a unique way to assign to a positive space ) a set Y(Z') of its
Z'-points such that

e Each of the coordinate systems ¢ provides a canonical isomorphism
al cT(Z = Y.

e These isomorphisms are related by piecewise-linear isomorphisms (pé’ o
ab(l) = ag o goé,c,(l).

We raise the above process to the category of positive spaces. It gives us
a functor called tropicalization from the category of positive spaces to the
category of sets of tropical points. For each positive morphism f : Y — Z,
denote by f' : V(Z') — Z(Z') its corresponding tropicalized morphism.

Pick a basis of cocharacters of T. Then, assigning to each positive coordi-
nate system c a set of integers (If,...,[S) € Z" related by piecewise-linear
isomorphisms goé’ o> We get an element

I=al(lS,....I% e V().

@ Springer



Geometry of canonical bases and mirror symmetry 531

For a variety ) with a positive atlas, the set J(Z") can be interpreted as the
set of transcendental cells of the infinite dimensional variety ) (C((¢))), as we
will explain in Sect. 2.2.1.

The set of positive tropical points. Let (), VW) be a pair given by a positive
space ) equipped with a positive rational function V. Let us tropicalize this
function, getting a map

W2 — Z.
We define the set of positive tropical points:
V(@) = {l € Y(Z') [ W' (1) = 0}.

Example. The Cartan group H of G is a split torus and hence has a standard
positive structure. The set H(Z') = X, (H) is the coweight lattice of G. Let
{a;} the set of simple positive roots indexed by /. We define

W:H— Al hi—)Zai(h). (72)

iel
The set of positive tropical points is the positive Weyl chamber in X, (H):
HY(Z") == H,(Z") = {» € Xo(H) | (L, 0;) = 0, Vi € I}.
2.1.2 Basic notations for a split reductive group G

Denote by H the Cartan group of G, and by H” the Cartan group of the Lang-
lands dual group GL. There is a canonical isomorphism X *(HL) = X, (H).
Denote by AT C X*(H) the set of positive roots for G, and by T := {a;} C
AT the subset of simple positive roots, indexed by a finite set /. We sometimes
use P instead of X, (H). Denote by P the positive Weyl chamber in P. It is
also the cone of dominant weights for the dual group G%. Denote by V; the
irreducible finite dimensional GX-modules parametrized by A € P™.

Let Ul.i (i € I) be the simple root subgroup of UT. Let o : G, — Hbe
the simple coroot corresponding to the root «; : H — G,,. Forall i € I, there
are isomorphisms x; : G, — Ul.Jr and y; : G, — U, such that the maps

((1) ‘1’) — xi(@), (}) ‘1)) — i), (f) t91) — a0 ()

provide homomorphisms ¢; : SLo — G.
Let s; (i € I) be the simple reflections generating the Weyl group. Set
si = yi(1)x;(—1)y;(1). The elements s; satisfy the braid relations. So we
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can associate to each w € W its representative w in such a way that for any
reduced decomposition w = s;, ...s;, onehasw =5;, ...5;,.

Denote by wg be the longest element of the Weyl group. Set sg := wg. It
is an order two central element in G. For G = SL it is the element —Id. For
an arbitrary reductive G the element sg is the image of the element ssy,, under
a principal embedding SL, < G. For example, ss1, = (—1)™~d. See [17,
Section 2.3] for proof.

2.1.3 Lusztig’s positive atlas of U and the character xa

Letwg = sj, .. .s;, be areduced decomposition. It is encoded by the sequence
i= (i1,12,...,1iy). It provides a regular map
¢i: (G)" — U, (a1,...,am) —> xi(a1) ... x;, (@m).  (74)

The map ¢; is an open embedding [58], and a birational isomorphism. Thus
it provides a rational coordinate system on U. It was shown in loc.cit. that
the collection of these rational coordinate systems form a positive atlas of U,
which we call Lusztig’s positive atlas. There is a similar positive atlas on U™
provided by the maps y;.

The choice of the maps x;, y; in (73) provides the standard character:

m
X:U—)Al, xil(al)...xim(am)|—>2aj. (75)
j=1

It is evidently a positive function in Lusztig’s positive atlas. Moreover it
is independent of the sequence i chosen. Similarly, there is a character y ~ :
U~ — Al Yi, (b1) ... yi, (by) — Z’;’l:l b, which is positive in the positive
atlason U™.

Let A := g - U be a decorated flag. Its stabilizer is Uy = gUg~!. The
associated character is

1

XA - Up — Al, ur— x(g~ ug).

For example, for an 7 € H, the character xj,.u is given by x;,(a1) ...
xi, (am) —> Z;’;l aj/ai;(h).

2.1.4 The potential VV on the moduli space Conf, (A).

Given a group G and G-sets X1, ..., X, orbits of the diagonal G-action on
X1 x --- x X, are called configurations. Denote by {x1, ..., x,} a collection
of points, and by (xy, ..., x;) its configuration.
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Fig. 14 The potential is a A
sum of the contribution at the 3
vertices

We usually denote a decorated flag by A; and the corresponding flag 7 (A;)
by B;. Denote the set {1, ..., n} of consecutive integers by [1, n].

Definition 2.1 A pair {B;, By} € B x B of Borel subgroups is generic if
B N B; is a Cartan subgroup in G. A collection {Ay, ..., B,4,} € A" x B™
is generic if for any distinct 7, j € [1, m + n], the pair {B;, B} is generic.

Set Conf(A", B™) := G\(A" x B™). Note that if {Aq,..., By}
is generic, then so is g - {Aq,...,Byyn} for any g € G. Denote by
Conf* (A", B™) the subset of generic configurations.

Definition 2.2 A frame for a split reductive algebraic group G over Q is a
generic pair {A, B} € A x B. Denote by Fg the moduli space of frames.

The space Fg is a left G-torsor. If G = SL,,, then a K-point of Fg is the
same thing as a unimodular frame in a vector space over K of dimension m
with a volume form. If G is an adjoint group, then a frame is the same thing
as a pinning.

Let {Ay,..., A,} be a generic collection of decorated flags. For each j €
[1, n], take the triple {B;_1, A;, Bj41}. Since Fg is a G-torsor, there is a
unique u; € UAj such that

{Aj,Bjt1} =u;-{Aj,Bj1}. (76)

Consider the following rational function on A", whose definition is illus-
trated on Fig. 14:

n

WAL ... An) = D xa; W), (77)
j=1

Lemma 2.3 Forany g € G, we have W(gA1, ..., gA,) = W(AL, ..., Ay).
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Proof Clearly {gA;, gBj1} = gujg_l -{gAj, gBj_1}. The Lemma follows
from (5). O

Since W is invariant under the G-diagonal action on A", we define

Definition 2.4 The potential )V is a rational function on Conf, (A), given by
(77).

Theorem 2.5 The potential VV is a positive rational function on the space
Conf,(A), n > 2.

Theorem 2.5 is a non-trivial result. It is based on two facts: the character
is a positive function on U, and the positive structure on Conf, (A) is twisted
cyclic invariant, see Sect. 2.1.6. We prove Theorem 2.5 in Sect. 6.4.

Therefore we arrive at the set of positive tropical points of Conf, (A):

Conf[ (A)(Z") := {l € Conf,(A)(Z") |W'(l) >0}, n>2. (78)
Example. Let G = SL;. The space Conf3(A) parametrizes configurations
(v1, v2, v3) of vectors in a two dimensional vector space with a volume form

w. Set A; j = (v; Avj, ). Then

A3 A1 A3
A2 A3 A3z A1z A1z Al

W(vi, v2,03) = (79)

Therefore tropicalizing the function (79) we get
Conf;“(.ASLz)(Zt) ={a,b,ceZ | a=b+c, b>a+c, ¢c>a+ b}
Notice that the inequalities imply a, b, ¢ € Z<.
2.1.5 Parametrization of a canonical basis in tensor products invariants

By Bruhat decomposition, for each (A, Ay) € Conf3(A), there is a unique
ha,,a, € Hsuch that

(A1, A2) = (U, ha, A, wo - U).

It provides an isomorphism, which induces a positive structure on
Conf,(A):

o : Conf3(A) — H, (A1, A2) —> hayA,- (80)
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We extend definition (78) to n = 2 using the potential (72), so that one has
an isomorphism

a' : Confy (A)(Z') — HT(Z') = PT.

See more details in Sect. 6.3, formula (188), and [17].
The restriction maps 7;;. We picture configurations (Ap, ..., A,) at the
labelled vertices [1, n] of a convex n-gon P,. Each pair of distinct i, j € [1, n]
gives rise to a map

. (Ai, Aj) ifi <j,
m;j : Conf, (A) —> Confy(A), (Ay,...,A;)— { (5 - A A)) if i > .

The maps 7;; are positive [17], and therefore can be tropicalized:

Conf,, (A)(Z') —% Confa(A)(Z') = P
U U

t

ConfF (A)(Z!) —% Conff (A)(Z') = P

The fact that nitj (Conf (A)(Z")) C PT is due to Lemma 6.14.
In particular, the oriented sides of the polygon P, give rise to a positive
map

7 = (712, 23, ..., Ty,1) : Conf,(A) — (Confy(A))" ~H". (81)

A decomposition of Conf,f (A)(Z"). Given A := (A1,...,Ay) € (P,
define

C,. = {l € Conf;f (A)(Z") | ' (1) = A} (82)

The weights A of G are assigned to the oriented sides of P,, as shown on
Fig. 15. Such sets provide a canonical decomposition (Fig. 16)

Conf,/(A)ZH = | | €. (83)

AE (P+)n
Tensor products invariants. Here is one of our main results.

Theorem 2.6 Lethy, ..., A, € Pt. Theset Cy,.....», parametrizes a canonical

basis in the space of invariants (Vy, ® ... ® V;Ln)GL.
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Ag A2

A1 A3 A1 A3

) A4 —wo(\1)

Fig. 15 Dominant weights labels of the polygon sides for the set Cy; 3, 13,24

Fig. 16 The associativity A Ao
Ay ; E i As Ay i E : As
Ay Ay

Theorem 2.6 follows from Theorem 2.20 and geometric Satake correspon-
dence, see Sect. 2.2.4.
Alternatively, there is a similar set, defined by reversing the order of the side

(1,n):

Cy' ., ={l € Conf (A)Z) | mf, (1) = A,
i=1....n—1 7, (1) =) (84)
Then
C)Ll ----- An = C)Tll,UO(,))ir:,),l

------

multiplicities
HOH]GL(V)\”, VM ®...Q V)\n—l)' (85)

2.1.6 Some features of the set Confj[ (A)(ZH.

Here are some features of the set Conf ;1" (A)(Z". All of them follow immedi-
ately from the definition of the potential VV and basic facts about the positive
structure on Conf,(A). One of the most crucial is twisted cyclic invariance,
so we start from it.

The twisted cyclic shift. It was proved in [17, Section 8] that the defined there
positive atlas on Conf, (A) is invariant under the twisted cyclic shift

t : Conf,(A) — Conf,(A), (Al,...,A) — (A, ..., Ay, Al -5G).
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Its tropicalization is a cyclic shift on the space of the tropical points:
t : Conf, (A)(Z") — Conf, (A)(Z"). (86)

e Twisted cyclic shift invariance. The potential VV is evidently invariant
under the twisted cyclic shift. Therefore the set (78) is invariant under the
tropical cyclic shift (86).

Given a triangle t = {i; < i» < i3} inscribed into the polygon P,, there is
a positive map

7, : Conf,(A) —> Conf3(A), (A1, ..., Ay —> (Ai, A, Aiy).

Each triangulation T of P, gives rise to a positive injection mr
Conf,(A) — [],cy Conf3(A), where the product is over all triangles ¢ of
T. Set its image

Confr(A) := Imrr C [ | Conf3(A). (87)

teT

For each pair (¢, d), where t € T and d is a side of ¢, there is a map given
by obvious projections

p(t.d) : [ ] Conf3(A4) 5 Conf3(A) % Confa(A).

teT

Foreach diagonal d of T', there are two triangles, tf and tg ,sharing d. A point
x of Confr(A) is described by the condition that p(1¢, d)(x) = p(t¢, d)(x)
for all diagonals d of T.

Proposition 2.7 [17] There is an isomorphism of positive moduli spaces
w7 : Conf,(A) —> Confr(A).
It leads to an isomorphism of sets of their Z-tropical points:
k. Conf, (A)(Z') —> Confz(A)(Z'). (88)

Some important features of the potential VV are the following:

e Scissor congruence invariance. For any triangulation T of the polygon,
the potential W, on Conf,(A) is a sum over the triangles t of T:

W, = ZV\@ o 7. (89)
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This follows immediately from the fact that x4 is a character of the subgroup
Ua. Combining this with the isomorphism (88) we get

e Decomposition isomorphism. Given a triangulation T of P,, one has an
isomorphism

in™ : Conf;l (A)(Z') —> Conf} (A)(Z").

So one can think of the data describing a point of Conf; (A)(Z") as of
a collection of similar data assigned to triangles ¢ of a triangulation 7' of
the polygon, which match at the diagonals. Therefore each triangulation T
provides a further decomposition of the set (82). By Lemma 6.14, the weights
of G assigned to the sides and edges of the polygon are dominant.

Consider an algebra with a linear basis e) parametrized by dominant weights
 of G with the structure constants given by the cardinality of the set Cf o

e ke = > ICL ;5 ley. (90)

nebt

The following basic property is evident from our definition of the set C’; Lt
e Associativity. The product x is associative.

The associativity is equivalent to the fact that there are two different decom-
positions of the set Coan (A)(Z") corresponding to two different triangula-
tions of the 4-gon (Fig. 16).

A simple proof of Knutson-Tao—Woodward’s theorem [55]. That theorem
asserts the associativity of the similar *-product whose structure constants
are given by the number of hives. The associativity in our set-up, where the
structure constant are given by the number of positive integral tropical points,
is obvious for any group G. So to prove the theorem we just need to relate hives
to positive integral tropical points for G = GL,,, which is done in Sect. 3.

2.2 Parametrization of top components of fibers of convolution morphisms
2.2.1 Transcendental cells and integral tropical points

For a non-zero C = Zk> » cxt* € K such that cp is not zero, we define its
valuation and initial term:

val(C) := p, in(C) :=cp.
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A decomposition of T'(/C). For each split torus T, there is a natural projection,
which we call the valuation map:

val : T(K) — T(K)/T(O) = T(Z").

Given anisomorphism T = (Gm)k, the mapis expressedas (Cy, ..., Cy) —
(val(Cy), ..., val(Cy)).
Each [ € T(Z") gives rise to a cell

T, :={x € T(K) | val(x) = [}.

It is a projective limit of irreducible algebraic varieties: each of them is
isomorphic to (G,,)* x AN . Therefore T is an irreducible proalgebraic variety,
and T(K) is a disjoint union of them:

T(K) = ]_[ T;.

LeT(Z)

Transcendental /C-points of T. Let us define an initial term map for T(XC) in
coordinates:

in: T(K) — T(C), (Cy,...,Ck)— (in(Cy),...,in(Cy)).

Asubset {ci, ..., c;} C Cisalgebraically independent if P(cy, ..., cq) #
0forany P € Q(X1,..., Xy)*.

Definition 2.8 A point C € T(K) is transcendental if its initial term in(C)
is algebraically independent as a subset of C. Denote by T°(KC) the set of
transcendental points in T(KC). Set

T} =T, | T°(K).

Lemma 2.9 Let F be a positive rational function on T. For any C € T°(K),
we have

val (F(C)) = F' (val(C)).

Proof 1t is clear. O

Transcendental KC-cells of a positive space ).

Definition 2.10 A birational isomorphism f : } — Z of positive spaces is a
positive birational isomorphism if it is a positive morphism, and its inverse is
also a positive morphism.
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Theorem 2.11 Let f : T — S be a positive birational isomorphism of split
tori. Then

f(T[O) - S.Or(l)-

We prove Theorem 2.11 in Sect. 5. It is crucial that the inverse of f is also a
positive morphism. As a counterexample, themap f : G, = Gy, x = x+1
is a positive morphism, but its inverse x — x — l isnot. Let/ € G,,(Z") = Z
If / > 0, then Theorem 2.11 fails: the points in f(T}) are not transcendental
since in(f(T})) = 1.

Definition 2.12 Let . : T — ) be a coordinate system from a positive atlas
on ). The set of transcendental K-points of ) is

VUK) == ac(T°(K)).
For each [ € Y(Z"), the transcendental I-cell® of ) is
-1

C/ = ac(Tﬂ[(,)) where 8 = o,

By Theorem 2.11, this definition is independent of the coordinate system
o chosen. Similarly one can upgrade the valuation map to positive spaces:
given a positive space ), there is a unique map

val : Y°(K) — Y(Z") 91)
such that

={y € Y°(K) | val(y) =1}.

The valuation map (91) is functorial under positive birational isomorphisms
of positive spaces. Therefore the transcendental cells are also functorial under
positive birational isomorphisms.

Thus there is a canonical decomposition parametrized by the set YV (Z'):

o = ] ¢
ley(zh)

Thanks to the following Lemma, one can identify each tropical point / with
Cr.

9 By abuse of notation, such a cell will always be denoted by C;. The tropical point !/ tells which
space it lives.
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Lemma 2.13 Let F be a positive rational function on ). For any C € Y°(K),
we have

val (F(C)) = F' (val(C)).
Proof 1t follows immediately from Lemma 2.9 and Theorem 2.11. O

2.2.2 O-integral configurations of decorated flags and the affine
Grassmannian

Recall the affine Grassmannian Gr. Recall the moduli space Fg of frames
from Definition 2.2.

Lemma-Construction 2.14 There is a canonical onto map
L: Fg(K) — Gr, {A;,B}+— L(A[,B») (92)

Proof Let{U, B~} € F5(Q) be a standard frame. There is a unique g(a, B,} €
G(K) such that

{A1,B2} = g(a,,B,) - {U,B7}.

It provides an isomorphism Fg (K) > G(K). Composing it with the pro-
jection [-] : G(K) — Gr,

L(A1, B2) :=[g(a,,B,}] € Gr. 93)

Note that Fg(Q) is a G(Q)-torsor. So choosing a different frame in Fg(Q)
we get another representative of the coset ga, B,}-G(Q). Since G(Q) C G(0O),
the resulting lattice (93) will be the same. Therefore the map L is canonical.

O

Symmetric space and affine Grassmannian. The affine Grassmannian is
the non-archimedean version of the symmetric space G(R)/K, where K is a
maximal compact subgroup in G(R). A generic pair of flags {B, B2} over
R gives rise to an H(R.¢)-torsor in the symmetric space—the projection of
B N B,.!10 Notice that HR-() = H®R)/(H@®) NK). A generic pair {A1, Bo}
determines a point11 0O(A1, By) € G(R)/K. So we get the archimedean analog
of the map (92):

10 Here is a non-archimedean analog: A generic pair of flags {B, By} over K gives rise
to an H (K)/H (O)-torsor in the affine Grassmannian—the projection of B (/) N B, (K) to
G(K)/G(O).

1 1 the archimedean case, a maximal compact subgroup K is defined by using the Cartan
involution. A generic pair {A, B} determines a pinning, and hence a Cartan involution.
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Fig. 17 The metric g (h, y)
determined by a horocycle h
and a boundary point y

0:Fc(R) — G(R)/K, {A, B2} —> Q(A1, By). (94)

Decorated flags and horospheres. For the adjoint group G/, the principal
affine space A can be interpreted as the moduli space of horospheres in the
symmetric space G'(R)/K in the archimedean case, or in the affine Grass-
mannian Gr. The horosphere Ha assigned to a decorated flag A is an orbit of
the maximal unipotent subgroup Ua. Let B} be the open Schubert cell of flags
in generic position to a given decorated flag A. Then there is an isomorphism

By — Ha, Br+—L(A,B) or B— Q(A,B).

Examples. (1) Let G(R) = SL,(R). Its maximal compact subgroup K =
SO, (R). The symmetric space SL,(R)/SO;(R) is the hyperbolic plane H2. A
decorated flag A1 € ApgL, (R) corresponds to a horocycle /& based as a point
x at the boundary. A flag B, corresponds to another point y at the boundary.
Let g(x, y) be the geodesic connecting x and y. The point Q(Ay, By) is the
intersection of & and g(x, y), see Fig. 17:

gh,y) :==hnNg(x,y) € H2.

(2) Let G = GL,,. Recall that a flag F, in an n-dimensional vector space
V, over a field is adata F1 C ... C F,, dimF; = i. A generic pair of flags
(Fe, Go) in V,, is the same thing as a decomposition of V}, into a direct sum of
one dimensional subspaces

Vi=L1®...0 Ly, 95)
where L; = F; N G,41—;. Conversely, F, = L1 ® ... ® L, and G} =
Ly p1®...0L,.

Over the field R, this decomposition gives rise to a (RZ j)"-torsor in the

symmetric space, given by a family of positive definite metrics on V,, with the
principal axes (L, ..., Ly):

alxlz +...+ anx,%, a; > 0. (96)
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Here (x1, ..., x;) is a coordinate system for which the lines L; are the
coordinate lines.

A decorated flag A in V,, is a flag F, plus a collection of non-zero vectors
l; € F;/F;_1. Aframein Fgr, is equivalent to a generic pair of flags (F,, G,)
and a decorated flag A over the flag F,. It determines a basis (e, ..., e;) in V,
and vice verse. Here ¢; € L; and e¢; = [; under the projection L; — F;/F;_1.
This basis determines a metric—the positive definite metric with the principal
axes L; such that the vectors ¢; are unit vectors.

(3) Over the field K, decomposition (95) gives rise to an H(X) /H(O) = Z"-
torsor in Gr, given by the following collection of lattices in V;,.

Otklel ®...H Otk"en, ki € 7.

These lattices are the non-archimedean version of the unit balls of the metrics
(96).
O-integral configurations of decorated flags.

Definition 2.15 A collection of decorated flags {A1, ..., A,} over K is O-
integral if it is generic and for any i € [1, n] the lattice L(A;, B;) does not
depend on the choice of j different than i.

Let g € G(K). Note that L(gA;, gB;) = g - L(A;, B;). Therefore if
{A1, ..., Ay} is O-integral, sois g - {Ay, ..., A, }. Thus we define

Definition 2.16 A configuration in Conf, (A)(K) is O-integral if it is a G(K)-
orbit of an O-integral collection of decorated flags. Denote by Conf,? (A) the
space of such configurations.

The archimedean version of Definition 2.16 is trivial. For example, let G =
SL>(R). Then there are no horocycles (&1, hy, h3) such that their boundary
points (x1, x2, x3) are distinct, and the intersection of the horocycle h; with
the geodesic g(x;, x;) do not depend on j # i.

In contrast with this, we demonstrate below that the non-archimedean ver-
sion is very rich. The difference stems from the fact that in the archimedean
case the intersection K N U = e is trivial, while in the non-archimedean
G(O)NUK) = U(O).

Transcendental cells and O-integral configurations. The following fact is
crucial.

Theorem 2.17 If | € Conf;} (A)(Z"), then there is an inclusion ¢ C
Conf,(,9 (A). Otherwise C; N Conf,? (A) is an empty set.

Theorem 2.17 gives an alternative conceptual definition of the set of positive
integral tropical points of the space Conf,(.A), which refers neither to the
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potential WV, nor to a specific positive coordinate system. However to show that
the set Conf’ (A)(Z) is “big”, or even non-empty, we use the potential VW and
its properties, which imply, for example, that the set Conf ,J{ (A)(Z') is obtained
by amalgamation of similar sets assigned to triangles of a triangulation of the
polygon. We prove Theorem 2.17 in Sect. 6.4.

2.2.3 The canonical map « and cycles on Conf,, (Gr)
The canonical map «. Recall the configuration space
Conf, (Gr) := G(O\(Gr x ... x Gr).

Given an O-integral collection {A1, ..., A,} of decorated flags, we get a
collection of lattices {L1, ..., L,} by setting L; := L(A;, B;) for some j #i.
By definition, the lattice L; is independent of j chosen. This construction
descends to configurations, providing a canonical map

K Conf,?(A) —> Conf,(Gr), (Ay,...,A)— (L,...,Ly). 97)

The map is evidently cyclic invariant, and commutes with the restriction to
subconfigurations:

k(Aiy, ... Ay =L, ....L;) foranyl <ij <--- <i} <n.

The cycles M; in Conf, (Gr). Let [ € Conf:,r (A)(Z"). Thanks to Theorem
2.17, we can combine the inclusion there with the canonical map (97):

Cp c Conf9(A) =5 Conf, (Gr). (98)

Definition 2.18 The cycle M; C Conf, (Gr) is a substack given by the closure
of k(C)):

M =M, M; :=«(C}) C Conf,(Gr), [ e Conf;(A)(Z"). (99)

Lemma 2.19 The cycle M, is irreducible.

Proof For a split torus T, the cycle T; is irreducible. So the cycles C;” and M,
are irreducible. O

In other words, M; is a G(K)-invariant closed subspace in Gr”. There is a
bijection

{G(K)-orbits inGr"} <= {G(O)-orbits in[1] x G}, (100)
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Therefore one can also view the cycles M; as G(O)-invariant closed sub-
spaces in [1] x Gr"~!. Let us describe them using this point of view.

2.2.4 Top components of the fibers of the convolution morphism

Given A = (A1, ..., A,) € (P1)", recall the cyclic convolution variety
n Al A2 An
Grepy i={Ly,...,Ly) €eGr" |L} — Lo — ... — L1,

Ly = Ly =11}
It is a finite dimensional reducible variety of top dimension
ht(Q) :== (p, A1+ ...+ X,).

It is the fiber of the convolution morphism, and therefore, thanks to the geo-
metric Satake correspondence [34,62,65], there is a canonical isomorphism

GL

H"® (Grep) = (Vi, ®...® V3,) (101)

Each top dimensional component of Gr ;) provides an element in the space

(101). These elements form a canonical basis in (101). Let T be the set of

top dimensional components of Gr.;). Recall the set C;, of positive tropical

points (82), and the cycle M; from Definition 2.18.

Theorem 2.20 Let [ € C,. Then the cycle M is the closure of a top dimen-
sional component of Gre(y). The map | — M provides a canonical bijection
from Cy 1o T).

Theorem 2.20 is proved in Sect. 9.4. It implies Theorem 2.6.
2.2.5 Constructible equations for the top dimensional components

We have defined the cycles M; as the closures of the images of the cells C;.
Now let us define the cycles M; by equations, given by certain constructible
functions on the space Conf,(Gr). These functions generalize Kamnitzer’s
functions H;, . ; for G = GL,, [46].

.....

Constructible function Dy. Let R be a reductive algebraic group over C.
We assume that there is a rational left algebraic action of R on C". Let
C(x1, ..., xp) be the field of rational functions on C". We get a right algebraic
action of R on C(xy, ..., x,) denoted by o.

Let K(x1, ..., x,) be the field of rational functions with K-coefficients. The
valuation of K> induces a natural valuation map
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val: K(x1,...,x)" — Z.
Let F, G € K(xy, ..., x,)*. The valuation map has two basic properties
val(F G) = val(F) + val(G), (102)
val(F + G) = val(F), ifval(F) < val(G). (103)

The group R(K) acts on K(x1, ..., x,) on the right. We have the following

Lemma 221 Let F € K(x,...,x,)*. If h € R(O), then val(F o h) =
val(F).

Proof For any k € K*, we have (kF) o h = k(F o h). Therefore it suffices to
prove the case when val(F) = 0.
Note that the group R is reductive. It is generated by

xi(a) €U, y;(b)e U, a(c)eH, wherei €l and @ € Hom(G,,, H).

Since the action of R is algebraic, for any f € C(xy, ..., x;)>, we have
foxi(a) € C(xy,...,xn, a)*. Note that f o x;(0) = f. Therefore we get

fHafi+...+dfi
foxi(a) = pR——— where f;, g;j € C(xy, ..., x,).
(104)

Ifa € C, then f o x;(a) € C(xy, ..., x,). Moreover f o x;(a) is non zero.
Otherwise, f = (f o x;j(a)) o xj(—a) = 0. If a € tO, then by the basic
property (103), we get val(f o x;(a)) = val(f) = 0.

Leta =ag+b =ay+ait +axt’>+... € O. Then f o xj(a) = (f o
xi(ao)) o x; (b).

Note that f o x;(ag) € C(xy,...,x,)* and b € tO. Combining the above
arguments we get

val(f o x;(a)) = val(f o x;(ap)) = 0 = val(f), Va e O. (105)

Now let F € K(xiy,...,x,)" such that val(F) = 0. Then F can be
expressed as

P fotbifi+...+bifi
l+cigi+...+cmgm
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Here fo, fp, 8¢ € C(x1,...,x2)%, bp,cqg € KX, val(bp) > 0, val(cy) >
0,. By definition, we have

f() o xj(a) +b1f1 oxj(a)+... +blﬁ o xi(a)
I1+cigioxi(a)+ ...+ cngm o xi(a) '

Foxi(a) =

Leta € O. By (105), we get

val(fo o xi(a)) =0,
val(b,, fp o xi(a)) = val(bp) + val(f) o x;(a)) = val(b,) > 0,
val(cygq o xi(a)) = val(cy) + val(gg o x;(a)) = val(cy) > 0.

By the basic property (103), we get val(F o x;(a)) = val(fy o x;(a)) = 0.
Hence we prove that

val(F o x;(a)) = val(F), Va e O.
By the same argument, we show that
val(F o y;(b)) = val(F), Vb€ O, val(Foa(c)) =val(F), VYce O

Note that R(Q) is generated by the elements x;(a), y;(b), x(c), a,b €
O, ¢ € O*. The Lemma is proved. O

Let X be rational space over C, i.e., C(X) =C(xp, ..., Xn). Similarly, there
is a valuation map val : K(X)* — Z. We assume that there is left algebraic
action of R on X. Lemma 2.21 implies

Lemma 2.22 Let F € K(X)*. If h € R(O), then val(F o h) = val(F).

Constructible equations for top components. Let X := A" and let R := G".
Let F € C(A") and let (g1, ..., gs) € G". Then G" acts on C(A") on the
right:

(Fo(glv"'agl’l))(Alv"'7A}’l) = F(gl 'Al’--'vgn An)v
VAL ... Ay € A", (106)

By definition, a nonzero rational function F' € C(Conf},(A)) is also a G-
diagonal invariant function on A"

F(gA,....,gMA,) = F(A1, ..., A).
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There is a Z-valued function

Dp :G(K)" — Z, Dr(gi(t), ..., gn(1)):=val (F o (g1(1), ..., gn(1)).
(107)

Lemma-Construction 2.23 The function D is invariant under the left diag-
onal action of the group G(K) on G(K)", and the right action of the subgroup
G(O)* € G(K)". Therefore Df descends to a function Conf,(Gr) — Z
which we also denote by Dp.

Proof The first property is clear since F € C(A™)C. The second property is
by Lemma 2.22. |

Let Q4 (Conf,(A)) be the semifield of positive rational functions on
Conf, (A). Take a non-zero function F € Q4 (Conf, (A)). Therefore it gives
rise to a function Dy on Conf,(Gr). Meanwhile, its tropicalization F’ is a
function on Conf,, (A)(Z").

Theorem 2.24 Let [ € Conf, (A)(Z') and F € Qi(Conf,(A)). Then
Drk(CP)) = F' ().

Theorem 2.24 is proved in Sect. 8. It implies that the map in Theorem 2.20
is injective. It can be reformulated as follows:

For any / and F as above, the generic value of Dy on the cycle M; is F'(l).
(108)

When G = GL,,, one can describe the set C;, by using the special collec-
tion of functions on the space Conf,(A) defined in Section 9 of [17]. The
obtained description coincides with Kamnitzer’s generalization of hives [46].
He conjectured in [46] that the latter set parametrizes the components of the
convolution variety for GL,,. Therefore Theorems 2.20 and 2.24 imply Con-
jecture 4.3 in [46].

2.3 Mixed configurations and a generalization of Mirkovi¢—Vilonen cycles

In this section we discuss several other examples. Each of them fits in the
general scheme of Sect. 1.2. We show how to encode all the data in a polygon.

2.3.1 Mixed configurations and the map k
Definition 2.25 (i) Given a subset I C [1, n], the moduli space Conf1(A; B)

parametrizes configurations (x, .. ., x,), where x; € Aifi € I, otherwise
Xi € B.
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(ii) Given subsetsJ C I C [1, n], the moduli space Confy1(Gr; A, B) para-
metrizes configurations (x, ..., Xx,) where

xieGr if ie), x;cAK) if iel-J, x; €B(K) otherwise.

We set Conf1(Gr; B) := Conf1(Gr; B).

A positive structure on the space Conf1(A; B) is defined in Sect. 6.3. This
positive structure is invariant under a cyclic twisted shift. See Lemma 6.8 for
the precise statement.

Definition 2.26 LetJ C T C [1, n]. A configuration in Conf(A; B)(K) is
called O-integral relative to J if

1. Forall j € Jand k # j, the pairs (A}, By) are generic. Here By = 7 (Ay)
ifk el
2. The lattices L; := L(A}, B) given by the above pairs only depend on ;.

Denote by Conf?d(A; B) the moduli space of such configurations.

By the very definition, there is a canonical map
K : Conf§.(A; B) — Conf;c1(Gr; A, B). (109)

It assigns to A the lattice L; when j € J and keeps the rest intact.
Recall u; € Uy, in (76). The potential Wy on Conf1(A; B) is a function

Wi= D xa, (). (110)
jel
Positivity of W is proved in Sect. 6.4.
Next Theorem generalizes Theorem 2.17. Its proof is the same. See Sect. 6.4.
Theorem 2.27 Let [ € Conf(A; B)(Z'). A configuration in Cy is O-integral
relative to J if and only if Wi (l) = 0.

Denote by Conf}rd(A; B)(Z") the set of points [ € Confi(A; B)(Z') such
that Wj(l) > 0. Set

M} == k(C}) C Confyc1(Gr; A, B), [ € Confj_(A; B)(Z"). (111)

These cycles generalize the Mirkovi¢—Vilonen cycles, as we will see in
Sect. 2.3.3.
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Fig. 18 The invariants Ao, oA,
n(A1,Bs, A3) € Hand °... wo° "
j(A1, By, B3, Ag) € H Al Tage” A3 Yo e

B, B, Bs

2.3.2 Basic invariants

Recall the isomorphism (80):

@ : Conf*(A, A) —> H, «(Aj-hi, As-ha) = h]'wo(ha)a(Ar, Az).
(112)

Given a generic triple {A1, B>, A3}, we choose a decorated flag A, over the
flag B», and set

(A1, By, A3) == (A1, Ap)ar(A3, Ay) ™! € HL.
Due to (112), it does not depend on the choice of A,. We illustrate the
invariant p by a pair of red dashed arrows on the left in Fig. 18.
Given a generic configuration (Ay, Bs, B3, Ay4), see the right of Fig. 18,
choose decorated flags Ay, Az over the flags B>, B3, and set

(A1, B2, B3, Ag) i= a(Ag, Ap)an(A2, A3) ' (Ag, A3) € H.

These invariants coincide with a similar H-valued p-invariants from
Sect. 1.4.
There are canonical isomorphisms:

7gr : Conf(Gr, Gr) — P™,
aGr : Conf(A, Gr) —> P,
ag, : Conf(Gr, A) —> P. (113)

The first map uses the decomposition G(K) = G(O) - H(K) - G(O):
Conf (Gr, Gr) = G(0)\G(K)/G(0) = W\H(K)/H(O) = P™*.

The second map uses the Iwasawa decomposition G(X) = U(K) - H(K) -
G(O):

Conf (A, Gr) = G(K)\ (G(K)/U(K) x G(K)/G(0)) = UK)\G(K)/G(O)
— H(K)/H(O) = P.
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The third map is a cousin of the second one:
a’Gr(L, A) .= —wg (xgr (A, L)) .

Remark. These isomorphisms parametrize G(Q), U(K) and U~ (K)-orbits of
Gr. Each coweight & € P = H(Z") = H(K)/H(O) corresponds to an element
t* of Gr. Then

wee([11, g - 1) =%, Vg € G(O);
ocr(U, u - tx) =A, YuecUWK);
ag (vt wo-U) =4, YveU (K). (114)

We define Grassmannian versions of jt-invariants:

uar : Conf(Gr, B, Gr) — P, pug: : Conf(Gr, B, B, Gr) — P

uar(Li, B2, B3, Ly) := aGr(Az, L1) — val o a(Az, A3) + ag,(Ls, Az) € P.

Let pr : B7(K) — H(K) — P be the composite of standard projections.
The first map has an equivalent description:

Gr([b1], B™, [ba]) = pr(by 'ba), by, by € B~(K).

More generally, take a chain of flags starting and ending by a decorated flag,
pick an alternating sequence of arrows, and write an alternating product of the
a-invariants. We get regular maps

w : Conf* (A, B!, A) — H, (115)

a(Ar, A2) a(Az, Ay) a(Azut1, Aany2)

(A1,Ba, ..., By, Agpi3) —> .
e e a(A3. Ar) a(As, Ag) " a(Aguys, Aonya)

w : Conf*(A, B>, A) —> H, (116)

Ar, A Ayg, A
(Al,Bz,---,an+1,A2n+2)l—>a( 2, A1) x(Aq 3)---0t(A2n+2,A2n+1)-
a(Az, Az) a(Ay, As)

Given a cyclic collection of an even number of flags, there is an invariant
which for n = 2 and G = SL, recovers the cross-ratio:
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Fig. 19 Generalized MV
cycles M; C Gr? =
Conf (A, Gr3, B)

Fig. 20 One has » € P A, A,
and u € RT

a(A1, Ar) a(Az, Ayg)

Conf* (B H, By, ..., By,
onfy, (B) —> (B1 2)'_’a(A3,A2)05(A5vA4)

a(Azn—1, Ay)
(A, Agy)

One gets Grassmannian versions by replacing .4 by Gr, and « by one of the
maps (113).

These invariants provide decompositions for both spaces in (111).

Let us encode all the data in a polygon, as illustrated on Fig. 19. Let [l €
Conf;rd(.A; B)(Z"). We show on the left an element of C;. Flags or decorated
flags are assigned to the vertices of a convex polygon. The vertices labeled by J
are boldface. Note that although we order the vertices by choosing a reference
vertex, due to the twisted cyclic invariance the story does not depend on its
choice.

The solid blue sides are labeled by a pair of decorated flags. There is an
invariant Ag € P assigned to such a side E. It is provided by the tropicaliza-
tion of the isomorphism (112) evaluated on /. The collection of dashed edges
determines an invariant u € P.

Recall the cone RT C P generated by positive coroots. The O-integrality
imposes restrictions on basic invariants, summarized in Lemma 2.28, and illus-
trated on Fig. 20.

Lemma 2.28 (i) Let (A1, Ay, B3) € C° C ConfP(A, A, B). Then val o
Ol(Al, Az) € PT.

(i) Let (B1, Az, B3) €C; CConf® (B, A, B). Thenvalou(Az, By, B3, As) €
RT.
Proof Here (i) follows from Lemma 6.14, and (ii) follows from Lemmas 5.3
& 6.4(4). O

Applying the map «, we replace the decorated flag at each boldface vertex
by the corresponding lattice. Others remain intact. We use the notation .4 for
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the decorated flags which do not contribute the character xa to the potential—
they are assigned to the unmarked vertices. For example, we associate to the
polygons on Fig. 19 the following maps

Kk : C; —> Conf(A, Gr?, B), e Conft(A, A%, B)(Z').

7 : Conf*(A, A3, B) —> H?, pu: Conf*(A4, A%, B) — H,

(!, u) : Conft(A, A3, B)(Z") — P x (P)? x P,

(7Grs Gr) : Conf(A, Gr*, B) —> P x (P1)? x P. (117)

Itis easy to check that the targets of the invariants assigned to configurations
of flags are the same as the targets of their Grassmannian counterparts.

2.3.3 Generalized Mirkovi¢—Vilonen cycles

Let us recall the standard definition of Mirkovié—Vilonen cycles following
[3,45,65].

Forw € W, let U, = wUw ™. Forw € W and i € P define the semi-
infinite cells

St = Uy, (IO)tH. (118)

Let A, u € P. The closure S} N S’,f)o is non-empty if and only if A — €

RT. In that case, it is also well known that S} N S}, has pure dimension
ht(A — ) == (p, 2 — ).

Definition 2.29 A component of S* N Sy,, C Gr is called an MV cycle of
coweight (A, ).

Since H normalizes U,,, for each & € H(K) such that [2] = ", we have
h - Sk = SETY Therefore if V is an MV cycle of coweight (A, u), then /i - V
is an MV cycle of coweight (A + v, u 4+ v). The H(X)-orbit of an MV cycle
of coweight (A, ) is called a stable MV cycle of coweight A — .

Let A = (A1, ..., A,) € (PT)". Consider the convolution variety

Gry = {(L1, Lo, ..., L) | [1] 25 Ly 22 ... 25 L} c Gr". (119)
Let pr,, : Gr" — Gr be the projection onto the last factor. Set
Grl :=Gr, Npr," (S4,) - (120)

When n = 1, under the geometric Satake correspondence, the components of
Grg give a basis (the MV basis) for the weight space V;\(M ), see [65, Corollary
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7.4]. It is easy to see that they are precisely MV cycles of coweight (A, )
contained in Gry, see [3, Proposition 3].

Now we restrict constructions in preceding subsections to four main exam-
ples associated to an (n + 2)-gon. The n = 1 case recovers the above three
versions of MV cycles. In this sense, the following can be viewed as a gener-
alization of MV cycles.

Example 1. J = [2,n + 1] C 1 = [1,n + 1]. Let Conf,,, (A, Gr", B) C
Confy1(Gr; A, B) be the substack parametrizing configurations (A, Ly, .. .,
L,+1, But2) where (Aq, B, 42) is generic.
Recall Fg in Definition 2.2. Then
Confy, (A, Gr", B) = G(K)\ (Fo(K) x Gr") .

Since Fg is a G-torsor, we get an isomorphism

i : Gr" — Conf,(A,Gr",B), (Ly,...,L,)—> (U,Ly,...,L,,B7).
(121)

From now on we identify Gr”* with Conf,,, (A, Gr", B).
There is a map, whose construction is illustrated on the right of Fig. 19:

7gr - Confy, (A, Gr'", B) — P:=P x P+Hy"~1 x P.

Its fibers are finite dimensional subvarieties Gr’;, 5

Gr' = ]_[Grg‘.w where (A, A, ) € P x PH" I xP. (122

By (114) we see that

Grl, = {(Ll,...,Ln)eGr”lL] 2L, Ly eSh Lnesg,o],

A=, .o ).
When n = 1, it is the intersection Sé‘ N S’,ZO. Note that the very notion of
MV cycles depends on the choice of the pair H C B. We transport the MV

cycles to Conf,,, (A, Gr, B) by the isomorphism (121). It is then independent
of the pair chosen. In general we define

Definition 2.30 The irreducible components of Grff, , are called the general-
ized Mirkovi¢—Vilonen cycles of coweight (A, A, it).

@ Springer



Geometry of canonical bases and mirror symmetry 555

Similarly the left of Fig. 19 provides a map
7' : Conft (A, A", B)(Z') — P x (PH)""! x P. (123)

Let P}, := Conft(4, A", B)(Z")} , be the fiber of map (123) over
(A, &, ). Then -

Conf™ (A, A", B)(Z") = Hpi& where (A, 4, u) € P x (PT)" 1 x P.
(124)

By definition 7 o val and 7G; o k deliver the same map from C; to IP. Thus
we arrive at

M= M CGrl,, 1 €Pf, :=Conf) (A, A", BY(Z},. (125

Theorem 2.31 The cycles (125) are precisely the generalized MV cycles of
coweight (A, A, [b).

Example 2. =1 = [2,n + 1]. Let Conf,, (B, Gr", B) C Confj1(Gr; A, B)
be the substack parametrizing configurations (B, Lo, ..., L,41, By42) where
(B1, Bu42) is generic.

Similarly, we get an isomorphism of stacks

is : HI)\Gr" — Conf (B, Gr", B),
(Li,...,Ly) — (B,Ly,...,L,, B7). (126)

Here the group H(K) acts diagonally on Gr". Let h € H(K). If [1] = ¥,

then /o - Gr},, = Gr”+“ . It provides an isomorphism between the sets of
components of both Varletles

Definition 2.32 The H(K)-orbit of a generalized MV cycle of coweight
(A, A, v) is called a generalized stable MV cycle of coweight (A, A — v).

When n = 1, itrecovers the usual stable MV cycles. The generalized stable
MYV cycles live naturally on the stack H(/C)\Gr". The isomorphism (126)
transports them to Conf,,, (B, Gr", B).

The solid blue arrows and the triple of dashed reds on Fig. 21 provide a
canonical projection

(', ') : Conft (B, A", B)(Z!) — (PT)""! x P

Let Ag := Conf ™ (B, A", B) (Z’)g be its fiber over (A, i). Then
Conf™ (B, A", B)(Z') = | [AY where 2 e ®T)"!, peP. (127)
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Fig. 21 Generalized stable A, L,
MV cycles A A 2 A
M; C Conf(B, Gr?, B) = / ) 2
H(K)\Gr? Ay » Ay« L, » Ly
\\ “ II \\ “ II
B, - -"JB5 B, " --*JB5

Fig. 22 Generalized MV
cycles

M; C Conf(Gr*, B) =
B~ (O)\Gr3

On the other hand, our general construction provides us with the irreducible
cycles

My := M; C HIO\Gr" = Conf (B, Gr", B), 1eAf.  (128)

Theorem 2.33 The cycles (128) are precisely the generalized stable MV cycles
of coweight (A, ().

Example 3. J = 1 = [1,n + 1]. By Iwasawa decomposition we get an
isomorphism

ip : BT(O)\Gr"* —> Conf(Gr"*!, B),
@Ly,..., L) — ([1],L4,...,L;, B7). (129)

There are two projections, illustrated on Fig. 22:

(77Gr» Gr) - Conf (G, B) — (PT)" x P, (130)

(', 1"y : Conf (A", B)(Z') —> (PT)" x P. (131)

Their fibers over (A, u) € (P1)" x P provide decompositions

Conf(Gr"*!, B) = HcOnf(Gr”“, B)l. (132)
Al B
Conf* (A™!, B)(Z') = HConf+(.A"+1, B)(Z"). (133)
A

By definition, these decompositions are compatible under the map «.
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We get irreducible cycles

M, := M € B~(O)\Gr" = Conf(Gr"*!, B),
I € B := Conf*(A""!, B)(Z")}. (134)

The connected group B (O) acts diagonally Gr". It preserves components
of subvarieties Grf in (120). Hence these components live naturally on the
stack B™(O)\Gr”". We transport them to Conf (Gr"*!, B) by (129).

Theorem 2.34 The cycles (134) are precisely the components of B~ (O) \G_rﬁf.
Example 4. =1 = [1, n 4 2]. There is an isomorphism

ig - G(O)\Gr" ™! —=> Conf,42(Gr),
(L1, oo Lyg) — (1L Liy oo L) (135)

We arrive at irreducible cycles defined in Definition 2.18:
M, = M € G(O)\Gr"t! = Conf,42(Gr) [ € Cy := Conf; (A)(Z");.

This example recovers Theorem 2.20.
Specializing Theorems 2.31-2.34 ton = 1, we get

Theorem 2.35 (1) Mirkovi¢—Vilonen cycles of coweight (1, ) are precisely
the cycles

M; CGr, [€P) :=Conft(A4 A B(Z", for W= xa,.
(2) Stable Mirkovi¢—Vilonen cycles of coweight u are precisely the cycles
M; CH(K\Gr, [ €A, :=Conf" (B, A, B(Z)" for W= xa,.

(3) Mirkovic-Vilonen cycles of coweight (A, ) which lie in Gr;. C Gr are
precisely the cycles

M; C B (O)\Gr, [ €B) :=Conf*(A, A B)(Z")}
fOl" W= XA + XA,

Theorem 2.35 is proved in Sect. 9.1.

Note that there is a positive birational isomorphism Conf (5, A, B) =U.
Thus we identify Conf™ (B, A, B)(Z') with the subset of U(Z') used by
Lusztig [58,59] to parametrize the canonical basis in Lemma 5.1. Then The-
orem 2.35 is equivalent to the main results of Kamnitzer’s paper [45]. Our
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Fig. 23 Mirkovi¢—Vilonen
cycles M; C
Confy, (A, Gr, B) = Gr

Fig. 24 Stable A, L,
Mirkovi¢—Vilonen cycles . A
Ml C confw() (B, Gr, B) = /I \\ K /I \\
H(’C)\Gr I/I 8 \\\ - I/I u \\\
L' \ L'
B,"" 777" = Bj B,"""" 777 S Bj

Fig. 25 MV cycles which
lie in Gr, are the cycles
My C Conf(Gr, Gr, B); =

B~ (O)\Gr,,
v
Fig. 26 Generalized MV A, L,
cycles
M; C Conf(Gr, Gr, Gr) « - Ay
L L
1 A 3

approach, using the moduli space Conf (3, A, BB) rather than U, makes para-
metrization of the MV cycles more natural and transparent, and puts it into the
general framework of this paper.

To summarize, there are four different versions of the cycles relevant to
representation theory related to mixed configurations of triples, as illustrate
on Figs. 23, 24, 25, 26.

2.3.4 Constructible equations for the cycles M7

Let F be a rational function on the stack Confy(A; B). We generalize the
construction of Df from Sect. 2.2.5. As an application, it implies that the
cycles M7 in (111) are disjoint.

Given J] C I C [1,n], let m be the cardinality of J. We assume J =
s ooy Jm}-

Consider the space
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G ifiel,
X=X x...xX,, where X; =1 A ifi el—1,
B otherwise.
Let X be its subset consisting of collections {xy, ..., x,} whose subcollec-
tions {x;,, ..., x;,_,}, is ¢ J, are generic.
Given arational function F on Confy(A4; B),eachx ={x1, ..., x,} € X4.(K)
provides a function F, on A™, whose value on {A;, ..., A; } € A" is
) } o ’ / ;7 Xj-Aj iijJ,
Fr(Aj,....,A;,)=F(x,....x) ek, x;= < x; otherwise.
(136)
Then F, € K(A™)
Recall the map val : K(A™)* — Z. We get a Z-valued function
Dp : X,(K) — Z, Dpg(x):=val(Fy). (137)

Recall the right action of G on C(A™). Thanks to Lemma 2.22 and the
fact that F € Q(Conf1(A; B)), we have

Vg € G(K), Yh € G(O)", val(Fg.x o h) = val(Fy). (138)
Thus D descends to
Dp: Conf}"d(Gr; A, B — 7. (139)

Here Conf}_;(Gr; A, B) is a subspace of Confjc(Gr; A, B) consisting of
the configurations whose subconfigurations of flags and decorated flags are
generic.

By definition, M; in (111) are contained in Conf7_(Gr; A, B). The fol-
lowing Theorem is a generalization of Theorem 2.24. See Sect. 8 for its proof.

Theorem 2.36 Let | € Conf}_ (A; B)(Z'). Let F € Q1 (Conf{(A; B)). Then
Dp(My) = F'().

2.4 Canonical bases in tensor products and Conf (A", B)
Recall that a collection of dominant coweights A = (A, ..., A,) gives rise
to a convolution variety Gry C Gr". It is open and smooth. Its dimension is

calculated inductively:

dim Gr;, = 2ht(A) 1= 2(p, A| + -+ + An). (140)
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The subvarieties Gry, form a stratification S of Gr”. Let IC;, be the IC-sheaf
of G_Q By the geometric Satake correspondence,

H(IC) =V, :=V), ®...Q V). (141)

Let pr, : Gr" — Gr be the projection onto the last factor. Recall the point
t* € Gr. Set

S, = pr, [(UK)t") c G, T, :=pr, (U (K)t") C Gr".

The sum of positive coroots is a cocharacter 2p" : G,, — H. It provides
an action of the group G,, on Gr" given by the action on the last factor. The
subvarieties S, and T, are attracting and repulsing subvarieties for this action.
Set

Gri :=Gr, NS,.
Lemma 2.37 If Gr’; is non-empty, then it is a subvariety of pure dimension

dim Grg =ht(A; ) = (0, A+ ...+ Ay + ). (142)

Denote by Irr (X) the set of top dimensional components of a variety X, and
by Q[Irr(X)] the vector space with the bases parametrised by the set Irr(X).

Theorem 2.38 There are canonical isomorphisms
H*(Gr", 1C;) = @, H2"0Y(S,,, 1C;) = @, QU (Gr)].

Proof Theorem 2.38 for n = 1 is proved in [65, Section 3]. The proof for
arbitrary n follows the same line. For convenience of the reader we provide a
complete proof.

Letm : C* x X — X be a map defining an action of the group C* on X.
Let D(X) be the bounded derived category of constructible sheaves on X. An
object F € D(X) is weakly C*-equivariant, if m*F = LXK F for some locally
constant sheaf L on C*.

Recall the action of G,,, on Gr” defined above. Denote by Ps(Gr") the cate-
gory of weakly C*-equivariant perverse sheaves on Gr” which are constructible
with respect to the stratification S. O

Lemma 2.39 The sheaf IC,, is locally constant along the stratification S. It
belongs to the category Ps(Gr").
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Proof Given a subgroup G’ C G, denote by Gfk,n] C G" the subgroup of
elements (e,...,e, g,...,g), with (n — k + 1) of g € G'. Denote by G(L)
the subgroup stabilising a point L € Gr. The group G(L)x,,) preserves the
category Ps(Gr"). Take two collections (L1, ..., L,), (M1, ..., M) € Gr",
with L} = M; = [1] and in the same stratum. We can move (L1, ..., L;)
by an element of G(L)(1,,, getting (M1, M, L, ..., L;). Then we move
it by an element of G(M2)p2.), getting (M1, Ma, M3, ..., L)), and so on,
using subgroups G(L,)k,n] for k = 3,4,...n — 1. In the last step we get
(My, ..., My). The C*-equivariance is evident. O

Proposition 2.40 For all P € Ps(Gr") we have a canonical isomorphism
H{ Sy, P) — Hi, (G", P). (143)
Both sides vanish if k # 2ht(w). The functors F, = th[(“)(SM, —-)

Ps(Gr") — Vect are exact.

Proof Isomorphism (143) follows from the hyperbolic localisation theorem of
Braden [7]. Let us briefly recall how it works.

Let X be a normal complex variety on which the group C* acts. Let F be
the stable points variety. It is a union of components Fi, ..., Fj. Consider the
attracting and repulsing subvarieties

X ={xeX|lim_ot-x € F}, X; ={xe€X|lim_ ot x€ F},

Let X (resp. X ) be the disjoint union of all the X,j (resp. X ). There are
projections

at XTS5 F, oat) =limsor-x, 7 (x) = limy_eof - x.

Let g* : X* < X be the natural inclusions. Given an object F € D(X),
define hyperbolic localisation functors

F¥ o= @@ F, F*i= @) F.

Combining Theorem 1 and Section 3 of [7], we have the following result,
which implies (143). m|

Proposition 2.41 If F is weakly C*-equivariant, the natural map F** — F*
is an isomorphism.

Let us prove the vanishing. One has H* (Grf ,Q) =0fork > 2dimGrf =

2ht(A; w). Due to perversity, the restriction of Eny P e Ps(Gr") to Gry, lies in
degrees < —dimGr; = —2ht(1). So
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HE(Gr),P) =0 ifk > 2ht(u). (144)

Although S, is infinite dimensional, we can slice it by its intersections with
the strata Gr,. Since the estimate (144) on each strata does not depend on A,
a devissage using exact triangles j,j* A — A — i)i*A tells that

HE(S,., P) =0 ifk > 2ht(n).

Applying the duality, and using the fact that ¥P = P, we get the dual
estimate

H]%M (Gr",P) =0 ifk < 2ht(u).

Combining with the isomorphism (143), we get the proof. The last claim is
then obvious.

Proposition 2.42 We have natural equivalence of functors
H* = @, cpHM M (S, —) : Ps(Gr") — Vect.

Proof The proof of Theorem 3.6 in [65] works in our case. Namely, the
two filtrations of Gr" by the closures of S, and T, give rise to two
filrations of H*, given by the kernels of H* — H#*(S,, —) and the

images of H% (Gr", =) — H*. The vanishing implies tht(“ ) (§M, -) =
n
tht(“ ) (Su, —) and H%ht(“ ) (Gr", —-) = H%}:(“ ) (Gr", —), and the composi-
n

tion H%tt(” N(Gr", —) — {2t _, g2htie )(SM, —) is an isomorphism. So the
two filtrations split each other. O

Corollary 2.43 The global cohomology functor H* : Ps(Gr") —> Vect is
faithful and exact.

Denote by ngr]-" the cohomology of an F € Dg (Gr") for the perverse
t-structure. Let j : Grp < G_r& be the natural embedding, Ji(A, Q) :=
HY. (iQIdimGr,]), and Ji(x, Q) := Hp, (jxQIdimGr,]). The following
Lemma is a generalisation of Lemma 7.1 of [65].

Lemma 2.44 The category Ps(Gr") is semi-simple. The sheaves Jy(A, Q),
T« (X, Q), and J (A, Q) are isomorphic.

Proof Let us prove first the parity vanishing for the stalks of the sheaf
T« (A, Q): the stalks could have non-zero cohomology only at even degrees.
For n = 1 it is proved in [62]. It can also be proved by using the Bott—
Samelson resolution of the Schubert cells in the affine (i.e. Kac-Moody) case,
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as was explained to us by A. Braverman. Let F be a Kac-Moody flag vari-
ety. Take an element w = wj...w, of the affine Weyl group such that
l(w) = l(wy) + -+ + I[(wy). Denote by F, . w, the variety parametrising
flags (F1 = [1], F>, ..., Fy) such that the pair (F;, Fj11) is in the incidence
relation w;. Choose reduced decompositions [w], ..., [w,] of the elements
wi, ..., wy. Their product is a reduced decomposition [w] of w. It gives rise to
the Bott-Samelson variety X|,,j. By its very definition, itis a tower of fibrations

X([wil, ..., [wa]) — X([wil, ..., [wp—1]D) — ... — X([wi]).

The Bott-Samelson resolution of the affine Schubert cell Gr; is a smooth
projective variety X, with a map B, : X, — Gr, whichis 1 : 1 at the
open stratum, and which, according to [25,26], has the following property.
For each of the strata Gr,, C Gr;, there exists a point p, € Gr;, such that the
fiber B, I pu) of the Bott-Samelson resolution has a cellular decomposition
with the cells being complex vector spaces. Therefore the stalk of the push
forward B;.Qyx, of the constant sheaf on X, at the point p, satisfies the
parity vanishing. By the decomposition theorem [8], the sheaf IC, is a direct
summand of the push forward B, ,Qx, of the constant sheaf on X . Indeed, the
latter is a direct sum of shifts of perverse sheaves, and it is the constant sheaf
over the open stratum. Therefore the stalk of the sheaf IC, at the point p,
satisfies the parity vanishing. Since the cohomology of IC,, is locally constant
over each of the stratum Gr,, we get the parity vanishing. The general case of
Gr, is treated very similarly to the case of Gr;.

The rest is pretty standard, and goes as follows. The strata Gr; are simply
connected: this is well known for n = 1, and the strata Gr,, is fibered over Gry/
with the fiber Gr;,,,, where L = (1/, 4,)). Since the strata are even dimensional
over R, this plus the parity vanishing implies that there are no extensions
between the simple objects in Ps(Gr"). Indeed, by devissage this claim reduces
to calculation of extensions between constant sheaves concentrated on two
open strata. Thus there are no extensions in the category Ps(Gr"), i.e. it is
semi-simple.

Let us show now that Ji(A, Q) = J.(A, Q). Since ngr(j!@Gr,\) = 0 for
p > 0, there is a map jiQar, — Hp..(iQar,) = Ji(2, Q). If 1%, Q) #
Jix (X, Q), since the category Ps(Gr") is semisimple, there is a non-zero direct
summand B of Jy(A, Q) supported at a lower stratum. Composing these two
maps, we get a non-zero map jiQgr, — B. On the other hand, given a space
X and complexes of sheaves A and B supported at disjoint subsets A and B
respectively, one has Hom( 1A, B) = 0, where j : A — X. Contradiction.
The statement about 7, follows by the duality. m|
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Lemma 2.45 There are canonical isomorphisms

FulJi( Q)] = QU (Gr)] = Fu[Js (2, Q).

Proof We prove the first claim. The second is similar. We follow closely the
proof of Proposition 3.10 in [65]. Set F := J(A, Q). Let Grﬁ be a stratum in

the closure of Gr;,. Let i : Gr; — Gr;, be the natural embedding. Then i 2T €
Dg_dimGrﬂ_z(Grﬁ). Indeed, we use i,’;j!(@ =0, and ngrjg@[dimGr&] = 0 for
p > 0 and apply i to the exact triangle

N ‘L’Sil (].@[dlmGr&]) N J;Q[dlﬁlGI’L] —> ngr(j!Q[dimGrL]) e N

per

Due to dimension counts (140) and (142), we have H’C‘ (Grﬁ NS, F)=0
if k > 2ht(u) — 2. Thus the devissage associated to the filtration of Gr” by
Gr,, tells that there is no contribution from the lower strata Grﬁ to tht(“ ), i.e.

12 Sy, F) = g2t (Gr;,N'S,, F). Now we can conclude:

2dim(Grl")

The last cohomology group has a basis given by the top dimensional com-
ponents of Grf .

Lemma 2.45 implies that there is a canonical isomorphism tht(“ ) Sy,
IC,) = Q[Irr(Grﬁf )]. Combined with Proposition 2.42 we arrive at Theorem
2.38. ; O

Parametrisation of a canonical basis. Since the group B(O) is connected, the
projection

p: Grg —> B(O)\Grz = Conf(Gr"*!, B)Z

identifies the top components. So Theorem 2.34 tells that the cycles p~! (Mp),
l e Bﬁf , see (134), are the top components of Grf . Theorem 2.38 plus (141)

implies that they give rise to classes [ p_1 (M7)] € Vy. Moreover, the u is the
weight of the class in Vj.. So we get the following result.

Theorem 2.46 The set B’; parametrises a canonical basis in the weight |
part V)f“ ) of the representation Vs, @ ... ® V,,, of GL. This basis is given by
the classes [p_l(Ml)], [ e B‘;.
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3 The potential MV in special coordinates for GL,,
3.1 Potential for Conf3(.A4) and Knutson-Tao’s rhombus inequalities

Recall that a flag F, for GL,, is a collection of subspaces in an m-dimensional
vector space Vj,:

Feb=FKcCcFcC...CcF,_1CF,, dmF; =i.

A decorated flag for GL,, is a flag F, with a choice of non-zero vectors
fi € Fj/Fi_1 foreachi = 1,...,m, called decorations. It determines a
collection of decomposable k-vectors

f(l) ::f19 f(2) ::fl/\fZ, ey f(m) ::fl/\"'/\fm-

A decorated flag is determined by a collection of decomposable k-vectors
such that each divides the next one. A linear basis (f1, ..., f) in the space
Vn determines a decorated flag by setting Fy := (f1, ..., fx), and taking the
projections of fi to Fy/Fy_1 to be the decorations.

Recall the notion of an m-triangulation of a triangle [17, Section 9]. It is a
graph whose vertices are parametrized by a set

Lypi={(a b,c)la+b+c=m, a,b,ceZxo} (145)

Let (F, G, H) € Conf3(A) be a generic configuration of three decorated
flags, described by a triple of linear bases in the space V,;;:

F=(f1,..., fm), G=(g1,--.,8m), H=(h1,..., hy).

Let w € det V,) be a volume form. Then each vertex (a, b, ¢) € (145) gives
rise to a function

Aape(F, G, H) = (fa) A&y N ey, o).

There is a one dimensional space LZ’C :=F,4+1 N (Gp & He).
b+1l,c—1

Let 2 € L2 such that €2 — £, € Fy. Itis easy to see that e’

1 . . le—1
e e szl’c. Therefore there exists a unique scalar «5°¢ such that e2 ™71 —

b,c _ b,c b+l
e =g e, .

Lemma 3.1 One has

o Aa bt Datibe—1
ag" _ DazlbtlcBatlbel (146)
Aa,}),cAa,IJ—+—1,c—l
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Proof Set
A . A o
o= Olg’c, ’3 — a,b,c Ly = a,b+1,c 1. (147)
Agt1,b,c—1 Agt1,b,c—1
By definition,
b,c+1
f(a) f(a 1)/\3 L+ s
fat) = fay AN ed = fay Al et
8y Ay = Bel A gy A hie—1),
g1y A hie—1y = el T TN A gy A e,
Therefore,

b+1,c— lAg(b) /\h(c)

b+1,c—1

g+ Ny =ve,
= Bye,

— ﬁy(eb-i-l,c 1_ b,C) /\eb,c /\g(b) /\h(c—l)

1
—,8)/0(6’ /\e /\g(b) /\h(c -

/\e /\g(b) /\h(c 1))

So
Sla—1) N &w+1) Ny = aBy fat1y A gwy N he-1).
Therefore,
Ay X
afy = Aa Lbtle
a+1,b,c—1
Go back to (147), the Lemma is proved. O

As shown on Fig. 27, each zig-zag path p provides a basis E,, for F. For
example,

) 0n On-—1 0,1 ) n0 n-1,1 10
El-—{o ,e , nl} E,._{eO , € . }

are the bases provided by the very left and very right paths.

Given two zig-zag paths, say p and g, there is a unique unipotent element
upq stabilizing F, transforming E,, to E,. Recall the character g in section 1.
For each triple (p, g, r) of zig-zag paths, we have

XF(”pq) = _XF(qu),
XF(”pr) = XF(”pq) + XF(”qr)-
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Fig. 27 Zig-zag paths and bases for the decorated flag F

If p, g are adjacent paths, see the right of Fig. 27, then by Lemma 3.1,

be  Da—1b+1.cBat1,bc—1
XE(Upg) = ;" = .
Aa,h,cAa,bJrl,cfl

One can transform the very left path to the very right by a sequence of
adjacent paths. Let # € Up transform E; to E,.. Then

Ay A —
_ b,c __ a—1,b+1,cRa+1,b,c—1
Xp(u) = E o, = E )

A bo _
(@.b.¢)€ . a#0.c40 (@b,c)elya0,c£0 —@betabtlel

Its tropicalization

t : t t t
XE = min A + A 1 —A +1,0—
F (a.b.c)elp.a0.c O{ a—1,b+1,c a+1,b,c—1 a,b,c a b+1,c l}

delivers 1/3 of Knutson—Tao rhombus inequalities. Clearly, same holds for the
other two directions. By definition,

W(F,G,H) = xg + xG + xu-

Our set Conf§r (A)(Z") coincides with the set of hives in [54].

In Sects. 3.2-3.3 we show that the potential on the space Conf (A, A, B)
for GL,,, written in the special coordinates there, recovers Givental’s potential
and, after tropicalization, Gelfand—Tsetlin’s patterns.
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Fig. 28 Calculating the A,
potential VW on [ ] )
Conf (A, A, B) in the special (a+1,6-1,¢)
coordinates for GL,,

(a,b-1,c+1) (a,b,c)

B3 A2
Fig. 29 The Givental quiver .
and special coordinates on \0\
Conf(A, A, B) for GL4 “

3.2 The potential for Conf (A4, A, B) and Givental’s potential for GL,,

Let G = GL,,. Recall the set I',,,, see (145). For each triple (a, b, c) € 'y,
there is a canonical function A, . : Conf3(A) — Al. Consider the functions
Ag.p.cwith (a, b, ¢) € T'y, — (0, 0, m), illustrated by the e-vertices on Fig. 29.
For each triple (a, b, ¢) € I';,,—1, let us set

A bile
Rype = —wbtle (148)
AaJrl,h,c

The functions R, . are assigned naturally to the o-vertices on Fig. 29. Each
of them is the ratio of the A-functions at the ends of the slant edge centered at a
o-vertex. They are functions on Conf (A, A, B) since R, p (A1, A2, A3-h) =
Rap.c(A1, Az, Az) for any i € H. The functions R, 5 . form a coordinate
system on Conf (A, A, B), referred to as the special coordinate system.

The functions {R, o} provide the canonical map

Conf(A, A, B) —> Conf(A, A) = (G,)" . (149)
Consider now the Givental quiver I';,,_1, whose vertices are the o-vertices,

parametrised by the set I',,_1, with the arrows are going down and to the
right, as shown on Fig. 29. For each arrow connecting two vertices, take the
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sourse/tail ratio of the corresponding functions. For example, see Fig. 28, the
vertical arrow « connecting (a + 1,b — 1, ¢) and (a, b — 1, ¢ + 1) provides

Rab—1.c+1  Aabcet1Bat2,b—1.c

Qo = (150)

Ra—l—l,b—l,c Aa—l—l,b—l,c—f—lAa—f—l,b,c

Recall the function xa,, xa, on Conf (A, A, B3). Taking the sum of Q, over
the vertical arrows o, and a similar sum over the horizontal arrows 8, and using
(150), we get

XA = Z Qaa XA, = Z Qﬂ

« vertical 8 horizontal

Relating to Givental’s work. Givental [37, pages 3—4], introduced parameters
T;,;,0 <i < j < m, matching the vertices of the Givental quiver:

To,0

Tor 11,

Top T2 1o

Tos Tiz 123 T3 3

He treats the entries on the main diagonal a = (Tp,0, T1,1 -, Tm.m) as

parameters, and defines the potential as a sum over the oriented edges of the
quiver:

Wa= D (exp(Tij — Tij-1) +exp(Tij — Tri1,))) -

O0<i<j<m
Let Y, be the subvariety with a given value of a. Then Givental’s integral is
n i—1
Fla,h) = / exp(—Wa/m) \ N\ aT:;.
Ya

i=1j=0

Givental’s variables T; ; match our coordinates R, - where a + b + ¢ =
m—1:

Ri—i—1,j,i—j = exp(Ti, ;).
Observe that Y, is the fiber of the map (149) over a point a =

Rm-1.,0,Rn-2.1, ..., Ro,m—1). Givental’s potential coincides with xa, 4+ xa,-
Givental’s volume form on Y, coincides, up to a sign, with ours since
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Fig. 30 Gelfand-Tsetlin Al
patterns for GL4 and the .
special coordinates for o)

Conf (A, A, B)

n
/\ /\ Tij=+ A dlogRy p .

j=0 a+b+c=m—1,c>0

3.3 The potential for Conf(A, A, B) and Gelfand-Tsetlin’s patterns for
GL,,

Gelfand-Tsetlin’s patterns for GL,, [28] are arrays of integers {p; j},1 <i <
j < m, such that

Dij+1 = Dij = Pi+1,j+1- (151)

Theorem 3.2 The special coordinate system on Conf(AgL, , AcL, , BGL,,)
together with the potential W = xa, + xa, provide a canonical isomorphism

{(Gelfand— Tsetlin’s patterns for GL,,} = Conf™ (AcL,,» AcL,,» Bar, ) (Z').

Proof The space Conf(AéLm, wm) of GL,,-orbits on A%Lm x detV* has

dimension w Ithas a coordinate system given by the functions A, ¢,
a+b+c = m, parametrized by the vertices of the graph I';,,, shown on the left
of Fig. 30. The coordinates on Conf(Agr,,, AcL,,. BsL,,) are parametrized
by the edges E of the graph parallel to the edge A A, of the triangle. They are
little red segments on the right of Fig. 30. They are given by the ratios of the
coordinates at the ends of the edge E, recovering formula (148). Notice that
the edges E are oriented by the orientation of the side A Aj. The monomials of
the potential xa, + xa, are parametrized by the blue edges, that is by the edges
of the graph inside of the triangle parallel to either side B3A| or B3A;. We
claim that the monomials of potential ya, + xa, are in bijection with Gelfand—
Tsetlin’s inequalities. Indeed, a typical pair of inequalities (151) is encoded
by a part of the graph shown on Fig. 31. The three coordinates (P, P2, Q)
on Conf(Agr,,, AcL,,. BsL,,) assigned to the red edges are expressed via the
coordinates (A, B, C, D, F) at the vertices:
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Fig. 31 Gelfand-Tsetlin
patterns from the potential

The monomials of the potential at the two blue edges are =% D 3 and D C . Their
tropicalization delivers the inequalities p; < g, g < p». O

4 Proof of Theorem 2.11

Let T be a split torus. Let g 1= > x*(T) 8« X* be a nonzero positive polyno-
mial on T, i.e. its coefficients g, > 0 are non-negative. The integral tropical
points [ € T(Z') = X,(T) are cocharacters of T. The tropicalization of g is a
piecewise linear function on T(Z"):

¢'() = min S ek

o | ga>

Fix an/ € T(Z"). Set

Agi={eeX*(T)|ga>0, (La)=g'" D}, g:= D gaX".

a€hg

The set A, ; is non-empty. Therefore g; is a nonzero positive polynomial. If
f and g are two such polynomials, so is the product f - g. We have (f - g); =
f1-g foralll € T(Z").

Let & be a nonzero positive rational function on T. It can be expressed as a
ratio f/g of two nonzero positive polynomials. Set h; := f;/g;. Leth = f'/g’
be another expression. Then

fle=f1e = f-¢d=f-e=fi-egg=f -a = filaa=f/g
Hence h; is well defined.

Lemma 4.1 Leth, [ be as above. Foreach C € T; such that 2 h;(in(C)) € C*,
we have

val(h(C)) = h'(I), in(h(C)) = hi(in(C)). (152)

12 Every transcendental point C € T} automatically satisfies such conditions.
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Proof Assume that £ is a nonzero positive polynomial. By definition
VC €T;, h(C) = hi@in(C))t"® + terms with higher valuation.

If h;(in(C)) € C*, then (152) follows. The argument for a positive rational
function is similar. O

Let f = (f1,..., fr) : T — S be a positive birational isomorphism of
split tori. Let [ € T(Z'). We generalize the above construction by setting

fi=U s fo): T— S,
Lemma 4.2 Let f, [ be as above. Let C € T?. Then

val(f(C)) = f' (D), in(f(C)) = fi(in(C)). (153)

Let h be a nonzero positive rational function on S. Then

in(ho f(C)) = hygiq (in(f(C))). (154)

Proof Here (153) follows directly from Lemma 4.1. Note that 4 g1y o f; is a
nonzero positive rational function on T. Since C is transcendental, we get

hyigy (in(f(C))) = hyigy o fi(in(C)) € C*.
Thus (154) follows from Lemma 4.1. |

Proof of Theorem 2.11 Ttsuffices to prove f(T}) € S‘}, o The other direction

is the same.

Let C = (C1,...,Cy) € Tp. Let f(C) := (Cy,...,C}). By (153),
we get f(C) € Sy and the field extension Q(in(C)),...,in(C}y)) <
Q@n(Cy), ..., in(Cy)).

Let g = (g1, ..., &%) : S — T be the inverse morphism of f. Then C; =
gj o f(C) for j € [1,k]. The functions g; are nonzero positive rational
functions on S. Therefore

in(Cj) = in(gj o £(C) "= g; 1y ((n(f(C)) € Qlin(CY, ... in(C}).

Therefore Q(in(Cy), ..., in(Cx)) S Q(@n(Cy),...,in(C;)). Summariz-
ing, we get

Q@n(Cy), ..., in(Cy)) = QUn(CY), ..., in(Cy)). (155)

Therefore f(C) is transcendental. Theorem 2.11 is proved. O
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5 Positive structures on the unipotent subgroups U and U™
5.1 Lusztig’s data and MV cycles

Lusztig’s data. Fix a reduced word i = (i, ..., i1) for wg. There are positive
functions

Fj:U— A, x (an)...xi(a1) — aj. (156)

Their tropicalizations induce an isomorphism f; : U(Z') = Z", p

(F (P}
Let N ={0, 1, 2, ...}. Lusztig proved [59] that the subset

£ cuzh (157)

does not depend on i, and parametrizes the canonical basis in the quantum
enveloping algebra of the Lie algebra of a maximal unipotent subgroup of the
Langlands dual group G*.

Lemma 5.1 The subset U;(F(Z’) = {l € U(Z") | x'(I) > 0} is identified with
the set (157).

Proof Note that x = 3, Fj ;. It tropicalization is minj<j<u{F; ;}. Let
[ € U(Z"). Then

X'() =0 F;()=0,Vjell,ml < fi(l) e N".

Let ! € U(Z"). Recall the transcendental cell ¢ Cc UK.
Lemma 5.2 Letu € C;. Then u € U(O) if and only ifl € U;(“(Zt).

Proof Setu = x;,,(am) .. .x;;(a1) € C/. Note that u is transcendental. Using
Lemma 2.13, we get

X' (D) =val(x (w); F;() = val(a;), Vj € [1,m].
Ifl e U;(Zf), then val(a;) = Fi{j(l) > 0. Therefore a; € O. Hence
u € U0).

Note that x is a regular function of U. If u € U(O), then x(u) € O.
Therefore x'(I) = val(x(u)) > 0. Hence [ € U;(Z’). O
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The positive morphism B. Let [glo := h if ¢ = uyhu_, where uy € U™,
h € H. Define

B:U— H, ur— [woulp. (158)
Leti = (i), ...,11) as above. Let w,‘c = Si...8, € W.Let ,B,i{ =
w,ic_1 (ai\]: ) € P. The following Lemma shows that g is a positive map.

Lemma 5.3 [12, Lemma 6.4] For eachu = x;,(am) ... x;,(a1) € U, we have
[woulo = [Ti B D
Let/ € U(Z"). The tropicalization ' becomes ' (1) = — >}, Fi (DB

Note that B} € P are positive coroots. If | € U(Z"), then —B'(I) € R™.
Hence

Uz = |_| A Ai={leUfEZ)| =B (D) =2 (159
AERT
The set A, is identified with Lusztig’s set parametrizing the canonical basis
of weight A [59].
Kamnitzer’s parametrization of MV cycles. Kamnitzer [45] constructs a
canonical bijection between Lusztig’s data (i.e. U; (Z") in our set-up) and the
set of stable MV cycles. Let us briefly recall Kamnitzer’s result for future use.

LetU, := UNB~woB™ andlet U, = U~ NBwB. There is an well-defined
isomorphism

n:Ue—=U., ur— nu). (160)

such that 5 (u) is the unique element in U™ N Bwou. The map n was used in
[22]. Set

KKam : Us(K) — Gr, u —> [n(u)]. (161)
Let/ € U(Z"). Then C; C Uy (K). Define
MV, := kkam(C}) C Gr. (162)

The following Theorem is a reformulation of Kamnitzer’s result.

Theorem 5.4 [45, Theorem 4.5] Let [ € A,. Then MV, is an MV cycle of
coweight (A, 0). It gives a bijection between A, and the set of such MV cycles.

A stable MV cycle of coweight A has a unique representative of coweight
(A, 0). Therefore Theorem 5.4 tells that the set A, parametrizes the set of
stable MV cycles of coweight A.
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5.2 Positive functions y;, £;, R; on U.

Leti € I. We introduce positive rational functions x;, £;, R; on U, and ",
L7, R; onU".
Leti = (i1, ..., ;) be areduced word for wy. Let

x =xj(a1)...xi,(an) €U, y=yb1)...y,(by) €U .
Using above decompositions of x and y, we set
X = D> ap x M= D by
plip=i plip=i
By definition the characters x and x ~ have decompositions x = >;; xi

and X~ = D X; -
We take i which starts from i; = i. Define the “left” functions:

Li(x) :=ay, L (y):=by.
We take i which ends by i,, = i. Define the “right” functions:
Ri(x) :=am, R; (y):=bp.

It is easy to see that the above functions are well-defined and independent
of i chosen.

For each simple reflection s; € W, set s;+ such that wgs;+ = s;wp.

Set Ad,(g) ;= vgv~!. Forany u € U, set i := Adwo(u_l) eU™.

Lemma 5.5 The map u — u is a positive birational isomorphism from U to
U™. Moreover,

Xi() =y ), Liw) =Ri=u), Ri()=Li=u) Viel. (163)

Proof Note that Ady, (x;(—a)) = yi+(a). Letu = x;,(a1) ...x;, (an) € U.
Then

U= Adwo(uil) = Jix (am) ... yii‘(al)-

Clearly it is a positive birational isomorphism. Identities in (163) follow by
definition. O

Lemma 5.6 Leth e H,x e Uandy € U™. Foranyi € I, we have

xi (Adp(x)) = xi(x) - i (h),  Li (Adp(x)) = Li(x) - ei (h),
Ri (Adp(x)) = Ri(x) - a;(h). (164)
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Xi (Adn(y) = xiy)/ei(h), Ly (Adp(y)) = L (y)/ei(h),
R; (Adp(y)) =R; (y)/ei(h). (165)

Proof Follows from the identities Ady, (x; (a)) = x;(ax; (h)) and Adj (yi(a)) =
via/a;(h)). i

5.3 The positive morphisms @ and 7,

We show that each y; is closely related to £;” by the following morphism.

Definition 5.7 There exists a unique morphism ® : U~ — U such that
u_B = d(u_)wyB. (166)
Lemma 5.8 Foreachi € I, one has
/L7 =xio®, 1/x; =Lio® (167)
Example. Let G = SL3. We have

bobs ) ( b1by )
y =y1(b1)y2(b2)y1(b3) = y2 (b1 b v1(b1 3) )2 bt by

20 =5 (515) = (o) G 59)
= X X X
=8N +65) 2\ ooy ) \bi oy + 03)

1 ] by
=x|—)xl—)xl—].
b ) '\ by ) 2 \bobs
by + b3

_ 1 ~
VL0 =0(@m) = - 1/£5(0) = 0@0) = ==

1/xy ) =Li(@(y) =b1 + b3, 1/xy (v) = L2(P(y)) = bo.
The proof was suggested by the proof of Proposition 3.2 of [60].

Proof We prove the first formula. The second follows similarly by considering
the inverse morphism &~ !:U — U™ suchthat uB~ = &' (u)woB~.

Leti € I. Let w € W such that its length /(w) < I(s;w). We use two basic
identities:

Yi(b)xi(a) = xi (a/(1 +ab)) y; (b(1 +ab)) e/ (1/(1 +ab)). (168)

@ Springer



Geometry of canonical bases and mirror symmetry 577

yi(b)wB = x; (1/b)s;wB. (169)

By (169), one can change y; (b) on the most right to x; (1/b). By (168), one
can “move” y; (b) from left to the right. After finite steps, we get

Vi; (b1)yiy (b2) . .. yi,, (b)) B
= yi, (b1)xi, (am)Xi,,_ (@m—1) ... Xi,(@2)si, . . .5, B. (170)

The last step is to move the very left term y;, (b1) to the right. Let

fs(er,eay oo om) = Xiy, (Cm)Xiy_y (Cm—1) -+ - Xig g (C54+1) Yiy (€)X, (C)
B N () I T £

We will need the relations between {c;} and {c; } such that
fS(Cl’ C2y vy Cm) = fS—l(C/]vc/Qa LI ) C;n)
By (168)—(169), if iy # i;, then ¢, = c; for all p. If i; = i, then

=cp forp=s+1,...,m;

¢
c. =cs/(L+cicy), ¢ =ci(1+cicy);
c;, =c,(1+ c1cs)_<ai1’ai1’) forp=2,...,5s —1.

For each g = f;(c1,c2, ..., cn), We set

1
hg):=—+ D ¢ (171)

C1 .=
p | ip=ii, p>s

If iy =iy, then

1 1 Cys
-+ ¢, = + + ¢
c Z P (I +cies) 1+ cic Z P

plip=ii, p>s—1 p lip=it, p>s

1
=a+ Z Cp.

p lip=i1, p>s

Same is true for iy # i;. Therefore the function (171) does not depend
ons.
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Back to (170), we have

uB = yi, (b1)yi,(b2) ... yi, (bm)B
= yi, (b1)xi, (am) ... xi,(a2)si, ... 5;,B
=X, (cm) ... xi,(c2)yi, (c1)Siy .. .5, B
=X, (cm) ... xip(c2)x;; (1 /c1)siy .. .5, B
= O (u)woB

Hence ®(u) = x;,,(cm) ... xi;(c2)x;, (1/c1). Then

1 1 1
Xy (D) = =+ > cp=huB)= Pty

p lip=iy, p>1 1]
O

Lemma 5.9 The morphism ® : U~ — U is a positive birational isomorphism
with respect to Lusztig’s positive atlases on U™ and U.

Proof According to the algorithm in the proof of Lemma 5.8, clearly @ is a
positive morphism. By the same argument, one can show that ®~! is a positive
morphism. The Lemma is proved. O

The morphism 7 in (160) is the right hand side version of ®, i.e. BTu =
B~ won(u). Similarly,

Lemma 5.10 The morphism n : U — U™ is a positive birational isomor-
phism. Moreover,

Viel 1/Ri=x;on l/xi=R;on (172)

5.4 Birational isomorphisms ¢; of U
Leti € I. Define
zi(@) = o (@)yi(=a), zi(a):=a;(1/a)yi(1/a).
Clearly z;(a)z] (a) = 1.
Lemma-Construction 5.11 There is a birational isomorphism
¢i U —>U, ur—5-u-z (u). (173)

Remark. The map ¢; is not a positive birational isomorphism.
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Proof We need the following identities:

sixi(a)zi(a) = xi(—1/a). (174)
z; (@)xi(b — a)zi(b) = x;(1/a — 1/b). (175)
If j # i, then
(@ (b)zi(@) = x; (ba™ ) (176)
Leti = (i, 12, ..., i) be areduced word for wq such that i1 = i. For each

s € [1, m], define
Mo={pell,slli,=i).

Letu = x;,(a1) ...x;, (an) € U. Setd; := de;,i ai. In particular, d| =
ai, dm = xi(u).
Let us assume that u € U is generic, so that d; # 0 for all s € [1, m]. By
(174)-(176), we get
¢i(u) =5; - xjy (@)xip(az) . . . xi, (am) - zi (xi(w))
= (5ixi, (a)zi (@) - (2] (d1)xiy (a2)zi (d2))
w2 )i, (@) zi (di) )
=X, (a{)x,'2 (aé) C X (a,’n). (177)

Here a; = —1/d;.Fors > 1,

Vds_1 — 1/dy, ifiy =i,
/ /S_@],iv,%)/ S (178)

aS = oo .
agdy , if iy #1i.

Thus ¢; (1) € U. The map ¢; is well-defined. By (178), we have y; (¢; (1)) =
—1/xi(u). Therefore

$iodi(u) =5 -5 -u-zi (i) zi(=1/xi(w) =57 -u-5;.
Since Ef =1, we get qbf = id. Therefore ¢; is birational. O

Let A € PT. Recall #* € Gr. Recall the G(O)-orbit Gry, of ¢* in Gr.

Lemma 5.12 Let | € U(Z"). For any u € Cy, the element u - t* € Gr;, if and
only ifl € U;(Z").
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Proof Ifl € U;(Z’),byLemmaS.Z, we see thatu € U(O).Henceu-t* € Gr;.
If x"(1) = minje/{x} (1)} < O, then pick i such that x/(I) < 0. Set u :=
A —x! () - o). Since y; (114 /x; (u)) € G(O), we get

o) -t =a) /x5 @) - - yi (9N i) = o (1 xi () - t* =1
(179)

Recall the Uy, (K)-orbit S}, of " in Gr. We have

179 173) __ _
w-t* = uziGa ) - 2 Ga ) L uz @) -1 L 57 )
25 ¢ Szi () (180)

It is well-known that the intersection S;, N Gr;, is nonempty if and only if
t” € Gr;. In this case 5% (W ¢ Gr;,. Therefore Sii WA Gr; is empty. Hence
u-t* ¢ Gr. o

6 A positive structure on the configuration space Confy(A; B)

6.1 Left G-torsors

Let G be a group. Let X be a left principal homogeneous G-space, also known
as a left G-torsor. Then for any x, y € X there exists a unique g,y € G such
that x = gy yy. Clearly,

8x,y8v,z = 8x,z» 8gx,y — 88x,y> 8x.gy — gx,yg_la geG. (181)

Given a reference point p € X, one defines a “p-distance from x to y”:
gp(x,y) :=gpx&y.p €G. (182)

Ifi, : X — Gis a unique isomorphism of G-sets such that i, (p) = e, then
gp(x,y) = i) i ().

Lemma 6.1 One has:

gp(x, »gp(y,2) = gp(x, 2). (183)
gp(gx, gy) = gp(x,y), ge€G. (184)
y=2gp(p,y)-p. (185)
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Fig. 32 A frame {A;, Bj} A
7

Q

—PBJ'

Proof Indeed,

gp(X, }’)gp(ya 2) = 8p.x8y.p8p,y8z,p = 8p.x8z,p = gp(xa 2),
(181)

gp(gx,g)’) = 8p.gx8gy.p — gp,xg_lggy,p = 8p.x8y,p = gp(x» y),
Y =28y,p P =28&p.p8y.p P =28&(P.Y) P
O

Recall Fg in Definition 2.2. From now on, we apply the above construction
in the set-up

X=F%:, p={UB}.
Pick a collection {Ay, ..., A, } representing a configuration in Conf, (A).
We assign A; to the vertices of a convex n-gon, so that they go clockwise

around the polygon. Each oriented pair {A;, A} provides a frame {A;, B;},
shown on Fig. 32 by an arrow with a white dot.

6.2 Basic invariants associated to a generic configuration

We introduce several invariants that will be useful in the rest of this paper. We
employ - to denote the action of G on (decorated) flags.

The invariant ugf’B3 € U. Let (B1, Az, B3) € Conf(B, A, B) be a generic
configuration. Set

Uy’ 5, = gu.n-y (A2, B1), {Az, B3)). (186)

By (184), the invariant uglz B, 1s independent of the representative chosen.

Ay
Clearly, up ' 5. €U.
The invariant /14, A, € H. Let (A}, A2) be a generic configuration. There is
a unique element i, A, € H such that
(A1, A2) = (U, ha, Ao - U). (187)
Using the notation (182), we have

hay.a,wo = gu,B-1({A1, B2}, {A2, Bi}). (183)
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Fig. 33 Invariants of a
configuration

The invariant bg;’Az € B™. Let (A1, Ay, B3) be a generic configuration.

Define
ALAy -
by, == gw.B-)({A1, B3}, {A2, B3}) e B™.

Relations between basic invariants. Let (A1, ..., A,) € Conf} (A). Set

A,

hij = haoa, €Ho wli=ug'p €U, b =" e BT (189)

We denote these invariants by dashed arrows, see Fig. 33.

Lemma 6.2 The data (189) satisfy the following relations:

Aratwoharwy = 1 -
u%%u%Sl = M12§P in particular uy;uz, = 1.
by~by’ = b, .

12 1 — 2 — —1, -1
b3* = uz,hppwoui; = h13wou?2wo hys .

Nk v

1 —_ 2 — 3 —
Uz hiowouizhozwous hajwo = 1.

Proof We prove the first identity of 4. The others follow similarly. Let p =
{U,B7}. Let

x1 = {A1, B3}, x2 = {A1, B2}, x3 = {A2, B1}, xa = {A2, B3}.
As illustrated by Fig. 33,
bir =g, (x1,X4), Ul =gp(x1,X2), h12Wo = gp(x2, X3), Uiz = gp(x3, X4).

By (183), we get g, (x1, x4) = gp(x1, X2)gp(x2, X3)gp (X3, X4). o
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Fig. 34 Invariants of a
configuration (Ag, Az, B3)

» B3

Lemma 6.3 Let x € Conf(A, A, B) be a generic configuration. Then it has
a unique representative {A1, Ay, B3} with {A1, B3} = {U, B™}. Such a repre-
sentative is

{U, ul,h1owo - U,B™}. (190)
Proof The existence and uniqueness are clear. It remains to show that it is
(190). By Fig. 34,
g1 ({A1, B3}, {A2, B1)) = ujrhiowo. (191)
If {A1, B3} = {U, B}, then by (185), we get
{A2,B1} = gu.s-}({A1, B3}, {A2, Bi)) - {U, B} = {u,h10w0 - U, B} .
0

Each b € B~ can be decomposed as b = y; - h = h - y, where h € H,
v, y» € U™, Thus B™ has a positive structure induced by positive structures
on U™ and H. There are three positive maps

m, BT — U, m;,: B — H, mb)=y, n.(b)=y,, 7p(b)=nh.

(192)
These maps give rise to three more invariants.
The invariant ,ug;’Az € H. For each generic (A, Az, B3), we define
ApLA ApLA
N =y (b)) (193)
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The invariant r]]il’Az € U™. For any h € H, we have

R (194)
Thus we can define
= () = (b A) e U (195)

A1 B>

The invariant l € U™. For any i € H, we have

b A = bt . (196)
Define
P = (b A") = (b *) e U™ (197)

For simplicity, we set
i7 A A [ 7 B;,A; _ [ 7 A;,B; _
wl =pg " €H, rli=rg €U, [)i=17" €U, (198)

Recall that = wou—lwg I By Relations 3, 4 of Lemma 6.2, we get

witng =y (199)
bl l3 M3 = M%zréz = u%zh]szu% = h]3u%1h2_31. (200)

Recall the morphisms &, n and B in Sect. 5. By the definition of these
morphisms, we get

Lemma 6.4 We have

Louly, = o).

2. {‘L—n(u%)

3. u21—Ad 1(112)_Ad l(r 2).
4

it = hlzﬁ(u13) = h13h23, beta(u?s) = hizhyy hyy .

Proof By (200), we have
15213 = uy (aWouts) .
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The first identity follows. Similarly, the second identity follows from

ua’rs? = (uzph13wo) uy
The third identity follows from

12,12 3 -1 3 ~1 12,12 ~1 12
B2 =hid by =Adiys (i3)) s, pf2ri2=hishi! Ad, (r42).

The identity ;1% = h128(u?;) follows from

1212 1 — 9
U3 r3” =uzphio - (w0“13) .

The identity ,u%z = h13h2_31 follows from

U2l = Ady, (i3,) hishzy.

O
Lemma 6.5 We have
3 a;(h13) a;(h23)
x(uy) = = ) (201)
2 Z, Liul) Rl
a;(h12) = ai«(hay), Vi€l (202)

Proof Use Lemmas 5.5, 6.4, 5.6 and 5.8 , we get

X (u%1) =X (u%) =X (Adhl—; (1312))
= iy (1) = 3 Sils)

IR
il ier Liluzy)

By the same argument, we get the other identity in (201). By Relation 1 of
Lemma 5.8, we get

— 11
hi2 = wohy; Wy - 5G.

Then (202) follows. |
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Fig. 35 The map «; for Aj By
I1={1,3,5} C[1,6]

B2 A5

6.3 A positive structure on Confy(A; B)

LetI C [1, n] be a nonempty subset of cardinality m. Following [17, Section
8], there is a positive structure on the configuration space Confy(A; B). We
briefly recall it below.

Letx = (x1,...,x,) € Confy(A; B) be a generic configuration such that

x; = A; € Awheni €1, otherwise x; = B; € B. (203)
SetB; :=m(A;) when j € . Leti € I. For each k € [2, n], set

u};(x) = uglerk Bi 1’ where the subscript is modulo 7. (204)
For each pair i, j € I, recall

hAi,Aj7 ifi <j,
hSG'Ai,AJ" ifi > j.

mij(x) = { (205)

Lemma 6.6 Fixi € L. The following morphism is birational

a; @ Confy(A; B) — H™ ' x U"™2, x r— ({m;;(x)}, {uk (x)}),
jel—{i}, ke[2,n—1].

Example. Figure 35 illustrates the map «; for I = {1, 3,5} C [1, 6].

Proof Assume thati = 1 € 1. Clearly « is well defined on the subspace
ég/nfl(A; B) := {(x1, ..., xn) | (x1, xz) is generic for all k € [2, n]}.

Note that (/?Sn/fl (A; B) is dense in Confy(A; B). We prove the Lemma by
showing that «; is a bijection from Conf1(A; B) to H"~! x U"~2,
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Lety = ({h;}, {ur}) € H" 7! x U2 Setu), := 1. Set u, := up_1...ux
fork e [2,n —1]. Letx = (x1,...,x,) € C/(;l/fl(A; B) such that

x; :=U; szzu’jhjwo-Ue.A,jel—{l}; xkzzuz-B*EB,kgéI.
(206)

Clearly o1 (x) = y. Hence « is a surjection.
Let x € Confj(A; B) such that aj(x) = y. Note that x has a unique

representative {xi, ..., x,} such that {x;,x,} = {U,B7} if n ¢ I, and
{x1, 7(xy)} ={U,B7}if n € I. By Lemma 6.3, each x; is uniquely expressed
by (206). The injectivity of oy follows. O

The product H”~! x U"~2 has a positive structure induced by the ones on
H and U.

When I = [1, n], we first introduce a positive structure on Conf, (A) such
that the map «; is a positive birational isomorphism. Such a positive structure
is twisted cyclic invariant:

Theorem 6.7 [17, Section 8] The following map is a positive birational iso-
morphism

t : Conf,(A) —> Conf,(A), (A1, ...,A,) —> (Aa,..., Ay Al sG).

Each o; determines a positive structure on Conf, (A). Theorem 6.7 tells
us that these positive structures coincide. We prove the same result for
Conf1(A; B), using the following Lemmas.

Lemma 6.8 Let Y be a space equipped with two positive structures denoted
by V' and Y?. If for every rational function f on Y, we have
f is positive on V= f is positive on )2,

then Y and Y? share the same positive structure.
Proof 1t is clear. O

Lemma 6.9 Let )V, Z be a pair of positive spaces. If there are two positive
mapsy 1Y — Zand B : Z — Y such that § o y = idy, then for every
rational function f on ) we have

f is positive on Y <= B*(f) is positive on Z.
Proof If f is positive on ), since § is a positive morphism, then 8*(f) is
positive on Z.

If B*(f) is positive on Z, since y is a positive morphism, then y*(8*(f)) =
f is positive. m|
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Lemma 6.10 Every «; (i € 1) determines the same positive structure on
Conf1(A; B).

Remark. Lemma 6.10 is equivalent to say that for any pair i, j € I, the map
¢i.j =00 aj_l is a positive birational isomorphism of H"—1 x U2,
Proof Let us temporary denote the positive structure on Confj(&X’; V) by
Confi' (A; B) such that «; is a positive birational isomorphism.

There is a projection 8 : Conf,(A) — Confy(A; B) which maps A; to
Ay if k € I and maps Ay to w(Ay) otherwise. By Lemma 6.7, 8 is a positive
morphism for all Confi(A; B).

Fix i € I. Each generic x = (x1,...,x,;) € Confi(A; B) has a unique
preimage y'(x) := (A1, ..., A,) € Conf,(A) such that

Aj; = xj when j €1, otherwise A is the preimage of x;

such that 7;; (' (x)) = 1.

Clearly y' a positive morphism from Conf{ (A; B) to Conf,(A). By defin-
ition B o ! = id.
Let f be a rational function on Confy(A; B). Let i, j € I. By Lemma 6.8,

f is positive on Conf{ (A; B) <= B*(f) is positive on Conf, (A)
<= f is positive on Conf{ (A; B).

This Lemma follows from Lemma 6.9. m]

Thanks to Lemma 6.10, we introduce a canonical positive structure on
Conf1(A; B). From now on, we view Conf[(A; B) as a positive space.

Given k € Z/n, we define the k-shift of the subset I by setting [(k) := {i €
[1,n] | i + k € 1}. The following Lemma is clear now.

Lemma 6.11 The following map is a positive birational isomorphism

t : Conf1(A; B) %Confl(l)(A; B), (x1,....x)— (x2, ..., %X, X1 - 5G).

An invariant definition of positive structures. We have defined above posi-
tive structures on the configuration spaces using pinning in G, which allows to
make calculations. Let us explain now how to define positive structures on the
configurations spaces without choosing a pinning. When G is of type A,,, such
a definition is given in [17, Section 9]. In general, given a decomposition of
the longest Weyl group element wo = s, ... s;,, for each generic pair {B, B’}
of flags, there exists a unique chain

i i in—1 i
B=By — B, > ... > B,_.; - B, =B
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Here By X B « indicates that {B;_1, By} isin the position s;, . The positive
structure of Conf (B, A, BB) can be defined via the birational map

Conf(B, A, B) — (Gu)", (B, A,B") —> (x°(Bo, A, By),
XO(Blv A’ B2)7 cre XO(BYZ—I’ A! Bn))

Each generic pair {A, A’} € A? uniquely determines a pinning for G such
that

xi(a) € Ua, xa(xi(a)) =a, yi(a) €eUys, i€l

The pinning gives rise to a representative wg € G of wyp. There is a unique
element & € w(A) N (A”) such that

A = hwy - A.

Such an element / gives rise to a birational map from Conf;(A) to the
Cartan group of G, determining a positive structure of Conf; (A). The positive
structures of general configuration spaces are defined via the positive structures
of Conf,(A) and Conf (B, A, B).

6.4 Positivity of the potential Wy and proof of Theorem 2.27
LetJ c I C [1, n]. Consider the ordered triples {i, j, k} C [1, n] such that

j €lJ, and i, j, k seated clockwise. (207)

Let x € Confy(A; B) be presented by (203). Define p;.; i (x) := ”gij,Bk‘ In
particular, we are interested in the triples {j — 1, j, j + 1}. Set
. Aj ;
pj(x) = pjj-1j+1 =ug,_g.» Vi€ (208)

Lemma 6.12 The following morphisms are positive morphisms

1. m;j : Confy(A; B) — H, Vi, j el
2. pjix : Confi(A; B) —> U, ¥ (i, j. k} € (207).

Proof The positivity of 7;; is clear. By Relation 2 of Lemma 6.2, we get

Aj Aj Aj Aj

U, B, = U“B;,B;_ 1 ¥B;_1,B;n """ MBk+1,Bk'

The product map U x U — U, (u1, up) — ujus is positive. The positivity
of pj.i i follows. O
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Positivity of the potential )V;. Recall the positive function x on U.
Let x € Confi(A; B) be a generic configuration presented by (203). By
Lemma 6.3, each generic triple (B; 1, A, B ;1) has a unique representative

{B—, U, “gj-;u,BM - B7}. In this case u; in (76) becomes p;(x). Therefore
xA;(j) = x o pj(x). The potential Wy of Conf (A; B) becomes

Wi=> xop; (209)
jel

Since p; are positive morphisms, the positivity of Wy follows.
By Relation 2 of Lemma 6.2, we get

XOPj=XOPjj-1,i+XOPjik+T XODjk,j+1 (210)

All summands on right side are positive functions. By (209), the set
Conf;rd(.A; B)(Z") of tropical points such that W} > 0 is the set

{I € Conf1(A; B)(Z') | pl; (1) € US(Z') forall {i, j.k} € 207)}. (211)

Proof of Theorem 2.27. Recall the moduli space CoanOd(A; B) in Definition
2.26.

Lemma 6.13 A generic configuration in Confy(A; B)(K) is O-integral rela-
tive to J if and only if”g}f,Bk e U(O) forall {i, j, k} €(207).

Pl’OOf By definition L(A], Bk) = [g{Aj,Bk},{U,B*}] € Gr. Let {l, j, k} S (207)
Then

—1 A
L(Aj, Bx)=L(Aj,B) < 8(A;.B;).(U.B-)8(A}. By}, (UB} = ug, g, € GO).

The Lemma is proved. O

Let [ € Conf((A; B). Let x € C; be presented by (203). By Lemma 5.2,

”g,-j,Bk € U(O) if and only if p;;i’k(l) € U; (Z"). Theorem 2.27 follows from
Lemma 6.13 and (211). O

Tropicalizing the morphism (205), we get ni’/. : Confi(A; B)(Z!') —
H(Z') = P. '

Lemma 6.14 Let i, j € J. If | € Conf]_ (A; B)(Z'), then };(I) € PY.

Proof Since ni’j () = —wo(mw jt ; (D)), we can assume that there exists k such that
{i, j, k} €(207). Otherwise we switchi and j. Set A := Jrl.’j(l), up = pl?;k’j(l),
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Uy = p;‘;i,k(l)‘ We tropicalize (201):
X' (uz) =131€i}1{<k,ar) —Ri(up)}. (212)

If [ € (211), then x'(u1) > 0, x"(uz) > 0. By the definition of R, and y,
we get RL(u1) > x'(uy). Therefore R' (u;) > 0. Hence

Vrel, (Loa)= (o) —Rh(u) = x"(u2) >0 = 1 eP*.

7 Main examples of configuration spaces

As discussed in Sect. 1, the pairs of configuration spaces especially important
in representation theory are:

{Conf,(A), Conf,(Gr)}, {Conf(A”,B), Conf(Gr”,B)},
{Conf(B, A", B), Conf(B,Gr",B)}.

In Sect. 7 we express the potential V) and the map « in these cases under
explicit coordinates.

7.1 The configuration spaces Conf, (A) and Conf, (Gr)

Recall h;;, ufj in (189). Recall the positive birational isomorphism
a : Conf,(A) — H' ! x U" 2,
Al A (higy oo b ul ooty ). (213)

The potential VW on Conf,, (A) induces a positive function W, := Wou; -1

on H"1 x U"—2,

Theorem 7.1 The function

W (ha, ... by uo, oo up—1)
ai(hj) ai(hji1)
Z(x( ,)+ZR( " ;Tw) (214)

Proof By the scissor congruence invariance (89), we get W(A1, ..., A,) =
Z;’;; W(A1, Aj, Aji1). The rest follows from (209) and Lemma 6.5. O
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U —O—————>B"~

Fig. 36 The map w expressed by two different choices of frames {A;, By (;)}
Let us choose a map without stable points which is not necessarily a
bijection:
o:[l,n] — [1,n], ok) #k.
Letx = (A, ..., A,) € Conf?(A). Define

wi(x) := [gru,B-}({A1, B}, {Ak, Bat) D] € Gr. (215)

By the definition of Conf,(?(A), the map wy is independent of the map «
chosen. Define

o= (w3, ...,w,) : ConfO(A) — Gr", x — (02(x),...,wu(x)).
(216)

Consider the projection
iy : Gr""! — Confy(Gr), {La,...,La} > ([1].La,.... L)

Lemma 7.2 The map « in (97) is i1 o w.

Proof Here wi(x) = g(u,B-},{A;,B,}L(Ak, Ba(k)). In particular w;(x) = [1].
The Lemma follows. O

Below we give two explicit expressions of @ based on different choices of
the map «. We emphasize that although the expressions look entirely different
from each other, they are the same map. As before, set x = (A, ..., Ay) €
Conf%(A).

1. Let «(k) = k — 1. It provides frames {A;, B;_1}, see the first graph of
Fig. 36. Set

A —
gk = g1 (Ax, Bioi}, {Aks 1, B) = ugl | 5 haoa, wo.  (217)
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See Fig. 34 for proof of x. By (183), we get

wp(x) = [gu,B-}({A1, Bu}, {Ak, Bk—1DI = [g1 .- gk—1],  k € [2,n]
(218)

Therefore
o) = (gil,....[g1...gn—1]) € Gr" 1. (219)

2.Leta(k) = nwhenk # n.Leta(n) = 1. See the second graph of Fig. 36.
Set

b= b M ke [Lon =21 hy = ha, a,.
Then
wp(x) = [gu,B-)({A1, Bu}, {Ak, BpD] = [b1 .. . br—1],
kel2,n—11; wn(x) = [hn]. (220)
Therefore
wx) = (b1],...,[b1...by—2], [h,]) € Gr* ! (221)

7.2 The configuration spaces Conf (A", B) and Conf (Gr", B)
Consider the scissoring morphism

s : Conf (A" "1 B) — Conf (A" !, B) x Conf(A"t!, B),

(A1, ..., Apgnt1, Bo)— (A1, .o, A1, Bo) X (Apt1s -« o5 Amgnt1, Bo).
(222)

By Lemmas 6.6, 6.10, the morphism s is a positive birational isomorphism.
In fact, the inverse map of s can be defined by “gluing” two configurations:

% : Conf*(A™ !, B) x Conf*(A"*!, B) —> Conf (A"t B),

(a,b) —> a *x b. (223)
By Lemma 6.3, a has a unique representative {Ay, ..., A, U,B7},bhasa
unique representative {U, A/, ..., A/, B™}. We define the convolution product

axb:=(Ar,...,An, U /A, ..., A, B7). The associativity of the convolu-
tion product is clear.
Recall b/ in (189). Recall the morphisms 7, 717 in (192).
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Ay
Ag Ag A2 AB A
a3
A, Ay 5 "
B;
Bs B;  B;

Fig. 37 A map given by scissoring a convex pentagon

Theorem 7.3 The following morphism is a positive birational isomorphism

¢: Conf(A", B) — B!, (AL, ...,A. Bus1)

s (b,}_fl, B b;’;}’”) L4
Proof Scissoring the convex (n+1)-gon along diagonals emanating from n+1,
see Fig. 37, we get a positive birational isomorphism Conf (A", B) >
(Conf(A?, B))"~!. The Theorem is therefore reduced to n = 2. Recall a»
in Lemma 6.6. By Lemma 6.4, it is equivalent to prove that H x U—H x
U™, (h,u) — (B(u)h,n(u)) is a positive birational isomorphism. Since n
is a positive birational isomorphism, and § is a positive map, the Theorem
follows. O

The potential YW on Conf (A", B) induces a positive function W, = Woc™!
on (B7)" 1.

Lemma 7.4 The function

n—1
1 1
(b1, - bat) = 225
W, (b; 1) ZZ(EFONZ(bj)—FRi—on’r(bj)) (225)

j=1iel

Proof Note that

n—1
WAL ..., An, Buy1) = > WA}, Ajy1, Bug)
j=1
n—1
J Jj+1
= Z (X(“n+1,j+1) +x W, ) :
j=1
The Lemma follows directly from Lemma 5.8, (172) and Lemma 6.4. O
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n+1

Fig. 38 Frames assigned to (Ap, ..., An,Bui1)

Define

7 : Conf? (A", B) — Gr"~', (Ar,..., A > {[b)21, ... b)),
(226)

Consider the projection
ip : Gr'" "' — Conf(Gr", B), {La,...,L,}—> ([1],La,...,L,, B7).
Recall the map « in (109). As illustrated by Fig. 38, we get
Lemma 7.5 WhenJ] =1=1[1,n] C [1,n + 1], we have k = i o T.
7.3 The configuration spaces Conf (5, A", B) and Conf (5, Gr", B)
Recall r,ij in (198). Similarly, there is a positive birational isomorphism

p: Conf(B, A", B) — U™ x B)"™", (B, Az,....,Aus1,Buy2)

— (bt BT (227)

The potential ¥V on Conf (B, A", B) induces a positive function W, :=
Wop~lonU™ x (B7)"~!. We have

1
Wp(ri ba. .. by) = D —
ier i ()

1 1
. (228
* Z Z(ﬁi_oﬂl(bj)+7?,i_onr(bj)) (228)

2<j<niel

@ Springer



596 A. Goncharov, L. Shen

Fig. 39 Frames assigned to (B, A, ..., A;+1,Bp42). Here rr(AT) =B

n+2

Recall the map « in (109). Define

7, : Conf¥ (A, B", A) —> Gr", (B, As,....,Aus1.Byi2)

0
1,2 1,2 ;2,3 1,2 ;2,n+1
(|:rn+2] ’ I:rn+2bn+2] LA |:rn+2bn+2 ]) .

(229)
Consider the projection
is : Gr" — Conf,, (B, Gr", B), {La, ..., Lyy1}— B, La, ..., L,41,B7).

Let x = (B1, Aa, ..., Aut1. Buya) € Conf§ (A, B", A). Let A} € Abe
Al A2 12
Bnt2 =T

the preimage of B such that b w2
Lemma 7.6 WhenJ =1=1[2,n+ 1] C [1,n + 2], we have k = iy o T;.

As illustrated by Fig. 39, we get

8 Proof of Theorems 2.24 and 2.36
8.1 Lemmas

LetY = Y x...x Y beaproduct of positive spaces. The positive structure on
Y isinduced by positive structures on );. Let y; € V7 (K). Let (yi,1, ..., Yin;)
be the coordinate of y; in a positive coordinate system c¢;. Define the field
extension

Qs -y 30 = Q (IO, - iYL, s iDGkng)) - (230)

Thanks to (155), such an extension is independent of the positive coordinate
systems chosen.
Recall the morphisms 7, 7, in (192).
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Lemma 8.1 Fixi € I. Let (b,c) € (B~ x G,,)°(K). Recall y;(c) € U™ (K).
Then b’ :=b - y;(c) € (B7)°(K).

Moreover, ifval(R; o, (b)) < val(c), thenval(b’) = val(b) and Q(b’, ¢) =
Q, ¢).

Proof Let b = h - y. Fix a reduced word for wg which ends with i,, =
i. It provides a decomposition y = y; (c1)...Yi,(cm). Then b’ = h -
vi,(c1) ... yi, (cm + ¢). The rest is clear. O

Lemma 8.2 Let (b, h) € (B~ x H)°(K). Then b’ := b - h € (B™)°(K).
Moreover, if h € H(C), then val(b’) = val(b) and Q(b’, h) = Q(b, h).

Proof Letb =y - hp. The rest is clear. O
Lemma 8.3 Let (b, p) € (B~ x B7)°(K). Assume p € B—(C).

L. Ifval(R; om, (D)) <0 foralli € I, then b - p is a transcendental point.
Moreover

val(b - p) = val(b), Q- p, p) = Q(, p).

2. Ifval(L; om(b)) <0 foralli € I, then p~ ' b is a transcendental point.
Moreover

val(p~' - b) = val(b), Q(p~'-b, p) = Q(b, p).

Proof Combining Lemmas 8.1-8.2, we prove 1. Analogously 2 follows. O

8.2 Proof of Theorem 2.36.

Our first task is to prove Theorem 2.36 for the cases when I = [1,n] C
[1,n+1].

LetJ = {ji1,..., jm} C L Recall Wy in (110). Let/ € Conf (A", B)(Z") be
such that Wj () > 0.

Letx € C;. Recall the map ¢ in Theorem 7.3. Set ¢(X) := (b1, ..., b,—1) €
B HK).

Lemma 8.4 For everyi € I, we have

1. val(L; om(b;)) <0ifje[l,n—1]1N]J,
2. val(R; omr(br-1)) <0ifk € [2,n]N].

Proof Let j € [1,n — 11N J. By definition b; = b’ "*'. By Lemmas 5.8,

6.4, we get
_ A
val(£] o m(b)) = —val (xi (3!, 5,,,)) = = x4, < 0.
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The second part follows similarly. O

As illustrated by Fig. 38, we see that
x=(g1-U,g-U,...,g,-UB"), gi:=1, gj:==0b1...0j—1, j€[2,n].

If j €J, thenL; :=L(g;-U,B7) = [g;] € Gr. Therefore

_ i if j €,
) = (1 B = [([giJ]U otl{erwise.

Let {Aj,...,Aj,} € A™(C) be a generic point in the sense of algebraic
geometry. Define

Aj ifjel,

. / / / n. /o
y = (A}, A}, ..., A, B7) € Conf(A"; B), A [g] U ofherwice.

Let F € Q4(Conf(A"; B)). By the very definition of Dp, we have
D (k(x)) = val(F(y)).

Since {Aj,, ..., Aj,} is generic, it can be presented by
{Ajl, e, Ajm}ZZ{pjl -U, ..., DPjm - U}, pz{pjl, e, pjm} e (B)"™(C).
(231)
We can also assume that (X, p) is a transcendental point, so that
(c(®),p) € (B 1) (K). (232)
Set p;j = 1for j ¢ J. Keep the same p; for j € J. Then
y=@p1-U....gapn-UB): c(y) = (bi1.....0a1),
bj = p;lbjpj_;,_l € B7(K).
By Lemmas 8.3-8.4, we get
Q(C(X)’p) Q(bl7" }’l 1, plla---spim)
_Q(b17 n l’pllv"'api,n):
_Q(blv }’l 1s plla--'apim) =Q(C(y)ap) (233)
val(bj) = val(bj), Vjell,n—1]. (234)

Therefore (c(y),p) € ((B7)™t"~1)°(K). Thus c(y) is a transcendental
point. Since val(c(y)) = val(c(x)) = ¢’ (), we gety € C/. By Lemma 2.13,
val(F (y)) = F'(l). Theorem 2.36 is proved.
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Now consider the general cases when J C I C [1, n]. Consider the positive
projection

di = prod : Conf(A"; By -4 Conf,(A) <> Confi(A: B).

Here the map d kills the last flag B,,+1. The map pr keeps A; intact when
i €1, and takes A; to w(A;) otherwise.

Lemma 8.5 Let [ € Conf;rd(.A; B)(Z!). There exists I' € Conf(A"; B)(Z")
such that Wi (") > 0 and d{(I") = L.

Proof We prove the case when J contains {1, n}. In fact, the other cases are

easier. Let x = (Aq, ..., Ay, By11). Consider a map u : Conf(A"; B) — U
given by x uSJH’B”. Then

Wi(x) = Wy(Ar, ..., Ay) + W(AL, Ay, Bug) = Widi(x))
A A,
TX (”BiH,Bn) X (”BI,BHH)

n(d
— W) + x ) + 3 D) (235)
iel

Ri(u(x)) -

By Lemma 6.14, we have A = n{ﬁ(l) € PT. Clearly there exists I €
Conf (A"; B)(Z") such thatd{ (I') = and u’(I') = 0 € U(Z'). We tropicalize
(235):

Wy(l') = min [th(l), x'(0), mi}l{()», ai) — R?(O)}]
IAS
= min [WJ’(I), 0, mi;l{()»,ozi)}] =0.

O

Let /,1" be as above. Let x € C;. Clearly there exists z € C;; such that
di(z) = x. For any F € Q4 (Conf{(A; B)), we have

DF(k(X)) = Drod;(k(2)) = (F odp)' (I') = F' o d{(I') = F' (D).

The second identity is due to the special cases discussed before. The rest
are by definition.
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9 Configurations and generalized Mircovi¢-Vilonen cycles
9.1 Proof of Theorem 2.35

In this section we use extensively the notation from Sect. 6.2, such as ugf By

r&l’Az € U~. We identify the subset A, in Theorem 2.35 with the subset

A, C UF(Z") in (159) by tropicalizing

a:Conf(B, A, B) —> U, (B1,A2.B3)r— up’y.  (236)

Thanks to identity 4 of Lemma 6.4, the index v for both definitions match.

Proof of Theorem 2.35 (2). Let | € A,. Let x = (B1,A2,B3) € (/. By
Lemma 6.4, rgg’Az - n(ug;B3>. Recall kgam in (161). Recall i, in (126). By
Lemma 7.6, we get

k) = (B, [rgr ™| B7) = (B, ke (152 5, ) - BT) = s (kkam @(0))).
(237)
Recall MV, in (162). Then M; = i;z(MV;). Thus (2) is a reformulation of
Theorem 5.4.
(1). Recall the map

pi: Conf(A A B) — U, (A, A2, B3) — ugl g i=1,2.
(238)

Recall the map t defined by (226)
7 : Conf(A, A, BY(K) — Gr, (A1, Ay, B3) —> [bp!"™?]. (239)

Note that p} induces a bijection from Pf to A;_,. The MV cycles of
coweight (A — u, 0) are

KKam © pZ(ClO) = KKam(C;é(l)) = MVPE(I)’ l e Pﬁf.
Letx = (A1, Az, B3) € C;. Note that

v = [bpi ™| = [ A | = @) - e (P20,

where [u(x)] = [MS;AZ] ="
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We get (C;) = t# - MVpé(l). They are precisely MV cycles of coweight

(A, w). Recall the isomorphism 7 in (121). Clearly M; = i(z(C})). Thus (1)
is proved.
(3). The set B} is a subset of P}’ such that p{(B}) C U} (Z'). By Lemma

6.14, BY is empty unless & € PT. So we assume A € P*. Let/ € P} Let
x = (A1, A2,B3) € (. By Lemma 6.2,

v = [62] = [uf! pharasoug? p, | = preo - rh. (240)

The last identity is due to p5(l) € U;(r (Z") (hence ugf’Bg e U(0)).
By Lemma 5.12, 7(x) € Gr; if and only if p(l) € UF(Z"). Therefore

7(C}) C Gy, < pi() e US(Z) <1 € BY. (241)
The rest follows from Lemma 7.5. O
9.2 Proof of Theorems 2.31, 2.33, 2.34

By Theorem 2.35, we have

stonsk=JN. st NG =) M, (242)

1ePy leBY

Here N; (resp. M;) are components containing 7 (C;) as dense subsets. They

are all of dimension (p, A — u). The closures N; = 7(C;) are MV cycles.

Proof of Theorem 2.31. Scissoring the convex (n+2)-gon along diagonals
emanating from the vertex labelled by n+2, see Fig. 37, we get a positive
birational isomorphism between Conf (A" !, B) and (Conf (A2, B))". Its trop-
icalization provides a decomposition

Pl = |_| P/ x B2 x By A=(ha. .. d) e P
M1t pp=p

(243)

Letl=(,...,1,) € P’;, ;.- We construct an irreducible subset

C :={(b1], [b1b2], ..., [b1by...b,])) € G | b; € B~ (K),
[b1] € Ny, [bi]l e My, i € [2,n]}.

By induction, C; is of dimension (p, A + Az + ...+ A, — ).
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Lemma 9.1 Recall the subvariety Grf a in (122). We have Gr’; a= UC; where
1P, .

Proof Thanks to the isomorphism B~ (K)/B~(O) > Gr, each x € Gr’;’ N

can be presented as ([b1], [b1b2] ..., [b1...b,]), where b; € B™(K) for all
i € [1, n]. By the definition of Grik, we have

[bi] € Gry,, Vi € [2,n]; [b1] €S}, [b1...by] €Sl

Letpr : B~ (K) - H(K) — H(K)/H(O) = P be the composite of standard
projections. Set pr(b;) := w;. Then [b;] € Sh).

Wheni = 1, [b1] € S}y N SE. Thus [b1] € Ny, for some /; € P

When i > 1, [b;] € Si), ﬂGrA Thus [b;] € My, for some [; € B”’

Note that ;u1+...+u, = pr(by)+...+pr(b,) =pr(by...b,) = . Thus
[:=U,.... 1) € P‘;&. By definition x € C;. Therefore Grkﬁ& C UlEPf-ACI'

The other direction follows similarly. m|

Let/ € P, . Recall the map

T : Conf(A" ', B) — Gr", (A1, ..., Aus1, Bui2)
A1,A Al Apyl
— ([ o).

Clearly 7 (C;) is a dense subset of C;. Recall the isomorphism i in (121). Fol-
lowing Lemma 7.5, the isomorphism i identifies 7 (C;) with M;. By Theorem
2.36, the cells M7 are disjoint. Theorem 2.31 follows from Lemma 9.1. O

Proof of Theorem 2.33. The group H(K) acts diagonally on Gr". Let h €

H(K) be such that [A] = ¢". Then A - Grg_k = Grgj_':lk. One can choose h

such that [#] = t~*. The rest follows by the same argument in the proof of
Theorem 2.31. o

Proof of Theorem 2.34. By definition BA e P . . The Theo-

rem follows by the same argument in the proof of Theorem 2. 31 O

9.3 Components of the fibers of convolution morphisms

Let A = (A1, ..., Ay) € (PT)". Recall the convolution variety Gry, in (119).
By the geometrlc Satake correspondence, IH(GrA) =V, =V, ®...0V,,.

Set [A| ;= A1+ ...+ A,. Set ht(A; ) := (p, |A| — ). The convolutlon
morphism mj, : Gr& — Gry,, projects (L, ...,L,) to L,. It is semismall,
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Fig. 40 The projection 73 A,
induces a bijection
t.RpH H—A2
73 B/\l’k2 — B)\1 3
A1 A2
\
A B A A >'Bs

i.e. for any i € PT such that 7 € Gryy, the fiber m)fl(t“) over t* is of top
dimension ht(; ). See [65] for proof.
By the decomposition theorem [8], we have

IH(Gry) = @ F, ® IH(Gry).
w

Here the sum is over u € P such that t* C Gry,, and F), is the vector
space spanned by the fundamental classes of top dimensional components of
m;1 (™). As a consequence, the number of top components of m;1 (") equals

the tensor product multiplicity ci‘ of V, in Vj.
Recall the subsets Cff in (84). By Lemma 6.14, the set Cf is empty unless
(u, A) € (PT)"+1 Recall the map w in (216). In this subsection we prove

Theorem 9.2 Let Tf be the set of top components of m)fl (t"*). For eachl €

C’; , the closure w(C}) € T’; . It gives a bijection between C’; and Tﬁf .

First we prove the case when n = 2. In this case, the fiber m;ll AZ(t“) is
isomorphic to

{L € Gr|(L.1") € Gry, ) = Gry, N1#Gryy.

Here )»} := —wp(Az) € PT. The following Theorem is due to Anderson.
Theorem 9.3 [3] The top components of GTM N IMGT_AZ are precisely the MV
cycles of coweight (A1,  — A2) contained in Gr;, N tMerg-

Recall the positive morphisms

pi: Confa(A) — U, (A, Ay As) —> upy . i€Z/3

Let us put the potential condition on two vertices, see the left of Fig. 40,
getting

B , :={l € Conf3(A)(Z") | (m2. w23, m3)" (1) = (A1, A2, o),
pi) e US(Z"), ph(l) e US(ZH).
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Consider the projection 73 : Conf3(A) — Conf(A%, B) which maps
(A1, Az, Az) to (A, Ay, B3). Its tropicalization né induces a bijection13 from

B! , toB} "2 Recall , in (220). By (241), the cycles

oG =7 ). 1eB)

are precisely MV cycles of coweight (41, u — A7) contained in Gr;, .
Let] € th)»z' Letx = (A1, Az, A3) € C;. By identity 2 of Lemma 6.2,

w2 (x) = [m13(0)Wo - (p3(x) '3 (x)],

where [713(x)] = t#, [ (x)] = 1.
Therefore

wr(x) € IMGI‘)LE/ et P (x) € GI‘)\E/
&= 17 w00 - [(p3(0) ™' maa(0)] € Gy

= (p3(x)7" -2 € Gryy.-

Here the lastequivalence is due to the fact that 1 ~#3w0 € G(0O). Therefore
for any [/ € B‘;Mz’

[e] —~. (o) _1 v —~.
®2(C)) C t'Gryy <= (p3(C))~ - 1*2 C Gryy
By Lemma 5.2, Lemma 5.12, and the definition of C’;l’ 50 We get

(p3(C)) ™" 1M1 € Gy = (p3(C)) ™' € U(O) <= p3(C7) € U(O)
< pi() € U;(Z’) —le Cl;mz-

Let/ € Cibl,h. Letx = (A1, Ar, A3) € Clo. Note that w3(x) = [hAl,Ag,] =

t*. Therefore w(x) = (wy(x), w3(x)) € m;l{kz(t“). The rest is due to Theo-
rem 9.3.

I3 Thereis a positive Cartan group action on Conf3(A)(Z’) defined via
H x Conf3(A) —> Conf3(A), & x (Ay,Ap, A3) —> (A1, Az, A3z -h).

Its tropicalization determines a free H(Z!)-action on Conf3(A)(Z"). By definition, one can thus
identify the H(Z')-orbits of Conf3(A)(Z") with points of Conf(A, A, B)(Z"). Note that each

. H—A2 . -4 t - .
element in Bkl has a unique representative in B Mo Hence the map 73 is a bijection.
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Now let us prove the general case. Consider the scissoring morphism

¢ = (c1, ¢3) : Conf,11(A) —> Conf, (A) x Conf3(A),
(Alv cee An+1) [ (Al’ ceey Anflv Al’l+1) X (An*l’ Ana An+1)
(244)

Due to the scissoring congruence invariance, the map ¢’ induces a decom-
position

o= xC (245)

veP+

Proposition 9.4 The cardinality of Cf is the tensor product multiplicity c‘f of
V. in V. a ;

Proof Decomposing the last tensor productsin V; ® ... ® (Vy,_, ® V;,,) into

a sum of irreducibles, and tensoring then each of them with V;, ® ... ® V;, ,,
we get

w _ W v
Chtyeshn = Z SR SRR STy
vePt+

As a consequence of n = 2 case, |CK’ u' = CK’ u The Lemma follows by
induction and (245). o

Lemma 9.5 Forl e le , the cycles w(C}) are disjoint.

Proof By Lemma 7.2,k (C;) = i1 ow(C;). The Lemma follows from Theorem
2.24. O

Lemma 9.6 Foranyl € Cﬁ, we have w(C;') C m&_l(t“).

Proof Letx = (Ay, ..., Apt1) € CJ. Recall the expression (219). We have

e |, A — | _ A Ai .
[gi] = [uBi_lmehAi,AMwo] =upl 5. 1% €Gn,. icllnl

Thus w(x) € Gr;. Meanwhile m, o w(x) = [ha, a,,,] = t". The Lemma
is proved. o

Lemma 9.7 Let! € C’f . The closure w(C}) is an irreducible variety of dimen-
sion ht(A; ). ;
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Proof By construction, w(Cy) is irreducible. Note that mk_l(t“) is of top

dimension ht(A; u). By Lemma 9.6, dim TCIO) < ht(A; n). To show that
dim TCZO) > ht(A; i), we use induction.

Set 7y _;,.1() = v. Recall ¢ = (c1,¢2) in (244). Then c{(I) €
C’;l ..... ho s C2(D) € €5, . Consider the projection

pr : a)(clo) — Grn_la (Ll’ . '7LI’L717LI1) — (le e 7Ln727Ll’l)

).Letb=(Ly,...,L,—2,L,) € o(C°

Its image pr(w(C))) = o (C? o (,))-

el
The fiber over b is
prl(b) :={LeGr|(L,...,L,2,L,L,) € (C))}.

Lety = (Aq,..., A1, Apy1) € Co,(l)

by ?n ".Forany x € Cf suchthatcy (x) = y, we have pr(w(x)) = o(y) =
By (220) we have

such that w(y) = b. Set b,

on1(0) = [BR1A] = by - wa(e2@)) € prt ),

Then it is easy to see that by - w2(C% ;) C pr—1(b). Therefore

5 ()

dim a)(C°) > dim a)(C + dim a)(C

The case when n = 2 is proved above. The Lemma follows by induction.
O

Proof of Theorem 9.2 By Lemmas 9.6,9.7, the map C;, —> T,l —> w(C})
is well-defined. By Lemma 9.5 and the very construction of the cell C7, it is
injective. Since |Cf{| = |T’;f| = cA , the map is a bijection. ]

9.4 Proof of Theorem 2.20

We focus on the case when . = 0 for Cff . Consider the scissoring morphism

¢ = (c1, ¢3) : Conf, 41 (A) —> Conf,(A) x Conf3(A),
(A, oo Apy Apg) > (Ar, .o Ap) (AL Ay A
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Due to the scissoring congruence invariance, the morphism (c’l, cé) induces
a decomposition

0 _ 0
Ci - |_| C)\1 ,,,,, An—1,V X CvV,A,l‘

Note that Cgv’ . is empty if v # A,. Moreover |C2X’ knl = 1. Thus ¢ :
CY — C, is a bijection.

“Consider the shifted projection
ps . Gr* — Conf,(Gr), {Li,...,L,} — (L,,Ly,...,L,_1).

Lemma 9.8 Let | € C3. Then ps o o (C) = k(C5, )
- 1
Proof Let x = (A,....Au1) € Cf. Then u := up' 5 € U(O). Let
y:=ci(x) € C;’t](l).
Recall w; in (215). Then w;4+1(x) = [1]. Fori € [2, n], we have

w; (x) = [gqu,B-1({A1, But+1}, {Ai, BiD] = u - [gju,-)({A1, Bu}, {Ai, Bi})]
=u-wi(y).

Therefore

Ps 0@ (x) = (Wpg1(X), u - 02(y), ..., u - wu(y))
= ([11, @2(y), ..., 0u(¥)) = k(y).

Here the last step is due to Lemma 7.2. Since ¢1(C;) = C the Lemma

aa
is proved. o

Recall Gr.(;) and the set T, of its top components in Theorem 2.20. The
connected group G(O) acts on Gr(y). It preserves each component of Gr;,).
So these components live naturally on the stack Conf, (Gr) = G(O)\([1] x
Gr* 1.

Recall the fiber mk_l([l]) and the set Tg in Theorem 9.2. Note that
ps(m; ' ([11)) = G(O)\Gr.q) C Conf,(Gr). It induces a bijection T) —
T,. ;

Proof of Theorem 2.20. By Theorem 9.2 and above discussions, there is a
chain of bijections: C; —> CY — T —— T;,. By Lemma 9.8, this chain is
achieved by the map «. The Theorem is proved. O

@ Springer



608 A. Goncharov, L. Shen

10 Positive G-laminations and surface affine Grassmannians

A decorated surface S comes with an unordered collection {sy, ..., s,} of
special points, defined up to isotopy. Denote by S the boundary of S. We
assume that 9.5 is not empty. We define punctured boundary

o~

38 := 385 — {S1, ..., 5. (246)

Its components are called boundary circles and boundary intervals.

Let us shrink all holes without special points on S into punctures, getting a
homotopy equivalent surface. Abusing notation, we denote it again by S. We
say that the punctures and special points on S form the set of marked points
on S:

{marked points} := {special points s1, ..., s,} U {punctures}.

Pick a point xs; in each of the boundary intervals. The dual decorated surface
xS is given by the same surface S with the set of special points {xs7, ..., *s,}.
We have a duality: * xS = S.

Observe that the marked points are in bijection with the components of the
punctured boundary 5(* S).

10.1 The space Ag, s with the potential W

Twisted local systems and decorations. Let T’ S be the complement to the zero
section of the tangent bundle on a surface §. Its fiber T’y at y € S is homotopy
equivalent to a circle. Let x € T/ S. The fundamental group 71 (T’S, x) is a
central extension:

0 — 71 (T}S, x) — 71(T'S, x) — 71(S, y) — 0, 7 (TS, x) =Z.
(247)

Let £ be a G-local system on T’ S with the monodromy sg around a generator
of (T’yS , x). Let us assume that G acts on £ on the right. We call £ a rwisted
G-local system on S. It gives rise to the associated decorated flag bundle
L4 =L xg A R

Let C be a component of d(xS). There is a canonical up to isotopy section
o : C — T/C given by the tangent vectors to C directed according to the
orientation of C. A decoration on L over C is a flat section of the restriction
of L4 to o (C).
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Definition 10.1 [17] A twisted decorated G-local system on S is a pair (£, «),
where £ is a twisted G-local system on S, and « is given by a decoration on
L over each component of 9(xS).

The moduli space Ag, s parametrizes twisted decorated G-local systems on
S.

Abusing terminology, a decoration is given by decorated flags at the marked
points.
Remark. Since the boundary 9§ of S is not empty, the extension (247) splits:

(TS, x) = 7y (T’yS, x) X 71(S, y).

However the splitting is not unique. As a space, Ag,s is isomorphic,
although non canonically if sg # 1, to its counterpart of usual unipotent
G-local systems on S with decorations. The mapping class group I's acts
differently on the two spaces. For example, when S is a disk D, with n
special points on the boundary, then I'p, = 7Z/nZ. Both moduli spaces
are isomorphic to the configuration space Conf,(A). The mapping class
group Z/nZ acts on the untwisted moduli space is by the cyclic rotation
(A1, ..., Ap) = (A, Aq, ..., Ay_1), while its action on Ag p» is given
by the “twisted” rotation

(A17A25 ---aAn) > (Al’l 'SG’A19 "'7A}’l—1)'

Theorem 10.2 (loc.cit.) The space Ag. s admits a natural positive structure
such that the mapping class group Us acts on Ag. s by positive birational
isomorphisms.

Below we give two equivalent definitions of the potential )V on Ag _s.
Potential via generalized monodromy. A decorated flag A provides an iso-
morphism

in 1 Ua/[Ua, Upl —> @genAl. (248)

Let ¥ : ®genAl — Al be the sum map. Then xyp = X oia. This charac-
terizes the map ia. R

Let us assign to each component C of d(xS) a canonical rational map,
called generalized monodromy at C: uc : Ag,s — ®gernAl. There are two
possible cases.

(i) Thecomponent Cisaboundary circle. The decoration over Cis adecorated
flag Ac in the fiber of £ 4 on C, invariant under the monodromy around
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C. It defines a conjugacy class in the unipotent subgroup Ua. preserving
Ac. So we get a regular map

i
e s Ac.s — Uac/[Uac, Uacl = @qenAl

(i) The component C is a boundary interval on a hole /. The universal cover of
h is aline. We get an infinite sequence of intervals on this line projecting to
the boundary interval(s) on /. There are decorated flags assigned to these
intervals. Take an interval C’ on the cover projecting to C. Let C_ and C/,
be the intervals just before and after C'. We get a triple of decorated flags
(A_, A, Ay) sitting over these intervals. There is a unique u € Uy such
that B = u-B_, where BL = m(AL) € B.Projectingu toUa /[Ua, Ual,
we getamap uc : Ag.s — @genAl. It is clear that uc does not depend
on the choice of C'.

Composing the generalized monodromy ¢ with the sum map @genA! —
Al we get

We =S ouc: Ag.s — A, (249)
called the potential associated with C.
Definition 10.3 The potential JV on the space Ag s is defined as

W= > We. (250)
components C of 5(x5)

Potential via ideal triangulations.

Definition 10.4 An ideal triangulation of a decorated surface S is a triangula-
tion of the surface whose vertices are the marked points of S.

Let T be an ideal triangulation of S. Pick a triangle # of 7. The restriction
to ¢ provides a projection'* 7, from Ag.s to Conf3(.A). Recall the potential
Wis on the latter space.

Definition 10.5 The potential on the space Ag s is defined as

W= > Wi o 7;. (251)
triangles r of T

14 1f the vertices of ¢ coincide, one can first pull back to a sufficient big cover S of S, and
then consider the restriction to a triangle t C S which projects onto ¢. Clearly the result is
independent of the pair # C S chosen.
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Changing T by a flip we do not change the sum (251) since the potential on
a quadrilateral is invariant under a flip (Sect. 2). Since any two ideal triangu-
lations are related by a sequence of flips, the potential (251) is independent of
the ideal triangulation 7" chosen.
The above definitions are equivalent. There is a natural bijection between
the marked points, that is the vertices of 7', and the components of d(xS).
Working with definition (251), the sum over all angles of the triangles shared
by a puncture is the potential W assigned to the corresponding boundary
circle. A similar sum over all angles shared by a special point is the potential
We assigned to the corresponding boundary interval. Thus the potentials (250)
and (251) coincide.
Positivity of the potential V. In the positive structure of Ag, g introduced
in [17], the projection 7r; : Ag s — Conf3(A) is a positive morphism. By
Theorem 2.5 and (251), we get

Theorem 10.6 The potential VV is a positive function on the space Ag_s.

Positive integral G-laminations. We define the set of positive integral G-
laminations on S:

A s =l € A s(Z") | W' () = 0}. (252)

By tropicalization, the mapping class group I'g acts on Ag_ s(Z"). The poten-
tial W is I"g-invariant. Thus I'g acts on the subset Aa S(Zt ).
Partial potentials. Given any simple positive root ¢, there is acomponent x 4
of the character x4 so that ya = Zael’[ XA.«- Let S be a decorated surface.
Then to each boundary component C € 9 (xS) one associates a function W¢ 4.
It is evidently invariant under the action of the mapping class group I'g of S.

Theorem 10.7 Let S be a surface with n holes and no special points. Then the
algebra of regular T s-invariant functions on the space Ag_s is a polynomial
algebra in ntk(G) variables freely generated by the partial potentials W¢ ,
where C run through all boundary circles on S, and o are simple positive
roots.

Proof 1t is well known that the action of the mapping class group I's on the
moduli space Loc‘g" s of unipotent G-local systems on a surface § with holes
is ergodic. So there are no non-constant I"g-invariant regular functions on this
space. On the other hand, there is a canonical I"g-invariant projection given by
the generalised monodromy around the holes:

Acs — [ @bl
holes of s

Its fiber over zero is the space Locg ¢. O
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10.2 Duality conjectures for decorated surfaces

Definition 10.8 The moduli space Locg s parametrizes pairs (£, y), where
L is a twisted G-local system on S, and y assigns a decoration on L to each
boundary interval of 9 (xS).

It is important to consider several different types of twisted G-local system
on S which differ by the data assigned to the boundary. Recall that components
of the punctured boundary (xS) are in bijection with the marked points of S.
There are three options for the data at a given marked point, which could be
either a special point, or a puncture:

(1) No data.

(2) A decoration, that is a flat section of the associated decorated flag bundle
L 4 near m.

(3) A framing, that is a flat section of the associated flag bundle £z near m.

In accordance to this, there are five different moduli spaces:

e Ag s: decorations at both special points and punctures.

e Locg s: no extra data.

e Locg, s: decorations at the special points only. No extra data at the punc-
tures.

e PG, s: decorations at the special points, framings at the punctures.

e A s: framings at the special points and punctures.

If S does have special points, it is silly to consider Locg, s since it ignores
them.

If S has no punctures, then (besides Locg,s) there are three different moduli
spaces:

Ag,s =Locg,s, Pg,s. Xg,s.

If S has no special points, i.e. it is a punctured surface, there are three
different moduli spaces:

Ag,s, Locgs =Locgs, Pcs=AXas-
Duality conjectures interchange a group G with the Langlands dual group

GL, and a decorated surface S with the dual decorated surface *S 13 Here are
some examples.

15 Although the decorated surface %S is isomorphic to S, the isomorphism is not quite canonical.
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If S has no special points, the dual pairs look as follows:

Ag,s isdualto Pgr g = AgL.s. (Acs, W) isdualto
£0CGL,*S = LOCGL,*S’

If S does have special points, the moduli space AG_s plays a secondary role.
The key dual pair is this:

(Ag,s, W) isdualto Locge ,g-

There are plenty of other dual pairs, obtained from this one by degenerating
the potential, and simultaneously altering the dual space. Let us discuss some
of them.

Generalisations. Let us assign to each marked point m of S a subset [, C I,
possibly empty.

First, let us define a new potential on the space Ag s. Observe that any
non-degenerate additive character xy of U is naturally decomposed into a sum
of characters parametrised by the set of positive simple roots: x = > ., Xi-
Then, replacing in the definition of the potential at a given marked point m the
nondegenerate character x by the character »; 1, Xi» we get a new function
W, 1, at m, and set

W{Im} = Z Wm,lm- (253)
marked points m on §

Next, let us define a modified moduli space Pg? }* 5

Recall that for each simple positive root «; there is a G-invariant divisor in
B x B. Let D; be its preimage in A x A. We say that a pair (A1, Az) € Ax A
is in position I — I, if (A1, A2) € A x A —Ujer—1, Di.

Recall that Cy, is the boundary component of xS matching a marked point
mon S.

Definition 10.9 The moduli space 7?({}12” }* ¢ parameterizes twisted GE-local sys-
tems on S plus

a) Areduction of the structure group G* near each puncture m to the parabolic
subgroup of type I — Iy,.
b) A decoration at every boundary interval C,, of %S such that

e The decorated flags at the ends of the boundary interval C,, are in the
position I — I;,.

Soif I = I, the data a) is empty, and the condition b) is vacuous.
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Finally, we consider the largest subspace
A{Im C AG S

on which the potential W;,,) is regular. This condition is vacuous at punctures,
and boils down to the e-condition from Definition 10.9 at boundary intervals

of xS. So if 1,, = ¥ at every special point m, then .AGI"E = Ag,s.

IW! [Wl

Conjecture 10.10 (A", Wy,)) is dualto PLy .

Let us now formulate what the Duality Conjecture tells about canonical

bases for the most interesting moduli space Locg: g, leaving similar formula-
tions in other cases as a straightforward exercise.

Duality Conjecture for the space Locg. ,g. The group I's acts on the set

AL ¢(Z"), and on the space O(LocgL ) of regular functions on Locger -

Conjecture 10.11 There is a canonical basis in the space O(LocgL ) para-
metrized by the set A&L §(Z"). This parametrization is I g-equivariant.

Example. 1If S is a disc D, with n special points on the boundary, then
I'p, = Z/n’Z. Theorem 2.6 provides a I" p, -equivariant canonical basis. Thus
Conjecture 10.11 is proved.

If G = SL, (or G = PGL»), then [17] provides a concrete construction of
the I"g-equivariant parametrization, using laminations.

The following Theorem tells that the set Ag, §(Z") is of the right size.

Theorem 10.12 Given an ideal triangulation T of a decorated surface S,
there is a linear basis in O(LocgL ) parametrized by the set Ag S(Z’).

Remark. The parametrization depends on the choice of the ideal triangulations.
In particular, it is not I"g-equivariant.

Proof The graph I' dual to the triangulation 7 is a ribbon trivalent graph
homotopy equivalent to S. An end vertex of I' is a univalent vertex of the
graph. It corresponds to a boundary interval of 9S. Let Locge  be the moduli
space of pairs (£, y), where £ is a GL-local system on ", and y is a flat section
of the restriction of the local system L 4 to the end vertices of T".

Choose an orientation of the edges of I'. Let V (I") and E (I") be the sets of
vertices and edges of I". Pick an edge E = (v, v2) of I, oriented from v; to
v>. Given a function A : E(I') — P, we assign irreducible GL-modules to
the two flags of E, denoted V), E:

Vi, By = VaE), Vi, E) = Vowyu(E))-
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lamination on a surface with
two holes, with 2 + 3 special

points N 1S

Fig. 41 An integral .

According to [17, Section 12.5, (12.30)], there is a canonical isomorphism

GL

Oloce)= P Q) | X Vawn (254)

{(MET)— PtyveV() \(v,E)

The second tensor product is over all flags incident to a given vertex v of
I'. By Applying Theorem 2.6 parametrizing a basis in the G%-invariants of
the tensor product for each vertex of T, it follows that O(Locge ) admits a
linear basis parametrized by AE}L, S(Zt ). Note that the central extension (247)
is split. Following the remark after Definition 10.1, the moduli space Locge ¢
is isomorphic to Locge . The Theorem is proved. O

10.3 Canonical basis in the space of functions on Locsy, s

Given any decorated surface S, there is a generalisation of integral laminations
on S.

Definition 10.13 Let S be a decorated surface. An integral lamination / on §
is a formal sum

l = Z”i[ai] + ij[ﬂj], ni,mj € Zy. (255)
J

i

where {a;} is a collection of simple nonisotopic loops, {8;} is a collection
of simple nonisotopic intervals ending inside of boundary intervals on 95 —
{s1, ..., sy}, such that the curves do not intersect, considered modulo isotopy
(Fig. 41). The set of integral laminations on S is denoted by Lz(S).

Let Mong (£, ) be the monodromy of a twisted SLj-local system (L, )
over a loop @ on S. R

Let us show that a simple path 8 on S connecting two points x and y on 9.5
gives rise to a regular function Ag on Locsy,, s.

Let (£, o) be a decorated SLy-local system on S. The associated flat bundle
L 4 is a two dimensional flat vector bundle without zero section. Let v, and
vy be the tangent vectors to 9§ at the points x, y. The decoration « at x and

@ Springer



616 A. Goncharov, L. Shen

y provides vectors [ and [, in the fibers of £ 4 over v, and vy. The set Sg of
non-zero tangent vectors to 8 is homotopy equivalent to a circle. Let us connect
vy and vy by a path p in Sg, and transform the vector /, at v, to the fiber of
L 4 over vy, getting there a vector /. We claim that A(l, [,) is independent
of the choice of p. This uses crucially the fact that £ is a twisted local system.
So we arrive at a well defined number A(ly, ) assigned to (£, o). We denote
by Ag the obtained function on Locs,, 5.

Given an integral lamination / on § as in (255), we a regular function M;
on Locgy, s by

M (L, a) = HTr (Mongé (L, a)) H A’;f (L, ).
i J

Theorem 10.14 The functions M;, | € L7(S), form a linear basis in the space
O(LOCSLZ,S).

Theorem 10.15 For any decorated surface S, there is a canonical isomor-
phism

AboL, s(Z) = Lu(S).

Theorem 10.15 is proved similarly to Theorem 12.1 in [17]. Notice that
ApgL,.s is a positive space for the adjoint group PGL,, the potential W lives
on this space and is a positive function there. Theorem 10.14 is proved by
using arguments similar to the proof of Theorem 10.12 and [17, Proposition
12.2].

Combining Theorem 10.14 and Theorem 10.15 we arrive at a construction
of the canonical basis predicted by Conjecture 10.11 for G = PGL,.

10.4 Surface affine Grassmannian and amalgamation

The surface affine Grassmannian Grg s. Given a twisted right G(K)-local
system £ on S, there is the associated flat affine Grassmannian bundle Lg; :=
L x k) Gr. Similarly to Definition 10.1, we define

Definition 10.16 Let S be a decorated surface. The moduli space Grg, s para-
metrizes pairs (£, v) where L is a twisted right G(K)-local system on §, and
v a flat section of the restriction of Lg; to the punctured boundary 9 (xS).

Abusing terminology, the data v is given by the lattices L, at the marked
points m on S. _ _

The moduli space G;G,S parametrizes similar data (£, v), where L is a
twisted G(K)-local system on § trivialized at a given point of S. So one has
GI‘G,S = G\GrG,S.
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Example. Let D, be a disc with n special points on the boundary. Then a choice
of a special point provides isomorphisms

Grg,p, = Conf,(Gr), G\;G’ p, = Gr".

Cutting and amalgamating decorated surfaces. Let | be an ideal edge on a
decorated surface S, i.e. a path connecting two marked points. Cutting S along
the edge I we get a decorated surface S*. Denote by I’ and I” the boundary
intervals on S$* obtained by cutting along I.

Conversely, gluing boundary intervals I and I” on a decorated surface S*,
we get a new decorated surface S. We assume that the intervals I’ and I” on
S* are oriented by the orientation of the surface, and the gluing preserves the
orientations.

More generally, let S be a decorated surface obtained from decorated sur-
faces Si, ..., S, by gluing pairs {I{, I{}, ..., {I),, I/} of oriented boundary
intervals. We say that § is the amalgamation of decorated surfaces Sy, ..., S,,
and use the notation § = S * - - - % §,,. Abusing notation, we do not specify
the pairs {I, I}, ..., {I),,, I/ }.

Amalgamating surface affine Grassmannians. There is a moduli space Grg 1
related to an oriented closed interval I, so that there is a canonical isomorphism
of stacks

Grg,1 = Conf2(Gr).
Definition 10.17 Let I, I” be boundary intervals on a decorated surface S*,
perhaps disconnected. The amalgamation stack Grg s+ (I’ * I”) parametrises

triples (L, y, g), where (L, y) is the data parametrised by Grg s+, and g is a
gluing data, given by an equivalence of stacks

g : Grg v —> Grg . (256)
This immediately implies that there is a canonical equivalence of stacks:
Grg.s —> Grg.g+(I' x17). (257)
Given decorated surfaces Si, ..., S, and a collection {I', I{}, ..., {I,,, I/}
of pairs of boundary intervals, generalising the construction from Definition
10.17, we get the amalgamation stack
GrG, §,%--%5, = GIG, § %5, (Ill * I/l/’ R I;n * I;;)

Applying equivalences (257) we get
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Lemma 10.18 There is a canonical equivalence of stacks:
Grg.s —> GG sies, 0 1], ... 1 510, (258)

Let T be an ideal triangulation of a decorated surface S. Let ¢, ..., 1, be
the triangles of the triangulation. Abusing notation, denote by #; the decorated
surface given by the triangle #;, with the special points given by the vertices.
Denote by I’ and I/ the pair of edges obtained by cutting an edge I; of the
triangulation ¢, i = 1, ..., m. Then one has an isomorphism of stacks

Grg.s = GrGss, 0} % 1, ... 1 x10). (259)

10.5 Top components of the surface affine Grassmannian
10.5.1 Regularised dimensions

Recall that if a finite dimensional group A acts on a finite dimensional variety
X, we define the dimension of the stack X /A by

dim X/A :=dim X — dim A.

Our goal is to generalise this definition to the case when X and A could be
infinite dimensional.
Dimension torsors t". Let us first define a rank one Z-torsor t. The kernel N
of the evaluation map G(O) — G(C) is a prounipotent algebraic group over
C. Let N be its finite codimension normal subgroup. We assign to each such
an N a copy Zn) of Z, and for each pair Ny C N3 such that N> /N is a finite
dimensional, an isomorphism of Z-torsors

i/\/l,/\/2 : Z(N1) — Z(Nz), X —> x +dim N>/ Njy. (260)

Definition 10.19 A Z-torsor t is given by the collection of Z-torsors Zy) and
isomorphisms iy, y,. We set t” := t®" for any n € Z.

In particular, t = Z. To define an element of t" means to exhibit a collection
of integers dy assigned to the finite codimension subgroups N of N related by
isomorphisms (260).

Example. There is an element dim G(O) € t, given by an assignment

dim G(O) = {N +— dim G(O)/N € Z)} € t.
More generally, there is an element

n dim G(O) := {N —> dim (G(O)/N)" € Z)} € t".
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For example, the stack x/G(O)", where * = Spec(C) is the point, has
dimension

dim % /G(O)" = —ndim G(O) e t™".
If X and Y have dimensionsdim X € t" anddim Y € t™,thendim X xY €
tn+m.

Dimension torsors t); . We generalise this construction by replacing the group
G(O) by apro-algebraic group A, which has a finite codimension prounipotent
normal subgroup.'® Then there are the dimension torsor t,, its tensor powers
th,n € Z, and an element dim A € t. One has tan = t};. Moreover,

ndimA ety, th ={m+ndimA},melZ.
Regularised dimension. Given such a group A, we can define the dimension

of a stack X under the following assumptions.

1. There is a finite codimension prounipotent subgroup N C A such that
N" acts freely onX.

2. There is a finite dimensional stack ) and an action of the group A™ on Y
such that

V/A" = X/N". 261)

3. There exists a finite codimension normal prounipotent subgroup M C A
such that the action of A” on ) restricts to the trivial action of the subgroup
M™ on ).

The last condition implies that we have a finite dimensional stack
Y/(A/M™). The stack J/A™ is the quotient of the stack )J/(A/M™) by the
trivial action of the group M"™.

In this case we define an element of the torsor t); " by the assignment

(N, M) — dim(Y/A™) + dim (N") := (n — m) dim A + dim )/
—n dim(A/N) e t,". (262)

Definition 10.20 Assuming (1)-(2), the assignment (262) defines the regu-
larised dimension

dim X €t} 7"

16 Taking the quotient by a unipotent group does not affect the category of equivariant sheaves.
This is why we require the prounipotence condition here.
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Remark. Often an infinite dimensional stack X does not have a canonical
presentation (261), but rather a collection of such presentations. For instance
such a presentation of the stack M; defined below depends on a choice of
an ideal triangulation 7 of S. Then we need to prove that the regularised
dimension is independent of the choices.

10.5.2 Top components of the stack Grg, s
Suppose that a decorated surface § is an amalgamation of decorated surfaces:
S=81*%...%5,. (263)

Definition 10.21 Given an amalgamation pattern (263), define the amalgama-
tion

Ag.s, (Z') % ...% Ag.s, Z ={l, ...l € Ag.s, zh
X ...x Ags,(Z") | (264)holds} :

nlt;< ) = nI’Z (Ij) for any boundary intervals I; C S; and I C S
glued in S. (264)

Lemma 10.22 Given an amalgamation pattern (263), there are canonical
isomorphism of sets

AGys(Zt) = Ag.s, (Z" % ...% Ag.s, (Z".

AS (@) = A 5 (2N % ..o A ¢ (Z).
In this case we say that [ is presented as an amalgamation, and write [ =
Ly x...%1,.
Let us pick an ideal triangulation 7 of S, and present S as an amalgamation
of the triangles:

S=1t1%...%t,. (265)

By Lemma 10.22, any / € Ag’ ¢(Z") is uniquely presented as an amalga-
mation

I=0%...xl, lieA§, (Z. (266)
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Recall that given a polygon D, there are cycles
M} == «k(C}) C Grg.p,, €A p (Z).

Definition 10.23 Given an ideal triangulation 7 of S and an/ € Ag’ S(Z) we
set, using amalgamations (265) and (266),

Ti=Mp ko oxMP . My = Zariski closure of M7 .

Thanks to Lemma 6.14, the restriction to the boundary intervals of S leads
to a map of sets

Ag,S(ZZ) N P+{boundary intervals OfS}‘

It assigns to a point [ € AE‘:, §(Z") a collection of dominant coweights
Aljs -5 AL, € P at the boundary intervals I, ..., I, of S.

For any decorated subsurface i : S’ C S there is a projection given by the
restriction map for the surface affine Grassmannian: rg; : Grg,s — Grg. g’
There are two canonical projections:

AS §(Zh Grg,s
ri‘ J/ \L rGr (267)
Confg o (A)(Z")  Grg,s)

Theorem 10.24 Let S be a decorated surface.

(1) The stack Mt does not depend on the triangulation T. We denote it by
M.

(ii) Letl € AZ}“’S(ZT). Let {1y, ..., 1,} be the set of boundary intervals of S,
and Ay, ..., A1, are the dominant coweights assigned to them by l. Then

dim M; = (p, A1, + ... + A1) — x(S) dim G(O) € t *®_ (268)

(ii1) The stacks M, [ € AJGF’ S(Z’ ), are top dimensional components of Grg_g.
(iv) The map | — M provides a bijection

.Aa S(Zt) AN {top dimensional components of the stackGrg_s}.

This isomorphism commutes with the restriction to decorated subsurfaces
of S.
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Proof Let us calculate first dimensions of the stacks M7, ;, and show that they
are given by formula (268). We present first a heuristic dimension count, and
then fill the necessary details.

Heuristic dimension count. Let us present a decorated surface § as an amalga-
mation of a (possible disconnected) decorated surface along a pair of boundary
intervals I’, I”, as in Definition 10.17. The space of isomorphisms g from (256)
is a disjoint union G(KXC)-torsors parametrised by dominant coweights A, since
the latter parametrise G(X)-orbits on Gr x Gr. Pick one of them.

Let L 2, L} (respectively L 2, L) be a pair of lattices assigned
to the vertices of the interval I’ (respectively I”). Then the gluing data is a
map g : (Lj, L)) — (Lg, LY). Let G, be the subgroup stabilising the pair
L 2, L}. The space of gluings is a G,-torsor. The group Gy is a subgroup
of codimension 2(p, A) in Aut Ly = G(O). So

dim G, = dim G(O) — 2(p, 1) = dim G(O) — dim Gr;_.

Take the stack M7, assigned to a triangle 7 and a point/ € Confgr (ANZ").
Let A1, A2, A3 be the dominant coweights assigned to the sides of the triangle
by /. Then /\/lf’l is an open part of a component of the stack Gry, ,,5,/G(O).
Thus

dim M;, = (p, A1 + A2 + A3) —dim G(O) e t . (269)

Let us calculate now the dimension of the stack MC} ;- Let|7 | be the number
of triangles, and &y (respectively Eex() the set of the internal (respectively
external) edges of the triangulation 7. Then the dimension of the product of
stacks assigned to the triangles is

D (php)+2 D (p.hp) = T dim G(O) e 771,
Ec&ext Ec&in

Gluing two boundary intervals into an internal edge E, with the dominant
weights A g associated to it, we have to add the dimension of the corresponding
gluing data torsor, that is

dim G(O) — 2{(p, Lg) € t.
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So, gluing all the intervals, we get

> (0 2E) + (&l — 1T ) dim G(O)

Ee€&ext
= D {p.rp) = x(5) dim G(O) = (268).
E€&ext
Notice that |Eine| — |7 | = —x (S). Indeed, the triangles ¢ with external sides

removed cover the surface S minus the boundary, which has the same Euler
characteristic as S.

Rigorous dimension count. For each of the triangles ¢ of the triangulation 7
there are three dominant coweights A(z) := A1(¢), A2(2), A3(¢) assigned by [
to the sides of 7. Pick a vertex v(¢) of the triangle . We present the stack Grg ;
as a quotient of the convolution variety

GI‘G’, = GI‘A(I)/G(O). (270)

Namely, choose the lattice L, at the vertex v(#) to be the standard lattice
Ly = G(O).

There exists a finite codimension normal prounipotent subgroup N;; C
G(O) acting trivially on Gr, ). It depends on the choice of coweights A(f),
and, via them, on the choice of the # and /. We assign to each finite codimension
normal subgroup Nz/, ; C Ny, afinite dimensional stack

Gr
G(O)/N/,’

Its dimension is (o, A1 + Ay + A3) — dim G((’))/Nt/J. This just means that
we have formula (269).
There is a canonical surjective map of stacks

Grg,s — [ [ Gre. =[] Graw/G(O). (271)

teT teT

Its fibers are torsors over the product over the set &y of internal edges E
of T of certain groups G, g) defined as follows. Let A(E) be the dominant
coweight assigned to E by [. Consider the pair E’, E” of edges of triangles
glued into the edge E. For each of them, there is a pair of the lattices assigned
to its vertices. We get two pairs of lattices:

_ AME) + _ AE) +
(LE/ — LE/) and (LE// — LE//) .
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Choose one of the edges, say E’. Set Gag) = Aut (L, @ zf,). There-

fore we conclude that

The fibers of the map (271) are torsors over the group H Gy.(E)-
E€&int

For each E, choose a finite codimension subgroup N; ) C Gj k). Then
we are in the situation discussed right before Definition 10.20, where

X = Mf, A =G(O), N := NEeg Nag)y, M = ﬂ,Nt I
n=\&wl, m=|T|.

So we get the expected formula for the regularised dimension of M7,

The resulting regularised dimension does not depend on the choice of 1dea1
triangulation 7—the triangulation does not enter to the answer.

Alternatively, one can see this as follows. Any two ideal triangulations of S
are related by a sequence of flips. Let T — T’ be a flip at an edge E. Let Rg
be the unique rectangle of the triangulation 7" with the diagonal E. Consider
the restriction map 7w : Grg, s —> Grg,,s. So one can fiber M; over the
component M>, o The dimension of the latter does not depend on the choice
of the triangulation of the rectangle.

A similar argument with a flip of triangulation proves (i). Combining with
the formula for the regularised dimension of M7 ; we get (ii).

(iii), (iv). Present S as an amalgamation of the triangles of an ideal triangu-
lation. It is known that the cycles M; are the top dimensional components of
the convolution variety, and thus the stack Grg , assigned to the triangle. It
remains to use Lemma 10.18. O

11 Cluster varieties, frozen variables and potentials
11.1 Basics of cluster varieties

Definition 11.1 A quiver q is described by a data (A, Ao, {e;}, (*, %)), where

1. A is alattice, Ag is a sublattice of A, and {e;} is a basis of A such that A
is generated by a subset of frozen basis vectors;

2. (%, *) is a skewsymmetric %Z—Valued bilinear form on A with (e;, e;) € Z
unless ¢;, ej € Ag.

Any non-frozen basis element e, provides a mutated in the direction ey,
quiver q'. The quiver ¢’ is defined by changing the basis {e; } only. The new basis
{el’.} is defined via halfreflection of the {e¢;} along the hyperplane (e, -) = O:
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o e+ leidier if i £k
el = {_ek . 272)
Here [a]+ = o if « > 0 and [a]4+ := O otherwise. The frozen/non-

frozen basis vectors of the mutated quiver are the images of the ones of the
original quiver. The composition of two mutations in the same direction k is
an isomorphism of quivers.

Sete;j := (e;, ej). A quiver can be described by a data q = (I, Ip, €), where
I (respectively Ip) is the set parametrising the basis vectors (respectively frozen
vectors). Formula (272) amounts then to the Fomin—Zelevinsky formula telling
how the e-matrix changes under mutations.

—&ij itk € {i, j}
el =1 &j if eikej =0, kg 1i, j) 273)
gij + |8ik| . Ek]’ lf SikEkj > 0, k ¢ {l7 .]}

We assign to every quiver ¢ two sets of coordinates, each parametrised by
the set I: the X'-coordinates { X; }, and the .A-coordinates { A; }. Given a mutation
of quivers g : q —> q’, the cluster coordinates assigned to these quivers are
related as follows. Denote the cluster coordinates related to the quiver q' by
{X!} and {A}. Then

4 e .
A= [ A+ [ A7 A=A, i#k (274

Jlexj>0 Jlexj <0

If any of the sets {jlex; > O} or {j|ex; < 0} is empty, the corresponding
monomial is 1.

x;! ifi =k
Xm0 e e e (275)
Xi(1+ X, T it #£ Kk,
The tropicalizations of these transformations are
a,/{ ‘= —aj + min 1 Z &kjdj, Z —&kjaj g ; a;:ai, i #k.
L]'|3kj>0 j|8kj<0
(276)
o) Xk ifi =k
Y kg — egmin{0, —sgn(en)x) ifi # , 277

Cluster transformations are transformations of cluster coordinates obtained
by composing mutations. Cluster .A-coordinates and mutation formulas (272)
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and (274) are main ingredients of the definition of cluster algebras [23]. Cluster
X -coordinates and mutation formulas (275) describe a dual object, introduced
in [18] under the name cluster X -variety.

The cluster volume forms [21]. Given a quiver q, consider the volume forms

VolqA :=dlogAi1 N...AdlogA,, Volg, =dlog X1 A...AdlogX,.

Cluster transformations preserve them up to a sign: given a mutation q ——
q’, we have

Vol = —VolY,  Vol¥, = —Vol%,.

Denote by Or, the two element set of orientations of a rank »n lattice A,
given by expressions /1 A - - - A l,, where {/;} form a basis of A. An orientation
orp of A is achoice of one of its elements. Given a basis {e;} of A, we define
its sign sign(ey, ..., e,) by ef A -+ A e, = sign(ey, ..., e,)ory. A quiver
mutation changes the sign of the basis, and the sign of each of the cluster
volume forms. So there is a definition of the cluster volume forms invariant
under cluster transformations.

Definition 11.2 Choose an orientation or s for a quiver . Then in any quiver
obtained by from q by mutations, the cluster volume forms are given by

Vol 4 = sign(ey, ...,ep)dlogAr A ... AdlogA,,
Voly =sign(ey,...,e;)dlog X1 A ... Adlog X,,.

Residues of the cluster volume form Vol 4 and frozen variables. Take a
space M equipped with a cluster .A-coordinate system {A;}.

Lemma 11.3 Let us assume that k € 1—1y is nonfrozen, and i # 0 for some
j. Then

Res,—o(Vol4) = 0. 278)

Proof We have Resy, —o(Volg) = £ A ik dlog A;. Since k is nonfrozen,
there is an exchange relation (274). It implies a monomial relation on the
locus Ay = 0: [] j Aj.k’ = —1. Since &; is not identically zero, this monomial
is nontrivial. Thus /\i#k dlog A; = 0 atthe Ay = 0 locus. O

Corollary 11.4 A coordinate Ay, with g; # 0 ) for some j, can be nonfrozen
only ifwe have (278), i.e. the functions Ay, ..., Ag, ..., A, become dependent
on every component of the Ay = 0 locus.
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If we define a cluster algebra axiomatically, without referring to a particular
space on which itis realised, then any subset of an initial quiver can be declared
to be the frozen subset. However if a cluster algebra is realised geometrically,
we do not have much freedom in the definition of frozen variables, as Corollary
11.4 shows. This leads to the following geometric definition of the frozen
coordinates.

Definition 11.5 Let M be a space equipped with a cluster A-coordinate sys-
tem. Then a cluster variable A is a frozen variable if and only if the residue
form Resa (Vol 4) is not zero.

Non-negative real points for a cluster algebra. The space of positive real
points of any positive space is well defined. Let us define the space of non-
negative real points for a cluster algebra.

Let {A?}, i € I, be the set of all cluster coordinates in a given quiver q.
The cluster algebra Oqgr(A) is the algebra generated by the formal variables
{A?}, for all quivers q related by mutations to a given one, modulo the ideal
generated by exchange relations (274):

ZIAN
( exchange relations )

Oait (A) == (279)

This ring is not necessarily finitely generated. Let Aug be its spectrum.
Then the points of A, (R>0) are just the collections of positive real numbers
{a;l € R} satisfying the exchange relations. The positive boundary is defined
as the complement to the set of positive real points:

0 Aatr (R>0) := Aar (R>0) — Aair(R>0).

Let A ¢ be afrozen variable. Then {A y = 0}Nd.Aqafr (R>0) is of real codimen-
sion one in A,fr (R>0). Indeed, the frozen .A-cluster coordinates do not mutate,
and so the codimension one domain given by the points with the coordinates
A =0, A? > 0 where j is different then f; is a part of the intersection.

Let Ag be a non-frozen variable. It is likely, although we did not prove this,
that in many cases

{A} =0} N3 A (R>0) is of real codimension > 2in  Aas(R>0). (280)

Indeed, the exchange relation for the AY, restricted to the A,? = 0 hyper-
plane, reads

O-Agz H Ajk_i+ H A;Skj_

Jlexi>0 Jlekj<0
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So both monomials on the right, being non-negative, are zero, and each of
them is non-empty: the empty one contributes 1, violating O on the left. So we
get at least two different cluster coordinates equal to zero. It is easy to see that
then in any cluster coordinate system at least two of cluster coordinates are
Zero.

11.2 Frozen variables, partial compactification A, and potential on the
X-space

Potential on the X-space

Lemma 11.6 Any frozen f € 1 gives rise to a tropical pointly € A(Z") such
that in any cluster A-coordinate system all tropical A-coordinates except a f
are zero, and ay = 1.

Proof Pick a cluster A-coordinate system o = {Ay,...} starting from a
coordinate A y. Consider a tropical point in A(Z') with the coordinates
(1,0, ...,0).Itis clear from (276) that the coordinates of this point are invari-
ant under mutations at non-frozen vertices. Indeed, at least one of the two
quantities we minimize in (276) is zero, and the other must be non-negative.

O

The potential. Let us assume that there are canonical maps, implied by the
cluster Duality Conjectures for the dual pair (A, X'Y) of cluster varieties:

Ia: AZ)Y) — Lo(XY), Iy: XV(Z') — Li(A.
Here L (XV) and IL; (A) are the sets of universally Laurent functions.
Definition 11.7 Let us assume that for each frozen f € I there is a function
Wav g i=Tally) € Ly (XY)

predicted by the Duality Conjectures. Then the potential on the space X is
given by the sum

Wov 1= Z Wxv .
fel

Partial compactifications of the .A-space. Given any subset Ij) € Iy, we can
define a partial completion A| |, eI, D¢ of A by attaching to A the divisor D ¢

corresponding to the equation Ay = 0 for each f € Ij,. The duality should
look like
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Al |Ds) <==[2¥. D wy

fel fel

The order of pole of Ix(/) at the divisor D¢ should be equal to W} ).
In particular, Iy (/) extends to A| |D ¢ if and only if it is in the subset {/ €
xXV(Zh | W?(Z) >0} C XV(Z").

Canonical tropical points of the X-space. Let i € 1. Given a cluster X-
coordinate system, consider a point ; € X(Z') with the coordinates Eji
jel

Lemma 11.8 The pointt; is invariant under mutations of cluster X -coordinate
systems. So there is a point t; € X(Z') which in any cluster X-coordinate
system has coordinates ¢, j € L.

Proof Given a mutation in the direction of k, let us compare, using (277), the
rule how the X'-coordinates {¢;;}, j € I change with the mutation formulas
(273) for the matrix &;;.

Let us assume that k ¢ {i, j}. Then, due to formula (277) for mutation of
tropical X’-points, we have to prove that

f) .
e;i = ¢j; — &;;xmin{0, —sgn(ex)ek;}. (281)

Let us assume now that €jrer; < 0. Then sgn(—ejr)er; > 0. So
min{0, sgn(—¢;x)er;} = 0, and the right hand side is ¢;;. This agrees with
el = ¢&jj, see (273), in this case.

ij
If & ke > 0, then sgn(—¢jx)er; < 0. So the right hand side is

€ji — &jxmin{0, sgn(—¢&x)eri} = €ji — €jkSgN(—¢€jk)exi = €ji + |€jkleki-

Comparing with (273), we see that in both cases we get the expected formula
(281).

Finally, if k € {i, j}, then 8;1. = —¢;j, and by formula (277), we also get
—&ij- O

Let us assume that, for each frozen f € I, there is a function [x(tf) €
L4 (AY). predicted by the duality conjectures. Then we conjecture that in
many situations there exist monomials M ; of frozen .A-coordinates such that
the potential on the space A is given by

Wav = D My - Lx(ty).
fel
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