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Errors-in-variables regression is the study of the association between covariates
and responses where covariates are observed with errors. In this paper, we consider
the estimation of multivariate regression functions for dependent data with errors
in covariates. Nonparametric deconvolution technique is used to account for errors-
in-variables. The asymptotic behavior of regression estimators depends on the
smoothness of the error distributions, which are characterized as either ordinarily
smooth or super smooth. Asymptotic normality is established for both strongly
mixing and p-mixing processes, when the error distribution function is either
ordinarily smooth or super smooth.  © 1992 Academic Press, Inc.

1. INTRODUCTION

In data analysis, it is customary to explore the association between
covariates and responses via regression analysis. Let X° denote the
covariate variable and Y be the response variable. The regression function
is defined by m(x)= E(Y|X°=x) which is assumed to exist. This paper
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deals with the regression problem with errors-in-variables: We wish to
estimate m(x), but direct observations of the covariate X° are not available.
Instead, due to the measuring mechanism or the nature of the environment,
the covariate X° is measured with error e: X; =X +¢; so that X instead
of X; is observed and one desires to explore the association between X°
and Y based on the observation (X, Y;)7_,. This problem arises, for
example, in medical and epidemiologic studies where risk factors are
partially observed. See Prentice [18] and Whittemore and Keller [30].

In the iid. case, the nonparametric errors-in-variables problem was
studied by Fan and Truong [6] and Fan, Truong, and Wang [ 7], where
optimal rates of convergence and asymptotic normality are established. Let
K(-) be a kernel function whose Fourier transform is given by

Fu(n)=]" " explitx) K(x) d (L.1)

—oC

and let §,(7) be the characteristic function of the error variable . Set

7 o0 [ e i) B0
Wy(x) =+ —itx) ———dt, 1.2
) =gz | exp(—ien) 2 (12)

which is a deconvolution kernel. The motivation of using the deconvolu-
tion kernel is as follows. The density of the unobservable random variable
X° can be written as

e ¢x(1)

=— exp(—itx) ———d!.
2nd .

Sae(x) (1)

Thus the problem of estimating f,- can be reduced to estimating the
characteristic function ¢,(z) of the observed variable X. Using the kernel
estimator fx(x) = 1/(nh,) 37 K((x — X;)/h,) to estimate the density fy, it is
natural to estimate ¢,(¢) by

Fu(t)=[ " explitx) fi(t) dr=§,(0) g(eh,),

— o0

where ¢,(1)=(1/n) X ;exp(itX;) is the empirical characteristic function.
This naturally leads to estimating the density function of X° by

Pr(th,) $a() 1 o o (x—X,
5.(0) —nh,EWb( )

The last expression suggests that the deconvolution kernel can extract the

- 1 + a0
Jrtxy=s5-]  exp(~itx)
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density of the signal from the noisy observations. This motivates Fan and
Truong [6] to propose the kernel regression estimate for m(x)

> Y, W, (x—X,)/b,)
Y W ((x—X,)/b,)

M, (x) = (1.3)

where b, is the bandwidth parameter. We remark that the deconvolution
kernel Wb" is used to account for the fact that the covariates are observed
with error. For more discussions on deconvolution, see Carroll and Hall
[1], Liu and Taylor [11], Stefanski and Carroll [25], Zhang [31],
and Fan [3-5], in the iid. setting and Masry [13-15] for dependent
observations.

Our goal in this paper is to establish the asymptotic normality for
estimators of form (1.3) in the following more general setting,

« The processes {X7} and {Y,} are individually and jointly
dependent.

» Multivariate regression from past vector data is considered.
» Estimation of general regression function of form

m(x; py=m(xy, .., x,; p)= E(Y(Y,)| X7 =x, .., X; =x,) (1.4)

is studied, where Y/(-) is an arbitrary measurable function. These functions
include the usual mean regression and conditional moment functions as
well as conditional distribution functions. Roussas [23] also uses the
function (-) in the context of regression.

We note that in this general setting, sharp almost sure convergence rates
were established in Masry [16].

When the error variable ¢ =0, the errors-in-variables problem reduces to
the ordinary nonparametric regression where covariates are observable. In
that case, the deconvolution kernel (1.2) is just an ordinary kernel in which
case the estimator (1.3) was proposed by Nadaraya [17] and Watson
{29]. The estimator (1.3) has been thoroughly studied with no errors in
covariates. See, for example, Mack and Silverman [127] and Hérdle [9]
and references therein for 1id. observations, and Rosenblatt [22],
Robinson [19, 20], Collomb and Hirdle [2], Roussas [23], Truong [26],
Truong and Stone [27], and Roussas and Tran [24], among others, for
dependent observations.

We now introduce the regression estimator in the more general setting
mentioned above. Let {X/}%2 _ and {Y;}7. _ be jointly stationary
processes and let {¢;}°2 __ be iid. random variables, independent of the
processes { X} and {Y,}7. Denote the probability density

—00 —0 "
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and the characteristic function of the error variable & by #(x) and §,(¢),
respectively. Set

A/jszo‘f‘Bj, j-_—O,il,....
Let f°(x; p) = f°(x,, .., X,; p) be the joint probability density function of

the random variables X, .., X, which is assumed to exist. Then the joint
probability density function of X, .., X, is given by

fip)=| fo(x—u; p) hiu) du, (15)
where
p ~
h(u) =TT A(w). (1.6)
Let
X0 = (X2 1o X000, X=Xy, o Xpy ). (1.7)

For simplicity, we use product kernel for the multivariate nonparametric
regression estimation. Let the kernel K be a real-valued, even, and bounded
density function on the real line satisfying K(x)=0(|x|~'~?%) for some
0>0 and let g () be its Fourier transform. A basic assumption on the
error distribution and the kernel function is that for every >0

$:(1)#0, Vte R, ¢x(1)/d(1/b)eL,NL,.

With W, defined by (1.2), set

K0 =1 R().  Wix)=1 Wilx) (18)
so that
6= 11 Filt) (19)

Let {b,} be a sequence of positive numbers such that 5, -0 as n— co.
Given the observations (X, Y;)7_,, we estimate the regression function
(1.4) by

(x; p) = R, (x; p)IfL(x; p), (1.10)
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where
Rn(x;p)=ﬁ+1—)bﬁ,]20 Y(Y,, ;) W, ((x=X,)b,)  (L11)
and
for 1 n_r B
T30 PV =gy £ Walx =X (1.12)

We remark that f +(x; p) is a deconvolution density estimation of 1°(x; p).
In considering the asymptotic normality of #1,(x; p), we define the
centralizing parameter by

B p) = ER,(x; p)— R(X;p)—'tz(x;p)(Ef,?(x;P)“fo(";”)), (1.13)
Ef;(x; p)

where R(x; p)=m(x; p) f°(x; p). We will see that B,(x;p) is the
“asymptotic bias” of the estimator r71,(x; p). With R,, /2, and B, defined
respectively by (1.11), (1.12), and (1.13), it is easy to verify that

0.(x; p) = B,(x; p)(f5(x; p)— Ef 5(x; p))
fox p) ’

m,(X; p) —m(x; p) — B,(x; p)=

where
0.(x; p)=R,(x; p) — ER,(x; p)—m(x; p)(f2(x; p) — Ef 2(x; p))

It will be shown in Proposition 1.1 that B, (x; p)=o0(1) under some mild
conditions. Therefore, the dominated term in the numerator is {,,:

rin(x; p) —m(x; p)— B,(x; p) = 0,(x; p)(1+0p(1))/f 2(x; p). (1.14)

Note that J, is centralized and has the form of an average of a sequence
of stationary random variables. Hence, we need first to establish
asymptotic normality for §,, and then the asymptotic normality of 7,
follows easily from (1.14).

The bias of the estimators f°(x; p) and R,(x; p) and the asymptotic
value of B,(x; p) are given by the following proposition,

ProposiTiON 1.1. (a) For almost all xe R?, we have as n - o
Efy(x;p) > f°(x:p),  ER(x;p)>R(x;p), and  B,(x;p)—0,

where R(x; p)=m(x; p) f°(x; p).
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(b) If f°(x; p) and R(x; p) are twice differentiable and their second
partial derivatives are bounded and continuous on R” and the kernel function
K satisfies [* = w?K(u) du < oo, then as n— oo

1. b7 bias(f2(x; p)) — 3 [ rouGo(x; p) u"K(u) du;
2. b, bias(R,(x; p)) > 3 [ rr uGR(x; p) u"K(u) du;
3. b,’B,(x; p) = B(x; p);

where u” is the transpose of the row vector u, the p x p matrices G” are given
by

"o o’ f°(x; p) y e 0*R(x; p)
Gf°(x’p)'—( axiaxj )5 GR x,p)_< axiaxj )’

and
B(x; p)= w(Ghl(x: p)—mlx: p) G1(x; p)) w*K(u) du/(2f(x; p)).

Proof. See Fan and Truong [6] and Masry [16].

We remark that the above bias expressions do not dependent on the
error distribution. However, the asymptotic variance and the optimal rates
of convergence depend strongly on the smoothness of the error distribu-
tions. Fan [3] shows that such a dependence is an intrinsic part of the
regression problem, not an artifact produced by the kernel method being
used. Following Fan [3], we call a distribution

« super smooth of order B, if the characteristic function of the error
distribution ¢,(-) satisfies

ao 117 exp(—alt)’)<|B.(1)| <a, 11" exp(—af)f)  as 100, (115)

where a, a,, a,, B are positive constants and f,, f; are constants;

« ordinarily gmooth of order B, if the characteristic function of the
error distribution ¢,(-) satisfies

do 1t P<IgI<d )t P as 1> oo,

for positive constants d,, d,, B.

Note that the above conditions are imposed in the Fourier domain and
only on the tail of the characteristic function. The faster the decay of the
tail of the characteristic function, the smoother its corresponding density.
The super smooth distributions include normal and Cauchy distributions
and their mixtures; the ordinarily smooth distributions include gamma and
Laplace distributions.
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It will be seen in the sequel that the technical conditions needed to
establish the asymptotic normality of r1,(x; p), as well as the nature of the
proofs, depend strongly on the type of the error distributions. Section 2
establishes asymptotic normality when the error distribution is ordinarily
smooth and Section 3 accomplishes the same for super smooth error
distributions. Both strongly mixing and p-mixing processes are studied.
Some technical proofs are given in the Appendix.

We provide here an overview of the method of proofs and difficulties.
Put

Z ('10( p+j) m(x, p)) Wb,,((x—x/)/bn)—lu'n’ (116)

where K and W, are defined by (1.8) and
=E[b, P(Y(Y,) —m(x; p)) W, ((x—X,)/b,) ] (1.17)

Then, we have

=751 Z (118)
In order to establish the asymptotic normality of 0, we employ the large-
block and small-block method frequently used for dependent observations
(see (2.6)-(2.16)). We note that in the deconvolution setting, additional
complexities take place since the original kernel K(x) is replaced by the
deconvolution kernel W, (x). The latter clearly depends on the bandwidth
parameter b, and its L,-norm |W, |, blows up as n— co. The rate of
growth is needed and is given in Lemmas 2.2 and 3.1. In the smooth case,
we can determine the precise rate of convergence and the asymptotic
constant of var(J,(x; p)) (Lemma 2.3). As a consequence, the asymptotic
normality of 0, takes a classical form (Theorem 2.1):

(nb2P*+117)122 G (x; p)—— N(0, 6%(x; p)).

In the super smooth case, the situation is more complex: One can not
determine the precise rate of convergence and the asymptotic constant for
var(Q,) (not even in the i.id. setting). We therefore establish in Lemma 3.2
sharp upper and lower bounds for ¢3(n)=var(Z,,) and utilize these
bounds to prove in Lemma 3.3 that

var(Q, ~—00(1 +0(1)).

These results are then used, along with the large-block and small-block
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argument, to establish in Theorem 3.1 the asymptotic normality of 0 (x; p)
in the normalized form

1 8,(%; p)fan)—Z N(O, 1).

We finally remark that in the multivariate regression setting of this paper,
an added complexity in the analysis is due to the fact that two consecutive
vectors X; and X, , share all their components except for the end points.
This is reflected in the proofs of Lemmas 2.3 and 3.3.

2. ASYMPTOTIC NORMALITY FOR ORDINARILY
SMOOTH ERROR DISTRIBUTIONS
2.1. Preliminaries

Let #* be the o-algebra of events generated by the random variables
{X},¢, Y, i<j<k} and let L,(#7) denote the collection of all second-
order random variables which are & %-measurable. The stationary pro-
cesses {X/,¢;, Y,} are called strongly mixing (Rosenblatt, [21]) if

sup |P(AB)— P(A) P(B)| =a(k)—> 0 as k-
A4eF°  BeF?
are said to be uniformly mixing if

sup |P(B|A)— P(B)| =¢(k) >0  as k- o,

AeF  BeFP
and are called p-mixing (Kolmogorov and Rozanov, [10]) if

lcov(U, V)|
, var'/2(U) var"*(

sup
Ue Ly(F° )\ Ve LyFY

V)=p(k)—>0 as k— 0.

It is well known that these mixing coefficients satisfy

a(k) < 3p(k) < 39'7(k),

and thus the class of p-mixing processes is intermediate between strongly
and uniformly mixing.

We remark that since the {¢;} are iid. and are independent of the
processes {X7, Y,}, it is possible to define the mixing coefficients in terms
of the modified o-algebra F*=0{X;, ¥, i< j<k}. The results stated in
this paper continue to hold by utilizing conditioning arguments on the &/s.
We opted not to do so for the sake of brevity of the derivations.
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We begin by imposing some conditions on the kernel function, the error
distribution, and the mixing coefficients.

Condition 2.1. §,(t) and §(t) are twice continuously differentiable
with bounded derivatives such that
(i) @.(t)#0, VteR,
(ii) %@, (t)> B as t —» oo for some f>1 and B> 0,
(i) 85, f*2 11172 @x(t) di < 00; [ T2 |12 |§ (1)) dt < o0,
(iv) §22 1P 1 I8 (0) di < 005 [*2 107 ()] di < o0,

where 4, is the Kronecker's delta.

Condition 2.1 is satisfied, for example, when ¢; is gamma or symmetric
gamma distributed and K is a Gaussian or Cauchy kernel.

Let fxo!x”yp‘yw(u,vlyp, V»+1) be the conditional density of (X,, X))
given Y,=y, and Y, ,=y,,,, where X; is given by (1.7), and when
1</< p, the vector (X,, X;) means (X, .., X;, ). Recall that f(-) is the
joint density of X; given by (1.5). Let f(x,, x;) be the probability density
function of (X,, X,) with a similar meaning to that above when 1 </< p.
Let

V(x; p)=E[(Y(Y,)—m(x; p))*| X, =x]. (2.1)

We make the following assumptions on the processes involved.
Condition 2.2. (1) E|Y(Y,)|"< A4, for some v>2,
(i) | far(uly)<4,,
(i) Sy, x| Y Yp+,(“a VIV Vpri) S A5, forall i1,
(iv) Either the processes {X; S Y;} are p-mixing with

> p(j)< oo, or they are strongly mixing with >R Pa] <o
for some a>1-2/v,

(v) flx;q)< A, forall 1 <g<2p, and f(xq, x,)< 4, for all = p,
where 4; (j=1, .., 4) are some positive constants.

We remark that Conditions 2.2ii, iv, and v are imposed on the
X-variable. By the convolution theorem, they are satisfied when the density
h(-) of the error variable ¢ is bounded. With B and f given in Condi-
tion 2.1, let

=ﬁﬁj 1% 1§ (1)]2 di (22)

We need the following lemmas.
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LEMMA 2.1 (Masry, [13]). Under Condition2.1 and Conditions 2.2iv

and v, we have

lim nb#+ V7 var(f2(x; p)) = D?f(x; p)

" — o0

at points of continuity of f(x; p). If in addition nb?**+V — o0, then by
Proposition 1.1a

fax; p) =5 fo(x; p) as n— .

LEmMMA 2.2 (Masry, [13]). Under Condition 2.1, we have the following
results:

(a) There exists a constant ¢ such that
1o lli<e/bls Wy )l <c/bh, 2<i< .

(b) For all points x of continuity of a bounded function g(-),

tim L[] (bff‘Wf," ("fb‘ ”f)) ¢(u) du = D7g(x),

bn—>0bf R”/=1 n

where an is the deconvolution kernel given by (1.2) and D is given by (2.2).

We first note by Proposition 1.1 that u,, defined by (1.17), is inde-
pendent of the error distribution and goes to zero for almost all xe R?:

Ha=ELb,P(Y(Y,) —m(x; p)) K((x —X,)/b,)] = 0(1). (23)
With V(x; p) given by (2.1), let
0%(x; p)=D7V(x; p) f(x; p).

LemMA 2.3. Under Conditions 2.1 and 2.2i-iii, we have at continuity
points of V(x; p) and f(x; p) that

var(Z,0)=b, @ 170%(x; p)(1 +o(1)),

n—

1
Z ICOV(Zn,07 Zn.l)l = O(Var(zn,o)),

and
n—1
var ( ) Z) = nb CF+1062(x; p)(1 + o(1)),

where Z, ; is given by (1.16).
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Proof. We first remark that the third result follows directly from the
first two results together with the stationarity assumption:

n—1 n—1 ;
var < Y Z,,‘j> =nvar(Z, ) +2n Y (1 —i> cov(Z,0, 2, ) (24)
i=0

i1 h

By conditioning on Y, and Fubini’s theorem, we have from (1.16) and (2.3)
that

var(Z,,)=b;¥E <[|//( Y,) —m(x; p)’W3 (i‘%)(—())) +0o(1)

1 P ~ C—
=b; (2/3+1>pbpr I1 (bﬁ”W,fn (x’b uJ)) g(x,u) du+o(1),
PJ 1 n

where g(x,u)=E{[Y(Y,)—m(x; P)]zfx0|yp(ll| Y,)}. It can ecasily be
verified that g(x, x) = V(x; p) f(x; p). By Conditions 2.2(i) and (ii), g(x, u)
is bounded and continuous in u for each fixed x. Applying Lemma 2.2(b)
we obtain the first part of the result.

Next, with a sequence of integers ¢, — co such that ¢,b? - 0, we write

Z Icov(Z,,O,Z,,,l—<2+Z+ Z >|covZ,,0,Zn,)|

=1 = I=p I=cp+ 1

EJ1+J2+J3.

For 1<I< p—1, (1.16) and (2.3) lead to

.. ~X,
W2y 20) = b5 L0, =m0 Y, =) i, (252

xW%(X;X>>+oU)

Let u’,u”,u” denote respectively an /, a (p—1), and an / dimensional
vector, where u” represents the overlap part of the vector X, and X,.
Conditioning on (Y,, Y,,,) and using Condition 2.2iii and a change of
variables, the above covarlance is further bounded by

b, PE WY, = mILY, )= m B| W, (S5=0)

-X
e

683/43/2-6
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bz,,EI[IP( —m][Y(Y, . )—m]|
X (bg‘f‘[j [‘Wb”(ul’ ull) an(ull, ull/)‘ d“I d“ll dulll>
RP+

A,
“pr S W I W, 130 “El[l!/(Y —m][Y(Y,,)—ml|,

uniformly in I The last equality follows from the factorization (1.8). This
together with Lemma 2.2a leads to

p—1
Ji= Y O, @07+l =o(var(Z,,)).

i=1

For p</<c¢,, we have similarly that

|C0V(Zn,0a Zn,l)l <A || Wb,,”fp E[Y(Y,) —ml¥(Y,,)—mll=0(b,*),
uniformly in /. Therefore, by the choice of ¢,, we have

Jo=0(c,b, P+ VP2 =o(b, P+ D7) = o(var(Z, ).

We now deal with J,. We separate the argument into two cases,
depending on whether the processes are p-mixing or strongly mixing. For
p-mixing processes, we have

1< Y pll=p+1)var(Z, o) = o(var(Z,.,)),

l=cp

by the summability of the mixing coefficients. For strongly mixing
processes, we proceed as follows. By Davydov’s Lemma (see Hall and
Heyde [8, Coroliary A27), we have

lcov(Z,.0, Z,, ) <8[a(l = p+ 1)1 " (E|Z,, 0"} (2.5)

Conditioning on Y, and using Condition 2.2(ii), we have

W, (52)

SAb 7P NW |5 EW(Y,) —m|” + o(1).

ElZ,ol”Sb;’”E(Ilﬂ(Yp)—ml”E[

Y,,])-f—o(l)
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Therefore, by Condition 2.2(i),
E\Z,o"<Cb, """ VW, |1=0(b, "+,

where the last equality follows from (1.8) and Lemma 2.2(a) and C is a
positive constant. This together with (2.5) entails

C i o
S L lal-p+)]Y
n I=cp+1
G, < a 1—2/v
<Cab2p(ﬂ+lfl/v) Z lfa(l—-p+1)] >
n’n I=cp+1

for some positive constant C,. Choose ¢, = [b 7' ~%*/4] so that ¢,b? -0
since a>1—2/v. In view of Condition 2.2iv, we have J;=o(b; #+17),
This completes the proof. ||

LemMa 2.4 (Volkonskii and Rozanov, [28]). Let V,,.., V, be random
variables measurable with respect to the o-algebras F {l', o F {f respectively
with 1<i|<ji<iy<---<j,<m §,—jzwz2l ad |V]<1 for
j=1,.., L. Then

(1) [T

<16(L—1) a(w),

where a(w) is the strongly mixing coefficient.

2.2. Main Results

The principal result of this section gives the asymptotic normality of
the regression estimator (1.10) for both strongly mixing and p-mixing
processes.

Condition 2.3. Let {s,} be a sequence of positive integers, s, — oo, such
that s,=o((nb?)"?). For strongly mixing processes, a(k) satisfies
(nb7?)? a(s,) >0 as n—oo; for p-mixing processes, p(k) satisfies
(nb ") p(s,) —> 0 as n— o0.

THEOREM 2.1. Under Conditions 2.1-2.3 and nb*** "7 - o0 as n— oo,
we have

(nb 2P+ DP)12 [, (x; p) —m(x; p) — B,(x; p)] = N(0, 1%(x; p))

at the continuity point of f°(x;p) and V(x;p), where 1*(x;p)=
DPV(x; p) f(x; p)/(f°(x; p))* and f, V, and D are given respectively by
(1.5), (2.1), and (2.2).
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The following corollary follows from Theorem 2.1 and Part b of Proposi-
tion 1.1 together with the choice of bandwidth.

CoroLLARY 2.1. Under Conditions 2.1-2.3, if the functions m(x; p) and
f(x; p) have bounded and continuous second partial derivatives on R”, then

(b (22 7)V2 [, (x: p) —m(x; p)] = N(O, *(x; p)),
provided that nb},* ***V? 0 and that | *% 1w’ K(u) du < 0.

Remark 2.1. It can be shown that under the assumption that
nbP+17 5 o5 a sufficient condition for Condition 2.3 is respectively
a(ny=O0(n"" P llog n) and p(n)=0(n " *#log n) for strongly mixing
and p-mixing processes. Also Condition 2.2iv for strongly mixing process is
equivalent to a(n)=0(n"?*?) for some &> 0. Therefore, for f>1, the
assumptions given in Conditions 2.2iv and 2.3 on the strongly mixing con-
ficient are equivalent to a(n)=O(n ?*?)) for some 6>0. For p-mixing
processes, the assumptions given in Condition 2.2iv and 2.3 on the
p-mixing coefficient are satisfied when p(n) = O(n—"*P/log n).

Proof of Theorem 2.1. The idea of the proof of Theorem 2.1 is as
follows. We first establish the asymptotic normality for J, and then use
(1.14) to conclude the desired result. We employ the following big blocks
and small blocks argument.

Set
- n—1
Zn.jszZﬁ-*-])p/zZn.j; Sn= Z Zn,j.
i=0
Then (1.18) leads to
~ 1
(nb2F+Vr)2 5 — nfin—p+1)————=3S5, , .1 (2.6)

Jn—p+1

In view of Lemma 2.3, we have

n—1

var(Z, o) = 0%(x; p); Y Jcov(Z,.0, Z,, )l > 0. 27

j=1

Partition the set {1, 2,..,n} into 2k, + 1 subsets with large blocks of size
r=r, and small blocks of size s =s,, where, with [ -] denoting integer part,

k=k,,=[ " ] (2.8)

r" + sn
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Define the random variables

Jr+s)+r—1
=Y  Zu. 0<j<k—1,
i=j(r+s)
(J+ D)r+s)—1
L= Y Zys 0<j<k—|,
i=jlr+s)+r
and
n—1
Ckz Z Zn.i'
i=k(r+s)
Then
k—1 k—1
S,= 2 mi+ Y, E+m=S,+S+S5).
j=0 j=0

We will show that as n — oo,

L 1
- E(S;)* -0, -E(S))-0
n

n
k-1
Elexp(itS;)1— [] Elexp(itm;)]1{—0
=0
1 k—1
- ) E(n})-0%x; p)
n =y

1 k—1
¥} I{In)| >¢0(x; p) /n}) >0
Jj=0

251

(29)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

for every e (2.13) implies that S, and S, are asymptotically negligible,
(2.14) implies that the summands {5} in S, are asymptotically inde-
pendent, and (2.15) and (2.16) are the standard Lindeberg-Feller condi-
tions for asymptotic normality of S, under independence. Expressions

(2.13)—(2.16) entail the asymptotic normality

LS, 2 N0, 87(x; p)

N

so that by (2.6)

(nbPE+VP)12 G (x; p)—Z> N(O, 8%(x; p)).

This together with (1.14) and Lemma 2.1 prove Theorem 2.1.

(2.17)
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We now establish (2.13)-(2.16). The proof concentrates on the strongly
mixing case as it is more involved. We remark on the differences for
p-mixing processes.

We first choose the block sizes. Condition 2.3 implies that there exist
constants g, — oo such that for strongly mixing processes

gnSy=0((nb?)'?),  q,(n/b7)'"* afs,) =0,
and for p-mixing processes

Gnsn=0((nb))'?),  q,(nb; )" p(s,) > 0.

Define the large block size r,=[(nb?)'*/q,]. Then simple algebra shows
the properties

s,/r, =0, r,/n—0, r,/(nb2)'2 0, (2.18)

and

;n—oz(s,,) 0. (2.19)

n

(For p-mixing processes, (2.19) is proved via the inequality a(s,) < p(s,)/4.)
We now establish (2.13). Note that

k-1 k=1 k-1

E(S;P=Y var(&)+ Y, Y cov(¢, &)=F +F,. (2.20)
=0 j=0

j=0
i#J

Using stationarity and (2.7), we obtain that

s—1

var(¢,)=svar(Z,,)+2s . (1—1s)cov(Z,q, Z,,)

=1

=s0%(x; p)(1 + o(1)). (2.21)
By (2.20),
F, = O(ks)=o(n),
since by (2.8) and (2.18) r,k,/n=s,/(r,+s,) — 0. Now, we consider F,.
We first note that with m, = j(r +s) +7r,

k-1 k—1 s—1 s—1

F= Z Z Z Z COV(Zn'mle Zn.m,-+lz),

i=0 j=0 =0 =0
i*j
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but since i # j, |m;—m;+1, —1,| =r so that

n—1

IFZI <2 Z Z |C0v(Zn,11’ Zn,lz)l'

h=0 h=h+r
By stationarity and (2.7)

n—1
|Fl <21 Y [cov(Z,05 Z, )| = 0(n).
j=r
By (2.20), we have validated the first part of (2.13). For the second part of
(2.13), using a similar argument together with (2.7), we obtain that
, 1 n—1
- E(S))” S; (n—k(r+s))var(Z,0)+2 Y, [cov(Z,,, Z, )|

j=1

r,+s
gn

= 0(x; p)+o(1) > 0.

For (2.14) we proceed as follows. We note that #, is a function of the
random variables

{Xa(r+s)+1’ ey Xp+a(r+s)+r717 Yp+a(r+s)’ ety Yp+u(r+x)+r71}

or n, is # {>measurable with i,=a(r+s)+1 and j,=p+a(r+s)+r—1
Hence, applying Lemma 2.4 with V,=exp(ity;), we have

'E( 1:1 exp(im,)) _ 1:1 Elexp(im;)]

i=0 Jj=0

< 16ka(s, +2— p)~ 16r1a(s,,+2—p),

n

which tends to zero by (2.19).
We now show (2.15). By stationarity and (2.21) with s replaced by r, we
have

var(n;) = var(n,) = r0*(x; p)(1 + o(1)).
This implies that

lkﬂl

> Z E(nl)= 5 ”02(x )1 +o(1))~

6%(x; p) = 6%(x; p),

n n

since s,,/r,, - 0.
It remains to establish (2.16). We first prove (2.16) when Y(-) is
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bounded. This would establish the asymptotic normality (2.17) for
this particular case. The general case of ¥ possibly unbounded is then
established by using a truncation argument.

Assume that [{(-)| < L. Then by the definition of Z, ,,

1Z, 1 <6~ VPR{L A+ Im(x; ) IW, o0+ 11al },

and by Lemma 2.2a and the fact that p,—0, we have |Z, | < Cy/b2?,

for some constant C;. This and (2.9) entail max,;<s_, |nj|/\/;;<
C,r,/(nb?)"* which tends to zero by (2.18). Hence, when n is large the set
{In;l = 0(x; p)s\/r;} becomes an empty set. Hence, (2.16) follows, and
consequently the asymptotic normality (2.17) holds for bounded ().

To complete the proof for the general case, we utilize the following
truncation argument: Put

Yo=v() {lyI<L},

where L is a fixed truncation point. Correspondingly let
my(x; p)=EW . (Y,)|Xo=x)
and
Vi(x; p) = EL(Yo(Y,)—m.(x; p))*| Xo=x], 07 =D"V.(x; p) f(x; p).
Put
oL =E[b, ?(Y [(Y,) —m(x; p)) Wy, ((x—Xo)/b,)],
Z5,=bUPRh P (Y,) = mu(x; ) Wi (X —Xo)/by) — o L],

and
n—1

n—1
Sk=Y zk,, Si=Y (Z,,-Z%). (2.22)
ji=¢

j=0

Then, by the asymptotic normality for bounded (), we have

1
7 SEZ, N(0, 02). (2.23)

7

In order to complete the proof, namely to establish (2.17) for the general
case, it suffices to show that as first # > o0 and then L - oo we have

1 ~
;var(S,’;) - 0. (2.24)
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Indeed,

|E exp(itS,//n) — exp(— 20(x; p))2)
= |E exp(it(S: + §5)//n) — exp(— 1202 /2)
+exp(— 1262 /2) — exp(— £26%/2)|
< |E exp(itSt/\/n) — exp( — 202 /2)| + E lexp(it§L//n) — 1|
+ lexp(— 762 /2) — exp( —120°/2)|.
Letting n — oo, the first term goes to zero by (2.23) for every L >0; the
second term converges to zero by (2.24) as first # — o and then L — oc;
the third term goes to zero as L — oo by the dominated convergence
theorem. Therefore, it remains to prove (2.24). Note that by (2.22) §ﬁ has
the same structure as S” except that the function i, is replaced by ¥ — /.

Hence, by Lemma 2.3 (note the different scaling between Z,,‘ ;and Z, ), we
have

lim var(S%)/n=D"f(x; p) EL(Y(Y,) I{|y(Y,)| > L}

— [m(x; p)—m(x; )11 Xo=x].

By the dominated convergence theorem, the right hand side converges
to 0 as L— oo. This establishes (2.24) and completes the proof of
Theorem 1. |}

3. AsYMPTOTIC NORMALITY FOR SUPER SMOOTH ERROR DISTRIBUTIONS

In this section, we deal with super smooth error distributions, whose
characteristic function decays exponentially fast. Recall that Q,(x; p) given
by (1.18) is central to our discussion of asymptotic normality. Set

ag(n)=var(Z, ) = var(b,; "[Y(Y,) —m(x; p)] W, ([x —X,1/b,)) (3.1)

and
a?(n)=var(Q,(x; p)). (32)

Since the asymptotic rates and constants of ¢2(n) and o%(n) are not
available even in the ii.d. case, the technical arguments are more involved
here than in the ordinary smooth case. We first derive both lower and
upper bound for ¢}(n) and then use these bounds to establish

#2(n)=> 31 +o(1))
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These bounds are also useful in validating the Lindeberg-Feller condition
for asymptotic normality.

3.1. Preliminaries

We make the following assumptions on the characteristic function é.(1)
of the error variable ¢ ad on the Fourier transform ¢.(z) of a kernel
function K.

Condition 3.1. (i) ¢,(1)#0 for all e R. Moreover, expression (1.15)
holds with §, = f,.

(ii) @ (¢) has a finite support (—d, d).

(iii) There exist positive constants J, a, and / such that IJK(t)I <
a)(d—1t), for te(d—46, d).

(iv) @x(t)=as(d—1) for te(d—4,d), where a, is a positive
constant.

_ (v) With R(r) and I(r) being the real and the imaginary part of
#.(1), assume that either 7,(1) = o(R,(1)) or R,(1)=o(I (1)), as t - c0.

Condition 3.1 is satisfied, for example, when ¢; is Gaussian or Cauchy
distributed and a smooth kernel K whose Fourier transform is given by
B (1)=(d*—1?) for |t| < d and is equal to zero otherwise. We remark that
condition i assumes that the error distribution is super smooth. Under such
an assumption, by Fourier’s inversion, the density A(u) of the error variable
¢ is bounded and has bounded derivatives of all orders. This entails that the
marginal density f(x; p) given by (1.5) is bounded,

f(x; p)< M,

for some M > 0. We also remark that the conditional density fy y,,(“l Vp)
of X, given Y, =y, exists and is bounded and continuous in view of the
smoothness of #(u) and the convolution theorem. Condition ii is a sufficient
condition for the existence of the deconvolution kernel (1.2) for > 0. Note
that @.(d)=0 since @x(-) is continuous. Conditioniii describes the
behavior of (Z (1) in a neighborhood of = d. Conditions iv and v are used
to develop lower bounds. Condition v says that at the tail, the charac-
teristic function §,(-) is either purely real or purely imaginary.

The following lemma gives both lower and upper bounds on the norms
of the deconvolution kernel function (1.2). The proof is given in the
appendix.

LEMMA 3.1. Under Conditions 3.1i-iii, we have as b, -0

/
17,01 =0 (19 (10g () ) exstatarp,)*))

n
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and

!
1#312=0 (b0 (1og (1)) exptatdis, ).

If moreover Condition 3.1iv and v hold, then we have
|W,,(x)| = ag H(x) by/* "8+ expla(d/b,)’),
for some a,>0 uniformly in x on a bounded interval, where

Hixy Jleosdxl,if I(1)=o(R,(1))
(x)—{|5indx|, if R(t)=o(I(1)).

The following two lemmas establish a lower bound on ¢i(n) and the
identity *(n)=(1/n) 63(n)(1 + 0o(1)). We impose the following conditions
on the underlying processes {x, &,, ¥,}.

Condition 32. (i) EW(Y,)|’< oo for some v>2.
(ii) The processes { X}, ¢;, ¥;} either are p-mixing with 27| p(j) < o0
or strongly mixing with 3> | j*[«(;)]' =" < oo for some 4> 0.

LEMMA 3.2, Under Condition 3.1, we have for large n
o5(n) 2 asb Pt NP+ =031 exp(2ap(d/b,)’)

and

1 2ip
ag(n) S agh2tt+ i+ ho-11 <log b_) exp(2ap(d/b,)’),

n

for some constants as, ag> 0.

Proof.  Since p, is bounded (see (2.3)), we have by conditioning on Y,
and using a change of variables that

03in) = by PE(LH(Y,) — m(x; )] W, (x—~Xo)/b,)F + O(1)
>0, E (W00 = )P [ WR) S lx=byul ¥, )

+0(1)
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and by Lemma 3.1 and the factorization (1.8) of W,

o5(n) = abyrt D03 exp(2ap(d)b,)")

<E([9(7,)= m(x; p)T
xf [1 A%w) ) ot (X — u|Y,,)du>+0(1).
[-L117 ;2

By the continuity of fy,, , we then have

1
03(n) > aPb¥L* R0 exp(2ap(djb,)") ( J

A(u) du)p
x E([y(Y, X; P)1? fxo v, (X1 ¥,))(1 +0(1)).

The first conclusion follows. The second conclusion foliows immediately
from the bound on ||W, ||, in Lemma 3.1. |1

LeMMA 3.3. Under Conditions 3.1 and 3.2, we have

n—1

Y leov(Z,0, Z, )l = o(ad(n))

j=1

and
o*(n) =% ag(n)(1 +0(1)),

where o*(n) and ol(n) are given by (3.1) and (3.2).
Proof. LetI, =|cov(Z,q,Z, ;) and

¢, = [exp(ap(d/b,)’)]. (33)

nj—

Then

i lcov(Z,,O,Z,,Jf—(Z + Z Y ) I,=di+ 0+ 75 (34)

Jj=cn+1

We now deal with each of the above three terms. For 1 <j<p—1, by
(1.16), we write

T, ;=b, PE([Y(Y,)—m(x; p)I¥(Y, ;) —m(x; p)]
x W ([x —Xo1/b,) W, ([x —X,1/b,)) + O(1),
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since p, is bounded by (2.3). Put

(XY = (X, o X7 £ = (81, 0 8))
(X)) =(X7, 150 X)) £ = (415 Ep)
(X0 = (X0 1 X2 )i 8= (812 £p40)

and X' =(X") +¢&, X"=(X°)"+¢", and X” =(X°)" +¢&". Then, by condi-
tioning on (X°)", ¢”, Y,, and Y, ;, we have

nj—b ZPE{q X”)‘h p+/) E[ql(x )qS(XW”(XO)’ ,’ Yp’ Yp+j]}
+0(1), (3.5)

where

and

qalY,, Y, ) =[¥(Y,)—m(x; p)JI¥(Y,, ) —m(x; p)].
By (1.2) and Fubini’s theorem, the inner conditional expectation is

Js=E[q,(X") ¢;(X")|(X*)", ", ¥, Y, , ;]

l 2 J .
- (27r)2j beE[eXp (— B: lgl 4, — X7 —¢)
nl=p+1
x H Lok (1)/B1:/b,)] H [Fx(t)/B(t,/b,)] dt dt”
I=p+1
1 2 R
= (zn)zj_[szeXp <‘* bi,gl tlxl—‘bl—l Z l t,x,;].)

P+

X @(t'/b,s /b, | (X°)', ¥, Vi) H $x(t) [1 dxle)dv at”,

I=p+1
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where §(t', ¢ |(X°)", Y,, Y, ]) is the condmonal characteristic function of
(X°), (X°)" given {(X )” Y,.,}. Therefore, |Js| < |@«ll}/(2n).
Consequently, by (3.5), for | <]<p— 1, we have

Igxll?

I, | <W

EqxX") qu(Y,, p+,)l+0(1)< S, 120, (36)

b2’
for some positive constant C,. The same argument yields

C,
lIn jl =~

b jzp. (3.7)

Thus, by (3.4) and (3.6), we have

J]\bz,, Z IW,, 12079 = O(b, 7 | W, I3~ 1),

n j=1

This together with the upper bound on | W,,”]]w in Lemma 3.1 and the
lower bound on ¢}(n) in Lemma 3.2 shows that

Ji C, 1\2r-1 ,
Ug(n)<b5+2”+l)ﬂ+ﬁ0 (loga) exp(—2a(d/b,)’)=o(1), (3.8)

where C; is a positive constant. For J,, (3.7) leads to J, < ¢, C,/b%. Hence,
by the choice of ¢, given in (3.3) together with the lower bound on ¢3(n)
given by Lemma 3.2, we have

J,

200 = O(b; LU+ DI+ F0+05) exp(—ap(d/b,))) = o(1). (39)
0

Finally, we consider J;. For p-mixing processes, we have

Ji<agn) Y, p(j—p+1)=o(a5n)).

Jj=cp+1

From this together with (3.4), (3.8), and (3.9), we have proved the first
conclusion for the p-mixing processes. For strongly mixing processes, we
first note that by (1.16)

(L

E|Z <2
In()l 2 b

Ey(Y,)—m(x; p)|"+ O(1). (3.10)
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Then employing Davydov’s lemma, we obtain that

T, 1 <8[alj—p+ 11 ¥ (EIZ, )"
W, 1%

n

SCula(j—p+1D] 2 (3.11)

for some constant C,. Thus,

v+ 1 e ; 1—2
L2 —5— ¥ [uj—p+ 1]
n Jj=cn
o2 = o
<C4 p2p Z J [a(J‘P+1)] .
c" n J=cu

Using again the upper bound on || anHoo and the lower bound of a}(n)
given by Lemma 3.2, we have

2lp

/> sO(C,T"b,T”[IOgL] ZJ"[ot(j—PH)]“z”):O(l)-

Glz)(n) b” J=ctn

Combining this with (3.4), (3.8), and (3.9) proves the first part of the
lemma for strongly mixing processes. The second conclusion follows
directly from (2.4) and the first one. ||

LemMma 3.4. Under Conditions 3.1 and 3.2ii, we have

Py 2pl
var(7300 p)) = 0 (5830 02 411 (1og () exp2an(ae, ) ).

n

Moreover, if b, =0 such that b, > yd(2ap/log n)"/® for some y > 1, then

Fatx p) =5 f(x; p)
at the continuity points of f°(x; p).

Proof. The same argument as in the proof of Lemma 3.3 leads to

1 x — X,\|?
b\,
=0 _1__”W "211

T \mp T )

By using the upper bound on | Wb,,“oo given in Lemma 3.1, we obtain the

var(f3(x; p)) = 0 (% E
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first result. For the second result, by the assumption on the bandwidth, we
have as n —» ©

-

var(f,(x; p)) =0,

and by Proposition 1.1, we have F2(x; p)— f°(x; p) in quadratic-mean.
Hence, the second conclusion follows. ||

We remark that a similar conclusion to Lemma 3.4 was proved in Masry
[13]. The current result is stronger and broader.

3.2. Main Results

The goal of this section is to establish the asymptotic normality for the
regression estimator (1.10). To this end, we first discuss the asymptotic
normality for {,, the dominating term in the numerator of (1.14), and then
use Lemma 3.4 to show the asymptotic normality for ria(x; p) via (1.14).
We need the following conditions.

Condition 3.3A. Assume nb?’ — oo as n— oo for some y>1. Let {s,}
be a sequence of positive integers defined by s, = [(#b?")*]. For strongly
mixing processes, (k) satisfies (nb~"")'? a(s,) = 0 as n— oo; for p-mixing
processes, p(k) satisfies (nb, )" p(s,} - 0 as n - c0.

Condition 3.3B. Assume that n’~?h%” — o0 as n— oo for some y>1,
where v is given in Condition 3.2. Let {s,} be a sequence of positive
integers given by

s, = [(nv'zbf”)l/z("_ 1)]'

For strongly mixing processes, a(k) satisfies (nb, 7")" a(s,) = 0 as n — co;
for p-mixing processes, p(k) satisfies (nb?7)'? p(s,) — 0 as n - 0.

We remark that Condition 3.3A is weaker than Condition 3.3B, since s,
given in Condition 3.3A is larger. Note that Condition 3.3A is very similar
to Condition 2.3 in the ordinarily smooth case. For bounded ,
Theorem 3.1 shows that the asymptotic normality holds under this weaker
condition. Interesting examples of bounded Y include estimating condi-
tional cdf and estimating mean regression function when responses are
bounded (e.g., binary response).

THEOREM 3.1. Under Conditions 3.1 and 3.2, and b,— 0 such that
b, > vd(2ap/log n)(1/B), we have

A. If Y(-) is bounded and Condition 3.3A holds, then

n 3.(% p)fog(n) =5 N(O, 1),
B. If Condition 3.3B holds, then the above asymptotic normality holds.
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Proof. We first prove part A; the proof of part B is outlined following
the proof of part A.
We first normalize Z,, ; in (1.16) as

Z,,’j=Z,,‘j/O'0(n), S”: Z 7z

j=0

n, i

so that

var(Z, ;)= L. (3.12)

nJj

In view of Lemma 3.3, we have

n-—1
Y Jeov(Z,0, Z, ) =0, var(S,) =

j=1

(1+0(1)). (3.13)

|-

With such a normalization, (1.18) leads to

S 0%; pYooln) =/l —p T I)J%TT Su et

Thus, it suffices to show that

n—'28, <5 N(O, 1). (3.14)

We now employ the big and small block arguments as in the proof of
Theorem 2.1. Let y, be a real number satisfying 1 <y, <y, where y is given
in Condition 3.3A. Let the small block size s=3s,, the big block size r=r,,,
and the number of blocks £ =k, be

5= [b2)2Y; 1= [(nb?")]; kﬁ[ n ]

r,+s,

Then, it is easy to verify as n — oo that
S r, ¥, 1\?
r—n—>0; ;—»0; W(logb—) -0 (315)

and that

—oa(s,) = 0. (3.16)

683/43/2-7
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Define respectively #;, ¢, {;, and S, S,, S, as in (2.9)-(2.12). To prove
(3.14), we need only to verify that as n — oo,

%E(S;{)Z—»Q %E(s;;’)%o (3.17)
k—1
Elexp(itS;)1— || Elexp(itm,)]|—0 (3.18)
=0
lkfl
=Y E(n)-1 (3.19)
n =
lk—l
=) En-1 (3.19)
n /=,
lk—l
) E(m*I{|n)|=¢e/n}) =0 (3.20)
j=0

for every e.
As in (2.21), using (3.12) and (3.13), we have

var(&,) =s(1 + o(1)). (3.21)

One can similarly show that with F, and F, given by (2.20), we have

F,=0(k,s,)=o0(n), F,=o(n).

Thus (1/n) E(S”)? - 0. Note that by (3.12) and (3.13)

i 1 =
;E(S:,”)zs;z- (n—k(r+s)+ Y, lcov(Z,,, Z, ;)| 0.
=1

j=

Hence, (3.17}) holds.
Next, using Lemma 2.4 and (3.16), we have

Efexp(itS,)]1~ [] Elexplim,)]

j=0

<16kn“(sn+2—[7)~16;’1-a(s,,+2—p)—)0,

establishing (3.18).
Now, using (3.21) with s replaced by r, we obtain

Eng=r,(1+0(1)) (3.22)
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so that by stationarity

lkl

- Z E(n})= il "(1+o( ))— 1.

This establishes (3.19).
Finally, we verify the Lindeberg condition (3.20). Since y(Y) is bounded,
we have

l”Ol <rn sup |Zn jl/ao( < Clrn(” Wb,,“ oo/b )p/oﬂ(n)’

1< i<y,

where C, is a positive constant. By using the upper bound on |W, |, in
Lemma 3.1 and the lower bound on o,(n) in Lemma 3.2, we obtain

inlis/n=0 (o e (1 og~ ))

which tends to zero by (3.15). Hence (3.20) holds for bounded y since the
set {|nol = ¢ \/; } is asymptotically empty. This completes the proof of the
first part.

For part B, we proceed as follows. Define the small block size s, as in
Condition 3.3B, and let

ro=[(n*~2%P)26-07  and k= —"
g " "o Lrats,

where 1<y, <. Then, it is easy to show that

1 \2P p200-1%)
%-»O; %—»0; b;P(logb—> r:,lfm—»O (3.23)

n

and that (3.16) holds. The same argument as in part A establishes
(3.17)-(3.19). Thus, we need only to show (3.20). Since k,r,/n—1, it
suffices to show, by stationarity, that

1
Fy=—Em3I{Inol > ¢ /n}) >0 (324)

as n-» 0. Let A,={|nol>¢ \/;} Then by Jensen’s inequality,

rn 2 rn
(Z Zn.j/rn> g z Zi.j/rn
j=1

J=1
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so that
F,< z EZﬁ‘jIAn.
j=1

Let p=v/2 and §=v/(v—2) be its conjugate number so that 1/p+1/§=1,
where v was given in Condition 3.2. By Holder’s inequality and station-
arity, we obtain

F3 < rn(E !Zn‘0|2ﬁ)l/ﬁ (P(An))l/tia

and by Tchebychev’s inequality,

2 1/g
FrE 12,07 (ZHE)

e’n
By (3.10), Lemma 3.1, and Lemma 3.2,
o E Z vy 2/v 1 2lp
(E|Z, 0|2p)1/p = <_|”_9|_> =0 (b;p <10g _> )

’ oy(n) b,

Using this, together with (3.22), we have
1 2p
Fy=o0 by (1) vn-0-20)

n

which tends to zero by (3.23). Hence, (3.24) holds and this completes the
proof. |}

By using (1.14) together with Lemma 3.4 and Theorem 3.1, we have

THEOREM 3.2. If the assumptions of Theorem 3.1 hold, then for xe R’
such that £°(x; p) >0 we have

ﬁin(X;p)—m(X;p)—Bn(X;p)_y, 1 >
v N <O’f°2( )

6o(n) X; p

provided that b, — 0 such that b, > yd(2ap/log n)* for some y>1, where
o5(n) is given by (3.1).

We remark that for the ordinarily smooth case, the asymptotic normality
(see Theorem 2.1 and Coroilary 2.1) admits a classical form. However, for
the super smooth case, the asymptotic normality does not have a classical
form due to the unavailability of the asymptotic rate and constant of ¢3(n).
Note that the explicit upper and lower bound on ¢3(n) are given in
Lemma 3.2. These bounds are nearly sharp.
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Remark 3.1. Under Condition 3.3B, there is a tradeoff between the
order of the moment v in E|§(Y,)]" < oo and the rate of decay of the
mixing coefficients: the larger v, the weaker the condition on the mixing
coefficients. For example, if b, > yd(2ap/log n)'’* as in Theorem 3.1 and the
strongly mixing coefficient satisfies a(j) = O(j ), then Conditions 3.2 and
3.3B hold when ¢ > v/(v —2).

APPENDIX: PROOF OF LEMMA 3.1

Let ¢ be a genetic constant and

1
7, = Ab log = (A.1)

n

where A is a positive constant. Then, by (1.2), we obtain

IO
—= |84/b,)

Lfpd=m rd N\ |ge(t)]
:EQO, +, >|$g(r/b,,)| “

~ 1
W, ST
<5 |
—¥n
We first deal with 7,. With M large but fixed, condition 3.1i leads to
Mby  cd—m\ |d. (1
R
0 Mby |¢s(t/bn)|

Mb d—yn —Bo
< Z tef ! (i) expla(1/b,)") dt
Mb,

S pe 5
ming <, < a7 10.(7)] n

d—yn
<cbf | " P expla(i/b,)?) dt. (A3)
Mby,

By taking the derivative with respect to ¢, it is easy to show that the
integrand in (A.3) is an increasing function of ¢+ when > Mb, and hence
is bounded by its value at the point 1 =d —y,,. Therefore, we have

I, =0(by expla(d/b,)’ (1 —y,/d)")).
Taylor’s expansion gives

(1=y,/d)f =1~ By,/d+ O(}) =1 — By, /d+ o(bh).
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This together with (A.1) leads to

I, =0(b* 7" exp(a(dfb,)")). (A4)
Next, we consider I,. We first note that for te [d—7y,, d]

(d—1)'<yt; 7P ¢

This together with Condition 3.1iii and (1.15) entails that

d
Izécf

d—y

(d—1)! (t/b,) " expla(t/b,)") dt

.
<eylbe [* o'~ expla(efb,)’) di

d—yn

/
=0 (b§°+ﬂ N <log bi> exp(a(d/b,)’ ))~

n

By choosing a large value of the constant A, the upper bound of I,
dominates ;. Hence, by (A.2), we obtain the first conclusion. The second
conclusion follows from the Parseval’s identity

- L op+> o -
IW3=5- ] Bx800/6,)1 i

and a similar argument.
Now, we establish the third conclusion. First, we write

~ 1 d‘)’n . ~ ~
W) =5 (jk(d,m + f[_(d_yn),d_m‘_) exp(itx) Fx(1)/u(1/b,) dr
=J, +J,. (A.5)

By (A4),
|, < T, = O(bPo*#444" " exp(a(d/b,)*)). (A.6)

Next, by symmetry, we have

Lpd o Ryby . Taby
Jy=— ¢ t)(cost ————"—+sint —;———”———)dt
=], A R AR AT E
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Without loss of generality, we treat the case that T,(¢/b,) = o(|R.(1/b,)]). In
this case,

1

d ~ o~
J2=_J (1) cos IXMdt
n d—y,

1@:(1/b,)
1 d”bf d ~ ﬁs(t/bn)

=-— K ~——_—d

n(L-w +L—b£>¢ (W cos b g b
=Jy1+Jas. (A.T)

(I+o(1))

We remark that R (7/b,) cannot change its sign on the interval [d—y,, d];
otherwise, R, (t/b,) would have a root, say, t,, which implies that
$.(tn/bn) = R (1,/b,) + il (1,/b,) =0 (since we assume 1,(1/b,) = o(R,(1/b,)))
and contradicts with the assumption that ¢.(¢)#0. Also, by Con-
dition 3.1vi, ¢.(r)>0 on the interval (d—y,,d). For the point
x=(k+0.5)n/d, k=0, +1, +2, ..., the third conclusion follows naturally
since cos(dx)=0. When x # (k + 0.5)n/d, on the interval te [d—7,, 4], we
have cos(tx)=cos(dx)(1+ o0(1)) uniformly in x on a bounded interval.
Thus, the function cos(zx) cannot change its sign on [d—7,, d). These
imply that J, ; and J, , have the same signs, say positive. Thus (A.7) entails
| /4| = 1J5,5]. Using the tail condition (1.15) and Condition 3.1iv, we obtain

a1 > ¢ lcostdx)t +o(0)] [ (d—1)' (1/b,)~* explalifb, V) d

_pB\ —Bo __hB\ 8
> ¢ |cos(dx)] (dbb"> exp (a(dbb"> )f d—1)dr

n n d— by,

> ¢ |cos dx| bB+ U+ DB exp(a(d/b,)? (1 — bPd)P).
The second inequality follows from the fact that the function

t % expla(t/b,)?) is an increasing function when te [d— b#, d]. Using the
fact that for small x,

(1—x)”>1—§x,

we have

J, > c|cos dx| bPo+ U+ D8 exp(a(d/b,)?).

This together with (A.5) and (A.6) leads to the desired lower bound by
choosing a large value of A so that J, dominates J,.
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