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This paper studies hypothesis testing and parameter estimation in
the context of the divide-and-conquer algorithm. In a unified likelihood
based framework, we propose new test statistics and point estimators
obtained by aggregating various statistics from k£ subsamples of size
n/k, where n is the sample size. In both low dimensional and sparse
high dimensional settings, we address the important question of how
large k can be, as n grows large, such that the loss of efficiency due
to the divide-and-conquer algorithm is negligible. In other words,
the resulting estimators have the same inferential efficiencies and
estimation rates as an oracle with access to the full sample. Thorough
numerical results are provided to back up the theory.

1. Introduction. In recent years, the field of statistics has developed
apace in response to the opportunities and challenges spawned from the ‘data
revolution’, which marked the dawn of an era characterized by the availability
of enormous datasets. An extensive toolkit of methodology is now in place for
addressing a wide range of high dimensional problems, whereby the number
of unknown parameters, d, is much larger than the number of observations,
n. However, many modern datasets are instead characterized by n and d
both large. The latter presents intimidating practical challenges resulting
from storage and computational limitations, as well as numerous statistical
challenges (Fan et al., 2014). It is important that statistical methodology
targeting modern application areas does not lose sight of the practical
burdens associated with manipulating such large scale datasets. In this vein,
incisive new algorithms have been developed for exploiting modern computing
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architectures and recent advances in distributed computing. These algorithms
enjoy computational or communication efficiency and facilitate data handling
and storage, but come with a statistical overhead if inappropriately tuned.

With increased mindfulness of the algorithmic difficulties associated with
large datasets, the statistical community has witnessed a surge in recent
activity in the statistical analysis of various divide and conquer (DC) algo-
rithms, which randomly partition the n observations into k subsamples of
size ng = n/k, construct statistics based on each subsample, and aggregate
them in a suitable way. In splitting the dataset, a single, very large scale
estimation or testing problem with computational complexity O(y(n)), for a
given function 7(-) that depends on the underlying problem, is transformed
into k smaller problems with computational complexity O(v(n/k)) on each
machine. What get lost in this process are the interactions of split subsam-
ples in each machine. They are not recoverable without additional rounds of
communication or without additional communication between the machines.
Since every additional split of the dataset incurs some efficiency loss, it
is of significant practical interest to derive a theoretical upper bound on
the number of subsamples k that delivers the same asymptotic statistical
performance as the practically unavailable “oracle” procedure based on the
full sample.

We develop communication efficient generalizations of the Wald and Rao’s
score tests for the sparse high dimensional scheme, as well as communication
efficient estimators for the parameters of the sparse high dimensional and
low dimensional linear and generalized linear models. In all cases we give the
upper bound on k for preserving the statistical error of the analogous full
sample procedure. While hypothesis testing in a low dimensional context is
straightforward, in the sparse high dimensional setting, nuisance parameters
introduce a non-negligible bias, causing classical low dimensional theory to
break down. In our high dimensional Wald construction, the phenomenon
is remedied through a debiasing of the estimator, which gives rise to a test
statistic with tractable limiting distribution, as documented in the £k =1 (no
sample split) setting in Zhang and Zhang (2014) and van de Geer et al. (2014).
For the high dimensional analogue of Rao’s score statistic, the incorporation
of a correction factor increases the convergence rate of higher order terms,
thereby vanquishing the effect of the nuisance parameters. The approach
is introduced in the k£ = 1 setting in Ning and Liu (2014), where the test
statistic is shown to possess a tractable limit distribution. However, the
computation complexity for the debiased estimators increases by an order of
magnitude, due to solving d high-dimensional regularization problems. This
motivates us to appeal to the divide and conquer strategy.
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We develop the theory and methodology for DC versions of these tests. In
the case of k = 1, each of the above test statistics can be decomposed into a
dominant term with tractable limit distribution and a negligible remainder
term. The DC extension requires delicate control of these remainder terms
to ensure the error accumulation remains sufficiently small so as not to
materially contaminate the leading term. We obtain an upper bound on
the number of permitted subsamples, k, subject to a statistical guarantee.
More specifically, we find that the theoretical upper bound on the number of
subsamples guaranteeing the same inferential or estimation efficiency as the
whole-sample procedure is k = o((slogd)~'y/n) in the linear model, where s
is the sparsity of the parameter vector. In the generalized linear model the
scaling is k = o(((s V s1) logd)~1y/n), where s; is the sparsity of the inverse
information matrix.

For sparse high dimensional estimation problems, we use the same debiasing
technique introduced in the high dimensional testing problems to obtain
a thresholded divide and conquer estimator that achieves the full sample
minimax rate. The appropriate scaling is found to be k = O(y/n/(s%logd))
for the estimation of the sparse parameter vector in the high dimensional
linear model and k = O(y/n/((sV s1)2logd)) for the high dimensional
generalized linear model. Moreover, we find that the loss incurred by the
divide and conquer strategy, as quantified by the distance between the DC
estimator and the full sample estimator, is negligible in comparison to the
statistical error of the full sample estimator provided that %k is not too
large. In the context of estimation, the optimal scaling of k with n and d is
also developed for the low dimensional linear and generalized linear model.
This theory is of independent interest. It also allows us to study a refitted
estimation procedure under a minimal signal strength assumption.

1.1. Related Literature. A partial list of references covering DC algorithms
from a statistical perspective is Chen and Xie (2012), Zhang et al. (2013),
Kleiner et al. (2014), Liu and Ihler (2014) and Zhao et al. (2014a). The
closest works to ours are Zhang et al. (2013), Lee et al. (2015) and Rosenblatt
and Nadler (2016). Zhang et al. (2013) consider the distributed estimator for
kernel ridge regression. In the context of d < n, Zhang et al. (2013) propose
the distributed estimator by averaging the kernel ridge regression estimators
for each data split. They obtain an explicit upper bound on the number
of splits yielding the minimax optimal rates for the mean squared error.
However, it is not straightforward to generalize their estimator to the high
dimensional setting. In an independent work, Lee et al. (2015) propose the
same debiasing approach of van de Geer et al. (2014) to allow aggregation
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of local estimates on distributed data splits in the context of sparse high
dimensional linear and generalized linear models. Though using different
techniques of proofs, the conclusions of Lee et al. (2015) in terms of the
optimal choice of tuning parameter scaling and the upper bound on the
permissible number of sample splits is of the same order. Our work differs from
theirs in two aspects: (1) our work also contributes to the distributed testing
in sparse high dimensional models and (2) we propose a refitted distributed
estimator which has the oracle rate. Our results on hypothesis testing reveal
a different phenomenon to that found in estimation, as we observe through
the different requirements on the scaling of k. On the estimation side, our
results also differ from those of Lee et al. (2015) in that our additional
refitting step allows us to achieve the oracle rate. Rosenblatt and Nadler
(2016) consider the distributed empirical risk minimization for M-estimators.
They require the dimension of the interest parameter to satisfy the scaling
condition d/n — k € (0,1), which rules out the d > n case. They quantify
the accuracy loss over the full sample estimator in terms of the number of
splits.

1.2. Organization of the paper. The rest of the paper is organized as
follows. Section 2 collects notation and details of a generic likelihood based
framework. Section 3 covers testing, providing high dimensional DC ana-
logues of the Wald test (Section 3.1) and Rao’s score test (Section 3.2), in
each case deriving a tractable limit distribution for the corresponding test
statistic under standard assumptions. Section 4 covers distributed estimation,
proposing an aggregated estimator of the unknown parameters of linear and
generalized linear models in low dimensional and sparse high dimensional
scenarios, as well as a refitting procedure that improves the estimation rate,
with the same scaling, under a minimal signal strength assumption. Section 5
provides numerical experiments to back up the developed theory. In Section
6 we discuss our results together with remaining future challenges. Proofs of
our main results are collected in Section 7, while the statement and proofs of
a number of technical lemmas are deferred to the Supplementary Material.

2. Background and Notation. We first collect the general notation,
before providing a formal statement of our statistical problems. More spe-
cialized notation is introduced in context.

2.1. Generic Notation. We adopt the common convention of using bold-
face letters for vectors only, while regular font is used for both matrices
and scalars. | - | denotes both absolute value and cardinality of a set,
with the context ensuring no ambiguity. For & = (x1,...,24)7 € R?, and
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1< g < oo, we define 2], = (Y, [21%) /%, |lzllo = |supp(a)], where
supp(x) = {j : x; # 0}. Write ||x||cc = maxi<j<q|z;|, while for a matrix
M = [Mjg], let || M||lmax = maxy [Mjg|, [|M|lv = >_; 1 [Mjy|. For any matrix
M we use M to index the transposed ¢ row of M and [M]; to index
the %" column. The sub-Gaussian norm of a scalar random variable X is
defined as || X ||y, = sup,>; ¢ /2(E|X|7)'/4. For a random vector X € R,
its sub-Gaussian norm is defined as || X ||y, = supgega-1 [[(X, x)||y,, Where
S%=1 denotes the unit sphere in R. Let I; denote the d x d identity matrix;
when the dimension is clear from the context, we omit the subscript. We
also denote the Hadamard product of two matrices A and B as Ao B and
(Ao B)j, = AjBjj, for any j, k. {e1,...,eq} denotes the canonical basis
for RZ. For a vector v € R? and a set of indices S C {1,...,d}, vs is the
vector of length |S| whose components are {v; : j € S}. Additionally, for a
vector v with j™ element v;, we use the notation v_; to denote the remain-
ing vector when the j*" element is removed. With slight abuse of notation,
we write v = (vj,v_;) when we wish to emphasize the dependence of v
on vj and v_; individually. The gradient of a function f(x) is denoted by
V f(z), while V,f(x,y) denotes the gradient of f(x,y) with respect to «x,
and V%y f(x,y) denotes the matrix of cross partial derivatives with respect
to the elements of « and y. For a scalar 1, we simply write f'(n) := V, f(n)
and f"(n) := V,Qm f(n). For a random variable X and a sequence of random
variables, {X,,}, we write X, ~ X when {X,,} converges weakly to X. If X
is a random variable with standard distribution, say F'x, we simply write
X, ~ Fx. Given a,b € R, let a Vb and a A b denote the maximum and
minimum of a and b. We also make use of the notation a, < b, (a, 2 by) if
an is less than (greater than) b, up to a constant, and a,, < b, if a,, is the
same order as b,,.

2.2. General Likelihood based Framework. Let (X1, Y1), ... (XTI, Y,)T
be n i.i.d. copies of the random vector (X T Y)T, whose realizations take
values in R? x )). Write the collection of these n i.i.d. random couples
as D = {(XT, )T, (XTI, V,)T} with Y = (V,...,Y,)T and X =
(X1,...,X,)T € R™4 Conditional on X;, we assume Y; is distributed
as Fg+ for all i € {1,...,n}, where Fg- is a known distribution parameter-
ized by a sparse d-dimensional vector 3* and has a density or mass function
fa+. We thus define the negative log-likelihood function, ¢,(3), as

(2.1) ((B) = -3 6(B) =~ > lo fa(¥i| X)),
=1 =1
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We use J* = J(B*) to denote the information matrix and ©* to denote
(J*)~ 1, where J(B) = E[V%ﬁﬁn(ﬁ)].

For testing problems, our goal is to test Hy : 3F = B for a specific
fixed index v € {1,...,d}. We partition 3* as 3* = (3%, 8*T)T € R, where
B*, € R is a vector of nuisance parameters and By is the parameter
of interest. To handle the curse of dimensionality, we exploit a penalized
M-estimator defined as,

(2:2) B = argmin {€,(B) + PA(B)} .

with Py (3) a sparsity inducing penalty function with a regularization param-
eter A\. Examples of Py () include the convex ¢; penalty, PA(8) = A||B|l1 =
A Z?Zl | 8] which, in the context of the linear model, gives rise to the Lasso
estimator (Tibshirani, 1996),

~ . 1
(2.3 B = argmin { SI1¥ X813+ Al |

Other penalties include folded concave penalties such as the smoothly clipped
absolute deviation (SCAD) penalty (Fan and Li, 2001) and minimax concave
MCP penalty (Zhang, 2010), which eliminate the estimation bias and attain
the oracle rates of convergence (Loh and Wainwright, 2013; Wang et al.,
2014a). The SCAD penalty is defined as

(2.4)
PAB) = " pa()s where pa(t) /'t{m <N+
=Y pa(B;), where p = 2 <

A 2 A A ;

a\ —z

1 1(z > )\)}dz,

for a given parameter ¢ > 0 and MCP penalty is given by

d It z
(2.5) Pr(8) = ;p/\(ﬁj), where py(t) = )\/0 (1 - E)-s- dz

where b > 0 is a fixed parameter. The only requirement we have on Py(3) is
that it induces an estimator satisfying the following condition.

Condition 2.1. For any ¢ € (0,1), if A < y/log(d/d)/n,
(2.6) P8~ 8l > Csn~"/2\log(d/3)) < 4,
where s is the sparsity of 8%, i.e., s = [|8*||o.

Condition 2.1 is crucial for the theory developed in Sections 3 and 4. Under
suitable conditions on the design matrix X, it holds for the Lasso, SCAD
and MCP. See Biihlmann and van de Geer (2011); Fan and Li (2001); Zhang
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(2010) respectively and Zhang and Zhang (2012).

The DC algorithm randomly and evenly partitions D into k disjoint sub-
sets D1,..., Dy, so that D = Ug‘f’:le, D;NDy = o for all j,0 € {1,...,k},
and |Di1| = |D2| = --- = |Dg| = nip = n/k, where it is implicitly as-
sumed that n can be divided evenly. Let Z; C {1,...,n} be the index set
corresponding to the elements of D;. Then for an arbitrary n x d matrix
A, AU = [Aitliez; 1<0<a- For an arbitrary estimator 7, we write 7(D;)
when the estimator is constructed based only on D;. Finally, we write
ng) (B) = Zz‘te ¢;(B3) to denote the negative log-likelihood function based
on Dj.

While the results of this paper hold in a general likelihood based framework,
for simplicity we state conditions at the population level for the generalized
linear model (GLM) with canonical link. A much more general set of state-
ments appear in the auxiliary lemmas upon which our main results are based.
Under GLM with the canonical link, the response follows the distribution,

@7) (Y3 X,87) Hfm,m H{(Yﬁexp[W]},

=1

where nf = XI3*. The negative log-likelihood corresponding to (2.7) is
given, up to an affine transformation, by
(2.8)

1 n
E YXT b XT sz % b i) — Zz ’
Z B+b(X[B) = Z mi+ b(ni) = — ; (8)
and the grad1ent and Hessian of ¢, (3) are respectwely
1 1
V6 (B) =~ XT(Y — p(XB) and V2u(8) = - XTD(XB)X

where u(8) = (V' (m),...,0' (n,))T and D(B) = diag{t”(m),...,b"(n,)}. In
this setting, J(8) = E[p"(X{B) X1 X{] and J* = E[V"(X{ B*) X1 XT].

3. Divide and Conquer Hypothesis Tests. In the context of the two
classical testing frameworks, the Wald and Rao’s score tests, our objective is
to construct a test statistic S,, with low communication cost and a tractable
limiting distribution F. From this statistic we define a test of size « of the
null hypothesis, Hy : 8} = B, against the alternative, Hy : 3 # g, as a
partition of the sample space descr1bed by

{ 0 if|S,] < F~Y1—a/2)

(3.1) =11 if [Sn| > F~1(1—a/2)

n

for a two sided test.



8 H. BATTEY, J. FAN, H. LIU, J. LU AND Z. ZHU

3.1. Two Divide and Conquer Wald Type Constructions. For the high
dimensional linear model, Zhang and Zhang (2014), van de Geer et al. (2014)
and Javanmard and Montanari (2014) propose methods for debiasing the
Lasso estimator with a view to constructing high dimensional analogues of
Wald statistics and confidence intervals for low-dimensional coordinates. As
pointed out by Zhang and Zhang (2014), the debiased estimator does not
impose the minimum signal condition used in establishing oracle properties
of regularized estimators (Fan and Li, 2001; Fan and Lv, 2011; Loh and
Wainwright, 2015; Wang et al., 2014b; Zhang and Zhang, 2012) and hence
has wider applicability than those inferences based on the oracle properties.
The method of van de Geer et al. (2014) is appealing in that it accommodates
a general penalized likelihood based framework, while the Javanmard and
Montanari (2014) approach is appealing in that it optimizes asymptotic
variance and requires a weaker condition than van de Geer et al. (2014)
in the specific case of the linear model. We consider the DC analogues of
Javanmard and Montanari (2014) and van de Geer et al. (2014) in Sections
3.1.1 and 3.1.2 respectively.

3.1.1. Lasso based Wald Test for the Linear Model. The linear model
assumes

(3.2) Y= X{ 8" +ei,

where {g;}1" ; are i.i.d. with E(g;) = 0 and variance o%. For concreteness, we
focus on a Lasso based method, but our procedure is also valid when other
pilot estimators are used. We describe a modification of the bias correction
method introduced in Javanmard and Montanari (2014) as a means to testing
hypotheses on low dimensional coordinates of 3* via pivotal test statistics.

On each subset Dj, we compute the debiased estimator of 3* as in Javan-
mard and Montanari (2014) as

(3:3)  BUD,) = Bhusal i) + - MO (X0 (v — XOB,(Dy)),
k

where the superscript d is used to indicate the debiased version of the

estimator, M) = (mgj), . ,mg))T and m, is the solution of

(3.4) mgj) = argmin m’S0m  st. Hf](j)m — eylloo < V4,

m

”X(j)mHoo < .

The choice of tuning parameters 1; and 95 is discussed in Javanmard
and Montanari (2014) and Zhao et al. (2014a) and they suggest to choose

= /logd/n, ¥on~/? = o(1). In the context of our DC procedure, ¥
and 192 rely on k and should be chosen as ¥; =< y/klogd/n, Yon~1/2 =
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o(1), as quantified in Theorem 3.3. Above, S0 = py 1 Eigj Xi(J)Xi(])T
is the sample covariance based on D;, whose population counterpart is
¥ = E(X1XT) and M) is its regularized inverse. The second term in (3.3)
is a bias correction term, while 02m5,j ) Tf)(j)mq(jj )/ ng is shown in Javanmard
and Montanari (2014) to be the variance of the v*" component of ,é\d(Dj).
The parameter 91, which tends to zero, controls the bias of the debiased
estimator (3.3) and the optimization in (3.4) minimizes the variance of the
resulting estimator.

Solving d optimization problems in (3.4) increases an order of magnitude
of computation complexity even for £ = 1. Thus, it is necessary to appeal
to the divide and conquer strategy to reduce the computation burden. This
gives rise to the question how large k can be in order to maintain the same
statistical properties as the whole sample one (k = 1).

Because our DC procedure gives rise to smaller samples, S is singular.
This singularity does not pose a statistical problem but it does make the
optimization problem ill-posed. To overcome the singularity in Y and the
resulting instability of the algorithm, we propose a change of variables. More
specifically, noting that M) is not required explicitly, but rather the product
M) (XU we propose

: (T HG) ()T p(9)
(3.5) b)) = argmin Lt s.t. Hu —ey|| <,
b ng ng o0
1890 < B2,

from which we construct MW (XU = BT where B = (by,...,bg). The
algorithm in equation (3.5) is crucial to the success of our procedure in
practice.

The following conditions on the data generating process and the tail
behavior of the design vectors are imposed in Javanmard and Montanari
(2014). Both conditions are used to derive the theoretical properties of
the DC Wald test statistic based on the aggregated debiased estimator,

7d _ o~

gl =ktyh  BUD)).

Condition 3.1. {(Y;, X;)}", arei.i.d. and ¥ satisfies 0 < Cyin < Amin(2) <
Ama,x(z) S Cmax-

Condition 3.2. The rows of X are sub-Gaussian with || Xy, < K, i =
1,...,n.

Note that underlthe two conditions above, there exists a constant x; > 0
such that || X372y, < k1. Without loss of generality, we set k1 = k.
Our first main theorem provides the relative scaling of the various tuning
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. . . —d
parameters involved in the construction of 3.

Theorem 3.3. Suppose Conditions 2.1, 3.1 and 3.2 are fulfilled. Suppose
E[e]] < oo and choose 91, ¥2 and k such that 91 < \/klogd/n, Yon~1/2 =
o(1) and k = 0((slogd)*1\/ﬁ). For any v € {1,...,d}, we have

*

,Bd
(3.6) § ~ N(0,0%),
] 1

where @gj) = (mgj)Ti\](j)mq(Jj))l/Q.
Theorem 3.3 entertains the prospect of a divide and conquer Wald statistic
of the form

D] Bf

for B}, where 7 is an estimator for o based on the k subsamples. On the
left hand side of equation (3.7) we suppress the dependence on v to sim-
plify notation. As an estimator for o, a simple suggestion with the same
computational complexity is & where

(3.8)

k
R 1 . NT =
Z and O'Q(Dj) = nfk Z(Y;(]) - XZ(J) ﬁI):asso(Dj))Q‘
7=1 iEZj

?r\'—‘

One can use the refitted cross-validation procedure of Fan et al. (2012)
to reduce the bias of the estimate. In Lemma 3.4 we show that with the
scaling of k and A required for the weak convergence results of Theorem 3.3,
consistency of @2 is also achieved.

Lemma 3.4. Suppose E[e;|X;] = 0 for all ¢ € {1,...,n}. Then with A =<
Vklogd/n and k = o(y/n(slogd)™), [62 — o?| = op(1).
With Lemma 3.4 and Theorem 3.3 at hand, we establish in Corollary 3.5

the asymptotic distribution of S,, under the null hypothesis Hy : 8 = .
This holds for each component v € {1,...,d}.

Corollary 3.5. Suppose Conditions 3.1 and 3.2 are fulfilled, E[¢}] < oo,

and A, ¥; and ¥y are chosen as A\ =< y/klogd/n, 91 =< \/klogd/n and
¥on /2 = 0(1). Then provided k = o((slogd)~'\/n), under Hy : 3* = Y,
we have

(3.9) lim |P(S, <t) — ®(t)| =0,

n—o0

where ®(-) is the cdf of a standard normal distribution.
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3.1.2. Wald Test in the Likelihood Based Framework. An alternative
route to debiasing the Lasso estimator of 8* is the one proposed in van de
Geer et al. (2014). Their so called desparsified estimator of 3* is more general
than the debiased estimator of Javanmard and Montanari (2014) in that it
accommodates generic estimators of the form (2.2) as pilot estimators, but
the latter optimizes the variance of the resulting estimator. The desparsified
estimator for subsample D; is
(3.10) BY(D;) = BND;) — VIV (BN(Dy)),
where OU) is a regularized inverse of the Hessian matrix of second order
derivatives of Eﬁfk) (B) at B)‘(Dj), denoted by JUW) = VQE%JB (,@’\(Dj)). We will
make this explicit in due course. The estimator resembles the classical one-
step estimator (Bickel, 1975), but now in the high-dimensional setting via
regularized inverse of the Hessian matrix JU ), which reduces to the empirical
covariance of the design matrix in the case of the linear model. From equation
(3.10), the aggregated debiased estimator over the k subsamples is defined
as B = k™' 8, BU(Dy).

We now use the nodewise Lasso (Meinshausen and Bithlmann, 2006) to
approximately invert JU) via Li-regularization. The basic idea is to find
the regularized invert row by row via a penalized Li-regression, which is
the same as regressing the variable X, on X_, but expressed in the sample
covariance form. For each row v € 1,...,d, consider the optimization
(311)  Ry(Dj) = argmin (J) — 275k + kTTY) _ k+ 27, [|k[1),

KERI—1L
70)

where J

., denotes the v row of JU) without the (v,v)™ diagonal element,

and fﬁjg,_v is the principal submatrix without the v*" row and v*® column.
Introduce

1 —Rua(Dy) ... —Ria(Dy)
2 s | Fa@) L —Rea(D))
—Ra1(Dj) —Raa(Dy) ... 1

and 20) = diag(7.(D;), ..., 7u(D;)), where 7,(D;)? = Js) — JV)
©U) in equation (3.10) is given by
(3.13) ol = (EUH—2C0W),

and we define (:)z(f ) as the transposed v row of eu),
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Theorem 3.8 establishes the limit distribution of the term,

k ~

= 1~ BU(D;) — BT

(3.14) Sp=+yn-y v
P e

for any v € {1,...,d} under the null hypothesis Hy : 3% = 3. This provides
the basis for the statistical testing based on divide-and-conquer. We need
the following condition. Recall that J* = E[Vgg(,(8*)] and consider the
generalized linear model (2.7).

Condition 3.6. (i) {(Y;, X))}, areiid., 0 < Cpin < Amin(E) < Apax(X) <
Cmaxs Amin(J*) = Lin > 0, ||J*|lmax < Ur < oo. (ii) For some constant
M < oo, maxlgign}XiTﬁ*‘ < M and maxi<i<p || Xi|loc < M. (iii) There
exist finite constants Uz, Us > 0 such that b”(n) < Us and " (n) < Us for all
n €R.

The same assumptions appear in van de Geer et al. (2014). In the case of
the Gaussian GLM, the condition on Api,(J*) reduces to the requirement
that the covariance of the design has minimal eigenvalue bounded away from
zero, which is a standard assumption. We require ||J*||max < 00 to control
the estimation error of different functionals of J*. The restriction in (ii) on
the covariates and the projection of the covariates are imposed for technical
simplicity; it can be extended to the case of exponential tails (see Fan and
Song, 2010). Note that Var(Y;) = ¢b" (X} 3*) where ¢ is the dispersion
parameter in (2.7), so b”(n) < Uz essentially implies an upper bound on the
variance of the response. In fact, Lemma E.2 shows that b”(n) < Us can
guarantee that the response is sub-Gaussian. b”’(n) < Us is used to derive
the Lipschitz property of b” (XZT ) with respect to 3 as shown in Lemma
E.5. We emphasize that no requirement in Condition 3.6 is specific to the
divide and conquer framework.

The assumption of bounded design in (ii) can be relaxed to the sub-
Gaussian design. However, the price to pay is that the allowable number
of subsets k is smaller than the bounded case, which means we need a
larger sub-sample size. To be more precise, the order of maximum k for the
sub-Gaussian design has an extra factor, which is a polynomial of /logd,
compared to the order for the bounded design. This logarithmic factor comes
from different Lipschitz properties of (X 3) in the two designs, which is
fully explained in Lemma E.5 in the Supplementary Material. In the following
theorems, we only present results for the case of bounded design for technical
simplicity.

In addition, recalling that ©* = (J*)~!, where J* := J(B*) = E[V?@ﬁﬁn(ﬁ*)],

we impose Condition 3.7 on ©* and its estimator o.
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Condition 3.7. (i) minj<,<q ©%, > Omin > 0. (i) maxj<i<y, | X O] <
M. (iii) For v = 1,...,d, whenever \, < \/klogd/n in (3.11), we have

P (||(?)U _ e > cs“/logd/n) <d!
where C' is a constant and s is such that ||@%|/o < s1 for all v € {1,...,d}.

Part (i) of Corollary 3.7 ensures that the variances of each component of
the debiased estimator exist, guaranteeing the existence of the Wald statistic.
Parts (ii) and (iii) are imposed directly for technical simplicity. Results of this
nature have been established under a similar set of assumptions in van de
Geer et al. (2014) and Negahban et al. (2009) for convex penalties and in
Wang et al. (2014a) and Loh and Wainwright (2015) for folded concave
penalties.

As a step towards deriving the limit distribution of the proposed divide and
conquer Wald statistic in the GLM framework, we establish the asymptotic

behavior of the aggregated debiased estimator Bf for every given v € [d].

Theorem 3.8. Under Conditions 2.1, 3.6 and 3.7, with A\ < \/klogd/n, we
have

k
_ 1 (i )
(3.15) Bu— By == > O, TVL(B) + op(n”'/?)
j=1

for any k < d satisfying k = o(((s V s1)logd)~*\/n), where (:)Lj) is the
transposed v row of 0w,

The proof of Theorem 3.8 shows that for the Wald test procedure, the

divide and conquer estimator Bﬁ is asymptotically as efficient as the full
sample estimator 3,, i.e.,
—d
V
im )
n—00 Var(Bg)
A corollary of Theorem 3.8 provides the asymptotic distribution of the
Wald statistic in equation (3.14) under the null hypothesis.

Corollary 3.9. Let Sn be as in equation (3.14), with ©F, replaced with an
estimator QW. Then under the conditions of Theorem 3.8 and Hy : 8 = /Bf ,
provided [©y, — ©yy| = op(1) under the scaling k = o(((s V s1) logd)~'y/n),
we have B

Jim ig}glP(Sn <1) — ®(t)| =0.

Remark 3.10. Although Theorem 3.8 and Corollary 3.9 are stated only for
the GLM, their proofs are in fact an application of two more general results.



14 H. BATTEY, J. FAN, H. LIU, J. LU AND Z. ZHU

Further details are available in Lemmas E.7 and E.8 in the Supplementary
Material.

We return to the issue of estimating ©j, in Section 4, where we introduce
a consistent estimator of ©},, that preserves the scaling of Theorem 3.8 and
Corollary 3.9.

3.2. Divide and Conquer Score Test. 1In this section, we use V, f(3) and
V_,f(B) to denote, respectively, the partial derivative of f with respect
to 3, and the partial derivative vector of f with respect to B_,. V2, f(83),
V2 _,f(B), V2, ,f(B) and V2, _ f(B) are analogously defined.

In the low dimensional setting (where d is fixed), Rao’s score test of
Hy : B = BH against Hy : 35 # B is based on V 0,(8H,3_,), where
E_U is a constrained maximum likelihood estimator of 8* ,, constructed as
B, = argming_ (n(BH,B_,) = argmaxg  {—0n(B,B_0)}. If Hy is false,
imposing the constraint postulated by Hy significantly violates the first order
conditions from M-estimation with high probability; this is the principle
underpinning the classical score test. Under regularity conditions, it can be
shown (e.g. Cox and Hinkley, 1974) that

Vi(Voln (B, B_0)) T2 s N(0,1),

v|—v

= Jy, — Jp I I, with ), T

* : : *
where Jy—y 18 given by J YNSY Y [ v —vs

Jr

|—v
_p and J*,  the partitions of the information matrix J* = J(8%),

o Jew oo \_ [ EV2,0.(8) EVZ_ 6.(8)
(3.16) J(B) = < A ) - < EVZ, 0(8) EVZ, _ la(8) ) .

The problems associated with the use of the classical score statistic in the
presence of a high dimensional nuisance parameter are brought to light by
Ning and Liu (2014), who propose a remedy via the decorrelated score. The
problem stems from the inversion of the matrix J* in high dimensions.
The decorrelated score is defined as

(3'17) S( ivﬂiv) = van( :7ﬁiv) - 'w*TV_Uﬁn( :716iv)7

where w*T = J;,UJfZ}_U. For a regularized estimator w of w*, to be defined

below, we consider the score estimator

(3.18) S(B5,82,) = Vuln (B3, BL,) — @' V_yln(B, BL,).

Hence, provided w* is sufficiently sparse to avoid excessive noise accumulation,
we are able to achieve consistency of w under the high dimensional setting,
ultimately giving rise to a tractable limit distribution of a suitable rescaling

of §( . ﬁﬁv). Since 3} is restricted under the null hypothesis, Hy : 85 = 5,7,
the statistic in (3.18) is accessible once Hj is imposed. As Ning and Liu

v,

v,—v
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(2014) point out, w* is the solution to
* . * * 2
w* = argmin E[V,0, (8, 8%,) — w' V_,0, (8, 87,)]
w

under Hy : B = .
Our divide and conquer score statistic under Hy : 8 = 8 is

k
(3.19) ;Z SW(BH, B, (D;)), where

§<j>(5v,giv(pj)):vvegk(ﬁv,ﬁiij))_ 5(D;)" Vot (B, B2, (D;)) and

we estimate w* using the Dantzig selector of Candes and Tao (2007)

w(Dy) = argmin||w||1,

.t vank(m D2 B(D)) — w2, 09 (B)D), BL(Dy) | <n

(e 9]

Theorem 3.11. Let jv‘,v be a consistent estimator of J;‘|_U and

j H % j H % *«T j H %
sOBIT.B,) = Vuld) (B BL,) — w TV _ulG)(B]. B7,).
Suppose |lw*|li < s1 and Conditions 2.1 and 3.6 are fulfilled. Then under

Hy: B = BH w1th)\AuA\/k:logd/n
Vn S8 = N ZSU ,B%,) +op(1)

and lim sup‘[[”(\f S(BH) _1/2 <t)-— <I>(t)| =0,
n—oo teR
for any k < d satisfying k = o(((s V s1) log d)_l\/ﬁ), where ?(ﬁf) is defined
in equation (3.19).

Remark 3.12. By the definition of w* and the block matrix inversion
formula for ©* = (J*)~!, sparsity of w* is implied by sparsity of ©* as
assumed in van de Geer et al. (2014) and Condition 3.7 of Section 3.1.2. In
turn, ||w*||o < s1 implies ||[w*||; < s1 provided that the elements of w* are
bounded.

Remark 3.13. Although Theorem 3.11 is stated in the penalized GLM
setting, the result holds more generally; further details are available in
Lemma E.13 in the Supplementary Material.

To maintain the same computational complexity, an estimator of the
conditional information needs to be constructed using a DC procedure. For
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this, we propose to use
1 —T 2
UI—'U =k~ Z v,V nk vaﬁ v) v—vv nk(ﬁwﬂ v))’

where the divide and conquer estimator 5 =k~ 1ZJ 1 34D i)y By =
-1 ijl B ( D;) and w = k1 ijl w(D;). Note that for certain v, the
communication Cost for calculating J,|_, is not high, since all the involved

quantities {V2 (,Bv,,@ o J=1 {v—vv (ﬁv)ﬁ v) _; and {w(D;) ? 1

are scalars, d- dlmensmnal vectors and d- dlmensmnal Vectors respectively.
The communication cost is thus of order O(kd). We do not communicate the
entire huge hessian matrix here.

Lemma 3.14. Suppose ||w*[; = O(s1) and Conditions 2.1 and 3.6 are
fulfilled. Then for any k < d satisfying k = o(((s V s1)logd)~'/n), [Jp—y —
2= on(L).

By Lemma 3.14, we show that jv|,v is consistent and can be applied to
Theorem 3.11.

4. Accuracy of Distributed Estimation. This section focuses on
high-dimensional (d > n) divide-and-conquer estimators for linear and
generalized linear models. As explained below Theorem 3.8 in Section 3, the
efficiency loss from the divide-and-conquer process is asymptotically zero.
This motivates us to consider HBd - B\dH, the loss incurred by the divide and
conquer strategy in comparison with the practically unavailable full sample
debiased estimator Bd, where || - || is certain norm. Indeed, it turns out that,
for k not too large, Bd — ,@d appears only as a higher order term in the
decomposition of Bd — 3* and thus Hﬁd - BdH is negligible compared to the
statistical error, |3 — B*||. In other words, the divide-and-conquer errors
are statistically negligible.

Compared with calculating the full sample debiased Lasso estimator, our
proposed DC strategy enjoys computational advantages since it is highly
parallel and each subsample problem has a much smaller scale than the full
sample problem given a suitably large k. However, relative to just the full
sample penalized M-estimator (e.g., Lasso), distributed point estimation does
not entail a computational gain like distributed testing, since our distributed
algorithm requires debiasing each component of the Lasso estimator and
hence brings high expense of computation. The bottleneck of computation of
our DC procedure comes from the d extra debiasing steps. To mitigate this
problem, we can actually debias each component of ,@ in a parallel fashion.
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According to the optimization procedures (3.4) and (3.11), debiasing one
component of the Lasso estimator is entirely independent of the debiasing of
another component. Therefore, as long as each branch computer in the cluster
shares the sub-dataset D; and the Lasso estimator fj\(j ), they can work in
parallel and collectively return to a central server all the components of the
debiased Lasso estimator. This parallelization reduces the time complexity
significantly.

When the minimum signal strength is sufficiently strong, thresholding Bd
achieves exact support recovery, motivating a refitting procedure based on
the low dimensional selected variables. As a means to understanding the
theoretical properties of this refitting procedure, as well as for independent
interest, we develop new theories and methodologies for the low dimensional
(d < n) linear and generalized linear models in Appendixes A and B in the
Supplementary Material respectively. We show that simple averaging of low
dimensional OLS or GLM estimators (denoted uniformly as BY), without
superscript d as debiasing is not necessary) suffices to preserve the statistical
error, i.e., achieving the same statistical accuracy as the estimator based on
the full sample. This is because, in contrast to the high dimensional setting,
parameters are not penalized in the low dimensional case. With (3 the average
of BY) over the k machines and B the full sample counterpart (k = 1), we
derive the rate of convergence of |3 — B||2. Refitted estimation using only
the selected covariates allows us to eliminate the logd term in the statistical
rate of convergence of the estimator under high-dimensional settings. We
present theoretical results on the refitting estimation as corollaries to the low-
dimensional regression results in Appendixes A and B in the Supplementary
Material.

4.1. The High-Dimensional Linear Model. Recall that the high dimen-
sional DC estimator is Bd =k ! Z?zl B4(D;), where B4(D;) for 1 <j <k
is the debiased estimator defined in (3.3). We also denote the debiased Lasso
estimator using the entire dataset as 3¢ = Bd(U;?:le). The following lemma

. —d . . .
shows that not only is B3~ asymptotically normal, it approximates the fl}\ﬂ
sample estimator 3% so well that it has the same statistical error as B¢
provided the number of subsamples k is not too large.

Lemma 4.1. Consider the linear model (3.2). Under the Conditions 3.1

and 3.2, if A\, 91 and ¥ are chosen as A < /klogd/n, ¥ < \/klogd/n and

¥an~1/2 = o(1), we have with probability 1 — ¢/d,
sklogd
n

4.1) |B'-8Y . <cC

and HBd—B*HOOSC( loid_i_sk:logd).

n
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Remark 4.2. The term /logd/n in (4.1) is the estimation error of Hﬁd -
,6'*Hoo, while the term (sklogd)/n is the rate of the distance between the
divide and conquer estimator and the full sample estimator. Lemma 4.1 does
not rely on any specific choice of k. However, in order for the aggregated
estimator Bd to attain the same || - ||oo norm estimation error as the full
sample Lasso estimator, Basso, the required scaling is k = O(y/n/(s%logd)).
This is a weaker scaling requirement than that of Theorem 3.3 because the
latter entails a guarantee of asymptotic normality, which is a stronger result.
It is for the same reason that our estimation results only require O(-) scaling
whilst those for testing require o(-) scaling.

Rosenblatt and Nadler (2016) show that in the high-dimensional regime
where d/ny — k € (0,1), the divide and conquer procedure suffers from
first-order accuracy loss. This seems a contradiction to our result, since
our dimension is even higher than their context, but we have no first-order
accuracy loss while averaging debiased estimators based on subsamples, as
long as we have an appropriate number of data splits. In fact, in the high-
dimensional sparse linear regression, the intrinsic dimension is the sparsity
s rather than d, which is regarded instead as the ambient dimension. The
sparsity assumption changes the original high-dimensional problem to be an
intrinsically low-dimensional one and thus allows us to escape from any first-
order accuracy loss of the divide and conquer procedure. Given s = o(ng),
we can treat high-dimensional sparse linear regression approximately as
the classical linear regression setting where d = o(ny). Hence we expect no
first-order accuracy loss from the divide and conquer procedure here.

Although Bd achieves the same rate as the Lasso estimator under the
infinity norm, it cannot achieve the minimax rate in ¢ norm since it is
not a sparse estimator. To obtain an estimator with the {5 minimax rate,
we sparsify Bd by hard thresholding. For any 3 € R?, define the hard
thresholding operator 7, such that the j** entry of 7,(83) is

(4.2) [T.(8)]; = B; 1{|B;| > v}, for 1 < j <d.

According to (4.1), if 87 = 0, we have ]Bj| < C(y/logd/n + sklogd/n) with
high probability. The following theorem characterizes the estimation error,
||7L(Bd) — B*||2, and divide and conquer error, H7}(Bd) —T,(BY||2, of the

thresholded estimator 7,(8").
Theorem 4.3. Under the linear model (3.2), suppose Conditions 3.1 and 3.2

are fulfilled and choose A =< /klogd/n, 91 =< \/klogd/n and 9on~ /% = o(1).
Take the parameter of the hard threshold operator in (4.2) as v = Cy+/logd/n
for some sufficiently large constant Cp. If the number of subsamples satisfies
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k= O(y/n/(s?logd)), for large enough d and n, we have with probability
1—c¢/d,

_ . 32k logd — log d
178 = (B, < €= =55 |1 7B - 5 < €=,
—d . slogd
and || T,(B8") — 8|, < C -

Remark 4.4. In fact, in the proof of Theorem 4.3, we show that if the
thresholding parameter v satisfies v > Hﬁd—,@* ||oo, we have H'E(Ed) —pB* H2 <
21/2s - v; it is for this reason that we choose v < \/log d/n. Unfortunately,
the constant is difficult to choose in practice. In the following paragraphs we
propose a practical method to select the tuning parameter v.

Let (MWXUT), denote the transposed ¢ row of M@ XU Inspection

of the proof of Theorem 3.3 reveals that the leading term of \/ﬁHBd — B%|co
satisfies

k
Ty = max — ZL(MQ') XOT)T ),

Chernozhukov et al. (2013) propose the Gaussian multiplier bootstrap to
estimate the quantile of Tp. Let {&;}"; be i.i.d. standard normal random
variable independent of {(Y;, X;)},. Consider the statistic

Wi

k
1 1 N . .
) = max E : M(])X(J)T)T gl 05(1) ’
1<0<d \k Pl ﬁnk( o ( )

where €U) € R™ is an estimator of €U) such that for any i € Z;, éf.j )
Yi(J) — XZKJ)B(Dj), and £ is a subvector of {&}?, with indices in Z;. Recall
that “o” denotes the Hadamard product. The a-quantile of Wy conditioning
on {Y;, X;}7 is defined as cw,(a) = inf{t|P(Wy <t | Y, X) > a}. We
estimate cypy, () by Monte-Carlo and thus choose vy = ¢y, () /v/n. This

choice ensures i
“77/0(5 ) - 5*“2 = OP( \% SIOgd/n)a

which coincides with the £5 convergence rate of the Lasso.

Remark 4.5. Lemma 4.1 and Theorem 473 sh/czw that if the number of
subsamples satisfies k = o(y/n/(s%logd)), ||B" — B¢||sc = or(+/logd/n) and
||77/(Bd) - %(ﬁd)’b = op(y/slogd/n), and thus the error incurred by the
divide and conquer procedure is negligible compared to the statistical minimax

. . . —d =
rate. The reason for this contraction phenomenon is that 8~ and 3% share
the same leading term in their Taylor expansions around G3*. The difference
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between them is only the difference of two remainder terms which has a
smaller order than the leading term. We uncover a similar phenomenon in the
low dimensional case covered in Appendix A in the Supplementary Material.
However, in the low dimensional case ¢ norm consistency is automatic
while the high dimensional case requires an additional thresholding step to
guarantee sparsity and, consequently, £o norm consistency.

4.2. The High-Dimensional Generalized Linear Model. We generalize
the DC estimation of the linear model to GLM. Recall that 3¢(D;) is
the de-biased estimator defined in (3.10) and the aggregated estimator is

=k Z] 1 ,Bd( ;). We still denote Bl = ,Bd(Uk 1D;). The next lemma
bounds the error incurred by splitting the sample and the statistical rate of

—d . P
convergence of 3 in terms of the infinity norm.

Lemma 4.6. Consider the generalized linear model (2.7) with canonical
link. Under Conditions 2.1, 3.6 and 3.7, for 3* with A < \/klogd/n, we have
with probability 1 — ¢/d, there exists a constant C' > 0, such that

Hﬁd_ﬁde <c (sV sy k:logd HB e H ( /105d+(SVS17?Lklogd).

Remark 4.7. The term /logd/n in above is the estimation error of Had —
B*HOO, while the error term (s V s1)klogd/n is attributable to the distance

between Bd and Bd.

Applying a similar thresholding step as in the linear model, we quantify
. . *d .
the f-norm estimation error, ||7,(8") — B*||2 and the distance between the

d ~
) = To (B2
Theorem 4.8. For the GLM (2.7), under Conditions 2.1 - 3.7, choose A <

Vklogd/n and A\, < \/klogd/n. Take the parameter of the hard threshold
operator in (4.2) as v = Cpy/logd/n for some sufficiently large constant Cy.

If the number of subsamples satisfies k = O(y/n/((s V s1)%logd)), for large
enough d and n, we have with probability 1 — ¢/d,

(4.3)
_ R 1/2 _
7.8 = (B, < C(Svsl)sn Ll @ - ol s ©

and Hﬁ(ﬁd) - ,6'*H2 < Cy/slogd/n.

Remark 4.9. Asin the case of the linear model, Theorem 4.8 reveals that the
loss incurred by the divide and conquer procedure is negligible compared to
the statistical minimax estimation error provided k = o(y/n/(s1 V s)2slogd).

divide and conquer estimator and full sample estimator |7, (3

logd

n




DISTRIBUTED TESTING AND ESTIMATION 21

A similar proof strategy to that of Theorem 4.8 allows us to construct an
estimator of ©}, that achieves the required consistency with the scaling of
Corollary 3.9. Our estimator is ©,, := [72(@)]%, where © = k1 Z?:l o)
and 7¢(-) is the thresholding operator defined in equation (4.2) with ( =
C1+/logd/n for some sufficiently large constant C'.

Corollary 4.10. Under the conditions and scaling of Theorem 3.8, }éw -
@;‘jv‘ = op(1).

Substituting this estimator in Corollary 3.9 delivers a practically imple-
mentable test statistic based on k = o(((s V s1) logd)~'y/n) subsamples.

Remark 4.11. Notice that point estimation requires less stringent scaling
of k£ than hypothesis testing in both the linear and generalized linear models.
This is because the testing and estimation require different rates for the
higher order term A in the decomposition

—d "
V(B - B) =Z + A,
where Z is the leading term contributing to the asymptotic normality of

\/ﬁ(ﬁd — B%). For hypothesis testing, we need ||A/v/n|lcc = op(1/4/n) to
guarantee the asymptotic normality. For estimation, we need ||A/\/n|oo =
op(y/logd/n) to match the minimax rate of Hﬁd — 3*|loo- Therefore, the
number of splits k for testing is more stringent by a factor of 1/y/log d than
in estimation.

5. Simulations. In this section, we illustrate and validate our theoreti-
cal findings through simulations. For hypothesis testing, we use QQ plots to
compare the distribution of p-values for divide and conquer test statistics
to their theoretical uniform distribution. We also investigate the estimated
type I error and power of the divide and conquer tests. For estimation, we
validate our claim in the beginning of Section 4 that the loss incurred by
the divide and conquer strategy is negligible compared with the statistical
error of the corresponding full sample estimator in the high dimensional case.
Specifically, we compare the performance of the divide and conquer thresh-
olding estimator of Section 4.1 with the full sample Lasso and the average
Lasso over subsamples. An analogous empirical verification of the theory is
performed for the low dimensional case as well; we put it in Appendixes C
and D of the Supplementary Material.

5.1. Results on Hypothesis Testing. We explore the probability of rejection
of a null hypothesis of the form Hy : g7 = 0 when data (Y, X;)I~, are
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Fic 1. QQ plots of the p-values of the Wald (A) and score (B) divide and conquer test
statistics against the theoretical quantiles of the uniform [0,1] distribution under the null
hypothesis.

generated according to the linear model,
Y, = X/B" +¢e;, & ~N(0,02),
where 02 = 1 and
B* = (85,0,---,0,1,--- )T,
—— ——
d—s—1 s
where d = 5000 and s = 3. In each Monte Carlo replication, we split the
initial sample of size n into k subsamples of size n/k. In particular we choose
n = 5000 and k € {1,2,5, 10,20, 25,40, 50,100, 200,500}. The number of
Monte Carlo replications is 500. Using BLaSSO as a preliminary estimator of
3%, we construct Wald and Rao’s score test statistics as described in Sections
3.1.2 and 3.2 respectively.

Panels (A) and (B) of Figure 1 are QQ plots of the p-values of the divide
and conquer Wald and score test statistics under the null hypothesis against
the theoretical quantiles of of the uniform [0,1] distribution for eight different
values of k. For both test constructions, the distributions of the p-values
are close to uniform and remain so as we split the data set. When & > 100,
the distribution of the corresponding p-values deviates from the uniform
distribution visibly, as expected from the theory developed in Sections 3.1.2
and 3.2. Panel (A) of Figure 2 shows that, for both test constructions, when
the number of splits & < 50, the empirical level of the test is close to both
the nominal o = 0.05 level and the level of the full sample oracle OLS
estimator which knows the true support of 3* . On the other hand, the type



DISTRIBUTED TESTING AND ESTIMATION 23

(A) Type I error
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F1G 2. (A) Estimated probabilities of type I error for the Wald and score tests as a function
of k. (B) Estimated power with signal strength 0.05 and 0.06 for the Wald, and score tests
as a function of k.

I error increases dramatically when k is larger than 50. This is consistent
with asymptotic normality of the test statistics we established when k is
controlled appropriately. Panel (B) of Figure 2 displays the power of the test
for two different signal strengths, 57 = 0.05 and 0.06. We see that the power
for the Score and Wald tests improves when the signal strength goes from
0.05 to 0.06. In addition, we find that the power is high regardless of how
large k is. However, Figure 2(A) shows that the Type I error is large when
k is large, which makes the tests invalid. Therefore, these results illustrate
that the Type I and II errors are controllable when the number of splits k is
relatively small. We also record the wall time for computation for these k’s
in Table 1. The wall time is computed by taking the maximal time taken for
each split and averaged over replications.

5.2. Results on Estimation. In this section, we turn our attention to
experimental validation of our divide and conquer estimation theory, focusing
first on the low dimensional case and then on the high dimensional case.

TABLE 1
Computation time for the divide and conquer testing and estimation, where k = 1
corresponds to the non-splitting case and k > 1 corresponds to the distributed case.

1 2 5 10 20 25 50 100 200

Score test (s 364.39 73.22 35.09 23.61 23.56 20.78 24.13 37.53 64.67
Waldtest (s) | 426.23 68.95 19.66 10.09 6.70 5.71 3.88 2.60 1.91

)
)
T,(B")(10%s) | 61.50 30.00 7.92 658 448 294 264 211 166
Split Lasso (s) | 89.18 32.02 3457 6.47 487 416 256 1.92  2.64
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5.2.1. The High Dimensional Linear Model. We now consider the same
setting of Section 5.1 with n = 5000, d = 5000 and 57 = 10 for all j in the
support of 3*. In this context, we analyze the performance of the thresholded
averaged debiased estimator of Section 4.1. Figure 3(A) depicts the average
over 100 Monte Carlo replications of ||b — 3*||2 for three different estimators:

debiased divide-and-conquer b = ﬁ(ﬁd), the Lasso estimator based on the
whole sample b = Brasso and the estimator obtained by naively averaging
the Lasso estimators from the k subsamples b = B4, The parameter v

is taken as v = y/logd/n in the specification of ﬂ(ﬁd). As expected, the

= : . —d
performance of By, deteriorates sharply as k increases. 7,,(8") outperforms
Brasso as long as k is not too large. This is expected because, for sufficiently

. = —d
large signal strength, both Bra.sso and T,(8 ) recover the correct support,

however %(Bd) is unbiased for those B} in the support of 37, whilst ,@Lasso
is biased. Figure 3(B) shows the error incurred by the divide and conquer

procedure ||77,(Bd) - ﬁ(,@d)Hg relative to the statistical error of the full

sample estimator, H'E(Bd) — 3*||2, for four different scalings of k. We observe
that, with k =< O(y/n/s?logd), the relative error incurred by the divide and
conquer procedure can hardly converge. This is consistent with Theorem 4.3.
Given the lower bound of statistical error of the full sample Lasso estimator
B, From Theorem 4.3 we derive that
E|T,(8") - T.(BYI3 _ s*logd
E|T.(8Y) -p5 — n

When k < O(y/n/s?logd), the righthand side is an O(1) term. Therefore
the line with inverted triangles in Figure 3(B) implies that the statistical
error rate we developed in Theorem 4.3 is tight. We also record the wall
time for estimation computation for these k’s in Table 1. The wall time is
computed by taking the maximal time taken for each splits and averaged
over replications. We notice that the computation time decreases with k at
first due to the parallel algorithm. However, for the score test and split Lasso,
the time becomes increasing when k is large, this is because the computation
time to aggregate results from different splits is no longer negligible for very
large k’s.

6. Discussion. With the advent of the data revolution comes the need
to modernize the classical statistical tool kit. For very large scale datasets,
distribution of data across multiple machines is the only practical way to
overcome storage and computational limitations. It is thus essential to build
aggregation procedures for conducting inference based on the combined
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(A) Estimation error (B) DC error

- =T,(7") AN —=Fk=4 ]
—@—b = split Lasso \ k= UOTLW(SQ log d)fl/zj
10} b = full sample Lasso ~ 350\ k= W"]N(Sz lo d)fl’/zj ]
= - (=3
\ ~¥—k = |3n!/?(s?log d)71/2j

L L L L L =
55 6 65 7 75 8 85 9 95
log(n)

Fia 3. (A): Statistical error of the DC estimator, split Lasso and the full sample Lasso
for k € {1,2,5,10, 20,25, 40, 50,100, 200} when n = 5000, d = 5000. (B): Euclidean norm
difference between the DC thresholded debiased estimator and its full sample analogue.

output of multiple machines. We successfully achieve this objective, deriving
divide and conquer analogues of the Wald and score statistics and providing
statistical guarantees on their performance as the number of sample splits
grows to infinity with the full sample size. Tractable limit distributions of
each DC test statistic are derived. These distributions are valid as long
as the number of subsamples, k, does not grow too quickly. In particular,
k = o(((sVs1)logd)~t\/n) is required in a general likelihood based framework.
If k grows faster than ((s V s1)logd)~!y/n, remainder terms become non-
negligible and contaminate the tractable limit distribution of the leading
term. When attention is restricted to the linear model, a faster growth rate
of k = o((slogd)~'\/n) is allowed.

The divide and conquer strategy is also successfully applied to estimation
of regression parameters. We obtain the rate of the loss incurred by the divide
and conquer strategy. Based on this result, we derive an upper bound on the
number of subsamples for preserving the statistical error. For low-dimensional
models, simple averaging is shown to be effective in preserving the statistical
error, so long as k = O(n/d) for the linear model and k£ = O(y/n/d) for the
generalized linear model. For high-dimensional models, the debiased estimator
used in the Wald construction is also successfully employed, achieving the
same statistical error as the Lasso based on the full sample, so long as
k=0(y/n/s?logd).

Our contribution advances the understanding of distributed inference in
the presence of large scale and distributed data, but there is still a great
deal of work to be done in the area. We focus here on the fundamentals of
hypothesis testing and estimation in the divide and conquer setting. Beyond
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this, there is a whole tool kit of statistical methodology designed for the
single sample setting, whose split sample asymptotic properties are yet to be
understood.

7. Proofs. In this section, we present the proofs of the main theorems
appearing in Sections 3 and 4. The statements and proofs of several auxiliary
lemmas appear in the Supplementary Material. To simplify notation, we take
BH =0 without loss of generality.

7.1. Proofs for Section 3.1. The proof of Theorem 3.3, relies on the
following lemma, which bounds the probability that optimization problems
n (3.4) are feasible.

Lemma 7.1. Assume Y = IE(XZXZT) satisfies Chyin < Amin(2) < Amax(X)
Crax as well as |2 71/2X||,, = &, then we have

IN

N logd
P < max MWD — |k < @ o8 > >1—2kd 2,
j=1,..., n

20
where ¢p = 24325% — 2.

PRrROOF. The proof is an application of the union bound in Lemma 6.2 of
Javanmard and Montanari (2014). O

PROOF OF THEOREM 3.3. For 1 < j <k, let \/ng(B4D;)—B*) = 20 +

A(J) where Z() = \lﬁM(J)X( NT (J) From Theorem F.1, we know that as

long as ml(,j)Tfl(j)mg 7 > ¢ > 0 holds uniformly for j =1, ...,d,

= Q)
Then we define
L)) k (DT 5 (9) ()
Z my; X e
V= = w, where w = —t .

We now establish the asymptotic normality of V,, by verifying the require-
ments of the Lindeberg-Feller central limit theorem (e.g. Kallenberg, 1997,
Theorem 4.12). By the fact that ¢; is independent of X for all ¢ and Ele;] = 0,

(3 (2

= E{(m{"S0m) " mT X VE(ED) ] =0

2 K3

E(¢w) = B(E(EY X)) = E{E [mgﬂTX.(J’)g(j)/(nm(j)Tg(j) )”ﬂx”
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By independence of {¢;}? ; and the definition of 5@ we also have

Var V ‘X ZZV&r

Jj=11i€Z;

k
lg ])TZ g m])TX ])T gj)Var(sgj)|X):a2.
n

i=1 1€ZL;

Therefore we have
Var(V,,) = E(Var(V,|X)) 4+ Var(E(V,| X)) = o2.

It only remains to verify the Lindeberg condition, i.e.,

il )2 @) ] _

(1) lim lim Z Y E { P1{|¢D| > ot =0, Veso,
Jj=14€Z;

whose verification is relegated to the Appendix E of the Supplementary

Material. Finally we reach the conclusion by the Slutsky’s Theorem.

O]

PROOF OF COROLLARY 3.5. Let F, = {m{"SOmY) > ¢ > 0,5 =
..k}, where n is the total sample size. According to Theorem 3.3, when
Frn holds, we have

< =
T}E&P(S t|X) —o(t) =0.
From the proof of Lemma 13 in Javanmard and Montanari (2014), lim,,_,~ P(F,,) =
1. For any t € R and d > 0, by applying dominating convergence Theorem
to ]l{’]P’(?n <t|X) - (ID(t)’ > ¢ and F,, holds}, we have
< =

lim P(|P(Sy, <t | X) - ®(t)] > 9)
According to the dominate convergence theorem, since P(?n <t| X) € [0,1],
we have

lim P(S, <t) = lim E[P(S, <t|X)] =E[ lim P(S, <t|X)] = ().

n—oo

Therefore, we complete the proof of the corollary. O

The proofs of Theorem 3.8 and Corollary 3.9 are stated as an application
of Lemmas E.7 and E.8 in the Supplementary Material, which apply under a
more general set of requirements. We present the proof of Theorem 3.8 below
and defer Corollary 3.9 to Appendix E in the Supplementary Materials.
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PROOF OF THEOREM 3.8. We verify (A1)-(A4) of Lemma E.7. For (A1),
decompose the object of interest as

1 N~
;"X(])@(])‘|max = 7||X(J (6(] )Hmax + 7||X(J 6*”max - Al + A27
k

where A can be further decomposed and bounded by

1 NP 1 o
Lixvwev — o 1 DTG s
X0 @Y =0 = - mex max [|XP7 (00 - @)
< L omax X, loo max, |y®f> — 0.
ng 1<i<n
We have
P(&1 > q/2) < B max |6 - O > 777) <

and by Condition 3.7, 1 = o(d™') = o(k™") for any ¢ > 2CMs;(k/n)>/? -
Vlogd, a fortiori for g a constant. Since X; is sub-Gaussian, a matching
probability bound can easily be obtained for Ao, thus we obtain

P(n [XOB9],.) < 20

for 1) = o(k~!). (A2) and (A3) of Lemma E.7 are applications of Lemmas
E.3 and E.4 respectively. To establish (A4), observe that

(éz()j)TvgggB (//B\A(,Dj)) —ey) = A1+ Ay + Ag,
where A; = (@gj) @*) w24 k)(ﬁ)\ D)), Ay = @*T(v2€ (5/\( i) —

V%gg(ﬁ*)) and Az = @*TVQEnk (B*) — e,. We thus consider ‘Ag ,3)‘ i) —
B*)| for £ =1,2,3.

|22(8N(D;) — B8]
= ‘7Z®*TXXT(,3/\( ) — 5*)[5/I(XiT,§’\(Dj))—b”(XiT,@*)]’
1€

< Us max [©;X; |*HX(5)‘ ) — *)H;

1<i<n

P(||X (B\(Dy) — B7)|[; 2 n~"sklog(d/6)) < & by Lemma E.4, thus P(|A; -
(B\’\(Dj) - 89| > t) < § for t < MUsn"'sklog(d/s). Invoking Holder’s
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inequality, Hoeffding’s inequality and Condition 2.1, we also obtain, for
t < n~1lsklog(d/s),

P(|as(8ND;) - 8| > )
<#(jov (5, S vxronxr) e,
1€Z;

8@y -8, > ).
Therefore P(‘AZ(B\)\(D]') - 89| > t) < 26. Finally, with t < n=!(s Vv
s1)klog(d/d),
P(\Al (BND;) - B7)| > t)
(L] 76.-ow | [ e

L >1).

hence ]P’(‘Al(ﬁ)‘(l)j) - 8| > t) < 26. This follows because by Lemma E.4,

1~
P(”;kX(]) (BX(Dy) — B)

and by Lemma C.4 of Ning and Liu (2014),

‘2 >n V2 sk log(d/d) < &

B(|| X7 (60~ @y (XIBD)) |, 2 w2 VrkTog(di) < 5

O]

7.2. Proofs for Theorems in Section 3.2. The proof of Theorem 3.11 relies
on several preliminary lemmas, collected in Appendix E in the Supplementary
Material. Without loss of generality we set Hy : 3 = 0 to ease notation.

PROOF OF THEOREM 3.11. Since S(0) = k~ 12 ((0,8*,(D;)), and
(B1)-(B4) of Condition E.9 in the Supplementary Materlal are fulfilled under
Conditions 3.6 and 2.1 by Lemma E.10 (see Appendix E in the Supplemen-
tary Material). The proof is now simply an application of Lemma E.13 in
the Supplementary Material with ) = 0 under the restriction of the null
hypothesis. O

PROOF OF LEMMA 3.14. The proof is an application of Lemma E.16 in
the Supplementary Material, noting that (B1)-(B5) of Condition E.9 in the
Supplementary Material are fulfilled under Conditions 3.6 and 2.1 by Lemmas
E.10 and E.11 in the Supplementary Material. ]
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7.3. Proofs for Theorems in Section 4. Recall from Section 2 that for
an arbitrary matrix M, M, denotes the transposed ¢ row of M and [M],
denotes the ¢ column of M.

PROOF OF THEOREM 4.3. By Lemma 4.1 and k = O(y/n/(s?logd)),
there exists a sufficiently large Cy such that for the event £ := {Hﬁd— aB* HOO <
Co+/logd/n}, we have P(E) > 1 — ¢/d. We choose v = Cy4/log d/n, which
implies that, under £, we have v > Hﬁd — ,B*HOO.

Let & be the support of 8*. The derivations in the remainder of the proof
hold on the event £. Observe 77,(3?;0) =0 as Hﬁchoo <wv.ForjesS,if
85| > 2v, we have [B]| > |8 —v > v and thus |T;(5]) - 87| = |B} — 8] < v.
While if |87 < 2, |T5(B}) — 8 < |8:] V |B} — B;] < 2v. Therefore, on the
event &,

7B - 87|, = | T.(BS) - B, < 2v/5v
and | 7,(8") - 8|, = [|7..(85) — B3], < 2.

The statement of the theorem follows because v = Cp4/logd/n and P(E)
1 —c¢/d. Following the same reasoning, on the event £’ := £U {Hﬁd —,B*Hoo

Cor/logd/n} U {HBd - BdHOO < Cysklogd/n}, we have

IN IV

|78 = 7.8, = |7.(Bs) - To(B3),
< Hﬁg - B‘CSI‘HQ < \/EHE‘% - BgHOO < 033/2k10gd/n.
As Lemma 4.1 also gives P(E') > 1 — ¢/d, the proof is complete. O

PrROOF OF COROLLARY 4.10. By an analogous proof strategy to that
of Theorem 4.8, |[T¢(0)]ww — 65,| = Op(y/n~'logd) = op(1) under the
conditions of the Corollary provided k = o(((s V s1)logd)~'\/n). O
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Supplementary material to

DISTRIBUTED TESTING AND ESTIMATION UNDER
SPARSE HIGH DIMENSIONAL MODELS

By HEATHER BATTEY*' AND JIANQING FAN* AND HAN LI1U* AND JUNWEI
Lu* AND ZIWEI ZHU*

APPENDIX A: THE LOW-DIMENSIONAL LINEAR MODEL

As mentioned earlier, the infinity norm bound derived in Lemma 4.1 can
be used to do model selection, after which the selected support can be
shared across all the local agents. We significantly reduce the dimension of
the problem as we only need to refit the data on the selected model. The
remaining challenge is to implement the divide and conquer strategy in
the low dimensional setting, which is also of independent interest. Here we
focus on the linear model, while the generalized linear model is covered in
Appendix B.

In this section d still stands for dimension, but in contrast with the rest
of this paper in which d > n, here we consider d < n. More specifically,
we consider the linear model (3.2) with d < n and i.i.d sub-Gaussian noise
{e:} . It is well known that the ordinary least square (OLS) estimator
of B* is defined as ,@ = (XTX)"'XTY. In the massive data setting, the
communication cost of estimating and inverting covariance matrices is very
high (order O(kd?)). However, as pointed out by Chen and Xie (2012), this
estimator exactly coincides with the DC estimator,

—1
k k
G= S x0Tx0 | 3 xOTY W),
j=1 j=1

In this section, we study the DC strategy to approximate B with the com-
munication cost only O(kd), which implies that we can only communicate d
dimensional vectors. R

The OLS estimator based on the subsample D; is defined as B(D;) =
(X(j)TX(j))_lX(j)TY(j). In order to estimate 3*, a simple and natural idea

*Department of Operations Research and Financial Engineering, Princeton University,
Princeton, NJ 08540; Email: {hbattey,jgfan,hanliu,junweil,ziweiz} @princeton.eduy;
"Department of Mathematics, Imperial College London, London, SW7 2AZ; Email:
h.battey@imperial.ac.uk
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is to take the average of {B(Dj) =1, which we denote by 3. The question

is whether this estimator preserves the statistical error aSA,B. The following
theorem gives an upper bound of the gap between 3 and B, and shows that
this gap is negligible compared with the statistical error of 3 as long as k is
not too large.

Here we give intuitive discussion on the source of efficiency loss. According
to proof of Theorem A.1, we have

k
1 . .
B-B=23 (<X< T X /nk) (XTX/n)1> XOTeW) jy,.
j=1
Since {XWTel) /nk}k , are homogeneous and independent to each other
conditional on X, the efficiency loss incurred by the DC procedure ie., the
gap ,3 ,6, is characterized by the difference between (,1g Z 1 X 0T x (J ))

and Z] 1( X(J)TX(J)) . The rate of B — ,3 is studled in detail in
subsequent theorems

Theorem A.1. Consider the linear model (3.2). Suppose Conditions 3.1 and
3.2 hold and {g;}}"_; are i.i.d sub-Gaussian random variables with ||g;||y, < 7.
If the number of subsamples satisfies k = O(nd/(d V logn)?), then for
sufficiently large n and d it follows that

(A1) BBl = 0s (VELYIEY 5 gy, — 0n( /i)

Remark A.2. By taking k = o(nd/(d V logn)?), the loss incurred by the

divide and conquer procedure, i.e., ||3 — ,@ |2, converges at a faster rate than
the statistical error of the full sample estimator 3. In another independent
work Rosenblatt and Nadler (2016), the authors also reveal a similar phe-
nomenon under the broad family of generative linear models. They show
that when k = o(n/d), E||3 — 8*|3/E||B — 8*||3 — 1. In other words, there
is no first-order loss by divide and conquer.

We now take a different viewpoint by returning to the high dimensional
setting of Section 4.1 (d > n) and applying Theorem A.1 in the context of
a refitting estimator. In this refitting setting, the sparsity s of Lemma 4.1
becomes the dimension of a low dimensional parameter estimation problem
on the selected support. Our refitting estimator is defined as

k
(A.2) %Z XDy~ 1x DTy 0,

where S = {j : \BJ\ > 2C/logd/n} and C is the same constant as in (4.1).
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Corollary A.3. Suppose 8, > 2Cy/logd/n, where . = minj<j<q |ﬁj*|
and C is the same constant as in (4.1). Define the full sample oracle es-
timator as 3° = (X1 Xg) 'XIY, where S is the true support of 3*. If
k= O(y/n/(s?logd)), then for sufficiently large n and d we have

(VREVIBMY 5 g, = 0s (/o).

We see from Corollary A.3 that B  achieves the oracle rate when the
minimum signal strength is not too weak and the number of subsamples k is
not too large.

(A3) B —B°2= 0

APPENDIX B: THE LOW-DIMENSIONAL GENERALIZED LINEAR
MODEL

The next theorem quantifies the gap between 3 and ,é\, where 3 is the
average of subsampled GLM estimators and B is the full sample GLM
estimator. In Theorem B.1, |8 — BHQ is the distance between the divide
and conquer estimator and the full sample estimator, while |3 — 3*||2 is the
estimation error on each machine.

Theorem B.1. Under Condition 3.6, if & = O(y/n/(d V logn)), then we
have for sufficiently large d and n,

. I8 =82 = Op(/d/n).

Remark B.2. In analogy to Theorem A.l, by constraining the growth rate
of the number of subsamples according to k = o(y/n/(d V logn)), the error

B1) (BBl - 0p(RYALV I8N

incurred by the divide and conquer procedure, i.e., |3 — ,B\HQ decays at a
faster rate than that of the statistical error of the full sample estimator 3.

We notice a recent independent work Liu and Thler (2014) on distributed
estimation under curved exponential families with fixed dimensions. They
propose a KL-divergence-based combination method to aggregate MLEs from
multiple data repositories and show that it can achieve the best possible
approximation to the global MLE given the entire dataset. In the future
work, it will be interesting to extend their approach to the GLM setting
and characterize the statistical error rate of the correspondent distributed
estimator.

The less stringent scaling of k in the low dimensional linear model relative
to the generalized linear model comes from the fact that the Hessian matrix
depends on the estimator of 8" in the GLM. This results in a larger variance
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relative to the linear model. Figures 3(A) and 4(A) indicate that the deduced
scaling is sharp for both cases.

As in the linear model, Lemma 4.6 together with Theorem B.1 allow
us to study the theoretical properties of a refitting estimator for the high
dimensional GLM. Estimation on the estimated support set is again a low
dimensional problem, thus the d of Theorem B.1 corresponds to the s of
Lemma 4.6 in this refitting setting. The refitted GLM estimator is defined as

k
(B.2) B =23 8Dy,
j=1

el

~ . ; - J—
where 3"(D;) = argmingcga g__— ngk)(ﬁ) and S = {j : |B;| > 2C/logd/n}.

S¢ Y
The following corollary quantifies the statistical rate of B .

Corollary B.3. Suppose 5, > 2Cy/logd/n, where . = minj<j<q |ﬁj*|
and C is the same constant as Lemma 4.6. Define the full sample oracle
estimator as 3° = argmingepa g . ¢n(B), where S is the true support of

B*. If k = O(\/n/((s V s1)?logd)), then for sufficiently large n and d we
have

B3) (B - Bl = 0p (BB 5 gy, = 0p(y/m).

We thus see that 8 achieves the oracle rate when the minimum signal
strength is not too weak and the number of subsamples k is not too large.

APPENDIX C: SIMULATION FOR THE LOW-DIMENSIONAL LINEAR
MODEL

All n x d entries of the design matrix X are generated as i.i.d. standard
normal random variables and the errors {g;}?_; are i.i.d. standard normal as
well. The true regression vector 8* satisfies 37 = 10/vd for j =1,...,d/2

and (7 = —10/+/d for j > d/2, which guarantees that ||3*||2 = 10. Then we
generate the response variable {Y;} ; according to the model (3.2). Denote
the full sample ordinary least-squares estimator and the divide and conquer
estimator by 3 and 3 respectively. Figure 4(A) illustrates the change in the
ratio |8 — Bl|2/||8— B*||2 as the sample size increases, where k assumes three
different growth rates and d = y/n/2. Figure 4(B) focuses on the relationship
between the statistical error of 3 and log k under three different scalings of
n and d. All the data points are obtained based on average over 100 Monte
Carlo replications.
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(A) 1|8 = Bll2/18 — B*l2

(B) 1B — 87112/ 18 1l>

0.07

0ss /’\.\’/.\./. | ~e-n=30,000, d=300
n=10.000, d=300

%' _m-n=10,000, d=200

18 = B112/118"l2

113 = Bll2/115 = 512

ozt @k =+/n/3
k=nl/3
o1sH —m—k = 2pl/4
Ak =10

7 75 8 85 9 95 10 10.5 1 15 0 0.5 1 15 2 25 3 35 4 45

logn logk

FI1G 4. (A) The ratio between the loss of the divide and conquer procedure and the statistical
error of the estimator based on the whole sample with d = \/n/2 and different growth rates
of k. (B) Statistical error of the DC' estimator against log k.

As Figure 4(A) demonstrates, when k& = O(n'/3), O(n'/*) or O(1), the
ratio decreases with ever faster rates, which is consistent with the argument
of Remark A.2 that the ratio goes to zero when k = o(n/d) = o(y/n). When
k = O(y/n), however, we observe that the ratio is essentially constant, which
suggests the rate we derived in Theorem A.1 is sharp. We also report the
wall time of our proposed distributed approach and the naive average Lasso
in Table 1. The time is computed in a similar way as the testing part. A
comparison between these two approaches reveals the heavy computation
incurred by debiasing. However, we observe that as the splits grow, the time
consumption on individual data sample decreases since the local problem
size becomes smaller, which mitigates the time complexity problem if we
have a parallel computing system.

From Figure 4(B), we see that when k is not large, the statistical error of
(3 is very small because the loss incurred by the divide and conquer procedure
is negligible compared to the statistical error of ,@ However, when k is larger
than a threshold, there is a surge in the statistical error, since the loss of the
divide and conquer begins to dominate the statistical error of ,/8\ We also
notice that the larger the ratio n/d, the larger the threshold of log k, which
is again consistent with Remark A.2.

APPENDIX D: SIMULATION FOR THE LOW-DIMENSIONAL
LOGISTIC REGRESSION

In logistic regression, given covariates X, the response Y| X ~ Ber(n(X)),
where Ber(n) denotes the Bernoulli distribution with expectation 7 and

1
1) = (- XTE)
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(A) B~ Blo/IB-B"l2 (B B8 12/18°2
04| —@—n=40,000, d=100
n=20,000, d=100
| | -=-n=30,000, d=50

I

—A—k=5

7 75 8 85 9 95 10 10.5 11 15 o 0.5 1 15 2 25 3 35 4 45
logn log k

F1a 5. (A) The ratio between the loss of the divide and conquer procedure and the statistical
error of the estimator based on the whole sample when d = 20. (B) Statistical error of the
DC estimator.

We see that Ber(n(X)) is in exponential dispersion family canonical form
(2.7) with b(6) = log(1 +€?), # = 1 and ¢(y) = 1. The use of the canonical
link,
o1
77( )_ 1+676(X)’

leads to the simplification 0(X) = X7 3*.

In our Monte Carlo experiments, all n x d entries of the design matrix X
are generated as i.i.d. standard normal random variables. The true regression
vector 3" satisfies 3} = 1/+/d for j < d/2 and B = —1/V/d for j > d/2,
which guarantees that ||3*||2 = 1. Finally, we generate the response variables
{Y;}™_, according to Ber(n(X)). Figure 5(A) illustrates the change of the
ratio |8 — Bl|2/||8— B*||2 as the sample size increases, where k assumes three
different growths rates and d = 20. Figure 5(B) focuses on the relationship
between the statistical error of 3 and log k under three different scalings of n
and d. All the data points are obtained based on an average over 100 Monte
Carlo replications.

Figure 5 reveals similar phenomena to those revealed in Figure 4 of
the previous subsection. More specifically, Figure 5(A) shows that when
k = O(n'/3), O(n'/*) or O(1), the ratio decreases with even faster rates,
which is consistent with the argument of Remark B.2 that the ratio converges
to zero when k = o(y/n/d) = o(y/n). When k = O(y/n), however, we observe
that the ratio remains essentially constant when logn is large, which suggests
the rate we derived in Theorem A.1 is sharp.

As for Figure 5(B), we again observe that the statistical error of 3 is very
small when k is sufficiently small, but grows fast when & becomes large. The
reasoning is the same as in the linear model, i.e. when k is large, the loss
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incurred by the divide and conquer procedure is non-negligible as compared
with the statistical error of ||3]|2. In addition, as Figure 5(B) reveals, the
larger is \/n/d, the larger the threshold of k, which is again consistent with
the threshold rate pointed out in Remark B.2.

APPENDIX E: AUXILIARY LEMMAS AND THEOREMS FOR
TESTING

In this section, we provide the proofs of the technical lemmas and theorems
for the divide and conquer hypothesis testing.

PROOF OF THEOREM 3.3. It remains to verify the Lindeberg’s Condition
for (7.1). By Lemma E.1,

€] < 7P ImPT XD e < e Lol

where liminf,,, ¢,, = co > 0, hence the event {|£Z(f))| > 50} is contained in
the event {|€§J)| > sacnkﬁgl\/ﬁ} and we have

k

jZZIIE[ﬁ 21{1€)| > o }|X]
=1i€e
k
< ;Z}ZEMZ 21{1e9] > eocn 0y f}\X}
=114€Z;
3 112’“: Z (my" x7)? [@)21 () ﬁ—lf]
= Pk L & ey L&) T oy )
1

= = [(eiJ )2]1{|52(-j | > eacnkﬁglw/nk\/g}}.
Taking expectation with respect to X on both sides above yields that
1 k . .
S Y R[ED1{ed)] > e}
j=14€T;

1 i i _
< SE[E2 1] > eoca, 03 Vi VE}|.

Let 6 = aacnkﬂgl\/ﬁ. Then, for any n > 0,
(E.1)

B[E0) 1<) > o] < B[O 1 (1) )] < smrm]je 2o
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Since ¥9n~1/2 = 0(1) by the statement of the theorem, the choice 7 = 2
delivers

;g;ﬂ;onyglmZZE[ 21{[¢0)] > ea}]

Jj=11i€Z;

(E.2) < lim lim k- nklﬁgc_Q 20_2E<(6§j))4>:0

k—o00 N —00

by the bounded forth moment assumption. By the law of iterated expectations,
all conditional results hold in unconditional form as well. Hence, V,, ~
N(0,02) by the Lindeberg-Feller central limit theorem. O

PROOF OF COROLLARY 3.9. We verify (A5)-(A9) of Lemma E.8 in the
Supplementary Material. (A5) is satisfied because O,y is consistent under
the required scaling by the statement of the corollary. (A6) is satisfied by
Condition 3.7. To verify (A7), first note that V¢;(8*) = (/(XIB*) — Vi) X,.
According to Lemma E.2 in the Supplementary Material, we know that
conditional on X, b/'(X ] 3*)—Y; is a sub-Gaussian random variable. Therefore
Lemma F.6 in the Supplementary Material delivers

1 t?
P ||—ZZV€ Moo >t X Sdexp(l—ncjw2>,

Jj=14€Z;

which implies that with probability 1—e¢/d,

(E.3) | Z D V(B = Cy/nlogd

Jj=14€l;

It only remains to verify (A8). Let § () ('-)*TV€(] (B*)/+/nO%,. By the
definition of the log likelihood,

. B[V, (5°)
(n®3,)'/?
and by 1ndependence of {(Yi, Xi) "y,

k
Var(z Z fz(qjj)) = Z Z Var(gg)) = Z Z E[(ﬁfi))Q]

j=14€eT, j=14€T, j=14€eT,

- = > (01,101 E((V4(3) (745 ]

- fz 16510, = 1.

=0

Efe))] =

3%
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By Condition 3.6, iy > 0, the event {\ﬁfg)] > ¢} coincides with the event
{‘GzTVEi(ﬁ*)‘ > a/@minn} = {‘G)ﬁTXi(Yi — b’(XZ-T,B*))‘ > aVGminn}. Fur-
thermore, since |@:‘)TXZ-’ < M by Condition 3.7, this event is contained in
the event {|Y; — b/'(X] 8*)| > 6}, where § = ey/finn/M. By an analogous
calculation to that of equation (E.1) in the Supplementary Material, we have

B[ (i-b(XT89)" 1{Yi—¥ (X7 8)| > 611X | < 67"E[(vi—b/(X['8")""|x].

Hence, setting n = 2 and noting that E[(Yi—b’(XiT,B*))Q*"]X] < CV2 4+ noUs
by Lemma E.2 in the Supplementary Material, it follows that

k
Jimtim 37 3 B[ L > <]
J=11€Z;

k
< (Omin)” ' lim lim 2t ") O E[X; X056

k—o0 ng—>00 - :
Jj=14€Z;

(E.4) < (Bin) "t lim lim M3s?/(ne’0mim) = 0,

k—00 Nj—00

where the last inequality follows because ||||max = |E[X; X ]|lmax < M? by
Condition 3.6. Similarly, we have for any € > 0,

k
3 . . ZZ ()43 () —
e 2 2 Bl G > ) =0
=11 j

Applying the self-normalized Berry-Essen inequality, we complete the proof
of this corollary. O

Lemma E.1. Under Condition 3.2, (mgj)Tf]ml(,j))fl/2 > ¢y, for any j €
{1,...,k} and for any v € {1,...,d}, where ¢,, satisfies liminf,, , ¢y, =
Coo > 0.

PRrROOF. The proof appears in the proof of Lemma Bl of Zhao et al.
(2014b). O

Lemma E.2. Under the GLM (2.7), we have

Eexp(t(Y — u(0))) = exp(é~ ' (b(0 + to) — b(0) — 41t/ (9))),

and typically when there exists U > 0 such that v”() < U for all § € R, we
will have

2
Eexp(t(Y — u(0))) < exp <¢Zt ) )
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which implies that Y is a sub-Gaussian random variable with variance proxy
oU.

PROOF.
Eexp (Y — u(0)))
—+o00 _
- [T ewew (WW)) exp(t(y — 1(6)))dy

s ¢
+o0 - /
— / c(y) exp <(0 * iy (l:b(e) o (0))> dy
) /+oo e ((e +td)y — b(0 + L) + b((be +tp) — (b(0) + ¢tb/(0))> dy

= exp (¢~ (b(0 + tg) — b(8) — 4tV (9))) -

When 0”(0) < U. the mean value theorem gives

1D\ 4242 2
Eexp (H(Y — u(0)) = exp (%) < exp (“f ) .

O

PROOF OF LEMMA 3.4. We first show that, for any j € {1,...,k}, |5%(D;)
— 02| = op(k™'). To this end, letting

g = Y(J) _ Xi(j)TB\/\(rDj) ( ) X(J ﬂ X (13>‘( ) ﬁ*)7

(2

we write
2 L _ ) (4) (4)
5%(D O'|—‘ Zs U‘SAl +2A57 + A5,
ZGI
. . R 1 N
AP = | Y-, AP = | (B'D) - ) (; > x| and
ke ke
zeI

= | x9DBND;) — B°) |3/ = Op(N2s)

by Theorem 6.1 of Bithlmann and van de Geer (2011). Hence, with A\ =
Co?\/klogd/n, Agj) = op(1) for k = o((slogd)™'n), a fortiori for k =
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o((slogd)~'\/n). Letting

. R . 1 . . . .
a7 = 8@ -l XV ~EXP|
Ag = |IB*@) - 87, JEX =)

We obtain the bound

) - i 1 N N N
39 = B - 212 X X0 5x20) 4 5x )|
1€Z;

< AF) +AY).
By the statement of the Lemma, E[Xi(j)al(j)] = E[Xi(j)E[sgj)|Xi(j)]] =0,

hence Agé) = 0, while by the central limit theorem and Theorem 6.1 of
Biithlmann and van de Geer (2011),

A < 0p(As)Op(n; /).

We conclude AY) = Op(Asn; /%), and with A < 02y/klogd/n, AY) = o(1)
with k = o(n(slog d)*2/3), a fortiori for k = o(y/n(slogd)™!). Finally, noting
that 02 = E[egj)], Agj) = Op(nlzl/z) = op(1) by the central limit theorem.
Combining the bounds, we obtain [62(D;)—0?| = op(1) for any j € {1,...,k}
and therefore |72 — 02| < k7! 25:1 5%(D;) — 02| = op(1). O

Lemma E.3. Under Condition 3.6, we have for any 3,3 € R? and any
i=1,...,n, [0/(X]B) - /(X8| < Ki| X[ (8- B3|, where 0 < K; < oc.

PROOF. By the canonical form of the generalized linear model (equation

(2.8)),
|6/(X]8) - ¢/(X] 8] = |[v"(X{B) - v"(XI'8)| < p" ()| X7 (B~ B

by the mean value theorem, where 7 lies in a line segment between X 1T 3 and
XI'B'. |b"(n)] < Us < oo by Condition 3.6 for any 7, hence the conclusion
follows with K; = Us for all 4. O

Lemma E.4. Under Conditions 2.6 and 2.1 (i), we have for any ¢ € (0,1)
such that 6! <« d,
log(d/9)

1 .
P(LIX@B -l 2 =50 ) <o
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PROOF. Decompose the object of interest as

%HX(BA -85 = (B - B (E -D)(B - B + (B - B)TS(B* - BY)
<1 = Sllmax1B — 671 + Anax (218 — 6713

This gives rise to the tail probability bound
1 -~ w3 [[2
P(- X3 -85 > ¢)

(E.5) S ) w2 b 2\ w2 b
< P(IS ~ SlmaxllB = 87 > 5 ) + P Pmax( DB - 8713 > 5).

Let M = {Hi — Y|l < M}. Since {X;}7, is bounded, it is sub-Gaussian
as well. Suppose || Xy, < k, then by Lemma F.3 we have,

N BSU M2 M
P(M) < Y P(ISH) — Spel > M) < d”exp (_on : min{i }) ’

p,g=1

where C' is a constant. Hence taking M = n~'log(d/$),

P(M®) < d*exp {—Cn min (log(d/9))? (log(d/d))? }}

Kin2 K2n

and the right hand side is less than ¢ for 6! < d. Thus by Condition 2.1,
the first term on the right hand side of equation (E.5) is

slog(d/0)

n

P(|S - 2,18 - 8] 2 ) <2

max

Furthermore, by Condition 3.6 (i), the second term on the right hand side of
equation (E.5) is

~ 12 slog(d/é
P ()18 - 8712 2 cmgé/)) <.
Taking ¢ as the dominant term, ¢ < Cpaxn ™ 'slog(d/6), yields the result. [

Lemma E.5. Under Condition 3.6, we have for any i = 1,...,n,
V(X B1) — b (X[ Ba)| < MUs||B1 — Bal1,

and if we consider the sub-Gaussian design instead, we have

2
P ([o"(X]81) = V" (X{ B2)| > hUs||B1 — Ball1) < ndexp (1 B CZ) '
1
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PROOF. For the bounded design, by Condition 3.6 (iii), we have

V" (X B1) = V"(X{ Ba)| < Us| X (81 — Bo)| < Us|| Xillmax|B1 — Bzllu
< MUs||B1 = Bal|1-

For the sub-Gaussian design, denote the event {max;<;<pn1<j<a|Xsj| < h}
by C, where k is a positive constant. Then it follows that,

2
P (C°) < ndexp (1 - CZ) ,
51

where C is a constant. Since on the event C, [b"(X1B1) — V'(XIB2)| <
hUs||B1 — B2||1, we reach the conclusion. O

Remark E.6. For the sub-Gaussian design, in order to let the tail probability
go to zero, h > log((n V d)).

Lemma E.7. Suppose, for any k < d satisfying k = 0(((5 v sl)logd)_l\/ﬁ),
the following conditions are satisfied. (A1) P (nlleX(j)@(j) Hmax > H) <,
where H is a constant and & = o(k™!). (A2) For any 3,8 € R? and
for any i € {1,...,n}, [(/(XIB) — /(X3 < Ki|X](B — B')| with
P(K; > h) < o for ¢ = o(k~) and h = O(1). (A3) P(n,;luxm(@ -
B85 2 nsklog(d/6)) < 6. (A4) P(maxicoca (B V20 (B (D)) ~
ev) (,@)‘(Dj) -8B zn" sklog(d/é)) < 0. Then

?r\»i

k
B — Bt =— Z IT00)(8%) + op(n~1/2).

for any 1 < v <d.

PRrOOF OF LEMMA E.7. B - B =kt Z] 1(BU( ;) — B5)). By the def-
inition of 3%( Dj),

Bi(D;) - By = B)(Dy) - B; — YYD (BN (D).
Consider a mean value expansion of VK%C) (B\’\ (Dj)) around 3*:

VIO (BND;)) = VID(B") + VD) (Ba) (BND)) - B7),
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where 8, = a,@’\(Dj) +(1—a)B* ac|0,1]. So

k k
Zﬁff Z TV (BY) - A,

w\r—‘
?r'\

where A = %Z?Zl (égj)TV%,(fz(ﬁa) _ ey)(B\)\(Dj) — B). Note that |A| <
Lk (AP +1A5)), where

AP =[BTV (B (D)) — ) (BNDy) - 67|

v (A4) of the lemma, for t < n~'sklog(d/s),

k k
P(\ZAP\ >kt) ( LAY y>t) <Y P(AY)| > 1) < k.
j=1

j=1
Substituting § = o(k™!) in the expression for ¢ and noting that k < d, we
obtain k™1 Z?Zl Agj) = op(n~Y/?) for k = o((slogd)~'\/n). By (A2),
a5 = \@W (V25)(8a) = V2(BND,)) (BND)) - B)

— | 3 BTXXT (BND) - ) (8 (XT Ba) - €1(XT BND,))|

zEZ

< (ax ) (51X 089 )| - X0 (3 D) - B)

1<i<n

I

therefore by (A1) and (A3) of the lemma, for t < n~tsklog(d/?),

k k
P(\ZAgj)\ > k;t) < ( LAY > t) <3 PIAY) | > ) < k(45 +€).
j=1

Jj=1

Substituting 6 = o(k™!) in the expression for ¢+ and noting that k < d,
we obtain k1 25:1 Aéj) = op(n~1/2) for sklog(d/§) = o(y/n), i.e. for k =
o((slogd)~'y/n). Combining these two results delivers A = op(n~%/2) for
k= o((slogd)~'y/n). O

Lemma E.8. Suppose, in addition to Conditions (A1)-(A5) of Lemma E.7,
(A5) |©yy — O, = op(1) for all v € {1,...,d}; (A6) 1/6;, = O(1) for
all v € {1,...,d}; (A7) || Xo1<j<k Ziezj V0i(B")|lo = Op(v/nlogd); (A8)
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For each v € {1,...,d}, letting 51(5) = @:TVBEj)(,B*)/ no;,, E [gfi)} =0,
Var(Z?zl Zz’ezj Eg})) =1 and, for all € > 0,

(E.6) lim lim Z > E| 21| > e}] = 0.

k—o00 N —00
j=11i€D;

Then under Hy : B} = BH, taking k = o(((s V s1)logd)~'\/n) delivers
Sn ~ N(0,1), where S,, is defined in equation (3.14).

PROOF. Rewrite equation (3.14) as

3, - 12’“: I GO
n= Vg = | (©5, 1/2 (©5)12 \ [60) A1)S6)T] /2
k
(B7) = (AY)+AY)),  where
j=1i€T;

~ (AT N S - )
A(]’) _ @)5}]) V@Eﬂ)(ﬁ ) A(j) _ @q()ﬂ) V&(])(ﬁ ) (@m})l/Q L)

Y (0,12 20 T T (n0y,)1/2 5172
Further decomposing the first term, we have

k
SN Ay = ZZ;QJFA where A = ZZ (eY)-e:) Tm

Jj=11i€T; Jj=11i€T; Jj=11i€I;

(%0

and Z?:l Eiezj 51(7]1}) ~» N(0, 1) by the Lindeberg-Feller central limit theorem.
Then by Hélder’s inequality, Condition 3.7 and Assumption (A6) and (A7),

o 125 Cier, V6B o
Al < gfgk\\@”—@ H1 ’ (n@:i)lp

= 0p(s1/ 20 Op(iogd) = 02(1),

where the last equation holds with the choice of k = o((s1logd)~t/n).
Letting AV~ (0x,)4/2 — @1/2 we have

O TV (B )5y Ay ot VE(B)
BPE ZZ(MA (egﬂ-ev)T(m%m)

j=1i€T; 1€l
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i 1/2 %
where Z] IZZEI Aglz ’Z] IZZEI gzv ‘@/ @ 1/2| Slnce@

0, @1/2 ’@v’u‘lﬂ = ’@vv _ @:ﬁw + ®;kw|1/2 < ‘va - @zv’1/2 + (@T)v)l/Q' Sim-
ilarly

(O5,)72 = |05, [V/% = 1074, — By + 04 |V? < 107, — B, + 6,0,

yielding \@11“/)2 — ()2 < |64, — O%,|"/? and consequently, by assumption
(AD),
}A(j ‘ _ ‘61/2 @* 1/2| — O]P(l).

k
Invoking (A9) and the Lindeberg-Feller CLT, ’Z Z A%),i

= op(1). Simi-
j=14€T;
larly
- () () 1/2 : ()
* AU *T v+ —

>3 Al < max 60—/ [57|(0;70:) Y- 36| -
J=11€; j=1i€Z;
Combining all terms in the decomposition (E.7) delivers the result. O

(B1)-(B5) of Condition E.9 are used in the proofs of subsequent lemmas.
Condition E.9. (B1) |w*||1 < s1, ||J*||max < 0o and for any § € (0, 1),

P82, - Bl 20 2s\/log(d/9)) < 6

and
P(H@ w202 1og(d/5>) <4

(B2) For any 6 € (0,1),
P(IIV-ta (85, 8% o0 2 n™"/2/10g(df0) ) < 8
(B3) Suppose B, satisfies (B1). Define
Hy = (V3 _oln(B3, Bova) = V2, o ln(B5, B-va) - (B, — BZ,).

Then for B_y o = aB*, + (1 — a),@iu and for any ¢ € (0, 1),

P < sup |H,| 2 slsbg(;l/é)) < 0.

a€l0,1]
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(B4) There exists a constant C' > 0 such that C' < I;h < o0, and for
v* = (1,—w*T)T, it holds that

Vi TV, (55, 8)

(B5) For any 4, if there exists an estimator ,5 = (~;;F,,§TU)T satisfying

18 — B*||1 < Cs\/n—Tlog(d/d) with probability > 1 — &, then
P(}|V2£n(§) I n*l/%/log(d/a)) <.

The proof of Theorem 3.11 is an application of Lemma E.13. To apply
this Lemma, we must first verify (B1) to (B4) of Condition E.9. We do this
in Lemma E.10.

~ N(0,1).

Lemma E.10. Under the requirements of Theorem 3.11, (B1) - (B4) of
Condition E.9 are fulfilled.

PrOOF. Verification of (B1). As stated in Theorem 3.11, [[w*|; =
O(s1) and ||J*|lmax < oo by part (i) of Condition 3.6. The rest of (B1)
follows from the proof of Lemma C.3 of Ning and Liu (2014).
Verification of (B2). Let X; = (Q;, Z1)T. Since |V 0n(8")[|oe = || -1 37,
(YZ- - (xt ﬂ*))ZiHOO, since the product of a sub-Gaussian random variable
and a bounded random variable is sub-Gaussian, and since E[V,¢,(8*)] = 0,
we have by Condition 3.6, Bernstein’s inequality and the union bound

P([|[V4n(8")||loo > t) < (d — 1) exp{—nt*>/M?c}}.
Setting 2(d — 1) exp{—nt?/M?c}} = § and solving for ¢ delivers the result.

Verification of (B3) Let 3% = (0*,7,) and decompose the object of interest
as
(E.8)

5
’ (v?),—vgn(ﬁzta ﬁ*U,a) - @Tv%v,—vgn(/ﬁ:v B*U,a)) (B\iv - /Biv)‘ < Z}At
t=1

)

where the terms Aj - Az are given by Ay = V2 _ (,(8) — V2 _ln(8%),

AZ = v?},—vgn(ﬁ*) - w*TJifu,—v? A4 = w*T (VQ—’U,—’UEH(IB*) - VQ—U,—UZH('BZ))’
Az =w™ (J2, = V2, (BY)), A5 = (0™ —@")VZ, _ 0a(B).

—v,—v
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We have the following bounds

_ 1 - 7T\ _ g* 1T ax\ _ gl T g% ‘
2] = \nzzzzi (B, - B2,)(¢(X] 1) - 6/(XT8Y))
< g Ko oo 1ol 2B - 20

1A0] < ||V2 _ola(B) — Ji_o|| 1B, — B4,

1As] < JJwl1|| Ty —y = V2ol (B)|| . 1B, — Bills,
< lrgngllw*H Hf 26, 6.

and |As| < [lw* — @1 || V_v,—oln(B5)], . I1BY — B%,]l1- Let € = 6/5. Then
by Condition 3.6 and Lemma E.4

1 1
IP’<|A1] > Sog(:/z-:)) <e and IP(|A4| > 5$10g(7§l/6)> <e

Noting the B* itself satisfies the requirements on ,5 in (B5), Lemma E.11
and Condition 2.1 together give

1 1
P10 2 2B W) o and B(18g] 2 01 B <
K n
By (B1) verified above and noting that

HV—M—UEn(/Bz)HmaX S Hv_’v,—ven(ﬁ:) - V—v,—ven(ﬁ*)Hmax
+{[V-v—ola(8)]

max’

the proof of Lemma E.11 delivers ]P’<|A5| 2 swlog(d/e)/n) < . Combining
the bounds, we finally have

]P’( sup H, 2> slsIOg(d/6)> < 0.
n

a€l0,1] ~
Verification of (B4). See Ning and Liu (2014), proof of Lemma C.2. [

In the following lemma, we verify (B5) under the same conditions.
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Lemma E.11. Under Conditions 3.6 and 2.1, (B5) of Condition E.9 is
fulfilled.

PROOF. We obtain a tail probability bound for A; and Ag in the decom-
position

||v2£n(:§) - J*Hmax < Hv2€n(a) - V%n(ﬂ*)umax + Hv2€n(ﬁ*) - J*Hmax

= Ay + As.
For the control over Aj, note that by Condition 3.6 (ii) and (iii),
V20, (8%)]j| < |0"(XTB)|| X Xan| < U M.

Hence Hoeffding’s inequality and the union bound deliver

t2
— 2 ¥\ 7* < 2 _L
(B.9) (A3 > t) = P(|[V20a(B") = J*[max > t) < 2d% exp] 8U22M4}.

For the control over Aj, we have by Lemma E.5,

[V20u(B) = V20 (B = |(0(XTB) = V" (XT B%)) X5 X

M3Us||B — 8|1 < MPUss\/n~Vlog(d/d)

with probability > 1 — §. Hoeffding’s inequality and the union bound again
deliver

IN

P(A1 > 1) = B([V36n(B) — Vil (8" s > 1)

(E.10) a0

8UZM65s21og(d/d) }

< 24? exp{ —

Combining the bounds from equations (E.9) and (E.10) we have

P(IV20B) = T llmax > 1)
t2 n?t?

< 2d* (exp{—gUéw} T eXp{_gU??Mﬁs2 log(d/d) }>

Setting each term equal to d/2, solving for ¢ and ignoring the relative mag-
nitude of constants, we have t = Us max{n~'slog(d/d), n~Y2,/log(d/d) } =
Usn~2?log(d/$), thus verifying (B5).
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Lemma E.12. For each j € {1,.. k:} let B_ya;, = %B +(Dj) + (1 —

a;)B*,, for some «; € [0,1], where [3,”( D;) is defined in equation (2.2).
Define

AP = (@(Dy) —w")V_ 098, 8%,) and
Agj) = (Vg —v njk(ﬁmﬂ va) ATV*U —v J)(ﬁwﬁ Uay))(ﬁiv_ﬁi”)'

Under (B1) - (B3) of Condition E.9, )k‘_l Z;?:l Agj)‘ = OP(n—l/Q) and
‘k_l Z§:1 Aéj)‘ = OP(n_l/Q) whenever k£ < d is chosen to satisfy k =
o((s1logd)~t/n).

PrRoOF. By Hoélder’s inequality,

AP = |(w* — @(Dy) Vol (858,
< [ @(D;) — w* 1| Vol (57, B

0)lloos

hence, for any ¢,
{|AY| > 1} € {||&(D;) — w* |1 |Vl (85, B )lloo > £}

Take t = vq where v = Cn~Y2s1\/klog(d/d) and ¢ = Cn~1/2\/klog(d/s).

Define two events F7 and E5 as following.

Ey = {||&(D;) — w1 |V=ol@) (85, Bl > va},

P LA )

Then we obtain that P(E;) = P(E1 N E) + P(E; N ES), which is not greater
than 26 by (B1) and (B2) of Condition E.9. Hence the union bound delivers

P(’zk:Agj)’ > kvq) < P(U?Zl{‘Agj)’ > vq}) < jzk;]P’OAgj)‘ > vq)

for § = o(k~!). Taking § = k! for a > 0 arbitrarily small in the definition
of v and ¢, the requirement is kslogd = o(y/n) and ksilogk = o(y/n)

for a > 0 arbitrarily small. Since k < d, k~! Z§:1 Agj) = op (n‘l/Q) with
k = o((s1logd)~'y/n). Next, consider ]Agj)| < Supaeo,1) |Gol, where

Gy = (V2 _ 9 (85, Bova) — WV, _ 09 (B, Bva)) (BY,(D)) — BL,).
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By (B3) of Condition E.9, P(|AY)| > t) < 6 for ¢ = sysn~klog(d/5), hence,
(’)

proceeding in an analogous fashion to in the control over k~! Z?:l AT, we
obtain

k k
(|3 a9 > k) <P (Uii]al] > ¢) <Y P(JAF] > 1) < ko =o(1)
j=1 j=1
for 6 = o(k™'). Hence k! Z?Zl Agj) = oIp(n_l/Q) with k = o((s1slogd)™!
n3/2). Since (s1logd)~!y/n = o((s1slog d)_1n3/2), k1 Z?Zl (Agj) —}—Agj))
OP(n*1/2) requires k = o((s1logd)~'/n).

Lemma E.13. Under (B1) - (B4) of Condition E.9, with k£ < d chosen to
satisfy the scaling k = 0(((3 V s1)log d)*l\/ﬁ%

oo

k k
§ DB ADY) = 4 35D 6,) + op(n ) and
j=1 J=1
k
nh_)Igo Sl;p IP((J;, v)_l/Z\/ﬁ% Z (j)(ﬁi,ﬂiv) <t)—@(t)] — 0.
j=1

PROOF. Recall
S(BE,B%,) = Vo9 (B, BE,) — wTV_, 09 (85, B%,).

Through a mean value expansion of S@ (37, B +(Dj)) around 3%, we have
for each j € {1,...,k},

S (85, 82,(Dy)) = Vuld) (83, 824(D;)) — @(D;)" Vol (85, 82,(Dy))
— 508z, 8%,) + AV + AY),

for some B_, o = aB_U(Dj) + (1 — «a)B*,, where

Ag) - [ v,—v nk(ﬁv’ﬁ )_ ( )Tv2—v —v nk(ﬁmﬂ va) (/@iv(Dﬂ) _’6*—”)'

Here h, = Vi_véﬁfg( ¥ Bova) — w(D;)TVE, Uf(jk)( . B—v.a). It follows

v
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that
(E.11)

??'M—‘

??‘\F—‘
'Mw

(B, B~,

k\r—‘

k k
Z . 51)“6)\ )) _ Z A(]

<
Il
-

SO, ") + op(n™7?)

|
el
]~

Il
i

J

by Lemma E.12 whenever k = o((s1logd)~!y/n). Observe

ﬁ(k_lis(j)(ﬂi,ﬂfv))Zf (Zw (8;.8%,)) and
j=1

*_v — (1’ —’U}*T)J*(l, —’IU*T)T.

V|

So Vni Z?Zl SU(Bx,B%,) ~ N(0,.J%_,) by Condition (B4). Similar to

7v|

Corollary 3.9, we apply the Berry-Essen 1nequality to show that

k
sup [P(V %Z (52 8%,) < 1)~ B(1)] = 0.

Lemma E.14. Under Condition (B1), for any ¢ € (0,1),
IP’(HE —w*|y > Cn~ 2 klog(d/é)) < kS,

P(IB_, — 82,11 > On~"s\/Klog(d]5)) < kd,

PROOF. Set t = Cs1y/n~1(klog(d/5)) and note

k k
Z w1 > kt) < P([w— w*|ly > t).
i=1 j=1

by the union bound. Then by Condition (B1),

P(Jjw —w |y > Cn~"/2s1\/klog(d/9) ) < ko.

The proof of the second bound is analogous, setting t = C's\/n~1(klog(d/d)).
O
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Lemma E.15. Suppose (B5) of Condition E.9 is satisfied. For any 9, if there

exists an estimator 3 = (8L, 87,7 satisfying ||8— 8*||1 < Cs\/n~Tlog(d/d)
with probability 1 — 4, then

(B

> On~1/2 k:log(d/é)) < k.

max

PRrOOF. The proof follows from (B5) in Condition E.9 via an analogous
argument to that of Lemma E.14, taking ¢t = C\/n~1(klog(d/s)). O

Lemma E.16. Suppose (B1)-(B5) of Condition E.9 are fulfilled. Then for
any k < d satisfying k = o(((s V s1)logd)~t\/n), | gy — J:]"_v\ = op(1).

PROOF. Recall that J7_, = Jy, — J5 _,J*, 0, J%, , and

v,—v” —vU,—v" —U,V

?r'\r—‘

k
Z VUvenk /BU7IB ) Tvzvv nk(ﬁvﬂg—v)
SO jv|_v — J;|7v‘ = 01 + 62, where
Ly 1) (3" B *
Ay = ‘% Z vv,vgnjk (Bvaﬁ—v) - Jv,v‘ and
AQ = ‘7T Zv—vv Nk /81)7/3 ) - *TJj’U ’U)’

Let 3 = (Bﬁ,B_v) and note that || — B*||; satisfies the clause in (B5) of
Condition E.9 by Lemma E.14 when k = o(((s V s1)logd)~!y/n). Hence
A = op(1l) by Lemma E.15.

A < |- w) (4 ZV_M% BBo) = J%00)

Az

@), (1 Zv,mk By Bou) = %) |

Ago

Ao3
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By the fact that ||J*||max < 00 and ||lw*||; < Cs; by (B1) of Condition E.9,
an application of Lemmas E.14 and E.15 delivers

Agp < ||w w || H vavv ny IB’UHB ) 7’1}’UH :Op(l),

Az < ||’w—w Il HJ*WllooZOP(l),

Agy < vav'u ng /Bvﬂlg ) 7va ||w*H1 :OP(l)

for k = o((s1logd)™'n), a fortiori for k = o(((s V s1)logd)~'y/n). Hence
’Jv|_v — J§|—u‘ = op(1). ]

APPENDIX F: AUXILIARY LEMMAS FOR ESTIMATION

In this section, we provide the proofs of the technical lemmas and theorems
for the divide and conquer estimation. Using Lemma 7.1 we can derive Lemma
F.1, which serves as a crucial step in establishing Lemma 4.1.

Lemma F.1. Suppose Conditions 3.1 and 3.2 are fulfilled. Let A < y/klogd/n

and ¥ =< \/k: log d/n. With I = o((slogd)~1y/n), va(B' — B*) = Z + A,
where Z = f ZJ " rM( NXTel) and ||Alls = op(1).

ProOF OF LEMMA F.1. For notational convenience, we write Bf}asso(l)j)
. I~ —d
simply as ,@A(Dj). Decompose 3 — B* as

j=1
+ 1 Zk: Lo xOT0)
k . ng ¢
j=1
. - 1n 1
= Z([ — M(J)Z(J)) (B\ND;) - B) + %Z ;kM( ) x (DT 2(5)
J=1 Jj=1
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Defining AW = (I MOXU )(B)‘( i) — ,8*), we have

1A oo < APy < [MVED — T|uwax 18X (D5) = 871

by Hélder’s inequality, where ||[I — MWEW) || 0 < 91 by the definition of
MU and, for A = Co?\/logd/ny,

s 2log(2d cengt
(F.1) (HB’\ - B3 > nk() +t> < exp (—>

5202

by Bithlmann and van de Geer (2011). We thus bound the expectation of
the 1 loss by

(F.2) E |:HB\)\(D]) _IB*Hﬂ < M + /Ooo exp <_zg§t> dt

Nk
2C's? log(2d) n 5202

n cny
Define the event £0) := {H,B)‘ 5*“1 < s4/C'log(2d) /nk} for j =
k. |AD||o < AV +A<>+Ag>where
A&” = |MWEO) Iumaxnﬁ*( j) — B[ 1{ED)
— E[|MYED) — [)max]|BND;) — 87|11 1{EVN]
AY = MDY f||max||ﬂ*< j) = Bl 1{£D}

— E[|MYSD) — I|ax| BND)) = Bl 1{ED}]  and
AY = E[IMOTO — a8 (D;) - 871
Consider Agj ), Agj ) and Agj ) in turn. By Hoeffding’s inequality, we have for

any t > 0,
(F.3)

k
kt? ngnt?
AJ t] < _ MR < __ e .
( ;1 g ) - exp< Cs?0?log(2d)) — P\ Cs?log?(2d)

PT\H
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By Markov’s inequality,

k k (9)

1 () > -1 E[A57]

Pl=Y AV >t | < =122 = -
(k:; 2 ) = Kt

(F.4) < A B[ MOSO — 1], 1B D) - B*[1 1{E0°})]
< 26719, E[|IBN(D;) — B[] BEW)

logd s2log(2d
(F.5) < Ct—l\/ (:f 2 (:;5( )d—c < Ct~Ysn td=*log d,
k k

where the penultimate inequality follows from Jensen’s inequality. Finally,
by Jensen’s inequality again,

1 . .
=5TAY = EMYEY) — ]nullBA (D)) — B7I11]

(F.6) < 791\/1[4: [HBA(DJ) — lg*Hﬂ < CSlogd‘

N

Combining (F.3), (F.5) and (F.6),

slogd 1< slogd
|Aloo > 3Cy/n- ZIP’ =3 AW > Cyn-
u=1 k 1

J:

(F.7) < exp(—ckn) +d~? = 0,
and taking k = o((slogd)~'y/n) delivers || Al = op(1). O

PRrROOF OF THEOREM A.1l.
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For simplicity, denote XOT X0 /ny, by Sgg), XTX /nby Sy, (S(j))*1 (%)t
by D(]) and (X)7! — Sx ! by Dy. For any 7 € R, define an event £0) =
{H( ) Hjp < 2/Cmm}ﬂ{\|S — Y2 < (61V2)} forall j =1,..., k, where

Clx/d/nk-i-T/M , and an event & = {||(Sx) 7|2 < 2/Cmin}ﬂ{HSX—
E||2 < (62 V 65)}, where 82 = Cy1+/d/n + 7/+/n. Note that by Lemma F.2
and F.5, the probability of both (£())¢ and £¢ are very small. In particular

P(£°) < exp(—cn) 4 exp(—c172) and P((ED)¢) < exp(—cn/k) +exp(—c172).

Then, letting & := ﬂ £, an application of the union bound and Lemma
Jj=1
F.9 delivers

P (||B— Bl > t) <P ({ ) D)T j)/nkHQ > t/2} mé‘o)

+P ({I(XD2)"e/n|> > t/2} N 5) + P(&5) + P(£°)
203

< 2exp <d log(6) — ?)20;“‘2152> + kexp(—cn/k) + (k + 1) exp(—c172).
71

When d — oo and logn = o(d), choose 7 = \/d/c1 and 6, = O(\/kd/n).
Then there exists a constant C' such that

P (HB Bl > c@) < (k+ 3)exp(—d) + kexp(~ 7).

Otherwise choose 7 = y/logn/c; and §; = O(y/klogn/n). Then there exists

a constant C such that

\flogn k+3 cn
(IIﬁ Bl > C < TS kewn(- ).
n
Overall, we have
-~ k(dVv1
P (uza Bl > CW) < ckexp(—(d V logn)) + kexp(—cn/k),
which leads to the final conclusion. O

PROOF OF COROLLARY A.3. Define an event

€ = {|IB" = B*|l < 20/ logd/n},
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then by the condition on the minimal signal strength and Lemma 4.1, for
some constant C’ we have

P (nﬁ“ e
({Ilﬂ Bl W} ms) +B(E)

({Ilﬂ — Bl > W}ﬂ5>+0/d

kexp(—(sVlogn)) + kexp(—cn/k) + c/d.

V(s Vlog n))

k .
where B8° = 1 Z( )) D¢ Ty (), which is the average of the oracle

estimators on the subsamples. Then the conclusion can be easily validated.
O

ProOOF OoF THEOREM B.1. The following notation is used throughout the
proof.

1 . 1 ) .
S(8) = V*t(8) = ~X"D(XB)X, SO = n—kX(J)TX(J)

S0 (8 = V204)(8) = L x0Tpxg) xSy = LxTx.
ng n

For any j=1,...,k, B(j) satisfies
NPy 1 . , N
vg%)(g(])) — ;kX(J)T(Y(J) — (XY =0

Through a Taylor expansion of the left hand side at the point 3 = 3%, we
have
L x0Ty 0) _ y(xg%) — sO@FY — g+ — x) =,

Nk

where the remainder term r") is a d dimensional vector with ¢** component

, 1~ , , o
r) = Gur (BY = B VX)) (X V8BV — 87
= 671%(@(1) _ B*)TX(j)Tdiag{Xéj) o " (XD BN XD (BY) — 34,

where B(j) is in a line segment between B(j ) and B*. It therefore follows that

BY) = g* + (SO XD (v — (X9 8*)) + nyr@].
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A similar equation holds for the global MLE ,@:
B=p"+S"[XT(Y - p(XB")) + nr],
where for g =1,...,d,

1
~ 6n

(B - B") " xTdiag{ X, o p"(XBY))IX (B — BY).

Tg

Therefore we have
k
1 o~ 1 N B . . N
%Z/@(]) —B= - Z {(S(J)) I 1}X(J)T(Y(]) _ “(X(J)I@ )
J=1

k
— =
— {8t -2 XT(Y - u(XB*) + R=B+R,

k . .
where R = (1/k) 3. (8@))~1r() — §=1r. We next derive stochastic bounds

j=1
for ||Bl|2 and || R||2 respectively, but to study the appropriate threshold, we
introduce the following events with probability that approaches one under

appropriate scaling. For j =1,... k and &, 7,t > 0,

. , )y
gl .— {H(S(J))_IHQ < 2/Crin} N {M

€= {87 2 < 2/Lumin} N {IIS = Sll2 < (62 v 35) } N {[ISx |2 < 2Cimax},
FU) = {IIB(” — B2 > t}, F = {HB—B*Hg > t},

<1} N {lI5Ll2 < 2Cmax}

where 6 = C1\/d/ni + 7/ /g and d; = C1y/d/ny + 7/+/n. Denote the
intersection of all the above events by A. Note that Condition 3.6 implies
that /(X1 B)X; are i.i.d. sub-Gaussian vectors, so by Lemmas F.2, F.5,
F.4 and F.11, we have

P(A%) < (2k+ 1) exp (=) + (k + 1) exp(—ar?)
nCI2ninL12nint2 >

2 1 —
+ 2k exp <d og 6 0, Uk

We first consider the bounded design, i.e., Condition 3.6 (ii). In order to

bound || R||2, we first derive an upper bound for ). Under the event A, by
Lemma E.5 we have

) 1 1
réj) < ZMU3Cpaxt? and max rg < gMUngaxtQ.

max <
1<g<d,1<j<k 3 1<g<d
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It follows that, under A,
2
(F.9) |R||2 < gM\/&Ugcmamt?.

Note that B is very similar to the RHS of Equation (F.8). Now we use
essentially the same proof strategy as in the OLS part to bound || B||s.
Following similar notations as in OLS, we denote (SU))~1 — %~1 by DEJ ),
S~ — %1 by Dy, YU — u(XWB*) by €) and Y — u(XB*) by e. For
concision, we relegate the details of the proof to Lemma F.10, which delivers
the following stochastic bound on || B||2.

(F.10) P({| B2 > t1} N.A) < 2exp ( dlog(6) Crnin Linin ™1
. ex (0} — .
2 = 2P LB T R s oo (61 V 62)2

Combining Equation (F.10) with (F.9) leads us to the following inequality.

— a2
P (‘/8 - /BHQ > gM\/gU?)Cmath + tl> S (2]{3 + 1) exXp (—%)

Cc?. L2 nt2)

min~min

2
+ (k+ Dexp(—ar7) + (k + 1) exp <d 80 = NG Uk

c* 12 nt% >

2 dlog 6 — min"~min
T | 8 T R U Cona (61 V 072

Choose t = t; = \/d/ny and, when d > logn, choose 7 = \/d/c; and
91 = O(y\/kd/n). Then there exists a constant C' > 0 such that

kd3/2
n

—%) +2(k + 2) exp(—d).

P (HB— Bl >C ) < (2k + 1) exp(

When it is not true that d > logn, choose 7 = \/W and § =
O(y/klogn/n). Then there exists a constant C' > 0 such that

- = kvdl k+3
P (w B2 > cfog”> < (@k+ Dexp(~ )+ 7
n k n
Overall, we have
P <H,6' — B2 > CW) < ckexp(—cn/k)+ck exp(—c(dVlogn)),

which leads to the final conclusion. O
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PROOF OF COROLLARY B.3. Define an event

£ = {IB" - B|lo < 20\/logd/n},

then by the conditions of Corollary B.3 and results of Lemma 4.6 and
Theorem B.1,

p (18 - B > o o8

<P ({15 - B> o e ) ey

k+/s(s Vlogn) } A 5)

gP({H,@O—E‘)HQ > C' +¢/d

< ckexp(—(sVlogn)) + kexp(—cn/k) + c/d.

. ko _ .
where 8° = 1 Y 8°(D;), B°(D;) = argmaxgegd g .o (9)(B) and C’ is a
j=1

constant. Then it is not hard to see that the final conclusion is true. O

PROOF OF LEMMA 4.1. According to Lemma F.1, we have \/ﬁ(ﬁd—ﬁ*) =
Z + A, where Z = ﬁzﬁl \/%TkM(j)X(j)Ts(j). In (F.7), we prove that
|A]|oo/v/1n < Csklogd/n with probability larger than 1 — exp(—ckn) —
d—/2 >1— c¢1/d for some constant c;. Since ad is a special case of B
when k& = 1, we also have v/n(B% — 8*) = Z + Ay, where (F.7) gives
|Alloo/v/n < Cslogd/n. Therefore, we have ||Bd - ,@dHoo < Csklogd/n
with high probability.

It only remains to bound the rate of || Z||~/+/n. By Condition 3.2, condi-
tioning on {X;}" ;, we have for any £ =1,...,d,

(F.11)

P10 1] ) = (| 3 MO XOTO) > o] ()
j=1

ent? )
K2Qe/’

where & is the variance proxy of € defined in Condition 3.2 and

§2exp<—

k
1 . NT
Q== XM,
j=1
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Let Qmax = maxi<¢<q Q¢. Applying the union bound to (F.11), we have
P(1Z]oo/v/ > t| {XiHir ) < P( max |Z0l/vn > ¢ | {Xi}i)
cnt? )

KQQmax

< gP(IZzI/\/ﬁ > (X)) < 2dexp (-

Let t = \/2k2Qmax log d/(cn), then with conditional probability 1 — 2/d,

(F.12) 1Z|oo/ vt < /K2Quuax log d/ (cn).

The last step is to bound Qnax. By the definition of @)y, we have

k
N . 1 )
MZ(])Tz(])MZ(J) < . Z[Q]{E(j)[ﬂ]e

-
]~

Qe =
(F.13) ! =
S S XTI - > (XTI
j=1 """ ieD; i=1

where 0 = X7, The inequality is due to the fact that M E(j ) is the minimizer
in (3.4). By condition (3.2) and the connection between sub-Gaussian and
subexponential distributions, the random variable (XzT Q,)? satisfies

_ 1
Sl>1113q I(E’(XZTQ()QP) /4 < 4/{2(255.
q=

Therefore, by Bernstein’s inequality for subexponential random variables, we

have

n

B (|5 oo x| 1) < 20 (oo )M () )
i=1

Applying the union bound again, we have

1, o 2 T 2 2 logd
P( max |- (X7 (9007 - EXT01] > 820 =7

1=

< gp()i an(Xf €)% - E[X] [QW\ > 82y | %) <2/d.
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Therefore, with probability 1 — 2 / d, there exist a constant C such that

_ < 1 T _ To 12 Ty 12
Quax = max Qs 1@%1‘ S (XTI~ EIXTQ?| + EIXT 0]

log d
< 8R40y < O,

where the last inequality is due to Condition 3.1. By (F.12), we have with
probability 1 —4/d, || Z||e/v/n < /k2C1logd/(cn). Combining this with
the result on ||A||o delivers the rate in the lemma. O

PrOOF OF LEMMA 4.6. The strategy of proving this lemma is similar to
the proof of Lemma 4.1. In the proof of Lemma E.7 and Theorem 3.8, we
have shown that

1< A
(/6 ,6 %g ()Tve])

?r'\b—‘

T
where the remainder term for each j is

LS v x, XT) (B"(D;) - 6")
"k 1€Z;

and 7; = t X1 B* + (1 — t)XiTB)‘(Dj) for some ¢ € (0,1). We bound A; by
decomposing it into three terms:

1Al < (1 - 0" S V(KT 8 XXT) (BN(D)) - )

Aj= <1 —eulT

1€Z; >
4
+lor S xIBN D) - v (XT B XX] ) By =8,
1€Z;
Iz
+@0 - o L S xR D) XXT ) (B2 - 87|
1€L;

I3
By Hoeffding’s inequality and Condition 3.3, the first term is bounded by
(F.14)

1
nl < |r-e S vx7 s xix!
ng
i€L;

sklogd

n

<C

BND;) - B* X

max
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with probability 1—¢/d. By Condition 3.6 (iii), Condition 3.7 (iv) and Lemma
E.4, we have with probability 1 — ¢/d,

1
(F15) 1] < e |09 X oo 3 UalX )P < oPhled.
’ ZEI n
Finally, we bound I3 by with probability 1 — ¢/d,
(F.16)
< \/7 b// T )\ T(O3U) #1172
I3 < 22 D VI(XTBND)) (X (O 2 I3 [x, 8
T i€ZL; ieZ;
< ¢(#1Vs)klogd

n

where the last inequality is due to Lemma E.4 and Lemma C.4 of Ning and
Liu (2014).
Combining (F.14) - (F.16) and applying the union bound, we have

k

1 (s1Vs)klogd
S0 A < max Al = 0p (RS,
D [FENNRECE

Therefore, we only need to bound the infinity norm of the leading term T.
By Condition 3.7 and equation (E.3), we have with probability 1 — ¢/d,

) @, <
lrgfécklrgggd]](a O |l1 < Csi/logd/n and
1 N\
H%ngg(ﬂ )| < cviegarn.
j=1

This, together with Condition 3.6 and Condition 3.7 give the bound,

(F.17)

k
~. . . 1 N
[T|oo < (MH})E}XHQfEJ) - ®v||1 +m?X||XiT® HOO)HE § Vfﬁfk)(ﬁ )
9 j:l

[e.9]

< C( logd+ sllogd)7

n n

with probability 1 — ¢/d. Since Bd is a special case of Bd when k£ = 1, the
proof of the lemma is complete. O

We borrow the following two lemmas on concentration inequalities from
Vershynin (2010) for the proof later.
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Lemma F.2. Suppose X is a nxd matrix that has independent sub-Gaussian
rows {X;}™ ;. Denote E(X;X!) by ¥, then we have

1
P (||XTX —Xxll2>(0V 62)) < exp(—c1t?),
n
where t > 0,0 = C14/d/n+t//n and C; and ¢; are both constants depending
only on || Xy, -
PROOF. See Theorem 5.39 and Remark 5.40 in Vershynin (2010). O

Lemma F.3. (Bernstein-type inequality) Let X,..., X, be independent

centered sub-exponential random variables, and M = max | X, - Then
<i<n

for every a = (ay,...,a,) € R" and every t > 0, we have

n 2
t t
P X >t < —Cymi .
(Za’ - )‘exp< 2m1“<M2|rau§’M||a||oo>>

=1

PROOF. See Proposition 5.16 in Vershynin (2010). O
Lemma F.4. Suppose X is a nx d matrix that has independent sub-gaussian

rows {x;}7" 1. If Apax(E) < Cmax and d < n, then for all M > Cpax, there
exists a constant ¢ > 0 such that when n and d are sufficiently large,

P (H:LXTXH2 > M> < exp(—cn).

PROOF. Apply Lemma F.2 with t = \/en/c1, where (y/c/c1 V ¢/c1) <
M — Ciax, and it follows that

P <“iXTX - EH2 >0V 52)> < exp(—cn).

Since d < n, we obtain (§ V §2) — \/c/c1, which completes the proof. [

Lemma F.5. Suppose X is a nxd matrix that has independent sub-Gaussian
rows {X;} 1. EX; =0, Amin(X) > Cmin > 0 and d < n. For all m < Chn,
there exists a constant ¢ > 0 such that when n and d are sufficiently large,

P (H (%XTX)_1H2 > ;) —P (Amin(iXTX> < m> < exp(—cn).
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PROOF. It is easy to check the following inequality. For any two symmetric
and semi-definite d X d matrices A and B, we have

)\min(A) > )\min<B) - ”A - B||2 )
because for any vector x satisfying ||x||2 = 1, we have
[Az|2 = [[Bx + (A = B)zllz > [[Bz[la—[(A = B)®|2 > Amin(B)—[|A = Bl[2.

Then it follows that

(IEm3) ), 2) = ) <0
<P (HiXTX _ EXH2 > Cloin — m) < exp(—cn),

where ¢ satisfies (y/c/c1 V ¢/c1) < Cpin — m and the last inequality is an
application of Lemma F.2 with ¢t = y/en/c;. O

Lemma F.6. (Hoeffding-type Inequality). Let Xj,...,X,, be independent
centered sub-Gaussian random variables, and let K = max || X;]|y,. Then for
(2

every a = (ai,...,a,) € R” and every ¢t > 0, we have

ct?
P : Zt §€'eXp —m .

n
E a; X;
=1

Lemma F.7. (Sub-exponential is sub-Gaussian squared). A random vari-
able X is a sub-Gaussian if and only if X? is sub-exponential. Moreover,

X135, < 11Xy, < 21X15,.
PROOF. See Lemma 5.14 in Vershynin (2010). O

Lemma F.8. Let Xi,...,X, be independent centered sub-Gaussian random
variables. Let x = max; || X;||y, and 02 = max; EX?. Suppose 02 > 1, then

we have
1< 9 9 a’n

ProOOF. Combining Lemma F.3 and Lemma F.7 yields the result. O
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Lemma F.9. Following the same notation as in the beginning of Proof of
Theorem A.1,

k N HUNT L@ 2713
1« (XO)DYNHTl) t t2C3. n
P 1 - \n < d . min
({ i ; o, o> 5 e ) <6 e < 32C557(01 v 5%)2>

and
tQCg’linn
P ({||(XD2)Ts/nH2 > t/2} N 8) < exp (dlog((i) — 5205520 V 53)2> )
PRrROOF.
(F.18)
E (exp (MDY V)T (X7l ny) ) | X D)
ng () n ()
= HE (exp((/\f; )T(D(j)v)ai) ‘X(D) < exp (Cg/\QS% Z(‘i@k )2) :
i=1 i=1
(F.19)
N
E (exp (A(D2v)T (XTe/n)) | X) = HIE (exp (AX,/N)T(Dav)e;) | X)
=1 N
< exp (CM%? ZA?/M) :
=1

where we write Al(j) and A; in place of (Xi(j))Tng)v and (X;)T Dyv respec-
tively (3 is an absolute constant, and the last inequality holds because ¢;

ng . n

are sub-Gaussian. Next we provide an upper bound on ) (AEJ ))2 and > A?.
i=1 i=1

Note that

Z(A‘j))Z _ VTng)XTXng)V

=1
=VT((SP) = () S (S = (=) )y
= v = SO (S) (s - sP)s Ty,

and similarly,

D A7 =nvTSTH(E - Sx)(Sx) T - Sx)T v
=1



38 H. BATTEY, J. FAN, H. LIU, J. LU AND Z. ZHU

For any 7 € R, define the event £U) = {||(S ‘7)) Y2 <2/Crmin} N {5} 0 _
B2 < (61 V6])} for all j =1,...,k, where &1 = C1+/d/ny + 7//ng, and
the event £ = {H(Sx)_ng < 2/Cmin} N {HSX - EHQ < (52 V 5%)}, where
6y = C1\/d/n +7/\/n. On EU) and &, we have respectively

Nk

3 (42 < é"’“ (61 V 6%)2 and ZAQ D (5, v 62)2.

i=1 min i=1 min

Therefore from Equation (F.18) and (F.19) we obtain

» o , 2.2
E (exp()\(ng)v)T(X(])Ts(])/nk)) ]1{5(3)}> < exp <2§)}3A 51 (61 V 5%)2>

minnk
and

252
E (exp()\(DQV)T(XTs/n)) ]l{E}) < exp ( CC'??ANI (62 V 5%)2> .

min

In addition, according to Lemma F.2 and F.5, the probability of both
(£U))e and £°¢ are very small. More specifically,

P(£°) < exp(—cn) +exp(—ec172) and P((£Y))) < exp(—cn/k) +exp(—c172).

ko
Let & := ) &€ (@), An application of the Chernoff bound trick leads us to the
j=1
following inequality.

k
({ Z (DT (XOTeW) /> t/2} mgo)

k
< exp(-At/2) [ E <exp (2(D§j>v)T(XU>TeU> /nk)> 11{50')})
j=1

w\u

2.2
< exp (—)\t/Q 223)\ °1 (01 V 5%)2) .

mln

Minimize the right hand side by A, then we have

k DN (X DT ) 2013

1 (D J ) ot t2C
— E _ < _ min .
({k =1 i 2} m&)) =0 ( 32C351 (01 V5%)2)
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Consider the 1/2—net of R?, denoted by N (1/2). Again it is known that
IN(1/2)] < 6P. Using the maximal inequality, we have

k
({ Z (XD D)W /|, > t/Q} ﬂé’o)

= sup P
[vil2=1
< sup IP’(

k
Z DT fny, > t/4 3 N &
veN(1/2) =1

203
< exp ( dlog(6) — min .
= oxP < °8(6) = 33cus2(a v 5%)2>

?r\H

M=

(ng)v)T(X(j)TE(j))/nk > t/2} N 60)

j=1

—_—N— T
w\»—‘

Proceeding in an analogous fashion, we obtain

203,
P ({|(XDg)" t/2 < dl - At :
(XD e/l > 1/2) 1) < oxp (d1og(®) — oLl

O]

Lemma F.10. Following the same notation as in the proof of Theorem B.1,

CIZ;H]LIZ‘Hlnnt%
P{[IBl2 >t} 0 A) < 2exp | dlog(6) — 107 o= 57y
max 1

PROOF. By Lemma E.2, for any A € R and v such that ||v||2 = 1, we have

E (exp(A(D§j>v)T(X<j>Ts<J> /) | XU))

-T]E (exp((/\Xi(j)nk)T(D(j)v)si) | XU)) < exp <¢U)\2 S (a)? mg)

i=1 i=1
and

n

E (exp(M(Dav)" (XTe/n)) | X) = HE (exp((AX;/n)T (Dav)e;) | X)
=1

< exp («wv > A?/n2> ,

i=1
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where we write Al(-j) and A; in place of (Xi(j))Tng)v and (X;)” Dov respec-

nk . n
tively. Next we give a upper bound on Z(AZ(J ))2 and > A?. Note that
i=1 i=1

ng
Z(Az(j)) _ VTD(])XTXD( J)
=1
=vI((SD) T == nSx ((SV) T ==Yy
=nvTS (2 — §0))(59)~15P (80~ (x — sU)n-Tv.

Similarly,
ZAQ =nvIs (2 -8)s715xs Iz - §)n!

On £U) and &, we have respectively

2

; 8C maxn 8Cmaxn
A2 < 047"”(51Vc52 and ZA2 a1 e (02 V 83)°.
i=1 min~~min min-—min

Then it follows that

- 8SU Cone 2
E (exp(A(D 0 (X070 /) L{ED}) < exp (i a (51 v 7))
and

2
E (exp(M(Dav)T (XTe/n)) 1{€}) < <8¢Ucmax

—————(J2 V 52)2) .
1 ( 2 2
len lTllH

Now we follow exactly the same steps as in the OLS part. Denote ﬁg‘f‘:lé’j
by &. An application of the Chernoff bound technique and the maximal
inequality leads us to the following inequality.

k
({ > (XD DT D Iyl > t/2} ngo)
7=1

C*. nt? >

??‘\H

min mm

128¢U20max(51 vV §2)2

< exp [ dlog(6

and

4 nt?
P ({]|(X Dy)” t/2} N E) < exp ( dlog(6) - (2
({I(XDy) " e/nll2 > t/2} )exp< 0g(6) 128¢U20max(5zv<5%)2)
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We have thus derived an upper bound for || B||2 that holds with high proba-
bility. Specifically,

k
1 (‘7 . tl
P{[[Bllz > t:} N A) <P k; XUDPNYTW) |y > 5 (Néo
(XDz) € t1 d CH. nt?
il N S <92.6 _ min m1n )
<{ > 5 =210 P 198U, Conan (01 V 072

O

Lemma F.11. Under Condition 3.6, for 7 < Luin/(8MCaxUsVd) and
sufficiently large n and d we have
nC? 72

P(||B — B*|l2 > 7) < exp <d10g6 %) + 2exp(—cn).

PROOF. The notation is that introduced in the proof of Theorem B.1. We
further define ¥(3) := E(0" (X7 B)X XT) as well as the event H := {£,,(3*) >
maxgean, In(B)}, where B, = {3 : |8 — 8*||2 < 7}. Note that as long as
the event H holds, the MLE falls in B, therefore the proof strategy involves
showing that P(H) approaches 1 at certain rate. By the Taylor expansion,

(a(B) ~ (a8%) = (B 5)T0 — 5(8— B)S(B)(B ~ 57) = Ay + A,

where S(8) = (1/n)XTD(XB)X, B is some vector between B and 3*,
o= (/)XY —u(XB")), Ay = (8B (1/2)(B—B")"S(8")(B— )
and Ay = —(1/2)(8 — B*)" (S(B) — S(8%))(B — B*).

Define the event & := {A\pin [S(8%)] > Lmin/2}, where Ly, is the same

constant in Condition 3.6. Note that by Condition 3.6 (ii), +/v(X] 3)X; is
a sub-Gaussian random vector. Then by Condition 3.6 (iii) and Lemma F.5,
for sufficiently large n and d we have P (£¢) < exp(—cn). Therefore on the
event &,
LminT)
1T

We next show that, under an appropriate choice of 7, |As| < Lyin72/8
with high probability. We first consider Condition 3.6 (ii). Define F :=
{IXTX/n|l2 < 2Cmax}- By Lemma F.4, we have P(F¢) < exp(—cn). By

Ay < 7([Jvll2 -
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Lemma E.5, on the event F, we have

A < max |V(X]'B) — V" (X[ B%)|Cunax7?

T 1<i<n
< MU3f||B - /6*H2 : C'rnaxT2
meT2

< MCmaXUg\fT < —- g

where the last inequality holds if we choose 7 < Lyin/(8 M CiaxUs \/ﬁ) Now
we obtain the following probabilistic upper bound on H¢, which we later
prove to be negligible.

P(HS) < P(H°NE N F) + P(ES) + P(F°)

(F-20) §P<®Mh2L§ﬂ}ﬂ£HF>+P@%+MFW

Since each component of v is a weighted average of i.i.d. random variables, the
effect of concentration tends to make ||v||2 very small with large probability,
which inspires us to study the moment generating function and apply the
Chernoff bound technique. By Lemma E.2, for any constant u € R%, |jufls = 1
and let a; = u” X;, then we have for any t € R,

E (exp(t{u HE (exp ( - u(xI9)) |X)

PUst? 2
< exp ( 3 a;
2n —

( dUst? uTXTXu)
= exp . .

2n n

It follows that

Eexp(t{u,v) 1{ENF}) < exp (W> .

2n

By the Chernoff bound technique, we obtain

ne?
P{(u,v) >e}NnENF) <exp <_80U2¢> :

Consider a 1/2—net of R?, denoted by A/(1/2). Since

lvl]l2 = max (u,v) <2 max (u,v),
[[afl2=1 ueN (1/2)
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it follows that

16

Lmin Lmin
P({[[v]}2 > T}ﬂSmF)gIP’({ max (u,v) > T}mé‘mf)

8

ueN(1/2)

< 6d e 77/'[/12‘I1i1’17-2
o (LT
N P 210¢CmaxU2
nC’IQninL?ninT2
o (dowo = S )

Finally combining the result above with Equation (F.20) delivers the conclu-

sion.

O]

Remark F.12. Simple calculation shows that when d = o(y/n), 18— 8|2 =
Op(y/d/n). When d is a fixed constant, |3 — B*[|2 = Op(1/1/n).
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Supplementary material to

DISTRIBUTED TESTING AND ESTIMATION UNDER SPARSE HIGH
DIMENSIONAL MODELS

By HEATHER BATTEY*! AND JiaNQING FAN* AND HAN LIU* AND JUNWEI LU* AND ZIWEI ZHU*

APPENDIX A: THE LOW-DIMENSIONAL LINEAR MODEL

As mentioned earlier, the infinity norm bound derived in Lemma 4.1 can be used to do model
selection, after which the selected support can be shared across all the local agents. We significantly
reduce the dimension of the problem as we only need to refit the data on the selected model. The
remaining challenge is to implement the divide and conquer strategy in the low dimensional setting,
which is also of independent interest. Here we focus on the linear model, while the generalized linear
model is covered in Appendix B.

In this section d still stands for dimension, but in contrast with the rest of this paper in which
d > n, here we consider d < n. More specifically, we consider the linear model (3.2) with d < n and
i.i.d sub-Gaussian noise {e;}! ;. It is well known that the ordinary least square (OLS) estimator
of B* is defined as B\ = (XTX)7'XTY. In the massive data setting, the communication cost of
estimating and inverting covariance matrices is very high (order O(kd?)). However, as pointed out
by Chen and Xie (2012), this estimator exactly coincides with the DC estimator,

-1
k k

8= ZX(J')TX(J') ZX(j)TY(j)'

J=1 J=1

In this section, we study the DC strategy to approximate B with the communication cost only
O(kd), which implies that we can only communicate d dimensional vectors.

The OLS estimator based on the subsample D; is defined as B(D;) = (XD XW)~1 x0Ty (),
In order to estimate 3%, a simple and natural idea is to take the average of {B\(DJ) 9?:1, which
we denote by B. The question is whether this estimator preserves the statistical error as B The
following theorem gives an upper bound of the gap between 8 and 3, and shows that this gap is
negligible compared with the statistical error of B as long as k is not too large.

Here we give intuitive discussion on the source of efficiency loss. According to proof of Theorem
A.1, we have

B-B

k ‘ , -1 ‘ ,
%Z ((X(J)TX(J)/nk) _ (XTX/n)l) XW0Tel) /n,.
j=1

Since {XWTel)/ nk}g?:l are homogeneous and independent to each other conditional on X, the

efficiency loss incurred by the DC procedure, i.e., the gap 8 — ,@, is characterized by the difference
between (+ 5% iX(j)TX(j))f1 and %2521 (iX(j)TX(j))fl. The rate of 3 — 3 is studied in

k J=1 ny N
detail in subsequent theorems.

*Department of Operations Research and Financial Engineering, Princeton University, Princeton, NJ 08540; Email:
{hbattey,jqfan,hanliu,junweil,ziweiz} @princeton.edu;
TDepartment of Mathematics, Imperial College London, London, SW7 2AZ; Email: h.battey@imperial.ac.uk
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Theorem A.1l. Consider the linear model (3.2). Suppose Conditions 3.1 and 3.2 hold and {e;}" ;
are i.i.d sub-Gaussian random variables with ||g;||y, < o1. If the number of subsamples satisfies

k = O(nd/(d Vlogn)?), then for sufficiently large n and d it follows that

(A1) 18- Bl = 0 (VLY IEMY 5 gy, — 0n( /)

Remark A.2. By taking k = o(nd/ (d V log n)z), the loss incurred by the divide and conquer

procedure, i.e., 18 — B\HQ, converges at a faster rate than the statistical error of the full sample
estimator 3. In another independent work Rosenblatt and Nadler (2016), the authors also reveal
a similar phenomenon under the broad family of generative linear models. They show that when

k=o(n/d), E| 8- ,B*H%/EHB— B*||3 — 1. In other words, there is no first-order loss by divide and
conquer.

We now take a different viewpoint by returning to the high dimensional setting of Section 4.1
(d > n) and applying Theorem A.1 in the context of a refitting estimator. In this refitting setting,
the sparsity s of Lemma 4.1 becomes the dimension of a low dimensional parameter estimation
problem on the selected support. Our refitting estimator is defined as

k

ar._ 1 ()T ()1 3 () T3

(A.2) B ~—k2<X§ XXy,
]:

where § := {j : ]Ej] > 2Cy/logd/n} and C' is the same constant as in (4.1).

Corollary A.3. Suppose 3%, > 2Cy/logd/n, where 5. := mini<j<q |B]*] and C' is the same
constant as in (4.1). Define the full sample oracle estimator as B° = (XTXs)"'XTY, where S is
the true support of B*. If k = O(y/n/(s?logd)), then for sufficiently large n and d we have

(a3 8"~ Bl = 0p(VEEVIEM) -y g, — 0 ().

We see from Corollary A.3 that 3" achieves the oracle rate when the minimum signal strength is
not too weak and the number of subsamples £ is not too large.

APPENDIX B: THE LOW-DIMENSIONAL GENERALIZED LINEAR MODEL

The next theorem quantifies the gap between 3 and ,@, where 3 is the average of subsampled
GLM estimators and 3 is the full sample GLM estimator. In Theorem B.1, ||8 — 3|2 is the distance
between the divide and conquer estimator and the full sample estimator, while |3 — B*||2 is the
estimation error on each machine.

Theorem B.1. Under Condition 3.6, if £k = O(y/n/(d V logn)), then we have for sufficiently large
d and n,

(ALY 5 gy — 0 ().

Remark B.2. In analogy to Theorem A.1l, by constraining the growth rate of the number of
subsamples according to k = o(\/ﬁ/ (d V log n)), the error incurred by the divide and conquer

(B.1) 1B — Bll2 = O

procedure, i.e., 18 — B |l2 decays at a faster rate than that of the statistical error of the full sample
estimator 3.
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We notice a recent independent work Liu and Ihler (2014) on distributed estimation under
curved exponential families with fixed dimensions. They propose a KL-divergence-based combination
method to aggregate MLEs from multiple data repositories and show that it can achieve the best
possible approximation to the global MLE given the entire dataset. In the future work, it will be
interesting to extend their approach to the GLM setting and characterize the statistical error rate
of the correspondent distributed estimator.

The less stringent scaling of k£ in the low dimensional linear model relative to the generalized
linear model comes from the fact that the Hessian matrix depends on the estimator of 8* in the
GLM. This results in a larger variance relative to the linear model. Figures 3(A) and 4(A) indicate
that the deduced scaling is sharp for both cases.

As in the linear model, Lemma 4.6 together with Theorem B.1 allow us to study the theoretical
properties of a refitting estimator for the high dimensional GLM. Estimation on the estimated
support set is again a low dimensional problem, thus the d of Theorem B.1 corresponds to the s of
Lemma 4.6 in this refitting setting. The refitted GLM estimator is defined as

k
(B.2) B =238 (Dy),
j=1

=

where BT(Dj) = argmingega g, —o &(fk) (B)and S := {j : \Ej| > 2C'\/logd/n}. The following corollary
quantifies the statistical rate of 8.

Corollary B.3. Suppose . > 2Cy/logd/n, where 5. := minij<j<q \6]*| and C' is the same
constant as Lemma 4.6. Define the full sample oracle estimator as B" = argmingcpd g . —o ,(8),
where S is the true support of B*. If k = O(\/n/((s V s1)%log d)), then for sufficiently large n and

d we have

(B3 B~ Bllo = 0p (V2L g, — 0 (/a7m).

We thus see that B achieves the oracle rate when the minimum signal strength is not too weak
and the number of subsamples £ is not too large.

APPENDIX C: SIMULATION FOR THE LOW-DIMENSIONAL LINEAR MODEL

All n x d entries of the design matrix X are generated as i.i.d. standard normal random variables
and the errors {g;}"; are i.i.d. standard normal as well. The true regression vector 3* satisfies
B; = 10/Vd for j =1,...,d/2 and B = —10/+/d for j > d/2, which guarantees that ||3*||2 = 10.
Then we generate the response variable {Y;}7 ; according to the model (3.2). Denote the full sample
ordinary least-squares estimator and the divide and conquer estimator by B and 3 respectively.
Figure 1(A) illustrates the change in the ratio |3 — B||2/||8 — B8*||2 as the sample size increases,
where k assumes three different growth rates and d = /n/2. Figure 1(B) focuses on the relationship
between the statistical error of 8 and log k under three different scalings of n and d. All the data
points are obtained based on average over 100 Monte Carlo replications.

As Figure 1(A) demonstrates, when k = O(n'/?), O(n'/*) or O(1), the ratio decreases with
ever faster rates, which is consistent with the argument of Remark A.2 that the ratio goes to zero
when k = o(n/d) = o(y/n). When k = O(y/n), however, we observe that the ratio is essentially
constant, which suggests the rate we derived in Theorem A.1 is sharp. We also report the wall
time of our proposed distributed approach and the naive average Lasso in Table 1. The time is
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Fic 1. (A) The ratio between the loss of the divide and conquer procedure and the statistical error of the estimator
based on the whole sample with d = v/n/2 and different growth rates of k. (B) Statistical error of the DC estimator
against log k.

computed in a similar way as the testing part. A comparison between these two approaches reveals
the heavy computation incurred by debiasing. However, we observe that as the splits grow, the
time consumption on individual data sample decreases since the local problem size becomes smaller,
which mitigates the time complexity problem if we have a parallel computing system.

From Figure 1(B), we see that when k is not large, the statistical error of 3 is very small because
the loss incurred by the divide and conquer procedure is negligible compared to the statistical error
of ,3 However, when k is larger than a threshold, there is a surge in the statistical error, since the
loss of the divide and conquer begins to dominate the statistical error of @ We also notice that the
larger the ratio n/d, the larger the threshold of log k, which is again consistent with Remark A.2.

APPENDIX D: SIMULATION FOR THE LOW-DIMENSIONAL LOGISTIC REGRESSION

In logistic regression, given covariates X, the response Y| X ~ Ber(n(X)), where Ber(n) denotes
the Bernoulli distribution with expectation n and

n(X) !

T 1+ exp(—XT3*)’

We see that Ber(n(X)) is in exponential dispersion family canonical form (2.7) with b() = log(14-€?),
¢ =1 and ¢(y) = 1. The use of the canonical link,

1
U(X):ma

leads to the simplification 0(X) = X1 3*.

In our Monte Carlo experiments, all n x d entries of the design matrix X are generated as
1.i.d. standard normal random variables. The true regression vector 8* satisfies 57 = 1 / Vd for
j <d/2and B} = —1/V/d for j > d/2, which guarantees that ||3*||2 = 1. Finally, we generate the
response variables {Y;}7 ; according to Ber(n(X)). Figure 2(A) illustrates the change of the ratio
18— B ll2/ HB — B*||2 as the sample size increases, where k assumes three different growths rates and
d = 20. Figure 2(B) focuses on the relationship between the statistical error of 3 and log k under
three different scalings of n and d. All the data points are obtained based on an average over 100
Monte Carlo replications.
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Fic 2. (A) The ratio between the loss of the divide and conquer procedure and the statistical error of the estimator
based on the whole sample when d = 20. (B) Statistical error of the DC estimator.

Figure 2 reveals similar phenomena to those revealed in Figure 1 of the previous subsection. More
specifically, Figure 2(A) shows that when k& = O(n'/3), O(n'/*) or O(1), the ratio decreases with
even faster rates, which is consistent with the argument of Remark B.2 that the ratio converges to
zero when k = o(y/n/d) = o(y/n). When k = O(y/n), however, we observe that the ratio remains
essentially constant when logn is large, which suggests the rate we derived in Theorem A.1 is sharp.

As for Figure 2(B), we again observe that the statistical error of 3 is very small when k is
sufficiently small, but grows fast when k£ becomes large. The reasoning is the same as in the linear
model, i.e. when k is large, the loss incurred by the divide and conquer procedure is non-negligible
as compared with the statistical error of ||3||2. In addition, as Figure 2(B) reveals, the larger is
\/n/d, the larger the threshold of k, which is again consistent with the threshold rate pointed out in
Remark B.2.

APPENDIX E: AUXILIARY LEMMAS AND THEOREMS FOR TESTING

In this section, we provide the proofs of the technical lemmas and theorems for the divide and
conquer hypothesis testing.

PROOF OF THEOREM 3.3. It remains to verify the Lindeberg’s Condition for (7.1). By Lemma
E.1,
€] < Pe lmPT XD e < 072 e,

where liminf,, ¢,, = coo > 0, hence the event {|§l(f])| > €0} is contained in the event {|8§j)’ >
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eocn, U5 '/n} and we have

k
1 ) '
Y S E[ED?1{ie)) > =o}|X]

Jj=14€T;

k

1 ) '
b (DT ()2
g s "X 0 }
= _—— — —Al 1 ]]- E; > € Cn f

o2 k ; Nk i mgj)TngJ) [ {| | oCn, }}

Taking expectation with respect to X on both sides above yields that

k
LY SR 1{1ed) > w0}

j=14€eT,

< %E[(sﬁj)ﬁ ]1{\5§j)] > Eacnkﬁz_l\/@\/ﬁ}}

Let § = eoc,, 95 '/n. Then, for any 1 > 0,

(j)
©1 B[ 19> )] <B[E)2 005 )] < om0,

Since ¥9n /2 = o(1) by the statement of the theorem, the choice 1 = 2 delivers

—_ klggo nlgnooz Z E [ ]1{‘5“) | > EJ}}

Jj=11ieT;

-1 o2 4 _
(E.2) < kl;ngonignook: ny 1920 E ((5Z ) ) =0
by the bounded forth moment assumption. By the law of iterated expectations, all conditional
results hold in unconditional form as well. Hence, V,, ~ N(0, %) by the Lindeberg-Feller central
limit theorem. O

PROOF OF COROLLARY 3.9. We verify (A5)-(A9) of Lemma E.8 in the Supplementary Material.
(Ab) is satisfied because O, is consistent under the required scaling by the statement of the
corollary. (A6) is satisfied by Condition 3.7. To verify (A7), first note that V¢;(8*) = (V'(XI 8*) —
Y:)X;. According to Lemma E.2 in the Supplementary Material, we know that conditional on X,
b’(XiT B*) — Y; is a sub-Gaussian random variable. Therefore Lemma F.6 in the Supplementary
Material delivers

1 ct?
P ”*ZZW Voo >t X gdexp<1—nM2>,

J=11i€Z;

which implies that with probability 1 — ¢/d,

(E.3) | Z > VLB = Cy/nlogd

Jj=11i€Z;
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It only remains to verify (AS8). Let fi(g) = @:TVEZ@ (B*)/+/nO%,. By the definition of the log
likelihood,
@*TE[VE(J)(ﬁ*)]

J =0
(n©7,)1/?

E[e))] =
and by independence of {(Y;, X))},

Var(33 ey =375 var(€?) = ST E[€0)?)

Jj=1l1i€Z; Jj=11i€Z; Jj=1l1i€l;

- :LZ(@ZU)‘l@iTE[(V&(ﬁ*))(Wi(ﬁ*))T]@ZZ

- fz 106, = 1.

By Condition 3.6, Oy > 0, the event {]:fl(f))| > ¢} coincides with the event {|@;7V{;(8%)| >
E\/Hminn} = {‘@ZTXi(}/i—b’(XZTﬂ*))’ > a/@minn}. Furthermore, since ‘@:TXZ-‘ < M by Condition
3.7, this event is contained in the event {‘Yz — b’(XiTﬁ*H > 0}, where § = £y/fyinn/M. By an
analogous calculation to that of equation (E.1) in the Supplementary Material, we have

B[(vi - (X7 8) 1{]¥; - V(X7 8| > 6] < 6R[(; - ¥(X57)* 1],

Hence, setting n = 2 and noting that IE[(YZ — b’(XZ-T,B*))“’”X] < Cy/2 + n¢Uy by Lemma E.2 in
the Supplementary Material, it follows that

i 3 S {66 > o)

Jj=14€Z;

k
< (Omin) ' lim lim 0t Y O E[X; X056

k—o00 ng—00 - :
Jj=14i€Z;

(E.4) < (Gmm) hm lim M?’s% (n€26min):0,

k—o00 N —r00

where the last inequality follows because ||3|lmax = ||E[X: X} ]|lmax < M? by Condition 3.6. Similarly,
we have for any € > 0,

k

3 . . ZZ (7)y3 () _

c klggo n;{lgnoo J=1icT ]E[(f%v) L&l > e}l =o.
=14€Z;

Applying the self-normalized Berry-Essen inequality, we complete the proof of this corollary. [

Lemma E.1. Under Condition 3.2, ( (j) Sm S,j))‘l/Q > ¢y, for any j € {1,...,k} and for any
ve{l,...,d}, where ¢, satisfies lim 1nfnk_>oo Cny, = Coo > 0.

ProOOF. The proof appears in the proof of Lemma B1 of Zhao et al. (2014). O



8

Lemma E.2. Under the GLM (2.7), we have
Eexp(t(Y — u(6))) = exp(¢™" (b(8 + td) — b(0) — ¢tV (6))),
and typically when there exists U > 0 such that ”(6) < U for all § € R, we will have

Ut?
Besp(e(y — ) < exp (5 ).
which implies that Y is a sub-Gaussian random variable with variance proxy ¢U.

PRrROOF.
Eexp (Y — u(0)))

_ / ) exp (y" ‘¢b<9>) exp(t(y — 1(0)))dy
) / ( 016 = 00)+ ¢tb’(9))> N
_ / ) exp ( (0 +td)y — b0 +to) + b((f +to) — (b(0) + @tb (0))) dy

= exp (¢~ (b(0 + t¢) — b(0) — tb'(0))) .

When b”(0) < U. the mean value theorem gives

/1 2 2 2
Eexp (¢(Y — p(0))) = exp (b (2)5 ) < exp <¢Zt ) :

O]

PROOF OF LEMMA 3.4. We first show that, for any j € {1,...,k}, |%(D;) — 02| = op(k~!). To
this end, letting

P YZ(J) o Xz(])TB\)\(DJ) — Yz(J) o X’L(J)Tﬁ* o XZ'(j)T(B\/\(Dj) . :3*)7

we write

52(D)) 0% = |- 32 o2 < AP 128l 4 AP
nszI
AY = ‘7 , AY) = |(BNDy) ZX Y)| and
zEI ZGI
AV = |(@ @y - p) (WZX”X“ W( i) =8|
1€L;

= [|x9D(BND;) - BY)||3/nk = Op(N2s)

by Theorem 6.1 of Biihlmann and van de Geer (2011). Hence, with A = Co2y/klogd/n, Agj) = op(1)
for k = o((slogd)~'n), a fortiori for k = o((slog d)_l\/ﬁ). Letting

s = 8@ - H*zx EIX0

|

AR = 1187y - B [EX e



‘We obtain the bound

~ . 1 N N N
D<@ -8 (2 T XL XL 4 Bx )|
1€ZL;
< AF) +AY).

By the statement of the Lemma, IE[X( 2 5‘7)] [Xi(j)E[EZ(-j)]Xi(j)]] = 0, hence A(Q) = 0, while by

the central limit theorem and Theorem 6.1 of Biithlmann and van de Geer (2011),
A < 0p(Xs)Op(n; /).

We conclude Agj) =Op ()\snlzlﬂ), and with A\ < 02,/klogd/n, Aéj) = o(1) with k = o(n(slog d)*2/3),
a fortiori for k = o(y/n(slogd)™!). Finally, noting that o2 = E[EEJ)], Agj) = Op(n, 1/2 ) = op(1)
by the central limit theorem. Combining the bounds, we obtain |6%(D;) — o?| = OP( ) for any
j€{1,...,k} and therefore |72 — ¢?| < k™! Z?Zl 5%(D;) — 02| = op(1). O

Lemma E.3. Under Condition 3.6, we have for any 3,3 € R¢ and any i = 1,...,n

(XTB) -
e(X]B)| < K| X](B— B, where 0 < K; < cc.

PROOF. By the canonical form of the generalized linear model (equation (2.8)),
|16(XT8) —(XTB)| = [v"(XTB) —v"(XT8)| < " (DI X (B~ B

by the mean value theorem, where 7 lies in a line segment between X' 3 and X! 3. [b"(n)| < Us <
by Condition 3.6 for any 7, hence the conclusion follows with K; = Us for all 4. O

Lemma E.4. Under Conditions 2.6 and 2.1 (i), we have for any § € (0,1) such that 6! < d,
1 ~ 112 log(d/é

PROOF. Decompose the object of interest as

IX@ - 83 = (B~ )T E - DB - p) + (B - )RR - )
< S = Slmaxl18* = 8713 + Amax (318> — B73.

This gives rise to the tail probability bound
1 ~ N
P(- X B - 8)|l;> 1)
(E.5) nA .
<B(I8 - Slhmad B~ 1 > 2 ) + Fmax (DB - 8718 > 2 ).

Let M := {Hi — ¥lloo £ M}. Since {X;}?, is bounded, it is sub-Gaussian as well. Suppose
| Xilly, < &, then by Lemma F.3 we have,

NPy M2 M
Me) < Z ]P’(]Eéjq) — Ypg| > M) < d*exp < Cn - mln{ pret }) ,

2
K
p,q=1
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where C is a constant. Hence taking M = n~'log(d/?),

M) < doxp { - Crmin (B Qosld/D))

Kkin?2 K2n

and the right hand side is less than § for 6~! < d. Thus by Condition 2.1, the first term on the
right hand side of equation (E.5) is

- v g2 o Slog(d/d)
(IS - £l 1B - 871 2 2B <5

Furthermore, by Condition 3.6 (i), the second term on the right hand side of equation (E.5) is

AN _ g slog(d/0)
IP( max HIB B HQ 2 CmaxT) < 5

Taking t as the dominant term, ¢ < Cpaxn~'slog(d/é), yields the result. O

Lemma E.5. Under Condition 3.6, we have for any i = 1,...,n,

b"(X[Br) = 0" (X[ Ba)| < MU3|181 — Ba|1,
and if we consider the sub-Gaussian design instead, we have

Ch?
1
PRrOOF. For the bounded design, by Condition 3.6 (iii), we have

0" (X]B1) —b"(X] Bo)| < Us|X] (81 — B2)| < Us|| Xilmax|B1 — Balli
< MU||B1 — Balf1

For the sub-Gaussian design, denote the event {maxi<i<ni<j<a|Xij| < h} by C, where & is a
positive constant. Then it follows that,

2
P(C°) < ndexp (1 - CZ) ,
51

where C is a constant. Since on the event C, |b"(XIB31) — b"(X]I B2)| < hUs||B1 — B2||1, we reach
the conclusion. ]

Remark E.6. For the sub-Gaussian design, in order to let the tail probability go to zero, h >
log((n V d)).

Lemma E.7. Suppose, for any k < d satisfying k = o(((sV s1)logd) ~'y/n), the following conditions
are satisfied. (A1) P (nglﬂX(j)C:)(j)HmaX > H) < ¢, where H is a constant and € = o(k™1). (A2)
For any 3,8 € R? and for any i € {1,...,n}, [¢/(X]B) — ¢/(X]B)| < K;|XF (B — B)| with
P(K; > h) <4 for ¥ = o(k~1) and h = O(1). (A3) P(n,;lux B B2z *1sklog(d/5)> <4
(A4) P(maxlgvgd (O97v2J) (BND;)) — e,) (BMND)) — B7)| 2 n~ sklog(d/é)) < 8. Then

?v\r—‘

k
By = Z DTG (B) + op(n~1/?).

for any 1 < v <d.
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PROOF OF LEMMA E.7. B — B = k! ZJ 1(ﬂv( i) — 82)). By the definition of 3%(D;),

BY(Dy) — B85 = B)(Dy) — B; — OYTVID (BND)).

Consider a mean value expansion of Vﬁ(j (,8’\( ;) around B*:

VR (BN(Dy)) = VEGN(B") + V() (Ba) (BN(D;) - 87),
where 3, = a,é\)‘(Dj) +(1—a)B* ac0,1]. So
k -~
Z 5(D

where A = LY°*_ (©Y7V20)(8,) — e,) (BN(D;) — B7). Note that [A] < LS°F (1P +1aY))),

where

k
Z DT (%) - A,

s
??'\r—‘

AP = [(O97TV2) (B)(Dy)) — e.) (BM(D;) - B7)].
v (A4) of the lemma, for t < n~tsklog(d/é),

k k
POZA?)D“) ( Ay |>t) S P(AY)] > 1) < k.
j=1 =
Substituting d = o(k™") in the expression for ¢ and noting that k < d, we obtain k™' Z;?:l Agj) -
op(n~1/?) for k = o((slogd)~'y/n). By (A2),
AD)] = ‘(:)(j)T (V209)(8a) — V9 (BND;))) (BND;) — BY)
=[SO XX (B(Dy) ~ ) (X )~ XDy

ZEI

< (max KZ) (nllfHX(j)@(j)Hmax)

1<i<n

)

Lx0@ D, - )
ng

therefore by (A1) and (A3) of the lemma, for ¢ < n~'sklog(d/s),
k . k '
(| S Ay > kt) < ]P’( LAY > t) <Y P(AY) > 1) < k(v + 6+ £).
j=1 j=1

Substituting § = o(k~!) in the expression for ¢ and noting that k < d, we obtain k! Z?:l Agj) =
op(n=1/?) for sklog(d/d) = o(\/n), i.e. for k = o((slogd)~'y/n). Combining these two results
delivers A = op(n~Y/2) for k = o((slogd)~*/n). O

Lemma E.8. Suppose, in addition to Conditions (A1)-(A5) of Lemma E.7, (A5) ‘éw —@;’jy| = op(1)
for all v € {1,...,d}; (A6) 1/07, = O(1) for all v € {1,...,d}; (A7) || Xo1<j<p 2oiez, VEB)]loo =
Op(v/nTogd); (A8) For each v € {1,....d}, letting ¢¥) = @:7v(Y)(8%)//n0:,, E[¢Y)] = 0,
Var(zg?:l Zigj fg)) =1 and, for all ¢ > 0,

(E.6) lim lim Z > OE| 21{)e9)| > e}] = 0.

k—o00 ng—+00
j=14€D;
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Then under Hy : 3 = BH, taking k = o(((s V 1) logd)~'y/n) delivers S,, ~ N (0, 1), where S, is
defined in equation (3.14).

PROOF. Rewrite equation (3.14) as

3 _ Z N GO L.
S P 1/2 (03,2 \ B AWBHT) /2
k
(E.7) = Z Z + A2 Z)) where
Jj=14€Z;
AG) _ OV ey g 8 (02
Li ™ (n©, )1/2 ’ 2 (n©x,)1/2 @1/2 )

Further decomposing the first term, we have

J \Y4%
ZZA ZZ§)+A, where A = ZZ TWGH‘,%

Jj=11i€T; J=11i€I; Jj=11i€I;

and Z; 1 ZZQI & U s N (0,1) by the Lindeberg-Feller central limit theorem. Then by Hoélder’s
inequality, Condltlon 3.7 and Assumption (A6) and (A7),

1251 Yiez, VE(BY)]|
Al < fgfgk!\@%” le ’ (n@;«;;)lﬂ

= 0p (12D 0 (Viogd) = 0x(1),

where the last equation holds with the choice of k = o((s1 logd)~y/n). Letting AV = (er,)1/? —@11”/,2

we have

O: TV (B) () | ag)  ant VE(BY)
ZZAM ZZ <*1/2A(] (@5])—@v)T(@;£)1/)2A(J)>

Jj= 1’L€I j= 1Z€I
Z Z 212 + Ang)i)v
J=14€T;
0Y2_(o* —1/2 = _
where ‘Zﬁ:l Ziezj 21@ ‘Z] IZZGI f / (G 1/2’ Since ©F, > 0,0, / = [0,|Y? =[Oy

Similarly
1/2

U

(O )2 =05, |12 = 0%, — Oy + Ou|/? < 107, — Ou|'/? + 6

yielding [,)7 — (05,)/2| < [6,, — ©F,[V/?

and consequently, by assumption (A5),

ol

IS !—!91/2 (03,)%] = 0p(1).

Invoking (A9)

51| = op(1). Similarly

j=14€T,

k
‘Z Z A @zul‘z(j)”(@f@:)—lm Z Z fz‘(i) _

Jj=11i€T; Jj=11i€Z;

Combining all terms in the decomposition (E.7) delivers the result. O

- efm + sz
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(B1)-(B5) of Condition E.9 are used in the proofs of subsequent lemmas.
Condition E.9. (B1) ||w*|}1 < s1, ||/*||lmax < 00 and for any § € (0, 1),

P82, - 87, 2 n s\ /log(df0)) < 6

and
P(H@ w2 n—l/%m/log(d/a)) <.

(B2) For any § € (0,1),
P(IV o858 oo 2 02/ 10g(d]0)) < 6.
(B3) Suppose ,E‘}\iv satisfies (B1). Define
Hy = (V2 lu(B5 Bova) — BV, (Bl Bova)) - (B, — BT,).
Then for B_y o =B, + (1 — a)B\iv and for any 0 € (0,1),

]P’( sup |H,| 2 slsk)g(d/é)> < 0.

a€l0,1] n
(B4) There exists a constant C' > 0 such that C' < Ig),, < 00, and for v* = (1, —w*T)T it holds that
Vvt Ve (85, B*,)

(B5) For any 4, if there exists an estimator 8 = (3, 87,)7 satisfying |8 — 8*|1 < Cs\/n—1log(d/d)
with probability > 1 — §, then

P(|[V20(B) = J* e 2 0 /2V/I08(d]3) ) < 6.

The proof of Theorem 3.11 is an application of Lemma E.13. To apply this Lemma, we must first
verify (B1) to (B4) of Condition E.9. We do this in Lemma E.10.

Lemma E.10. Under the requirements of Theorem 3.11, (B1) - (B4) of Condition E.9 are fulfilled.

~ N(0,1).

PRrOOF. Verification of (B1). As stated in Theorem 3.11, ||lw*[|; = O(s1) and ||J*||max < 00 by
part (i) of Condition 3.6. The rest of (B1) follows from the proof of Lemma C.3 of Ning and Liu (2014).

Verification of (B2). Let X; = (@i, Z)”. Since || V£, (8) [0 = || —£ Xiny (Yi—V/(X]8%)) Zi .,
since the product of a sub-Gaussian random variable and a bounded random variable is sub-Gaussian,
and since E[V4£,(8%)] = 0, we have by Condition 3.6, Bernstein’s inequality and the union bound

JP’(HV.YETL(B*)HOO > t) < (d— 1)exp{—nt2/M20§ .

Setting 2(d — 1) exp{—nt?/M?c}} = § and solving for ¢ delivers the result.

Verification of (B3) Let 3% = (6*,7,) and decompose the object of interest as

5

(E-8) (V2 () Bovia) =B V2, ln(B5. B-va))(BY, — 87| <D |A,

t=1
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where the terms A; - Az are given by Ay = V2 _ 0,(85) — Vi _lu(8%),

AQ _vv ’Ug (B*) *T‘]iv —vy A4_ *T(V%v vg (IB ) vzv vg (IBZ))v
A3 - *T(ij —v v2—v —vg (B ))7 AS - ( T _ )VQ_U v‘e (/6;)

We have the following bounds

A= | > 22l (B, — ) (1 (X B2) — t/(X] 9°)
< ax Ki max HXHooH* (B — B3,
Q2| < [|VE _a(B7) = T o H 182, = B.lh,
[A3] < Jlwlh |72 = V2 ol (B7) | 1820 = Bl
Ag] = [w T (V2 a(B7) = V2, o la(B3) 3 = A7)
< max Kflw |23, -6,

and |As| < [lw* - @Hluv—v,—vgn( )H
Lemma E.4

H,ﬁA — B*,|l1- Let e = /5. Then by Condition 3.6 and

1 1
IP>(|A1| Z SM) <e and ]}D(|A4| > Sslw) e
n n

Noting the 3* itself satisfies the requirements on B in (B5), Lemma E.11 and Condition 2.1 together

give
log(d loe(d
P(‘AQ‘ 231M> <e and P(\A3’ ZslsM) <eg
n n

By (B1) verified above and noting that

Hv—%—’ven(/g:)umax S HV_U,—UEH(IB:) - v_va_vgn('g*)HmaX
[V, (87

max’

the proof of Lemma E.11 delivers P(\Ag,\ 2 518 log(d/e)/n> < . Combining the bounds, we finally

have log(d/5
P( sup H, 2 slsw) <.
a€l0,1] n

Verification of (B4). See Ning and Liu (2014), proof of Lemma C.2. O

In the following lemma, we verify (B5) under the same conditions.

Lemma E.11. Under Conditions 3.6 and 2.1, (B5) of Condition E.9 is fulfilled.
PROOF. We obtain a tail probability bound for A; and As in the decomposition

IV20(B) = T |lmax < [V (B) = V20 (B") max + V2 n(8%) = J*[|mas
= A + As.
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For the control over Aj, note that by Condition 3.6 (ii) and (iii),
[V20,(8%))j| < [0"(X 8% Xij Xix| < UaM®.

Hence Hoeffding’s inequality and the union bound deliver

2
) _ 2 AN £ < 2 _L .
(E9) P(B2 > 1) = P(IV2(8") = 'l > 1) < 2 exp{ o |
For the control over A, we have by Lemma E.5,
HV%(@ — V20 (B )| = ’(b//(Xz‘TB) — V(X[ B)) Xij Xi|

A

M3Us||B — B |1 < MPUss\/n~Tlog(d/5)

with probability > 1 — §. Hoeffding’s inequality and the union bound again deliver

P(A1 > ) = P(IV3,0(8) = V2,00 (8" lmax > t)

(E.10) 22

8UZM6s2log(d/d) }

< 2d? exp{ —

Combining the bounds from equations (E.9) and (E.10) we have

P(IIV2UB) ~ I x> t)
9 nt? n?t?
S <eXp{_8U§M4 } * eXp{_sUgM(v‘s? log(d/9) }>

Setting each term equal to 0/2, solving for ¢ and ignoring the relative magnitude of constants, we
have t = U3 max{n_lslog(d/é),n_1/2\/log(d/5)} = Usn~'/?log(d/d), thus verifying (B5). O

Lemma E.12. For each j € {1,...,k}, let B, o, = ajEiU(Dj) + (1 — )8~ for some «; € [0, 1],
where 82 ,(D;) is defined in equation (2.2). Define

AV = (@®(D)) — w) Vo l9)(85.87,) and
Agj) = (Vg,—yfgfk) (quv ﬂ*'u,aj) - '&BTV*U»*Ugg’ij) (5:;’ ’va’aj)) (Biv B :8*—11)

Under (B1) - (B3) of Condition E.9, k' Y%, Agﬁ‘ = op(n~1/2) and ‘k:_l >h A;ﬁ‘ — op(n"1/2)
whenever k < d is chosen to satisfy k = o((s1 logd)~'y/n).

ProoFr. By Hoélder’s inequality,
j * ~ T j * *
AP = |(w" = ®(D;)) Vol (85, BL,)]
<@ (D) — w*[1]|V - (85, B, lloos

hence, for any t,

{|AY| > ) C {I|&(D;) — w1V =ol9) (B85, B )lloo > t}-
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Take t = vqg where v = Cn~'/2s1/klog(d/d) and ¢ = Cn~/2/klog(d/s). Define two events F,

and Es as following.

= {|1B(Dy) — w1Vl (83, B2 lloe > va}
g, - (1201wl
v

<1}.

Then we obtain that P(E;) = P(E; N E2) + P(E; N ES), which is not greater than 24 by (B1) and
(B2) of Condition E.9. Hence the union bound delivers

P(‘éAgj)‘ > k:vq) < P(U?zl{mgj)‘ > vq}) ZP(‘AJ)‘ > vq)

j=1

< 2ké =o0(1)

for 6 = o(k~!). Taking 6 = k~! for @ > 0 arbitrarily small in the definition of v and ¢, the
requirement is ksilogd = o(y/n) and ks logk = o(y/n) for o > 0 arbitrarily small. Since k < d,

k=t Z;?:l Agj) = O[P(?”L_l/z) with k& = o((s1logd)~*/n). Next, consider |Agj)| < SuPaeoq |Gl
where

G (vg Ufgk (Bv’ﬂ ’UOé) ATV2—U Uggzjk (Bv’ﬂ va)) (Biv(pj) —,Biv)-
By (B3) of Condition E.9, P ‘Ag } > t) < 6 for t < sysn~'klog(d/d), hence, proceeding in an

analogous fashion to in the control over k1 Z§:1 Agj ), we obtain

k k
P(|> a9 > k) <P (Uii|al] > t) <3P (JAF] > 1) < ko =o(1)
=1 i=1
for § = o(k™1). Hence k! Z? 1 A ) = = op(n~1/2) with k = o((s1slog d)~1n®?2). Since (s logd)~!y/n =
o((s1slog d)_1n3/2) Z (A(j + A( )) = op (n‘1/2) requires k = o((s1logd)~*/n). O

Lemma E.13. Under (B1) - (B4) of Condition E.9, with k£ < d chosen to satisfy the scaling
k=o(((sVs1)logd)~'y/n),

k k
P S B)) = 28086 + el ) and
j=1 j=1
k
T sup (] n-l/%rgz SU(35.6%) < 8) — @(0)] 0.

ProOOF. Recall
j * * j * * *T j * *
SV(B;,B5,) = Vol (85, 82,) — w T Voo l5) (8}, B%,)-
Through a mean value expansion of SU ( ,,3)‘ (Dj)) around B*,, we have for each j € {1,...,k},

SO (85, B82,(Dy)) = Vol (85, B, (D)) — w(Dy)"V ol (85, B2,(D;))
— 5U)(8:,8%,) + AV 4 AY),
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for some B_, o = aB_U(Dj) + (1 - «a)B*,, where

Ag]) — (w _'w( )) V_ f(] (Bv’/@ )
A = [V ) (85, Bva) — DDV, 1 (55, B (B(D) — B2,

Here b, = V2 _ 09 (B2, B-va) — @(D;)TV2, _ 09 (85, By.0). Tt follows that

ww
'M»

k
Z - an@A )) =

1 k
(87,8, %Z A
(E.11) ! 7=

wM—‘

1

SO (0%, ~*) + op(n~1/?)

I
x| =
-

1

J

by Lemma E.12 whenever k = o((sylogd)~'y/n). Observe
k Lk .
vk 125 (85,8°,)) = Vall,—w' ") (£ D VED (5. 8%,))  and
j=1
f:|—v — (17 —'w*T)J*(l, _w*T)T'

So /ng Zf (B, B*,) ~ N(O, Syl ,) by Condition (B4). Similar to Corollary 3.9, we apply
the Berry-Essen mequahty to show that

k
sup B %Z D (65,82,) < ) — @(t)] 0.

Lemma E.14. Under Condition (B1), for any ¢ € (0,1),

IP’(HE —w*|y > On M2\ /k log(d/5)> < ko,

IP(HB_U — Bl > Cn Y2 klog(d/é)) < kd.

PROOF. Set t = Cs1+/n~1(klog(d/d)) and note

k k
Z w1 > kt) <> P(|w — w*|y > t).
7j=1 7j=1
by the union bound. Then by Condition (B1),

P(HE —w'y > Cn~ 2 klog(d/é)) < kd.

The proof of the second bound is analogous, setting t = C'sy/n~1(klog(d/s)). O
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Lemma E.15. Suppose (B5) of Condition E.9 is satisfied. For any 4, if there exists an estimator
B = (BL,BL,)T satisfying |8 — B*||1 < Csy/n~1log(d/d) with probability 1 — §, then

> Cn‘”%/klog(d/é)) < kd.

“(It3 v -

max

PRrROOF. The proof follows from (B5) in Condition E.9 via an analogous argument to that of
Lemma E.14, taking t = C'\/n~1(klog(d/s)). O

Lemma E.16. Suppose (B1)-(B5) of Condition E.9 are fulfilled. Then for any k < d satisfying
k=o(((sVs1)logd)~ty/n), [Ty — J$|7U| = op(1).

PROOF. Recall that Jy\_, = Ji, — Jy _,J, 1, J%, , and

v v,V v, —v” —v,—v" —U,V

k
Zv Wol9)( (BL.B_,) — *Tvzwegk(ﬁv,ﬁ 2,

?r\'—‘

SO }jv|_v — J:‘,v‘ = 01 + 02, where

—| ZVMW) BB_,) — Jis| and

= |7T Zv—vv Ng /8’0718 ) *TJiU v)|

Let 8 = (Bff,ﬁ,v) and note that |3 — 3*||; satisfies the clause in (B5) of Condition E.9 by Lemma
E.14 when k = o(((s V s1) logd)~'y/n). Hence Ay = op(1) by Lemma E.15.

k

A < |- (;Zv_wnk (B B) = %)

Aoy

@ w) | e (4 Zv_mk (B0 Bo) — I%0)| -

AV

Ao3

By the fact that ||J*|lmax < oo and ||[w*|; < Cs; by (B1) of Condition E.9, an application of
Lemmas E.14 and E.15 delivers

Ay < Hw w H H Zv—vv N B’l}?ﬁ ) —v UH - O]P’(l)7
Agy < Hw—’w HlHJ*vaoo = op(1),
Agy < Zv—vv ny Bmﬁ ) —va Hw*Hl = OP(I)

for k = o((s1logd)~'n), a fortiori for k = o(((sVs1) logd)~*y/n). Hence ‘jv|_U—J;}“‘7v‘ =op(1). O
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APPENDIX F: AUXILIARY LEMMAS FOR ESTIMATION

In this section, we provide the proofs of the technical lemmas and theorems for the divide and
conquer estimation. Using Lemma 7.1 we can derive Lemma F.1, which serves as a crucial step in
establishing Lemma 4.1.

Lemma F.1. Suppose Conditions 3.1 and 3.2 are fulfilled. Let A < \/k logd/n and 91 < \/klogd/n.
With k = o((slogd)~ty/n), \/ﬁ(Bd —B*) =Z + A, where Z = f Z] 1 }M(J)X(J) el and
[Alo = op(1).

Proor oF LEMMA F.1. For notational convenience, we write ,@i‘asso(Dj) simply as EA(DJ'). De-

—d
compose 3 — 3* as

— 1 ~ 1 : . . ~
8" —pB* = - Z(g)\(pj) - B+ TTM(J)X(J)TX(J)(I@;* — I@)\(Dj))>

k

hence f(ﬁd —B*)=Z + A, where
k k
7 Z ITel) and A = T" S (1 - MDSD) (BND;) - BY).

Defining A) = =(I- MOS )(B)‘( ;) — B*), we have
1A oo < AV 1 < IMDED — Tmax|BND;) - 871
by Holder’s inequality, where ||I — MWW < 91 by the definition of M) and, for A =

Co?\/logd/ny,

AND o8 2log(2d) engt
(k1) P (18 - o) > ¢ ) < op (-5
by Biithlmann and van de Geer (2011). We thus bound the expectation of the ¢; loss by
2C's? log(2d o cngt
(F:2) B (|80 - o7|}] < 22 exp( it )dt
ny 0 s202
2 2 2
< 2C's” log(2d) ey
ng CN
Define the event £U) := {||BN(D;) — B*||, < sv/Clog(2d)/ny,} for j = 1,....k. [|[AD|s <
AD 4 AD 1+ AY where
AV = MO0 —Iumaxum Dj) - B°lli 1{€V}
— E[|[MDED — [nax]| BND;) = B*[1 1{EDY]
Ay = |MOEO —Iumaxum ) = B 1{EV)
- E[HM(” — Ilwax | B(D;) = B[ €D} and

AY = E[MYLU IHmaxH:B)\( i) — B[]
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Consider Agj ), Agj ) and Agj ) in turn. By Hoeffding’s inequality, we have for any ¢ > 0,
F.3 p (13 a0) < ekt o mntt
(F-3) k; e eXp( Cs20? log(2d)> = eXp( Cs? 1og2(2d)>'

By Markov’s inequality,

P13 a5 ) < T EAs
ke kit
(F.4) <A E[IMDED) — [ BA(D;) — 8711 1{EDY]
< 2f1191¢E[||ﬁA<Dj> ~ B A]P(EW))
1 2]
(F.5) < Ct_l\/ ogd 8 0g(2d) d—c< C't_lsn,;lal_'z/2 log d,
ng ng

where the penultimate inequality follows from Jensen’s inequality. Finally, by Jensen’s inequality
again,

k
Z = E[MYEY — I|lnaxl|B*(D;) — B*|1]

~ log d
eI s <oy

w \

(F.6)

IN

Combining (F.3), (F.5) and (F.6),

Ao > 30 - 2128 <ZS:]P’ lzk:A(j)>C\f slogd
0 . > L n

F.7 < exp(—ckn) +d~? — 0
( p :

and taking k = o((slogd)~'y/n) delivers || Al = op(1). O

PRrROOF OF THEOREM A.1l.

(XU XU xUNTy W) — (xTx)"'xTy

N\»—A
Mw

B-B=

.
Il
-

?v\'—‘
M?v

(x07x0 /nk) _(XTX /n)1> XUTel)

(F.8) ;

<.
Il

Mw

_1!
ks 1

T

< (XOTX0 /)" b g—1> XOTel) /y
1

—(XTx/n)™Y) xTe/n.

— .

_l’_

For simplicity, denote X7 X0 /n; by Sy ), XTX/n by Sx, (S( '))_1 (3)~1 by D(]) and (¥)~! —
Sx ! by Dy. For any 7 € R, define an event £0) = {H( ) Yy < 2/Cmm}ﬂ{|\53 —%2 < (51V62)}
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for all j = 1,...,k, where 61 = C1+\/d/ng + 7/\/nk, and an event € = {||(Sx) 2 < 2/Cmin} N
{IISx — X2 < (62 V 63)}, where 63 = C1+/d/n + 7/+/n. Note that by Lemma F.2 and F.5, the
probability of both (£ (j))c and £¢ are very small. In particular

P(£°) < exp(—cn) + exp(—c172) and P((£9))) < exp(—cn/k) + exp(—e172).

ko
Then, letting & := () & () an application of the union bound and Lemma F.9 delivers
j=1

P (HB — Bl > t) <P H% Zk:(x<f>D§j))Te<j>/nkH2 >t/25n&
j=1

+P ({I(XD2)"e/n|ls > t/2} N E) + P(E5) + P(E°)
t2C3 . n

< 2exp (dlog(G) — 320;7”%5%> + kexp(—cn/k) + (k + 1) exp(—c172).

When d — oo and logn = o(d), choose 7 = y/d/c1 and §; = O(y/kd/n). Then there exists a
constant C' such that

Vkd

n

) < (k+3)exp(—d) + keXp(—%

POW—5M>C ).

Otherwise choose 7 = y/logn/c; and 6; = O(y/klogn/n). Then there exists a constant C' such that

- = Vklogn k+3 cn
P(Hﬂ—ﬂlb >C 57 < + kexp(——).
n n k
Overall, we have
- A k(dV1
POﬁ—ﬂb>c“(f;wmvfgmwm—wvmmm+kwm—mmx
which leads to the final conclusion. O

PrRoOOF OF COROLLARY A.3. Define an event

€ = {|B" - Bl < 2C\/logd/n},

then by the condition on the minimal signal strength and Lemma 4.1, for some constant C’ we have

PQWﬂ4ﬁb>a“aﬂf%“>

<P ({Hﬂr — 32 > C’W} m‘:) +P(£°)

<P ({Hﬂo — 3|2 > C’W} m‘:) +c/d

< ckexp(—(s Vlogn)) + kexp(—cn/k) + c/d.

_ k , . , ,
where 8° = % > (Xé])TXg))*lXéj)TY(J), which is the average of the oracle estimators on the
j=1

subsamples. Then the conclusion can be easily validated. O
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ProOOF OF THEOREM B.1. The following notation is used throughout the proof.

1

1 , ) A
S(8) = V*u(B) = EXTD(XB)X, Sgg) = ;kX(J)TX(])
SU(B := V29 (8) = L x0T pxg)x), sy = 1xTX.
ng n

For any j =1,...,k, B(j) satisfies

NPy 1 . . N
vggk)(lg(a)) = — XTI (YW — (xWgLl)) =0

ng

Through a Taylor expansion of the left hand side at the point 3 = 8*, we have

L x0Ty 0 _ y(x0g%y) - sO@D - g7y —x0) =,

n

where the remainder term r) is a d dimensional vector with ¢ component

) = 5 (B9~ BT VBIXD) (X V) (B - 5)
— 6:%(5(]') _ ﬂ*)TX(j)Tdiag{ngj) o (XDBUNMXW(BY) — g%,

where B(j) is in a line segment between B(j ) and B*. It therefore follows that
BY) = g* + (S xDT (v — (XD 8*)) + nyr@].
A similar equation holds for the global MLE ,@:
B=p"+S5XT(Y - p(XB")) + nrl,

where for g =1,...,d,

7g=éﬂé—ﬁﬂﬂﬂhmﬁxgwﬂ«XB@»LwB—ﬂW

Therefore we have
Tda ny oo 1 . . , A
. Zlg(a) -B=7 Z {(S(]))_l _ 2—1} XOT(y @ — p(x0)g*)
: i 1
— {7 =2} XT(Y - w(XB*))+ R=B+R,

k . .
where R = (1/k) 3. (SU)~1rl) — §=1r. We next derive stochastic bounds for | Bl and || R||2 re-
j=1
spectively, but to study the appropriate threshold, we introduce the following events with probability
that approaches one under appropriate scaling. For j =1,...,k and &, 7,t > 0,

S by
£ i= {1(89) M < 2/} {1572 <

& = {187 2 < 2/Luin} N {JIS = Sll2 < (32 v 83)} N {I1Sxll2 < 2Chmax},
FO = {IBY —gla > 1}, F={18-"1>1}.

1 {1592 < 2Cumax ),
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where 61 = C1+/d/ng + 7//ny and d; = Cy+/d/ng + 7/+/n. Denote the intersection of all the above

events by A. Note that Condition 3.6 implies that 4 /" (X,LT B)X; are i.i.d. sub-Gaussian vectors, so
by Lemmas F.2, F.5, F.4 and F.11, we have

P(A°) < (2k+1)exp (—%) + (k + 1) exp(—c172)

nC? t?
, | " min“min®
+ 2k exp <d 086~ 211CmaXU2¢k>

We first consider the bounded design, i.e., Condition 3.6 (ii). In order to bound ||R||2, we first derive
()

an upper bound for rg . Under the event A, by Lemma E.5 we have

max éj) < MUgC’maXt and max 7, < MUg,Cmax
1<g<d,1<j<k 3 1<g<d

It follows that, under A,
2
(F.9) IR|2 < 51\4\/&U3cmt2

Note that B is very similar to the RHS of Equation (F.8). Now we use essentially the same
proof strategy as in the OLS part to bound ||Bl||2. Following similar notations as in OLS, we denote
(SU)=1 =51 by DY) §=1 — -1 by Dy, YO — (XU G*) by ) and ¥ — pu(X3*) by e. For
concision, we relegate the details of the proof to Lemma F.10, which delivers the following stochastic
bound on ||Bl|2.

4 nt2
F.10 P({||Bll2 > t1} N.A) < 2exp ( dlog(6) — (2
(F.10) {UIBll2 > 1} NA) < eXp( &(6) 128¢U20max(51v5%)2>

Combining Equation (F.10) with (F.9) leads us to the following inequality.

- A 2
P (HB = Bll2 > S MVAU3Craaxt® + t1> < @+ Dexp (-7)
C? nt?
9 min-—min
1) explear?) + (+ Dep (g — i)
4. nt? >

9 dloc 6 — min mm
+ eXp( 80 T 198U Cnax (01 V 02)2

Choose t = t; = /d/ny, and, when d > logn, choose 7 = y/d/c1 and §; = O(\/kd/n). Then there
exists a constant C' > 0 such that

kd3/2

P (H,@— Blla > C ) < (2k+1) exp(—%) + 2(k + 2) exp(—d).

When it is not true that d > logn, choose 7 = y/logn/c; and 6 = O(y/klogn/n). Then there exists
a constant C' > 0 such that

- = kvdl k+3
P(Hﬂ—ﬂnwcﬂog”) < @k + Dexp(- T + EE2,

n
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Overall, we have

< ckexp(—cn/k) + ckexp(—c(d V logn)),

P (nﬁ—auz el 1°g”>>

which leads to the final conclusion. O

PRrROOF OF COROLLARY B.3. Define an event

€ = {|IB" - B0 < 20/logd/n},

then by the conditions of Corollary B.3 and results of Lemma 4.6 and Theorem B.1,

P (Hﬂ’” - Bl > RSl Vo ”)>

<P ({15 - Fol > PEEE ) gy

<P <{Ilﬂ° — 3|2 > C’W} mf) +c/d

< ckexp(—(sVlogn)) + kexp(—cn/k) + ¢/d.

_ ko ~ )
where 8° = z Zlﬁo(Dj), B°(Dj) = argmaxgepa go.—o (9)(B) and C' is a constant. Then it is not
j:
hard to see that the final conclusion is true. O

PROOF OF LEMMA 4.1. According to Lemma F.1, we have \/H(Bd - B%) = Z + A, where

Z = ﬁ Z?Zl ﬁM(j)X(j)Ts(j). In (F.7), we prove that [|A|e/v/n < Csklogd/n with probability
—c/2

larger than 1 — exp(—ckn) —d > 1 — ¢1/d for some constant ¢;. Since B is a special case of
Bd when k = 1, we also have v/n(3% — 8*) = Z + Ay, where (F.7) gives ||Alls/v/n < Cslogd/n.
Therefore, we have HBd — B%|o < Csklogd/n with high probability.

It only remains to bound the rate of || Z||o;/+/n. By Condition 3.2, conditioning on {X;} ,, we
have for any £ =1,...,d,

P17/ v > o] 1) = (| iMé”TX“)TeU)\ >t (X))
(F.11) j=1

ent? )
K2Q¢/’

where k is the variance proxy of € defined in Condition 3.2 and

§2exp(—

k
1 N AT
Q= L3 xom
j=1
Let Qmax = maxj<¢<q Q¢. Applying the union bound to (F.11), we have

P([1Z]1oc/v > ¢ | {Xi}iy) < P( i | Zel/ v > | (X0} )

1<e<d

ent? )

K’QQI’HHX .

< Zd:P(\Ze!/x/ﬁ >t \ {Xz-}?ﬂ) < 2dexp ( -
/=1
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Let t = 1/2K2Qmax log d/(cn), then with conditional probability 1 — 2/d,

(F.12) 1Z]lo0/ /7 < V/K?Quax log d/ (cn).
The last step is to bound Quax. By the definition of @)y, we have
1< NI (A
Qs = - ZMZ(J)TE(J)MZU) < . Z[Q]?Z(J)[Q]g
(F.13) ];1 j:1n
- ;Z - ST = 3 (e
= i€D; i—

where Q = 7!, The inequality is due to the fact that M, éj ) is the minimizer in (3.4). By condition
(3.2) and the connection between sub-Gaussian and subexponential distributions, the random
variable (X[ €)? satisfies

_ 1
sgllaq 1(E\(XiTQg)2\q) /a < 4Kk2*Qyy.
7>

Therefore, by Bernstein’s inequality for subexponential random variables, we have

B(|3 SO0 ~ BIXT 0] > o) < 200 (- ool ) o (i) )
=1

Applying the union bound again, we have

p((max | - SO (XT(0]0)? ~ EIXT ()] > 8520, [ 27

d n
1 logd
<> P(|- Yo (xT 110 - EIXT 90| > ss20 < 2/d.
< 2 B(| D (o0 ~ BXT 1] > 86y Z05) <2/
Therefore, with probability 1 — 2/d, there exist a constant C such that

_ . < 4 T _ T 2‘ T 12
Quax = max. Qs 113%) X Q)? - E[XTQ)?| + E[XT )

log d
< 3R o8 =40 <0,

where the last inequality is due to Condition 3.1. By (F.12), we have with probability 1 — 4/d,
| Z|0o/+/7 < \/K2C1log d/(cn). Combining this with the result on ||A[|s delivers the rate in the
lemma. O

PRrROOF OF LEMMA 4.6. The strategy of proving this lemma is similar to the proof of Lemma
4.1. In the proof of Lemma E.7 and Theorem 3.8, we have shown that

3 - 5 Z@‘”TWU VA,

T
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where the remainder term for each j is
o 1 _ ~ .
A= (I — OV v )X X > (BY(D;) - B")
i€T;

and 7; = tX] 3%+ (1 — )XTB)‘( ;) for some ¢ € (0,1). We bound A by decomposing it into three
terms:

1Al < (1 -0 V(KT 89X XT) (BN(D)) - )

’LEI o
I
* 1 ) * %) *
+or i S e xR @) - v X ) XXT ) BD;) - )
"k 1€T; >
Iy
+ @0 - ey L S (XT3N XXT ) (B2 - )
zEI e
I3
By Hoeffding’s inequality and Condition 3.3, the first term is bounded by
F14)  |nl<[r-e - Y wxrexx!|| |30y - g <ol
N ez, max 1 n

with probability 1 — ¢/d. By Condition 3.6 (iii), Condition 3.7 (iv) and Lemma E.4, we have with
probability 1 — ¢/d,

sklogd

(F.15) o] < max [|©° X Z Us[Xi(BY(Dy) — B < C—

zEZ

Finally, we bound I3 by with probability 1 — ¢/d,

|13|<k\/2b~xw< X7 (B e B2

1€L. 1€Z;

(F.16)
< C(sl \Y s)klogd’
n

where the last inequality is due to Lemma E.4 and Lemma C.4 of Ning and Liu (2014).
Combining (F.14) - (F.16) and applying the union bound, we have

k

1 (s1Vs)klogd
- AH < Ajilleo =0p| ——— .
3 <m0y

Therefore, we only need to bound the infinity norm of the leading term T. By Condition 3.7 and
equation (E.3), we have with probability 1 — ¢/d,

max max [|OY) — @[], < Cs;\/logd/n  and

1<j<k 1<v<d

1 .

H%ngg(g )| < cviegdrn.
j=1

(F.17)
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This, together with Condition 3.6 and Condition 3.7 give the bound,

o0

k
o i} i 1 N
Tl < (M max [8F) — O] + max | X7 O ) | 1 3 ve) (8
9. ]:1

< C’( logd L sllogd)’
n n

with probability 1 — ¢/d. Since Bd is a special case of Bd when k£ = 1, the proof of the lemma is
complete. ]

We borrow the following two lemmas on concentration inequalities from Vershynin (2010) for the
proof later.

Lemma F.2. Suppose X is a n X d matrix that has independent sub-Gaussian rows {X;}7 ;.
Denote E(X;X) by ¥, then we have

P (HiXTX —Yxll2 >V 52)> < exp(—c1t?),

where t > 0, 6 = C1/d/n +t/y/n and C; and ¢; are both constants depending only on || X[y,

PROOF. See Theorem 5.39 and Remark 5.40 in Vershynin (2010). O
Lemma F.3. (Bernstein-type inequality) Let X1,..., X, be independent centered sub-exponential
random variables, and M = ax | Xil|p, - Then for every a = (a1,...,a,) € R" and every t > 0,

<i<n
we have
. t t
P a;X; >t <exp <—szin< , >>
@ i ) 2al3’ Mllall
PROOF. See Proposition 5.16 in Vershynin (2010). O

Lemma F.4. Suppose X is a n x d matrix that has independent sub-gaussian rows {x;}" ;. If
Amax(2) < Cpax and d < n, then for all M > Cax, there exists a constant ¢ > 0 such that when n
and d are sufficiently large,

1
P <HXTXH2 > M> < exp(—cn).
n

PROOF. Apply Lemma F.2 with t = \/en/c1, where (v/c/c1 V ¢/c1) < M — Chax, and it follows
that

1
P <HnXTX - EH2 > (6V (52)> < exp(—cn).
Since d < n, we obtain (J VV §%) — y/c/c1, which completes the proof. O

Lemma F.5. Suppose X is a n X d matrix that has independent sub-Gaussian rows {X;}7 ;.
EX; =0, Anin(2) > Cpnin > 0 and d < n. For all m < Ciyiy, there exists a constant ¢ > 0 such that
when n and d are sufficiently large,

P (H (%XTXleQ > ;) —P <)\min(;XTX) < m> < exp(—cn).
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PROOF. It is easy to check the following inequality. For any two symmetric and semi-definite
d x d matrices A and B, we have

)\min(A) > Amln(B) - HA - BH? )
because for any vector x satisfying ||x||2 = 1, we have
[Az||y = [|Bx + (A - B)z|2 > [|Bx|]2 — [[(A - B)2|2 > Amin(B) — [|A — Bll2.

Then it follows that

1 -1 1 1
P (H (5x7x) H > ) =P ()\min(XTX) < m>
n 27 m n
1
<P <HXTX — EXH2 > Cin — m> < exp(—cn),
n
where ¢ satisfies (/¢/c1 V ¢/c1) < Cpin —m and the last inequality is an application of Lemma F.2
with t = \/en/ey. O

Lemma F.6. (Hoeffding-type Inequality). Let Xi,...,X,, be independent centered sub-Gaussian
random variables, and let K = max || X;||y,. Then for every a = (a1, ...,a,) € R" and every ¢ > 0,
7

< ct?
€ - ex —_—— & .
BETE

Lemma F.7. (Sub—exponentlal is sub-Gaussian squared). A random variable X is a sub-Gaussian
if and only if X? is sub-exponential. Moreover,

we have

X113, < 12y < 201X,
PROOF. See Lemma 5.14 in Vershynin (2010). O

Lemma F.8. Let Xy,...,X, be independent centered sub-Gaussian random variables. Let « =
max; || Xily, and 02 = max; EX?2. Suppose 0 > 1, then we have

1 « 2
P ( YoX? > 202> < exp ( 02M>
n
=1

PrROOF. Combining Lemma F.3 and Lemma F.7 yields the result. O

Lemma F.9. Following the same notation as in the beginning of Proof of Theorem A.1,

k )
1 x@Wp J T2 (5) t 203,
P - ~\NneE < 6d _ min
k z:: ;>3 0 =" P ( 320552 (8, 5%)2>

and

t2C3
P X Ds)T t/2 < dl — min .
({H( 2) E:/,n’”2 > / } mg) — eXp < Og(6) 320351(52\/6%)2)
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PROOF.
E (exp (ADYV)T (XDl /ny) ) | X))
(F.18) n, )\X(j) noAW
=T1E | exp((Z==i)T (DY X0 | <exp [ C5A%s? )
[[2 (e (57 ®0ve) p (ot
N

E (exp (M(D2v)" (XTe/n)) | X) = [ [ E (exp (AXi/N)T(Dav)e;) | X)

(F.19) = N

< exp <C3)\23% ZA?/W2> ;
i=1
where we write Al(j ) and 4; in place of (X Z-(j ))Tng )v and (X;)T Dav respectively Cs is an absolute

constant, and the last inequality holds because ¢; are sub-Gaussian. Next we provide an upper

ng . n
bound on Z(AEJ))2 and Y AZ. Note that
i=1 i=1

_ oTrray-1 -1 @Draly-1 -1
=v ((S%) () )neSx ((Sx) (X))v
= nvTE (2 - 59)(sP) (2 - sy,

and similarly,

ZA2 = nvID7I(E - Sx)(Sx)HE - Sx) 7 v,

For any 7 € R, define the event £0) = {|(S) !y < 2/Cuin} N {ISY — |2 < (61 V 62)} for all
j=1,...,k, where &) = C1~/d/nj + 7//ng, and the event £ = {||(Sx) |2 < 2/Cuin} N {||Sx —
Y|l2 < (82 V 63)}, where 63 = C1+\/d/n +7/y/n. On £U) and &, we have respectively

ng

; 2 2
S (A < C”k (5, V 62)% and ZAQ 03” (55 V 62)2.

i=1 min min

Therefore from Equation (F.18) and (F.19) we obtain

E (exp(A(ng) JT(X T W) ) 1{E0 }) < exp ( ggx? (51 v(s%)2>

min k

and

282
B (exp(\(D2v)! (X7 e/n)) 1E)) < exp (S0 1L v 3.

min

In addition, according to Lemma F.2 and F.5, the probability of both (£())¢ and £°¢ are very
small. More specifically,

P(£°) < exp(—cn) + exp(—c172) and P((£9))) < exp(—cn/k) + exp(—c172).



30

koo
Let &:= ) &€ (9). An application of the Chernoff bound trick leads us to the following inequality.

o

k
<exp(-At/2) [[E <exp (2(D§j)v)T(X(j>Ts(j)/nk)> 11{5(1‘)})
j=1

?v\r—‘

k
Z XWTel))/ny > t/2} N 50)

2
< exp (—)\t/2 22? 5 (6, V 5%)2> :

I]’lll’l

Minimize the right hand side by A, then we have

L (P x0Tt 208
_ < _ min )
z:: 1 e < 32C351(01 V 5%)2>

Consider the 1/2—net of RP, denoted by N(1/2). Again it is known that [N (1/2)| < 67. Using the
maximal inequality, we have

k
({ Z x@p e /ny|, > t/2} m£0>
= sup P ({ DTy fny, > t/Q} ﬂ&))
[vll2=1

k
(1),
R
k
< sup P ({ Z D(J NTel)y /ny, > t/4} ﬂ&))

veN(1/2)

203,
< dl mln
= P < °8(6) = 320,520 v 072 )

?v\*—‘

w\H

Proceeding in an analogous fashion, we obtain

203,
P ({|[(XDg)" t/2 < dl - Lin .
({HXD el > 172} 01) < oxp (d1og(0) — Ll )

Lemma F.10. Following the same notation as in the proof of Theorem B.1,

Célll’l Hlln,rlt2
P({||B|l2 > t1} NA) < 2exp ( dlog(6) — 12800 o (31 V 62)2
max 1

PrOOF. By Lemma E.2, for any A € R and v such that ||v||2 = 1, we have

E (exp(A\(DY V)T (X0 fny)) | X))

= ﬁE (exp(()\XZ-(j)nk)T(D(j)v)si) | X(j)> < exp ((;SU)\2 Zk:(Agj))z/ni>

i=1 =1
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and
n

E (exp(A(D2v)T(X"e/n)) | X) = [ E (exp(AXi/n)" (Dav)e;) | X)
=1

n
< exp (wv ZAW) |
i=1
where we write Agj ) and A4; in place of (Xi(j ))Tng )y and (X:)T Dyv respectively. Next we give a

ng . n
upper bound on (AEJ))Q and " A?. Note that

i=1 i=1

ng
Z(AZ(J)) _ VTD(J)XTXD( J)
i=1

=vI((SV) T =2 nSx((SV) 7 -7y
=nvTE (2 = §U)(80) 15D (sW) (2 — sUhn-ly,
Similarly,
ZAQ = v HD - 9SSy sTH(E - 5)n!

On £Y) and &, we have respectively

nk

; 8C maxN 8Cmaxn

S (a2 < &7’“(51 v 62)2 and Z/P a1 r (02 V 83)°.

=1 min-— min =1 min-— min
Then it follows that

j , , ; 8U Crax A2
E (exp()\(D§])v)T(X(J)T€(j)/nk)) 11{8(])}) < exp (Cﬁ((sl v 5%)2>
and
T(xT 8¢U Cinax\? 212
E (exp(AD2)" (XTe/m) 1)) < exp ( Sop X 5,y 432

Now we follow exactly the same steps as in the OLS part. Denote ﬁ;f‘:lé’j by &. An application of
the Chernoff bound technique and the maximal inequality leads us to the following inequality.

k
({Z( DDINT D) fr| >t/2} mso)
J=1

ci. nt?
< dl 6) — min mm
= o ( °8(0) 13860 Con(6 v 5%)2>

and

4 nt?
P ({]|(XDy)” t/2} N &) < exp ( dlog(6) - (s
({I(XD2)"e/nll2 > t/2} )eXp( 0g(6) 128¢U20max(52\/5§)2>

We have thus derived an upper bound for | B||2 that holds with high probability. Specifically,

k
P({|Bllz >t} N.A) <P ({Z(x“ D)W fry 2 > ’;} mso)

7j=1

(XDy)Te, 1 . CoinLinin 1
ﬂ g 6 o min mll’l .
({u =z > ) PN\ 12860Conax (61 V 57)2
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O]

Lemma F.11. Under Condition 3.6, for 7 < Ly, /(8 M C’maXng/&) and sufficiently large n and d

we have
~ N nC2. 72
P(|B — B%|la > 1) <exp | dlog6 — M + 2exp(—cn).
C1mava2¢
PROOF. The notation is that introduced in the proof of Theorem B.1. We further define ¥(3) :=
E@®"(XTB)XXT) as well as the event H := {£,(8*) > maxgeos, ln(B)}, where B, = {8 : |8 —
B*|l2 < 7}. Note that as long as the event H holds, the MLE falls in B, therefore the proof strategy
involves showing that P(#H) approaches 1 at certain rate. By the Taylor expansion,

(a(B) ~ a(8%) = (B~ 8)" — L(8— B)S(B)(B — B7) = Ar + A,

where S(8) = (1/n)XTD(XB)X, 3 is some vector between 3 and 8%, v = (1/n)XT(Y — u(X %)),
Ay = (B-8%)"v—(1/2)(B—-8")"S(B*) (B~ ") and A2 = —(1/2)(B8~-B*)"(S(B) - S(B)) (B~ B).

Define the event &€ := {Apin [S(B*)] > Lmin/2}, where Ly, is the same constant in Condition 3.6.
Note that by Condition 3.6 (ii), 1/b” (X} 8) X is a sub-Gaussian random vector. Then by Condition

3.6 (iii) and Lemma F.5, for sufficiently large n and d we have P (£¢) < exp(—cn). Therefore on the
event &,
LminT)
1)

We next show that, under an appropriate choice of 7, |As| < Lyin7?/8 with high probability.
We first consider Condition 3.6 (ii). Define F := {|| X7 X/n|l2 < 2Cmax}. By Lemma F.4, we have
P(F¢) < exp(—cn). By Lemma E.5, on the event F, we have

Ay < max ["(XTB) = V(X[ B7)| Conax?

A < 7([Jv]l2 -

< MUB\fHB /8 ||2 maxT
L 2
< My < 2T

where the last inequality holds if we choose T < Ly /(8M CmaXng/g). Now we obtain the following
probabilistic upper bound on H€¢, which we later prove to be negligible.

P(H) < P(H N ENF) +P(E) + P(F°)
F.20 inT
(F-20) SP({HvHQ > L“;“ }msmf) + P(E°) + P(F°).

Since each component of v is a weighted average of i.i.d. random variables, the effect of concentration
tends to make ||v||2 very small with large probability, which inspires us to study the moment
generating function and apply the Chernoff bound technique. By Lemma E.2, for any constant
u € R? |lulj2 =1 and let a; = u” X;, then we have for any t € R,

E (exp(t(u HE (exp< ;- u(xE ) ) 1 %)

¢U2t 2
< exp ( 5 a;
2n =

<¢U2t2 uTXTXu>
= exp . .

2n n
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It follows that

Eexp(t{u,v) 1{E N F}) < exp (W> .

2n
By the Chernoff bound technique, we obtain

'I’Lg2

Consider a 1/2—net of R?, denoted by A'(1/2). Since

Vi = max (u,v) <2 max (u,v
vl = max (u.v) <2 max (u,v).

it follows that

Lmin Lmin
P({||v]2 > ST}HEHF)§P<{ max (u,v) > T}ﬂé’ﬁf)

ueN(1/2) 16
nlL?. 72
< 6d e o min
B P ( 210¢CmaxU2>

nC?ninL?ninT2
= exp <d10g6 — Mm) .

Finally combining the result above with Equation (F.20) delivers the conclusion. O

Remark F.12. Simple calculation shows that when d = o(y/n), H,@ — B*|l2 = Op(+/d/n). When d
is a fixed constant, |3 — B*[|2 = Op(1/1/n).
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