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Abstract: In this paper we introduce the “interpolation—degeneration” strategy to study
Kihler—Einstein metrics on a smooth Fano manifold with cone singularities along a
smooth divisor that is proportional to the anti-canonical divisor. By “interpolation” we
show the angles in (0, 277 ] that admit a conical Kéhler—Einstein metric form a connected
interval, and by “degeneration” we determine the boundary of the interval in some
important cases. As a first application, we show that there exists a Kéhler—Einstein metric
on IP? with cone singularity along a smooth conic (degree 2) curve if and only if the angle
isin (;r/2, 27]. When the angle is 2 /3 this proves the existence of a Sasaki—Einstein
metric on the link of a three dimensional A, singularity, and thus answers a question
posed by Gauntlett—Martelli-Sparks—Yau. As a second application we prove a version
of Donaldson’s conjecture about conical Kihler—Einstein metrics in the toric case using
Song—Wang’s recent existence result of toric invariant conical Kéhler—Einstein metrics.
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1. Introduction

The existence of Kihler—Einstein metrics on a smooth Kdhler manifold X is a main
problem in Kédhler geometry. For the case when the first Chern class of X is negative,
this problem was solved by Aubin [3] and Yau [74]. For the case when the first Chern
class is zero, this problem was settled by Yau [74]. The main interest at present lies in
the case of Fano manifolds, when the first Chern class is positive. There is the famous
Yau-Tian—Donaldson program which relates the existence of Kéhler—Einstein metrics
to algebro-geometric stability.

More generally one could look at a pair (X, D) where D is a smooth divisor in
a Kihler manifold X, and study the existence of Kédhler—FEinstein metrics on X with
cone singularities along D and smooth away from D. This problem was classically
studied on the Riemann surfaces [45,48,72] (see also a recent paper [20]) and was first
considered in higher dimensions by Tian in [65]. Recently, there is much new interest on
this generalized problem, mainly due to Donaldson’s program (see [25]) on constructing
smooth Kihler—Einstein metrics on X by varying the cone angle along an anti-canonical
divisor. There are many subsequent works, see, for example, [6,34].

From now on in this paper, we assume X is a smooth Fano manifold, and D is a
smooth divisor which is Q-linearly equivalent to —A Ky with 0 < X € Q. B will always
be a number in (0, 1]. We say (X, D) is log canonical (resp. log Calabi-Yau, resp. log
Q-Fano) polarized if . > 1 (resp. A = 1, resp. & < 1). We will study Kihler—Einstein
metrics in 2 ¢ (X) with cone singularities along D. The equation is given by

Ric(w) = r(B)w+2n(l — p){D}, ()

where 2778 is the angle along D. For brevity we say w is a conical Kihler—Einstein met-
ric on (X, (1 — B)D). Note that when 8 = 1, conical Kihler-Einstein metrics become
smooth Kéhler—Einstein metrics.

Recall that the Ricci curvature form of a Kdhler metric @ can be calculated as

Ric(w) = —+/—1080 log w".

In other words, the volume form " determines a Hermitian metric on K;l whose
Chern curvature is the Ricci curvature. So in particular, it represents the cohomology
class 2 c1(X). By taking cohomological class on both sides of the equation (x), we
obtain

r(p)=1-=0-=pr ey
We will use the above notation throughout this paper. Given a pair (X, D), we define
the set

E(X, D) = {B € (0, 1]| There is a conical Kdhler—Einstein metric on (X, (1 — 8)D)}.
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Theorem 1.1. If & > 1, then E(X, D) is a connected relatively open interval in (0, 1],
which contains (0,1 — 271 + €) for some € = e(X) > 0.

The last property essentially follows from the work of [34] and [6], and we will
review it in Sect. 2. Now suppose X admits a smooth Kdhler—Einstein metric and A > 1,
then by Theorem 1.1 there exists a Kihler-Einstein metric wg on (X, (1 — B)D) for
any B € (0, 1]. By [11] and [6] we know wpg is unique for 8 € (0, 1). Moreover, by the
implicit function theorem in [25] wg varies continuously when 8 varies. When B8 goes
to one, we have

Theorem 1.2. If X admits a Kdhler—Einstein metric and Aut (X) is discrete, then the
potential of wg converges to the potential of wi g in the C° norm, where wi g is the
unique smooth Kdhler—Einstein metric on X.

Remark 1.3. This is in a similar flavor to Perelman’s theorem [70], that the Kédhler—Ricci
flow converges on a Kéhler—Einstein Fano manifold. In particular, when A = 1 this
provides evidence for Donaldson’s program. An algebro-geometric counterpart about
K-stability was shown in [49,59]. When g tends to zero, this is related to a conjecture
of Tian [65] that the rescaled limit should be a complete Calabi—Yau metric on the
complement of D.

When Aut(X) is not discrete, we will prove the convergence of w to a distinguished
Kahler—Einstein metric w? g» modulo one technical issue, see Sect. 7. The issue is that,
since we need to work in different function spaces corresponding to different cone angles,
the application of implicit function theorem is more delicate as shown by Donaldson in
[25], and Donaldson’s linear theory does not provide uniform Schauder estimate when
B is close to 1. However, in this case even though the Kéhler—Einstein metrics on X are
not unique, we can still identify the correct limit Kihler—Einstein metric in the moduli
space. To do this, we use Bando—Mabuchi’s bifurcation method. The result we find is
that, the only obstruction for solving the conical Kihler—Einstein metric from 8 = 1 to
B =1—¢€ (for0 < € < 1) comes from the holomorphic vector fields on X tangent to
D,ie., LieAut (X, D). If we assume A > 1, then Aut(X, D) is discrete, and hence the
obstruction vanishes. For more details, see the discussion in Sect. 7.

Another motivation for this paper comes from the study of conical Kéhler—Einstein
metrics on our favorite example P2, In this case when D is a smooth curve of degree
bigger than two, we are in the setting of the above theorem and we know the conical
Kihler-Finstein metrics existon (X, (1—8) D) forall 8 € (0, 1]. When the degree is one
or two, we are in the case A < 1. We have an obstruction coming from log K-stability.

Theorem 1.4. If\ < 1, then there is no conical Kdhler—Einstein metric on (X, (1—8)D)
for B < (A~ — 1)/n, where n is the dimension of X.

This immediately implies that there is no Kihler—Einstein metric on P? which bends
along a line, which could also be seen from the Futaki invariant obstruction. The most
interesting case is when the degree is 2.

Theorem 1.5. When D is a smooth conic in P2, i.e., a smooth degree two curve, then
E(X,D)=(1/4,1].

From the proof we also speculate the limit of the conical Kihler-Einstein metrics wg
as B tends to 1/4. As an application of the above theorem, we have
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Corollary 1.6. A three dimensional A, singularity xlz + x% + x%

Calabi-Yau cone metric with the natural Reeb vector field.

+ xi = 0 admits a

This settles a question in [29]. As mentioned in [29], such a Calabi—Yau cone metric
on A; might be dual to an exotic type of field theory since the corresponding Calabi—
Yau cone does not admit a crepant resolution. Note this shows that the classification
of cohomogeneity one Sasaki—Einstein manifolds given in [21] is incomplete, which
is confirmed by the numerical result and calculations by the first author in [42]. See
Remark 5.4.

Now we briefly discuss the strategy to prove the above results. The proof of Theorem
1.1 follows from the following “interpolation” result. Here one point in the statement
is that the log-Mabuchi-energy is well defined on the space of admissible functions
denoted by 7:l(a)), which includes all the Kidhler potentials of conical Kéhler metrics for
different angles. The definition of log-Mabuchi-energy and log-Ding-energy, as well as

7:{(a)), will be given in Sect. 2.

Proposition 1. As functionals on ﬂ(w), the log-Mabuchi-energy M, (1—pgyp is linear
in B. The normalized log-Ding-energy r (B) Fy, (1—g)p is concave downward in B up to a
bounded constant. As a consequence, if the log-Mabuchi-energy (resp. log-Ding-energy)
is proper for B1 € (0, 1] and bounded from below for B, € (0, 1], then for any B between
B1 and Ba, the log-Mabuchi-energy (resp. log-Ding-energy) is proper, so there exists a
conical Kihler—Einstein metric on (X, (1 — B)D).

By combining Proposition 1 with the openness result of Donaldson [25], and the
result of Berman [6] (see section 4.3) we easily see that

Corollary 1.7. If . > 1 and there is a conical Kahler—Einstein metric on (X, (1 —)D)
for0 < B < 1, then the log-Mabuchi energy M., (1—pg)p is proper.

Theorem 1.1 easily follows from the above proposition. In general, to apply Proposi-
tion 1, we often need to get the lower bound of log-Mabuchi-energy. For this we introduce
the “degeneration” method. We have

Theorem 1.8. If there exists a special degeneration (X, (1 — B)D, L) of (X, (1 — B)D)
to a conical Kdihler—Einstein variety (Xy, (1 — B)Dy). Assume Xy has isolated Q-
Gorenstein singularities. Then the log-Ding-functional and log-Mabuchi-energy of
(X, (1 — B)D) are bounded from below.

Remark 1.9. Here the assumption that Xj has isolated singularities is purely technical,
but it is satisfied for our main application here to prove Theorem 1.5. We now know a
general statement to be true(see Remark 4.11 in Sect. 5).

In particular, we provide an alternative proof of a special case of a theorem of Chen
[18]:

Corollary 1.10 (Chen’s theorem in the Kdhler—Einstein case). If there exists a special
degeneration of Fano manifold (X, J) to a Kihler-Einstein manifold (X, Jo), then the
Mabuchi energy on X in the class 2mc1(X) is bounded from below.

To rule out the existence for small angles stated in Theorem 1.4, we need to generalize
the K-stability obstructions to the conical setting.
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Theorem 1.11. If the log-Ding-functional F,, (1-g)p or the log-Mabuchi-energy M,,,
(1 — B)D is bounded from below(resp. proper), then the polarized pair ((X, (1 —
B)D), —Kx) is log-K-semistable(resp. log-K-stable).

Corollary 1.12.(1) If there exists a conical Kdhler—Einstein metric on (X, (1 — B)D),
then (X, (1 — B)D); —Kx) is log-K-semistable. As a consequence, if . > 1, then
(X, (1 = B)D); —Kx) is log-K-semistable for0 < B < 1 — 1" +¢ for some € > 0

(2) Assume . > 1 and 0 < B < 1. If there exists a conical Kdhler—Einstein metric on
(X, (1 = B)D), then (X, (1 — B)D); —Kx) is log-K-stable.

Theorem 1.5 is proved by the above “interpolation—degeneration” method. We first
use Theorem 1.4 to show E(X, D) C [1/4, 1]. Then we find an explicit special degen-
eration of (X, 3/4D) to (P(1, 1,4),3/4Dg) where Dy = {z3 = 0} which admits the
natural conical Kdhler—Einstein metric. Since X itself admits a Kdhler—Einstein metric,
Theorem 1.5 will follow from the interpolation argument using Theorem 1.8. A technical
point is that we do not get the full properness of Ding functional due to the presence of
holomorphic vector fields. For details, see Sect. 5.

The organization of the paper is as follows. In Sect. 2, we review some prelimi-
nary materials, including the definition of Holder norms with respect to conical Kéhler
metrics, various energy functionals, and existence theory for conical Kihler—Einstein
metrics. We prove Proposition 1, Theorem 1.1 and Corollary 1.7 in Sect. 2.4. In Sect. 3,
we explain the obstructions to the existence of conical Kihler—Einstein metrics. In par-
ticular, we prove Theorem 1.11 and its Corollary 1.12, and Theorem 1.4. In Sect. 4,
we prove Theorem 1.8. In Sect. 5, we prove Theorem 1.5 and obtain Corollary 1.6. In
Sect. 6, we discuss the construction of smooth Kihler—Einstein metrics using branch
covers. In Sect. 7, we prove Corollary 1.2. We also prove (modulo one technical point)
the convergence in the case when there are holomorphic vector fields on X.

After finishing the draft of this paper, we received the paper by Song and Wang [58].
In the last Sect. 8, we discuss the relation of their work to our paper. In addition to some
overlaps with our results, they proved an existence result in the toric case. The conical
Kéhler—FEinstein spaces they obtained can serve as the degeneration limits of toric Fano
manifolds with some smooth pluri-anticanonical divisors. So combining their existence
result in the toric case with the strategy in this paper, we show, in the toric case, a version
of Donaldson’s conjecture which relates the maximal cone angle and the greatest lower
bound of Ricci curvature. To state this result, first define

R(X) = sup{r| 3 Kdhler metric w € 2mc1(X) such that Ric(w) > tw}. 2)

Proposition 2. Let X be a toric Fano manifold. For each ) sufficiently divisible, there
exists a sub-linear system &5, of | — LK x| such that for any general member D € 2, if
D is smooth, then there exists a conical Kihler—Einstein metric on (X, (1 — y)A~' D)
with positive Ricci curvature if and only if y € (0, R(X)).

Remark 1.13. The smoothness assumption is easily satisfied when dim(X) < 2. It seems
to be guaranteed by choosing ., more carefully. See the discussion in Remark 8.6. In
general, if D is not smooth, then there exists a weak solution (i.e., bounded solution) to
the conical Kihler—Einstein equation.

The idea of the proof is similar to the proof of Theorem 1.5, again using the
“interpolation—degeneration” method. The sublinear system .%; we construct has the
property that for each general member D in .%;, (X, D) has a degeneration to the toric
conical Kihler—FEinstein pair (X, Do) constructed by Song—Wang.
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The interpolation properties of energy functionals obtained in this paper seem to be
observed by some other experts in the field too. In particular, we were informed by
Professor Arezzo that he also observed this.

2. Existence Theory on Conical Kihler-Einstein Metrics

2.1. Space of admissible potentials. In this paper, all Kdhler metrics will be in the class
2mcer (X).

Definition 2.1.(1) A conical Kihler metric on (X, (1 —8) D) is a Kdhler current w in the
class 21 (X) with locally bounded potential, smooth on X \ D, and for any point
p € D, thereis alocal coordinate {z;} in a neighborhood of p such that D = {z; = 0}
such that w is quasi-isometric to the model metric:

dz1 N dzy
D) Zdzl/\dz, 3)

Geometrically, w represents a Kihler metric with cone singularities along D of angle
2.
(2) A conical Kidhler—Einstein metric on (X, (1 —8) D) is a conical Kéhler metric solving
the equation
Ric(w) =r(B)w+2n(1 — B){D}.

Here { D} is the current of integration on D, and r(8) =1 — (1 — B)A.

Now we follow Donaldson [25] to define the Holder norm with respect to conical
metric. let (z1, z2, ..., z») be the coordinates near a point in D as chosen above. Let
z = re'? and let p = rP. The model metric in (3) becomes

(dp +~/=1Bpd6) A (dp — v/~ 1Bpd6) + > dzj A dZ;

j>1
Lete = eﬁf”(dp ++/—1Bpd0), we can write
©==1(fene+ e NdZj+ f[idz; NE+ f7dz; N dZ)) )

Definition 2.2.(1) A function f isin C-""#(X, D) if fis C¥ on X \ D, and locally near
each point in D, f is C? in the coordinate (E = pel? = z1]z1|P71, Z;j).

(2) A (1,0)-form o is in C-V"# (X, D) if « is C¥ on X \ D and locally near each point in
D, we(;laveoz = fie+> ;. fidzj with fi e CV"Pfor1 <i <n,and fi — Oas
1 — L.

(3) A (1,1)-form w is in C-7"#(X, D) if w is C¥ on X \ D and near each point in D we
can write w as (4) such that f, f;, f5, fij e 7P and fis f]v — Qasz; — 0.

(4) A function f is in C>V-#(X, D) if f,df, 0 f are all in CV-F,

It is easy to see that the above definitions do not depend on the particular choice of
local complex chart. Donaldson set up the linear theory in [25].

Proposition 3 ([25]). If y < u = B~ — 1, then the inclusion C>V-P(X, D) —
CVP(X, D) is compact. If w is a CVP Kiihler metric on (X, D) then the Laplacian
operator for w defines a Fredholm map A, : C>VP(X, D) — CVB(X, D).
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In order to consider the conical Kédhler—Einstein metrics for different cone angles at
the same time, we define the following space

Definition 2.3. Fix a smooth metric wg in c{(X), we define the space of admissible
functions to be

¢x.py=c*xu J U e,
0<B<l \0<y<p=1-1

and the space of admissible Kihler potentials to be
H(wo) = {¢p € C(X, D)|wy := wo +/—13d¢ > 0}.
Note that H(wp) includes the space of smooth Kihler potentials

H(wp) = {$ € C(X)|wp + v/ ~139¢ > 0},

and is contained in the bigger space of bounded wg-plurisubharmonic functions
PSHoo(wp) = PSH(wp) N L*°(X) where

PSH(wo) = {¢ € L},.(X); ¢ is us.c. and wy + +/—13¢ > 0}.

Modulo constants the space of admissible Kédhler metrics corresponding to 7:((a)0) con-
sists exactly C-7-# Kihler metrics on (X, D) for different y and .
We will need the following fundamental openness theorem proved by Donaldson.

Theorem 2.4 ([25]). Let By € (0, 1), @ < o = /3(;1 — 1 and suppose there is a CcZe.bo
conical Kéhler-Einstein wg on (X, (1 — Bo)D). If there is no nonzero holomorphic
vector fields on X tangent to D, then for B suifficiently close to Bo there is a C>%P
conical Kihler—Einstein metric on (X, (1 — B) D).

For later applications, we give a slight generalization. We use an idea from [54,
Theorem 2]. Let Aut (X, D) be the automorphism group of the pair (X, D), and let
G = Isom(X, D, wg,) denote the isometry group of C2%%Po conical Kihler—Einstein
metric wg, on (X, (1 — Bo) D), so that Lie(G) = {Killing vector field of (X, D, wg,)}.
Let

(Mg o = 10 € C¥(XRY: (B 4 (B0 =0, [ Y g
r(B0)/0 ’ s g, 0 s i . .

Lemma 2.5 ([16,19,46]). We have the isomorphism:

(ALK g0 = Lie(G).

- R C ©)

Lie(Aut(X, D)) = (Ar(ﬁo))o Rr C = (Ar(ﬁo))o.

Note that the isomorphism (5) is given as follows. For any 6 € (A]F( ,Bo))o’ We asso-

ciate Vyp = —J va,ﬁoe € Lie(G). Equivalently, we have the identity tywg, = d0.

From this, it’s easy to see that the isomorphism is equivariant under the action of
G = Isom(X, D, wg,).
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Proposition 4. With the above notations, let H < G be a closed subgroup. Assume that
Centrg H is finite. Then for B sufficiently close to By, there is a H-invariant c?ep
conical Kihler—Einstein metric on (X, (1 — B) D).

Proof. If we adapt Donaldson’ proof to H -invariant C>%# conical Kihler metrics, we
just need to show that the H-invariant functions in (Ag ﬂo))o is 0. By the above isomor-

phism, any 6 = 0y € (AIrR(ﬂo))O gives rise to a Killing vector field Vy = —JVwﬁOG.
If 6 is H-invariant, then by the G-equvariance of the isomorphism (5), Vp is also
H-invariant. By the assumption the only fixed point of H on Lie(G) is 0. So Vy = 0

and hence§ =0. O

2.2. Energy functionals and analytic criterions. Inthe analytic study of Kidhler—Einstein
metrics, various functionals play important roles. We review them carefully in this sub-
section. Although they were originally defined on the space of smooth Kéhler potentials
‘H(wo), they can be naturally extended for ¢ € ﬂ(wo), and some of them can even be
defined on PSH (wp) N L*°(X).

Definition 2.6. For any ¢ € H(wy), we define the functionals

()
1 $ i n—i
F20(¢) = —m ;/an% A
@
Jon(@®) = FO,(¢) + /X dolt/n!
3)

Ln(@4) = /X (@ — wlh)/nl,

By pluripotential theory the above functionals are also well-defined for ¢ <
PSH(wp) N L*®(X). The following facts are also well known.

Proposition 5 ([2,4]).
(1) If ¢; is a smooth path in H(wy), then

d -
T Fo@) =~ /X $aly /!, 6)
(2)
n+1
Jo(@) < L(@) < (n+ 1)Ju(9), (7)

n
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Remark 2.7. Equation (6) tells us that Fg (¢) is the integral of Bott—Chern form. (See
[66]) If we let i be the Hermitian metric on K;l such that @y, ;== —+/—109 logh = w.
Denote hy = he=?. Connect h and hg by any path h; = he%:. The corresponding path

of curvature forms w; = wy, = w++/—1 8545, connects w and wgy. The Bott—Chern form
is defined by

1 1
BC (c](Kgl)”“; h, h¢) - —/ dt(n+ Dh  hyer (K h)" = (n + 1)/ 1.
0 0

So we have the following identities

0 _ 1 —1\n+1.
Fw(d))_—m/XBC (cl(KX ) ,h,h¢).

We now recall the generalization (see [6,34,40]) of the Mabuchi-energy ([47]) and Ding-
energy ([23]) to the conical setting. In the next section we will show that log-Mabuchi-
energy integrates log-Futaki invariant. First we introduce some more notations. For the
smooth metric wg in ¢ (X), define the twisted Ricci potential H,, (1—g)p by

Ric(wo) — r(B)wy — 2m(1 — B){D} = V=130 Huy (1-p) D

7 n
eHmo,u—ﬂ)D@ — @_
X n! X n!

It is easy to see that up to a constant H,, (1-g)p = hew, — (1 — B) log |sD|2, where h,,
is the usual Ricci potential of wg, defined by the following identities:

- wp wp
Ric(wy) — wo = /=100, /ehwo—o =/ 9.
X

X n! n!

Isp|? is the norm of the defining section of D under the Hermitian metric on —Kx
satisfying —«/—139 log |sp|*> = wo. We will use the following definition of volumes in
this paper:

(1 (K™, [X])

n!

(c1(KxH)'=1, DY)
(n—1)!

Definition 2.8.(1) (log-Mabuchi-energy) For any ¢ € 7:&»0

M @) = [ 1o % %[ 620 )
wo,(1-g)D (W) = og Hoy (P10 o ! "l wo

+/ H wo
" wo,(1-B)D !

= / log 2P L (B)(1 ) )

(1=B)D oy
g“’() Oi’l

/ Hey,(1- ﬁ)D_'

’

Vol(X) = / " _ oy

Vol(D) = / R = Qr)"!
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(2) (log-Ding-energy)

Vol(X) 1 B ol
Fuy.(1—pyp(@g) = Fo (¢) — e IOg(Vol(X) /X efloo-0-pp ’(ﬁ)“’n—?).

We will also call r(B8) Fy, (1-p)(@g) the normalized log-Ding-energy.

When g = 1 these functionals go back to the original functionals on smooth mani-
folds, which we denote by M, and F,, for simplicity.

By studying the behavior of conical metrics near D, it is not hard to see that the above
functionals M, (w2), etc. are all well defined for any a C"-P1 metric w; and C72-P2
metric wy. We have the following proposition generalizing the facts in the smooth case.
(see [6,69])

Proposition 6. (1) The Euler—Lagrange equations of log-Mabuchi-energy and log-Ding-
energy are the same:

(@0 +—103¢)" = e B9 eHop.1-p)D 1

(2) The log-Mabuchi-energy and log-Ding-energy differ by a cocycle:

a))’l

a)n
Mwo,(l—ﬂ)D(w¢>)=V(ﬁ)Fwo,(1—ﬂ)D(w¢)+/X Hwo,(l—ﬂ)Dn_(!) —/XH%,(l—ﬂ)D

m .
(3) log-Mabuchi-energy is bounded from below by log-Ding-energy:

w}’l

Mg, (1=pyD (@) = 1 (B) Fungy, (1—p) D (@0g) +/ Hyy. (1-p)D
X

n!

The equality holds if and only if wy is a conical Kdhler—Einstein metric on (X, (1 —
B)D).

(4) (co-cycle condition) Assume w; are C*Yi-Pi Kiihler metrics on (X, D), fori = 1,2, 3.
Then

Moy, (1=pyp(@2) + My, (1-pyp(@3) = My, (1-pyp(@3)
Fo,,a-pyp(@2) + Fo, 1-pyp(@3) = Fy; 1—pyp(w3)

Proof. Ttems (1), (2) and (4) easily follows from the formula relating twisted Ricci
potentials of two Kéhler metrics.

a)g 1 H, (17;3)0—?(/3)45608
Hoy (1-p)D = Hauy.(1-p)D + l0g ol r(f)¢ —log| e o

a)g 1 " w(,)l
—| log +log (_ / oHon.1-pp=r(B)$ )
e wo«l—ﬂ)D—r(ﬁ)deS vV /x Y

Item (3) follows from from concavity of logarithm. O

Theorem 2.9 ([11]). If there exists a conical Kdhler—Einstein metric wg on (X, (1 —
B)D), then wg obtains the minimum of log-Ding-energy Fu, (1-g)p(@g)-

Berndtsson ([11]) proved the important property that the log-Ding-energy is convex
along a bounded geodesic in PSH (wp). By Proposition 6 (3) we get
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Corollary 2.10. wg also obtains the minimum of log-Mabuchi-energy M. (1—p)D-

Remark 2.11. One technical point here is that it is more difficult to use convexity of
log-Mabuchi-energy than that of log-Ding-energy, as it requires more regularity.

The following properness of energy functions was introduced by Tian [68].

Definition 2.12. A functional F : H(wp) — R is called proper if there is an inequality
of the type

F(wg) > f (Iwo(w¢)), for any ¢ € H(w),

where f(t) : Ry — Rissome monotone increasing function satisfying lim,_, 1, f(#) =
+00.

Note that, by the inequalities (7), we could replace I,,(ws) by equivalent norms
Juy(@g) or (I — J )y, (wy) in the above definition. Now we state a fundamental theorem
by Tian which gives an analytic criterion for the existence of Kdhler—Einstein metric.

Theorem 2.13 ([68]). If Aut (X, J) is discrete. There exists a Kdhler—Einstein metric
on X if and only if either F,(wg) or My, (wg) is proper on H(wp).

The case when Aut(X, J) is not discrete is more subtle. (We thank Professor G.
Tian, Professor J. Song and Professor R. J. Berman for pointing out this to us). The full
general statement is a conjecture by Tian [68]. But for our application, we just need the
following result obtained in [54]. Note that we used this idea of [54] in Proposition 4.

Theorem 2.14 ([54]). Let wk g be a smooth Kdhler—Einstein metric on a Fano manifold
X and denote G = Isom(X, wxg). If K C G is a closed subgroup whose centralizer
in G denoted by Centrg G is finite, then F, is proper on K -invariant potentials.

Itis natural to extend the definition of properness to the conical case, where we simply
replace H(wp) by H(wp).

Lemma 2.15. [f log-Mabuchi-energy or log-Ding-energy is proper (resp. bounded from
below) on the space of smooth Kdhler potentials, then it’s proper (resp. bounded from
below) on the space of admissible Kdhler potentials.

Proof. By Proposition 6, we just need to prove for the log-Ding-energy. By [22] (see
also [14]), we can approximate any admissible Kéhler potential ¢ by a sequence of
decreasing smooth potentials ¢; € PSH(wp) N C*(X). Moreover, we can assume
l¢;j — @llco — 0. So by co-cycle condition, we get that

1 < n i .
PO = FY @) = Fo, @ =) == > [ @)= drefy T na) — 0,
Jj=0

The Lemma easily follows from this fact. O

The following Lemma is well known (see for example [69] and [61]). We record a
proof for the reader’s convenience. From the proof, we see that the conclusion holds for
any continuous potentials.
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Lemma 2.16. Let w; be a CVi-Pi metric. Then the norm defined by J,, and J,, are
equivalent, that is, there is a constant C (w1, wy) such that for any other metric w3 €

H(w),
|Jory (@3) — Ju, (@3)| < C (@1, @2).

Proof. Assume wy, = w) + «/—185(]& and w3 = wy + «/—1851#. Then by co-cycle
condition of F, 3,_, it’s easy to verify that

Joi (@3) = Ju, (03) = Jo, (@2) + /x V(@] — @) =: Jo, (@2) +E.

To estimate the term E we do integration by part:

1 n—1 L )
E:;/iﬁ(a)l—wg)/\(Za)'f ! '/\a)’z)
TUX i=0
1 n—1 . .
— E/X—qs(ag — ) A(zw’f—l—’ /\a)lz)
: i=0

1 n—1 L '
|E| ;/X|¢|(w2+w3)/\(zw? 1 t/\wtz)gzn“qs”LmVol(X).
' i=0

IA

By the cocycle relations and the above lemmas, we obtain
Proposition 7. Assume w; is a CYi-Pi Kihler metric on (X, D). Then My, 1—pyp(or
Fo,,(1-p)p) is proper if and only if M, (1—gyp(0or Fu, (1—gyp) is proper.

Now we can state a theorem on the existence of conical Kdhler—Einstein metric which

is a generalization of Tian’s sufficient criterion in the smooth case.

Theorem 2.17 ([34]). If the log-Mabuchi-energy is proper on C>V-P (X, D), then there
exists a conical Kahler—Einstein metric on (X, (1 — B)D).

The idea in [34] is to use continuity method as in the proof in the smooth case. More
precisely, fix a backgroubd conical Kihler metric on (X, (1 — 8)D) and consider the
following family of equations.

(0 +/—100y)" = ello.a-pp=t¥ 4y ®)
This is equivalent to the equation
Ric(wy) = twy + (1 (B) —Hw + (1 — B){s = 0}. 9)

Note that the C%-estimate and weak solution was first obtained by Berman [6]. The a
priori uniform C2-estimate for any 8 € (0, 1) was first obtained in [34] which depends
heavily on deriving upper bound of bisectional curvature for reference conical Kéhler
metric (see [34, Appendix]). The higher order C>*# estimate in the conical setting is
more complicated than in the smooth case when we have Evans—Krylov theory. In [34],
the edge calculus was used to attack this (alternatively in the Appendix B in [34], Tian’s
original argument in the smooth case was adapted to the conical setting).
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2.3. Alpha-invariant and small cone angles. In [6] and [34], Tian’s alpha invariant [63]
was generalized to the conical setting. We will explain this modification.

Definition 2.18 (log alpha-invariant). Fix a smooth volume form 2. For any Kéhler
class [w], we define

Q

a([w], (1 = B)D) =max {a > 0; 30 < Cy < +00 s.t. / e v@—swd)
X |5 20=P)

< C, forany ¢ € PSHoo (X, [a)])] .

When 8 = 1, we get Tian’s alpha invariant a([w]) in [63]. In the following, we
will write ¢ (L, (1 — B)D) = a(2nci(L), (1 — B)D) for any line bundle L. For any

a < a(Ky ], (1 — B)D), using concavity of log function, we can estimate, for any
¢ € H(wp) C PSHeo(wo),

1 o h Oa)”
—a(¢—sup @) 0
log Ca = log(; /x n!|sp|>1=P)

‘SD‘Z(I*IS)(UZ .

1 —a(¢—sup ¢)—log g a)¢
= log —/ e ey 2
\%4 X n!

|SD|2(1 ﬁ)w ' 1 "
—— )2y supq&——/q&—‘p
wowo n! V/x n!
1 )
v(_/xlog Hop (1 ’”Da)o Y +O‘Iwo(w¢)

In the last inequality, we used the expression for He,, (1—g)p = hw, — (1 — B) log |sp |2.
Now using the expression for M., (1—g)p in Definition 2.8 and inequalities in (7), we
get

v

My, (1=pyD(@g) = alyy(wp) —r(BYU — J)wy(wp) —
> (0= r(B)—=) L (@) = C

So if

a(Ky'.(1=B)D) > ——r(p) = —(1 — 21 =8), (10)

then log-Mabuchi-energy is proper for smooth reference metric. To estimate the alpha-
invariant, we can use Berman’s estimate:

Proposition 8 ([6]). If we let Lp denote the line bundle determined by the divisor D,
we have the estimate for log-alpha-invariant:

a(Ky', (1= B)D) = ra(Lp, (1 — B)D) = Amin{B, a(Lp|p), a(Lp)}
= min{AB, A (Lp|p), a(Kyx")} > 0. (11)
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Corollary 2.19. When A > 1, if
. n+1 | 1 _
0<pB<min(l,(1~-1/0)+——min{a(Lp|p),r  a(Ky)}], (12)
n

then the log-Mabuchi-energy is proper. In particular, when 0 < g < 1 — A~! + ¢ for
€ = €M) K 1, the log-Mabuchi-energy is proper. When A < 1, we need to assume in
addition that B > n(A~! — 1).

Proof. This follows from (10), (11) and the relation
n
M>——(>0-11-p) = p>n0"" =1
n+1
This is automatically true if A > land 8 > 0. O

Remark 2.20. If we use Holder’s inequality, we could get the estimate: o (K i La-
BYD)) > a(K;l),B > 0. (Note that it’s easy to get that A > a(K;l) from the existence
of smooth divisor D ~ AK ) If we want to prove there always exists a conical Kédhler—
Einstein metric with small cone angle, this estimate only works when A > 1 but not

equal to 1. To see this, we study the inequality oc(K;l)ﬂ > 5r(B). When A > 1, we
get

ntly —1 =1
B<0-/0- "oy =a-ah1e o2 CExD) )
n 1—2h-la(kh

So again when 8 < 1 — A™! + € for € = €(1) < 1, the log-Mabuchi-energy is proper.
When A = 1, we get the condition o (K h > ~=1- This condition is not always satisfied,
and if it’s true, then X has a smooth Kéhler—Einstein metric by [63]. When A < 1 we
don’t get useful condition on B € (0, 1). On the other hand, Berman’s estimate works

when A > 1.

Corollary 2.21 (Berman, [6]). When A > 1, there is no holomorphic vector field on X
tangent to D.

Proof. If v is the holomorphic vector field tangent to D, then v generate a one-parameter
subgroup A(¢). Log-Mabuchi-energy is linear along o *w with the slope given by the log-
Futaki-invariant. This is in contradiction to Corollary 2.19. O

Remark 2.22. This corollary was speculated by Donaldson in [25]. This is also proved
using pure algebraic geometry in Song—Wang’s recent work [58].

2.4. Proof of Proposition 1, Theorem 1.1 and Corollary 1.7.
Proof of Proposition 1. Rewrite the log-Mabuchi-energy as:

wn
My, (1-pyp(@g) = /xlog w—gw;@ +r(B) (/x pwy + F30(¢))

n n
@y

w
+/X(hwo — (1= B)log[sH) ———2. (14)

n!
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We see immediately that the linearity of log-Mabuchi-energy follows from the linearity
of r() = 1 — A(1 — B) in B and the relation Hy 1—gyp = (1 — 1)Huy (1-py)D +
tHyy,(1-g)p + C;. For the log-Ding-energy, let 8; = (1 — 1)Bo + tB1. So by Holder
inequality we get

n
eHwO,(l—ﬁt)D*"(ﬁt)¢&
X n!

— n
:ec,/ (eHwO“_ﬁom—r(ﬁow)l t(eHwo,(l—ﬂl)D—r(ﬁlW)tw_?
X n.

wn 1—t wn t
e /eHwo,u_ﬁO)D—r(ﬁo)«b_o /eHwO.a_ﬁl)D—r(mw_o
- X n' X n'

By taking logarithm and using the definition of the log-Ding-energy we get, we get
(B) Fu,(1—pp = (1 = )1 (B0) Fuy, (1—poyp *+ 1 - 7(B1) Fugs.1—p1yp — Ci.
It’s easy to see that C ¢ is uniformly bounded with respectto ¢t € [0, 1]. O

Proof of Theorem 1.1. By the discussion above, when A > 1, the M,, (1—g)p is proper
for B € (0,1 — A~ +¢€) with some € > 0. On the other hand, when there is a conical
Kihler—Einstein metric on (X, (1 — Bo) D), My, (1—gy)p is bounded from below. So we
can use Proposition 1 to get the properness of log-Mabuchi-energy for any 8 € (0, fo).
Now we use Theorem 2.17 to conclude. The openness follows from [25]. O

Proof of Corollary 1.7. Assume there exists a conical Kidhler—Einstein metric for 0 <
B = Bo < 1. Since we assume A > 1, there is no holomorphic vector field on X fixing
D by Corollary 2.21. By Donaldson’s implicit function theorem 2.4 ([25]) for conical
Kihler—Einstein metrics, there exists a conical Kdhler—Einstein metric for § = g + €
when € < 1. So the log-Mabuchi-energy is bounded for 8 = By + €. Because log-
Mabuchi-energy is proper for 0 < 8 <« 1, we can use interpolation result Proposition 1
to conclude the log-Mabuchi-energy is proper for0 < § < fp+€. O

3. Obstruction to Existence: Log-K-Stability

3.1. Log-Futaki invariant and log-K-(semi)stability. Fix a smooth Kihler metric o €
2mc1(X). Assume D is a smooth divisor such that D ~g —AKy for some A > 0 € Q.
Assume C* acts on (X, D) with generating holomorphic vector field v. There exists a
potential function 6, € C*°(X) satisfying /—186, = t,. The log-Futaki invariant,
defined by Donaldson [25], is a generalization of the classical Futaki invariant (see [28])
to the conical setting.

Definition 3.1 ([25]). The log-Futaki invariant F(X,(l — B)D) = F(X, (1 —
B)D; 2mci (X)) of the pair (X, (1 — B)D) in the class 2w ¢ (X) is a function on the
Lie algebra of holomorphic vector fields, such that, for any holomorphic vector field v
as above, its value is

F(X, (1 =B)D; 2mc1(X))(v) (15)
( "1 Vol (2w D) "
= FQuci(X);v)+ (1 —B) / 0 )
2

v

o =Dl Vol(X) Jx 'n!

" Cl)n—l "
:—/(S(a))—n)GU—+2rr(l—ﬂ) (/ Gv——nk/ev—). (16)
X n! D (l’l — ])' X n!
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Log-Futaki invariant is an obstruction to the existence of conical Kéhler—Einstein
metrics as explained in [40]. When A > 1, one can show that there are no nontrivial
C* action for the pair (X, D). (See Corollary 2.21) To obtain the obstruction for the
existence we define the log-K-stability by generalizing the original definition by Tian
[68] and Donaldson [24].

Note that, although we state the following results by using general test configurations,
by the results of [44], for the Fano manifolds or generally for the pairs considered in this
paper, we only need to consider special degeneration first introduced by Tian [68]. We
will construct special degeneration in our application later.

Definition 3.2 ([24,68]). A test configuration of a polarized pair (X, D; L) consists of

(1) a scheme X with a C*-action, and a subscheme D C X which is invariant under the
C*-action;

(2) a C*-equivariant line bundle £ — X;

(3) a flat C*-equivariant map 7 : (X, D) — C, where C* acts on C by multiplication
in the standard ways;

such that any fibre (X}, D;) = 7~ Y0) for ¢ # 0 is isomorphic to (X, D) and (X, D; L)
is isomorphic to (X;, D;; L|x,). The test configuration is called normal if the total space
X is normal.

A test configuration is called a special test configuration or special degeneration, if
the central fibre (Xy, Do) is a klt pair for some a € (0, 1).

Note that any test configuration of X (without divisor) can be equivariantly embedded
into PV x C* where the C* action on PV is given by a 1 parameter subgroup A(t) of
SL(N +1, C). If D is any reduced irreducible divisor of X, the one parameter subgroup
A(t) associated with the test configuration of (X, L) induces a test configuration (D, L|p)
of (D, L|p).

Let di, Jk be the dimensions of HO(X, Lk), HO(Y, Ll)]f), and wyg, wy be the weights
of C* action on HO(Xy, L| )"(0), H O(Do, £|1’§0), respectively. Then we have expansions:

dy = apk” + a k"' + O(K"2), wi = bok™ + bk + O™ V):

dy = aok" '+ O(K"™?), g = bok™ + O(K" 1)

If the central fibre A} is smooth, we can use equivariant differential forms to calculate the
coefficients as in [24]. Let w be a smooth Kihler formin 27 ¢y (L),and 6, = 27w (L, —V,),
then

" 1 "
(2m)"ao =/ — =Vol(X); (@2m)'ai = —/ S(w)—; a7

x n! 2 Jx n!

" 1 "
(2m)"by = —/ bh—:  (Q2m)'b = ——/ 0y S(w) —; (18)

x n! 2 Jx n!
- wn—l . n—1

(2]'[) ao:/zﬂDO m = VOl(ZTI.’D()), (27’[) bOZ—AﬂD() va (19)

Comparing (17)—(19) with (15), we let« = 1 — 8 € [0, 1) and define the algebraic
log-Futaki invariant of (X, aD; L) to be
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F((X,aD); L) =

2(apb1 — a1b -~ a
F((X.aD): 2 L) = 2Qb1 —aibo) | (_,,0 s @,,0)
ao ao

Q2m)"

_ ao(2by — abgy) — bo(Ra; — adg) . 20)
ag

Definition 3.3. (X, Y; L) is log-K-semistable along (X, £) if F(X,Y; L) < 0. Other-
wise, it’s unstable.

(X, Y; L) is log-K-polystable along test configuration (X, £) if F(X,Y; L) <0, or
F(X,Y; £) = 0 and the normalization (X"V, V; L") is a product configuration.

(X, Y; L) is log-K-semistable (resp. log-K-polystable) if, for any integer r > 0,
(X,Y; L") is log-K-semistable (log-K-polystable) along any test configuration of
(X,Y;L").

Remark 3.4. When Y is empty, then the definition of log-K-stability becomes the defin-
ition of K-stability. (See [24,68])

3.2. Log-Mabuchi-energy and log-Futaki-invariant.

3.2.1. Integrate log-Futaki-invariant. We now integrate the log-Futaki invariant to get
log-Mabuchi-energy, which was already defined in the previous section. Fix a smooth
Kiéhler metric w € 2w ¢ (X). Define the functional on 'H(a)) as

o= [ an [ 6

where ¢; is a family of Kéhler potentials connecting 0 and ¢. We can define the log-
Mabuchi-energy as

Vol(D)
Vol(X)

Mo, (- p(@p) = My (@) +27(1 = B) (—FS,D@) + F£<¢>) . @

so thatif w; = w++/—1 85(]), is a sequence of smooth Kéhler metrics in 2w ¢y (X), then

M{u(l p)D(wy) = /(S(w,)—n)¢;—+27l'(1 13)(/¢ 1 /¢ )

Proposition 9 ([40]). The log-Mabuchi-energy can be written as

Mo1_pyp(@g) = / log 2 28— ()1 Ju)0g)
X w”

n

o) @ @
e [ (ko= 1= piogis) ==
o’} o’} Ion
=/log—,,m(l o ‘j’+r<ﬂ)(/x¢n—f+F£<¢))
/Hw (1— ﬂ)D_

so it agrees the definition in the previous section.
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Proof. Recall the Poincaré—Lelong equation v/—199 log |sp |,21 = —Aw + 2w {D}. Then
1 ) X
Fy 2ap(@®) =27 Fy (¢) = —/ dt/ Gl /(n = 1)!
0 2n D
1
—/ dt/ d)l(«/—laalog |SD|% +)Lw)a>;t_1/(n — !

/ dt/log|sD|hd — + AT (wg)

/ log |sD| —‘ +1J5 (wg)
X n:

Here, for any smooth closed (1, 1)-form x, we define

TE@) = — /dt/rﬁzX/\w Un - 1)!

By taking derivatives, it’s easy to verify that n F, 0(¢) = — Dw(wy). So

(1 — B)Vol(27 D)

Mo, (1-pp(g) = Mu(wy) + Vol(X)

FO@) — (1 — BYF2 5. p(9)

0 0} ng -
= My(wg) + (n2)(1 = B)F,(¢) — (1 = BIAT,) () +(1 — ,3)/X]0g|SD| o

— "

2 9%
= My(wp) + A1 = BYU — w(wy) + (1 —,3)/}(10%|SD| o

Then the statement follows from the expression for M, and that H,, 1-gp =
hoy — (1= B)loglsp*. O

3.2.2. Log-Futaki invariant and asymptotic slope of log-Mabuchi-energy. In this sec-
tion, we adapt S. Paul’s work in [51] to the conical setting and prove Theorem 1.11
using the argument from [68] and [52]. Assume X C P¥ is embedded into the pro-
jective space and wrs € 2mc(PV) is the standard Fubini-Study metric on PV, For
any 0 € SL(N + 1,C), denote w, = oc*wpg|x. We first recall S. Paul’s formula for
Mabuchi-energy M,, = M, o on the space of Bergman metrics.

Theorem 3.5 ([51]). Let Emby, : X" < PN = PNk be the embedding by the complete
linear system | — kKx| for k sufficiently large. Let Rgf) denote the X-resultant (the
Cayley—Chow form of X ). Let Ag?)x pn—1 denote the X-hyperdiscriminant of format (n-1)

(the defining polynomial for the dual of X x P"~! in the Segre embedding). Then there
are continuous norms such that the Mabuchi-energy restricted to the Bergman metrics
is given as follows:

k k
L LS AP i I? degA L) o RO
(27_[)” . w(wcr/ )_ 0g A(k) ) - d R(k) 0og R(k) >
1Ay prl eg(Ry") IRyl

For some notes on Paul’s proof, see [37]. One ingredient in S. Paul’s formula is
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Lemma 3.6 ([50,67,75]). There is a continuous norm on Chow forms, which satisfies,
for any projective variety X" C PV,
y oo RO ol w1 0
Q2m)' - log——=—=(n+1) dt | ¢l = —m+ D" F (¢s/k). (23)
(k) 2 o w
IRl 0 X
In particular, this holds when X" is replaced by D"~ and Fg is replaced by FS’D.

We also know the degree of Cayley—Chow forms:

Lemma 3.7. The degree of Cayley—Chow form Rgf) and Rg) are given by
(n+ )K"

deg(RY)) = (n+ K" deg(X, Kx') = oy VoL,
dea(R®Y = i1 _py otk
eg(Rp’) = nk"" " deg(D, Ky ') = W - Vol(D).

Combining the formulas (21), (22), and (23), we get
Corollary 3.8. We have the following formula for log-Mabuchi-energy:

k k
nik" e A%l deg(AY) L) o RV
Qmn - Mo,a-pp(@o/k) = log ——F———— — ©) 8T o
T ||AX><P;1—1” deg(RX ) ||RX ”

k k k
lo - RYI? _ dea(Ry) | o - R§(>||2)

+(1 — lo
( ﬁ)( STIRPIE derRE)  IRPPR

For any one parameter subgroup A(t) = t4 € SL(Ny + 1, C). Although the log-
Mabuchi-energy is not convex along A(t), the above Corollary says that it is the linear
combination of convex functionals. As a consequence, we have the existence of asymp-
totic slope. Define wy ) = A(t)*wrs|x, and (Xy, Dp) = lim,— A(¢) - (X, D) in the
Hilbert scheme (which is the central fibre of the induced test configuration introduced
in Sect. 3.1). Then by combining Corollary 3.8 with the argument in [52], we have the
following expansion

Proposition 10.
Mo, (1-pyp(Wr@y/ k) = (F +a)logt + O(1) (24)

where F = F(X, (1 — B)D;2mwc1(X))(A) is the log-Futaki invariant. a > 0 € Q is
nonnegative and is positive if and only if the central fibre Xy has generically non-reduced

fibre.

Remark 3.9. In fact, if X is irreducible, then by ([52,68]) one can calculate that a =
c - (mult(Xp) — 1) forc > 0 € Q.

Without loss of generality, we assume the homogeneous coordinates Z; are the eigen-

vectors of A(t) on HO(PV, O(1)) = CN*! with eigenvalues Ag = --- = Ax < Akl <
- < An.Letwyg) = wps ++/—100¢;. Then
> 1zl
¢r = log =——— (25)
’ > 1Zil?

There are three possibilities for Aj.
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(1) (non-degenerate case) lim;—.oOsc(¢;) — +oo. By (25), this is equivalent to
NEJ{Zi =01 N X # 0.

(2) (degenerate case) Osc(¢;) < C for C independent of ¢. This is equivalent to
ﬂl.KIO{Zi = 0} X = ¢. In this case, Xp is the image of X under the projec-
tion PN — PK given by [Zo, ..., Zy] — [Zo, ..., Zk,0,...,0] and there is a
morphism from ® : X = X290 — Ap which is the restriction of the projection.
There are two possibilities.

(a) deg(®) > 1. In this case, &) is generically non-reduced. So a > 0 in (24).
Example: Assume X" C PV is in general position. Then the generical linear
subspace I = PV~ satisfies L. N X = . Let Ml = P" be a complement of
L c PV. Then the projection of ® : PN\ — M gives a projection ® : X —
@ (X) whose mapping degree equals the algebraic degree of X.

(b) deg(®) = 1. In this case, A is generically reduced and @ = 0. This case was

pointed out in [44]
Example: Assume X" C PV is in general position. Assume K > n + 1, then
N — K —1 < N —n—2. So the generical linear subspace L. = P¥ ~K—1 satisfies
LN X =@. Let M = PX be a complement of . ¢ PV Then the projection of
® : PM\IL — M gives a projection ® : X — ®(X) with degree 1.

Proposition 11. As a functional on the space H(w) of smooth Kdihler potentials, if
M, (1-pyp(wg) is bounded from below (resp. proper), then (X, —Kx, (1 — B)D) is
log-K-semistable (resp. log-K-stable).

Proof. If log-Mabuchi-energy is bounded from below, then F < 0 by the expansion
(24) since a > 0.

Assume M, (1—g)p(@y) is proper on H(w) in the sense of Definition 2.12, then in
particular it’s proper on the space of Bergman potentials, so by [52], in case 1 or 2(a),
F < 0.1Incase 2(b), (X, ), £) has vanishing log-Futaki invariant and its normalization
is a product test configuration. See [44] and [41] for more details (Actually, using [44],
we can always assume that we have a special degeneration). O

Remark 3.10. Tian [68] introduced K-stability and proved K-stability for smooth
Kéhler—Einstein Fano manifolds with discrete automorphism groups. Recently, Berman
[7] showed Kéhler—Einstein (log) Q-Fano variety is (log) K-polystable without assump-
tion on the automorphism group. His approach is based on the expansion of Ding-
functional along any (special) test configuration.

3.3. Log-slope stability and log-Fano manifold . Recall that when A < 1, r(8) =
1 —=X(1—=p8).Sowhen 8 =0,r(B) =1—X > 0. The conical metric in this case would
correspond to complete metric with infinite diameter and with Ric = 1 — A > 0. This
contradicts Myers theorem. So we expect when f is very small, there does not exist such
conical Kihler-Einstein metrics.

This is indeed the case. To see this, we first generalize Ross-Thomas’ slope stability
[55] to the log setting (see [59]). For any subscheme Z C X, we blow up the ideal sheaf
Zz+(t) on X x C to get the degeneration of X to the deformation to the normal cone
Tz X. For the polarization, we denote L. = 7*L — cE, where E = Pz(C & NzX)
is the exceptional divisor, and 0 < ¢ < Seshadri constant of Z with respect to X. By
Ross—Thomas [55], we have the identity:
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HYX, L) = H'(X x C, L* ® ((t) + I2))

ck—1
=P IH X, LF o1y @ rtCrHO (X, LY.
j=0
So for k sufficiently large,
ck ) )
HO (X, £5 = HOx, LY 9 78 © @@ HO (X, LF @ T /75~

i=0
ck

CHOX, Lk @7k
=H'X. "o TH o P/ ( = £ .3 :

By Riemann—Roch, we have the expansion:
x(X, LY @ T5) = ap(0)k™ + a1 ()K"~ + 0 (k" 1).

By the calculation in by Ross—Thomas in [55], we know that

C C
1
by =/ ag(x)dx — cag, by = / (a1 (x) + Ea(’)(x))dx —caj.
0 0
Similarly, if we restrict to D, we have

H(D, £X) = HO(X x C, L* @ ((t) + T)** ® Ox/Ip)
= H'(D x C, L* ® (1) + Iz - Op)")

and

ck 0 k ck—j

 HY(D,L" ® (Iz-Op)*"~/)
H(Dy, £y = H'(D, LF @ (T - Op)* t/ —
(Do. L) = H(D. L* ® (Tz - Op) )eaie_% X IF® @, O

So, by [55] again, if
X(D.L¥® Iz - Op)™) = ap()k"~' + 0",
then
- c
by =/ aop(x)dx — cag.
0
So we can calculate the log-Futaki invariant as

agF (X, aD; L) = 2(aghy — arbo) + a(doby — aobo)
= ap(2by — bo) — bo(2a; — dop)

= 2ay (/C(al(x) — %&o(x) + %a(’)(x))dx)
0

—2(ar — ado/2) / ‘ aop(x)dx. (26)
0



948 C.Li, S. Sun

In other words, we can define the log-slope invariant:

L9 (X. aDy: Ty — D@0 = a0 + 3a5(0))dx

foc ap(x)dx
_ Jo(@ @) — §ao())dx + 3(ao(c) — ap)
Jo ao(x)dx
_ _ B Jo @o(x)dx
= pe(X: 12) a2f0c ap(x)dx’
log _ai—adp/2 _ n (Kx+al) L' _naD-L"!
WX, aD)) = —— === —7 T = pe(X) = ———

Definition 3.11. We call (X, « D) is log-slope-stable, if for any subscheme Z C X, we
have

uSE (X, aD); Iz) < w8 (X, aD)).

Proposition 12. Let X be a Fano manifold, and D a Cartier divisor which is numerically
equivalent to —\K x. Then if A < 1, the pair (X, (1 — B)D) is not log-slope-stable for
B < (W1 = 1)/n. As a consequence, in the log-Fano case, the log-Mabuchi-energy is
not bounded from below for very small angle.

Proof. Theideais to look at the test configuration X’ given by deformation to the normal
cone to D, as in [59]. By Lemma 3.13, the Seshadri constant of (—Ky, D) is equal to
¢ = 1/A. We will calculate the Futaki invariant for the semi test configuration polarized
by L = L(—%D) with L = —Ky and show it is negative for 8 < (A~! — 1)/n.

In our case, if we choose Z = D ~ —A Ky, then the calculation simplifies to

(L—xD)" (—=Kx)"

aO(x):T = (1_“)”T=(1—M)"d0, ap(x)=—nr(1—x1)""'ay.
—Kyv - (L —xD n—1 —Ky)
ay(x) = X2((n — 1);' ) =( —x)»)"q% = g(] — x)\)”flao.

Recall that when x > 0, ag(x) is defined as follows:
x(D. LF ® (Zz - Op)™) = Gp(x)k" ' + 0" ).
Because Z =D, Z7 - Op =0. So

when x > 0

. 0,
ap(x) =\ r»-l.p

Gohr = niag, whenx =0
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To calculate the log-Futaki-invariant, we first calculate:

ao

¢ _ % 4 _ n+ly.
/)ao(x)dx—k(n+1)(1 (I =cr)™);

/C ay(x)dx = ap(c) —ap = ap((1 — cr)" — 1);
0

¢ ao .
ai(x)dx = —(1 — (1 —cM)"), ag(x)dx = 0.
0 25 0
Using (26) we can calculate that the log-Futaki invariant is equal to

agF(X, (1 —B)D; L) = aj(l — (1 — cw"”)m

_1 n+l 1—{0—=cA)"
X[(A _1)( n '1—<1—cx>"+1_1)_’3]’

Sowe get F(X, (1 —B)D; L) <0<= B > B(A, c), where

8. c):(kl—l)(n+1 1= (1 —cA)" _1)
’ n 1 —(1—=crntl

| | n+l1
n ST (1 —cr)i

From the above formula for S(A, c) we easily get that

|
sup B(r,c) = .

O<c<A~!

So when 8 < (A~! — 1)/n there exists ¢ € (0,A~!) such that (X, (1 — B)D) is
destabilized by the subscheme ¢D. O

Example 3.12. On P2, when D is a line, then (X, (1—pB)D)isunstable forall 8 € [0, 1);
when D is a conic, then (X, (1 — ) D) is unstable for 8 € (0, 1/4), and it will be proved
below that it is semi-stable for 8 = 1/4, and hence poly-stable for 8 € (1/4, 1). On
P! x P!, when D is a diagonal line, (X, (I — B)D) is unstable for 8 € (0, 1/2). By
viewing P! x P! as a double cover of P? along a conic curve (See Remark 5.1 in Sect.
5.1 for details) we see these observations match. It is an interesting question whether
the bounds of 8 given by the above proposition is sharp for a smooth hypersurface of
degree d in P" withd <n + 1.

Lemma 3.13. The Seshadri constant of (—Kx, D) is equal to 1™\

Proof. Note that Xy = X Up_ E. Here E = P(Np & C) is the exceptional divisor and
D = Dy C P(Np @ C) is the divisor at infinity. Lc|x = Ky' —cD = (1 —cM)Ky '
This is ample if and only if ¢ < A7,

On the other hand, L.|pn,eC) = n*Kgl +cOg(l) = n*K}}l +c¢Dq. Let h be a
Hermitian metric on O(D) such that wy, := —+/—199 log h is a Kéhler form. Then if we
define @ = A~ *wy, + /=180 log(1 + h), this gives a smooth rotationally symmetric
(1,1)-form on E. To write €2 in local coordinate, we choose two kinds of coordinate
charts on E which covers the neighborhood of zero section Dg and infinity section Do
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of P(Np @ C) respectively. To do this, just choose local trivialization of Np|p to get
holomorphic coordinate along the fibre, which is denoted by &. Then & = a|§ | for
some smooth positive definite function a. Note that @), = —+/—133 log a. In this local
coordinate one can easily calculate that

2
Q:(A‘l— '5' 2)a)h+c«/_ VE A VE.

alg| |§ 2)2
where for simplicity we denote V& = d& + £a~'9a. For the coordinate at infinity, we
use coordinate change n = &£, then

=0 —e——op+eV-T——

|| Vn/\V’

(In |2 a)?

with V' = dn — na='da. So we easily sees that € is positive definite if an only if
¢ < A~!. The lemma clearly follows from the combination of above discussions. O

The following example is in the log-Calabi-Yau case (A = 1).

Example 3.14. Let X = Bl p]P’2, D € | — Kx| be a general smooth divisor. Choose
Z = E to be the exceptional divisor. If we perform the operation of deformation to the
normal cone, the central fibre is given by /’\?0 = X Ug=p,, P(C® O(—1)). The Seshadri
constant equals 2 and the line bundle £, contracts X along its fibration direction and the
resulting test configuration has central fibre Xy = P(C & O(—1)) = X. The boundary
divisor on Ay is given by F' + 2D, where F' is the fibre over the intersection point
FNE € E = Dy. Denote L = K;l and Y = (1 — B)D. Then the calculation
specializes to

L —xZ)? 2 —Kx-(L—xZ
ao(x)=%=4—x—%, ay(x) %

ap(x) =deg(L —xZ)|p = (8 — x).

=4

N =

Using formula (26), it’s easy to calculate the log-Futaki invariant as
7
FX,(1—-B8)D, L) :8(?'3 —2)

This is negative if and only if B < 6/7. This is compatible with the calculation in [25]
(See also [40]), where, instead of taking deformation to normal cone, the same test
configuration is generated by one parameter subgroup in the torus action.

4. Special Degeneration to Kihler—Einstein Svarieties

4.1. Kdhler metrics on singularvarieties. We will first establish some standard notations
following [27].

Definition 4.1 (Q-Fano variety). A normal variety X is QQ-Fano if X is kIt and — K is
an ample Q-Cartier divisor.



Conical Kihler-Einstein Metrics Revisited 951

Assume X is an n-dimensional Q-Fano variety. D is a smooth divisor such that
D N X%"8 = ¢. Define the space of Kihler metrics on Q-Fano varieties following [27].
So a plurisubharmonic(psh) function ¢ on X is an upper semi-continuous function on
X with values in R U {—o0}, which is not locally —oo, and extends to a psh function in
some local embedding X — CN, ¢ is said to be smooth(locally bounded) if there exists
a smooth(locally bounded) local extension is smooth(bounded). Similarly a smooth
Kihler metric on X is locally /—18d of a smooth plurisubharmonic function. We are
only interested in the class of bounded plurisubharmonic functions. Fix a smooth Kéhler
metric w on X, we define

PSHoo () := {¢p € L®(X); 0 ++/—100¢ > 0 and ¢ is u.s.c.}.

Remark 4.2. Any function ¢ € PSHoo (X, w) is of finite self-energy in the sense of
Definition 1.1 in [27].

Remark 4.3 (Orbifold metric induces L°° Hermitian metrics). When the Cartier index
of Kx divides r, K %’ is a line bundle. Any orbifold metric induces a Hermitian metric
on K f?’ and hence on Ky ®r In fact, for any point x, we can choose local uniformization
chart U — U > x such that U = U /G for some finite group G and we choose local
coordinates {Z;} on U. Define r=order of G. Then the Cartier index of Kx at x divides
r. The r-pluri-anticanonical form 7 = (d;; A --- A 3z,)®" on U is G-invariant, so it
induces a local generator 7 of K ;®r downstairs. If we have an orbifold metric which is
locally induced by a smooth G-invariant metric § on U. We just define the Hermitian
metric on K§®r by requiring |7|> = |85|§’ = det(g)".

Example 4.4 . Let Zy4 acts on C> by & : (31,22) +— (£Z1,£Z)) where &€ =
exp(2m/—1/4). Let X = C?/Zy4, then X has an isolated singularity of index 2, which
is usually denoted by %(1, 1). We can embed X into C° by defining u; = 2‘1‘7’2’2 for
i=0,...,4

We can choose the orbifold metric induced by the following smooth metric on
U=C?%

& =~=100(z1* + 21" + [22*) = (1 +4]z1)dz1 A dZ) +dz A d2o

Then 7 = (93, A 852)(@2 induces a generator t of K§®2 with |‘L’|§; = (1+4]z11»)?% =

(1+4fup[1/2)%.

By the above discussion, we see that the Hermitian metric determined by an orbifold
metric does not give rise to a smooth plurisubharmonic function. However, it is locally
bounded, so we can use pluripotential theory to deal with them.

4.2. Degenerate Complex Monge—Ampere equation on Kdhler manifolds with boundary.
Let M be a Kihler manifold of dimension n + 1 with smooth boundary d M. We will be
interested in solving degenerate Dirichlet problem of complex Monge—Ampere equation
on M. We recall some important results for this problem. First, there is existence of weak
solution
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Theorem 4.5 ([11]). Let w be a nonnegative, smooth (1,1)-form on X. Assume ¢; €
PSH(w) N CO(X), i = 0, 1. Then there exists a bounded geodesic ®, connecting ¢g
and ¢1. In other words, there exists a bounded solution of the Dirichlet problem to the
following homogeneous complex Monge—Ampére equation on X x [0, 1] x S'.

7w+ +/—100® > 0,
(T*w + /—1000)"! =0, @27
@y (oyxs! = P0s Plxxiiyxst = @1
Remark 4.6. The existence of weak C!'-geodesics (“weak” means that A® is bounded)
connecting smooth Kihler metrics was first proved by Chen in [17]. Since we want to

deal with mildly singular varieties, we choose to work with just bounded solutions. There
are many other important related works to this result. See for example [5,13,15,32,35].

We also record a result by Phong—Sturm.

Theorem 4.7 ([53]). Assume 2 > 0 and there exists a smooth divisor E in the interior
of M such that @ > 0 on M\E. Also assume the line bundle O(E) has a Hermitian
metric H, such that Q. = Q+e/—1301log H > 0 for 0 < € < 1 sufficiently small.
Consider the following homogeneous complex Monge—Ampére equation

(Q++/—1000)" =0, Dy = ¢. (28)

If there exists a subsolution W € C®(M) such that Q + /=100 > 0 and W)y = ¢,
then (28) has a bounded solution ® € L*°(M). Moreover, ® € Cl*”‘(M\E) for any
O<a<l.

4.3. Proof of Theorem 1.8. Assume 7 : (X, —Kx,c) — C is a special degeneration.
Assume for simplicity, X" has only finite many isolated singularities {p;}. Let A = {w €
C; |w| < 1} be the unit disk and XA = 7~ 1(A). We embed the special test configuration
equivariantly into PV x C:

¢x (X, —Kx,c) = C x PV, Opn(1)).

We get a smooth S!-invariant Kihler metric on X» by pulling back Q = ¢y (wFs +
~/—=1dw A dw). We define the reference metric X to be w = Q| x,, where X1 = X is the

fibre above {w = 1}. For any ¢ € C*(X), such that w + /—199¢ > 0, we are going
to solve the homogeneous Monge—Ampere equation

(Q+V/—100D)" =0, Dg1, x = ¢. (29)
Proposition 13. There exists bounded solution ® for (29). ® € CH*(X\{p:}).

Proof. We choose a equivariant resolution 7 : X — X. Then we solve the equation
on X:

(Q+V/=100D)" =0, D|gi, x = ¢ (30)
with Q = 7*Q being a smooth, closed, non-negative form. By the following Proposition,
we have smooth subsolution for (30). So by Phong—Sturm’s result (Theorem 4.7), we
can get bounded solution ® of (30) and, moreover, ® is C* on X \E, where E is
exceptional divisor. Because ® is plurisubharmonic along the fibres of the resolution
which are compact subvarieties, so ® is constant on the fibre of the resolution and hence
® descends to a solution @ of (29). O
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As pointed out in the above proof, to apply Theorem 4.7, we need to know the
existence of subsolutions. Let X'* = X'\ Xj. To construct such subsolution, we first note
that there is an equivariant isomorphism

p:CFx X=X X. (31)

Proposition 14. For any smooth Kihler potential ¢, there exists a smooth S'-invariant
smooth Kéhler metric Qg on X such that p*Quy| g1, x = 75 wg. As a consequence, ¥
is a subsolution of the homogeneous Monge—Ampére equation (29).

Remark 4.8. Similar result was proved in [53]. For the reader’s convenience, we give a
proof here.

Proof. Under the isomorphism (31), we can write
iy +/—1ldw Ad = Q++/—130Y

by taking Wo = —log(hy/p*¢*-hrs). Note that this only holds on C* x X. Now let
n(w) be a smooth cut-off function such that n(w) = 1 for |w| < 1/3 and n(w) = 0 for
|lw| > 2/3. Now we define a new metric on C* x X:

Q+ V=130V 1= tfwy + V—=1dw A diw — V=139 (n(w)Wp) + av/—1dw A dw
= Q++/—100(¥o — n(w)Vo +alw|?).

In other words we let ¥ = (1 — n(w))W¥o + a|w|2 + ¢ for some constant c.

We will show when R 5 a > 1 is chosen to be big enough, then we get a smooth
Kihler metric on XA with the required condition.

For |w| > 2/3, Qu = n*wy + a/—1dw A diw. When |w| < 1/3, Qy = Q +
a~/—Idw A dw. we can use the glue map p to get a smooth S'-invariant Kihler metric
on 7 ({lw| < 1/3}). So Qy is a smooth S'-invariant Kihler metric for |w| < 1/3 or
|lw| > 2/3. We now need to consider the behavior of Qy at any point p € C* x X such
that 1/3 < |w(p)| < 2/3.

Qu = 1wy — V=130V — Wov/—130n — +/—1 (dn A 0%y + IWo A 31)
+(a+ 1)V =ldw Adw > (1 — n)(wg + v/ —1dw A db) +1Q
—e/—10Wy A W + (a — € M nwl? = Yonwa)v/—ldw A dw.

Note that the first two terms together are strictly positive definite. Because on X|y|>1/3 =

7 ({lw| = 1/3}), ¥y is a well defined smooth function there. So we can choose €
sufficiently small and a sufficiently big such that this is a positive form on X}y>1/3. O

Proof of Theorem 1.8. There exists ametric hg on K;fl/(c suchthat Q = —/ =193 log hq.

hg defines a volume form on each fibre. If we choose local coordinate {z;} on A; and
denote 9; = d;; A--- A3z, and dz = dz1 A -+ A dz,. Then the volume form is given
by

dV(helx,) = 191y, dz A dz.

Let S be the defining section of the divisor D. Fix the Hermitian metric | - | on Oy (D)
such that —v/—19d log | - |> = AQ.
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Let w; = 2|,. To prove the lower boundedness of log-Ding-functional F,, (1—g)p.,
by Lemma 2.15, we only need to consider smooth Kihler potentials. For any smooth
potential ¢ € C*°(X), we solve the homogeneous complex Monge—Ampere equation
(29) to get the geodesic ray ®. Then consider the function on the base defined by

1 [ pedVihalx)
f([):th(®|Xt)—m10g(VAt€ (ﬂ)q)l‘s‘lz(Tﬂ))

Claim 4.9. f(¢) satisfies Af > 0.

Assuming the claim, let’s finish the proof of Theorem 1.8. By maximal principle of
subharmonic function, we have

FaX a-pp@) = (1) = max f(1) 2 fO) = F}2 s p, (Ply).

Now smce by assumption, there exists a conical Kihler—Einstein metric ®x g = wo +
N 88¢KE on (Xp, (1 — B)Dyp). By Berndtsson’s Theorem 2.9 and its generalization
to the Q-Fano case [8], we have

Foo, (=D (Pl xy) = Fooy,(1-pyDy (P E)-

So combining the above two inequality, we indeed get the lower bound of log-Ding-
energy:

Fy a-pp@) = F,’ (1 D PKE)-

Now, to prove the claim, we write f(¢) as parts: f(z) =1 +1I:

1= £ @) = [ Bo@™!, @+ V=Tadey™),
cJX

M= - jog (L / e dVialy))
r(B) V/x |S|21=A)
For part I, we use the property of Bott—Chern form and the geodesic equation to get that
(see Remark 2.7):

/—1001 =

1)'/ V=193BC(Q™!, (2 + v/—1000)")

1 _
— / (Q + /_laaq>)l’l+l _ Qn+l
X

(n+1)!

n+D! Jx -

For partII, we can write locally 1 = 9, ®dz in the decomposition Oy = —Kx,c+Kx/C-
Then we think 1 € O¢ is a holomorphic section in 7,0y = Oc.

II:——l 1
rB) og 11172

where || - ||i2 is the L2-metric induced by the singular metric H = hae "B)® /|52(01=F)
on —K yc. Then the subharmonicity is given by the next proposition. O
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Proposition 15. 11 is a subharmonic function of t.

Proof. First note that

—V/=133log H = Q@+ (1 — A(1 — B))v/=133® + (1 — B)(—AQ2 + {D = 0})
=1 -Ar-p8)Re + 1 - B){D}

is a positive current. If X’ is smooth, then the subharmonicity follows immediately from
Berndtsson’s important result in [10]. In our case, X" has isolated singularities. We can
use divisors to cut out this singularity and reduce the problem to smooth fibrations
of Stein manifolds. We apply Berndtsson—Paun’s argument in [12]. They construct a
sequence of smooth fibrations 7; : X; — C, such that

(1) m; is a smooth fibration. Each fibre is a Stein manifold.
(2) As j — +oo, {&;} form an exhaustion of X'

Note that in our equivariant setting, we can also require the A; is C*-invariant.
In [12] Berndtsson—Paun proved that the relative Bergman kernel metric /; of the
bundle O;(/. = Kx;c + (—K X; ,C) has semipositive curvature current. See also [9].

In other words, — log |1|%lj is plurisubharmonic on &%. If we use || - ||; to denote the

L2%-metric on (7,)xOx; induced by H = hae "B)® /1S120-F) on K;(,l/(c and K;(z, z)
J

to denote the relative Bergman kernel of O x; = Kx;/c+(=Kx;/c) , then

K5z 2) = max(1F P 1515 < 111, =

Now, as showed by Berndtsson—Paun, the relative Bergman kernel /C of Oy = Ky Johs
(=K x/c) is the decreasing limit of the Bergman kernel K;, and hence the relative
Bergman kernel metric on Oy also has semipositive curvature current. Since, for any
t € C, H(X,, Ox] x,) = C which is generated by constant function 1, using the
extremal characterization of the relative Bergman kernel, it’s straight forward to verify
that the relative Bergman kernel metric (BK) on Oy = Kx,c + (—Kx/c) is given by

1% = m = |1 ||i2 which is the pull-back of a function from the base C. So we
get that I = —log||1 ||i2 is plurisubharmonic on the disk {jw| < 1}. O

Remark 4.10. When the central fiber is smooth, Theorem 1.8 is a special case of a theorem
of Chen [18], where a more general statement concerning constant scalar curvature
Kéhler metrics is proved, using the weak convexity of Mabuchi functional on the space
of Kihler metrics. It seems difficult to adapt Chen’s argument to the singular setting. The
advantage here(in the log setting) is to use (log)-Ding’s functional, which requires much
weaker regularity of the geodesics. A fundamental result of Berndtsson [11] says that the
Ding functional is genuinely geodesically convex. This technique has been demonstrated
in [11], [8] and [7].

Remark 4.11. During the writing of this paper, the paper by Berman [7] appeared in
which some more results about subharmonicity of Ding-functional in the singular setting
was proved. Recently, the following result is proved by the first author [43] by proving
the continuity (log)-Ding energy at r = 0.
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Theorem 4.12. Let w : (X, D) — C be a special degeneration for (X, D). Suppose
the central fiber (Xy, (1 — B)Dy) admits a singular Kihler—Einstein metric of cone
angle 2w B along Dy. Then the log-Ding functional F,, (1—gyp is bounded below. As a
consequence, the log-Mabuchi functional M, (1—g)yp is also bounded below.

This covers Theorem 1.8. Note that by the work [8], the pair (X, (1 — 8)Dp) must be
klt in order for it to admit a conical Kdhler—Einstein metric.

5. Kiihler-Einstein Metrics on X =P? Singular Along a Conic

5.1. Proof of Theorem 1.5. We first apply Phong—Song—Sturm—Weinkove’s properness

resultin Theorem 2.14 to show that the Ding-energy F, E ?is proper on the space of S O (3)-
invariant Kidhler metrics. For this, we need to show that the centralizer of SO (3, R) in
SU (3) is finite. Indeed, if y € Centrgo3,r)SU(3), then y - C is a degree 2 curve invariant
under SO (3, R). But there is a unique curve invariant under SO (3, R) which is just C
itself. So y - C = C and we conclude y € SO (3, R). Since the center of SO (3, R) is
finite, so the conclusion follows.

By the calculation in Example 3.12, we see that (P?, (1 — B)D) is unstable when
0 < B < 1/4, so there is no conical Kihler—Einstein metric for § € (0, 1/4), by
Corollary 2.10 and Proposition 11.

When g = 1/4, we can show there is no conical Kédhler—Einstein metric. Indeed,
if there is such a Kahler-Einstein metric, then by Proposition 4, there exists SO (3, R)
invariant conical Kéhler-Einstein metric on (X, (1 — 8)D) for some 8 < 1/4. This
would imply (X, (1 — B) D) is semi-stable for some 8 < 1/4 which we know is not true
by above discussion. (Alternatively, we can also use the fact that the deformation to the
normal cone considered in Proposition 12 shows that (P2, 3/4D) is not log-K-polystable
since it has log-Futaki-invariant zero and is not a product degeneration, and conclude
the nonexistence of conical Kdhler—Einstein metrics for 8 = 1/4 by appealing to the
more general result of Berman [7]. See Remark 3.10).

To prove the existence for all 8 € (1/4, 1], by Proposition 1, we only need to show
the lower boundedness of log-Mabuchi-energy when = 1/4. To do this, we construct
a special degeneration to conical Kdhler—Einstein variety and apply Theorem 1.8. The
special degeneration comes from deformation to the normal cone. Let X be the blow up
of P2 x C along D x {0}. Choose the line bundle L3 = n*K]szl — 3/2E where E
is the exceptional divisor. Then L3> is semi-ample and the map given by the complete
linear system |kL3,2| for k sufficiently big contracts the P2 in the central fibre and we
get a special test configuration X with central fibre being the weighted projective space
P(1, 1, 4). It inherits an orbifold Kihler—Einstein metric from the standard Fubini-Study
metric on P2 bythequotientmap}P>2 =Pd{,1,1) - P, 1, 4) givenby (Zy, Z1, Z3) —
(Zo, Z1, Zg) =: [Wo, W1, W3]. (See Example 8.5 in Sect. 8 for a toric explanation) The
induced orbifold Kihler—Einstein metric is the same as the conical Kihler—Einstein
metric on P(1, 1, 4) singular along the divisor [W, = 0] with cone angle 2 /4. There
is one orbifold singularity on P(1, 1, 4) of type %(1, 1) as explained in Example 4.4.
But this does not cause any difficulty by the discussion in Sect. 4.1. So by Theorem
1.8, we get that the log-Ding-energy Ff’z3 /4D is bounded from below. So by Proposition
1, Fy,(1-p)p(¢) is proper for B € (1/4, 1] on the space of SO (3, R) invariant conical
metrics. So by the existence Theorem 2.17, we get the existence of conical Kihler—
Einstein metric on (P2, (1 — 8)D) for any 8 € (1/4, 1].
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Remark 5.1. When 8 = 1/2, there exists an orbifold metric on (P2, 1/2D) coming from
the branched covering map given by

p: P! x P! - P2
[Uo, U1l, [Vo, Vil = [UoVo + U1 V1, i(Uo Vi + Ui W), i(Up Vo — U1 V)]

This is a degree 2 cover branching along the diagonal A = {[Uy, U], [Uo, U1l} C
P! x PL. Note that

p(A) =D = {23+ 73+ 75 =0) C P~
From the above proof it is tempting to expect that

Conjecture 5.2. The conical Kdihler-Einstein metric wg on P2 with cone angle 2rf
along a smooth degree 2 curve converge in the Gromov—Hausdorff sense to the standard
orbifold Kihler—Einstein metric on P(1, 1, 4) as B tends to 1/4.

Actually, more generally, assume there is a special degeneration (X', ))) of the pair
(X, Y), such that (Xp, Vp) is a conical Kihler—Einstein pair. Then we expect (X, Y)
converges to (Xp, o) in Gromov—Hausdorff sense along certain continuity method
(either by the classical continuity method by increasing Ricci curvature (cf. [4,39]), or
by changing cone angles(cf. [25]) , or even by log-Kéhler—Ricci flow(cf. in [60]). This
philosophy is certainly well known to the experts in the field. In particular, this is related
to [71] and [26].

Remark 5.3. In [33], Q-Gorenstein smoothable degenerations of P2 are classified. They
are given by partial smoothings of weighted projective planes P?(a?, b2, c?) where
(a, b, c) satisfies the Markov equation: a’ + b? + ¢> = 3abc. Different solutions are
related by an operation called mutation: (a, b,c) — (a, b,3ab — c). The first sev-
eral solutions are (1, 1, 1), (1, 1, 2), (1, 5, 2), (1, 5, 13), (29, 5, 2). The above construc-
tion gives geometric realization of such degeneration corresponding to the mutation
(1,1, 1) — (1, 1,2). We expect there is similar geometric realization of every muta-
tion.

5.2. Calabi-Yau cone metrics on three dimensional A, singularity. Through a stimu-
lating discussion with Dr. Hans-Joachim Hein, we learned that Theorem 1.5 has the
following application. Recall it was discovered by Gauntlett—Martelli—-Sparks—Yau [29]
that there may not exist Calabi—Yau cone metrics on certain isolated quasi-homogeneous
hypersurface singularities, with the obvious Reeb vector field. In particular, there are
two constraints: Bishop obstruction and Lichnerowicz obstruction. As an example, the
cases of three dimensional Aj_; singularities were studied. Recall a three dimensional
Ay singularity is the hypersurface in C* defined by the following equation

x12+x22+x32+xf4‘ = 0.
There is a standard Reeb vector field & which generates the C* action with weights
(k,k,k,2). Let Ly be the Sasaki link of the Ax_ singularity. Then the existence of a
Calabi—Yau cone metric with Reeb vector field & is equivalent to the existence of a
Sasaki—Einstein metric on L. In [29], using the Bishop obstruction, it was proved that
Ly admits no Sasaki-Einstein metric for & > 20, and using Lichnerowicz obstruction
this bound was improved to k > 3. For k = 2 this is the well-known conifold singularity
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and there is a homogeneous Sasaki—Einstein metric on the link L,. For k = 3 by
Matsushima’s theorem the possible Sasaki—Einstein metric on L3 must be invariant
under SO (3; R) action, and is of cohomogeneity one. The ordinary differential equation
has been written down explicitly in [29], and it is an open question in [29] whether L3
admits a Sasaki—Einstein metric.

In the language of Sasaki geometry, the above examples Ly are all quasi-regular,
meaning that the Reeb vector field &, generates an S' action on Ly, and the quotient
M;, is a polarized orbifold My (in the sense of [56]). The existence of a Sasaki—Einstein
metric on Ly is equivalent to the existence of an orbifold Kéler—Einstein metric on M.
In the above concrete cases, the orbifold M is the hypersurface in P(k, k, k, 2) defined
by the same equation x12 + x% + x% + xi‘ = 0. Note that P(k, k, k, 2) is not well-formed.
When k = 2m + 1 is odd, then

PC2m+1.2m+1,2m +1,2) i PCm+12m+12m+1,2Q2m+1)) =P(1,1,1,2)

2m+1
[x1, x2, x3, x4] > [x1, x2, x3, x5, .

When k = 2m is even, then

PQ2m, 2m, 2m,2) = P(m, m, m, 1) —> P(m, m, m,m) =P(1, 1,1, 1)

[xX1, X2, X3, x4] +— [x1, X2, x3, x}'].
So My, is isomorphic to {z%+z%+z§+z4 = 0} = P? whenk is odd, and to {Z%+Z%+Z%+Z% =
0} = P! x P! when  is even.

Regarding the non-well-formed orbifold structure it is not hard to see that when £ is
odd we get (P2, (1 — 1/k)D) and when k is even we get P x P (1 — 2/k)A). Thus
we see the close relationship between the existence of Sasaki—Einstein metric on Ly
and the existence of conical Kihler—Einstein metric on (P2, (1 — 1/k)D). In particular
we know there is no Sasaki—Einstein metric on Ly for k > 3 by Example 3.12. This is
not surprising, since by [56] the Lichnerowicz obstruction could be interpreted as slope
stability for orbifolds. The new observation here is the case k = 3 follows from Theorem
1.5. So we know the three dimensional A, singularity admits a Calabi—Yau cone metric
with the standard Reeb vector field. This is Corollary 1.6.

The corresponding Sasaki—Einstein metric on Ly is invariant under the SO (3; R)
action. It would be interesting to find an explicit solution by solving the ODE written in
[29]. In [21] cohomogeneity one Sasaki—Einstein five manifolds were classified, but the
above result suggests that the classification is incomplete.

Remark 5.4. In [42], the first author used numerical method to solve the ODE in [29].
The numerical results confirm our theoretical result. Moreover, numerical results show
that Conjecture 5.2 is true. Also, by calculating the simplest examples of Ay and A
singularities, one finds there are indeed cases which were ignored in [21]. For details,
see [42].

6. Kihler—Einstein Metrics from Branched Cover

One of our motivations for this paper is to construct smooth Kéhler—Einstein metrics
using branch covers(see [1,30] for such kind of constructions). If D ~ mD; with D
being an integral divisor, we can construct branch cover of X with branch locus D.
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BCY

VN
DcCX

The canonical divisors of X and Y are related by Hurwitz formula:

o m— 1
Ky =m Kx + D).

m

In our setting, since D ~ —AKx, we get

Kl = (1 - m—_lx) K = r(1/mtK ! (32)
Yy — m X - X -

We have the following 3 cases to consider.

(1) (Positive Ricci) —(Kx + (1 — 1/m) D) is ample. This is equivalent to r(1/m) > 0.
Example: X = P?. Define deg Y = (K;l)z.
o degD=2,m=2,1=2/3.degy =4.Y =P! x P!,
e degD =3, m=3,A=1.degY = 3.7 is a cubic surface.
o degD=4,m=2xr=4/3.degy =2.Y is BI;P%.
(2) (Ricciflat) Kx + (1 — 1/m)D ~ 0. This is equivalent to r(1/m) = 0.
Example: X = P2,
o degD =4,m =4, =4/3.Y is a K3 surface in P>.
e degD =6,m =2,)=2.Y is a K3 surface.
(3) (Negative Ricci) Ky + (1 — 1/m)D is ample.
Example: X is P> and D is a general smooth, degree d curve such that A = d/3.
Choose m|d. Except for the cases already listed above, Kx + (1 — 1/m) D is ample.

Assume we have already constructed an orbifold Kihler—Einstein metric @gg on
(X, (1 — 1/m)D). Then m*wg g is a smooth Kihler—Einstein metric on Y. Note that
orbifold Kihler metric can be seen as a special case of conical Kéhler metric, i.e. when
the cone angle is equal to 2w /m for some m € Z. So existence of conical Kéhler-Einstein
metrics with angle 27 /m will give rise to smooth Kéhler—Einstein metrics. Using the
existence theory for conical Kéhler—Einstein metrics, we can construct a lot of smooth
Kihler-Finstein metrics on Fano manifolds using branch covers. More precisely, using
the notation of branch-covering above, we have

Theorem 6.1. Ifthere is conical Kahler—Einstein metric on (X, (1—1/m) D), then there
is a smooth Kdhler—Einstein metric on Y. In particular, if X admits a Kdhler—Einstein
metric and A > 1, then there exists smooth Kdhler—Einstein metric on Y.

To begin the proof, we first observe the following

Proposition 16. Fix an orbifold Kihler metric w on (X, (1 —1/m) D). The branch cover
7 induces a map from PSH(w) to PSH(*w) by pulling back. The energy functionals
are compatible with this pull back.

Fr);l/m)ﬂ*a)(r(l/m)n*(rb) = mFa}){(l—l/m)D(d))a
MZ(I/m)n*w(r(l/m)n*d)) = MMj,(lfl/m)D(d))'

Similar relation holds for the functionals F, 8 (@), I and J.
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Proof. For any orbifold Kihler metric w € 27 c1(X), there exists H,, (1—1/m)p such that

Ric(w) — r(1/m)® — (1 — 1/m){D} = /=188 Hy,(1-1 jm)D- (33)

@ = r(1/m)m*w is a smooth Kihler metric in ¢ (Y) (see (32)). Note that " has poles
along D, but 7*w" is a smooth volume form. From (33), we get

Ric(&) — @ = /=133 Hy (1-1 /m)D-

Sohg = Hgzo=m*Hy, (1-1/m)p and ehod = g (eMo.a-1/mp gyt

/eHw,(I—ﬁ)D—"(l/m)¢w"/n!= l/ehca—n*(r(l/m)@@n/n!_
X m Jy

So we get the identity for log-Ding-energy on X and Y. Similarly, by the defining formula
for the F(g (¢), I, J functional in Definition 2.6, the relation stated in the proposition
holds. O

Proof of Theorem 6.1. We can choose the reference metric w on X to be orbifold metric.
Then the pull back @ = r(1/m)n*w is a smooth Kéhler metric on Y. If wgxp = w +
+/—190¢kE is the conical Kéhler-Einstein metric on (X, (1 — 1/m)D, ¢1(X)), then
¢oxE = r(1/m)m*pkE is the bounded continuous solution of the following Monge—
Ampere equation on Y.

(@+v—100¢)" = Mo=%5".

By the regularity result in [62] (see also [8]), q; x g 1s indeed a smooth solution of Kihler—
Einstein equationon Y. 0O

7. Convergence of Conical KE to Smooth KE

In this section, we prove the convergence statement in Theorem 1.2 and related dis-
cussions following it. So we assume there exists smooth Kihler—Einstein metric on X.
When Aut (X) is discrete, then wg g is invariant under Aut (X). In this case, the Mabuchi

energy is proper on H(w).

Theorem 7.1. Assume D ~q —AKx with . > 1, wg = w + /—13d¢g is the conical
Kdihler—Einstein metric on (X, (1 — B)D), and wgxg = w + «/—_185¢KE, then ¢g
converges to ¢ g in CO-norm. Moreover, ¢p converges smoothly on any compact set
away from D.

Proof. Choose any smooth reference Kéhler metric w. By Proposition 1, the log-

Mabuchi-energy M, (1—g)p is proper on H for B € (0, 1]. Furthermore, from the
interpolation, we see that there exists constants C; and C; independent of § such that

Mo, (1-pyp(wg) = C1ly(wy) — Ca. (34)
Since wg obtains the minimum of log-Mabuchi-energy, we have

Mo, (1=pyp(@wg) < My (1—pyp(w) = 0.
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So from (34), we see that there exists a constant C independent of 8 such that
Ly (0),5) <C.

Assume wg = w + «/—18545/3. By [4] and [34], there exists a constant C independent
of B such that

Vol(X) - Osc(¢p) < I(wp) +C :/ ¢ (0" — alp)/nl+C.
X

So ||¢g | co is uniformly bounded. Now the first statement follows from standard pluripo-
tential theory. For the last statement, we can use Chern-Lu’s inequality:

Ag(log Ty — Cpp) = (C1 — An) + (A — Catry,w).

to get C-estimate on ¢p. (Note that it’s easy to verify from the calculation in the
Appendix of [34] that we indeed have the upper bound on bisectional curvature to be
independent of $ at least when 8 > § > 0.) Then we can use Krylov—Evan’s estimate
to get uniform higher order estimates on any compact set away from D. The smooth
convergence away from D follows from these uniform estimates. O

When Aut(X) is continuous, then Aut(X) is the complexification of G :=
Isom(X, wk g). By Bando—Mabuchi’s theorem [4], the moduli space of Kidhler—FEinstein
metrics (denoted by .#k ) is isomorphic to the symmetric space G C/ G. In particular

TwKEQ//KE =g = LieG.

Recall that Matsushima’s theorem ([46]) says that
g= (A]F)o ={0 € C®(X,R); (Agxg + 10 = 0,/Xea)’}(E/n! =0}

Now we want to identify the limit a)g pasp— 1. a)ID< £ turns out to be the critical point
of the following functional, which is a part of log-Mabuchi-functional.

Lemma 7.2. Define the functional
Fopwg) = (I — Dolwg) + /X log Is 2 (af} — ")/n!

where A = —+/—190 log | - |}2l. Then F satisfies the following properties:

(1)
Mo, (1-p)p(@wg) = Mo (wg) + (1 = B)Fw, p(wy). (35)

(2) F, satisfies the cocycle condition. More precisely, for ¢, ¥ € PSHeo(w), we have

Fo.D(0p) — Fu, D(@y) = Fp p(wy),
yw(a)llf) = _yww (w).

(3) F is convex along geodesics of Kiihler metrics..
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Proof. The first item follows from the expression for log-Mabuchi energy in, for
example, formula (14). The second statement follows from the cocycle properties of
M, (1—pyp and M,,. It can also be verified by direct calculations.

For the last statement, first it is well known that .# is a totally geodesic submanifold
of the space of smooth Kihler metrics in 27r¢1(X) and (I — J),(wg) is convex on the

space of smooth Kihler metrics. Assume ¢ (7) is a geodesic, i.e. ¢ — |Vq$|fu , = 0. Then
we can calculate

—<I Do(wp) = / P Ay ool /n!= / Plwp—w) Ay /(n—
_n—F°(¢)+/ b AWl Y =1
%/Xloguﬁ(wg—w")/n!=/Xlog|s|hAw¢¢Sw;;/n!
=/(—Aw+27t{D})4')w;71/(n— .
X

So combining the above two identities, we get

d
T Fn(0y) = —(an°<¢>) F)o0p(@)).

This is certainly true by the way how we integrate the log-Futaki invariant to get the log
Mabuchi energy. Now since F, (8 (¢) is affine along geodesics of Kéhler metrics, we get

d2 d? _ Joap(@+ 39®P)" /n!

— 7, =——F) -

/ ¢a) /(n—l)'—/ 8¢)/\8¢/\w /(n—2)'
2n D

B /ZnD(|V¢|wKE |VD¢|“’KE|D ’11(_151/(” - D!

= / (V)12 @y /(n— D! = 0. (36)
2n D
O

Lemma 7.3. We have the following different formulas for the Hessian of %4, p on Mk E:
forany 6 € (A]IR)O,

Hessﬂ'(@,@):/2 VoL 2ol /(n — 1) (37)

D
=x/xezw'}(E/n!+/X(—92+9"9,-)(x¢—1og|s|,§)w’;(E/n!
:A/Xezwrl‘(E/n!+/X(92—9i9,-)(10g|s|ie,w)w”KE/n!. (38)

Proof. The first identity follows from (36) because 6 = %—f l/=0. Let’s prove the 2nd
identity. For 8 € A1 = Ker(Agg + 1), V6 is a holomorphic vector field generating
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a one parameter subgroup o; in Aut(X). Let o;'wxg = wkE + «/—185(1&,. Then ¢,
satisfies the geodesic equation: ¢ — |Vq'§|5) o = 0 with initial velocity %¢| =0 = 0.

d? L d . S o
T3l ol = —(Ade)) = (A + Ab + (A0
t=0
= (—0"6,;+(0'6) ;) +67) oy
= (=0"0,;+0",0, +6',0; + 01y /!
= (0> - 0'0)0"
Note that in the last identity, the relation A0 = 0, " = —6 was used. So we get

2
Hess.Z(0,0) = 57 (A(I — Dolwr) +/X10g Is |2 (! — a)”)/n!)

.o d?
= —x/ ¢A¢a)’}<E/n!+/(—A¢+log|s|i)ﬁa);'/n!
X X

=)»/Xsz'}(E/n!+/X(10g|s|,2w,l¢)(92—Giéi)a)'I‘(E/n!.
O

Lemma 7.4. If there is no holomorphic vector field on X which is tangent to D, i.e.
Aut (X, D) is discrete, then Hess.% is non-degenerate at any point wxg € MxEg. In
particular, this holds when A > 1.

Proof. We have seen Hess.# is non-negative at any point wg g € .#x g using formula
(37). Hess.7 is degenerate if and only if f2ﬂD (Vo)L |2a)'1'(_E1 /(n—1)! = 0. This happens
if and only if (V) = 0 on D, i.e. when the holomorphic vector field V6 is tangent to
D. The last statement follows from Corollary 2.21 (see also [58]). O

Lemma 7.5. When restricted to Mg, there exists a unique minimum a)I[() g of
Fo.D (W)

Proof. By the previous Lemma, %, p is a convex functional on the space Zkxp =
G© /G. To prove the existence of critical point, we only need to show it’s proper on
GC / G.Because we assumed A > 1 and there exists Kdhler—Einstein on X, by Theorem
2.10, M, (1-p)p is proper for B € (0, 1). Because the Mabuchi energy is constant on
Mk E, by equality (35), .4, 1-pp = (1 — B).F, p+constant is proper on .Zgg. O

Write a)g =0+ 186_)¢I? > then it satisfies the critical point equation
[ Goglsli ~ 20Re v @Rp) nt = .
X

for any ¢ € Tw,’gE//lKE = Al(a)?E)/R. In other words, A¢I?E —log |s|i € Af‘.

Proposition 17. As 8 — 1, the conical Kihler—Einstein metrics wg converges to a
unique smooth Kdahler—Einstein metric a)I? £ € My g (under one technical assumption
that the implicit function theorem is valid on admissible function space when B = 1).
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Proof. Recall that the conical Kihler—Einstein equation can be written as

n _ Lhe -rB_—
(w++— 88(])) =e |s|2(1 5

Any wxkg = w0+ «/—185¢KE € M g satisfies the equation
(@ + =103k )" = e PkEq",

By Lemma 7.5, there exists a unique minimum a)llg ¢ of the functional Fw.p ON MKE.

We will choose wg g = a)g £ in the following argument. Divide the above two equations
to get

(w++/—100¢)" 2
1 _ = - —(1=p8)1 .
og 0+ 1330k )" ¢xkE —r(B)¢ — (1 —p)loglsly,
Letp =g+ and ¥ =60 + ' with® € Ay and ¢’ € A+, then
V=136 n
log KE* — VD" )6+ vy = (1 - B — loglsE).  (39)
KE

We use Bando—Mabuchi’s bifurcation method to solve the equation for 8 close to 1.
First project to AlL to get

- P (log (wk e +~/=103(0 + )"

n
Wk E

)+r(ﬂ)1ﬂ/ = (1-B)(Opx £ —log|s[}). (40)

The equation is satisfied for (8, ¥, ) = (1, 0, 0). The linearization of the left side
of this equation with respect to v/’ is

(1 — Po)(Ag +r(B)Y

where Ag is the Laplacian with respect to wx g ++/—1 996. Since A = Ker(Agg+1),
there exists a positive constant § > 0, such that

By continuity, it’s easy to see that
(1= Po)(—Ag —r(B)) = 8/2 > 0.

for (B8, 0) close to (1, 0). In other words, the inverse of (1 — Po)(Ag +r(B)) has uniformly
bounded operator norm for (8, €) close to (1, 0). So by implicit function theorem, there
exists solution w for B near 1 and 6 small. Now to solve the Eq. (39), we only need
to solve the followmg equation, obtained by projecting to A1,

PO(IO (wKE+\/_aa<9+w>>")=_r(ﬂ)9.

(41)
Wk

To solve this, we need to take the gauge group G = Isom (X, wkg) into account and
rewrite (41) in another form. For any 0 € G near Id, we have a function 8 = 6,
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satisfying o*wx g = wgp +/—100(0 + V| o). Because o *wk g is a smooth Kihler—
Einstein metric, we have the equation

(o)

(wkE +~/—100(0 + Y] )"
log - —— ==+ Y1)
®

KE
Now let 1//}’3’9 = Y + (1 — B)ép 0. We can rewrite the Eq. (39) in the following form

(wkE ++/—100(0 + Yig+ = B)ége))"
WkE

=—(1 =21 =BNO + Vi o+ —Bépe) + (1 — Bk —loglsy)
= log (w“;e )+(1 — RO+ g) — (1 = Byr(Bépo + (1 — B) (ki & — loglsl}).

KE

log

where wg = wgg++/—100(0+ W{ , ¢)- In particular, it’s easy to see that (40) is equivalent
to

1-8
= M| g — r(Bépo + px g —loglsl}).

1 (wkE+ /=190 + Y] 4 + (1 — B)Ep.6))"
—— (1 — Py)| log .
(wge ++/—100(0 + 1/’1,6))”

Let 8 — 1to get

(1 — Pp) ((Ag + DE1g) — Ay o = rpx g — loglsly.

where Ay is the Laplacian with respect to the metric wg. In particular, Ag = Ak g. Since
Im(Ag+1) = (Ker(Ag+ 1)) = A, so in particular,

(Ao + DELo = Apr g — log |7 (42)

Now the Eq. (41) is equivalent to

(1 e+ VTTO00 + i+ (= B
’ T (ke A0+ ] )"

— A0 =0 43
= ) 43)
Denote by I'(8, 0) the term on the left side, Then

I'1,00 =0, I'(1,0)= Py(Apé&1,9) — ADO.

Let0(t) =10 € A1 = Ker(Ag+1).Forany 8’ € Ay,

d
/X ST(.6)

0’ /n! = —A/XHG’w’}(E/n!+/X(A'9§1,o+Aoél’o)e’a)’,‘(E/n!
t=0

= —,\/Xee’w;;E/nu/X—eff'(gl,o)l.j—.e/w';@/n!.
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Leté =& € Af. As the calculation in [4], we have

ije ol n Vo il gl 4 pie g\ Vo i ol _piggliyon '
/XG éije O p/n! = /X(G Eije +0€”9 Jogp/n! = /X(Q %‘jlﬂ 0'&;0 j)a)KE/n.

—/ Qi((A+1)§)i9/wr;{E/n!:/(—09/+9i9i’)(A+1)§w’I‘(E/n!
X X

—/}((90/—9i9;)(k¢—10g|s|%)w'}<E/n!

In the last identiy, we used the relation in (42). So

DI (1,0)(0)8" = —)»/Xee’w';{E/n!+/X(99/—9"91-/)()«])—10g|s|%l)w’1’(E/n!

—Hess.7(0,0"). (by equation (38))

By Lemma 7.4, D,I"(1, 0) is invertible, so by implicit function theorem, (43) is
solvable for B close to 1. So we get conical Kéhler-Einstein metrics wg for 8 close to 1
and by continuity ¢)g converges to ¢IL() pasp— 1. 0O

Remark 7.6. The above calculations are variations of Bando—Mabuchi’s calculation. In
their work [4], Bando—Mabuchi solved equations in Aubin’s continuity method back-
wardly from the correctly identified Kédhler—Einstein metric. To do this, in general, they
needed to perturb the reference metric to make sure some linear map similar to D>I"(1, 0)
is invertible. In the conical case, when there is no holomorphic vector field tangent to
D, by Lemma 7.4 and above calculations, we see that D>I"(1, 0) is always invertible.
This is not very surprising because the conical continuity method is in some sense more
canonically related to the background geometry. If we continue to calculate as in [4]:

/ Qi-iéi;O’w','(E/n! = —/ 00" — 00 (p — log |s|7) 'y /!
X X

1 /on 1 / n—1
znk X@@ a)KE/n!—z , DGQ Wgp/(n—DL
4

so that the linearized operator becomes

DzF(l,O)(Q)G/z—k(1+n/2)/ 99/w’11<E/n!+%/
X

00’ /(n — 1)1,
27D

it seems not straightforward to see that D,I"(1, 0) is nondegenerate using this formula.

Remark 7.7. One reason why we packed all the conical spaces together in the space
of admissible functions is because that we need to work in different function space
corresponding to different cone angles. Strictly speaking, there are subtleties in apply-
ing implicit functional theorem in this setting. However, we expect one can generalize
Donaldson’s argument to validate the application of implicit function theorem.
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8. Relations to Song—Wang’s Work

In this section, we will briefly explain Song—Wang’s results and derive one of its impli-
cations.

For one thing, they also observe the interpolation property for the log-Ding-energy.
Secondly, they considered pluri-anticanonical sections in their paper. This corresponds
to the & > 1 case in our paper. Recall that R(X) in the introduction (see (2)) is defined
to be the greatest lower bound of Ricci curvature of smooth Kéhler metrics in ¢ (X).
R(X) was studied in [38,41,58,61,64]. Donaldson [25] made the following conjecture

Conjecture 8.1 (Donaldson). Let D € | — Kx| be a smooth divisor, then there exists a
conical Kdhler—Einstein metric on (X, (1 — B)D) if and only if B € (0, R(X)).

Song—Wang proved a weak version of Donaldson’s conjecture by allowing pluri-
anticanonical divisor and its dependence on §. Translating their result in our notations,
they proved

Theorem 8.2 (Song—Wang [58]). For any y € (0, R(X)) there exists a large ). € Z and
a smooth divisor D € LK ;1| such that there exists a conical Kdhler—FEinstein metric
on (X, 2711 —y)D).

Remark 8.3. Note thatin general, .. and D may depend on y . y is related to the cone angle
parameter f by the relation A~ (1—y) = 1— B orequivalently,y = r(8) = 1—A(1—p).

The proof of this theorem can be explained through the Holder’s inequality

ho-ye @ — r 24(1=) /2 v
o=V _____ plhy—Yy n | —zq(l—=y n ]
/Xe RN < (/Xe w /n.) (/X |s| w /n.)

1 t

where p~! + ¢~! = 1. To make contact with the invariant R(X), one choose p = v

for any t+ € (y, R(X)). (This is related to the characterization of R(X) through the
properness of twisted Ding-energy as in [41]) Theng = (1 — p~ 1)~ = # Now the

integrability of the second integral on the right gives the restriction on A: w —-1<1.
This gives the lower bound of A in Song—Wang’s theorem.
R(X)
A>0—-y)————.

R(X) —vy

One other result Song—Wang proved is the construction of toric conical Kihler—
Einstein metrics. This can be combined with the strategy in our paper to prove a (weak)
version of Donaldson’s conjecture on toric Fano manifolds. We will explain this briefly.

Any toric Fano manifold X 5 is determined by a reflexive lattice polytope A C R”
containing only O as the interior lattice point. For any P € R", P determines a toric
R-divisor Dp ~g —Kx. More concretely, assume that the polytope is defined by the
inequalities /;(x) = (x, v;) +a; > 0. Then Dp = >, [;(P)D;.If P € A is a rational
point, then for any integer A such that A P is an integral lattice point, there exist a genuine
holomorphic section s}) of —AKx and an integral divisor ADp.

Let P. be the barycenter of A, then the ray m intersect the boundary d A at a unique
point Q. Note that in general, Q is a rational point. In [38], the first author proved R(X)
is given by
00|
| Pe

R(X) = (44)

©



968 C.Li, S. Sun

For any y € (0, 1], define P, = —%PC. Then P, € A if and only if y € (0, R(X)],
which is also equivalent to Dp, being effective. In particular, Pg(x) = Q. Using these
notations, Song—Wang proved the following theorem by adapting the method in Wang—
Zhu’s work [73] on the existence of Kihler—Ricci solitons on toric Fano manifolds.

Theorem 8.4 (Song—Wang[58]). For any y € (0, R(X)], there exists toric solution to
the following equation:

Ric(w) =yo+ (1 —y){Dp,}.

When y € (0, R(X)] is rational, then the solution w, is a conical Kihler—Einstein
metric on (X, (1 — y)Dp,). In particular, when y = R(X), there exists a conical
Kihler—Einstein metric on (X, (1 — R(X))Dg).

Example 8.5. The above theorem can be generalized to toric orbifold case. (See [57] and
[36] for related works) We will illustrate this by showing the conical Kihler—Einstein
on X = P(1, 1, 4) considered in Sect. 5 in the toric language. The polytope determining
(X, —KY) is the following rational polytope A. Note that —2Kx is Cartier because 2A
is a lattice polytope.

Q,

Q = (=1,1/2), P. = (1,-1/2). So R(X) = |0Q|/|P.Q| = 1/2. Dg = 3/2D,
where the divisor D corresponds to the facet A B. The conical Kidhler—Einstein satisfies

the equation:
Ric(w) = 2(,()+ 3 219

So the cone angle along D is 2B with g =1 —3/4 = 1/4.
Now we show that Song—Wang’s existence result implies Theorem 2.

Proof of Theorem 2. Let Fo be the minimal face of A containing Q. For any A € Z
such that A Q is an integral point, define a set of rational points by

R(Q. 0 = {0} ((Z \Fo) () %Z") :

Then we define the linear system %, to be the linear subspace spanned by the holo-
morphic sections corresponding to rational points in R(Q, A):

2. = Spanc {s)l‘g; P eRO, A)}.

Choose any general element D € .%;, the coefficient of the term s7, is nonzero. Because

Q is a vertex of the convex hull of R(Q, 1), there exists a C* action denoted by o ()
contained in the torus action, such that

lim o (t)*D = ADy.
t—0
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In this way, we construct a degeneration (X, FliiD, K;l) with X = X x C and

D; = o/ D. By Song—Wang’s theorem in [58], the central fibre (Xp, #(ADQ)) =

(X, (I = R(X))Dg) has conical Kihler-Einstein metric. So we use Theorem 1.8 to get

the lower bound of M ¥ 1=RX) fy- (Here we are in a simpler situation. Since X = X x C,
’ A

we just need to use the trivial geodesic and apply Berndtsson’s result in [11] to get the
subharmonicity and use the argument as in the proof of Theorem 1.8) On the other hand,
because A > 1, we can use the interpolation result in Proposition 1 to see that M X. I—Ty D
is proper for any y € (0, R(X)) (actually for any y € (1 — A, R(X)). So there exists
a conical Kiler—Einstein metric on (X, l_TVD) for any y € (0, R(X)). There can not
be conical Kéhler-Einstein metric for y € (R(X), 1) is easy to get because the twisted
energy is bounded from below by the log-Ding-energy. For details, see [58] and also
[41]. The non-existence for y = R(X) is implied by Donaldson’s openness theorem in
[25] (see Theorem 2.4), since otherwise there exists conical Kdhler—Einstein for some
y € (R(X),1). O

Remark 8.6. The smoothness of the generic member seems to be more subtle than we
first thought. We will discuss this a little bit using standard toric geometry. For this, we
first denote {Hi},N: | to be the set of codimensional 1 face (i.e. facet) of A. Define

BFo) = U H|()Fe
FoZH;

Now it’s easy to see that the base locus of .Z} is equal to
Bo = U Xo.
o CB(Fp)

Here for any face of A we denote X, to be the toric subvariety determined by o . Indeed,
this follows from the following fact: if P is any lattice point and Fp is the minimal face
containing P. Define

Star(Fp) = U o.

FpCo
where o ranges over all the (closed) faces of A. (including A itself). Then the zero set of
the corresponding holomorphic section sp is the toric divisor corresponding to the set

A\ (Star(Fp)° = | J H; CoA.
FpgH;
By Bertini’s Theorem [31], the generic element D € .%; is smooth away from Bg. To

analyze the situation near By, fix any vertex P of F. We can choose integral affine
coordinates {x;}?_; such that

Fo= () {xi=0}

i=m+1

We can also write Q = A(dy, ..., dn, 0, ..., 0) with Ad; being positive integers. On the
other hand, by standard toric geometry, the normal fan of A at P determines an affine
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chartU/p on X. There exists complex coordinate {z;}?_, such that X FoNUP = {zm+1 =
0,...,zy = 0}. Locally, the generic member D in .%, is given by the equation of the
form:

m n n

Ad;
Haiz,. + E bizj(L+ fi(z1, -5 zm)) + E CikZjz2k8(Z1y - -5 2n))-
i=1

j=m+1 J.k=m+1

wherea;, b; # 0.1f we delete the lattice points corresponding toterms z; £ (z1, . - - » Zm)»
then C would be smooth near Xz, NUp. Since Bg C Xr, and Up covers X, as
P ranges over all the vertices of Fp we conclude that D is smooth at points in By as
well. This certainly puts a lot of restriction on the sub-linear system. However, even if
we don’t delete these lattice points, the generic member in .% could be smooth. For
example, this is the case when Fp has dimension < 1 in which case the base locus
consists of isolated points. In particular, this is true when the toric variety has dimension
<2.

Remark 8.7. The degeneration behavior in the toric case is related to the study of degen-
erations in [39] where the current D P, is replaced by (1 — y)w with w being a smooth
reference metric.

Example 8.8. Let X = Bl ,,]P’Z. Let [Zy, Z1, Z>] be homogeneous coordinate on P2. We
can assume p = (1,0,0) € C? = {Zy # 0} C P%. Let = : X — P2 be the blow down
of exceptional divisor E. For simplicity we use H to denote both the hyperplane class on
P2 and its pull-back on X. Then —Ky =3H — E and —2Kx = 6 H — 2E. So divisors
in | — 2K x| correspond to the sextic curves on P> whose vanishing order at 0 is at least
2. More precisely, if C is such a curve representing 6 H, then the corresponding divisor
D(C)in | — 2Kx| = |6H — 2E] is the strict transform of C. In toric language, X is
determined by the following polytope:

Bl O Pc

By

The invariant R(X) = 6/7 was calculated in [61] and [38]. Since the point Q =
(=1/2,—=1/2), it’s easy to see that Dp = 1/2(F; + F2) + 2Ds. By Song-Wang [58],
there is a conical Kéhler—Einstein metric on (X, (1 — R(X))Dg) = (X, 1/7Dy).

Now AQ is integral when A is even. The generic divisors in the linear system %5
correspond to the sextic curves given by degree 6 homogeneous polynomial of the form

3 6-i o o
C:Z{ZZo+ D> > ayZhz]{zy ' = 0.
i=0 j=0
Let o, be the C*-action given by

(Z()v Zl’ ZZ) - (Z(), tilzl, tilzz).
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Then lim;,go0; - C = {Zg Z1Z, = 0}. Equivalently, by taking strict transform, we get
lim;_,g0; - D(C) = 2D. The same argument applies to A = 2m being even, where the
divisors in %, correspond to the degree 6m curves of the form:

4m—16m—i
4m —m —m gl pOM—i—j
zmzrzy+ > > ayzhz]zs =0.
i=0 j=0

Note that the strict transform of such generic curves are smooth at the base locus By =
B1 U B; and so smooth everywhere.

Remark 8.9. From the above discussion, we see that when X is even, the divisor degen-
erates while the ambient space stays the same. The case when A = 1, or more generally
when A is odd, is still open. From the point of view of our strategy, the problem is that
the right degeneration to conical Kédhler—Einstein pair is still missing. In this case, we
expect the degeneration also happens to the ambient space, similar with the degree 2
plane curve case studied in Sect. 5.
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