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Abstract

In this short note, we give a new proof of a theorem of ArezianDn the
existence of smooth geodesic rays tamed by a special degiener

In [7], S. K. Donaldson proposed an ambitious program toltatke problem of
the existence and uniqueness of extremal metrics on a Kéfdaifold from the
perspective of the infinite dimensional space of Kahlerepbals. He observed
that the existence of smooth geodesics connecting tworanpiKahler potentials
implies the uniqueness of Kahler metrics in the given ckasis constant scalar cur-
vature. In[3], the first named author proved the existenag'dfgeodesics joining
two arbitrary points in{. Consequently, this established the uniqueness of ex-
tremal Kahler metrics when the first Chern class of the nadehit non-positive. At
present, there is extensive research in this direction.atiqular, the uniqueness
problem has been completely settled (¢.f. [12],[10] andl.[6]

We shall first give a very brief outline about a small part a$ forogram which
is directly relevant to the problem at hand. For more dedadlecounts, readers are
referred tol[7],[3], [6] and [4].

Let (M,w, J) be ann dimensional Kahler manifold. Define the infinite dimen-
sional space of Kahler potentials as

H = {6 € C°(M)|ws = w + /—109¢ > 0}.

In [11](c.f. [7], [18]), T. Mabuchi first introduced a Weild®erson type metric on
H -

(D1, 02)p = /M ¢1¢2%>
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whereg,, ¢o € TyH ~ C°(M). Itis easy to see that the geodesic equatioH iis
-1 .
0= 5IVadl: (1)

A straightforward calculation shows (c.f.![7],_[11], [18pat the spacé{ is for-
mally of non-positive curvature. This fact was made rigatgun [2], where E.
Calabi and the first named author proved tHat a non-positively curved space in
the sense of Alexanderov.

According to S.Semmeis [18], by adding a trividlfactor, the geodesic equation
could be written as a degenerate complex Monge-Ampéreieqgua M x ([0, 1] x
S1). SupposeX is a Riemann surface with boundary. Denete M x X — M
andm, : M x X — X as the two natural projection maps, and{let 7jw. Then,
givengy € C®(M x 9X) such that) + /—190¢, > 0 on each slice// x {z} for
all z € 0X, we consider the Dirichlet boundary value problem:

Q4 /=190¢)"*1 =0, onM x X ; @
¢ = 9o, onM x 0X.

A solution is of geometric interest§+-/—109¢ > 0 when restricted on each slice
M x {x} for all z € X. Since the target manifol#{ is an infinitesimal symmet-
ric space, any smooth solution of (2) can be re-interpretdd [[7]) as a harmonic
map fromX to H with prescribed boundary map, : 0X — H. Any geodesic
segment connecting, with ¢, corresponds to af! invariant solution of (2) with
X =[0,1] x S* and¢y(0,7) = ¢1(7), ¢o(1,7) = ¢a(7). The notion of a geodesic
ray is similar to the finite dimensional case: a geodesicmay is a geodesic seg-
ment which can be infinitely extended in one direction. Ineotvords, a geodesic
ray corresponds to a$i' invariant solution of the following:

(Q++V—100¢)"tt =0, on M x ([0,00) x S*) ~ M x (D\ {0}), (3)

whereD is the closed unit disk.

In [7], Donaldson also conjectured that the existence ofa@mgeodesic rays
where the K energy is strictly decreasing at the infinity isiieglent to the non-
existence of constant scalar curvature metricgsin Donaldson’s conjecture cer-
tainly motivated the study of the existence of geodesic emgrelated problems.
However, the existence of geodesic rays is quite differemb fthat of geodesic seg-
ments since the domain involved is naturally non-compaateMmportantly, Don-
aldson [7] pointed out that the initial value problem for t@odesic ray equation



is not always solvable in the smooth category. So we needposman alternative
condition in order to solve equation (3) properly. FollogiDonaldson’s program
[7], this issue was discussed in [4]. According to [4], thaiah Kahler potential
together with the asymptotic direction (given by either aisteng geodesic ray or
an algebraic ray associated to a test configuration) form&lapesed Dirichlet
boundary value for equation (3). A set of new problems weseudised there which
represents a mild attempt by the first named author to detbtopxistence theory
for geodesic rays. In particular, he proved the existenaelafive C*+! geodesic
rays parallel to a given smooth geodesic ray under natumahgéical constraints.
Unfortunately, there are few examples of the existence oflgsic rays in the litera-
ture, which creates serious problem for pushing the geegistience theory further.
In 2002, using Cauchy-Kowalewski theorem, C. Arezzo andién J1] proved the
existence of a smooth geodesic ray asymptotically partdlel special degenera-
tion, or equivalently, to a simple test configuration(cd], [5]). One would like to
see a more direct PDE proof of this important theorem. Thenrparpose of this
note is to reprove the same theorem using the implicit fondiheorem.

Now we introduce the definition dfahler fibrationandsimple test configura-
tion.

Definition 1. A Kahler fibration (over the closed unit disk) is a map :
(M, J, Q) — D, whereJ is an integrable complex structure @vl, = is a holo-
morphic submersior? is a closed two form on\ which is compatible with/
and it is a Kahler form on each fibér,(z € D)(which is assumed to be compact
without boundary).

Definition 2(c.f. [5], [9]). A (truncated)simple test configuratiofor a polarized
Kahler manifold. — M is a Kahler fibrationr : (M, J,Q) — D together with
a very ample line bundle £ and@* equivariant embeddingt. - M — D} —
{O(1) - PN x C — C}, such that{L — M} is isomorphic{t |y, — M},
where we denotd/, = 7'(¢). Also, theC* action onC is given by the standard
multiplication, and the map” x C — C is simply the projection to the second fac-
tor, In addition,2 should coincide with the restriction of the Fubini-Studytre
onPY, while the induceds* actions on all these spaces are assumed to be unitary.
Clearly all the fibersr=1(¢) for t # 0 are biholomorphic to each other. A simple
test configuration is calledroductif M is biholomorphic toM x C, and theC*
action onM is also a product action coming fro@ action on)/ and the standard
multiplication onC. It is calledtrivial if the C* action onM is also trivial.

Remark 3. The above definition of a simple test configuration is esaliythe
same as the special degeneration studied by G. Tian firs@jn [2



Theorem 4( Arezzo-Tian[[1]). Given a non-trivial simple test configtion for
L — M, there exists a non trivial geodesic ray tamed by this testigoration.

According to [4], a geodesic ray is said to taaned by a test configuratiah
it is asymptotically parallel to the algebraic ray defineddoyling back the Kahler
potentials through th€* action onM.

We want to take a different route to prove this theorem. kalg [8] and [5],
smooth regular solutions to (3) are related to foliationpwhctured holomorphic
discs with some control on the total area. There is a Fredilwdory associated to
the moduli space of holomorphic discs with totally real baary condition. Defor-
mation of this moduli space is the central topic of this note.

Arezzo-Tian’s theorem is a consequence of the followingppsition.

Proposition 5. let7 : (M, J,Q) — D be a Kahler fibration, there exists a
smooth functionp defined in a neighborhood of the central fibdg that solves
the complex Monge-Ampére equatitén + /—190¢)"*" = 0 with Q + /—=190¢
being positive on each fiber.

Remark 6. Sphere at infinityThe space of Kahler potentials is a (non-compact)
infinite dimensional manifold with non-positive curvaturéike in the finite di-
mension case, we can formulate the notion of the geodesersai infinity. Two
geodesic rays determine the same point at infinity if and drihey are parallel to
each other (or their distance stays bounded). In this séms@symptotic direction
determined by either a geodesic ray or an algebraic testgroafion, should define
a point in the “sphere at infinity”. The geodesic ray problaiissussed in [4] can
be viewed as a Dirichlet boundary value problem: Given arifidn the “sphere
at infinity” and an initial Kahler potential irt{, can we always find a geodesic
ray connecting them? A geodesic ray is just a “geodesic setjmmennecting a
“finite point” with a point in the “sphere at infinity”. Usinghts language, what
Arezzo-Tian proved is that there is some geodesic conrgestime “finite point”
to the point in the “sphere at infinity” defined by the test cguafation. Our proof
using perturbation method actually provides slightly mdtesre are open sets in
‘H asymptotically along algebraic degeneration of the tesfigaration, such that
every point in these open sets emanates a geodesic ray tvéimepgint at infinity.
This is also a consequence of theorem 1.4 in [5].

The proof of Proposition 5 is based on a perturbation theosyifitroduced in
[8] by Donaldson in the case of a trivial test configuratiomtHis note, we follow



its generalization in_[5]. By the definition of a Kahler fitien, M is always dif-
feomorphic to the product/, x D. So we can for simplicity assumet = M x D
for a2n dimensional smooth manifol8l/ and the magpr involved in the definition
is the projection map to the second factor . Fix once and fa ebver of M x D
by small balls, say{U, };c;. Following Donaldson’s construction, we can associate
a manifoldV to any Kahler fibration, as follows: On each, we choose local
holomorphic coordinates to ke, . . ., z,, z), wherez is simply given byr. Then
Q) could be written as/—109p; for some locally defined function. )V is obtained
by twisting the vertical holomorphic cotangent bundle= 7*(M x D)/x*T*D.
More precisely, we glug in E|y, with £ + 9(p; — p;) in Ely, over the corre-
sponding fiber. It is easy to see thatis also a fibration oveD and the canonical
complex-symplectic structure on the holomorphic cotahfandle induces a fiber-
wise complex-symplectic form oW/. Furthermore2 defines an exact LS-grﬂ)h
on each vertical fiber.

Of course, our construction @ is not canonical. However, if we fix an open
cover and an initial Kahler fibration, then could be chosen to depend smoothly
on the data) and J for a small variation(Indeed, by the well known theorem of
Newlander-Nirenberg, holomorphic coordinates could belen@ vary smoothly.
Then, one can follow the proof of Dolbeault’s lemma to shois)thMoreover, by
definition,V is always diffeomorphic tdv, or further, to the real vertical cotangent
bundle, still denoted by, which is independent & and.J. Therefore, if we pull
back everything to the latter, a perturbatiofodnd./ really gives us a perturbation
of the complex-symplectic structure @n

Now let¢, : 9D — R be a smooth function such that+ v/—199¢, is positive
on fibers ovepD. Then it defines exact LS-graphs 4, over anyz € 0D. Follow-
ing [8], [5], we have a one-to-one correspondence:

(A) A C* solution ¢ to the homogeneous Monge-Ampére equatiof: +
\/—100%)@“ = 0 satisfying the boundary conditiof|sp = ¢ and such that
Q + v/—100¢ still defines a Kahler fibration(together witf).

(B) A smooth maps : M x D — E which covers the identity map an, holo-
morphic in the second variable, and satisfies the boundaditon: forallz € 0D,
G(-,2) € A, 4, (Alternatively, we could view this as a family of holomorptsec-
tions of the fibration” — D whose boundary lies in some totally real submanifold
given by, .4 A-.4,)- In addition, we require that, o G(-,0) is the identity map,

In a complex symplectic manifold\/, ©), a submanifold. is called ariS-submanifoldf L is
Lagrangian with respect tBe©, while the restriction of m© on L is a symplectic form. For more
details, se€ [8]/]5].



andp; o G(-, z) is a diffeomorphism for any € D, wherep;, : E — M is the
projection map.

Lemma 7. Perturbation of?, J andg, preserves a smooth solution to the above
equation, i.e. the compact family of normalized holomocgdiscs in(B) is stable
under perturbation.

To prove this Lemma, we need to set up a Fredholm theory fasrhotphic
discs with totally real boundary conditions. Denote By, Y') the space of maps
from X to Y in an appropriate Sobolev space. LEtbe the subspace ¢, F)
which are sections of the fibration, i.e normalized maps. &ign £, and a totally
real submanifoldr, of E with respect ta/,(For example, in our case, the exact
Lagrangian graphs defined by the known smooth solutionicestronoD). Let
N (R,) be a neighborhood aR, in the space of all totally real submanifolds. For
eachR € N (R,), there is an associated diffeomorphism : R — R, which ex-
tends to a diffeomorphism df. Moreover, We can choosg; to depend smoothly
on R. Now letB = U,cru*(TE) be an infinite dimensional vector bundle ovéy
andJ be the space of almost complex structuresoimhenB x (0D, E) is a bun-
dle overF x J x N'(Ry), with a sections(u, J, R) = (J,u, ¢ 5" oulap). Fix Jy, and
let sy be the restriction of to the sliceF x {Jy} x N'(Ry). A theorem of Oh [15]
says thas, is transversal to the submanifo]d} x (0D, Ry) at a point(ug, Ry) if ug
is not multiply covered, i.e. there exists:a 9D, such thatu, ' (ug(2)) NOD = 2
and Dug(z) # 0. So in our particular caseis transversal td0} x (0D, R,) at
(uo, Jo, Ro) for every disc coming from a solution of our previous equat{8.).
Therefore s~ ({0} x (0D, Ry)) is smooth Banach manifold ne@try, Jy, Ro).

Now consider the projection map' ({0} x (0D, Ry)) — J x N(Ry), which
is Fredholm of indexn(c.f [8], [5]). Given a smooth solution oV x D, J, )
as in(A), we have a 2n dimensional compact family of normalized halgrhic
discs into(E, Jy), where J, is defined byJ and (). Moreover, the holomorphic
discs appearing in the family are all super-reglaemd in particular regular. Now
if we perturb.J, Q2 and¢,, we are actually perturbing, and R,. Standard Fredholm
theory ensures the existence of a nearby family of nornliegular holomorphic
discs, which proves Lemma 7]

Proof of proposition 5Forr € (0, 1), let M(r) be the rescaled Kahler fibration
defined by(M, J, Q)|,./<, with 7, (w) = 7(w)/r. Whenr is small enoughM () is
close to the trivial fibration given by the product/y, J|a. ©|a,) x D. The latter

2For a family of holomorphic disc& : M x D — W parameterized by, we say that a disc
G.(x € M) is super-regular if the derivativép, o d,G(-,2) : To M — T}, oG (z,-)M IS surjective
forall z € D. Itis proved in[8], [5] that a super-regular disc is autoirelty regular.



has an obvious solution {o!)(just takep = 0). Therefore by Lemma 7, forsmall,
we obtain a solution to the equation @8(r), which is the same as a solution near
the central fiber ooV(. O

Proof of Theorem 4If we use anS! invariant boundary condition as the ini-
tial perturbation data, the solutiahin proposition 5 will also bes! invariant(by
the uniqueness as proved in [7]). Then we obtain a geodegiomathe fiber
M, by pulling back the restriction df + /—199¢ on each fiber to a fixed fiber
by the C* action, and we also get a foliation by punctured holomorglscs on
M, x (D \ {0}). Furthermore, if the test configuration is non trivial, there-
sponding foliation would not be trivial since tii& action onM is not along the
leaf direction given by the orthogonal complement of they&an space of the fibers
with respect td24/—190¢. Thus, in this case, we do get a nontrivial geodesic ray.
Since¢ is smooth onM, the geodesic ray is parallel to the algebraic ray defined
simply by pulling back? through theC* action.]

Remark 8. So far we have been talking about simple test configuratiwhih
by definition have smooth central fiber. In general(d.i. [ should allow sin-
gular central fibers. Our proof of the existence of a smootidgsic ray does not
directly extend to the general case since then we need tortlaripation theory on
non smooth manifolds. However it might be possible to aphotem4 to test
configurations with some mild singularities . We might hopdlow up the singu-
larities to yield a simple test configuration which is bihmlorphic to the original
one everywhere except the central fiber, while the central i a resolution of
singularities of the original one. We do not know whether aggal procedure ex-
ists to realize this. Here we only describe an approach bimdeaith a specific
example(called Atiyah’s “flop”), as follows:

Let X be the singular hypersurface @' defined by the equation z, + 23 —

r3 =0, andr : X — C is the projection to the last factor. Clearly there is exactl
one singularity of the total space lying on the central fiber, and it is easy to see all
the other fibers are biholomorphic®d x P! with one line (of degreé) removed.
The central fiber is a singular quadric, whose minimal resatuis a line bundle
over P! of degree—2. We could obtain a smooth 3-fold whose central fiber
is also smooth, by blowing up the Weil divisor (which is notrtitr) defined by
T9 = 13 + 14 = 0. More precisely, LefX be the closure gh~1(X \ {0}) in

Y = {((x1, 2, x3, 24), [y2 : y3]) € C* x IP)1|$2y3 = (23 + 24)y2}

wherep : Y — C* is the projection map. The fibration structure naturallyiues
and the projection map : X — X is a biholomorphism away from the central
fiber, while the central fiber is exactly the minimal resadati Here the fibers are
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all noncompact, but we can in stead consider the compactfiadeM which is
defined inP* by the same equation. The map: M — P! sending[zy,- - , 73]

to [z, : x5 is well defined away from &' cut by equations;;z, + 22 = 0 and

x4 = x5 = 0. So by blowing up thi! we can define the projection map. Now
repeat the previous construction, we get a smooth resalo The central fiber

is XJ,(degree 2 Hirzebruch surface), while other fibers ar@alk P!. It is easy to

see there is a natur@l" action on these spaces. Therefore theorem 4 asserts there is
a smooth geodesic ray @ x P! induced byM, which is the same as that induced

by M. Note here the geodesic ray lies in the Kahler class of thgic&on of the
Fubini-Study metric through the embedding/ef, not M itself.

An interesting question is, to what extent, one can gereerdiiis example to all
dimensions. What are the natural conditions we should imposthe central fiber
or the test configurations?

Another interesting question is: Given a sequence of Kahdeentials in?H
which is bounded in the sense of Cheeger-Gromov, but notdexlim the holo-
morphic category. Does there exist a point in the “spherefatity” which reflects
this non-compactness or degeneracy?
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