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Abstract

In this short note, we give a new proof of a theorem of Arezzo-Tian on the
existence of smooth geodesic rays tamed by a special degeneration.

In [7], S. K. Donaldson proposed an ambitious program to tackle the problem of
the existence and uniqueness of extremal metrics on a Kähler manifold from the
perspective of the infinite dimensional space of Kähler potentials. He observed
that the existence of smooth geodesics connecting two arbitrary Kähler potentials
implies the uniqueness of Kähler metrics in the given classwith constant scalar cur-
vature. In [3], the first named author proved the existence ofC1,1 geodesics joining
two arbitrary points inH. Consequently, this established the uniqueness of ex-
tremal Kähler metrics when the first Chern class of the manifold is non-positive. At
present, there is extensive research in this direction. In particular, the uniqueness
problem has been completely settled (c.f. [12],[10] and [6]).

We shall first give a very brief outline about a small part of this program which
is directly relevant to the problem at hand. For more detailed accounts, readers are
referred to [7], [3], [6] and [4].

Let (M,ω, J) be ann dimensional Kähler manifold. Define the infinite dimen-
sional space of Kähler potentials as

H = {φ ∈ C∞(M)|ωφ = ω +
√
−1∂∂φ > 0}.

In [11](c.f. [7], [18]), T. Mabuchi first introduced a Weil-Peterson type metric on
H :

(φ1, φ2)φ =

∫

M

φ1φ2

ωn
φ

n!
,
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whereφ1, φ2 ∈ TφH ≃ C∞(M). It is easy to see that the geodesic equation inH is

φ̈ =
1

2
|∇φφ̇|2φ (1)

A straightforward calculation shows (c.f. [7], [11], [18])that the spaceH is for-
mally of non-positive curvature. This fact was made rigorously in [2], where E.
Calabi and the first named author proved thatH is a non-positively curved space in
the sense of Alexanderov.

According to S.Semmes [18], by adding a trivialS1 factor, the geodesic equation
could be written as a degenerate complex Monge-Ampére equation inM × ([0, 1]×
S1). SupposeX is a Riemann surface with boundary. Denoteπ1 : M × X → M
andπ2 : M ×X → X as the two natural projection maps, and letΩ = π∗

1ω. Then,
givenφ0 ∈ C∞(M × ∂X) such thatΩ+

√
−1∂∂φ0 > 0 on each sliceM ×{x} for

all x ∈ ∂X, we consider the Dirichlet boundary value problem:
{

(Ω +
√
−1∂∂φ)n+1 = 0, onM ×X ;

φ = φ0, onM × ∂X.
(2)

A solution is of geometric interest ifΩ+
√
−1∂∂φ > 0 when restricted on each slice

M × {x} for all x ∈ X. Since the target manifoldH is an infinitesimal symmet-
ric space, any smooth solution of (2) can be re-interpreted (c.f. [7]) as a harmonic
map fromX to H with prescribed boundary mapφ0 : ∂X → H. Any geodesic
segment connectingφ1 with φ2 corresponds to anS1 invariant solution of (2) with
X = [0, 1]× S1 andφ0(0, τ) = φ1(τ), φ0(1, τ) = φ2(τ). The notion of a geodesic
ray is similar to the finite dimensional case: a geodesic ray in H is a geodesic seg-
ment which can be infinitely extended in one direction. In other words, a geodesic
ray corresponds to anS1 invariant solution of the following:

(Ω +
√
−1∂∂φ)n+1 = 0, on M × ([0,∞)× S1) ≃ M × (D \ {0}), (3)

whereD is the closed unit disk.

In [7], Donaldson also conjectured that the existence of smooth geodesic rays
where the K energy is strictly decreasing at the infinity is equivalent to the non-
existence of constant scalar curvature metrics in[ω]. Donaldson’s conjecture cer-
tainly motivated the study of the existence of geodesic raysand related problems.
However, the existence of geodesic rays is quite different from that of geodesic seg-
ments since the domain involved is naturally non-compact. More importantly, Don-
aldson [7] pointed out that the initial value problem for thegeodesic ray equation
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is not always solvable in the smooth category. So we need to impose an alternative
condition in order to solve equation (3) properly. Following Donaldson’s program
[7], this issue was discussed in [4]. According to [4], the initial Kähler potential
together with the asymptotic direction (given by either an existing geodesic ray or
an algebraic ray associated to a test configuration) forms a well-posed Dirichlet
boundary value for equation (3). A set of new problems were discussed there which
represents a mild attempt by the first named author to developthe existence theory
for geodesic rays. In particular, he proved the existence ofrelativeC1,1 geodesic
rays parallel to a given smooth geodesic ray under natural geometrical constraints.
Unfortunately, there are few examples of the existence of geodesic rays in the litera-
ture, which creates serious problem for pushing the generalexistence theory further.
In 2002, using Cauchy-Kowalewski theorem, C. Arezzo and G. Tian [1] proved the
existence of a smooth geodesic ray asymptotically parallelto a special degenera-
tion, or equivalently, to a simple test configuration(c.f. [9], [5]). One would like to
see a more direct PDE proof of this important theorem. The main purpose of this
note is to reprove the same theorem using the implicit function theorem.

Now we introduce the definition ofKähler fibrationandsimple test configura-
tion.

Definition 1. A Kähler fibration (over the closed unit disk) is a mapπ :
(M, J,Ω) → D, whereJ is an integrable complex structure onM, π is a holo-
morphic submersion,Ω is a closed two form onM which is compatible withJ
and it is a Kähler form on each fiberMz(z ∈ D)(which is assumed to be compact
without boundary).

Definition 2(c.f. [5], [9]). A (truncated)simple test configurationfor a polarized
Kähler manifoldL → M is a Kähler fibrationπ : (M, J,Ω) → D together with
a very ample line bundle Ł and aC∗ equivariant embedding{Ł → M → D} →֒
{Ø(1) → PN × C → C}, such that{L → M} is isomorphic{Ł|M1

→ M1},
where we denoteMt = π−1(t). Also, theC∗ action onC is given by the standard
multiplication, and the mapPN ×C → C is simply the projection to the second fac-
tor, In addition,Ω should coincide with the restriction of the Fubini-Study metric
onPN , while the inducedS1 actions on all these spaces are assumed to be unitary.
Clearly all the fibersπ−1(t) for t 6= 0 are biholomorphic to each other. A simple
test configuration is calledproduct if M is biholomorphic toM × C, and theC∗

action onM is also a product action coming fromC∗ action onM and the standard
multiplication onC. It is calledtrivial if theC∗ action onM is also trivial.

Remark 3. The above definition of a simple test configuration is essentially the
same as the special degeneration studied by G. Tian first in [20].
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Theorem 4( Arezzo-Tian [1]). Given a non-trivial simple test configuration for
L → M , there exists a non trivial geodesic ray tamed by this test configuration.

According to [4], a geodesic ray is said to betamed by a test configurationif
it is asymptotically parallel to the algebraic ray defined bypulling back the Kähler
potentials through theC∗ action onM.

We want to take a different route to prove this theorem. Following [8] and [5],
smooth regular solutions to (3) are related to foliations ofpunctured holomorphic
discs with some control on the total area. There is a Fredholmtheory associated to
the moduli space of holomorphic discs with totally real boundary condition. Defor-
mation of this moduli space is the central topic of this note.

Arezzo-Tian’s theorem is a consequence of the following proposition.

Proposition 5. let π : (M, J,Ω) → D be a Kähler fibration, there exists a
smooth functionφ defined in a neighborhood of the central fiberM0 that solves
the complex Monge-Ampére equation(Ω +

√
−1∂∂̄φ)n+1 = 0 with Ω +

√
−1∂∂̄φ

being positive on each fiber.

Remark 6. Sphere at infinity. The space of Kähler potentials is a (non-compact)
infinite dimensional manifold with non-positive curvature. Like in the finite di-
mension case, we can formulate the notion of the geodesic sphere at infinity. Two
geodesic rays determine the same point at infinity if and onlyif they are parallel to
each other (or their distance stays bounded). In this sense,the asymptotic direction
determined by either a geodesic ray or an algebraic test configuration, should define
a point in the “sphere at infinity”. The geodesic ray problemsdiscussed in [4] can
be viewed as a Dirichlet boundary value problem: Given a “point” in the “sphere
at infinity” and an initial Kähler potential inH, can we always find a geodesic
ray connecting them? A geodesic ray is just a “geodesic segment” connecting a
“finite point” with a point in the “sphere at infinity”. Using this language, what
Arezzo-Tian proved is that there is some geodesic connecting some “finite point”
to the point in the “sphere at infinity” defined by the test configuration. Our proof
using perturbation method actually provides slightly more: there are open sets in
H asymptotically along algebraic degeneration of the test configuration, such that
every point in these open sets emanates a geodesic ray to the given point at infinity.
This is also a consequence of theorem 1.4 in [5].

The proof of Proposition 5 is based on a perturbation theory first introduced in
[8] by Donaldson in the case of a trivial test configuration. In this note, we follow
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its generalization in [5]. By the definition of a Kähler fibration, M is always dif-
feomorphic to the productM0 ×D. So we can for simplicity assumeM = M ×D
for a 2n dimensional smooth manifoldM and the mapπ involved in the definition
is the projection map to the second factor . Fix once and for all a cover ofM ×D
by small balls, say{Ui}i∈I . Following Donaldson’s construction, we can associate
a manifoldW to any Kähler fibration, as follows: On eachUi, we choose local
holomorphic coordinates to be(z1, . . . , zn, z), wherez is simply given byπ. Then
Ω could be written as

√
−1∂∂̄ρi for some locally defined functionρi. W is obtained

by twisting the vertical holomorphic cotangent bundleE = T ∗(M ×D)/π∗T ∗D.
More precisely, we glueξ in E|Ui

with ξ + ∂(ρi − ρj) in E|Uj
over the corre-

sponding fiber. It is easy to see thatW is also a fibration overD and the canonical
complex-symplectic structure on the holomorphic cotangent bundle induces a fiber-
wise complex-symplectic form onW. Furthermore,Ω defines an exact LS-graph1

on each vertical fiber.

Of course, our construction ofW is not canonical. However, if we fix an open
cover and an initial Kähler fibration, thenρi could be chosen to depend smoothly
on the dataΩ andJ for a small variation(Indeed, by the well known theorem of
Newlander-Nirenberg, holomorphic coordinates could be made to vary smoothly.
Then, one can follow the proof of Dolbeault’s lemma to show this). Moreover, by
definition,W is always diffeomorphic toE, or further, to the real vertical cotangent
bundle, still denoted byE, which is independent ofΩ andJ . Therefore, if we pull
back everything to the latter, a perturbation ofΩ andJ really gives us a perturbation
of the complex-symplectic structure onE.

Now letφ0 : ∂D → R be a smooth function such thatΩ+
√
−1∂∂̄φ0 is positive

on fibers over∂D. Then it defines exact LS-graphsΛz,φ0
over anyz ∈ ∂D. Follow-

ing [8], [5], we have a one-to-one correspondence:

(A) A C∞ solution φ to the homogeneous Monge-Ampére equation:(Ω +√
−1∂∂̄φ0)

n+1 = 0 satisfying the boundary conditionφ|∂D = φ0 and such that
Ω +

√
−1∂∂̄φ still defines a Kähler fibration(together withJ).

(B) A smooth mapG : M ×D → E which covers the identity map onD, holo-
morphic in the second variable, and satisfies the boundary condition: for allz ∈ ∂D,
G(·, z) ∈ Λz,φ0

(Alternatively, we could view this as a family of holomorphic sec-
tions of the fibrationE → D whose boundary lies in some totally real submanifold
given by

⋃
z∈∂D Λz,φ0

). In addition, we require thatp1 ◦G(·, 0) is the identity map,

1In a complex symplectic manifold(M,Θ), a submanifoldL is called anLS-submanifoldif L is
Lagrangian with respect toReΘ, while the restriction ofImΘ onL is a symplectic form. For more
details, see [8], [5].
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andp1 ◦ G(·, z) is a diffeomorphism for anyz ∈ D, wherep1 : E → M is the
projection map.

Lemma 7. Perturbation ofΩ, J andφ0 preserves a smooth solution to the above
equation, i.e. the compact family of normalized holomorphic discs in(B) is stable
under perturbation.

To prove this Lemma, we need to set up a Fredholm theory for holomorphic
discs with totally real boundary conditions. Denote by(X, Y ) the space of maps
from X to Y in an appropriate Sobolev space. LetF be the subspace of(D,E)
which are sections of the fibration, i.e normalized maps. FixJ0 onE, and a totally
real submanifoldR0 of E with respect toJ0(For example, in our case, the exact
Lagrangian graphs defined by the known smooth solution restricted on∂D). Let
N (R0) be a neighborhood ofR0 in the space of all totally real submanifolds. For
eachR ∈ N (R0), there is an associated diffeomorphismφR : R → R0 which ex-
tends to a diffeomorphism ofE. Moreover, We can chooseφR to depend smoothly
onR. Now letB = ∪u∈Fu

∗(TE) be an infinite dimensional vector bundle overF ,
andJ be the space of almost complex structures onE. ThenB× (∂D,E) is a bun-
dle overF×J ×N (R0), with a sections(u, J, R) = (∂̄Ju, φ

−1

R ◦u|∂D). Fix J0, and
let s0 be the restriction ofs to the sliceF × {J0} × N (R0). A theorem of Oh [15]
says thats0 is transversal to the submanifold{0}×(∂D,R0) at a point(u0, R0) if u0

is not multiply covered, i.e. there exists az ∈ ∂D, such thatu−1

0 (u0(z)) ∩ ∂D = z
andDu0(z) 6= 0. So in our particular cases is transversal to{0} × (∂D,R0) at
(u0, J0, R0) for every disc coming from a solution of our previous equation (A).
Therefore,s−1({0} × (∂D,R0)) is smooth Banach manifold near(u0, J0, R0).

Now consider the projection maps−1({0} × (∂D,R0)) → J ×N (R0), which
is Fredholm of index2n(c.f [8], [5]). Given a smooth solution on(M × D, J,Ω)
as in(A), we have a 2n dimensional compact family of normalized holomorphic
discs into(E, J0), whereJ0 is defined byJ andΩ. Moreover, the holomorphic
discs appearing in the family are all super-regular2, and in particular regular. Now
if we perturbJ , Ω andφ0, we are actually perturbingJ0 andR0. Standard Fredholm
theory ensures the existence of a nearby family of normalized regular holomorphic
discs, which proves Lemma 7.�

Proof of proposition 5. Forr ∈ (0, 1), letM(r) be the rescaled Kähler fibration
defined by(M, J,Ω)||z|≤r with πr(w) = π(w)/r. Whenr is small enough,M(r) is
close to the trivial fibration given by the product(M0, J |M0

,Ω|M0
)×D. The latter

2For a family of holomorphic discsG : M ×D → W parameterized byM , we say that a disc
Gx(x ∈ M ) is super-regular if the derivativedp1 ◦ dxG(·, z) : TxM → Tp1◦G(x,z)M is surjective
for all z ∈ D. It is proved in [8], [5] that a super-regular disc is automatically regular.
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has an obvious solution to(A)(just takeφ = 0). Therefore by Lemma 7, forr small,
we obtain a solution to the equation onM(r), which is the same as a solution near
the central fiber onM. �

Proof of Theorem 4. If we use anS1 invariant boundary condition as the ini-
tial perturbation data, the solutionφ in proposition 5 will also beS1 invariant(by
the uniqueness as proved in [7]). Then we obtain a geodesic ray on the fiber
M1 by pulling back the restriction ofΩ +

√
−1∂∂̄φ on each fiber to a fixed fiber

by theC∗ action, and we also get a foliation by punctured holomorphicdiscs on
M1 × (D \ {0}). Furthermore, if the test configuration is non trivial, the corre-
sponding foliation would not be trivial since theC∗ action onM is not along the
leaf direction given by the orthogonal complement of the tangent space of the fibers
with respect toΩ+

√
−1∂∂̄φ. Thus, in this case, we do get a nontrivial geodesic ray.

Sinceφ is smooth onM, the geodesic ray is parallel to the algebraic ray defined
simply by pulling backΩ through theC∗ action.�

Remark 8. So far we have been talking about simple test configurations, which
by definition have smooth central fiber. In general(c.f. [9]), we should allow sin-
gular central fibers. Our proof of the existence of a smooth geodesic ray does not
directly extend to the general case since then we need to do perturbation theory on
non smooth manifolds. However it might be possible to apply theorem4 to test
configurations with some mild singularities . We might hope to blow up the singu-
larities to yield a simple test configuration which is biholomorphic to the original
one everywhere except the central fiber, while the central fiber is a resolution of
singularities of the original one. We do not know whether a general procedure ex-
ists to realize this. Here we only describe an approach by dealing with a specific
example(called Atiyah’s “flop”), as follows:

Let X be the singular hypersurface inC4 defined by the equationx1x2 + x2
3 −

x2
4 = 0, andπ : X → C is the projection to the last factor. Clearly there is exactly

one singularity of the total spaceX lying on the central fiber, and it is easy to see all
the other fibers are biholomorphic toP1 × P

1 with one line (of degree2) removed.
The central fiber is a singular quadric, whose minimal resolution is a line bundle
over P1 of degree−2. We could obtain a smooth 3-fold̃X whose central fiber
is also smooth, by blowing up the Weil divisor (which is not Cartier) defined by
x2 = x3 + x4 = 0. More precisely, Let̃X be the closure ofp−1(X \ {0}) in

Y = {((x1, x2, x3, x4), [y2 : y3]) ∈ C
4 × P

1|x2y3 = (x3 + x4)y2}

wherep : Y → C4 is the projection map. The fibration structure naturally survives
and the projection mapp : X̃ → X is a biholomorphism away from the central
fiber, while the central fiber is exactly the minimal resolution. Here the fibers are
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all noncompact, but we can in stead consider the compactifiedspaceM which is
defined inP4 by the same equation. The mapπ : M → P1 sending[x1, · · · , x5]
to [x4 : x5] is well defined away from aP1 cut by equationsx1x2 + x2

3 = 0 and
x4 = x5 = 0. So by blowing up thisP1 we can define the projection map. Now
repeat the previous construction, we get a smooth resolution M̃. The central fiber
is Σ2(degree 2 Hirzebruch surface), while other fibers are allP1 × P1. It is easy to
see there is a naturalC∗ action on these spaces. Therefore theorem 4 asserts there is
a smooth geodesic ray onP1×P1 induced byM̃, which is the same as that induced
by M. Note here the geodesic ray lies in the Kähler class of the restriction of the
Fubini-Study metric through the embedding of̃M, notM itself.

An interesting question is, to what extent, one can generalize this example to all
dimensions. What are the natural conditions we should impose on the central fiber
or the test configurations?

Another interesting question is: Given a sequence of Kähler potentials inH
which is bounded in the sense of Cheeger-Gromov, but not bounded in the holo-
morphic category. Does there exist a point in the “sphere at infinity” which reflects
this non-compactness or degeneracy?

Acknowledgment: The first named author is grateful for the discussion on this
problem with Professor S. K. Donaldson.
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