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Abstract In this article, we investigate the global stability of the wave patterns with the

superposition of viscous contact wave and rarefaction wave for the one-dimensional compress-

ible Navier-Stokes equations with a free boundary. It is shown that for the ideal polytropic

gas, the superposition of the viscous contact wave with rarefaction wave is nonlinearly stable

for the free boundary problem under the large initial perturbations for any γ > 1 with γ

being the adiabatic exponent provided that the wave strength is suitably small.
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1 Introduction

The one-dimensional compressible Navier-Stokes equations in the Eulerian coordinate read


























ρ̃t + (ρ̃ũ)x̃ = 0,

(ρ̃ũ)t + (ρ̃ũ2 + p̃)x̃ = µũx̃x̃,
[

ρ̃

(

ẽ+
ũ2

2

)]

t

+

[

ρ̃

(

ẽ+
ũ2

2

)

+ p̃ũ

]

x̃

= κθ̃x̃x̃ + µ(ũũx̃)x̃,

(1.1)
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where ũ(x̃, t) is the velocity, ρ̃(x̃, t) > 0 is the density, θ̃(x̃, t) > 0 is the absolute temperature,

p̃ = p̃(ρ̃, θ̃) is the pressure, and ẽ = ẽ(ρ̃, θ̃) is the internal energy of the gas in gas dynamics,

while µ and κ denote the viscosity and the heat-conductivity of the gas, respectively. Here, we

study the ideal polytropic gas, that is,

p̃ = Rρ̃θ̃ = Aρ̃γe
γ−1

R
s̃, ẽ = cν θ̃,

where s̃ = s̃(ρ̃, θ̃) is the entropy, γ > 1 is the adiabatic exponent, cν = R
γ−1 is the specific heat,

and both A and R are positive constants.

We consider the system (1.1) in the region x̃ > x̃(t), with the free boundary x̃ = x̃(t)

defined by










dx̃(t)

dt
= ũ(x̃(t), t), t > 0,

x̃(0) = 0,

(1.2)

and the free boundary conditions

(p̃− µũx̃)
∣

∣

x̃=x̃(t)
= p0, θ̃

∣

∣

x̃=x̃(t)
= θ− > 0, (1.3)

which means that the gas is attached at the boundary x̃ = x̃(t) with the fixed outer pressure

p0 > 0 and the prescribed temperature θ− > 0. The initial data is given by

(ρ̃, ũ, θ̃)
∣

∣

t=0
=
(

ρ̃0, ũ0, θ̃0

)

(x̃) → (ρ+, u+, θ+) as x̃→ +∞, (1.4)

where ρ+ > 0, θ+ > 0, and u+ are prescribed constants and we assume θ̃0
∣

∣

x̃=x̃(t)
= θ− as the

compatibility condition.

As it is convenient to use the Lagrangian coordinate in spatial one-dimensional case, we

transform the Eulerian coordinates (x̃, t) to the Lagrangian coordinates (x, t) by

x =

∫ x̃

x̃(t)

ρ̃(y, t)dy, t = t,

and then the free boundary value problem (1.1)–(1.4) is changed into the half space problem






























vt − ux = 0,

ut + px = µ
(ux

v

)

x
, x > 0, t > 0,

(

e+
u2

2

)

t

+ (pu)x =

(

κ
θx

v
+ µ

uux

v

)

x

,

(1.5)

with the initial and boundary conditions






















θ|x=0 = θ−,
(

p(v, θ) − µ
ux

v

)

(0, t) = p0, t > 0,

(v, u, θ)(x, 0) = (v0, u0, θ0)(x) → (v+, u+, θ+) as x→ +∞,

(1.6)

where u(x, t) = ũ(x̃, t), θ(x, t) = θ̃(x̃, t), and v+ = ρ−1
+ ; and v = v(x, t) = ρ̃−1(x̃, t) denotes the

specific volume.
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It is well-known that the asymptotic behaviors of (1.5) are characterized by the Riemann

solution to the corresponding Euler system:


























vt − ux = 0,

ut + px = 0,
(

e+
u2

2

)

t

+ (pu)x = 0.

(1.7)

The Euler system (1.7) is a typical example of the hyperbolic conservation laws. The main

feature of the solutions to the hyperbolic conservation laws is the formation of the shock wave

no matter how smooth and small the initial values are. Generally speaking, the Riemann

solution to Euler system (1.7) contains three basic wave patterns, that is, two nonlinear waves,

shock wave and rarefaction wave, and one contact discontinuity in the linearly degenerate

field. The above three dilation invariant wave solutions and their linear superpositions in the

increasing order of characteristic speed, that is, Riemann solutions, govern both local and large-

time behavior of solutions to the Euler system and so govern the large-time behavior of the

solutions to the compressible Navier-Stokes equations (1.5).

Indeed, there was great interest and intensive studies on the large time behaviors of the

solutions for the Cauchy problem of system (1.5). In the case of the Riemann solution of (1.5)

consisting of a single wave pattern, we refer to [2, 17, 22, 26, 34] for the stability of viscous

shock wave, [1, 18, 23, 27–29] for rarefaction wave, and [3, 6, 10, 12, 13, 24] for the viscous

contact wave. For the superposition wave case, the local stability of the superposition of two

viscous shock waves was studied by Huang-Matsumura in [7] without zero mass condition and

Huang-Li-Matsumura [6] proved the local stability of the superposition of viscous contact wave

and rarefaction waves by introducing a new estimates on the heat kernel.

Recently, the initial boundary value problem of (1.5) attracts increasing interest because it

has more physical meanings and of course produces some new mathematical difficulties due to

the boundary effect. Some new phenomenon may appear in the initial boundary value problem.

Mathematically speaking, how to treat the boundary terms is the main issue. One can refer

[25] for the inflow and outflow problems for (1.5) and the references therein. For the initial-

boundary value problem (1.5)–(1.6) in this article, there are also some recent results for the

large time behavior of the solution. However, most results are concerned with the local stability

or the asymptotic stability with“partially” large perturbation to the wave patterns. In fact,

Huang-Matsumura-Shi [9] proved the local stability of a viscous contact wave to (1.5) by using

the elementary energy methods and a poincare inequality to control the boundary terms. Then,

Huang-Zhao [14] proved the asymptotic stability of viscous contact wave and its superposition

with rarefaction wave for the system (1.5)–(1.6) with the large perturbation provided that the

adiabatic exponent γ is close to 1 enough. Precisely speaking, in [14], the quantity γ−1 needs to

be suitably small, that is, the system is almost isothermal, then the perturbation around wave

patterns can be large. Huang-Shi-Wang [11] proved the local stability of viscous shock wave to

(1.5) if the viscous shock wave is far away from the boundary. And Hong-Huang [4] proved the

local stability of superposition of viscous shock wave and viscous contact wave case to (1.5).

For the free boundary problem of corresponding isentropic system with the conservation of

energy being neglected, the stability of rarefaction wave and viscous shock wave was proved by
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Pan-Liu-Nishihara in [33]. The main aim of this article is to remove the smallness condition of

γ− 1 in [14] and to prove the stability of superposition of viscous contact wave and rarefaction

wave to the initial and boundary value problem (1.5)–(1.6) under large perturbations for any

γ > 1.

Before stating the main results, we first recall the viscous contact wave and approximate rar-

efaction wave for the compressible Navier-Stokes system (1.5). By the theory of hyperbolic sys-

tems of conservation laws (see [32]), we know that there exists a unique point (vm, um, θm) such

that p0 = pm = Rθm

vm
, and (vm, um, θm) belongs to the 3-rarefaction wave curve R(v+, u+, θ+)

in the phase plane, where

R(v+, u+, θ+) =

{

(v, u, θ)

∣

∣

∣

∣

∣

s = s+, u = u+ −

∫ v

v+

λ(η, s+)dη, v > v+

}

,

s =
R

γ − 1
ln
Rθ

A
+R ln v and λ(v, s) =

√

Aγv−γ−1e
γ−1

R
s,

that is, (vm, um, θm) satisfies

p0 =
Rθm

vm

, θmv
γ−1
m = θ+v

γ−1
+ , um = u+ −

∫ vm

v+

λ(η, s+)dη.

We consider the superposition of the viscous contact wave connecting (v−, u−, θ−) with (vm, um, θm)

and the 3-rarefaction wave connecting (vm, um, θm) with (v+, u+, θ+). To state our main results,

we first recall the viscous contact wave (V, U,Θ) for the compressible Navier-Stokes system (1.5)

defined in [13]. Consider the Euler system (1.7) with the initial Riemann data

(v, u, θ)(x, 0) =







(v−, u−, θ−), x < 0,

(vm, um, θm), x > 0.
(1.8)

It is known that the contact discontinuity solution takes the form

(Ṽ , Ũ , Θ̃)(x, t) =







(v−, u−, θ−), x < 0, t > 0,

(vm, um, θm), x > 0, t > 0,
(1.9)

provide that

u− = um, p0 ,
Rθ−
v−

= pm ,
Rθm

vm

. (1.10)

In the setting of the compressible Navier-Stokes system (1.5), the inviscid contact discontinuity

(Ṽ , Ũ , Θ̃) becomes smooth to be called “viscous contact wave”and behaves like a diffusion wave

due to the dissipation effect. The viscous contact wave (V cd, U cd,Θcd) can be constructed as

follows. Since the pressure for the profile (V cd, U cd,Θcd) is expected to be almost constant as

in [10], we set

p(V cd,Θcd) ,
RΘcd

V cd
= p0,

which indicates that the leading part of the energy equation (1.5)3 is

cνΘcd
t + p0U

cd
x = κ

(

Θcd
x

V cd

)

x

. (1.11)

The equation (1.11) and (1.5)1 lead to a nonlinear diffusion equation,

Θcd
t = a

(

Θcd
x

Θcd

)

x

, Θcd(0, t) = θ−, Θcd(+∞, t) = θm, a =
κp0(γ − 1)

γR2
> 0, (1.12)
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which has a unique self-similar solution Θcd(x, t) = Θcd(ξ), ξ = x√
1+t

due to [5]. Furthermore,

on the one hand, Θcd(ξ) is a monotone function, increasing if θm > θ− and decreasing if θm <

θ−. On the other hand, there exists some positive constant δcd, such that for δcd = |θm − θ−|,

Θcd satisfies

(1 + t)|Θcd
xx| + (1 + t)

1
2 |Θcd

x | + |Θcd − θm| + |Θcd − θ−| = O(1)δcde−
c1x2

1+t as x→ +∞, (1.13)

where c1 is positive constant depending only on θ− and θm. Once Θcd is determined, the viscous

contact wave (V cd, U cd,Θcd)(x, t) can be defined as follows:

V cd =
R

p0
Θcd, U cd = um +

κ(γ − 1)

γR

Θcd
x

Θcd
. (1.14)

Then, the viscous contact wave (V cd, U cd,Θcd)(x, t) solves the compressible Navier-Stokes sys-

tem (1.5) time asymptotically, that is,


































V cd
t − U cd

x = 0,

U cd
t + p(V cd,Θcd)x = µ

(

U cd
x

V cd

)

x

+ F cd,

cνΘcd
t + p(V cd,Θcd)U cd

x = κ

(

Θcd
x

V cd

)

x

+ µ
(U cd)2x
V cd

+Gcd,

(1.15)

where

F cd = U cd
t − µ

(

U cd
x

V cd

)

x

, Gcd = −µ
(U cd

x )2

V cd
. (1.16)

Now, we turn to rarefaction wave. The 3-rarefaction wave (vr, ur, θr)(x/t) connecting

(vm, um, θm) and (v+, u+, θ+) is the weak solution of the Riemann problem,


















































vt − ux = 0,

ut + px = 0, x ∈ R, t > 0,
(

e+
u2

2

)

t

+ (pu)x = 0,

(v, u, θ)(x, 0) =







(vm, um, θm), x < 0

(v+, u+, θ+), x > 0.

(1.17)

Consider the following Burgers equation:






















wt + wwx = 0, x ∈ R, t > 0,

w0(x) := w(0, t) =











w−, x < 0,

w− + Cq(w+ − w−)

∫ x

0

yqe−ydy, x ≥ 0,

(1.18)

where w− = λ(vm, s+), w+ = λ(v+, s+), and Cq is a constant such that Cq

∫ +∞

0 yqe−ydy = 1

for large constant q ≥ 8. Then by the method of characteristic curves, the solution to the above

Burgers equation can be expressed explicitly by

w(x, t) = w0(x0(x, t)),

where x0(x, t) is given by the relation

x = x0(x, t) + w0(x0(x, t))t.
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Correspondingly, the smooth approximate rarefaction wave (V̄ r, Ū r, Θ̄r) can be defined by


























λ(V̄ r, Θ̄r)(x, t) = w(x, 1 + t),

s(V̄ r, Θ̄r)(x, t) = s+ = s(v+, θ+),

Ū r(x, t) = u+ −

∫ V̄ r(x,t)

v+

λ(η, s+)dη.

(1.19)

Then, define

(V r, U r,Θr) (x, t) :=
(

V̄ r, Ū r, Θ̄r
)

(x, t)
∣

∣

∣

x≥0
. (1.20)

And (V r, U r,Θr) (x, t) satisfies














































V r
t − U r

x = 0,

U r
t + P (V r,Θr)x = 0,
(

e(V r,Θr) +
1

2
(U r)2

)

t

+ (P (V r,Θr)U r)x = 0,

(V r, U r,Θr)|x=0 = (vm, um, θm),

(V r, U r,Θr)|t=0 = (V r, U r,Θr)(x, 0),

(1.21)

where P (V r,Θr) = RΘr

V r .

Denote the wave strength by

δcd = |θm − θ−|, δr = |vm − v+| + |um − u+| + |θm − θ+|,

and δ = max{δcd, δr}. Define the superposition wave (V, U,Θ)(x, t), which is combined by

viscous contact wave and rarefaction wave, by








V

U

Θ









(x, t) =









V cd(x, t) + V r(x, t) − vm

U cd(x, t) + U r(x, t) − um

Θcd(x, t) + Θr(x, t) − θm









. (1.22)

Then, our main result in this article can be stated as follows.

Theorem 1.1 For the initial and boundary value problem (1.5)–(1.6), let (V, U,Θ) be

defined in (1.22). Then, there exits a function m(δ) satisfying m(δ) → +∞ as δ → 0 and a

small constant δ0, such that |θ+ − θ−| < δ0 and the initial data satisfies






‖u0(x) − U(x, 0)‖H1(R+) ≤ m0 =: m(δ), v0(x), θ0(x) ≥ m−1
0 ,

‖(v0(x) − V (x, 0), θ0(x) − Θ(x, 0))‖H1
0 (R+) ≤ m0.

(1.23)

Then, the problem (1.5)–(1.6) admits a unique global classical solution (v, u, θ) satisfying

0 < c1 ≤ v(x, t), θ(x, t) ≤ C1 < +∞;

(v − V, u− U, θ − Θ)(x, t) ∈ C
(

(0,+∞);H1(R+)
)

;

(v − V )x(x, t) ∈ L2(0,+∞;L2
(

R+)
)

;

(u− U, θ − Θ)x(x, t) ∈ L2
(

0,+∞;H1(R+)
)

,

and the time-asymptotic stability

lim
t→+∞

sup
x∈R+

|(v − V, u− U, θ − Θ)(x, t)| = 0. (1.24)
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Remark 1.2 Theorem 1.1 holds for large initial perturbations away from vacuum states

and any γ > 1 provided that the wave strength is suitably small. Thus, we removed the

smallness condition of γ − 1 in [14] and the partial smallness condition of initial perturbation

in [3].

Remark 1.3 The result in Theorem 1.1 can be transformed back to the original free

boundary problem of (1.1), (1.2)–(1.3), which means that the wave patterns is still nonlinearly

stable with suitable shifts in Eulerian coordinate.

We now comment on the proof of this article. It is noted that the smallness of γ − 1 is

crucially used in [14, 29] to control the lower and upper bound of the absolute temperature

θ. To remove the smallness condition on γ − 1, the key issue is how to obtain the uniform

lower and upper bound of θ, which is strongly coupled with the uniform bound of the specific

volume v. Here, we use some ideas in Huang-Wang [12] for the Cauchy problem. First, it

should be noted that the basic energy estimate (see Lemma 3.2 below) is nontrivially derived

compared with the case of small initial perturbation. In fact, we essentially use the smallness

of wave strength and the underlying structure of wave patterns to control the terms involving

the derivative of perturbation around the wave patterns in order to obtain the uniformly basic

energy estimate. Second, the specific volume v is shown uniformly bounded from below and

above with respect to both time and space through delicate analysis based on a cut-off technique

in [21] and the basic energy estimate in Lemma (3.2). Finally, we manipulate some weighted

estimates on the perturbation around the wave patterns to derive the uniform bound for the

temperature θ. Remark that the underlying structures of viscous contact wave and rarefaction

wave are essentially used in the proof. Compared with Cauchy problem case in Huang-Wang

[12], one more point is how to control the boundary terms. For the initial and boundary

value problems (1.5)–(1.6), we can cope with the boundary terms provided that the initial

perturbation φ0(x) ∈ H1
0 (R+), which is somehow natural since φ(x, t) ∈ H1

0 (R+) for any t > 0

as in Huang-Zhao [14].

Notations Throughout this article, generic positive constants are denoted by c and C

without confusion. For function spaces, Lp(Ω), 1 ≤ p ≤ ∞, denotes the usual Lebesgue space

on Ω ⊂ R+ = (0,∞) with its norm given by

‖f‖Lp(Ω) :=

(
∫

Ω

|f(x)|pdx

)
1
p

, 1 ≤ p <∞, ‖ f ‖L∞(Ω):= ess.supΩ|f(x)|.

Hk(Ω) denotes the kth order Sobolev space with its norm

‖f‖Hk(Ω) :=

( k
∑

j=0

‖ ∂j
xf ‖2 (Ω)

)
1
2

, when ‖ · ‖=‖ · ‖L2(Ω) .

The domain Ω will be often abbreviated without confusion.

2 Preliminaries

We give some preliminary lemmas in this section, whose proof is standard and will be

skipped.

Lemma 2.1 Assume that δcd = |θm−θ−|. Then, the viscous contact wave (V cd, U cd,Θcd)

has the following properties:
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(1)

|V cd − vm| + |Θcd − θm| ≤ O(1)δcde−
cx2

1+t ,

(2)

|∂k
xV

cd| + |∂k−1
x U cd| + |∂k

xΘcd| ≤ O(1)δcd(1 + t)−
k
2 e−

cx2

1+t , k ≥ 1.

Therefore, we have

F cd = O(1)δcd(1 + t)−
3
2 e−

cx2

1+t , Gcd = O(1)δcd(1 + t)−2e−
cx2

1+t . (2.1)

Lemma 2.2 Let δr = |(vm − v+, um −u+, θ+ − θm)|. The smooth approximation rarefac-

tion wave (V r, U r,Θr)(x, t) has the following properties:

(1)

U r
x > 0, (|V r

x |, |Θ
r
x|) ≤ CU r

x ;

(2) For any p (1 ≤ p ≤ ∞), there exists a constant Cpq such that

‖(V r
x , U

r
x ,Θ

r
x)‖Lp ≤ Cpqmin

(

δr, (δr)1/p(1 + t)−1+1/p
)

,

‖(V r
xx, U

r
xx,Θ

r
xx)‖Lp ≤ Cpqmin

(

δr, ((δr)1/p + (δr)1/q)(1 + t)−1+1/q
)

;

(3) There exists some positive constant C = C(vm, um, θm, s+) such that for 2x ≤

λ(vm, s+), it holds that

|∂n
x{(V

r, U r,Θr)(x, t) − (vm, um, θm)}| ≤ Cδre−C(|x|+t), n = 0, 1, 2, · · · ,

and for 2x > λ(vm, s+), we have

|∂n
x{(V

cd, U cd,Θcd)(x, t) − (vm, um, θm)}| ≤ Cδcde−C(|x|+t), n = 0, 1, 2, · · · ;

(4)

lim
t→+∞

sup
x∈R+

|(V, U,Θ)(x, t) − (vr, ur, θr)(x/t)| = 0.

3 Proof of Theorem 1.1

Put the perturbation (φ, ψ, ζ)(x, t) around the superposition wave (V, U,Θ)(x, t) by

(φ, ψ, ζ)(x, t) = (v − V, u− U, θ − Θ)(x, t). (3.1)

Then by (1.5), (1.6), (1.15), and (1.21), the system for the perturbation (φ, ψ, ζ)(x, t) becomes










































































φt − ψx = 0,

ψt + (p− P )x = µ

(

ux

v
−
Ux

V

)

x

+ F,

cνζt + pux − PUx = κ

(

θx

v
−

Θx

V

)

x

+ µ

(

u2
x

v
−
U2

x

V

)

+G,

(

Rθ−
V + φ

− µ
Ux + ψx

V + φ

) ∣

∣

∣

∣

x=0

= p0,

ζ(0, t) = 0,

(φ, ψ, ζ)(x, 0) = (v − V, u− U, θ − Θ)(x, 0) = (φ0, ψ0, ζ0)(x), x ∈ R+,

(3.2)



1200 ACTA MATHEMATICA SCIENTIA Vol.36 Ser.B

where P (x, t) = RΘ
V

(x, t),

F = (P (V r,Θr) − P )x +

[

µ

(

Ux

V

)

x

− U cd
t

]

:= F1 + F2, (3.3)

G =
[

p0U
cd
x + P (V r,Θr)U r

x − PUx

]

+

[(

κΘx

V

)

x

+
µU2

x

V
−

(

κΘcd
x

V cd

)

x

]

:= G1 +G2. (3.4)

We shall prove Theorem 1.1 by the local existence and the a priori estimate. We look for

the solution (φ, ψ, ζ) in the solution space X([0,+∞)),

XM ([0, T ]) =
{

(φ, ψ, ζ)
∣

∣

∣
v, θ ≥M−1, sup

0≤t≤T

‖(φ, ψ, ζ)‖H1 ≤M
}

for some 0 < T ≤ +∞, where the constant M will be determined later. As the local existence

of the solution is well known (for example, see [9]), to prove the global existence of Theorem

1.1, we only need to establish the following a priori estimates.

Proposition 3.1 (A priori estimates) Assume that the conditions of Theorem 1.1 hold,

then there exists a positive constant δ0 such that if δ < δ0, and (φ, ψ, ζ) ∈ XM ([0, T ]) for some

M > 0, then it holds that

sup
0≤t≤T

‖(φ, ψ, ζ)(t)‖2
H1 +

∫ T

0

(‖φx‖
2 + ‖(ψx, ζx)‖2

H1) ≤ C0, (3.5)

where C0 denotes a constant depending only on µ, κ, R, γ, p0, v+, u+, θ±, and m0 and is

independent of M .

Once Proposition 3.1 is proved, we can extend the local solution (u, v, θ) to the global one

by the standard continuum process. Moreover, one has
∫ +∞

0

(

‖(φx, ψx, ζx)(t)‖2 +

∣

∣

∣

∣

d

dt
‖(φx, ψx, ζx)(t)‖2

∣

∣

∣

∣

)

dt ≤ ∞, (3.6)

which along with the Sobolev’s inequality gives (1.24).

Proposition 3.1 is proved by the following lemmas. First, it should be emphasized that the

basic energy estimate is obtained in a nontrivial way, compared with the case of small initial

perturbation or uniform constant far-fields case.

Lemma 3.2 There exist some positive constant C0 and δ0 such that if δ < δ0, it holds

that
∥

∥

∥

∥

(

ψ,

√

Φ
( v

V

)

,

√

Φ

(

θ

Θ

)

)

(t)

∥

∥

∥

∥

2

+

∫ t

0

∫
(

ψ2
x

θv
+

ζ2
x

θ2v

)

dxdτ ≤ C0. (3.7)

Proof The proof of Lemma 3.2 consists of the following steps.

Step 1 Similar to [9], multiplying (1.5)1 by −RΘ(v−1 −V −1), (1.5)2 by ψ, and (1.5)3 by

ζθ−1, then adding the resulting equations together, we can get
(

ψ2

2
+RΘΦ

( v

V

)

+ cνΘΦ

(

θ

Θ

))

t

+
µΘ

θv
ψ2

x +
κΘ

θ2v
ζ2
x +Q1U

r
x +Hx +Q2

= Fψ +G
ζ

θ
(3.8)

with

Φ(y) = y − ln y − 1, y > 0
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and

H = (p− P )ψ − µ

(

ux

v
−
Ux

V

)

ψ −
κζ

θ

(

θx

v
−

Θx

V

)

, (3.9)

Q1 = Φ

(

θV

vΘ

)

+ γΦ
( v

V

)

> 0, (3.10)

Q2 = Q1U
cd
x +

((

κ
Θx

V

)

x

+ µ
U2

x

V
+G

)(

Φ

(

Θ

θ

)

− (γ − 1)Φ
( v

V

)

)

−µ
φUxψx

vV
−
κΘx

θ2v
ζζx −

κΘΘx

θ2vV
ζxφ+

κΘ2
x

θ2vV
ζφ−

2µUx

θv
ψxζ +

µU2
x

θvV
ζφ. (3.11)

As

|Q2| ≤
µΘ

4θv
ψ2

x +
κΘ

4θ2v
ζ2
x + C(M)(φ2 + ζ2)(|U cd

x | + (Θcd
x )2 + |Θcd

xx|)

+C(M)(φ2 + ζ2)(|Θr
xx| + |U r

x |
2 +G), (3.12)

where C(M) denotes a constant depending on M , then the boundary condition and Ux(0, t) =

Vt(0, t) = 0 exactly give

(

Rθ−
V + φ

−
µφt

V + φ

)

∣

∣

∣

∣

∣

x=0

= p0, t > 0. (3.13)

Direct computation gives

µφt(0, t) = −p0φ(0, t); (3.14)

from which, together with the fact that φ0(x) ∈ H1
0 (0,+∞), we have

φ(0, t) = φ0(0)e−
p0
µ

t = 0. (3.15)

Using Pioncaré’s type inequality yields

|ζ(x, t)| ≤ x1/2‖ζx‖, |φ(x, t)| ≤ x1/2‖φx‖. (3.16)

By Lemma 2.1 and (3.16), we have
∫ t

0

∫

R+

(φ2 + ζ2)(|U cd
x | + |Θcd

xx| + |Θcd
x |2)dxdτ

≤ Cδ

∫ t

0

‖(φx, ζx)‖2(1 + τ)−1

∫

R+

xe−
c1x2

1+τ dxdτ

≤ C(M)δ

∫ t

0

∫

R+

(

θφ2
x

v3
+
κΘζ2

x

θ2v

)

dxdτ. (3.17)

As

|F1| =

∣

∣

∣

∣

R

(

Θr

V r
+

Θcd

V cd
−

Θ

V

)

x

∣

∣

∣

∣

≤ C(|V r − vm| + |Θr − θm|)|Θcd
x | + C(|V cd − vm| + |Θcd − θm|)|Θr

x|

≤ Ce−C(|x|+t), (3.18)

and

|F2| ≤ C
(

|U cd
t | + |U cd

xx| + |U r
xx| + |U cd

x V cd
x | + |U cd

x V r
x | + |U r

xV
cd
x | + |U r

xV
r
x |
)

, (3.19)
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from Lemma 2.2 (see also Lemma 3.2 in [31]), we have

‖F‖L1 ≤ Cδ1/8(1 + t)−13/16. (3.20)

Similarly,

‖G‖L1 ≤ Cδ1/8(1 + t)−13/16. (3.21)

From Lemma 2.2 and Cauchy’s inequality, we have
∫ t

0

∫

R+

(φ2 + ζ2)(|Θr
xx| + (U r

x)2 +G)dxdτ

≤ Cδ1/8

∫ t

0

(1 + τ)−13/16(‖φ‖‖φx‖ + ‖ζ‖‖ζx‖)dτ

≤ C(M)δ1/8

∫ t

0

∫

R+

(

θφ2
x

v3
+
κΘζ2

x

θ2v

)

dxdτ

+C(M)δ1/8

∫ t

0

(1 + τ)−13/8

∥

∥

∥

∥

∥

(

√

Φ
( v

V

)

,

√

Φ

(

θ

Θ

)

)∥

∥

∥

∥

∥

2

dτ. (3.22)

By Cauchy’s inequality, we obtain
∣

∣

∣

∣

∣

∫ t

0

∫

R+

(

Fψ +G
ζ

θ

)

dxdτ

∣

∣

∣

∣

∣

≤ C(M)

∫ t

0

‖(F,G)‖L1‖(ψ, ζ)‖1/2‖(ψx, ζx)‖1/2dτ

≤ C(M)δ1/8

∫ t

0

(1 + τ)−13/16‖(ψ, ζ)‖1/2‖(ψx, ζx)‖1/2dτ

≤

∫ t

0

∫

R+

(

µΘψ2
x

4θv
+
κΘζ2

x

4θ2v

)

dxdτ

+C(M)δ1/6

∫ t

0

(1 + τ)−13/12



1 +

∥

∥

∥

∥

∥

(

ψ,

√

Φ

(

θ

Θ

)

)∥

∥

∥

∥

∥

2


 dτ. (3.23)

Note that

ζ(0, t) = 0, Ux(0, t) = Vt(0, t) = 0, and
(

p− µ
ux

v
− P

) ∣

∣

∣

x=0
= p0 − p0 = 0,

which yields

H(0, t) = 0.

Then, integrating (3.8) over R+× (0, t), combining (3.17)–(3.23), and using Gronwall’s inequal-

ity, we have

∥

∥

∥

∥

(

ψ,

√

Φ
( v

V

)

,

√

Φ

(

θ

Θ

)

)

(t)

∥

∥

∥

∥

2

+

∫ t

0

∫

R+

(

ψ2
x

θv
+

ζ2
x

θ2v

)

dxdτ

≤ C0 + C(M)δ1/8

∫ t

0

∫

R+

θφ2
x

v3
dxdτ. (3.24)

Step 2 Following [28], we introduce a new variable ṽ = v
V

. Then, (3.2)2 can be rewritten

by the new variable as
(

µ
ṽx

ṽ
− ψ

)

t

− (p− P )x = −F. (3.25)
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Multiplying (3.25) by ṽx

ṽ
, we have

(

µ

2

(

ṽx

ṽ

)2

− ψ
ṽx

ṽ

)

t

+

(

ψ
ṽt

ṽ

)

x

+
Rθ

v

(

ṽx

ṽ

)2

−
R

v
ζx
ṽx

ṽ

−
ψ2

x

v
+
ψxφUx

vV
+R

(

θ

v
−

Θ

V

)

Vx

V

ṽx

ṽ
+
RφΘx

vV

ṽx

ṽ
= −F

ṽx

ṽ
. (3.26)

The Cauchy’s inequality yields that
∣

∣

∣

∣

R

v
ζx
ṽx

ṽ

∣

∣

∣

∣

+

∣

∣

∣

∣

ψxφUx

vV

∣

∣

∣

∣

+
ψ2

x

v

≤
Rθ

4v

(

ṽx

ṽ

)2

+ C(M)

(

ζ2
x

θ2v
+
ψ2

x

θv

)

+ C(M)φ2U2
x , (3.27)

∣

∣

∣

∣

R

(

θ

v
−

Θ

V

)

Vx

V

ṽx

ṽ

∣

∣

∣

∣

+

∣

∣

∣

∣

RφΘx

vV

ṽx

ṽ

∣

∣

∣

∣

+

∣

∣

∣

∣

F
ṽx

ṽ

∣

∣

∣

∣

≤
Rθ

4v

(

ṽx

ṽ

)2

+ C(M)((φ2 + ζ2)(V 2
x + Θ2

x) + F 2), (3.28)

and
φ2

x

2v2
− C(M)φ2V 2

x ≤

(

ṽx

ṽ

)2

≤
φ2

x

v2
+ C(M)φ2V 2

x . (3.29)

Note that
(

ṽt

ṽ

)

(0, t) =
(

φt

v

)

(0, t) = 0 and that the right hand sides of (3.27)–(3.29) is already

been investigated in Step 1. Integrating (3.26) over R+ × (0, t) and combining (3.24), we have
∫

R+

φ2
x

v2
dx+

∫ t

0

∫

R+

θφ2
x

v3
dxdτ ≤ C0 + C(M)

∫ t

0

∫

R+

(

ψ2
x

θv
+

ζ2
x

θ2v

)

dxdτ. (3.30)

The proof of Lemma 3.2 is completed by substituting (3.30) into (3.24) and choosing δ suitably

small. �

On the basis of Lemma 3.2 and Lemma 5 in [6], one has

Lemma 3.3 There exists a positive constant C > 0, which may depend on M but is

independent of t > 0, such that if the wave strength δ > 0 is suitably small, then it holds that
∫ t

0

∫

R+

(1 + τ)−1e−
cx2

1+τ |(φ, ψ, ζ)|2dxdτ ≤ C(M).

Remark 3.4 The proof of Lemma 3.3 can be found in [6], while it should be noted that

there are some boundary terms to be concerned additionally here. In fact, we can change the

functions f and g in [6] to be defined by

f(x, t) =

∫ x

0

ω(y, t)dy, g(x, t) =

∫ x

0

ω2(y, t)dy.

Therefore, all the boundary terms to get the estimates in Lemma 3.3 can be controlled by the

free boundary conditions (1.6) or vanishes due to the fact that f(0, t) = g(0, t) ≡ 0. We will

skip the details for brevity.

Remark 3.5 For the initial boundary value problem (1.5)–(1.6), Lemma 3.3 is crucially

useful for the ψ-component, because for the φ and ζ-component, one can use Poincaré inequality

as in (3.16)–(3.17) to control the left hand side of the inequality in Lemma 3.3.
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Lemma 3.6 Let α1, α2 be the two positive roots of the equation y − ln y − 1 = C0 and

the constant C0 be the same as in (3.7). Then,

α1 ≤

∫ k+1

k

ṽ(x, t)dx,

∫ k+1

k

θ̃(x, t)dx ≤ α2, t ≥ 0, (3.31)

and for each t ≥ 0, there are points ak(t), bk(t) ∈ [k, k + 1] such that

α1 ≤ ṽ(ak(t), t), θ̃(bk(t), t) ≤ α2, t ≥ 0, (3.32)

where ṽ = v
V

, θ̃ = θ
Θ , and k = 0, 1, 2, · · · .

Proof From (3.7), we see that
∫ k+1

k

(ṽ(x, t) − ln ṽ(x, t) − 1)dx,

∫ k+1

k

(θ̃(x, t) − ln θ̃(x, t) − 1)dx ≤ C0. (3.33)

Applying Jessen’s inequality to the convex function y − ln y − 1 = C0, we obtain
∫ k+1

k

ṽ(x, t)dx − ln

∫ k+1

k

ṽ(x, t)dx − 1,

∫ k+1

k

θ̃(x, t)dx − ln

∫ k+1

k

θ̃(x, t)dx − 1 ≤ C0,

which gives

α1 ≤

∫ k+1

k

ṽ(x, t)dx,

∫ k+1

k

θ̃(x, t)dx ≤ α2.

Moreover, for each t ≥ 0, by terms of mean value theorem, there are points ak(t), bk(t) ∈ [k, k+1]

such that

0 < α1 ≤ ṽ(ak(t), t), θ̃(bk(t), t) ≤ α2, t ≥ 0. (3.34)

�

The following lemma can be found in Jiang [15, Lemma 2.3].

Lemma 3.7 For each x ∈ [k, k + 1], k = 0, 1, 2, · · · , it follows from (1.5)2 that

v(x, t) = B(x, t)Y (t) +
R

µ

∫ t

0

B(x, t)Y (t)

B(x, s)Y (s)
θ(x, s)ds, (3.35)

where

B(x, t) = v0(x) exp

(

1

µ

∫ +∞

x

(

u0(y) − u(y, t)
)

β(y)dy

)

, (3.36)

Y (t) = exp

(

1

µ

∫ t

0

∫ k+2

k+1

σ(y, s)dyds

)

, (3.37)

σ(x, t) =

(

µ
ux

v
−R

θ

v

)

(x, t), (3.38)

and

β(x) =















1, x ≤ k + 1,

k + 2 − x, k + 1 ≤ x ≤ k + 2,

0, x ≥ k + 2.

(3.39)

By (3.7) and Cauchy’s inequality, we have

B(C0) ≤ B(x, t) ≤ B(C0), ∀x ∈ [k, k + 1], t ≥ 0, (3.40)

where B(C0) and B(C0) are two constants depending on C0.
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Lemma 3.8 There are two positive constants v(C0) and v̄(C0) such that

v(C0) ≤ v(x, t) ≤ v̄(C0), ∀x ∈ R+, t ≥ 0, (3.41)

where v(C0) and v̄(C0) are dependent on C0, independent of x, t.

The proof of Lemma (3.8) can be found in [12] and we skip the details for brevity.

The following lemma is the key to obtain the uniform bound of the absolute temperature.

Lemma 3.9 There exists some positive constants C0 such that for any given T > 0,

sup
0≤t≤T

∫

R+

(ζ2 + ψ4)dx+

∫ T

0

∫

R+

((θ + ψ2)ψ2
x + ζ2

x)dxdt ≤ C0. (3.42)

Proof The proof of Lemma 3.9 consists of the following steps.

Step 1 First, for t ≥ 0 and a > 1, denote

Ωa(t) ,

{

x ∈ R

∣

∣

∣

θ

Θ
(x, t) > a

}

= {x ∈ R+|ζ(x, t) > (a− 1)Θ(x, t)}.

We derive from (3.7) that Ωa is bounded, because

a|Ωa| < sup
0≤t≤T

∫

Ωa

θ

Θ
dx ≤ C(a) sup

0≤t≤T

∫

R+

Φ

(

θ

Θ

)

dx ≤ C(a, C0). (3.43)

Next, multiplying (3.2)3 by (ζ − Θ)+ = max{ζ − Θ, 0}, noting that (ζ − Θ)+|x=0 = (0 −

θ−)+ = 0 and (ζ − Θ)+|x=+∞ = (0 − θ+)+ = 0, then integrating the resulted equation over

R+ × (0, t), one has

cν
2

∫

R+

(ζ − Θ)2+dx+ κ

∫ t

0

∫

Ω2

ζ2
x

v
dxdτ

=
cν
2

∫

R+

(ζ0(x) − Θ(x, 0))2+dx−

∫ t

0

∫

R+

pψx(ζ − Θ)+dxdτ

−

∫ t

0

∫

R+

(p− P )Ux(ζ − Θ)+dxdτ + κ

∫ t

0

∫

Ω2

ζxΘx

V
dxdτ

−κ

∫ t

0

∫

Ω2

φΘ2
x

vV
dxdτ + µ

∫ t

0

∫

R+

ψ2
x

v
(ζ − Θ)+dxdτ

+2µ

∫ t

0

∫

R+

ψxUx

v
(ζ − Θ)+dxdτ − µ

∫ t

0

∫

R+

φU2
x

vV
(ζ − Θ)+dxdτ

+

∫ t

0

∫

R+

G(ζ − Θ)+dxdτ − cν

∫ t

0

∫

∂τΘ(ζ − Θ)+dxdτ. (3.44)

Multiplying (3.2)2 by 2ψ(ζ − Θ)+, and integrating the resulted equation over R+ × [0, t], we

obtain
∫

R+

ψ2(ζ − Θ)+dx+ 2µ

∫ t

0

∫

R+

ψ2
x

v
(ζ − Θ)+dxdτ

=

∫

R+

ψ2
0(x)(ζ0(x) − Θ(x, 0))+dx+ 2

∫ t

0

∫

R+

(p− P )ψx(ζ − Θ)+dxdτ

+2

∫ t

0

∫

Ω2

(p− P )ψζxdxdτ − 2

∫ t

0

∫

Ω2

(p− P )ψΘxdxdτ

+2µ

∫ t

0

∫

R+

φUx

vV
ψx(ζ − Θ)+dxdτ − 2µ

∫ t

0

∫

Ω2

ψψxζx
v

dxdτ
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+2µ

∫ t

0

∫

Ω2

φψUx

vV
ζxdxdτ + 2µ

∫ t

0

∫

Ω2

ψψxΘx

v
dxdτ

−2µ

∫ t

0

∫

Ω2

φψ

vV
UxΘxdxdτ + 2

∫ t

0

∫

R+

ψF (ζ − Θ)+dxdτ

+

∫ t

0

∫

Ω2

ψ2∂τ ζdxdτ −

∫ t

0

∫

Ω2

ψ2∂τΘdxdτ. (3.45)

Adding (3.45) into (3.44) and using (3.2)3, we have
∫

R+

(cν
2

(ζ − Θ)2+ + ψ2(ζ − Θ)+

)

dx+ µ

∫ t

0

∫

R+

ψ2
x

v
(ζ − Θ)+dxdτ + κ

∫ t

0

∫

Ω2

ζ2
x

v
dxdτ

=

∫

R+

(cν
2

(ζ0(x) − Θ(x, 0))2+ + ψ2
0(x)(ζ0(x) − Θ(x, 0))+

)

dx

+

∫ t

0

∫

R+

(p− 2P )ψx(ζ − Θ)+dxdτ −

∫ t

0

∫

R+

(p− P )Ux(ζ − Θ)+dxdτ

+κ

∫ t

0

∫

Ω2

ζxΘx

V
dxdτ − κ

∫ t

0

∫

Ω2

φΘ2
x

vV
dxdτ + 2µ

∫ t

0

∫

R+

ψxUx

V
(ζ − Θ)+dxdτ

−µ

∫ t

0

∫

R+

φU2
x

vV
(ζ − Θ)+dxdτ + 2

∫ t

0

∫

Ω2

(p− P )ψζxdxdτ

−2

∫ t

0

∫

Ω2

(p− P )ψΘxdxdτ − 2µ

∫ t

0

∫

Ω2

ψψxζx
v

dxdτ + 2µ

∫ t

0

∫

Ω2

φψUx

vV
ζxdxdτ

+2µ

∫ t

0

∫

Ω2

ψψxΘx

v
dxdτ − 2µ

∫ t

0

∫

Ω2

φψ

vV
UxΘxdxdτ + 2

∫ t

0

∫

R+

ψF (ζ − Θ)+dxdτ

+

∫ t

0

∫

R+

G(ζ − Θ)+dxdτ − cν

∫ t

0

∫

R+

∂τΘ(ζ − Θ)+dxdτ −

∫ t

0

∫

Ω2

ψ2∂τΘdxdτ

+
µ

cν

∫ t

0

∫

Ω2

ψ2

(

ψ2
x + 2ψxUx

v
−
φU2

x

vV

)

dxdτ +
1

cν

∫ t

0

∫

Ω2

ψ2Gdxdτ

−
1

cν

∫ t

0

∫

Ω2

ψ2

(

Rζ +RΘ

v
ψx + (p− P )Ux

)

dxdτ +
κ

cν

∫ t

0

∫

Ω2

ψ2

(

θx

v
−

Θx

V

)

x

dxdτ

,

∫

R+

(cν
2

(ζ0(x) − Θ(x, 0))2+ + ψ2
0(x)(ζ0(x) − Θ(x, 0))+

)

dx+

20
∑

i=1

Ii. (3.46)

The estimation of the right hand side of (3.46) can be found in [12], so we skip the details for

brevity. Thus, we have
∫

R+

(ζ − Θ)2+dx+

∫ t

0

∫

R+

(θψ2
x + ζ2

x)dxds

≤ C0 + C0

∫ t

0

(

max
x∈R+

(ζ −
1

2
Θ)2+ + max

x∈R

ψ4

)

dτ + C0

∫ t

0

∫

R+

ψ2ψ2
xdxdτ. (3.47)

Step 2 To estimate the last term on the right hand side of (3.47), first, (1.6) and (3.15)

leads to

(p− P )|x=0 = R
θ−

V (0, t) + φ(0, t)
−R

θ−
V (0, t)

= R
θ−

V (0, t)
−R

θ−
V (0, t)

= 0

and

ψx(0, t) = φt(0, t) = 0.
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Then, multiplying (3.2)2 by ψ3 and integrating the resulted equation over R+ × (0, t), we have

1

4

∫

R+

ψ4dx+ 3µ

∫ t

0

∫

R+

ψ2ψ2
x

v
dxdτ

=
1

4

∫

R+

ψ4
0dx+ 3R

∫ t

0

∫

R+

ζψ2ψx

v
dxdτ − 3R

∫ t

0

∫

R+

φΘ

vV
ψ2ψxdxdτ

+3µ

∫ t

0

∫

R+

φUx

vV
ψ2ψxdxdτ +

∫ t

0

∫

R+

Fψ3dxdτ

,
1

4

∫

R+

ψ4
0dx+

4
∑

i=1

Ji. (3.48)

We estimate each term on the right hand side of (3.48) as follows:

|J1| = 3R

∫ t

0

∫

{ζ>Θ}

ζψ2ψx

v
dxdτ + 3R

∫ t

0

∫

{ζ≤Θ}

ζψ2ψx

v
dxdτ

≤ µ

∫ t

0

∫

{ζ>Θ}

ψ2ψ2
x

v
dxdτ + C0

∫ t

0

∫

{ζ>Θ}

ζ2ψ2dxdτ

+

∫ t

0

∫

{ζ≤Θ}

ψ2
xdxdτ + C0

∫ t

0

∫

{ζ≤Θ}

ζ2ψ4dxdτ

≤ µ

∫ t

0

∫

ψ2ψ2
x

v
dxdτ + C0

∫ t

0

max
x∈R

(

ζ −
1

2
Θ

)2

+

(
∫

ψ2dx

)

dτ

+C

∫ t

0

∫

{ζ≤Θ}

ψ2
x

θ
dxdτ + C0

∫ t

0

max
x∈R

ψ4

(

∫

{ζ≤Θ}

ζ2dx

)

dτ

≤ µ

∫ t

0

∫

ψ2ψ2
x

v
dxdτ + C0

∫ t

0

(

max
x∈R

(

ζ −
1

2
Θ

)2

+

+ max
x∈R

ψ4

)

dτ + C0. (3.49)

Recalling (3.7), (3.41) and using Cauchy’s inequality, it holds that

|J2| ≤ ε

∫ t

0

∫

R+

ψ2
xdxdτ + C(ε−1, C0)

∫ t

0

∫

R+

φ2ψ4dxdτ

≤ ε

∫ t

0

∫

R+

ψ2
xdxdτ + C(ε−1, C0)

∫ t

0

max
x∈R+

ψ4

(

∫

R+

φ2dx

)

dτ

≤ ε

∫ t

0

∫

R+

ψ2
xdxdτ + C(ε−1, C0)

∫ t

0

max
x∈R+

ψ4dτ. (3.50)

Recalling (3.7), (3.17), (3.22), and (3.30), one has

|J3| ≤ µ

∫ t

0

∫

R+

ψ2ψ2
x

v
dxdτ + C0

∫ t

0

∫

R+

φ2ψ2U2
xdxdτ

≤ µ

∫ t

0

∫

R+

ψ2ψ2
x

v
dxdτ + C(C0,M)

∫ t

0

∫

R+

φ2U2
xdxdτ

≤ µ

∫ t

0

∫

R+

ψ2ψ2
x

v
dxdτ + C0. (3.51)

It follows from (3.7) and (3.20) that

|J4| ≤ C

∫ t

0

‖F‖L1‖ψ‖3
L3dτ
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≤ Cδ1/8

∫ t

0

(1 + τ)−7/8‖ψ‖5/2‖ψx‖
1/2dτ

≤ ε

∫ t

0

‖ψx‖
2dτ + Cδ1/6

∫ t

0

(1 + τ)−7/6‖ψ‖10/3dτ

≤ ε

∫ t

0

‖ψx‖
2dτ + C0. (3.52)

Putting the estimates (3.49)–(3.52) into (3.48) gives
∫

R+

ψ4dx+

∫ t

0

∫

R+

ψ2ψ2
xdxdτ

≤ C0 + C0ε

∫ t

0

∫

R+

ψ2
xdxdτ + C(ε−1, C0)

∫ t

0

(

max
x∈R

(ζ −
1

2
Θ)2+ + max

x∈R

ψ4

)

dτ. (3.53)

Note that

2

∫ t

0

∫

R+

ψ2
xdxdτ ≤

∫ t

0

∫

R+

ψ2
x

θ
dxdτ +

∫ t

0

∫

R+

θψ2
xdxdτ

≤ C0 + C0

∫ t

0

∫

R+

θψ2
xdxdτ. (3.54)

Combining (3.47) and (3.53), and choosing ε suitable small, we have
∫

R+

((ζ − Θ)2+ + ψ4)dx+

∫ t

0

∫

R+

((ψ2 + θ)ψ2
x + ζ2

x)dxdτ

≤ C0 + C0

∫ t

0

(

max
x∈R+

(

ζ −
1

2
Θ

)2

+

+ max
x∈R+

ψ4

)

dτ. (3.55)

Step 3 It remains to estimate the last term on the right hand side of (3.55). For x ∈ R+,
(

ζ −
1

2
Θ

)2

+

=

∫ ∞

x

2

(

ζ −
1

2
Θ

)

+

(

ζx −
1

2
Θx

)

dx

≤ C

∫

R+

(

ζ −
1

2
Θ

)

+

(|ζx| + |Θx|)dx

≤ ε

∫

R+

(

ζ −
1

2
Θ

)2

+

θdx+
C

ε

∫

{ζ> Θ
2 }

(

ζ2
x

θ
+

Θ2
x

θ

)

dx

≤ 3ε

∫

R+

(

ζ −
1

2
Θ

)2

+

ζdx +
C

ε

∫

R+

ζ2
x

θ
dx+

C

ε

∫

{ζ> Θ
2 }

ζ2Θ2
xdx

≤ 3ε max
x∈R+

(

ζ −
1

2
Θ

)2

+

∫

{ζ> Θ
2 }

ζdx+
C

ε

∫

R+

ζ2
x

θ
dx+

C

ε

∫

R+

ζ2Θ2
xdx

≤ εC0 max
x∈R+

(

ζ −
1

2
Θ

)2

+

+
C

ε

∫

R+

ζ2
x

θ
dx+

C

ε

∫

R+

ζ2Θ2
xdx. (3.56)

This yields that

max
x∈R+

(

ζ −
1

2
Θ

)2

+

≤ C0

∫

R+

ζ2
x

θ
dx+ C0

∫

R+

ζ2Θ2
xdx. (3.57)

By choosing ε > 0 suitably small, we have

ψ4 =

∫ +∞

x

4ψ3ψxdx ≤ 4

∫

{ζ>Θ}

|ψ|3|ψx|dx+ 4

∫

{ζ≤Θ}

|ψ|3|ψx|dx
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≤ ε

∫

{ζ>Θ}

|ψ|5
√
θdx+

C

ε

∫

{ζ>Θ}

ψ2
x

|ψ|
√
θ
dx+ ε

∫

{ζ≤Θ}

ψ6θdx+
C

ε

∫

{ζ≤Θ}

ψ2
x

θ
dx

≤ ε max
x∈R+

ψ4

∫

{ζ>Θ}

(ψ2 + θ)dx + Cε max
x∈R+

ψ4

∫

{ζ≤Θ}

ψ2dx+
C

ε

∫

R+

ψ2
x

(

|ψ|
√
θ

+
1

θ

)

dx

≤ εC0 max
x∈R+

ψ4 +
C

ε

∫

R+

ψ2
x

(

|ψ|
√
θ

+
1

θ

)

dx, (3.58)

which implies that

max
x∈R+

ψ4 ≤ C0

∫

R+

ψ2
x

(

|ψ|
√
θ

+
1

θ

)

dx. (3.59)

Substituting (3.57) and (3.59) into (3.55), and recalling (3.7), (3.17), (3.22), and (3.30), it holds

that

sup
0≤t≤T

∫

R+

((ζ − Θ)2+ + ψ4)dx+

∫ T

0

∫

R+

((ψ2 + θ)ψ2
x + ζ2

x)dxdt

≤ C0 + C0

∫ T

0

∫

R+

(

ζ2
x

θ
+ ψ2

x

(

|ψ|
√
θ

+
1

θ

))

dxdt

≤ C0 +
1

2

∫ T

0

∫

R+

(ζ2
x + ψ2ψ2

x)dxdt+ C0

∫ T

0

∫

R+

(

ζ2
x

θ2
+
ψ2

x

θ

)

dxdt

≤ C0 +
1

2

∫ T

0

∫

R+

(ζ2
x + ψ2ψ2

x)dxdt. (3.60)

Recalling (3.7) and (3.43), we have
∫

{ζ≤2Θ}

ζ2dx ≤ C

∫

R+

Φ

(

θ

Θ

)

dx ≤ C0, (3.61)

and
∫

{ζ>2Θ}

ζ2dx ≤ 4

∫

{ζ>2Θ}

(ζ − Θ)2dx ≤ 4

∫

R+

(ζ − Θ)2+dx. (3.62)

Thus combining (3.60)–(3.62), the proof of Lemma 3.9 is completed. �

Lemma 3.10 There exist some positive constants C0 and δ0 such that if δ < δ0, for any

T > 0, we have

sup
0≤t≤T

∫

R+

(φ2
x + ψ2

x + ζ2
x)dx+

∫ T

0

∫

R+

(θφ2
x + ψ2

xx + ζ2
xx)dxdt ≤ C0. (3.63)

Proof Due to (3.7), (3.41), and (3.42), some terms of (3.26) can be estimated again.
∣

∣

∣

∣

R

v
ζx
ṽx

ṽ

∣

∣

∣

∣

+

∣

∣

∣

∣

ψxφUx

vV

∣

∣

∣

∣

+
ψ2

x

v

≤
Rθ

4v

(

ṽx

ṽ

)2

+ C0
ζ2
x

θ
+ C0ψ

2
x + C0φ

2U2
x

≤
Rθ

4v

(

ṽx

ṽ

)2

+ C0

(

ζ2
x +

ζ2
x

θ2
+ θψ2

x +
ψ2

x

θ

)

+ C0φ
2U2

x . (3.64)

The other terms in (3.26) can be estimated the same as in Step 2 in Lemma 3.2. Integrating

(3.26) over R+ × (0, t), then recalling (3.7) and (3.42), we have

sup
0≤t≤T

∫

R+

φ2
xdx+

∫ T

0

∫

R+

θφ2
xdxdt ≤ C0. (3.65)
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Multiplying (3.2)2 by −ψxx, because ψx(0, t) = φt(0, t) = 0, integrating the resulted equation

over R+ × (0, t), then we have

∫

R+

ψ2
x

2
dx+ µ

∫ t

0

∫

R+

ψ2
xx

v
dxdτ

=

∫

R+

ψ2
0x

2
dx+

∫ t

0

∫

R+

(p− P )xψxxdxdτ − µ

∫ t

0

∫

R+

ψx

(

1

v

)

x

ψxxdxdτ

+µ

∫ t

0

∫

R+

(

Ux

V
−
Ux

v

)

x

ψxxdxdτ −

∫ t

0

∫

R+

Fψxxdxdτ. (3.66)

We estimate (3.66) term by term. Recalling (3.42) and (3.65), one has

∫ t

0

∫

R+

(p− P )xψxxdxdτ

=

∫ t

0

∫

R+

(

Rζx
v

−
Rθφx

v2
−
RφΘx

vV
−R

(

θ

v2
−

Θ

V 2

)

Vx

)

ψxxdxdτ

≤
µ

8

∫ t

0

∫

R+

ψ2
xx

v
dxdτ + C0

∫ t

0

∫

R+

(ζ2
x + θ2φ2

x + (φ2 + ζ2)(V 2
x + Θ2

x) + φ4V 2
x )dxdτ

≤
µ

8

∫ t

0

∫

R+

ψ2
xx

v
dxdτ + C0 + max

x,t
θ

∫ t

0

∫

R+

θφ2
xdxdτ

≤
µ

8

∫ t

0

∫

R+

ψ2
xx

v
dxdτ + C0 + C0 max

x,t
θ. (3.67)

By Cauchy’s inequality and Sobolev’s inequality, and recalling (3.7), (3.42), (3.54), and (3.65),

we obtain

−µ

∫ t

0

∫

R+

ψx

(

1

v

)

x

ψxxdxdτ

=

∫ t

0

∫

R+

(

ψxφxψxx

v2
+
ψxVxψxx

v2

)

dxdτ

≤
µ

8

∫ t

0

∫

R+

ψ2
xx

v
dxdτ + C0

∫ t

0

∫

R+

(ψ2
xφ

2
x + ψ2

xV
2
x )dxdτ

≤
µ

8

∫ t

0

∫

R+

ψ2
xx

v
dxdτ + C0

∫ t

0

‖ψx‖
2
L∞‖φx‖

2dτ + C0

∫ t

0

∫

R+

ψ2
xdxdτ

≤
µ

8

∫ t

0

∫

R+

ψ2
xx

v
dxdτ + C0

∫ t

0

‖ψx‖‖ψxx‖dτ + C0

∫ t

0

∫

R+

ψ2
xdxdτ

≤
µ

4

∫ t

0

∫

R+

ψ2
xx

v
dxdτ + C0

∫ t

0

∫

R+

ψ2
xdxdτ

≤
µ

4

∫ t

0

∫

R+

ψ2
xx

v
dxdτ + C0. (3.68)

Similarly,

µ

∫ t

0

∫

R+

(

Ux

V
−
Ux

v

)

x

ψxxdxdτ

= µ

∫ t

0

∫

R+

(

Uxx

V
−
Uxx

v
−
UxVx

V 2
+
vxUx

v2

)

ψxxdxdτ
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= µ

∫ t

0

∫

R+

(

φUxx

vV
− UxVx

φ(φ+ 2V )

v2V 2
+
φxUx

v2

)

ψxxdxdτ

≤
µ

8

∫ t

0

∫

R+

ψ2
xx

v
dxdτ + C0

∫ t

0

∫

R+

(φ2(U2
xx + V 2

x U
2
x) + φ4U2

xV
2
x + φ2

xU
2
x)dxdτ

≤
µ

8

∫ t

0

∫

R+

ψ2
xx

v
dxdτ + C0 + Cδ2

∫ t

0

∫

R+

θφ2
xdxdτ

≤
µ

8

∫ t

0

∫

R+

ψ2
xx

v
dxdτ + C0, (3.69)

and
∫ t

0

∫

R+

Fψxxdxdτ ≤
µ

8

∫ t

0

∫

R+

ψ2
xx

v
dxdτ + C0

∫ t

0

‖F‖2dτ

≤
µ

8

∫ t

0

∫

R+

ψ2
xx

v
dxdτ + C0. (3.70)

Substituting (3.67)–(3.70) into (3.66) shows

sup
0≤t≤T

∫

R+

ψ2
xdx+

∫ T

0

∫

R+

ψ2
xxdxdt ≤ C0 + C0 max

x,t
θ. (3.71)

Multiplying (3.2)3 by −ζxx, noting that ζt(0, t) = 0, then integrating the resulted equation

over R+ × (0, t), we have

cν
2

∫

R+

ζ2
xdx+ κ

∫ t

0

∫

R+

ζ2
xx

v
dxdτ

=
cν
2

∫

R+

ζ2
0xdx+

∫ t

0

∫

R+

(pux − PUx)ζxxdxdτ

−κ

∫ t

0

∫

R+

ζx

(

1

v

)

x

ζxxdxdτ − κ

∫ t

0

∫

R+

(

Θx

v
−

Θx

V

)

x

ζxxdxdτ

−µ

∫ t

0

∫

R+

(

u2
x

v
−
U2

x

V

)

ζxxdxdτ −

∫ t

0

∫

R+

Gζxxdxdτ. (3.72)

Each term on the right hand side of (3.72) will be estimated one by one:
∫ t

0

∫

R+

(pux − PUx)ζxxdxdτ

=

∫ t

0

∫

R+

(

Rθ

v
ψx +

(

Rζ

v
−
RφΘ

vV

)

Ux

)

ζxxdxdτ

≤
κ

8

∫ t

0

∫

R+

ζ2
xx

v
dxdτ + C0

∫ t

0

∫

R+

(θ2ψ2
x + (φ2 + ζ2)U2

x)dxdτ

≤
κ

8

∫ t

0

∫

R+

ζ2
xx

v
dxdτ + C0 max

x,t
θ

∫ t

0

∫

R+

θψ2
xdxdτ + C0

∫ t

0

∫

R+

(φ2 + ζ2)U2
xdxdτ

≤
κ

8

∫ t

0

∫

R+

ζ2
xx

v
dxdτ + C0 max

x,t
θ + C0; (3.73)

It follows from Cauchy’s inequality, (3.42) and (3.65) that

−κ

∫ t

0

∫

R+

ζx

(

1

v

)

x

ζxxdxdτ
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≤ C

∫ t

0

∫

R+

|ζxφxζxx| + |ζxVxζxx|

v2
dxdτ

≤
κ

8

∫ t

0

∫

R+

ζ2
xx

v
dxdτ + C0

∫ t

0

∫

R+

(ζ2
xφ

2
x + ζ2

xV
2
x )dxdτ

≤
κ

8

∫ t

0

∫

R+

ζ2
xx

v
dxdτ + C0 sup

0≤τ≤t

‖φx‖
2

∫ t

0

‖ζx‖‖ζxx‖dτ + C0

∫ t

0

∫

R+

ζ2
xdxdτ

≤
κ

8

∫ t

0

∫

R+

ζ2
xx

v
dxdτ + C0

∫ t

0

‖ζx‖‖ζxx‖dτ + C0

≤
κ

8

∫ t

0

∫

R+

ζ2
xx

v
dxdτ + C0; (3.74)

Recalling Lemma 2.1 and (3.42), and choosing δ suitable small, we have

−κ

∫ t

0

∫

R+

(

Θx

v
−

Θx

V

)

x

ζxxdxdτ

= −κ

∫ t

0

∫

R+

(

Θxx

v
−

Θxx

V
−

Θxvx

v2
+

ΘxVx

V 2

)

ζxxdxdτ

= −κ

∫ t

0

∫

R+

(

−φΘxx

vV
−
φxΘx

v2
+
φ(φ+ 2V )

v2V 2
ΘxVx

)

ζxxdxdτ

≤
κ

8

∫ t

0

∫

R+

ζ2
xx

v
dxdτ + C0

∫ t

0

∫

R+

(φ2(Θ2
xx + Θ2

xV
2
x ) + φ2

xΘ2
x + φ4Θ2

xV
2
x )dxdτ

≤
κ

8

∫ t

0

∫

R+

ζ2
xx

v
dxdτ + C0; (3.75)

It follows from (3.71) that

−µ

∫ t

0

∫

R+

(

u2
x

v
−
U2

x

V

)

ζxxdxdτ

= −µ

∫ t

0

∫

R+

(

ψ2
x + 2ψxUx

v
−
φU2

x

vV

)

ζxxdxdτ

≤
κ

8

∫ t

0

∫

R+

ζ2
xx

v
dxdτ + C0

∫ t

0

∫

R+

(ψ4
x + ψ2

xU
2
x + φ2U4

x)dxdτ

≤
κ

8

∫ t

0

∫

R+

ζ2
xx

v
dxdτ + C0

∫ t

0

‖ψx‖
3‖ψxx‖dτ + C0

≤
κ

8

∫ t

0

∫

R+

ζ2
xx

v
dxdτ +

∫ t

0

∫

R+

ψ2
xxdxdτ + C0 sup

0≤τ≤t

‖ψx‖
4

∫ t

0

∫

R+

ψ2
xdxdτ + C0

≤
κ

8

∫ t

0

∫

R+

ζ2
xx

v
dxdτ + C0 max

x,t
θ2 + C0; (3.76)

∫ t

0

∫

Gζxxdxdτ ≤
κ

8

∫ t

0

∫

R+

ζ2
xx

v
dxdτ + C0

∫ t

0

∫

G2dxdτ

≤
κ

8

∫ t

0

∫

R+

ζ2
xx

v
dxdτ + C0. (3.77)
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Substituting estimates (3.73)–(3.77) into (3.72) shows

sup
0≤t≤T

∫

R+

ζ2
xdx+

∫ T

0

∫

R+

ζ2
xxdxdt ≤ C0 + C0 max

x,t
θ2. (3.78)

By Sobolev’s inequality and (3.42), (3.78), we have

‖ζ‖2
L∞ ≤ C‖ζ‖‖ζx‖ ≤ C0 + C0 max

x,t
θ. (3.79)

Noting that

max
x,t

θ2 ≤ 2 max
x,t

ζ2 + 2 max
x,t

Θ2 ≤ C0 + C0 max
x,t

θ, (3.80)

this yields

max
x,t

θ ≤ C0, (3.81)

by which, along with (3.65), (3.71), and (3.78), we complete the proof of Lemma 3.10. �

Proof of Proposition 3.1 The uniform-in-time lower boundedness of the temperature

and the proof of Proposition 3.1 can be completed by combining the local existence and the

continuation argument, which can be done similarly as in [35, 36]; we omit it for brevity. �
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