
COMBINATORIAL CALABI FLOWS ON SURFACES

HUABIN GE

Abstract. For triangulated surfaces, we introduce the combinatorial Calabi flow which

is an analogue of smooth Calabi flow. We prove that the solution of combinatorial Calabi

flow exists for all time. Moreover, the solution converges if and only if Thurston’s circle

packing exists. As a consequence, combinatorial Calabi flow provides a new algorithm

to find circle packings with prescribed curvatures. The proofs rely on careful analysis of

combinatorial Calabi energy, combinatorial Ricci potential and discrete dual-Laplacians.

1. Introduction

In seeking constant curvature metric, E.Calabi studied the variational problem of mini-

mizing the so-called “Calabi energy” in any fixed cohomology class of Kähler metrics and

proposed the Calabi flow ([2], [3]). Hamilton introduced the Ricci flow technique ([19]),

which has been used to solve the Poincaré conjecture. As to dimension two, i.e., smooth

surface case, people proved that both Calabi flow and the normalized Ricci flow exist for

all time t ≥ 0. Moreover, these two flows converge to constant scalar curvature metric

(see [4], [5], [6], [7], [9], [24], and [25]).

Given a triangulated surface, Thurston introduced the circle packing metric, which is a

type of piecewise flat cone metric with singularities at the vertices. Thurston found that

there are combinatorial obstructions for the existence of constant combinatorial curvature

circle packing metric (see section 13.7 in [26]). In [8], Bennett Chow and Feng Luo defined

combinatorial Ricci flow, which is the analogue of Hamilton’s Ricci flow. Bennett Chow

and Feng Luo proved that the combinatorial Ricci flow exists for all time and converges

exponentially fast to Thurston’s circle packing on surfaces. They reproved the equivalence

between Thurston’s combinatorial condition (see (1.3) in [8], or (1.3) in this paper) and

the existence of constant curvature circle packing metric.

Inspired by the work of Bennett Chow and Feng Luo in [8], we consider in this paper

the 2-dimensional combinatorial Calabi flow equation, which is the negative gradient flow

of combinatorial Calabi energy. We interpret the Jacobian of the curvature map as a

type of discrete Laplace operator, which comes from the dual structure of circle patterns.

We evaluate an uniform bound for discrete dual-Laplacians, which implies the long time

existence of the solutions of combinatorial Calabi flow. We prove that the combinatorial

Calabi flow converges exponentially fast if and only if Thurston’s combinatorial conditions
1
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Figure 1. circle packing metric Figure 2. two adjacent triangles

are satisfied. The combinatorial Calabi flow tends to find Thurston’s circle patterns auto-

matically. As a consequence, we can design algorithm to compute circle packing metrics

with prescribed combinatorial curvature. In fact, any algorithm minimizing combinatorial

Calabi energy or combinatorial Ricci potential can achieve this goal.

1.1. Circle packing metric. Let’s consider a closed surface X. A triangulation T =

(V,E, F ) has a collection of vertices (denoted V ), edges (denoted E), and faces (denoted

F ). A positive function r : V → (0,+∞) defined on the vertices is called a circle packing

metric and a function Φ : E → [0, π/2] is called a weight on the triangulation. Throughout

this paper, a function defined on vertices is regarded as a N -dimensional column vector

and N = V # is used to denote the number of vertices. Moreover, all vertices, marked by

v1, ..., vN , are supposed to be ordered one by one and we often write i instead of vi. Thus

we may think of circle packing metrics as points in RN>0, N times of Cartesian product of

(0,∞). A triangulated surface with wight Φ is often denoted as (X,T,Φ).

For fixed (X,T,Φ), every circle packing metric r determines a piecewise linear metric

on X by attaching each edge eij to a length

lij =
√
r2
i + r2

j + 2rirjcos(Φij).

This length structure makes each face in F isometric to an Euclidean triangle, more

specifically, we can realize each face {i, j, k} ∈ F as an Euclidean triangle with edge

lengths lij , ljk, lki because the three positive numbers lij , ljk, lki (derived from ri, rj , rk)

must satisfy triangle inequalities ([26], Lemma 13.7.2). Furthermore, the triangulated

surface (X,T ) is composed by gluing many Euclidean triangles coherently.

1.2. Combinatorial curvature and constant curvature metric. Given (X,T,Φ) and

a circle packing metric r, all inner angles of the triangles are determined by r1, · · · , rN .

Denote θjki as the inner angle at vertex i in the triangle {i, j, k} ∈ F , then the well known

combinatorial (or “discrete”) Gauss curvature Ki at vertex i is

Ki = 2π −
∑

{i,j,k}∈F

θjki (1.1)
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where the sum is taken over each triangle having i as one of its vertices. Notice that θjki
can be calculated by cosine law, thus θjki and Ki are elementary functions of the circle

packing metric r.

For every circle packing metric r on (X,T,Φ), we have the combinatorial Gauss-Bonnet

formula ([8])
N∑
i=1

Ki = 2πχ(X). (1.2)

Notice that, above combinatorial Gauss-Bonnet formula (1.2) is still valid for all piecewise

linear surface (X,T, l), where l : E → (0,+∞) is a piecewise linear metric, that is, the

length structure l makes each face in F isometric to an Euclidean triangle. The average

combinatorial curvature is kav = 2πχ(X)/N . It will not change as the metric (circle

packing metric or piecewise linear metric) varies, and it’s a invariant that depends only

on the topological (the Euler characteristic number χ(X)) and combinatorial (N = V #)

information of (X,T ).

Finding good metrics is always a central topic in geometry and topology. The constant

curvature circle packing metric (denoted as rav), a metric that determines constant combi-

natorial curvature Kav = K(rav) = kav(1, · · · , 1)T , seems a good candidate for privileged

metric. Thurston first studied this class of metrics, and found that there are combinatorial

obstructions for the existence of constant curvature metric ([26]). We quote Thurston’s

combinatorial conditions here.

Lemma 1.1. Given (X,T,Φ), where X, T and Φ are defined as before. Then there

exists constant combinatorial curvature circle packing metric if and only if the following

combinatorial conditions are satisfied

2πχ(X)
|I|
|V |

> −
∑

(e,v)∈Lk(I)

(π − Φ(e)) + 2πχ(FI) , ∀I : φ 6= I $ V, (1.3)

where FI is the subcomplex whose vertices are in I, Lk(I) is the set of pairs (e, v) of an

edge e and a vertex v so that (1) the end points of e are not in I and (2) the vertex v is

in I and (3) e and v form a face in T .

In [8], Bennett Chow and Feng Luo introduced the combinatorial Ricci flow which is an

analogue of Hamilton’s Ricci flow on surfaces ([?]). They proved that the solutions of the

normalized combinatorial Ricci flow converges exponentially fast to Thurston’s constant

curvature metric rav. Combinatorial Ricci flow method is so powerful that, on one hand,

the flow provides a new proof of Thurston’s existence of constant circle packing metric

theorem, on the other hand, the flow suggests a new algorithm to find circle packing

metrics with prescribed curvatures.

In this paper, we introduce the combinatorial Calabi flow, which is the negative gradient

flow of combinatorial Calabi energy. Combinatorial Calabi flow is an analogue of smooth
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Calabi flow on surface. We prove that the solution of combinatorial Calabi flow exists for

t ∈ [0,+∞) by a careful estimation of discrete dual-Laplacian. Moreover, the solution of

combinatorial Calabi flow converges to constant curvature metric rav if and only if rav
exists.

2. The 2-Dimensional Combinatorial Calabi Flow

2.1. Definition of combinatorial Calabi flow. For smooth surface, the well known

Calabi flow is ∂g
∂t = ∆Kg, where K is Gauss curvature. Obviously, smooth Laplace-

Beltrami operator is very important for smooth Calabi flow equation. Before giving the

definition of combinatorial Calabi flow, we first need to define combinatorial Laplace op-

erator, which is an analogue of smooth Laplace-Beltrami operator.

Set ui = ln ri, i = 1, · · · , N . Then the coordinate transformation u = u(r) maps

r ∈ RN>0 to u ∈ RN homeomorphically (denote the inverse coordinate transformation as

Exp : RN → RN>0, u 7→ r for latter use). Similar to [11] and [12], we interpret the discrete

Laplacian to be the Jacobian of the curvature map K = K(u).

Definition 2.1. Given (X,T,Φ), where X, T and Φ is defined as before. The discrete

dual-Laplace operator “∆” is defined to be ∆ = −LT , where

L = (Lij)N×N =
∂(K1, ...,KN )

∂(u1, ..., uN )
=


∂K1
∂u1

· · · ∂K1
∂uN

· · · · ·
· · · · ·
· · · · ·

∂KN
∂u1

· · · ∂KN
∂uN

 .

Both ∆ and L acts on functions f (defined on vertices, hence is a column vector) by

matrix multiplication, i.e.

∆fi = (∆f)i = −(LT f)i = −
N∑
j=1

∂Kj

∂ui
fj = −

N∑
j=1

∂Kj

∂ri
rifj .

Discrete Laplacian defined here is exactly the famous discrete dual-Laplacian ([13][15]),

which will be explained carefully in Appendix A.1.

Definition 2.2. Given data (X,T,Φ), where X, T and Φ is defined as before. The

combinatorial Calabi flow is
dri

dt
= ri∆Ki (2.1)

with initial circle packing metric r(0) ∈ RN>0, or equivalently,

dui

dt
= ∆Ki (2.2)

with u(0) ∈ RN .
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It’s more neatly to write combinatorial Calabi flow (2.1) and (2.2) in matrix forms.

Denote R = diag{r1, · · · , rN}, then flow (2.1) turns to

ṙ = R∆K = −RLTK, (2.3)

where the symbol “ · ” represents the time derivative. The flow (2.2) turns to

u̇ = ∆K = −LTK. (2.4)

Notice that, equation (2.4) is an autonomous ODE system.

Remark 1. Using the matrix language, Bennett Chow and Feng Luo’s combinatorial

Ricci flow ([8]) is u̇ = −K. The normalized combinatorial Ricci flow is u̇ = Kav −K.

2.2. Main properties of combinatorial Calabi flow.

Definition 2.3. For data (X,T,Φ) with a circle packing metric r, the combinatorial

Calabi energy is

C(r) = ‖K −Kav‖2 =
N∑
i=1

(Ki − kav)2 (2.5)

Consider the combinatorial Calabi energy C as a function of u, we obtain

∇uC =


∂C
∂u1

·
·
·
∂C
∂uN

 = 2


∂K1
∂u1

· · · ∂KN
∂u1

· · · · ·
· · · · ·
· · · · ·

∂K1
∂uN

· · · ∂KN
∂uN




K1

·
·
·

KN

 = 2LTK.

Proposition 2.4. Combinatorial Calabi flow (2.2) (or (2.4)) is the negative gradient flow

of combinatorial Calabi energy. Moreover, the calabi energy (2.5) is descending along this

flow.

Proof: u̇(t) = −LTK = −1
2∇uC. Moreover, C′(t) = −1

2‖∇uC‖
2 ≤ 0.

Q.E.D.

Because Ki and ∆Ki are elementary functions of r1, ..., rN , the local existence of com-

binatorial Calabi flow (2.1) follows from Picard’s existence and uniqueness theorem in the

standard ODE theory. By a careful estimation of discrete dual-Laplacian and combinato-

rial Ricci potential, the long time existence property is proved in section 3, the convergence

property is proved in section 4. The main results in this paper is stated as follows

Theorem 2.5. Fix (X,T,Φ), where X is a closed surface, T is a triangulation, Φ ∈ [0, π/2]

is a weight. For any initial circle packing metric r(0) ∈ RN>0, the solution of combinatorial

Calabi flow (2.1) exists for t ∈ [0, +∞). Moreover, the following four statements are

mutually equivalent

(1): The solution of combinatorial Calabi flow (2.1) converges.
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(2): The solution of combinatorial Ricci flow u̇ = Kav −K converges.

(3): There exists constant curvature circle packing metric rav.

(4): 2πχ(X) |I||V | > −
∑

(e,v)∈Lk(I)(π − Φ(e)) + 2πχ(FI) , ∀I : φ 6= I $ V.

Furthermore, if any of above four statements is true, the solution of combinatorial Calabi

flow (2.1) converges exponentially fast to constant curvature circle packing metric rav.

3. Long Time Existence

3.1. Discrete Laplacian for circle packing metrics. Any circle packing metric r de-

termines an intrinsic metric structure on fixed (X,T, Φ) by Euclidean cosine law. The

lengths lij , angles θjki and curvatures Ki are elementary functions of r = (r1, ..., rN )T . We

write j ∼ i in the following if the vertices i and j are adjacent. For any vertex i and any

edge j ∼ i, set

Bij =
∂(θjki + θjli )

∂rj
rj , (3.1)

then Bij = Bji, since
∂θjki
∂rj

rj =
∂θikj
∂ri

ri (see Lemma 2.3 in [8]).

Proposition 3.1. For any 1 ≤ i, j ≤ N and i ∼ j, we have

0 < Bij < 2
√

3. (3.2)

Proof: We just need to prove 0 <
∂θjki
∂rj

rj <
√

3. We defer the details to the appendix.

Q.E.D.

Proposition 3.2. For any 1 ≤ i, j ≤ N ,

Lij =


∑
k∼i

Bik , j = i

−Bij , j ∼ i
0 , else.

(3.3)

Proof: This can be proved by direct calculations and we omit the details.

Q.E.D.

Proposition 3.3. L is semi-positive definite, having rank N − 1. Moreover, the kernel of

L is the span of the vector (1, · · · , 1)T .

Proof: This is a direct consequence from Lemma 3.10 in [8]. Q.E.D.

The differential form ω ,
∑N

i=1(Ki− kav)dui is closed, for Lij = Lji. Thus the integral∫ u
u0

∑N
i=1

(
Ki−kav

)
dui makes good sense ([8]), where u0 is an arbitrary point in RN . This

integral is crucial for the proof of our main theorem. For convenience, we call this integral

combinatorial Ricci potential.

For any smooth closed manifold (M, g) with Riemannian metric g, we know that∫
M ∆f = 0, where f is an arbitrary smooth function defined on M . For combinatorial
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surface (X,T,Φ) with circle packing metric r, we have
N∑
i=1

∆Ki = −(1, · · · , 1)TLK = 0.

Thus we obtain

Proposition 3.4. As long as the combinatorial Calabi flow exists, both
∏N
i=1 ri(t) ≡∏N

i=1 ri(0) and
∑N

i=1 ui(t) ≡
∑N

i=1 ui(0) are constants.

3.2. Long time existence of combinatorial Calabi flow. Notice that

∆Ki =
∑
j∼i

Bij(Kj −Ki). (3.4)

Using the estimation of Bij in (3.2), we obtain

Theorem 3.5. Given X,T,Φ, where X, T and Φ are defined as before. For any initial

circle packing metric r(0), the solution of the combinatorial Calabi flow (2.1) exists for all

time t ∈ [0,+∞).

Proof: Let di denote the degree (or say valence) at vertex vi, that is the number of

edges adjacent to vi. Suppose d = max(d1 , ... , dN ), evidently we see (2− d)π < Ki < 2π.

From the evaluation of Bij in Lemma 1 we know, all |∆Ki| is uniformly bounded by a

positive constant c = 2
√

3 · N · d · π which depend only on the triangulation. Then we

obtain

c0e
−ct ≤ ri(t) ≤ c0e

ct

where c0 = c (r(0)) is a positive constant depends only on the initial state of r(t). This

implies that the combinatorial Calabi flow has a solution for all time t ∈ [0,∞) for any

initial value r(0) ∈ RN>0. Q.E.D.

Remark 2. The long time existence of r(t) can be deduced without using the uniform

estimation of Bij in (3.2). See Remark 3.

4. Convergence to Constant Curvature Metric

4.1. Evolution of combinatorial curvature. We consider a general flow in the space

of all circle packing metrics with form

dri
dt

= riϕi

where ϕi are smooth functions of r1, ..., rN . For this flow, we have

Lemma 4.1. Under general flow, the discrete Gauss curvature evolves according to

dKi

dt
= −∆ϕi = (Lϕ)i

or K̇ = Lϕ in matrix form.



8 HUABIN GE

Proof: We can calculate
dθjki
dt and dKi

dt in components form to get the proof. The

detail is tedious and is omitted. However, above Lemma is a direct conclusion of chain

rule in matrix form

K̇ =
∂(K1, · · · ,KN )

∂(u1, · · · , uN )
u̇ = Lϕ = −∆ϕ.

Q.E.D.

As to combinatorial Calabi flow, select ϕi = ∆Ki (or ϕ = −LK), and use lemma 4.1,

we obtain

Proposition 4.2. Under combinatorial Calabi flow, the discrete Gauss curvature evolves

according to
dK

dt
= −L2K (4.1)

4.2. Global rigidity and admissible space of curvatures. For fixed data (X,T,Φ),

let Π : RN>0 → RN be the curvature map which maps r to K. For any positive constant c,

denote

Pc ,
{
r = (r1, · · · , rN )T ∈ RN>0

∣∣∣ N∏
i=1

ri = c
}
. (4.2)

Thurston proved that the map ΠPc is injective, i.e., the metric is determined by its

curvature up to a scalar multiplication ([26], [8]). This phenomenon is called “global

rigidity”. Denote

KGB ,
{
K = (K1, · · · ,KN )T ∈ RN

∣∣∣ N∑
i=1

Ki = 2πχ(X)
}
.

For any nonempty proper subset I of vertices V , set

YI ,
{

(K = K1, · · · ,KN )T ∈ RN
∣∣∣ N∑
i∈I

Ki > −
∑

(e,v)∈Lk(I)

(π − Φ(e)) + 2πχ(FI)
}

Let

Y , KGB ∩
(
∩φ 6= I $V YI

)
, (4.3)

Bennett Chow and Feng Luo proved that Y = Π
(
RN>0

)
([8]), so, Y is exactly the space

of all possible combinatorial curvatures. We call Y “admissible space of curvatures”.

Notice that Y is a nonempty bounded open convex polyhedron in (N − 1)-dimensional

hyperplane KGB. Moreover, Y is homeomorphic to RN−1. By the invariance of domain

theorem in differential topology, the curvature map Π realized a homeomorphism from Pc

to Y . Denote

Ua =
{
u = (u1, ..., uN )T ∈ RN

∣∣∣ N∑
i=1

ui = a
}
, (4.4)
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then Pc = Exp(Ua), where a = ln c. Denote Π̃ = Π ◦ Exp : RN → RN , u 7→ K. Then

we have homeomorphisms Ua
u7→r=Exp(u)−−−−−−−−→Pc

r 7→K=Π(r)−−−−−−−→ Y and, moreover, for arbitrary

positive constant c, Y = Π
(
RN>0

)
= Π (Pc) = Π̃

(
RN
)

= Π̃ (Ua), where a = ln c.

4.3. Convergence to constant curvature metric. The constant curvature Kav =

kav(1, · · · , 1)T may not admissible, that is, Kav may not belongs to Y . Kav ∈ Y is

equivalent to the existence of constant curvature metric rav, actually, Π−1(Kav) ⊂ RN>0 is

a class of constant curvature metrics which differ by scalar multiplications.

Along the combinatorial Calabi flow (2.1), from Proposition 3.4 we know that {r(t)} ⊂
Pc, where c =

∏N
i=1 ri(0). Now we are at the stage of proving convergence results. We

state our main results as follows:

Theorem 4.3. Fix (X,T,Φ), where X is a closed surface, T is a triangulation, Φ ∈ [0, π/2]

is a weight. For any initial circle packing metric r(0) ∈ RN>0, the solution of combinatorial

Calabi flow (2.1) exists for t ∈ [0, +∞). Moreover, the following four statements are

mutually equivalent

(1): The solution of combinatorial Calabi flow (2.1) converges.

(2): The solution of combinatorial Ricci flow u̇ = Kav −K converges.

(3): There exists constant curvature circle packing metric rav.

(4): 2πχ(X) |I||V | > −
∑

(e,v)∈Lk(I)(π − Φ(e)) + 2πχ(FI) , ∀I : φ 6= I $ V.

Furthermore, if any of above four statements is true, the solution of combinatorial Calabi

flow (2.1) converges exponentially fast to constant curvature circle packing metric rav.

Proof: We have proved the long time existence of flow (2.1) in last section. Denote

r(t), t ∈ [0,∞) as the solution of combinatorial Calabi flow (2.1).

First we prove (1) ⇒ (3). If r(t) converges, i.e., r(+∞) = lim
t→+∞

r(t) ∈ RN>0 exists,

then both K(+∞) = lim
t→+∞

K(t) ∈ Y and L(+∞) = lim
t→+∞

L(t) exist too. Consider the

combinatorial Calabi energy

C(r(t)) =

N∑
i=1

(
Ki(t)− kav

)2
=

N∑
i=1

K2
i (t)−Nk2

av,

differentiate over t, we obtain

C′(t) = 2
N∑
i=1

K̇iKi = 2KT K̇ = −2KTL2K ≤ 0,

which implies that C(t) is descending as time t increases. Moreover, C(t) is bounded by

zero from below. Therefore C(+∞) = lim
t→+∞

C(t) exists. C′(+∞) exists too, since

C′(+∞) = lim
t→+∞

(−2KT (t)L2(t)K(t)) = −2KT (+∞)L2(+∞)K(+∞).



10 HUABIN GE

The existence of C(+∞) and C′(+∞) implies C′(+∞) = 0, that is,

KT (+∞)L2(+∞)K(+∞) = 0.

Hence K(+∞) ∈ Ker(L2) = Ker(L). From Lemma 3.3 we know Kav = K(+∞) ∈ Y ,

which implies that constant curvature metric rav exists.

Next we prove (3)⇒ (1). Assuming there exists constant curvature circle packing metric

rav, which implies Kav ∈ Y , we want to show r(t) converges, i.e. r(+∞) = lim
t→+∞

r(t) ∈

RN>0. We carry out the proof in three steps.

Step 1: Denote λ1 as the first eigenvalue of L, we claim that

KTL2K ≥ λ2
1‖K −Kav‖2 = λ2

1C. (4.5)

Select an orthogonal matrix P , such that P TLP = diag{0, λ1, · · · , λN−1}. Write P =

(e0, e1, · · · , eN−1), where ei is the (i + 1)th column of P . Then Le0 = 0 and Lei = λiei,

i = 1, · · · , N − 1, which implies e0 = 1√
N

(1, · · · , 1)T . Write K̃ = P TK, then K̃1 = eT0 K =
√
Nkav. Hence we obtain

KTL2K = λ2
1K̃

2
2 + · · ·+ λ2

N−1K̃
2
N ≥ λ2

1(‖K̃‖2 − K̃2
1 ) = λ2

1‖K −Kav‖2 = λ2
1C.

Thus we get the claim above.

Step 2: we show that {r(t) | t ∈ [0,∞)} ⊂⊂ RN>0. Consider the combinatorial Ricci

potential

f(u) ,
∫ u

uav

N∑
i=1

(
Ki − kav

)
dui , u ∈ RN , (4.6)

where uav = Exp−1(rav). This integral is well defined, because
∑N

i=1(Ki − kav)dui is a

closed differential form. f
∣∣
Ua

is strictly convex (see the proof of Theorem B.2), hence

∇f
∣∣
Ua

: Ua → RN , u 7→ K −Kav is injective, therefore uav is the unique critical point of

f
∣∣
Ua

and f is bounded from blow by zero (f(u) ≥ f(uav) = 0). Consider ϕ(t) , f
(
u(t)

)
,

then

ϕ′(t) = (∇f)T u̇(t) = (K −Kav)
T (−LK) = −KTLK ≤ 0

hence ϕ(t) is descending as t increases and then 0 ≤ ϕ(t) ≤ ϕ(0) = f
(
u(0)

)
, for any

t ∈ [0,+∞). Hence
{
u(t) | t ∈ [0,+∞)

}
⊂
(
f
∣∣
U

)−1 (
[0, ϕ(0)]

)
. Because f

∣∣
U

is proper

by Theorem B.2,
(
f
∣∣
U

)−1 (
[0, ϕ(0)]

)
is a compact subset of U . Therefore

{
u(t) | t ∈

[0, +∞)
}
⊂⊂ U , or equivalently,

{r(t) | t ∈ [0,∞)} ⊂⊂P ⊂ RN>0.

Step 3: we show that r(t) converges exponentially fast to rav. Due to step 2, λ2
1(t), the

first eigenvalue of L2(t), has a uniform lower bound along the Calabi flow, i.e., λ2
1(t) ≥

λ/2 > 0, where λ is a positive constant. Using (4.5), we obtain

C′(t) = −2KTL2K ≤ −2λ2
1(t)C ≤ −λC.
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Hence then we have

C(t) ≤ C(0)e−λt, (4.7)

which implies that the curvature Ki(t) converges exponentially fast to kav. Moreover, we

can deduce that r(t) and u(t) converge exponentially fast to rav and uav respectively by

similar methods as in the proof of Lemma 4.1 in [12].

The equivalence between (2), (3) and (4) can be found in [8] (Thurston first claimed

that (3) and (4) are equivalent in [26]). Thus we finished the proof. Q.E.D.

Remark 3. We can prove {r(t) | t ∈ [0, T )} ⊂⊂ RN>0 similarly without assuming T = +∞.

Using the classical extension theorem of solutions in ODE theory, we obtain T = +∞.

This gives a new proof of Theorem 3.5.

Theorem 4.4. For (X,T,Φ), consider the following user prescribed combinatorial Calabi

flow

u̇ = L(K −K), (4.8)

where K ∈ RN is any prescribed curvature. For any initial circle packing metric r(0) ∈
RN>0, the solution of (4.8) exists for t ∈ [0, +∞). Moreover, the following three statements

are mutually equivalent

(1): The solution of (4.8) converges.

(2): The prescribed curvature K is admissible, i.e., K ∈ Y .

(3): The solution of user prescribed Ricci flow u̇ = K −K converges.

Furthermore, if any of above three statements is true, the solution of flow (4.8) converges

exponentially fast to r̄.
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Appendix A. Dual structure and the proof of (3.2)

A.1. Dual structure determined by circle patterns. Suppose Ci, Cj , Ck are closed

disks centered at vi, vj and vk so that their radii are ri, rj and rk. They both intersect with

each other at an angle supplementary to Φ(vivj), Φ(vjvk), Φ(vkvi). Let Li, Lj , Lk be the

geodesic lines passing through the pairs of the intersection points of {Ck, Cj}, {Ck, Ci},
{Ci, Cj}. These three lines Li, Lj , Lk must intersect in a common point O (see Figure 3).
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Figure 3. discrete dual-Laplacian Figure 4. dual structure

Let i′ be an intersection point of the circles Cj and Ck. Denote

l∗ij |4ijk , rj
cos θi

′k
j − cos θikj cos θk

′i
j

sin θikj
, (A.1)

where θi
′k
j is the inner angle at vj in the triangle {j, k, i′}. l∗ij |4ijk is the directed distance

from O to H, the foot of perpendicular at edge vivj . The directed distance from O to

edge vivj is positive (negative), when O is inside (outside) ∠vivjvk.
Think O as {i, j, k}∗, the dual vertex to the triangle {i, j, k}. For two adjacent triangles

{i, j, k} and {i, j, l} having a common edge {i, j}, {i, j}∗ (the dual edge to the edge {i, j})
is the line from {i, j, k}∗ to {i, j, l}∗ (see Figure 4). Note that {i, j}∗ is perpendicular to

{i, j}. Denote l∗ij as the length of {i, j}∗, then l∗ij + l∗ij |4ijk + l∗ij |4ijl. Using cosine law in

triangle {i, j, k}, we have

∂θjki
∂rj

rj =
rj
lij

cos θi
′k
j − cos θikj · cos θk

′i
j

sin θikj
=
l∗ij |4ijk
lij

. (A.2)

Thus we obtain

Bij =
∂θjki
∂rj

rj +
∂θjli
∂rj

rj =
l∗ij |4ijk
lij

+
l∗ij |4ijl
lij

=
l∗ij
lij
. (A.3)

Furthermore,

∆fi = −
N∑
j=1

∂Kj

∂ui
fj = −

N∑
j=1

Lijfj =
∑
j∼i

Bij(fj − fi) =
∑
j∼i

l∗ij
lij

(fj − fi), (A.4)

where f : V → R is a function defined on vertices.

The classical discrete Laplace operator “∆” is often written as the following form ([10])

∆fi =
∑
j∼i

ωij(fj − fi),
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Figure 5. O is inside 4ABC, such that H lies between B and C.

where the weight ωij can be arbitrarily selected for different purpose. Thurston first

studied the dual structure of circle patterns in [26]. Bennett Chow and Feng Luo calculated

formula (A.2) in [8]. Glickenstein wrote ωij =
l∗ij
lij

in [13]. The weight ωij comes from dual

structure of circle patterns. This is why we call (A.4) discrete dual-Laplacian. There are

other types of discrete Laplacians, such as cotangent-Laplacian. See more in [15], [16],

[17], [21], and [22].

A.2. proof of (3.2).

Lemma A.1. Consider a triangle 4ABC coming from a configuration of circle patterns

with weight Φ ∈ [0, π2 ]. Assuming O is inside 4ABC. OH is the altitude from O onto side

BC. Assuming the point H lies between B and C (see Figure 5). Then |OH| <
√

3|BC|.

Proof: Suppose this lemma is false. Then |OH| ≥
√

3|BC|, and

|OH| ≥
√

3|BC| ⇒

|OH| ≥
√

3|BH| ⇒ ]BOH ≤ π/6,

|OH| ≥
√

3|CH| ⇒ ]COH ≤ π/6.
Hence

]BOC = ]BOH + ]COH ≤ π/3,
and

]AOC = 2π − (]AOB + ]BOC) ≥ 2π −
(
π +

π

3

)
=

2π

3
,

]AOB = 2π − (]AOC + ]BOC) ≥ 2π −
(
π +

π

3

)
=

2π

3
.

In 4AOB, we have |AB| > |AO|, for AB faces to a much bigger angle. Thus we can select

a unique point S between A and B so that |AS| = |AO|. using

]AOB
2

<
π − ]BAO

2
<
π

2
,
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we get

]SOB = ]AOB − π − ]BAO
2

∈
[
]AOB − π

2
, ]AOB − ]AOB

2

]
⊂
[π

6
,
π

2

]
,

and

]OSB = π − π − ]BAO
2

∈
[
π − π

2
, π − ]AOB

2

]
⊂
[
π

2
,
2π

3

]
.

Then we obtain
|OB|

|AB| − |AO|
=
|OB|
|BS|

=
sin]BSO
sin]SOB

≤ 1

(1
2)

= 2,

which implies

|AB| − |AO| ≥ 1

2
|OB|.

Similarly, we have

|AC| − |AO| ≥ 1

2
|OC|.

Next we show

rB ≥
1

2
|OB|

and

rC ≥
1

2
|OC|.

If rB ≤ |OB|, we know rA ≤ |OA| by use of r2
A − r2

B = |OA|2 − |OB|2. We already know

rA + rB ≥ |AB|. Hence

rB ≥ |AB| − rA ≥ |AB| − |OA| ≥
1

2
|OB|.

Thus we always have rB ≥ 1
2 |OB|, no matter rB ≥ |OB| or rB ≤ |OB|. Similarly, we have

rC ≥ 1
2 |OC|. Then it is easy to see

r2
B + r2

C ≥
1

4
(|OB|2 + |OC|2) ≥ 1

4
· 2|OH|2 =

1

2
|OH|2 ≥ 3

2
|BC|2 > |BC|2,

which contradicts with the fact

|BC| =
√
r2
B + r2

C + 2rBrC cos ΦBC ≥
√
r2
B + r2

C .

Thus the lemma is true. Q.E.D.

(Above Lemma belongs to Ruixiang Zhang and Chenjie Fan.)

Corollary A.2. Given (X,T,Φ), where X is a closed surface, T is a triangulation, Φ ∈
[0, π/2] is a weight. Then

0 <
∂θjki
∂rj

rj <
√

3.

Proof: Thurston claimed that
∂θjki
∂rj

rj = l∗ij |4ijk is positive ([26]). Hence O is inside

the 4vivjvk. The proof can be finished by Lemma A.1.
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Q.E.D.

Appendix B. Combinatorial Ricci potential is proper

Lemma B.1. Assuming function ψ ∈ C2(Rn) satisfies

(1): ψ is strictly convex to the downwards, and

(2): there exists at least one point p such that ∇ψ(p) = 0.

Then lim
x→∞

ψ(x) = +∞. Moreover, ψ is proper.

Proof: Set h(t) , inf
|x|=t

ψ(x), t ≥ 0. Then h(t) is a strictly monotone increasing

function. We just need to prove h(t)→ +∞, as t→ +∞. The process is almost the same

with Lemma B.1 in [12], we omit the details. Notice that there is another method to prove

Lemma B.1 by remark 2.7 in [1]. Q.E.D.

Theorem B.2. Given (X,T,Φ), where X, T and Φ are defined as before. Assuming there

exists a constant curvature metric rav ∈ RN>0. Consider the combinatorial Ricci potential

f(u) ,
∫ u

uav

N∑
i=1

(
Ki − kav

)
dui , u ∈ RN ,

where uav = Exp−1(rav). Then for arbitrary constant a, f
∣∣
Ua

is proper and

lim
u→∞, u∈Ua

f(u) = +∞.

Proof: Write n = N − 1 for convenience, and denote αT = 1√
N

(1, · · ·, 1)T as the unit

normal vector perpendicular to the hyperplane Ua. Then we have f(u) = f(u+ tαT ) for

all t ∈ R. Thus we only need to prove above theorem for a = 0. Write U0 as U for short.

The hyperplane U is determined by n linear independent variables. We claim that f
∣∣
U

is strictly convex when considered as a function of n independent variables.

Denote Rnζ , {ζ = (ζ1, · · · , ζN )T ∈ RN |ζN = 0)}. Select an orthogonal linear trans-

formation A : RN → RN , such that A αT = (0, · · · , 0, 1)T and, moreover, A transforms

U to Rnζ one by one. The matrix form of A under standard orthogonal basis of RN is

denoted by A. Set g = f
∣∣
U
◦A −1

∣∣
Rnζ

, i.e.,

g(ζ1, · · · , ζn) , f
(
AT (ζ1, · · · , ζn, 0

)T)
.

We want to show that Hess(g) is a n×n positive definite matrix. Partition the matrix A

into two blocks

A =

[
S

αN

]
,
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where S is a n×N matrix. By calculation we get ∇f = K−Kav, Hess(f) = ∂(K1,...,KN )
∂(u1,...,nN ) =

L, ∇g = S∇f = S(K −Kav) and Hess(g) = SLST . Because AαT = (0, · · · , 0, 1)T , we

have α = (0, · · · , 0, 1)A = αN . Using LαT = 0, we obtain

ALAT =

[
S

α

]
L
[
ST , αT

]
=

[
SLST SLαT

αLST αLαT

]
=

[
SLST 0

0 0

]
.

On one hand, SLST is positive semi-definite, since ALAT is positive semi-definite. On the

other hand, rank(SLST ) = rank(ALAT ) = rank(L) = n. Therefore Hess(g) = SLST

is positive definite. Moreover, f
∣∣
U

(= g ◦ A
∣∣
U

) is strictly convex when considered as a

function of N − 1 variables. Thus we get the claim above. The proof can be finished by

using Lemma B.1.

Q.E.D.

References

[1] R. Bishop, B. ONeill, Manifolds of negative curvature, Trans. Amer. Math. Soc. Vol. 145, 1-49.
[2] E. Calabi, Extremal Kähler Metrics, Seminars on Differential Geometry (S. T. Yau, ed.),

Princeton Univ. Press and Univ. of Tokyo Press, Princeton, New York, 1982, 259-290.
[3] E. Calabi, Extremal Kähler metrics II, Differential Geometry and Complex Analysis (I. Chavel

and H. M. Farkas, eds.), Springer-Verlag, Berlin-Heidelberg-NewYork-Tokyo (1985), 95-114.
[4] S.-C. Chang, The 2-dimensional Calabi flow, Nagoya Math. J. Vol. 181(2006), 63-73.
[5] S.-C. Chang, Global existence and convergence of solutions of Calabi flow on surfaces of genus

h ≥ 2, J. Math. Kyoto Univ. (JMKYAZ) 40-2 (2000), 363-377.
[6] X. X. Chen, Calabi flow in Riemann surfaces revisited: a new point of view, IMRN (2001),

no. 6, 275-297.
[7] B. Chow, The Ricci flow on the 2-sphere, J. Differential Geometry 33 (1991), 325-334.
[8] B. Chow, F. Luo, Combinatorial Ricci flows on surfaces, J. Differential Geom, Volume 63,

Number 1 (2003), 97-129.
[9] P. T. Chrusciel, Semi-global existence and convergence of solutions of the Robinson-Trautman

(2-Dimensional Calabi) equation, Commun. Math. Phys., 137 (1991), 289-313.
[10] F. R. K. Chung, Spectral graph theory, CBMS Regional Conference Series in Mathematics, 92.

American Mathematical Society, Providence, RI, 1997.
[11] H. Ge, Discrete Quasi-Einstein Metrics and Combinatorial Curvature Flows in 3-Dimension,

Preprint at arXiv:1301.3398 [math.DG].
[12] H. Ge, X. Xu, 2-Dimensional Combinatorial Calabi Flow in Hyperbolic Background Geometry,

Preprint at arXiv:1301.6505 [math.DG].
[13] D. Glickenstein, A combinatorial Yamabe flow in three dimensions, Topology 44 (2005), No.

4, 791-808.
[14] D. Glickenstein, A maximum principle for combinatorial Yamabe flow, Topology 44 (2005),

No. 4, 809-825.
[15] D. Glickenstein, Geometric triangulations and discrete Laplacians on manifolds, Preprint at

arXiv:math/0508188v1 [math.MG].
[16] D. Glickenstein, A monotonicity property for weighted Delaunay triangulations, Discrete Com-

put. Geom. 38 (2007), no. 4, 651-664.

http://arxiv.org/abs/1301.3398v2
http://arxiv.org/abs/1301.3398
http://arxiv.org/abs/1301.6505
http://arxiv.org/abs/1301.6505
http://arxiv.org/abs/math/0508188
http://arxiv.org/abs/math/0508188
http://arxiv.org/abs/math/0508188


COMBINATORIAL CALABI FLOWS ON SURFACES 17

[17] D. Glickenstein, Discrete conformal variations and scalar curvature on piecewise flat two and

three dimensional manifolds, Preprint at arXiv:0906.1560v1 [math.DG].
[18] X. D. Gu, R. Guo, F. Luo, W. Zeng, Discrete Laplace-Beltrami operator determines discrete

Riemannian metric, Preprint at arXiv:1010.4070v1 [cs.DM].
[19] R. S. Hamilton, Three-manifolds with positive Ricci curvature, J. Differential Geom. 17 (1982),

no. 2, 255C306.
[20] R. S. Hamilton, The Ricci Flow on Surfaces, Math. and General Relativity, Contemporary

Math., 71 (1988), 237-262.
[21] Z. X. He, Rigidity of infinite disk patterns, Ann. of Math. (2) 149 (1999), no. 1, 1C33.
[22] A. N. Hirani, Discrete exterior calculus, Ph.D. thesis, California Institute of Technology,

Pasadena, CA, May 2003.
[23] F. Luo, Combinatorial Yamabe flow on surfaces. Commun. Contemp. Math. 6 (2004), no. 5,

765C780.
[24] D. Singleton, On global existence and convergence of vacuum Robinson-Trautman solutions,

Class. Quantum Grav. 7 (1990), 1333-1343.
[25] M. Struwe, Curvature flows on surfaces, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (5) Vol. I (2002),

247-274.
[26] Thurston, William: Geometry and topology of 3-manifolds, Princeton lecture notes 1976,

http://www.msri.org/publications/books/gt3m.

Huabin Ge

School of Mathematical Sciences, Peking Univ., Beijing 100871, PR China

Email: gehuabin@pku.edu.cn

http://arxiv.org/abs/0906.1560
http://arxiv.org/abs/0906.1560
http://arxiv.org/abs/1010.4070
http://arxiv.org/abs/1010.4070

	1. Introduction
	1.1. Circle packing metric
	1.2. Combinatorial curvature and constant curvature metric

	2. The 2-Dimensional Combinatorial Calabi Flow
	2.1. Definition of combinatorial Calabi flow
	2.2. Main properties of combinatorial Calabi flow

	3. Long Time Existence
	3.1. Discrete Laplacian for circle packing metrics
	3.2. Long time existence of combinatorial Calabi flow

	4. Convergence to Constant Curvature Metric
	4.1. Evolution of combinatorial curvature
	4.2. Global rigidity and admissible space of curvatures
	4.3. Convergence to constant curvature metric

	Appendix A. Dual structure and the proof of (??)
	A.1. Dual structure determined by circle patterns
	A.2. proof of (??)

	Appendix B. Combinatorial Ricci potential is proper
	References

