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ON NON-SEPARATING SIMPLE CLOSED CURVES
IN A COMPACT SURFACE
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We introduce a semi-algebraic structure on the set & of all isotopy classes of non-separating simple closed curves
in any compact oriented surface and show that the structure is finitely generated. As a consequence, we produce
a natural finite dimensional linear representation of the mapping class group of the surface. Applications to the
Teichmiiller space, Thurston’s measured lamination space, the harmonic Beltrami differentials, and the first
cohomology groups of the surface are discussed. Copyright © 1996 Elsevier Science Ltd

1. INTRODUCTION

1.1. The main results

Given a compact oriented surface of positive genus X, let & = £(X) be the set of all
isotopy classes of non-separating simple closed unoriented curves in . We introduce two
relations, orthogonal and disjoint in & as follows. Two classes « and § in & are said to be
orthogonal, denoted by a L, if they represent simple closed curves a and b intersecting
transversely at one point (in this case, we also say that a is orthogonal to b and denote it by
alb). Two classes o and fin & are said to be disjoint, denoted by anf = ¢, if they represent
simple closed curves a and b so that anb = ¢. Our goal is to study & under these two
relations.

Given two orthogonal simple closed curves p and g, define the product pq of p and ¢q to
be D,(q) where D, is the positive Dehn twist (a right twist) about the simple closed curve c.
Geometrically, pg and gp are obtained from pug by breaking the intersection into two
embedded arcs as in Fig. 1.

Clearly the isotopy classes of pg and gp depend only on the isotopy classes of p and q.
We use [p] to denote the isotopy class of a simple curve p and define the product [p] [q] to
be [pg] when plg. Our first result states that & is finitely generated in the product.
Actually, a stronger form of the finiteness result holds. It is on the stronger form that we will
focus. To this end, we introduce the following definition.

Definition. Given a subset y of &, the derived set x' is yu{ap|a, B, and Pa are in yx}.
Inductively define x" to be the derived set of "~ for n > 1. We define { J,_, x" to be the set
generated by y, and denote it by y*.

Our first theorem is the following.

THeOREM L. If T is a compact orientable surface of positive genus, then there is a finite
subset F of isotopy classes of non-separating simple closed curves so that F © = ¥ (Z).
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Fig. 1. In the figure, the orientation is the right-handed orientation in the plane.

The next theorem (in [1]) is an analogue of Dehn—Nielsen’s theorem that the mapping
class group of a closed surface is the outer automorphism group of the fundamental group
of the surface. To be more precise, given any orientation preserving self-homeomorphism
¢ of £, ¢ induces a bijective map of & by the formula ¢,([a]) = [¢(a)]. Clearly,
¢, preserves disjointness, orthogonality and the product.

Turorem 1. If'h is a bijective map of the set of all isotopy classes of non-separating simple
closed curves in a closed orientable surface so that h preserves disjointness, orthogonality and
the product, then h is induced by an orientation preserving self-homeomorphism of the surface.

In [12], N. Ivanov has sketched a proof of a stronger version of Theorem II for surfaces
with genus g > 2.

1.2. The motivations

Theorems I and IT are well known for the torus T2. As usual, choose an oriented
meridian m and an oriented longitude ! for T2 Each element in % is uniquely represented
by +(p[m] + g[!]) in the first homology group where p and g are two relatively prime
integers. By assigning the rational number p/q to the class, we identify & with
Qu{} = Ru{co} which is considered to be the natural boundary of the hyperbolic
upper half-plane. Two classes p/q and r/s are orthogonal if and only if ps —gr= + 1.
Furthermore, if 8Ly, then By and yf are symmetric with respect to the hyperbolic reflection
about the geodesic ending at § and y. Thus by the well known modular picture, one sees that
& is generated by 0, 1, and oo as in Fig, 2.

To see Theorem I for the torus, let us take a bijective map h of ¥ = Qu {0} preserving
the orthogonality. Thus h(0), k(1) and h( c0) are three pairwise orthogonal rational num-
bers. Therefore, there is an element y € GL(2, Z) acting on QU{ oo } as Mbius transforma-
tions so that ¢(0) = h(0), Y(1) = k(1) and (o0} = h(o0). Since GL(2, Z) is the mapping class
group of the torus, we may assume at that & leaves the three curves 0, 1 and oo fixed. Thus
by the modular pictures above, the bijection h leaves each rational number fixed.

The other motivation for Theorem I comes from Thurston’s compactification of the
Teichmiiller space [2, 31, Bonahon'’s interpretation of Thurston’s compactification [4] and
the trace formula tr(XY) + tr(X ~'Y) = tr(X)tr(Y) for X and Y in SL(2, C). If two elements
A and B in 7, (X) have representatives in the free homotopy class [a], [b] in & so that a L b,
then the products AB and A~ !B are represented by the classes [ab] and [ba]. As a conse-
quence of the trace formula, the hyperbolic lengths of the classes A, B, AB and A™'B
with the above property satisfy the following nonlinear relation: cosh(l45/2) + cosh(l4-15/2) =
2cosh(l,/2) cosh(lg/2), i.e., it satisfies the following,

f@p) +1(Be) =2f () f(B), alp. 1)
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Fig. 2.

Now if we consider a degenerate family of hyperbolic metrics which tends projectively
to a simple closed curve ¢ (or more generally a measured lamination) in Thurston’s compac-
tification of the Teichmiiller space, then the relation (1) degenerates to I([a}, [c]) +
I([p], [c]) = max(I([ab], [c])), I([ba], [c]), ie. it satisfies the following, '

f @) +f(B) = max(f(ap), (o)), alp 2

where I(-,-) is the geometric intersection number. Since eq. (2) is piecewise linear
(max(x, y) = 3(x + y + |x — y[)), which may be one of the reasons why the action of the
mapping class group on the measured lamination space is piecewise linear.

Since both the Teichmiiller space and the measured lamination space are finite dimen-
sional, this prompts us to ask about the existence of finite generators for ..

1.3. Some consequences

As a consequence of Theorem I, we produce a finite dimensional linear representation of
the mapping class group % = %(Z) of the surface X. Recall that the mapping class group %(X)
is defined to be Homeo * (Z)/isotopies where homeomorphisms are orientation preserving and
% acts naturally on &% by permuting the isotopy classes. The finite dimensional linear
representations of % are constructed as follows. Take V to be the vector space C* of all
complex valued functions on &, ie. V = {f:&% — C}. The mapping class group % acts
naturally linearly on ¥V by permuting the & coordinates. Let a, b, ¢ and d be four specified
complex numbers with ¢d # 0. Define a linear subspace V, ;.4 of V by the equations

af @) + bf (B) = of (@) + df (Bor), o LB. €)



384 Feng Luo

By Theorem I, ¥, ;, . 4 is finite dimensional and is clearly invariant under the linear action of
the mapping class group.

ProposITION. Ifthe genus of the surface is bigger than one, then the only space V, ,, . 4 which
contains a non-constant function is Vag 5, 4.0 = V,2.1,1. Furthermore, the dimension of V5 5 1 4
is at least 2g + n)(2g + n — 1)/2 where g is the genus and n is the number of boundary
components of the surface.

The basic idea of the proof (in [1]) is the following. If a simple closed curve s is orthogonal
1o another simple closed curve ¢, then there is a universal relation that [s(ts)] = [¢] {and also
[(st)s] = [t]). This relation [s(ts)] =[t] implies the well known braid relation
DD.D, = D,D.D, up to isotopy in the mapping class group. By iterating the relation
[s(ts)] = [t] several times for three pairwise orthogonal simple closed curves which are not in
a torus with a hole, we obtain that 2a =2b=c=d. To show that V, ,, ; contains
non-constant solutions, we take the square of the algebraic intersection number f(x) = i2(«, y)
for a fixed class y in &%. One sees easily that f satisfies the skein relation
f(@f) + f(Ba) = 2f () + 2f (B) whenever oL 8. Since for all choices of y in &, these functions
span a linear subspace of dimension at least (2g + n)(2g + n — 1)/2 in V, , ; ; (the actual
dimension of the subspace is (29 + n)(2g9 + n — 1)/2 if n # 0 and is g(2g + 1) if n = 0), the
estimate on the dimension follows.

Theorem I may give rise to a characterization of the length spectrum of a hyperbolic
metric in a closed surface. Given a closed orientable surface Z, let Teich (Z) be the Teichmiiler
space of X. For each equivalence class [d] of hyperbolic metric in Teich(X), we produce
a function fi; from & to {te R|t > 1} by setting fi4)(«) = cosh(ly(ex)/2) where I;(«) is the length
of the geodesic in the class « in the metric d. By the remark above, we have

Ja@P) + fia(B9) = 2fa(0) fa(B), 2L “)

The set 7 of all functions from & to {teR|t > 1} satisfying (1) is finite dimensional by
Theorem I. It is well known that the map from Teich(Z) to 7 sending [d] to fi4 is injective
and continuous. It is natural to ask whether the map is an onto map.

One possible approach to the above problem is to find the dimension of . Since
harmonic Beltrami differentials are deformations of the hyperbolic metrics in the Teichmiiller
space, given a function f satisfying the relation (1) above, it is tempting to call a function
g satisfying

9(f) + g(B) = 2f ()g(P) + 2 (B)9(@), «Lp ©)

a harmonic Beltrami differential in the conformal structure given by f. Denote T,(7) the linear
space (the tangent space of  at f) of all functions g satisfying (5). One would expect to have
a Riemann-Roch theorem which calculates the dimension of T (7).

1.4, Sketch of the proofs

Since the proofs of Theorems I and II are quite long, we sketch the main idea of the proof
below. The main step in the proof of Theorem I is an induction on a norm |Z|| =3g +n
where X is a compact orientable surface of genus g with n boundary components. We show
that there are finitely many subsurfaces Z; in Z of smaller norms so that non-separating simple
closed curves in X, considered as non-separating simple closed curves in & (Z) generate & (Z).
The main technical difficulty is due to the fact that separating simple closed curves in X; may
become non-separating in X.
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We use several induction steps to achieve the above result. In each step of the induction
process, we construct a finite collection G of isotopy classes of simple closed curves
[a1], ... ,[an] and induct on a norm | a ||¢ = Yi=, I(x, [a;]). Given a class a€ &, we would
like to find two classes § and y in & so that 8Ly, o = By and the norms of §, y and -y are
smaller than ||« ||¢. To this end, let us take pea so that | o ||g = Y-, |pna;| and find an arc
c¢in X so that cn(pul i~ | a;) = dc and ¢ approaches both end points of dc from different sides
of p (we call it a cutting arc; see Definition 2.4). Indeed, assuming c has been constructed, we
obtain three new non-separating simple closed curves representing f§, y and yg as in Fig. 4.
Furthermore, @ = fy. We call this an H-reduction on the curve p. Now if the arc ¢ satisfies
dc =cn({Jj=, a;), then clearly |Bl¢,ll7ll¢ are less than |a|; (Lemma 2.5) and
1vBllc < llag.

Let us illustrate this by considering a torus, ie. the modular picture is generated by
hyperbolic reflections on the three sides of the ideal triangle with vertices 0 = [1], 1 = [ml]
and oo =[m]. Given a class a = + (p[m] + q[[]) where p and g are relatively prime
integers, define a norm |« || = |p| + |g| = inf{|anm| + |anl||a€a}. Let aca be a represen-
tative so that | a || = |anm| + |anl| where |anl| = |p}| and |arnm| = |q|. Then all intersec-
tion points in anm (and in anl, respectively) have the same intersection signs. Thus, if one of
the numbers |anm| or |anl| is bigger than 1, say |anl| = 2, then there are two adjacent
intersection points x and y in the curves [ so that there is an arc ¢ in ! joining x and y with
cna = 0c and cnm = ¢. Then, the H-reduction on the curve a at ¢ produces two classes § and
y so that B 1y, & = By and the norms of f, y and yf are smaller than | « ||. Finally, if both p and
q are at most 1, then « is one of the four classes [m], [1], [ml] and [Im]. Thus the result follows.

There are two steps in the proof of Theorem 1. In the first step, we show that there are
finitely many non-separating simple closed curves {c;, ...,c;} in & so that ¥ = {¢e S |a is
disjoint from one of [¢;]} satisfies (Z)* = & (Lemma 2.10). This step is relatively easy to
achieve. The next step is the major step in which we replace these curves ¢; by non-boundary
parallel essential separating simple closed curves in X. This is achieved by combining
Propositions 2.8, 2.15, and 2.18. Knowing this, we apply the induction on the norm || Z || of the
subsurfaces obtained as the closure of the components of the complement of ¢; in X and end of
proof. The proof of Theorem I is given in Section 2.

To prove Theorem II (in [1]), we show that the Lickorish-Humphries basis
Fo={[a,], ... ,[a24+1]} (as a subset of &; see Fig. 3) for the mapping class group of a closed
surface of genus g satisfies the following property: Let F, be the set {o|o = By, where § and
yarein F,_,}UF,_;. Then & = |J;_, F,. This also shows that the subgroup generated by
the Dehn twists on the curves [a;]'s is the subgroup generated by the Dehn twists on the set of
all non-separating simple closed curves. Indeed D,,, = D,D,D, ' up to isotopy when p_Lq (see
[5-7] for details on generating the mapping class group by Dehn twists). Now any two
Lickorish—-Humpbhries bases are related by a self homeomorphism of the surface and a bijec-
tive map of & preserving disjointness and orthogonality sends a Lickorish-Humphries basis
to a Lickorish-Humpbhries basis. Thus the result follows. This is an analogue of the modular
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Fig. 3. A Lickorish-Humpbhries basis.
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group case where we use two curves 0 and oo as bases. The basic technique of the proof is the
same as that used in Theorem I. We do not have to consider the third curve y$ here but we do
need to produce the minimal set of generators in the new sense.

1.5. Some observations and questions

There is an interesting similarity between the relations (1)—(3) above and the functional
equations for the well known elementary functions from the set of integers Z to R. Namely,
the trigonometric functions cosh(Af) satisfy f(x + y) + f(x — y) = 2f (x) f (y) with f(x) > 1, the
absolute value functions |At| satisfy f(x) + f(y) = max(f(x + y), f(x — y)), and the square
functions At? satisfy f(x + y) + f(x — y) = 2f(x) + 2f(y). Here A is a parameter. It is easy to
show that these are all non-constant solutions to the functional equations above. Note that
cos(At) also satisfies f(x + y) + f(x — y) = 2f (x) f(¥).

This leads one to ask several questions.

Question 1. What is the dimension of the vector space V5 5 ;17

Question 2. Given a closed orientable surface X and a function f: & — {teR|t > 1}
satisfies the relation f(af) + f(Bx) = 2f (o) f(B) whenever a.L B, is it true that f = f;; for some
hyperbolic metric d in the surface?

It can be shown easily that there are non-constant solutions to the relation
Sy + f(Bx) = 2f (@) f(B) which take some values equal to one (see [11] for a solution to the
length spectrum problem). One would also ask whether there is a similar notion of the cosine
function for curves in surfaces.

In view of the linear skein relations for Jones type knot invariants, one may call a function
in V,,,4,1 a two-dimensional “Jones invariant”. More generally, one may define two-
dimensional “Jones invariants” as follows. Take a finite collection of classes o, ... ,0 in
& (or more generally the set of all isotopy classes of simple closed curves in the surface) and
finite collection of non-zero numbers d;, ...,d,. A two-dimensional “Jones invariant” is
a function f: & — C satisfying a linear skein relation:

3, df 9a(o) =0 ©

for all ¢ in the mapping class group of the surface.

A natural candidate for the collection a4, ..., seems to be the one satisfying that «; is
either disjoint from or orthogonal to a; for i # j. The goal of this approach is to construct
finite dimensional linear representations of the mapping class group.

As an example, take three pairwise orthogonal simple closed curves a, b and ¢ so that
anbnc # ¢ and aubuc is not in a torus with a hole. Let « = [a], f =[b] and y = [c].
Clearly each function fin V, , ; , satisfies the following relation:

J@B) +1(Ba) + 1 (BY) + S (B) +f(y2) + f ) = 4f (o) + 4 (B) + 4/ (7). 0

Is it true that the set of all solutions to relation (7) forms a finite dimensional vector space?

F. Bonahon asked whether one could estimate the number of generators in Theorem I. It
follows from the proof that the number of generators for %, , is at most ¢***" for some
universal constant ¢. But the smallest number might be quadratic in 3g + n.
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2. PROOF OF THEOREM

2.1. Notation. We will use X to denote a compact oriented connected surface of genus
g with n boundary components. A 1-submanifold in ¥ is either a simple closed curve or an
embedded arc (possibly non-compact). A submanifold p is proper if p is closed in £ and
Op = pndZ. All intersections of two submanifolds in £ are assumed to be transverse If
p and q are two oriented 1-submanifolds, the intersection sign at a point P € pnq is defined in
the usual way. If P and @ are in png, then the intersection signs at P and Q being the same is
independent of the orientations on p, g and X.

Notation:

N(G) a small regular neighborhood of a graph (a one-dimensional CW complex) G
in X

| X| the number of elements in a finite set X

lpq| the geometric intersection number of two 1-submanifolds p and ¢

> isotopy

int(S) the interior of a compact manifold §

[s] isotopy class of simple closed curves s

I(a, B) inf{|anb||aca, be B}, the geometric intersection number of « and f§ in &

i(s, 1) the algebraic intersection number of two oriented curves s and ¢

i([s], [t]) the algebraic intersection number of the isotopy classes of oriented curves s and ¢

Dy the positive Dehn twist about a simple closed curve s

2.2. Reductions. We begin by introducing several useful concepts. A cutting arc ¢ for
a simple closed curve p is a closed embedded arc in £ with end points in p so that
c¢np = dcnp = Oc and that ¢ approaches both end points in dc from different sides of p. It is
clear that p has a cutting arc if and only if p is non-separating. If two embedded 1-
submanifolds p and ¢ of X intersect in more than one point, then an adjacent arc for g in p is
a segment in p which is bounded by two adjacent intersection points and which does not
intersect g except at the end points. We will be mainly interested in finding adjacent cutting
arcs. This is the same as finding adjacent arcs whose end points have the same intersection
signs. In particular, if p is a simple closed curve and | prq|is an odd number, then by checking
parity, one finds an adjacent cutting arc for g in p. Again by checking the parity, we have the
following very useful lemma.

2.3. Lemwma (alternating principle). Suppose q, and q, are two simple closed curves and p is
an arc in Z so that g,Np = q,Np. Let P and Q be the two outermost intersection points of g, Np
in p. If the intersection signs of P and Q in q,np are the same, and the intersection signs of P and
Q in q,np are different, then there exists an adjacent cutting arc for q, or q, in p.

X y Xy

Fig. 4. In the figure, the orientation is the right handed orientation in the plane.
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2.4. Definition (The H-operation). Suppose c is a cutting arc for a non-separating simple
closed curve p. By changing the graph cup into simple closed curves as in Fig. 4, we obtain
three simple closed non-separating curves x, y, xy. They are said to be the curves spanned by
p and ¢, or obtained by the H-operation on p and ¢. The curve xy is said to be the third curve
spanned by s and c.

Note that x,y and xy are all in a regular neighborhood of cup. Suppose p is
decomposed into p; Up, by cnp. Then the curves x and y are isotopic to pyuc and p,uc. Take
two parallel copies ¢, and ¢, of ¢ with end points in p so that ¢, and ¢, are in different sides of
p. The curve xy is isotopic to {p — int{N(c)))u(c;uc,). By the construction, we have
[x1LLpl, [y1LLpd, [xJLEy]), [xy]L[x], and [xy]L[y]. Furthermore, xy is isotopic to D,y
and p is isotopic to D,x. Thus [ p] is spanned by [x], [y] and [xy].

2.5. LEMMA. Let G be a graph and s be a simple closed curve in T so that s avoids the vertices
of G and s intersects G transversely. Suppose ¢ is a cutting arc for s and x, y and xy are the curves
spanned by c and s.

(@) If 0c = cn(GNs) = c¢nG and a parallel copy ¢’ of ¢ with end points in s is disjoint from
G (as in Fig. 5(a) but not in Fig. 5(b)), then |xnG| < |snG| — 1, |ynG| < |snG| — 1 and
[xynG| < |snGi.

(b) If G is a 1-submanifold and ¢ < G is an adjacent cutting arc, then | xNnG| < |snG| — 1,
lynG| < [snG| — 1 and |xynG| < [snG| — 2.

The proof is evident from the definition and the fact that x, y and xy are in a regular
neighborhood of cuUS. See Fig. 5.

S S
S S
c 6
-\ G ‘\ G
’ N -/
G G

(b)
(a) This case is avoid

e

Frhesy oy
Sy

©

Fig. 5.
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2.6. Orientations. Although curves are regarded as unoriented in the paper, it is conve-
nient to orient them arbitrarily in the proof so that one may compare the intersection signs
easily. To this end, one adopts the following convention in the paper. If p is oriented, we orient
x and y so that they induce the same orientations on p, and p, (with respect to the orientation
induced from p). Any orientation on xy will induce orientations on p,, p,, ¢, and ¢, so that
exactly one of the orientations on p, and p, is reversed (with respect to the orientation
induced from p) and the orientations on ¢, and c, are the same with respect to the parallel. We
will orient p and xy arbitrarily.

2.7. Marking and torus with holes. Given a compact oriented surface X of genus g (g = 1)
so that Z is not a torus nor a one-holed torus, choose a maximal collection of simple closed
curves g; and b;fori = 1,2, ... ,g on X so that a; L b; and a;na; = a;nb; = bynb; = P for i # j.
For each index i, let ¢; be a simple closed curve so that ¢; La;, ¢; 1b;, c;na;nb; # @, and ¢; is not
isotopic into a regular neighborhood of a;Ub;. Our goal is to show the following crucial
proposition.

2.8. PrOPOSITION. Let & be the subset {o€ S |there is an index i so that either
(o, [a;]) = I(a, [6:]) = 0, or 0 < I(o, [a;]), I(@, [b:1), I, [ci]) < 1}. Then * = &.

The proposition will be proved by inductions on a nom la|=Y7_ (I(x [a]) +
I, [b;])) of o in & and a semi-norm | ol ; = I, [a;]) + I{e, [b; ]} + I(2, [c;]) indexed by i.
Since the norms involve the geometric intersection numbers, we begin with a discussion of
intersection of arcs with a;ub; and with a;ub;Uc;.

Given two simple closed curves a and b with a_Lb, a regular neighborhood N(aub) of aub
is a one-holed torus. We will represent the figure eight aub as in Fig. 6(a) and its regular
neighborhood N(aub) as in Fig. 6(b). The intersection of a simple closed curve with aub will
be represented as in Fig. 6(c) where all intersection points are drawn to be near anb.

Finally, the intersection as in Fig. 6(d) may be changed to the one in Fig. 6(¢) by an
isotopy which moves the intersection points along the open arcs a—b or b—a. The graph aub is
said to be a standard spine of the one-holed torus.

a _J a L a i
+b #b ‘N—T‘b = ———a::'—b
(@ (b) ©

b
-3

(@ (e)
Fig. 6.
a b a b
N X\ @é . %
VANEERZ\\Y B
@) (b) (© () ©

Fig. 7.
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If a, b and ¢ are three simple closed curves so that aLb, b.lc, cLa,anbnc # 9, and c is not
isotopic into a regular neighborhood of aub, then a regular neighborhood N(aubuc) of
aubuc is a two-holed torus. The figure aubuc will be represented as in Fig. 7(a), and the
regular neighborhood N(aubuc) will be represented as in Fig. 7(b).

The intersection of the curve s with aubuc will be represented as in Fig. 7(c). We may also
change the intersection sn{aubuc) as in Fig. 7(d) by an isotopy which moves the intersection
points along the open arcs a-b, b— or c—a as in Fig. 7(e). The graph aubuc is said to be
a standard spine of the two-holed torus N(aubuc).

2.9. We begin the proof of Proposition 2.8 by showing the following lemma.

2.10. LEMMA. Let % be the subset {a €& |there is an index i so that 0 < I(«, [a;]) and
I, [b;]1<1}). Then %> = &.

Proof. Given « in & of norm |a|=37_, (I(o [a:]) + I(e [b;]) =m, we will use
induction on m to show that a e #*. Choose a representative s in o, so that |sna;| = I(o, [a;]),
and |snb;| = I(z, [b;]) for all indices i. In particular, the norm |a| = ¥7_, (|sna;| + |snb;).
We will assume that s avoids all the intersection points of a; and b;. Since s is non-separating,
there is an index i so that one of the numbers |sna;| or | snb;| is an odd number. Thus |x| > 1.
If the equality holds, then « is in %. Suppose now that the result holds for all a is & of norm
less than or equal to m — 1. Given a = [s] of norm m, let us assume without loss of generality
that either |sna, | or |snb,| is an odd number.

RepucTION 1. If there is an adjacent cutting arc c for s in a; — b;, or in b; — a;, then a is
in >,

Indeed, let x, y and xy be the curves spanned by s and ¢. By applying Lemma 2.5 to the
graph G = | J{_, (a;ub;), we have that the norms of [x], [y] and [xy] are all less than m. Thus
[x], [¥] and [xy] are in * by the induction hypothesis. Since [s] is spanned by [x], [y] and
[xy], [s] is in #*.

We assume in the following that no such adjacent cutting arcs exist for s, i.. s is irreducible
with respect to Reduction L

The proof is given in Figs 8-11. It consists of simplifying a chain of diagrams. Each
diagram represents a case of the simplification process and is indexed by an ordered finite
sequence of numbers. The following notations will be used in the figures.

= the H-operation on the dotted cutting arc and the curve
{ breaking into cases
~ isotopy of the curve in the diagram

AP (123) by applying the alternating principle to compare the curve in the current case
and the curve in case (123), we conclude that one of the two curves is reducible.
This ends the proof

AP the same as AP (123) when case (123) is the preceding diagram

IND this ends the proof by the induction hypothesis

Goto (123} go to case (123)

SAA (123) the same argument used in reducing case (123) applies, and this ends the proof

RED Reduction I applies and this ends the proof by the induction hypothesis
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The basic reduction process to simplify a simple closed curve p is the H-operation on
a cutting arc ¢ for p. Take the graph G to be { J7_, (a;Ub;). The cutting arc ¢ is chosen so that
¢nG = dc and a parallel copy ¢’ of ¢ with end points in p is disjoint from G. Let x, y, and xy be
the curves spanned by p and c¢. Then by Lemma 2.5, the norms of [x] and [y] are less than
that of [ p] and the norm of [xy] is at most that of [ p]. By the induction hypothesis, both [x]
and [y] are in #*. Thus showing that [p] e %~ is equivalent to showing [xy]e# . Due to
this, we will only draw the third curve xy in the diagram following the H-operation. We label
the curves in the diagrams according to the following rule: (1) isotopic curves will be labeled
by the same latter; (2) the three curves spanned by the curve s and a cutting arc ¢ are labelled

i+1

by x, y, and xy; and the three curves spanned by x'y* and a cutting arc are labelled by x**?,
y'*1 and x'*1y'*! where x° = x, y° = y. We also assume that at each (non-final stage)
diagram, the curve involved are irreducible with respect to Reduction I since otherwise
Reduction I applies and the proof is finished. When we apply the alternating principle to two
diagrams, the outmost intersection points are marked in the diagram.

Case 1. |snay| or |snb,| = 1. We will simplify s in the one-holed torus N(a,;ub,) by
reducing the intersection number }sna, | + |sub;|. Let us assume without loss of generality
that [sna,| = 1. If |snby| < 1, then [s]e%. If |snby| = 2, we simplify s according to the
following chain of diagrams (see Fig. 8).

Here are the details. We represent the figure a, Ub, according to the scheme in Fig. 6(a). In
case (1), the three intersection points in sn(a,wb,) adjacent to a;nb, are shown in the
diagram. Case (1) breaks into two subcases (11) and (12) according to the intersection signs as
indicated. In case (12), we move sna, to the other side of b, along the open arc a,—b; by an
isotopy. This can be achieved since sna, consists of only one point by the assumption. Thus
case (121) is covered in case (11). The reduction from the (11) to (111) is an H-operation on the
indicated cutting arc c. By the remark above, among the three curves x, y and xy spanned by
sand ¢, [x], [y] are in & *. The third curve xy is drawn in case (111) since its norm could reach
m. Assume the norm of [xy] is m and that xy is irreducible, since otherwise we are done by
either the induction hypothesis or Reduction 1. We proceed arc ¢! as indicated and
use the H-operation on ¢! and xy. The third curve x'y' spanned by ¢! and xy is shown
in (1%) and x!'y! is isotopic to the curve in (1) which has at most m — 1 intersection points
with the graph G.

AN /t\xlyl
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. s—f= Xy iy (1% (1%
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Thus by the induction hypothesis, [x!y'] is in #®. This in turn implies that o = [s] is in
#*. In the other case (1112), we find a cutting arc ¢! as indicated (¢! is parallel to an arcin a,)
and use the H-operation on the cutting arc ¢! and the curve xy. The resulting third curve x*y!
is drawn in (11121). We apply the alternating principle to x'y* and b,—a, in case (11121) and
xy and b;—a; in case (1112). The intersection signs of P and Q in x'y'nb, are the
same, whereas the intersection signs of P and Q in xynb, are different. Since xy is irreducible,
and xynb, = x'y’nb,, by the alternating principle, there is an adjacent cutting arc for
x'y! in by;-a,. Thus, by Reduction I, [x'y'] is in #®. This finishes the proof of
case (1).

Case 2. Neither |sna, | nor |snb, | is one. We will simplify s again in the one-holed torus
N(a,ub,). Since one of [sna,] or |snb,| is an odd number, let us assume without loss of
generality that [sna, | is an odd number bigger than or equal to three. This implies that there
is an adjacent cutting arc for s in a, by a simple parity checking. Because the curve s is
irreducible, the cutting arc ¢ must intersect b, i.e. the two intersection points of sna, which
are adjacent to a;nb; have the same intersection signs.

Subcase 2.1. |snb,| = 2. We reduce s according to the chain of diagrams as in Fig. 9.

Here are the details. Case (2) breaks into two subcases (21) and (22) according to the
intersection signs of snb; at the point near a,Nb,. In case (22), the same argument used in
reducing case (21) applies. Thus, it suffices to consider case (21). Find a cutting arc ¢ as
indicated in (21) and use the H-operation on s and c. The third curve xy spanned by ¢ and
s indicated in (211) consists of two subcases (2111) and (2112) according to the intersection
sign. In case (2112}, we compare the curve xy and a;—b; with the curve s and a,—b; in case (21).
Since s irreducible and sna; = xyna; and the intersection signs of P and Q in xyna, are
different, by the alternating principle, there is an adjacent cutting arc for xy in a,—b,. Thus, xy
is reducible with respect to Reduction I and [xy] is in . In case (2111), we find a cutting arc
¢! as indicated in (2111) and use H-operation on xy and c!. The three curves spanned by xy
and ¢! all have norm less than m by Lemma 2.5 and by an isotopy which reduces case (214) to
case (21°). Thus, by the induction hypothesis, the isotopy classes of all of them are in /. This
in turn implies that o is in #/*.

Subcase 2.2. |snb;| = 0. Let x, y and xy be the curves spanned by s and ¢ as indicated in
Fig. 10. Then the norms of {x], [ y] and [xy] are at most m. Since | xnb,| = |ynb,| = 1, by
case 1 or by the induction hypothesis if the norm is less than m, [x] and [y] are in . If the
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Fig. 10. The H-operation on the arc c.

norm of [xy] is less than m, we are done. If the norm of [xy] is m, since |xyna; | — | snay | is
an even number, the curve xy satisfies that | xyna, | is an odd number and | xynb, | = 2. By
case 2.1 or case 1, [xy] is in #*. This finishes the proof of Lemma 2.10 by induction.

211. For each index i, let %, ={0e¥|0<I(x[a]), I([b])<1}, and let
Z; = {ae S |either I(o, [a;]) =I(x, [b:]) =0, or 0<I(o,[a]), I(o [b:]), I(x [c;]) <1}
Clearly by the definition, & = (J/_, %; and % = (J’_, %,. We will show below that
%, c . Thus, % < Z=. It follows from Lemma 2.10 that & < #*, and Proposition 2.8
follows.

2.12. LeMMA. For each index i, %; < &

Proof. Let us assume without loss of generality that the index i = 1. Consider the graph
G = a,ub;ucy and the norm | o = I(a, [a1 1) + (e, [b1]) + I(a, [cy]) for a is &. We will
also refer || o || as the norm of s when se . We will use induction on the norm m = | « || to
prove the lemma. Clearly if m = 1, then o is in &Y.

Suppose the result holds for all xe%, of the norm ||« | at most m — 1. Given « of the
norm m, choose s€a so that |sna, | = I(«, [&t; 1), |snb; | = I{a, [by]) and {snc, | = I(a, [c1]).
In particular, |al =[snay|+ |snby| +|sney]. We will reduce s according to
(snail,|snby]) =(0,0), (1,0), (0,1) or (1, 1). If it is (0, 0), then by definition o is in Y.
Assume also that |snc¢, | = 2 since otherwise « is in &;.

The curve s will be simplified in the two-holed torus N(a;ubjuc,) by reducing the
intersection number |sn(a; wb;uc,)| through a sequence of H-operations and isotopies. To
begin the proof, we assume that the curve s is irreducible with respect to Reduction I, i.e. there
is no cutting arc ¢ for s in a;—by, or b;—c;, or ¢;—a, . Otherwise, the H-operation on s and the
cutting arc will produce three curves x, y, and xy of norm less than m by Lemma 2.5. Clearly
[x], [¥] and [xy] are all in %,. Thus by the induction hypothesis, [x], [y] and [xy] are all in
xe.

The reduction process below consists of simplifying a chain of diagrams in Figs 11-15. The
notations introduced in the proof of Lemma 2.10 will be used again. The graph
G = a;ub,uc,; will be represented according to the scheme in Fig. 7(a). Only the intersection
points of snG adjacent to a;nb;nc, are shown in each diagram. The cutting
arcs are the dotted lines in the diagrams. We divide the proof into two cases where
case (1) corresponds to (|snay|, |anb,[)=(1,1) and case (2) corresponds to (|snay|,
|snbl =(1,0) or (0, 1).

Case (1). (}snay|,|snby|) = (1, 1). This case is covered in Figs 11 and 12.
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Here are the details of Fig. 11. Case (1) breaks into two cases (11) and (12) according to the
intersection signs of sna; and snb; at the points adjacent to a; ~b,. The second case (12) will
be discussed later in Fig. 12. In case (11), one finds a cutting arc ¢ as indicated and uses the
H-operation on the curve s and the cutting arc ¢ to obtain the third curve xy spanned by s and
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¢ in case (111). Case (111) consists of two subcases (1111) and (1112) according to the
intersection signs. In case (1111), we find a cutting arc ¢! as indicated and use the H-operation
on the cutting arc ¢! and the curve xy to obtain the curve x!y* in case (1°). Case (1°) breaks
into two subcases according to the intersection signs.

In case (1°), one finds a cutting arc as indicated and uses the H-operation on the cutting
arc and the curve to obtain case (17). The resulting third curve x2y? in (17) is isotopic to one
as indicated in the diagram (1%). Thus, the norm of [x*y?] is less than m. By the induction
hypothesis, [x?y*] is in . In case (1°2), assuming that the curve x'y! has the norm m and is
irreducible with respect to the Reduction I, one finds a cutting arc as indicated and uses the
H-operation on the cutting arc and the curve to obtain (1321). The resulting third curve x2y?
in (1°21) is reducible with respect to Reduction I by the alternating principle. Indeed, applying
the alternating principle to the curve x'y in case (1°2) and x*y? in (1°21) with respect to the
arc ¢,—a,, one finds an adjacent cutting arc for x2y? in c¢;—a;. Thus [x?y*] is in 7 by
Reduction 1. This implies that o is in £ in case (1111). Lastly, in case (1112), one finds
a cutting arc as indicated and uses the H-operation on the cutting arc and the curve to obtain
case (11121). In case (11121), since the curve x'y! intersects both a, and b, each at one point, it
can be isotopic into a position as in (13212). Find a cutting arc in (13212) as indicated and use
the H-operation on the cutting arc and the curve to obtain the third curve x2y? in (13213).
Case (13213) is already covered in case (1%). Thus, we have finished the simplification of
case (11).

We now come to case (12) as in Fig, 12. Case (12) breaks into two cases according to the
intersection signs. In case (121), the curve s is isotopic into the position as in (1211) since
[sna;| =|snb;| = 1. Case(1211) is the same as in case (122). Thus, it suffices to consider case
(122). In case (122), we find a cutting arc as indicated and use the H-operation to obtain case
(1221). There are two subcases (1221%) and (12%12) according to the intersection signs. If we are
in case (12%12), we find a cutting arc as indicated and use the H-operation to transform (12%12)
into (12%13). Case (12213)is already covered in case (1%) in Fig. 11. In case (12212), the curve xy
moved by an isotopy to the position as in (12%121) since xyna; consists of one point. One
finds a cutting arc as indicated in (122121) and uses the H-operation to obtain case (1221212),
There are now two cases depending on the intersection signs. If we are in case (1221213), then
an isotopy of the curve x'y! as indicated transforms it into (122121%) without increasing the
norm. Case (122121%) is reducible. Thus, by the Reduction I, {x'y'] is in & ¥. This implies that
aisin 5. If we are in case (12212122) and the curve x'y! is irreducible, we find a cutting arc
as indicated and use the H-operation to obtain case (122121221). Now the two curves x!y* in
(12212122) and x2y? in (122121721) satisfy the condition in the alternating principle in the arc
¢, — ay. Thus, x2y? is reducible with respect to Reduction I. Thus the result follows. This
finishes the proof of case (1).

Case (2). (|snay |, |snby]) = (1, 0) or (0, 1). Let us assume without loss of generality that it
is (1, 0). We reduce s according to the schemes in Figs 13-15.

Let us consider Fig. 13 first.

Here are the details of Fig. 13. Case (2) breaks into two subcases according to the
intersection signs. Starting from case (21), one follows the routine reduction by finding cutting
arcs as indicated in (21), (2111) and (21121) and using the H-operation to reduce the curves
involved. Case (21111) and its preceding case (2111) satisfy the conditions of the alternating
principle at the points marked. Thus, by Reduction I, we are done with case (21111). In case
(2112), the curve xy is isotopic into the other side of b, as in Fig. (21121). This increases the
intersection number of the curve xy with the graph G by two. Using the H-operation on the
cutting arc in (21121), we obtain three curves x!, y* and x!y! as in (211211), (211212) and
(211213). Due to the increase of the intersection number | xynG|, one has to make sure that
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all the isotopy classes of x*, y*, and x'y* are in Z7. In case (211211), the curve x! intersects
the graph G in at most m points and [x!] is in %, . If the norm of [x!] is m, then this case is
already covered in case (1°); if the norm is less than m, [x'] is in Z by the induction
hypothesis. In case (211212), the number of intersection points of y* with G is at most m — 1
and both | y'na, | and | y' nb, | are at most one, thus by the induction hypothesis, the isotopy
class of the curve is in 7. In case (211213), the curve x!y! intersects the graph G in at most
m points, x'y* intersects a, in one point, and x'y® intersects b, at two points of the same
intersection signs. Thus Reduction I applies to x'y* at the adjacent cutting arc in b;—a, as
indicated in (211213). By Lemma 2.5, the isotopy classes of the three curves x2, y?, x?y®
spanned by x!y! and the cutting arc have the norms at most m — 1 and furthermore, they are
allin %, . Thus by the induction hypothesis, the isotopy classes [x*], [y*] and [x%y?] are all in
Z . Now that [x'], [y*] and [x!y!] arein &, this in turn implies that o is in Z'{. This takes
care of case (21). In case (22), we obtain two subcases (221) and (222) according to the
intersection signs. In case (221), the curve s is isotopic into the position as in (2211) since
|snay | = 1. The same type of reduction used in case (21) applies to (2211). Thus « is in .

We consider the most difficult case (222) in Figs 14 and 15 below.

Here are the details of Fig. 14. Find a cutting arc ¢ for s which cuts the graph G in one
point as indicated in (222). We obtain three curves x, xy and y spanned by s and ¢ as in (2221),
(2% and (2223), respectively. We need to discuss each of the three curves [x], [y] and [xy]
separately since the norms of [x] and [y] may not be less than m and the curve [xy] is not in
the set %, . In cases (2221) and (2223), the dotted arrowed line segments indicate that these line
segments may be part of the curves x and y. In case (2221), the curve x intersects each of
a, and b; in one point, and x intersects the graph G in at most m points. Thus, if the norm of
[x] is less than m, by the induction hypothesis [x] is in 4'; if the norm is m, this is already
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covered in case (1). Thus [x] isin Z'Y. In the case (2223), the curve y intersects b, in one point,
y does not intersect a,, and y intersects G in at most m points. If the norm of [ y] is less than m,
by the induction hypothesis, we are done. If the norm of [y] is m, then the same reduction
argument used in (211) applied to y. Thus, [y] is also in Z'{.

This shows that « is in ¥ if and only if [xy] in case (2%) is in 7. Let us now proceed
from (2%). The curve xy in (24) intersects G in at most m + 2 points, intersects @, in one point,
and intersects b, in two points of the same intersection signs. There are now two cases (241)
and (2°) according to the intersection signs. Case (2°) will be covered in Fig. 15. In case (2*1),
the curve xy is moved by an isotopy to the position indicated. Find a cutting arc ¢! as
indicated in (241) and use the H-operation on the cutting arc ¢! and the curve xy. We obtain
three curves x', y!, and x'y' spanned by ¢* and xy as indicated in cases (2*11), (2*13) and
(2*12), respectively. In case (2412), the curve x' intersects G in at most m — 1 points, and x*
intersects each of a; and b, in at most one point. Thus by the induction hypothesis, [x'] is in
Z'?. In case (2*12), the curve x'y* can be moved by an isotopy to the position as in (2*121).
The curve x!y! in (2*121) intersects G in at most m points, intersects b, in two points, and a; in
one point. There are two subcases according to the intersection signs as indicated in (24121%)
and (2*1212). In the case (2*1212), there is an adjacent cutting arc for the curve x!y' in
b,—a,. Thus Reduction I applies and we obtain three curves whose isotopy classes are all in
ZT by the same argument that we use to treat case (211213). Thus we are done with case
(2*1212). In case (2*1212), we find a cutting arc as indicated. The H-operation on the cutting
arc and x'y! produces the curve x*y? in (2412121). The norm of x2y? is at most m and there is
an adjacent cutting arc for it in b;—a,. Thus the result follows by the same argument that we
use in case (24121%). In case (2*13), | y | <m + 1,|ynb, | < 2,and | yna; | < 1. We break case
(2*13) into two cases according to whether the dotted arrowed line segment is in y! or not. In
case (2#131) the dotted arrowed line segment is not in y', the isotopy class of the curve y* is in
% and it has either the norm less than m or it has the norm m but [y'] is in the case (1). In
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both situations, [y*] is in ¥ by either the induction hypothesis or by the proof of case (1). In
case (24132), we find a cutting arc in b,—qa, as indicated and use the H-operation on the cutting
arc and y! to obtain three curves x% y? and x*y? in cases (241321), (241323), and (241322),
respectively. Clearly all isotopy classes of x?, y* and x*y? are in %, and their norms are less
than m. Thus, by the induction hypothesis, all of them are in 7. This finishes the proof that
ais in Z{ in case (2*1).

We now consider the last case (2°) in Fig. 15.

Here are the details. We first break (2°) into two cases according to || [xy] || <m+ 1 or
I[Lxy] | = m + 2. Case (2°1) is already covered in (2*132). In case (2°), compare the curves xy
in (2°) with the curve s in (222). Since xyn(c;—a;) = sn(cy—a, ), and the intersection signs at
P and Q of xyn(c,—a,) are different, by the alternating principle, there is an adjacent cutting
arc for xy in c;—a,. Case (2°) is divided into two cases according to whether the adjacent
cutting arc contains the point P or not. If it does not contain P, we are in (2°1). Using
the H-operation at the adjacent cutting arc and xy, we obtain three new curves x!, y! and
x1y! asin (2612), (2613) and (2°12), respectively. The curve x! in (2612) intersects G in at most
m + 1 points, and x'y! is either in case (2#13), or in case (1), or having the norm less than m.
Thus, [x'] is in 7. The situation for y* is the same as x*. Thus [y'] are in ZF.

In case (2°12), the curve x'y' has norm at most m. This case is already covered in case
(2*121). Thus, [x'y'] is in 7. This takes care of (261). In the last case (27) that the adjacent
cutting arc contains P, let x!, y! and x'y' be the curves spanned by xy and the adjacent
cutting arc as in cases (271), (273), and (28), respectively. Case (271) is already covered in (213).
Thus [x'] is in Z7. In the case (28), the norm of [x!y*] is at most m and x'y! intersects a, in
one point and by in two points. Thus, it is already covered in case (24121). Thus [x!y!] is in
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Z?. In the case (273), the norm of [y'] is less than m and [y*] is in %, . Thus, by the induction
hypothesis, [y'] is in 7.
This ends the proof of Lemma 2.12. Thus Proposition 2.8 is also proven,

2.13. Curves in the two-holed torus. The following lemma shows that the curves a,, b, and
¢, forming a standard spine are unique up to self-homeomorphism of the two-holed torus
N(ayubiucy).

2.14. LEmMMA. Suppose S is a two-holed torus with two standard spines a,wb;uc, and
a,ubyuc,. Then there is a self-homeomorphism of S sending a; to a;, by to by, and ¢, to ¢,. In
particular, there is a Z, action on S which permutes a,, b, and c¢,.

Proof. Take a small regular neighborhood N(a;ub;uc;) of a;ubyuc;in S fori = 1, 2. There
is a diffeomorphism ffrom N(a; b, ucy) to N(a,ub,uc,)sending a, to a,, b, to b,, and ¢, to
c;, respectively. We can easily extend f'to a diffeomorphism of § since by the assumption the
complement S — int(N(a;ub;uc;)) consists of two disjoint annuli for i = 1, 2.

To show the last assertion of the lemma, we consider the two-holed torus together with the
standard spine drawn in Fig. 7(a). It has the required 3-fold symmetry induced by the
2n/3-rotation in the plane. Furthermore, the 3-fold symmetry leaves each component of 6§
invariant.

2.15. ProOPOSITION. Suppose S is an oriented two-holed torus with a standard spine aubuc.
The order of a, b, and ¢ are so chosen that abrc = becna = canb = @ as in Fig. 16,
Let p be a proper 1-submanifold in S so that p intersects each of the three curves a, b and c in
at most one point and pn(aubuc) # §. Then:

(@) If p is a simple closed curve, p is isotopic to one of the nine curves a, b, c, ab, be, ca, ab, be,
or ¢a as in Fig. 16. Furthermore, ¥ (S) is generated by {a, b, c, ab, bc, ca};

(b) if p is a proper arc, then p is isotopic in S to one of the six proper arcs as in Fig. 17 or to
one of their images under the 3-fold symmetry which permutes a, b, c.

Proof. Take a small regular neighborhood N = N(aubuc) of the standard spine aubuc
in S. The complement S - int(N) consists of two annuli 4; and A4, as in Fig. 18(a). The
boundary 84, of A; consists of a boundary component of 35 and a boundary component n; of
ON for i = 1, 2. After an isotopy, we may assume that the intersection points of p with N are
located exactly the same as intersection points of the model curves in Figs 16 and 17 (here we
use the fact that N is a very small regular neighborhood) except when p is an arc and
|pnal =|pnb| =|pnc| = 1 with which we will deal later.

We will use the following easy fact about proper arcs in an annulus. The proof of the
lemma is omitted.

AJKANATKAN AN

Fig. 16. In the figure, the orientation is the right-handed orientation in the plane.
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Fig. 17.

(@) (c)arcsin A 2

Fig. 18.

2.16. LEMMA. Suppose q is a proper arc in an annulus A with 0A consisting of two
components 0, and 0,.

() If |qnd, | = 1, then there is only one isotopy class of such arcs in A with respect to
isotopies leaving 0, pointwise fixed.

(b) If |qnd,| = 2, then there are exactly two isotopy classes of such arcs in A with respect
to isotopies leaving 0, pointwise fixed. Furthermore, if [q,] and [ q,] are the two distinct isotopy
classes and qy is a proper arc joining 8, to 0,, then q3n(q;\Vq,) # 0.

We now continue the proof of the Proposition 2.15. The triple of geometric intersection
numbers (Z(p, a), I{p, b), I(p, c}) are given by (1,0,0), (0,1,0), (0,0,1), (1,1,0), (1,0, 1), (0,1, 1),
and (1,1,1). By Lemma 2.14, it suffices to consider cases where (I(p, a), I(p, b), I(p, ¢)) is
(1,0,0), (1,1,0) or (1,1,1).

In the first case (a) that p is a simple closed curve, the triples (1,0,0) and (1, 1, 1) cannot
occur by a simple Z,-homology argument.

If (I(p, a), I(p, b), I(p, ¢)) is (1, 1,0), we claim that p is either isotopic to ¢ or ab or db. The
intersection pn N cuts p into two arcs p; and p, where p; is a proper arcin 4; and 6p; < n;. By
Lemma 2.16 (b), there are exactly two isotopy classes of p; in 4; with respect to isotopies
leaving n; pointwise fixed. These classes are listed in Fig. 18(b) and (c).

Combing these arcs in various ways, we obtain all four possible isotopy classes of pin N as
in Fig. 19.
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Now in case (1), p = ¢; in case (2), p = ab; in case (3), p = ab; and in the last case (4), p = ¢
by an isotopy which moves pna and pnb to the position below c.

To show the last assertion in part (a), by Proposition 2.8, it suffices to prove that ab is in
{a, b, ab, bc, ca}®. This in turn follows from the chains of diagrams in Fig. 20. This finishes the
proof of case (a).

We now consider the case that p is a proper arc in S. There are three cases according to the
triple (| pnal, | pnb|, | pncl) being (1,0,0), (1,1,0), and (1, 1,1).
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In case (|pnal,|pnb|,|pncl) =(1,0,0), the intersection pnAN cuts p into two arcs
p1 and p, with p; = A4, for i = 1, 2. Each curve p; joints the two boundary components of
0A;. Hence by Lemma 2.16 part (a), there is only one isotopy class of p; with respect to
isotopies leaving n; pointwise fixed. Thus p is unique up to isotopy in S. In particular, p =~ a*
as in Fig. 17.

In the second case (|pnal, |pnb|, |pnc| = (1,1,0), there are two types of arcs according
to pn(6A; — ny) # @ or pn(@A, — ny) # 0. Let us assume without loss of generality that
pr(6A, — ny) # . In this case, the intersection pnAN cuts p into three arcs py, 4, and p, where
p1 and g, are proper arcs in A, joining the two components of 64, and p, is a proper arc in
A, with dp, < n, as in Fig. 21. By Lemma 2.16, there is only one isotopy class of p; {(and
g, respectively) in A; with repect to isotopies leaving n, pointwise fixed and there are two
isotopy classes for p, in A, with respect to isotopies leaving n, pointwise fixed. We now
assemble these isotopy classes of p,, ¢, and p, as in Fig. 21(b) and (c) to recover p in S. We
obtain two isotopy classes of p in S, namely a*b* and @*b* as in Fig. 17. To see that the two
curves are not isotopic, we observe that I([a*b*], [ab]) = 0 and I([a*b*], [ab]) = 2.

In the final case that (| pna|, | pnb|, | pnc|) = (1, 1, 1), there are three possibilities accord-
ing to the order of pna, pnb and pncin p. Let us assume without loss of generality that pnb is
between pna and pnc in p. We also assume that the three intersection points pna, pnb and
pnc are fixed during the discussion. The arc p is cut by pnN into four arcs p,, q;, p, and
g, where p; and g; are proper arcs in 4; as in Fig. 21(d).

The arc p; joins the two boundary components of 04; and there is only one such isotopy
class of p; in A; with respect to isotopies leaving n; pointwise fixed. The end points of the arc
g; are in n; and ¢;np; = §. By Lemma 2.16, the disjointness of g; from p; forces ¢; to be in only
one isotopy class of such arcs with respect to isotopies leaving n; pointwise fixed. Thus, there is
at most one isotopy class of such p in S. The existence is demonstrated by Fig. 17.

2.17. Suppose ¥ = X, , is a compact oriented surface of positive genus g with n boundary
components. We define | || to be 3g + n and use induction on || X || to prove Theorem I for
the surfaces in the class & = {X, ,|(g, n) # (2, 0), g > 1}. The remaining case that the surface
is X, o will follow easily.

To begin with, let us consider subsurfaces £’ in Z. By convention, all subsurfaces are
assumed to be connected with the orientation induced from X. Given a subsurface ' = Z, the
inclusion map i:Z' - Z induces a map i,: ¥ (Z')—> S (X) by sending [a] to [i(a)]. The
induced map i, preserves the disjointness, the orthogonality and the product. A subsurface
X’ in X is said to be incompressible if the inclusion map i: X’ — X induces a monomorphism
in the fundamental group. An equivalent definition of incompressibility is that each compo-
nent of 0X’ is an essential curve in X. If ¥’ is incompressible in X, and i:Z' > X is
not a homotopy equivalence, then |X’[[ < | X|. Furthermore, the induced map
iy F(X') > F(Z)is an injective map. We will identify from now on & (X’) with i (¥ (Z")) for
incompressible subsurfaces £’ in Z. A subsurface X' in X is said to be separating if each
boundary component of éX’ is a separating simple closed curve in X. Each separating
subsurface in X is obtained as the closure of the connected component of T — | J¥_, s; where
{sy, ..., S} is a collection of disjoint separating simple closed curves in X. If X' is a separating
subsurface with %' consisting of k circles s;, ... ,s;, then there are k disjoint subsurfaces
X, ..., %, s0 that X = E’UULI 2; and X;nX" =s;. It follows that if £’ is a separating
subsurface of £ and s is a simple closed curve in X', then s is separating in X’ if and only if 5 is
separating in X.

The goal now is to construct a finite collection of essential non-boundary parallel
separating simple closed curves {sy, ..., }in Z so that = {ae £ (Z)|an[s;] = ¢ for some
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i} satisfies Z* = %(Z). Assuming this is achieved, we let ¥,;_;, and Z,; be the two
incompressible separating subsurfaces obtained as the closure of the connected components
of 5; in Z, then & = |J*, #(%,). Since || Z;| < || by the construction, and Z; is in
% unless its genus is zero, the induction hypothesis applies to X;. We find that #(X;) is
finitely generated for each i. Putting these finitely many generators together, we obtain
a finite set generating & ().

To begin the proof, if || Z || is 3 or 4, then X is either a torus or a 1-holed torus. The result
is well known as explained in the introduction (note that the map induced by the inclusion
iy: L (Z1.1) = S(Z1,0)is a bijective map). In both cases, & (Z) is generated by three elements.
If | Z || =5, then X is a 2-holed torus. By Propositions 2.8 and 2.15(a), (X, ,,) is generated
by six elements. Assume now that Theorem I holds for £ in .Z of | Z || <m. Given
acompact surface X = X, ,in & with | Z | = m > 6, we choose a collection of simple closed
non-separating curves a;, b;, and ¢; fori = 1,2, ... ,g in X so that:

(1) a;Lb;, biLc;, c;La;, a;nb;nc; # 0 and c; is not isotopic into a regular neighborhood
of a,ub; for each i;

(2) aina; = a;nb; = b;nb; =0 when i # j;

(3) each of the two boundary components 4; and ¢; of a small regular neighborhood
N(a;ub;uc;) of a;ub;uc; is an essential separating curve. Furthermore, one of the curves,
say d;, is the boundary of a subsurface P; in £ so that P;nN(a;ub;uc;) =d; with
0P; — d; < X and P, is either a 3-holed sphere (in case n > 2) or a 1-holed torus (in case
n < 1) as in Fig. 22.

The properties (1), (2) and (3) can easily be realized since 3g +n =6, g > 1, and
(g,n) # (2,0). Note that the boundary component e; is non-boundary parallel unless
=3 30r%;,.

For simplicity, given a simple closed curve s in X, let Com(s) be {xe & |an[s] = ¢}. If
S is a finite set of simple close curves {sy, ..., s}, let Com(S) be Uf=1 Com(s;).

By Proposition 2.8, ¥ = & where Z = {J{_, &; with &; = {o.€ & | there is an index i so
that either I(a, [a;]) = I(o, [b;]) =0, or 0 < I(a, [a;]), I(e, [b:]), I(e, [c;]) < 1}. On the
other hand, if ¥ <« ', then ® c Z* and also F*U¥* < (FuY)™. Thus to finish the
proof of Theorem I, it suffices to show the following.

2.18. ProPOSITION. For each index i =1, 2, ... ,g, there is a finite collection €; of non-
boundary parallel essential separating simple closed curves in X so that &; = (Com(%;))".

Fig. 22.
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Fig. 23. In (a) the intersection is connected and in (b) the intersection is not connected.

By taking ¢ = (J{_, €., we have that Z = (Com(¥))*. This completes the proof of
Theorem I for Z # X, ,.

Proof. For simplicity, we assume that the index i = 1 below and let N = N(a,;wb;uc;)
be the 2-holed torus. By the construction, N = d,ue; consists of two essential separating
simple closed curves and d; = P;nN with dP, — d, = 0 where P, is either a 3-holed
sphere (if n = 2) or a 1-holed torus (if n < 1). The curve d; is non-boundary parallel and the
other curve e, is also non-boundary parallel unless £ = X, 5 or Z, ;. By the construction,
both subsurfaces NUP; and N are separating in X.

Given € %4, by Proposition 2.15, we may choose a representative s€ a so that either (1)
sc N, or (2) I{o, [a,]) = |snayl, I{a, [b1]) = |snby |, I{a, [¢1]) = |sncy |, and snN is iso-
topic to one of the ten types of arcs and their images under the 3-fold symmetry as in Fig. 23.
Note that we represent N as in Fig. 7(b) and the 3-fold symmetry is induced by the 2z/3
rotation in the plane. Figure 23 is divided into two parts according to the connectivity of snN.

Now if « has a representative s in N, then a € Com(d, ). Thus, by taking [d, ] to be in the
collection €, , we may assume that o is not in &(N), i.e. snN consists of arcs. In this case,
since both d; and e, are separating curves, | snd, | and |sne, | are even numbers. Thus, types
(1), (6), (8), (9), (10) and their images under the 3-fold symmetry in Fig. 23 cannot occur.

We now divide the proof into four cases where case 1 corresponds to (g, n) # (1, 3) and
(2, 1) and P, being a 3-holed sphere, case 2 corresponds to (g, n) = (1, 3) and P, being
a 3-holed sphere, case 3 corresponds to (g, n) # (1, 3) and (2, 1) and P, being a 1-holed torus,
and case 4 corresponds to (g, n) = (2, 1).

2.19. Case 1. The surface X =X, , has (g,n) #(1, 3), (2, 1) and P, is a 3-holed sphere.
Then ¢, is non-boundary parallel. Take [e, ] to be in the collection %, . Then if s N is of types
(2), (3), (4) or (5), it follows that « is disjoint from one of the curves d, or e, i.e., a.€ Com(%,).
Thus, it remains to consider the only situation that snN is of type (7) in Fig. 23.

In the 3-holed sphere P,, since |snd, | = 2 and 6P, — d, = dZ, the intersection s P, is
an arc. It follows that the intersection sn(NUP,) is also an arc. By the Dehn—Thurston
classification of curve systems [3, 5, 8], the curve system sn(NUP;) in NUP, is obtained by
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Fig. 25.

taking a copy of snN in N (there are three isotopy classes of them) and a copy of snP; in P,
(there is one isotopy class of it) and gluing them along d, with a twist. Therefore, there are
three classes of sn(N U P;) as listed in Fig. 24. The classes (a), (b) and (c) are characterized by
the triple of geometric intersection numbers (I(a, [a,]), I(x, [b;]), I(2, [c;]) being (1,1,0),
(1,0,1) and (0,1,1)).

The three classes are induced by the 3-fold symmetry in N. In particular, there are two
self-homeomorphisms ¢, and ¢, of X leaving each point in £ — (NUP,) fixed which sends
class (b) curves and class (c) curves to class (a) curves, respectively. Each curve system in
class (a) is of the form Df (¢) or D (t,) for some integer k where ¢, and ¢, are as in Fig. 25.
Those curve systems of class (a) with positive (or negative) exponent k are said to have
positive (or negative, respectively) Dehn—Thurston coordinate at d,. Within the class (a)
curves, there is a self-(orientation reversing) homeomorphism ¢, of X leaving NUP,
invariant which sends curves of negative Dehn-Thurston coordinates to curves of positive
coordinates. Note that each curve t; and t, does not intersect a non-boundary parallel
essential separating simple closed curve s, and s,, respectively, as in Fig. 25.

Thus to finish the proof of case 1, it suffices to enlarge the collection that we constructed
so far to a finite collection €; of non-boundary parallel essential separating curves so that
&1 ={xeZ;|a has a representative s so that sn(NUP,) is a class (a) curve of positive
Dehn-Thurston coordinate at d; in Fig. 24} < Com(%1)*. Indeed, having constructed the
finite collection ¢, we simply take €, to be U?= L 0:i(%1)-

To construct ¥;, we introduce eight families of simple closed curves and arcs
Ay, By, Ci, Dy, Ey, Fy, Gy, and H, in NUP, of positive Dehn—-Thurston coordinates at
d, as in Fig. 26 where the index k is the sum of numbers of intersection points of the curve
or arc with the marked arc /; and /,. Note that the two intersection points of the arc F,
or G, or H, with e, have different intersection signs. This will be used to find cutting arcs
for them.

For simplicity, given a simple closed curve or a proper arc C in NUP,. we use C* to
denote the set of all isotopy classes of simple closed non-separating curves in Z so that each
element has a representative s with sn(NuUP;) isotopic to C. In particular, if C is a simple
closed non-separating curve, then C* = [C]. Also &3 = {2, F¥.
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2.20. LEMMA. We have the following recurrent relations where # = Com(d,).

(1) A¥ c (B 1VCE ,UDE {UF)™;

(2) B¥ c(A¥ (VAX UBE LUEE ,UE¥ JUF);

(3) C& = (AF UBE 1UDE ,UF)™;

(4) D¥ < (AF- VAL 3UBE JUEE JUF)™;

(5) E¥ = (B¥uDguF)™;

(6) F¥ < (B UG ,VHE \UF)™;

(1) G& = (B (VFE UHE \VF)™;

(8) H¥ < (Bf-2UBY 4UFE 3UGE 3UHE ,UHE JUF)™.

Proof. The proof of the lemma is given by the chain of diagrams in Fig. 27. The
notations are the same as before. The surface NUP, (drawn as in Fig. 24) is abbreviated as
N-d, since all H-operations and isotopies are supported in the surface N. The cutting arcs
are the darkened line segments in the diagrams.

By Lemma 2.20, we conclude that the set ] < (Uf=1 (4¥UB¥y --- UH¥)UF)™. On
the other hand, A*UB*¥*UC*UDXUE} « Com(e,); for each i there is an integer k so that
F¥ < Com({Df (s,), D} (s,)}) as in Fig. 25; similarly, for each G*(and each H¥) there is an
essential non-boundary parallel separating simple closed curve r so that G* is a subset of
Com(r). This finishes the proof of case 1.

2.21. Case 2. The surface X is X, ;. This case is actually covered in Lemma 2.20(1)—(5).
Indeed, by the reduction before, it suffices to show that the subset 2’1 = {x € %, | therefore is
a representative s of « so that snN is of type (2) or (5) in Fig. 23 or their images under the
3-fold symmetry} is finitely generated. However, & is the union of the images of
X! = U=, (AUBFUCFUE}) under the homeomorphism ¢,, ¢, and ¢;. Lemma 2.20
shows that &'{ is generated by U,‘:’ -1 (AFUBFUCEFUDFUEX)UF, and F is finitely gener-
ated by Proposition 2.15(a). Thus the result follows.
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2.22. Cases 3 and 4. P is a 1-holed torus. Choose two simple closed curves m; and [; in
P; so that m; L1,. For each o in &'y, since I{a, [d,]) = 2, choose a representative s in a so
that [sndy| =2 and I(a, [m,]) = |snmy |, I{a, [[1]) = |snl; |, and s~ P, is an arc. By the
classification of curve systems in the 1-holed torus Py, if one of the two numbers | smm; | or
| s~y ] is bigger than 1, then there exists an adjacent cutting arc for s in either m; — [, or
{; —m;. This is due to the fact that any two intersection points of s with m; (or I,
respectively) have the same intersection signs. Thus the set Y] = {ae 2 [0 < I(a, [m;]),
I(e, [1;]) < 1} generates &,. By the reduction before, it suffices to show that the subset
Y{ = {xe Y| |there is a representative s for « so that snN is of type (2), or (5), or (7) in
Fig. 23, or their images under the 3-fold symmetry} is finitely generated. Now each element
ain Y1 has a representative s which does not intersect one of the four non-separating curves
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my, I, myly, or Iymy, and s is orthogonal to one of the three curves a,, b, or ¢; in N. By
cutting X open along one of the four curves m,, l;, m,l,, or I;m, which does not intersect s,
we obtain a new surface ' with | Z' | < | X || in & so that s is still non-separating in X’.
Note that X’ is incompressible, not separating in £, and ||X'| < || Z | . Since the image of
a non-separating simple closed curve in X’ is still non-separating in X, by applying the
induction hypothesis to the four possible surfaces %', we obtain a finite collection of isotopy
classes of non-separating simple closed curve in X which generates Y. This in turn shows
that #(Z) is finitely generated.

This finishes the proof of Theorem I for surfaces in £. To see the result for Z, o, we note
that there is a natural inclusion i of X, , into X, o which sends the boundary curve to a null
homotopic loop. This induces a surjective map from ¥(Z,, ) to ¥ (X,,o) which preserves
the orthogonality. Thus, Theorem I holds for X, ,.

This completes the proof of the Theorem L.
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