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Summary. Diffusion-generated motion by mean curvature is a simple algorithm for
producing motion by mean curvature of a surface, in which the motion is generated by
alternately diffusing and renormalizing a characteristic function. In this paper, we gen-
eralize diffusion-generated motion to a procedure that can be applied to the curvature
motion of filaments, i.e., curves iR®, that may initially consist of a complex configu-
ration of links. The method consists of applying diffusion to a complex-valued function
whose values wind around the filament, followed by normalization. We motivate this
approach by considering the essential features of the complex Ginzburg-Landau equa-
tion, which is a reaction-diffusion PDE that describes the formation and propagation
of filamentary structures. The new algorithm naturally captures topological merging
and breaking of filaments without fattening curves. We justify the new algorithm with
asymptotic analysis and numerical experiments.

Key words. Diffusion-generated motion, filament, curvature motion, complex Ginz-
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1. Introduction

Diffusion-generated motion by mean curvature is a particularly simple and robust algo-
rithm for producing motion by mean curvature of a surface [15], [16]. The major goal
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underlying this work is to generalize this algorithm from surfaces (dimengienl
inside RY) to the motion by curvature of a curve—or “filament’—in three dimensions.

The motion of filaments is of particular interest because many physical and mathe-
matical systems exhibit the formation and propagation of filamentary structures. Notable
examples include magnetic flux tubes trapped in superconductors, vortex filaments in
inviscid fluids, the centers of scroll waves in excitable media, biological polymers such as
protein and DNA, and skeleton curves extracted from processing 3-D images in computer
vision.

Asymptotic models for these processes often yield equations of motion for a curve
moving with a velocity that is a function of its local geometry, i.e., a function of the local
normal and binormal direction, curvature, torsion, and higher space and time derivatives
of these quantities. For example, studies of models for superconductors and excitable
media predict that their vortex filaments evolve asymptotically with a speed proportional
to curvature [5], [26].

Given such models, it becomes important to consider algorithms which can realize ge-
ometric filament motions in simple, efficient and accurate ways, and which are amenable
to mathematical analysis. Designing suitable algorithms is complicated by the fact that in
many problems the filaments can merge or break up. It is particularly challenging to find
algorithms that retain their simplicity, yet are robust enough to capture these topological
transitions.

For surfaces (or, generally, codimension-one objects), the level set method of Osher
and Sethian [18] was introduced to compute (and define) arbitrary curvature-dependent
surface motions, including topological changes. This provides a PDE-based method for
motion by mean curvature, including the pinch-offs which can occur in three dimensions.
Standard numerical PDE methods apply to accurately discretize the equations of motion.
However, the original level set method does not directly apply to objects of higher
codimension, such as filaments. The level set method was ultimately extended to arbitrary
codimension [1], [3]. In the earlier approach [1], the object is represented by its squared
distance function, or any other similar smooth function. Unfortunately, the representation
is not robust: A perturbation of the level set functiprcan inadvertently break up the
filament since its representation is given iy ¢(X) < €} for a small, positivec and
¢ > 0. Also, the method has the undesirable property that filaments tend to develop
interiors whenever mergers occur. See [2] for a detailed discussion on this “fattening
phenomenon.” Alternatively, the filament can be (robustly) represented as the intersection
of two level set functions. See [3] for details on this recent method.

The curvature motion of filaments (or the mean curvature motion of surfaces) may also
be approximated using reaction-diffusion models such as the complex Ginzburg-Landau
equation. Briefly, these methods have the important advantage that they automatically
capture the curvature motion of filaments including topological change without fattening
curves. When used in computation, however, the spatial discretization must resolve a
thin reaction zone in order to accurately compute the motion. Since the width of the front
is O(e), the only remedy is to use a mesh spacing that is much lesg thdrich can be
impractical numerically [16].

In the case of surface motion, a simplified algorithm based on an idealization of
reaction-diffusion was presented in [15], [16]. This algorithm essentially consists of
moving a set boundary by alternately “diffusing” the set—i.e., applying the linear dif-
fusion evolution equation to the set’s characteristic function for a short time—and then
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recovering a new set via a “sharpening” step in which values of the diffused character-
istic function are renormalized to 0 or 1, whichever is closer. This “diffusion-generated
motion by mean curvature” algorithm automatically captures topological change and
has a direct extension to a variety of interesting anisotropic motions [9], [23], [10] as
well as the motion of triple point junctions [15], [14], [16], [21]. It naturally provides
the fine grid limit of an interesting variety of cellular automata models [24]. See also [7],
[6] for some related biological models. Diffusion-generated motion has the advantage
that it can be discretized efficiently and accurately since the highest frequency modes
never need to be approximated (they are eliminated by diffusion and do not interact
with other modes during the main diffusion step). Moreover, adaptive grid refinement
is straightforward because it is carried out as a quadrature using unequally spaced fast
Fourier transforms [22]. Unfortunately, the original method does not apply to objects
with higher codimension, such as filaments.

In this present work, we generalize the original diffusion generated motion algorithm
to filaments that are fibered links, via a natural idealization of the complex Ginzburg-
Landau model. This diffusion-generated filament motion naturally computes the (vec-
tor) mean curvature motion, including topological changes without curve fattening. The
method has the potential for a variety of extensions. Similar to the usual diffusion-
generated motion algorithm, the method may be discretized to give improved computa-
tional efficiency over reaction-diffusion models. While simple, our proposed algorithm
is still not practical for generating highly accurate solutions to curvature motion because
the local truncation error i©(1/] log(At)|). (See Section 3.) To achieve higher accuracy,
the level set method for filaments may be used. See [3] for details.

The outline of the paper is as follows. Section 2 begins by reviewing the complex
Ginzburg-Landau equation. Using this phase field model as an inspiration and motiva-
tion, a diffusion-generated algorithm for the curvature-dependent motion of filaments is
derived. In Section 3, we give an asymptotic justification that diffusion-generated fila-
ment motion gives motion by curvature in the normal direction. Section 4 reports on a
variety of experiments validating our algorithm. Finally, in Section 5 we discuss other
possible variations on this approach.

2. Diffusion-Generated Motion of Filaments

In this section, we review the complex Ginzburg-Landau model for evolving filaments
with a normal velocity equal to the (vector) curvature. Then, we idealize this reaction-
diffusion model to obtain a diffusion-generated algorithm for the curvature-dependent
motion of filaments in three dimensions. Later sections will justify our proposed method
with asymptotics and numerical experiments, and also extend it to arbitrary dimensions
and codimensions.

2.1. The Complex Ginzburg-Landau Equation

The complex Ginzburg-Landau equation is

1 2
U = Au — zu(|u| -1, @
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whereu(x, t) is a complex scalar and & ¢ « 1 is a basic model for understand-
ing the motion of phase defects (singularities). Kok R® the defects are generi-
cally supported on the one-dimensional curve (filament) whef¢ vanishes. Equa-
tion (1) is the magnetic field-free case of the time-dependent Ginzburg-Landau sys-
tem, which models the mixed states in type-Il superconductors where magnetic flux
carrying normal filaments are embedded in a superconducting matrix [5]. The com-
plex scalaru€ is an order parameter, representing normal phage€if is close to
zero and super phase if close to one, andg 1 is the effective diameter of the
magnetic flux core. Equation (1) is also a generic amplitude equation describing in-
stabilities near bifurcation points in dissipative systems, known as the Landau-Stuart
equation, [12].

Asymptotic analysis can be used to extract¢he O limiting behavior of solutions.
For initial datau(x, 0) vanishing on a filamerity and having winding number one around
it, formal asymptotic derivation [19] shows that solution evolves to leading order as a
complex scalar vanishing along the filamé&htwhich is generated frorfiy as motion
by curvature along the normal. If the filaments are nearly parallel, rigorous results are
established in [13] on their dynamics on tB&log ei) time scale.

Numerically, smalle introduces small length and time scales into the dynamics.
Consequently, an accurate direct simulation of (1) has to resolve the core size and reaction
rate, an expensive task in three dimensions. However, it turns out we can capture the
desired limiting filament dynamics with a complex diffusion-generated motion algorithm
obtained by idealizing the effect of the strong reaction in (1).

2.2. Complex Diffusion-Generated Motion

Similar to the case of diffusion-generated motion, a formal splitting method can be
applied to the complex Ginzburg-Landau equation to obtain an algorithm for mo-
tion by mean curvature of flaments. In the reaction step, an initial complex-valued
x (X, to) is driven towards one of its stable equilibrium valug$ by the reaction
kinetics,

i 1_
X = —;x(lxlz—l),
(%, 0) = x(X, to),

for a time At to obtain an intermediate resyit(X, At). This result is subsequently
diffused for a timeat,
Xt = VZX,
x (X, 1) = x(X, At),
to obtain the desired updageX, to + At). By replacing the reaction step by its for-

mal limit as e — 0, it becomes the simple normalization to a unit complex
number
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and we obtain the following method for (hopefully) evolving filaments with a normal
velocity equal to curvature:

ALGORITHM CDGM
GIVEN: An initial filament.

BEGIN

(1) “Initialize™: Set x so thatits “center of winding” coincides with the filament. |.e., set
x SO that its winding number is nonzero around any closed curve that winds around
the filament. See next section.
(2) Repeat for all steps:
() “Normalize™ x = |§_\
(b) “Diffuse”: Starting fromj, evolvex for a time At according toy; = V2x.
END

The location of the interface is given by the zero contouyy ¢6r, equivalently, its center
of winding, though this is more difficult to locate in practice).

As we shall see in the analysis of Section 3, this simple splitting method captures
the leading order behavior of the complex Ginzburg-Landau equation: l.e., it produces
a normal velocity equal to the curvature of the filament without ever directly computing
curvature. Topological mergers are also captured with no special algorithmic procedures.
In particular, filaments do not develop interiors (unlike level set methods for filament
motion—see [2]) and a good agreement with optimal curve shortening is observed.

We now complete our description of the algorithm with a discussion on the initial-
ization of x.

2.3. Initialization of x

To apply the ALGORITHMCDGM, an initial value ofy is required.

If the filament is already defined implicitly as the zero of a functioarising from
a complex Ginzburg-Landau equation, then we simplyxset u to initialize. But, in
general, we need to construcga R® — C which implicitly captures the position of the
filament. We use the same representation as in the complex Ginzburg-Landau equation.
Specifically, we construct a complex-valugdo that the winding number gf(X) (with
respect to zero in the complex plane) is nonzero whemoves around any closed loop
that encircles the filament. Along other loops, however, the winding number must be
zero to avoid creating spurious filaments.

It is natural to ask whether an interesting variety of curves can be represented in
this manner. The answer to this question arises in the study of Ginzburg-Landau flow
[20]. Specifically, a large number of initial conditions are possible since this filament
representation corresponds to curves that are fibered links [20]. See [17] for a systematic
construction ofy for a given fibered link.

In this paper, we define planes and reference axes through each point on the filament,
so that the planes fill ouR3(see Figure 1a). The initialization on a particular plane
is then given byy (X) = exp(io (X)) whered(X) is the angle function in that plane,
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Fig. 1. (a) In our examples, a plane and a reference axis are defined for each point on the filament.
The initialization for a particular plane is then given pyP) = exp(i6(P)) whered(P) is an

angle function that winds around the filament. (b) Whenever the curve can be represented as a
function ofzin some coordinate system, this initialization step is particularly straightforward. For
each grid poinP = (P, P,, P3), we restrict ourselves to the plame= P; and setO equal to

the intersection of the plane with the curve. A consistent initialization is then obtained by setting

x (P) = exp(i6(P)) whered (P) is the angle betwee@P and the fixed vectog; = (1, 0, 0).

measured relative to the reference axis in the plane. As shown in Figure 1b, this type of
initialization is particularly straightforward whenever the filament can be represented as
a function ofz in some coordinate system. Looping structures such as rings and linked
rings are also easily initialized in this manner. See Section 4. Alternatively, whenever two
surfaces can be found whose intersection gives the desired filament, a simple shape-based
initialization can be used. See [25] for details and examples for this alternative.

We now direct our attention to the convergence analysis of our proposed algorithm.

3. Analysis of Diffusion-Generated Motion

In this section, we present formal analyses which show that the diffusion-generated mo-
tion algorithm for filaments does produce a time-discrete approximation to motion by
vector mean curvature. We hope these nonrigorous arguments will encourage the devel-
opment of rigorous convergence proofs, as they did in the case of diffusion-generated
motion by mean curvature for surfaces.

We present two alternative approaches: heuristic analysis that uses a variety of short-
cuts to deduce the motion law, and a detailed asymptotic analysis that yields the motion
law.

3.1. Heuristic Analyses

Here we present a short, formal calculation which “shows” that diffusion generates
motion by vector mean curvature for a filament. These calculations allow us to quickly
extract the motion law generated by diffusion, without going through the full details of
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asymptotic analysis. This is particularly useful for exploring novel diffusion-generated
algorithms.

3.1.1. Filament Heuristics. In the case of filament motion, we have the curve initially
represented by a complex valued function of the form

X(X) =€’®,
whered (X) is a real angular coordinate d® that increases bys2m around any loop
about the filament, whenma is the nonzero integer winding number pf We identify
the filament as the place wheye'vanishes,” which in general means the locus of points
in R that x winds around. We will deduce the effect that diffusion has on the location
of the zero ofy by direct, formal evaluation of the diffusion equation

x = Vx.

In order to provide a clear intuition, we assume tlyatvinds around the filament
uniformly.! Specifically, lety denote the closest point on a smooth filament to the point
X and assumé = mg (X — ¥, t) whereg (X — Y, t) is the polar angle between- y and

the Frenet normal to the filamentatDetailed asymptotics for initializations based on
parallel planes (see Figure 1b) are given in Section 3.2.

Laplacian Heuristic We can simplify the analysis slightly by working with the ampli-
tude and phase ¢f, so we write,

(X, 1) = AKX, t)d? &0,

where A = |x|, and plug this form into the diffusion equation. The real part of this
equation yields the amplitude evolution equation

A = V2A — |VOPA.

When viewed in this decomposition, we see there is a reaction term present that instan-
taneously drives the amplitud& to O at the location of the singularity ¢¥6|, which
in turn occurs at the center of winding fi.e., at the filament location. (Note that the
presumed winding of implies that|Vé| blows up at the filament liken/d, whered is
the distance to the filament.) Thus, as expected, the amplitude vanishes at the filament.
This decomposition shows how this is enforced by the winding number.

All that remains is to write out the Laplacian in suitable geometric coordinates, and
show that it has a term corresponding to advection with a velocity that reduges iah
at the filament, where is the curvature and is the Frenet normal vector. Suitable
coordinates can be defined as follows: ke the arclength coordinate along the filament.
Atagivensvalue along the filament, there is a plane normal to the filament, and the Frenet
normalf and binormab unit vectors in this plane define associated Cartesian planar

1 Heuristically, this assumption is reasonable because each diffusion step helps to enforce this type of symmetry
near the zero set of.
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coordinates, q. Thus(s, p, q) define an orthogonal curvilinear coordinate system (at
least, near the filament). In this coordinate system, calculation (see [11] for partial details)
shows that the the Laplacian is given by

K
1—«p

VZA = H[H[A] - Ap + App + Aqa,

wherex (s) is the curvature of the filament, atl is the differential operator
1
H[f] = 1_—Kp(fs — ‘L'f¢),

wherez (s) is the torsion along the filament, agdis the polar angle coordinate in the
(p, ) plane. Thus the amplitude equation becomes

K

A
t—i_l—/cp

Ap = H2A+ Agp+ Agq — I VOPA. )

Consider the short time effects of the terms of this equation: The singular reaction
term drivesA to O at the filament, and thg, q) diffusion smoothes this profile into a
cylindrically symmetric well. Because the resultiAgs constant along the filament and
cylindrically symmetric, it has ne or ¢ dependence, and the terms vanish. Thus,
none of these terms actually produces any initial motion ofAhe- 0 location. The
remaining terms in the equation, evaluated at the filament wheted, reduce to

A+ kA, =0,

which convects the values & in the (p, q) plane, in thep direction, with speed .

Thus these terms move the zero &f¥and hence the filament—by the vector mean
curvature, initially. See the analysis related to (15) in Section 3.2 for further details on
the asymptotic properties of the reaction-diffusion equation (2).

3.2. Asymptotic Analysis of Diffusion-Generated Motion

We next present a detailed matched asymptotic analysis of the ALGORITBRM
and show that the algorithm indeed captures the motion by curvature along filament nor-
mal direction. As a byproduct, we also obtain the local truncation e@@t/| log(At)|).
We find both the outer solution away from the filament core and the inner solution, tak-
ing account of the core structure before finally matching the two asymptotics. The inner
solution reveals how the zero amplitude is generated without the Ginzburg-Landau non-
linearity, a conspired effort of linear diffusion and imposed topological winding number.
The zero amplitude is what the numerical algorithm captures to follow the evolution of
the filament. We also compare the behavior of the filament core in the algorithm with that
of the complex Ginzburg-Landau equation (1). During the diffusive step, the filament
core size enlarges in time lik® (v/At), while the Ginzburg-Landau filament core size
remainsO(e) for all time.

Let us consider the diffusion effect on a complex scalar function of the fayre
expli ®g}, where®q is the phase function (counting the angle) about a space curve
(the filament)[y. Initially, ®¢ is as described in Section 3.2; see also Figure 3(b). Let
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us examine the effect of short time diffusion @p, especially its phase. Suppose the
ﬁlament is parameterized laythatisCo: (y1(2), y»(2), 2), and denot& = (X1, Xz, X3),
& = (&1, &, &3). Introducing complex variables

X =X1+iXo, 7 =Yy +1y5 & = E1+i6,

we write the initial condition as

Yo = X —y(X3)
T k=700l
and the solution is
x(t, %) = (4nt)*3’2/ expl—|& —x|2/4t}wd§.
R & — y(&3)l

Making the change of variablegs = X + t&’ andt = J/t, we have (ignoring the
primes)

X+1E -7+ 83 4

(t,X) = (4m) "2 / expl—|£1%/4} 3)
* i A e Foat el
For any two complex numbetsandy, if m < 1, then
¢+ ¢ 2 2\-1/2
==+ — 1+ Ren/ + (I /
T <|§| Ié“l)(( &nle)” + Am@/g)))~
¢ 2
= 1—-Ren/t) + O(|nl
(ICI Ié“l)( emnit) (Inf¢19)
e 2
= (L R o(ln! 4
‘ +(|§| = e(n¢>)+ (Inlz1?). (4)
Let us now apply (4) with
{=%—7(Xa), n=T1E+7(Xs) — 7(Xs + T£3).
Noticing that
n =1 — 7 (xe)&s) + O(r%2),
we have from (3) and (4) the expansion
X R) = x(0.%) + 7(4r) 2 / expl— £ /)L (€. X) dé
+ 7%(4m) 32 f exp{—[£1%/4}O(|€/¢|?) dE, (5)

provided|n| <« [¢|. HerelL is linear in&. Sincen = O(r), (5) is valid if |¢] =
IX — 7(x3)| > O(r) = O(t*?). One can view (5) as a moment expansion with respect
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to unit Gaussian. The first moment term is equal to zero. So for $nifalk — 7 (x3)| >
O(81) > t12, 81 € (0, 1) a fixed number, we have

x(t,X) = x(0,X) + O(1), (6)
or
X = x X |xt,X)| =expli®g + O(t)}. )

The O(r?) = O(t) term (second moment) in (5) is not zero in general, so (7) is
optimal. It says that the effect of small time diffusion on the phase is to introduce an
O(t) correction at points away from the filament with a distance much large Q7).

This completes the outer expansion of the solution.

Next we look aty (t, X) using Frenet coordinates attached on the filament and develop
the inner asymptotic expression for any point witliris,) distance of filament§,
(81, 1). Then we match the two expansions at a distance betdieamds..

Let us adopt the framework in [4] and defiﬁef((s, t) = (X,Y, Z)(s, t), wheres
is the arclength of'g att = 0. A space vectoX = X + rf, wheref =f (9, s, t), andf’
is the radial unit vector on the Frenet plane spannetfibi), the normal and binormal
unit vectors. Let cag) = f - i, andbp = Oo(S, t) obeybps = —o T, whereo = | X,
andT = —o~1b - A, being the torsion of the filament. Lét= ¢ — 6y, then(r, 6, s)
form orthogonal curvilinear coordinates, and

dX = fdr +rode + hstds,
wheret is the tangential unit vectonz = o[1 — kt cog6 + 6p)], andk = o ~1|7s| the
filament curvature.

The heat equation in thg, 6, s) coordinates is

0 . r d ~ 0
S X Vs DL
|:8t 10,8 hs(t T)as (fy )BQ]X

9 3\ o o\ 9 9
. -1l 9 o 9 -17 i -1
= (thy) [ar <rh3ar> * 30 (h3r ae) T s (rh3 as)} v @

whereVyys = 27 +r~124 + h;* L2 The right-hand side of (8) is equal to

— 4

¥ 49  kcosp 9§ r_za_z‘
or? or  1—«r cosp or 062

_kSing 40 o s
l1—«krcosg 360 2 9s2  hg as|”

We expandy as

X~ AES = (Ag+8AL+ ) (1,7, 5,0, 1) (FHOSTIts0D, ©)
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wheren = r/8, t = t/§%, ands € (0, 8,). The heat equation iy, 7, s, 0) is

ot 36

02 0 d
= [5—2 (_2 + T)_l—> — 5—1ﬂ

I PN
[32— — X V54— 83 (f - Bgg s 0 ]x

an on 1—817/(005(/)%
92 Kk Sing 92 hs
S P— 4 l—— T 71 h;?2— — =23 . (10
S Y T o icos” e gg T, | (10

Plugging (9) into (10) and keeping leading ord&&~2) andO (5~ 1), we find

§T2(A, +iS A) — 871X -V, yA = §[AA+2IVA.-VS— |[VSPA +IAAS]
+ 8 —kA-VA+iAcA-VS]. (11)

Collecting imaginary and real parts, we have

VA .
S — AS+2-- - VS+ s(kh— X)- VS = 0(s?), (12)
A, — AA+8(kh— X) - VA+ |[VSA = O(8?), (13)

with initial data for A being 1, and foiS the angle variablé. Here we suppose that the
initialization can be expressed as local Frenet coordinates near the filament and that its
phase is equal t6. Otherwise, there is an initial layer during which the phase adjusts
itself tod. Notice that a small interval dfis magnified bys—2 for t, and so other phase
initialization may well have relaxed t6. The topological constraint o8 is that its
winding number about the origin is 1; alséS tends to zero ap infinity, which helps

to ensure the limit ofA equal to one ap infinity. In (12)—(13), the coupling term is

V—AA - VS. To leading order, we have

V Ay
A +2—2.VS = 0,
S, S+ A S

Ao: — AP+ |VSIPA = 0, (14)

which has the solutioly = Ag(|n], 7) = Ao(p, T), andS = 6. The coupling term is
zero, and the reducedy equation becomes

1 1
AO,I = AO,pp + ;AOp - EAO, (15)

with Ag(p, 0) = 1. The dynamics of equation (15) is best understood in terms of its
self-similar solution,

2

Aot, p) = A(%) = A,
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satisfying the ODE,

11 1
A -—+-)A,——A=0 16
ZZ+ (Z + 4> V4 422 ’ ( )
with the boundary conditionsA(z) is regular neaez ~ 0, A — 1 asz — +oo.
ExpandingA for smallz, we find two linearly independent local solutions:
AL =2"Co+az+ ), >0, (17)
and
Ay =72y + byz+ ) 4+ logz(by + bz + - - ), bo > O,

with the latter removed due to the regularity conditioz at 0.

Hence we see from (17) that the desired solution is strictly increasing in a small
neighborhood of zero. By the maximum principle on positive solutions of equation (16),
such a solution cannot experience an interior maximum, and so must be nondecreasing
towardsz — oo. Finite time blowup cannot occur due to the boundedness of coefficients
for z away from zero.

It remains only to analyze what limi& approaches ag — oo, a positive finite
number or infinity. Making the change of variables,

A— e—% logz-2/8 g
we have

1 1

By a result of P. Hartman (p. 382, [8]), we have two linearly independent solutions:

z
B~ q‘l"‘exp{:t/ \/q(s)ds}, Z— oo,

1 1\*? 1 4 8
1/2
S)=[ — — ~—-11 - — e,
e <64+85> 8<+s 2 )

i _ (L1 Raa | 12,10
a - \64  8s V8 s &2 ’

So the two linearly independent solutions are

2 10 1 8
B]_.ZN (1—E+§+)exp{i§ <Z+4|ng+z+)}

Or in terms ofA,

o (12 Joofhe = (20 ) (1 2e )

= A-1z+ )= A+ az 2+, (18)

where

and
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and

2 1 6
Az~e"’92”“<1——+~-~>eg :—e”4<1+—+~-~>.
V4 V4 V4

Hence, up to a multiplicative constant, the asymptotic behavioh i that A(z)
converges to a finite positive constantas> oo. We haveA'(z) > 0, and in fact
A'(2) > 0 for any finitez. Lettingw = A/(2), we see that satisfies the differential
inequality,

1 1 1

implying via maximum principle that the nonnegative functiwncannot achieve an
interior minimum O; thusy > 0.

We normalizeA so thatA(+o0) = 1. By maximum principle, such a solutiof
(A0) =0, A(2) > 0, A(H+o0) = 1) is the unique classical solution. This normalized
self-similar solution is selected with initial condition 1 for equation (15).

With the orderO(8) terms turned on, the system (12)—(13) is coupled; however, the
coupling tends to zero as— oo sinceVA — 0 andA — 1. Fort € [0, 10], with 79 a
fixed positive number, gs — oo, the Sapproaches its steady stateridenoted byS,,
obeying the equation

— ASy 4+ 8(kh — X) - VS, = O(8?), (19)

subjectto the constraint that its winding number is one andafo = o(1) asp — oo.
The solution of (19) tdD () is

S = r;/:[cs,7 +8(kh — X) - (cosb, sind)G] db, (20)
where
G=-— exp{ %(Kﬁ — X) - (ncost, nsin@)} Ko(8n|kh — X|/12), (21)
with Kg(X) = — Iogg — const + - - -, for smallx, Kq the zeroth-order modified Bessel

function; see [19].
Combining (20)—(21), we calculate

So = 6+ (=3/28(kh — X)(nsind, n(1 — cosh))Ko(Sn|kh — X|/2)

+ O@8|kh — X|),
= 6 + (=3/2)r (kA — X)(sind, (1 — cosh))Ko(|kAh — X|r/2)
+ O(r|kh — X|). (22)

Consequently, for € (81, §2), the phase corrections from outer and inner expansions,
(7) and (22), match to give the relation

kA — X|Ko(Jkh — X|/2) + O(lxf — X|) = O(t), (23
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implying

. N t
X—Kn—o(log(Tl)>, (24)

for smallt. We have shown that after the first diffusing step of the algorithm, the filament
motion is motion along the normal direction by curvature to the leading order.

At the subsequent normalizing step,= €°©, with ® = 8 + O(st), st the time
step of the algorithm, locally in the Frenet coordinate near the filaemhis follows
from the inner solution structure as shown in (22). As commented before, a similar outer
solution calculation again infers that the phase correction at the following diffusing
step isO(st) to leading order. Iterating this argument, we see that the ALGORITHM
CDGM of Section 3.2 captures the leading filament motion law of the Ginzburg-Landau
equation, that is, motion by curvature along the normal [19]. Moreover, it follows from
(24) that inn steps of time marchingiét = O(1), the cumulative error is of the order
O(1/1log(st)]), which is observed in our numerical experiments; see data in Table 1 of
subsection 5.1.

3.3. Comparison with Ginzburg-Landau Filaments

The algorithm in Section 3.2 mimics the action of the complex Ginzburg-Landau (CGL)
nonlinearity (whichis stiff numerically) by repeated normalizing steps (2a). The diffusing
steps (2b) recover the quantih — X; however, the inner solution, especially the
amplitude, is time dependent; and the core size increases in time. In contrast, the inner
solution of the CGL is quasi-steady (only depending &), and the filament core size
remainsO(e) all the time.

The diffusive aspect of the algorithm and that of the CGL do share some common
features. The CGL phase obeys the linear diffusion equation away from the filament core
region ([19], [13]), which makes the phase chang&ty) for small time, similar to the
algorithm.

The phase singularity (zero amplitude) in the algorithm is generated by the imposed
phase winding number and the linear diffusion. In CGL, the stiff nonlinearity is a major
source of zero amplitude. It remains to find out how to extend the approach to model a
phase singularity in the Schroedinger filaments (motion by curvature along binormal).
A straightforward use of the linear equation = Au only produces oscillation near
the core region.

4. Numerical Experiments

In this section, we report on various experiments using our algorithm. For simplicity, all
results are derived using a pseudospectral spatial discretization (see, e.g., [24]). More ac-
curate spatial discretizations may be obtained using adaptive resolution with fast Fourier
transform techniques. See [22] for a detailed discussion on these methods for the standard
diffusion-generated motion by mean curvature algorithm. While it would be interesting

to consider the application of these algorithms to the case of filament motion, we have not
done so here: Itis less crucial to consider highly accurate spatial discretizations because
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Fig. 2. (a) Initialization of x for a ring. For each grid poinP, the nearest point

O to the ring is determined. A consistent initialization is then obtained by setting
x (P) = exp(i6(P)) whered (P) is the angle betwee®P and the outward normal at

O. (b) Numerical result at various timésising a time step size aft = 0.0001 and

a mesh spacing afx = 1/128. In this, and all subsequent results, we plot the known
initial contour att = 0 and the zero contour of the diffusgdvariable at other time
values.

the time-stepping error for filament motion is larger and because the sharpesiid
varies according to the phase. Note that in practice this second effect makes the filament
less susceptible to “freezing” in place (cf. [16], [22]) when the time step is small.

4.1. ARing

To begin, consider the curvature motion of a circular ring with an initial radius of 0.35. By
symmetry, the curve remains circular throughout its evolution and collapses according
to the ordinary differential equation,= —2x/r.

The ALGORITHM CDGM is easily initialized for this simple curve (see Figure 2a).
At each grid pointP in the domain, the nearest poi@tto the ring is determined. The
initial value of x is naturally given by ex@0 (P)), whered (P) is the angle betwee@P
and the outward normal &.

Evolving this initial x according to the algorithm gives a close agreement with the
exact evolution. See Table 1 below. It is also noteworthy that these results agree with the
O(1/|log(At)]) truncation error derived in Section 3.

4.2. A Spiral

For our second example, consider the curvature motion of a periodic spiral,
X = 0.5+ 0.3cog2rs),
y = 0.5+ 0.3sin2rs),

Z = S.

Here, it is easily shown that the exact solution is also a spiral, but with a radius that
shrinks according to the ordinary differential equatioes —r/(r? + Flz).
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Fig. 3. A periodic spiral (initial radius of 0.3) evolved with a normal velocity equal to curvature.

Since this spiral is naturally represented as a function, d@fis straightforward to
initialize x according to the method described in Figure 1b. Using this initialization,
the location of the spiral filament was approximated over a tiree0.05 using a time
step size ofAt = 0.000025 and a mesh spacing Ak = 1/128. As in the case of a
shrinking ring, the result using the ALGORITHRIDGM (Figure 3b) gives a very close
agreement with the exact solution (Figure 3a). Here the exact solution is easily obtained
using the flact that the radius of the spiral obeys the ordinary differential equéation,
—r/(r2 + m)

4.3. Connected Rings

For our next example, consider the curvature motion of two interlinked rings. Here, the
rings shrink and eventually merge to form a closed loop, as shown in Figure 5. In this
example, we take our “exact solution” to be a front tracking calculation with 200 nodes

along the curve. The change of topology was chosen to agree with the optimal curve

shortening solution and was verified with a simulation of the complex Ginzburg-Landau
equation.

Table 1. Errors for a collapsing ring, measured as the maximum distance from the exact
solution. Calculations foh = 1/64,h = 1/128, andh = 1/256 required 0.8, 9, and 74
seconds of CPU time per step on a 667Mhz Compag XP1000, respectively. Note that the
entries are well resolved spatially and do not change significantly with further grid refinement.

Error
At AX = 1/64 AX = 1/128 AX = 1/256
0.05 0.0639 0.0637 0.0636
0.025 0.0405 0.0404 0.0403
0.0125 0.0299 0.0300 0.0299
0.00625 0.0233 0.0231 0.0231
0.003125 0.0182 0.0182 0.0180

0.0015625 0.0145 0.0149 0.0146




Diffusion-Generated Motion for Filaments 489

Fig. 4. Initialization of x for connected rings. Similar to the case of
asinglering, the nearest poidtto the closest filamentis determined
for each grid poinP. The value 0B (P) is then given by the angle
betweenOP and the outward normal & (denotedfo). Letting

Q be the nearest point on the distal ring &gl be the outward
normal aQ, a consistent initialization is obtained by settjn@®) =
exp(io(P) +ia(P)), wherex (P) is the angle betweefip andiiq.

To initialize x, we determine the nearest ring and assign a phase areylactly as
in the case of a single ring. This phase angle is then shifted by an am@aoaording
to the relative position of the distal ring. See Figure 4. Using this initialization, the
location of the filament was approximated over a time 0.02 using a time step size
of At = 0.00002 and a mesh spacing afx = 1/256. As shown in Figure 6, the
ALGORITHM CDGM gives a very good agreement with the exact solutibiatice, in
particular, that the method automatically selects the correct topological change and that
(unlike the level set formulation [1]) the filaments do not develop interiors.

4.4. A Large System

In our final example, we simulate a large system of randomly generated filaments.

To initialize the system, a random phase arfgke [0, 27) was assigned to blocks of
size 02 x 0.2 x 0.2. Using this initialization (i.e., witty = exp(i6)), the motion of the
filaments was approximated over a titne: 0.02 using a time step size aft = 0.0001
and a mesh spacing afx = 1/128. As shown in Figure 7, the ALGORITHRIDGM
produces a smoothing and shortening of filaments as time progresses. Note also that
topological shape changes are automatically captured and that the filaments do not
develop interiors.

2 By comparing Figures 5 and 6, we see that the rings interact just before they touch. A strong interaction will
occur when the distance separating the rings is less than the effective width of the @grialf).
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02 02 02 02

Fig. 5. Two connected rings moving by curvature motion (exact solution).

02 02 02 02

Fig. 6. The diffusion-generated motion of two (initially) connected rings.
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Fig. 7. The diffusion-generated motion of a system of filaments. Here, zero flux boundary
conditions are assumed.

5. Summary and Topics for Future Research

In this work, we have presented a diffusion-generated approach for the curvature motion
of filaments that automatically captures topological mergers with no special algorith-
mic procedures. We have also provided formal arguments for the convergence for our
proposed method and validated our results with numerical experiments that include
topological change.

A variety of interesting computational aspects related to our algorithm are still un-
explored. Note, in particular, that we utilized a pseudospectral spatial discretization for
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the numerical experiments presented in Section 4. Although simple, this approach is
inefficient because it does not provide for subgrid resolution or local refinement. For the
codimension-one case, efficient discretizations based on adaptive resolution with fast
Fourier transforms have been developed that eliminate these problems [22]. We expect
that these same methods can be applied to filaments by replacing the exact integration
used in [22] with appropriate quadrature steps. These fast methods are the subject of
ongoing research.

We presented heuristic and formal derivations of the diffusion-generated motion law
for filaments in Section 3. Arigorous proof of convergence—nboth for the special case of a
filament inR3 and for the case of filaments of arbitrary codimension described in [25]—
would be of great interest. Further, numerical experiments suggest that in the presence
of filament mergers, diffusion-generated motion gives the “optimal curve shortening”
filament evolution. A proof of this observation is desirable as well.

We give generalizations to arbitrary convolution-generated filament motion in [25].

In particular, it would be interesting to give specific realizations (convolution keé¢nel
and normalization threshold for filament motions of interest, such as constant normal
motion, constant binormal motion, motion by the vector torsion, length-preserving mo-
tion by mean curvature, etc. It would also be quite interesting to classify what filament
velocity laws are attainable with a fixed kernel and threshold.

Finally, we noted that the method of alternately diffusing and normalizing can be mo-
tivated by a formal operator splitting of the Ginzburg-Landau equations. Yet phase-field
models cannot always be reduced in this way—i.e., the associated diffusion-generated
motion does not always produce a convergent discrete time approximatiorcte+h@
singular limit of the PDEs. For example, we found that the filament motion derived using a
complex diffusion coefficientin the ALGORITHMDGM does not agree with the solu-
tion to the corresponding Ginzburg-Landau equation (which is a nonlinear Schroedinger
equation). A particularly interesting metaproblem is to determine in general when a phase
field model has the same singular limiting behavior as its diffusion-generated motion
analog.
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